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Abstract

We construct solutions to the Johnson equation (J) by means of Fred-
holm determinants first, then by means of wronskians of order 2N giving
solutions of order N depending on 2N−1 parameters. We obtain N order
rational solutions which can be written as a quotient of two polynomials
of degree 2N(N + 1) in x, t and 4N(N + 1) in y depending on 2N − 2
parameters.
This method gives an infinite hierarchy of solutions to the Johnson equa-
tion.
In particular, rational solutions are obtained. The solutions of order 3
with 4 parameters are constructed and studied in detail by means of their
modulus in the (x, y) plane in function of time t and parameters a1, a2,
b1, b2.

PACS numbers :
33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd

1 Introduction

The Johnson equation was introduced in 1980 by Johnson [1] to describe waves
surfaces in shallow incompressible fluids [2, 3]. This equation was derived for
internal waves in a stratified medium [4]. The Johnson equation is dissipative;
it is well known that there is no solution with a linear front localized along
straight lines in the (x, y) plane. This Johnson equation is for example able to
explain the existence of the horseshoe like solitons and multi-soliton solutions
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quite naturally.
We consider the Johnson equation (J) in the following normalization

(ut + 6uux + uxxx +
u

2t
)x − 3

uyy

t2
= 0, (1)

where as usual subscript x, y and t mean partial derivatives.
The first solutions were constructed in 1980 by Johnson [1]. Other types of
solutions were found in [5]. A new approach to solve this equation was given in
1986 [6] by giving a link between solutions of the Kadomtsev-Petviashvili (KP)
[9] and solutions of the Johnson equation. In 2007, another types of solutions
were obtained by using the Darboux transformation [7]. More recently, in 2013,
other extensions have been considered as the elliptic case [8].
Here we consider the famous Kadomtsev-Petviashvili (KPI) which can be writ-
ten in the form :

(4ut − 6uux + uxxx)x − 3uyy = 0. (2)

The KPI equation first appeared in 1970 [9], in a paper written by Kadomtsev
and Petviashvili. This equation is considered as a model for surface and internal
water waves [10], and in nonlinear optics [11].

In the following, we will use the KPI equation to construct solutions to the
Johnson equation, but in another way different from this used in [6]. Indeed,
these last authors consider another representation of KPI equation given by

(ut + 6uux + uxxx)x − 3uyy = 0, (3)

and so the transformations between solutions of (3) and (1) are different from
these we use to transform solutions of (2) in solutions to (1).
In fact, to obtain solutions to (1) from solutions to (2), we use the following
transformation :

(x; y; t) 7→ (x1 = −ix− i
y2t

12
; y1 = yt; t1 = 4it) (4)

In this paper, we give solutions by means of Fredholm determinants of order
2N depending on 2N −1 parameters and then, by means of wronskians of order
2N with 2N − 1 parameters. So we construct an infinite hierarchy of solutions
to the Johnson equation, depending on 2N − 1 real parameters .
New rational solutions depending a priori on 2N − 2 parameters at order N are
constructed, when one parameter tends to 0.
We obtain families depending on 2N − 2 parameters for the N -th order as a
ratio of two polynomials of degree 2N(N + 1) in x, t and of degree 4N(N + 1)
in y.
In this paper, we construct only rational solutions of order 3, depending on 4 real
parameters; we construct the representations of their modulus in the plane of
the coordinates (x, y) according to the four real parameters ai, bi, for 1 ≤ i ≤ 2
and time t.
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2 Solutions to Johnson equation expressed by

means of Fredholm determinants

Some notations are given. We define first real numbers λj such that −1 < λν <

1, ν = 1, . . . , 2N ; they depend on a parameter ǫ and can be written as

λj = 1− 2ǫ2j2, λN+j = −λj , 1 ≤ j ≤ N, (5)

Then, we define κν , δν , γν and xr,ν ; they are functions of λν , 1 ≤ ν ≤ 2N and
are defined by the following formulas :

κj = 2
√

1− λ2
j , δj = κjλj , γj =

√

1−λj

1+λj
,;

xr,j = (r − 1) ln
γj−i
γj+i , r = 1, 3, τj = −12iλ2

j

√

1− λ2
j − 4i(1− λ2

j )
√

1− λ2
j ,

κN+j = κj , δN+j = −δj , γN+j = γ−1
j ,

xr,N+j = −xr,j , , τN+j = τj j = 1, . . . , N.

(6)

eν 1 ≤ ν ≤ 2N are defined by :

ej = 2i
(

∑1/2M−1
k=1 ak(je)

2 k+1
− i

∑1/2M−1
k=1 bK(je)

2 k+1
)

,

eN+j = 2i
(

∑1/2M−1
k=1 ak(je)

2 k+1
+ i

∑1/2M−1
k=1 bk(je)

2 k+1
)

, 1 ≤ j ≤ N,

ak, bk ∈ R, 1 ≤ k ≤ N.

(7)

ǫν , 1 ≤ ν ≤ 2N are defined by :

ǫj = 1, ǫN+j = 0 1 ≤ j ≤ N. (8)

As usual I is the unit matrix and Dr = (djk)1≤j,k≤2N the matrix defined by :

dνµ = (−1)ǫν
∏

η 6=µ

(

γη + γν

γη − γµ

)

exp(κνx+ (
κνy

12
− 2δν)yt+ 4iτνt+ xr,ν + eν). (9)

Then we get :

Theorem 2.1 The function v defined by

v(x, y, t) = −2
|n(x, y, t)|

2

d(x, y, t)2
(10)

where

n(x, y, t) = det(I +D3(x, y, t)), (11)

d(x, y, t) = det(I +D1(x, y, t)), (12)

and Dr = (djk)1≤j,k≤2N the matrix

dνµ = (−1)ǫν
∏

η 6=µ

(

γη + γν

γη − γµ

)

exp(κνx+ (
κνy

12
− 2δν)yt+ 4iτνt+ xr,ν + eν). (13)

is a solution to (1), depending on 2N−1 parameters ak, bk, 1 ≤ k ≤ N−1 and ǫ.
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3 Solutions to the Johnson equation by means

of wronkians

We use the following notations :

φr,ν = sinΘr,ν , 1 ≤ ν ≤ N, φr,ν = cosΘr,ν , N + 1 ≤ ν ≤ 2N, r = 1, 3, (14)

with

Θr,ν = −iκνx
2 + i(−κνy

24 + δν)yt− i
xr,ν

2 + 2τνt+ γνw − i eν2 , 1 ≤ ν ≤ 2N. (15)

Wr(w) is the wronskian of the functions φr,1, . . . , φr,2N defined by

Wr(w) = det[(∂µ−1
w φr,ν)ν, µ∈[1,...,2N ]]. (16)

We consider the matrix Dr = (dνµ)ν, µ∈[1,...,2N ] defined in (13).
Then we have the following result

Theorem 3.1

det(I +Dr) = kr(0)×Wr(φr,1, . . . , φr,2N )(0), (17)

where

kr(y) =
22N exp(i

∑2N
ν=1 Θr,ν)

∏2N
ν=2

∏ν−1
µ=1(γν − γµ)

.

Then the solution v to the Johnson equation can be rewritten as

v(x, y, t) = −2
|det(I +D3(x, y, t))|

2

(det(I +D1(x, y, t)))
2 .

With (17), the following link between Fredholm determinants and wronskians
is obtained

det(I +D3) = k3(0)×W3(φr,1, . . . , φr,2N )(0)

and
det(I +D1) = k1(0)×W1(φr,1, . . . , φr,2N )(0).

As Θ3,j(0) contains N terms x3,j 1 ≤ j ≤ N and N terms −x3,j 1 ≤ j ≤ N , we
have the relation k3(0) = k1(0), and we get :

Theorem 3.2 The function v defined by

v(x, y, t) = −2
|W3(φ3,1, . . . , φ3,2N )(0)|

2

(W1(φ1,1, . . . , φ1,2N )(0))
2

is a solution of the Johnson equation which depends on 2N − 1 real parameters
ak, bk and ǫ, with φr

ν defined in (14)

φr,ν = sin(−iκνx
2 + i(−κνy

24 + δν)yt− i
xr,ν

2 + 2τνt+ γνw − i eν2 ), 1 ≤ ν ≤ N,

φr,ν = cos(−iκνx
2 + i(−κνy

24 + δν)yt− i
xr,ν

2 + 2τνt+ γνw − i eν2 ), N + 1 ≤ ν ≤ 2N, r = 1, 3,

κν , δν , xr,ν , γν , eν being defined in(6), (5) and (7).
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4 Study of the limit case when ǫ tends to 0

4.1 Rational solutions of order N depending on 2N − 2

parameters

An infinite hierarchy of rational solutions to the Johnson equation depending on
2N − 2 parameters is obtained. For this, we take the limit when the parameter
ǫ tends to 0.
We get the following statement :

Theorem 4.1 The function v

v(x, y, t) = lim
ǫ→0

−2
|W3(x, y, t)|

2

(W1(x, y, t))
2 (18)

is a rational solution to the Johnson equation. It is a quotient of two polyno-
mials n(x, y, t) and d(x, y, t) depending on 2N − 2 real parameters ãj and b̃j,
1 ≤ j ≤ N − 1 of degrees 2N(N + 1) in x, t and 4N(N + 1) in y.

4.2 Families of rational solutions of order 3 depending on

4 parameters

Here we construct families of rational solutions to the Johnson equation of order
3 explicitly; they depend on 4 parameters.
We only give the expression without parameters and we give it in the appendix
because of the length of the solutions.
We construct the patterns of the modulus of the solutions in the plane (x, y) of
coordinates in functions of parameters ai, bi, 1 ≤ i ≤ 2 and time t.
The role of the parameters ai and bi for the same integer i being the same one,
one will be interested primarily only in parameters ai.

Figure 1. Solution of order 3 to (1), on the left for t = 0, a1 = 0, b1 = 0,
a2 = 0, b2 = 0, ; in the center for t = 0, a1 = 103, b1 = 0, a2 = 0, b2 = 0; on

the right for for t = 0, a1 = 0, b1 = 103, a2 = 0, b2 = 0.
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Figure 2. Solution of order 3 to (1), on the left for t = 0, a1 = 103, b1 = 0,
a2 = 0, b2 = 0, ; in the center for t = 0, a1 = 0, b1 = 0, a2 = 0, b2 = 106; on

the right for for t = 0, 01, a1 = 0, b1 = 103, a2 = 0, b2 = 0.

Figure 3. Solution of order 3 to (1), on the left for t = 0, 01, a1 = 0, b1 = 0,
a2 = 106, b2 = 0, ; in the center for t = 0, 1, a1 = 103, b1 = 0, a2 = 0, b2 = 0;

on the right for for t = 1, a1 = 103, b1 = 0, a2 = 0, b2 = 0.
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Figure 4. Solution of order 3 to (1), on the left for t = 0, 1, a1 = 0, b1 = 0,
a2 = 106, b2 = 0, ; in the center for t = 1, a1 = 0, b1 = 0, a2 = 106, b2 = 0; on

the right for for t = 10, a1 = 103, b1 = 0, a2 = 0, b2 = 0.

Figure 5. Solution of order 3 to (1), on the left for t = 10, a1 = 0, b1 = 0,
a2 = 106, b2 = 0, ; in the center for t = 100, a1 = 106, b1 = 0, a2 = 0, b2 = 0;

on the right for for t = 103, a1 = 105, b1 = 103, a2 = 0, b2 = 0.

The study of these configurations makes it possible to give the following con-
clusions. The variation of the configuration of the module of the solutions is
very fast according to time t. When time t grows from 0 to 0, 01, one passes
from a rectilinear structure with a height of 98 to a horseshoe structure with a
maximum height equal to 4. The role played by the parameters ai and bi is the
same one for same index i. When variables x, y and time tend towards infinite,
the modulus of the solutions tends towards 2 in accordance with the structure
of the polynomials which will be studied in a forthcoming article.

5 Conclusion

We have constructed solutions to the Johnson equation, starting from the so-
lutions of the KPI equation what make it possible to obtain rational solutions.
These solutions are expressed by means of quotients of two polynomials of de-
gree 2N(N + 1) in x, t and 4N(N + 1) in y depending on 2N − 2 parameters.
Here we have given a new method to construct solutions to the Johnson equa-
tion related to previous results [23, 25, 51] .
We have given two types of representations of the solutions to the Johnson equa-
tion. An expression by means of Fredholm determinants of order 2N depending
on 2N − 1 real parameters is gen. Another expression by means of wronskians
of order 2N depending on 2N − 1 real parameters is also constructed. Also ra-
tional solutions to the Johnson equation depending on 2N − 2 real parameters
are obtained when one of parameters (ǫ) tends to zero.
The patterns of the modulus of the solutions in the plane (x, y) and their evo-
lution according to time and parameters have been studied in the figures 1, 2,
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3, 4, 5.
In another study, we will give a more general representation of rational solutions
to the Johnson equation. It can be written without limit at order N depending
on 2N − 2 real parameters. We will prove that these solutions can be written
as a quotient of polynomials of degree 2N(N + 1) in x, t and 4N(N + 1) in y.
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Appendix The solutions to the Johnson equation can be written as

v3(x, y, t) = −2
|n3(x, y, t)|

2

(d3(x, y, t))2
,

n3(x, y, t) = A3(x, y, t) + iB3(x, y, t), d3(x, y, t) = C3(x, y, t)

with
A3(x, y, t) =

∑12
k=0 ak(y, t)x

k,

B3(x, y, t) =
∑12

k=0 bk(y, t)x
k,

C3(x, y, t) =
∑12

k=0 ck(y, t)x
k,

a12 = 8916100448256, a11 = 8916100448256 ty2+2567836929097728 t, a10 = 4086546038784 t2y4+
2139864107581440 t2y2 + 338954474640900096 t2 + 40122452017152, a9 = 1135151677440 t3y6 +
802449040343040 t3y4+231105323618795520 t3y2+27116357971272007680 t3+33435376680960 ty2+
13909116699279360 t, a8 = 212840939520 t4y8+178322008965120 t4y6+69545583496396800 t4y4+
14790740711602913280 t4y2+12538266255360 t2y4+1464283330448688414720 t4+6419592322744320 t2y2+
1964395250759761920 t2 − 125382662553600, a7 = 28378791936 t5y10 + 26005292974080 t5y8 +
12125896609628160 t5y6+3492258223572910080 t5y4+2786281390080 t3y6+621211109887322357760 t5y2+
802449040343040 t3y4+56228479889229635125248 t5+539245755110522880 t3y2+155302777471830589440 t3−
83588441702400 ty2−24073471210291200 t, a6 = 2759049216 t6y12+2600529297408 t6y10+1352275234652160 t6y8+
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