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Abstract

We construct solutions to the Johnson equation (J) by means of Fred-
holm determinants first, then by means of wronskians of order 2N giving
solutions of order N depending on 2N — 1 parameters. We obtain IV order
rational solutions which can be written as a quotient of two polynomials
of degree 2N(N + 1) in z, t and 4N(N + 1) in y depending on 2N — 2
parameters.

This method gives an infinite hierarchy of solutions to the Johnson equa-
tion.

In particular, rational solutions are obtained. The solutions of order 3
with 4 parameters are constructed and studied in detail by means of their
modulus in the (z,y) plane in function of time ¢ and parameters a1, az,
b1, ba.

PACS numbers :
33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd

1 Introduction

The Johnson equation was introduced in 1980 by Johnson [1] to describe waves
surfaces in shallow incompressible fluids [2, 3]. This equation was derived for
internal waves in a stratified medium [4]. The Johnson equation is dissipative;
it is well known that there is no solution with a linear front localized along
straight lines in the (z,y) plane. This Johnson equation is for example able to
explain the existence of the horseshoe like solitons and multi-soliton solutions



quite naturally.
We consider the Johnson equation (J) in the following normalization

u Uyy
)~ 3 =0, 1)
where as usual subscript x, y and ¢ mean partial derivatives.

The first solutions were constructed in 1980 by Johnson [1]. Other types of
solutions were found in [5]. A new approach to solve this equation was given in
1986 [6] by giving a link between solutions of the Kadomtsev-Petviashvili (KP)
[9] and solutions of the Johnson equation. In 2007, another types of solutions
were obtained by using the Darboux transformation [7]. More recently, in 2013,
other extensions have been considered as the elliptic case [8].

Here we consider the famous Kadomtsev-Petviashvili (KPI) which can be writ-
ten in the form :

(ug + 6utty + Uges +

(4uy — 6Uly + Ugpg)z — SUyy = 0. (2)

The KPI equation first appeared in 1970 [9], in a paper written by Kadomtsev
and Petviashvili. This equation is considered as a model for surface and internal
water waves [10], and in nonlinear optics [11].

In the following, we will use the KPI equation to construct solutions to the
Johnson equation, but in another way different from this used in [6]. Indeed,
these last authors consider another representation of KPI equation given by

(ut + 6uty + Upgz )z — SUyy =0, (3)

and so the transformations between solutions of (3) and (1) are different from
these we use to transform solutions of (2) in solutions to (1).

In fact, to obtain solutions to (1) from solutions to (2), we use the following
transformation :

2

Lyt :
(3 y;t) = (21 = —iz — Z%; yr=yt; b= dit) (4)

In this paper, we give solutions by means of Fredholm determinants of order
2N depending on 2N — 1 parameters and then, by means of wronskians of order
2N with 2N — 1 parameters. So we construct an infinite hierarchy of solutions
to the Johnson equation, depending on 2N — 1 real parameters .

New rational solutions depending a priori on 2N — 2 parameters at order N are
constructed, when one parameter tends to 0.

We obtain families depending on 2N — 2 parameters for the N-th order as a
ratio of two polynomials of degree 2N (N + 1) in z, ¢ and of degree 4N(N + 1)
in y.

In this paper, we construct only rational solutions of order 3, depending on 4 real
parameters; we construct the representations of their modulus in the plane of
the coordinates (z,y) according to the four real parameters a;, b;, for 1 <1 < 2
and time t.



2 Solutions to Johnson equation expressed by
means of Fredholm determinants

Some notations are given. We define first real numbers A; such that —1 < A, <
1, v=1,...,2N; they depend on a parameter € and can be written as
Aj=1-2€2 Ayy;=-);, 1<j<N, (5)

Then, we define &,,6,,v, and z,,; they are functions of A\, 1 < v < 2N and
are defined by the following formulas :

/ [1=X,
Kj =2 1—/\?7 0j = KjNj, V= 1+)\j7;
xr,j:(r—1)1n1;;§, r=1,3, 7;=-12i3,/1- 2 —4i(1 - X3),/1 - X2, (5

—1
KENtj = K5, 0Ny = =05 N4 =75
Ly N+j = —Lrgjys TN+j = Tj ]:lavN

ey 1 <v < 2N are defined by :
ej =2 ( llg/=21M_1 ak(je)QlHl —1 ,1./=21M_1 bK(je)2k+1) ,
ents =2 (TN e A G ) 1<y, (@)
ag,bp €R, 1<Ek<N.

€y, 1 <v < 2N are defined by :
Gj:]., 6N+]‘:0 ].SJSN (8)
As usual I is the unit matrix and D, = (d;x)1<j k<2~ the matrix defined by :

dy, = (1) H <W> exp(kyz + (@ — 20, )yt + diTyt + ., +e,). (9)
nn N1 w 12

Then we get :
Theorem 2.1 The function v defined by

v(x,y,t) = -2 m (10)

where
n(x,y,t) = det(I + Ds(x,y,t)), (11)
d(z,y,t) = det(I + Di(z,y,t)), (12)

and D, = (dji)i1<jk<en the matriz

dyy = (1) H <W> exp(kyx + (% —26,)yt + dit,t + 0, +€y). (13)
g N1 T 12

is a solution to (1), depending on 2N —1 parameters a, by, 1 <k < N—1 ande.



3 Solutions to the Johnson equation by means
of wronkians

We use the following notations :
¢Grp =8n0,,, 1<v<N, ¢, =cos0,,, N+1<v<2N, r=13, (14)
with

@TW:#Jri( ;‘l’y+5u)yt—i%+2nt+’yuw7i%, 1<v<2N. (15)

W, (w) is the wronskian of the functions ¢, 1, ..., ¢, 2n defined by

Wy (w) = det[(9l™" r.)u, et 2n)- (16)

We consider the matrix D, = (dyu)y, uefi,...,2n7 defined in (13).
Then we have the following result

Theorem 3.1
det(I+DT) = kr(o) X WT(¢T,1a--~7¢r,2N)(0)a (17)

where N

22N exp(i Y2, 0,0)
2N 1

| e Z:1('YV = V)

Then the solution v to the Johnson equation can be rewritten as

kr(y) =

_jldet(I + Dy(a,y, )
(det(I + Dy(z,y,t)))”

With (17), the following link between Fredholm determinants and wronskians
is obtained

v(x,y,t) =

det(I + D3) = k3(0) x Ws(¢r1,...,dr2n)(0)
and

det(I + D1) = k1(0) X Wi(r1,- .., Pran)(0).
As O3 ;(0) contains N terms x3; 1 < j < N and N terms —z3,; 1 < j < N, we
have the relation k3(0) = k1(0), and we get :

Theorem 3.2 The function v defined by

9 [Wa(¢3,1, - - d3.25) (0)]
(Wi(¢1,1,-- -, 01,2v)(0))°

1s a solution of the Johnson equation which depends on 2N — 1 real parameters
ak, by and €, with @', defined in (14)

Gr = sin(% +i(=52 +0,)yt — 2I72“ +2nt+yw—i%), 1<v<N,

br = cos(TEE (=Y 4§, )yt — i + 21t +yw — %), N+1<v<2N,
Kus Ous Truy Yo, € being defined in(6), (5) and (7).

v(w,y,t) =

r=1,3,



4 Study of the limit case when ¢ tends to 0

4.1 Rational solutions of order N depending on 2N — 2
parameters

An infinite hierarchy of rational solutions to the Johnson equation depending on
2N — 2 parameters is obtained. For this, we take the limit when the parameter
€ tends to 0.

We get the following statement :

Theorem 4.1 The function v
(18)

is a rational solution to the Johnson equation. It is a quotient of two polyno-
mials n(z,y,t) and d(x,y,t) depending on 2N — 2 real parameters d; and b;,
1<j<N-—1 of degrees 2N(N + 1) in z, t and 4AN(N + 1) in y.

4.2 Families of rational solutions of order 3 depending on
4 parameters

Here we construct families of rational solutions to the Johnson equation of order
3 explicitly; they depend on 4 parameters.

We only give the expression without parameters and we give it in the appendix
because of the length of the solutions.

We construct the patterns of the modulus of the solutions in the plane (z,y) of
coordinates in functions of parameters a;, b;, 1 <7 < 2 and time ¢.

The role of the parameters ai and b; for the same integer 7 being the same one,
one will be interested primarily only in parameters a;.
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Figure 1. Solution of order 3 to (1), on the left for t =0, a; =0, b; =0,
az =0, by =0, ; in the center for t = 0, a; = 103, by =0, az = 0, by = 0; on
the right for for t =0, a1 =0, by = 103, ay = 0, by = 0.



Figure 2. Solution of order 3 to (1), on the left for t = 0, a; = 103, by = 0,
as =0, by =0, ; in the center for t =0, a; =0, by =0, as =0, by = 10%; on
the right for for ¢t = 0,01, a; = 0, by = 102, ag = 0, by = 0.
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Figure 3. Solution of order 3 to (1), on the left for ¢ = 0,01, a;
as = 10%, by = 0, ; in the center for t = 0,1, a1 = 103, by =0, as
on the right for for t = 1, a; = 103, by =0, az = 0, by = 0.




Figure 4. Solution of order 3 to (1), on the left for t = 0,1, a; =0, by =0,
as = 10%, by = 0, ; in the center for t = 1, a; = 0, by = 0, ay = 10%, by = 0; on
the right for for ¢t = 10, a; = 102, by =0, as = 0, by = 0.
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Figure 5. Solution of order 3 to (1), on the left for ¢ =10, a3 =0, by =0
ay =108, by =0, ; in the center for t = 100, a; = 10%, by =0, ay =0, by = 0;
on the right for for ¢t = 103, a; = 10°, b; = 103, ay = 0, by = 0.

The study of these configurations makes it possible to give the following con-
clusions. The variation of the configuration of the module of the solutions is
very fast according to time ¢. When time t grows from 0 to 0,01, one passes
from a rectilinear structure with a height of 98 to a horseshoe structure with a
maximum height equal to 4. The role played by the parameters a; and b; is the
same one for same index . When variables z, y and time tend towards infinite,
the modulus of the solutions tends towards 2 in accordance with the structure
of the polynomials which will be studied in a forthcoming article.

5 Conclusion

We have constructed solutions to the Johnson equation, starting from the so-
lutions of the KPI equation what make it possible to obtain rational solutions.
These solutions are expressed by means of quotients of two polynomials of de-
gree 2N(N + 1) in z, t and 4N (N + 1) in y depending on 2N — 2 parameters.
Here we have given a new method to construct solutions to the Johnson equa-
tion related to previous results [23, 25, 51] .

We have given two types of representations of the solutions to the Johnson equa-
tion. An expression by means of Fredholm determinants of order 2N depending
on 2N — 1 real parameters is gen. Another expression by means of wronskians
of order 2N depending on 2N — 1 real parameters is also constructed. Also ra-
tional solutions to the Johnson equation depending on 2N — 2 real parameters
are obtained when one of parameters (€) tends to zero.

The patterns of the modulus of the solutions in the plane (x,y) and their evo-
lution according to time and parameters have been studied in the figures 1, 2,



3,4, 5.

In another study, we will give a more general representation of rational solutions
to the Johnson equation. It can be written without limit at order N depending
on 2N — 2 real parameters. We will prove that these solutions can be written
as a quotient of polynomials of degree 2N (N + 1) in z, ¢ and 4N(N + 1) in y.
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Appendix The solutions to the Johnson equation can be written as

|n3(m7y,t)|2

v3(@,y,1) = — (ds(x,y,t))?’

’Il3($,y,t) = Ag(l’,y,t) +’iB3(I‘,y,t), d3(x7y7t) = 03(xayat)
with 1
Ag(ﬂl‘, Y, t) = E’fQZO ak(ya t)xka
B3(m7yat) = Zlfgzo bk(y,t)w )
03(xay7t) = Zk:o Ck(y,t).l?k,

ajs = 8916100448256, a;; = 8916100448256 ty>+2567836929097728¢, ajo = 4086546038784 t2y*+
2139864107581440 t2y? + 338954474640900096 t2 + 40122452017152, ag = 1135151677440 t3y% +

802449040343040 t3y*+231105323618795520 t342+27116357971272007680 t>+33435376680960 ty>+

13909116699279360 ¢, ag = 212840939520 t*y°+178322008965120 t*y°®+69545583496396800 t*y*+
14790740711602913280 42 412538266255360 t2y*+1464283330448688414720 t*+6419592322744320 t2y>+
1964395250759761920 t2 — 125382662553600, a; = 28378791936 t°y'° + 26005292974080 t°y® +

12125896609628160 t°y°+3492258223572910080 t°y* 2786281390080 ¢34 +621211109887322357760 ¢° %+
802449040343040 ¢>y* +56228479889229635125248 t°+539245755110522880 ¢332 +155302777471830589440 t> —
83588441702400 ty2—24073471210291200 ¢, ag = 2759049216 t°y*242600529297408 5410 +1352275234652160 t5¢°+
467916951524474880 95 +406332702720 t*y®+112163117062988759040 t3* —104021171896320 t*y5+
17890879964754883903488 %y —18188844914442240 t*y* +1574397436898429783506944 t°425883796245305098240 ¢4y —
24379962163200 t2y* +7765138873591529472000 t* —18456327927889920 t2y% —1714031150172733440 t>+
376147987660800, a5 = 197074944ty 4180592312320t y'%24100553799499776 t"y'°+39230841972326400 t" &+
40633270272 t‘)leJr11298482488030003200t7 ©—45509262704640 t°y®42402016291564313116672 ¢ y* —
24073471210291200 t°y°+357817599295097678069760 t7y%—3030047576335319040 °y* —4063327027200 336+
32387604416196269832142848 t” +776513887359152947200 t°y? —5717449412444160 t3 y*+259417759488945816600576 ° —
722204136308736000 >y —52692013785085378560 t°+188073993830400 ty2+78238781433446400 t, ay=

10264320 t3y16 48599633920 t%y'* +5056584744960 t5y'2+2139864107581440 t3y'°+2821754880 tOy 12+
697595699071549440 8% —6501323243520 ¢80 +177488888539234959360 ¢57° —3845068318310400 545+
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