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QUADRATIC DIFFERENTIAL EQUATIONS: PARTIAL GELFAND-SHILOV
SMOOTHING EFFECT AND NULL-CONTROLLABILITY

PAUL ALPHONSE

ABsTrACT. We study the partial Gelfand-Shilov regularizing effect and the exponential decay
for the solutions to evolution equations associated to a class of accretive non-selfadjoint quadratic
operators, which fail to be globally hypoelliptic on the whole phase space. By taking advantage of
the associated Gevrey regularizing effects, we study the null-controllability of parabolic equations
posed on the whole Euclidean space associated to this class of possibly non-globally hypoelliptic
quadratic operators. We prove that these parabolic equations are null-controllable in any positive
time from thick control subsets. This thickness property is known to be a necessary and sufficient
condition for the null-controllability of the heat equation posed on the whole Euclidean space.
Our result shows that this geometric condition turns out to be a sufficient one for the null-
controllability of a large class of quadratic differential operators.

1. INTRODUCTION

1.1. Miscellaneous facts about quadratic operators. We study in this work quadratic oper-
ators, that is the pseudodifferential operators

(L) . Doule) = o [ (T utavas

defined by the Weyl quantization of complex-valued quadratic symbols
q:Ry xRg — C,

on the phase space R} x Rg, with n > 1. These non-selfadjoint operators are only differential
operators since the Weyl quantization of the quadratic symbols z*¢?, with (a, B) € N*" | |a+3] = 2,
is given by

1
(1.2) (z°¢P)" = Op"(a¢”) = 5 (¢ D + D),
with D, = i719,. It is known from [I7] (pp. 425-426) that the maximal closed realization of a
quadratic operator ¢*(x, D) on L?(R™), that is the operator equipped with the domain
(1.3) D(q") = {u € L*(R") : ¢“(x, Dy)u € L*(R™)},

where ¢"(z, D, )u is defined in the distribution sense, coincides with the graph closure of its re-
striction to the Schwartz space

q“(x, D) : (R™) = F(R").
Associated to any quadratic form defined on the phase space ¢ : Ry x Rf — C is its Hamilton

map F' € M, (C), or its fundamental matrix, which is defined as the unique matrix satisfying the
identity

(1.4) VXY € R*™, ¢(X,Y)=0(X,FY),

with ¢(-,-) the polarized form associated to the quadratic form ¢, and o the standard symplectic
form given by

(1.5) o((x,€), (y,m) = (&y) — (), (2,9),(&n) € C*,
and where (-,-) denotes the inner product on C" defined by

n
(x,y) = ijyj, x=(21,...,Zn), Y= (Yy1,.--,Yn) € C"
=0
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2 PAUL ALPHONSE

Note that (-,-) is linear in both variables but not sesquilinear. By definition, F is given by
(1.6) F=JQ,

where @ € S3,(C) is the symmetric matrix associated to the bilinear form g(-, -),

(1.7) VXY € R*™  ¢(X,Y) = (X,QY),

and J € GLg,(R) stands for the symplectic matrix

U
J = <—In 0n> € GLan(R),

with 0,, € M, (R) the null matrix and I,, € M,,(R) the identity matrix. We notice that a Hamilton
map is always skew-symmetric with respect to the symplectic form, since

(1.8) VXY €R?, o(X,FY)=q(X,Y)=q(Y,X)=0(Y,FX) = —0(FX,Y),

by symmetry of the polarized form and skew-symmetry of o.

When the real part of the symbol is non-negative Req > 0, the quadratic operator ¢*(x, D)
equipped with the domain (3] is shown in [I7] (pp. 425-426) to be maximal accretive and
to generate a strongly continuous contraction semigroup (e=*¢");>o on L?(R"). Moreover, for
all t > 0, e %" is a pseudodifferential operator whose Weyl symbol is a tempered distribution
pr € P'(R?™). More specifically, this symbol is a L°(R?") function explicitly given by the Mehler
formula

1
(1.9) pt(X) — e—a(X,tan(tF)X) c LOO(RQn), X e RQn,

v/ det(cos(tF))
whenever the condition det(cos(tF')) # 0 is satisfied, see [17] (Theorem 4.2), with F' the Hamilton
map of q. For example, the Schrdinger operator i(D2 + z%) generates a group (e~ (Pa+2"), g
whose elements are pseudodifferential operators, and their Weyl symbols are respectively given by

1 —i(&242?) tan 0o n
(ZC,E))—)EG &+ )tthL (RQ )a

when cost # 0, whereas when ¢t = 7 + km, with k € Z, it is given by the Dirac mass
(2,8) = i(=1)"*méo (2, €) € S/ (R?™).

This example is taken from [I7] (p. 427) and shows that the condition det(cos(tF')) # 0 is not
always satisfied for any t > 0.

The notion of singular space associated to any complex-valued quadratic form ¢ : R? x R? - C
defined on the phase space, introduced in [12] (formula (1.1.15)) by M. Hitrik and K. Pravda-Starov,
is defined as the following finite intersection of kernels

2n—1
(1.10) S= () Ker(Re F(Im F)’) N R*",

j=0
where Re F' and Im F' stand respectively for the real and imaginary parts of the Hamilton map F
associated to the quadratic symbol g,

1 — 1 —
ReF = §(F+ F) and ImF = 2—(F —F).
i
According to (ILI0), we may consider 0 < kg < 2n — 1 the smallest integer satisfying
ko
(1.11) S =) Ker(Re F(Im F)’) N R*".
§=0

When the quadratic symbol has a non-negative real part Re ¢ > 0, the singular space can be defined
in an equivalent way as the subspace in the phase space where all the Poisson brackets

k

are vanishing

S ={X eR*: (Hf,,Req)(X)=0, k>0}.
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This dynamical definition shows that the singular space corresponds exactly to the set of points
X € R* where the real part of the symbol Reg under the flow of the Hamilton vector Hiy 4
associated with its imaginary part

(1.12) t > Reg(efmaX),

vanishes to any order at ¢ = 0. This is also equivalent to the fact that the function (LIZ2) is
identically zero on R.

As pointed out in [12] 28] 29 [34], the singular space is playing a basic role in understanding the
spectral and hypoelliptic properties of non-elliptic quadratic operators, as well as the spectral and
pseudospectral properties of certain classes of degenerate doubly characteristic pseudodifferential
operators [I3| [I4]. For example, when the singular space of ¢ is equal to zero S = {0}, the
quadratic operator ¢%“(x, D,) is shown in [29] (Theorem 1.2.1) to be hypoelliptic and to enjoy
global subelliptic estimates of the type

30 >0,%u € SR, |[((@, D)o | 12 gy < Clllg” (2, Dadull2ny + [l 2]

where
(@, Dz))? = 1+ 2> + D[,
and 0 < ko < 2n — 1 is the smallest integer such that (LII) holds.

The notion of singular space also allows to understand the propagation of Gabor singularities
for solutions to parabolic equations associated to accretive quadratic operators. The Gabor wave
front set (or Gabor singularities) WF (u) of a tempered distribution u measures the directions in
the phase space in which a tempered distribution does not behave like a Schwartz function. We
refer the reader e.g. to [30] (Section 5) for the definition and the basic properties of the Gabor
wave front set. We only recall here that the Gabor wave front set of a tempered distribution is
empty if and only if this distribution is a Schwartz function:

Vue ' (R"), WF(u)=0<uecPR").
The following microlocal inclusion is proven in [31] (Theorem 6.2):
(1.13) Vu € L2(R™),Vt >0, WFE(e ') c etfma(WF(wu)NS) C S,
where (etfltma),p is the flow generated by the Hamilton vector field
Olmq 0 Olmg 0
Himg= —  — — 2
o Oz or  0&
This result shows that the singular space S contains all the directions in the phase space in which the
semigroup (e~%");>o does not regularize in the Schwartz space & (R™). The microlocal inclusion

(CI3) was shown to hold as well for other types of wave front sets, as Gelfand-Shilov wave front
sets [7], or polynomial phase space wave front sets [35].

1.2. Smoothing properties of semigroups generated by quadratic operators. Given q :
Ry x R¢ — C a complex-valued quadratic form with a non-negative real part Regq > 0, we study

in the first part of this work the smoothing effects of the semigroup (e*tqw)tzo generated by the
quadratic operator ¢"(z, D,) associated to g.
When the singular space of ¢ is equal to zero,

(1.14) S = {0},

the microlocal inclusion (LI3) implies that the semigroup (e =" );>¢ is smoothing in the Schwartz
space & (R™),

Vu € L2(R™),¥t >0, e ' ue S (R).
However, this result does not provide any control of the Schwartz seminorms for small times and
does not describe how they blow up as time tends to zero. In the work [16], this regularizing
property was sharpened and under the assumption (LI4]), the semigroup (e‘tqw)tzo was shown

to be actually smoothing for any positive time in the Gelfand-Shilov space Sllg (R™) and some
asymptotics for the associated seminorms are given for small times 0 < t < 1. We refer the
reader to Subsection in Appendix where the Gelfand-Shilov spaces S¥(R"™), with u 4 v > 1,
are defined. More precisely, [16] (Proposition 4.1) states that when (LI4) holds, there exist some
positive constants ¢y > 0 and Cp > 0 such that for all 0 < t < t5 and u € L?(R"),

12ko+1
le 0

D2422) _tgw
Pt e | L oy < Collul 2any,
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where 0 < kg < 2n — 1 is the smallest integer such that (LII) holds. From the work [2], this
implies that there exists a positive constant C' > 1 such that for all 0 < t < tg, (, 8) € N?* and
u € L*(R"),
15 e Cltlel+18] NL and

. « - < 55—/ (a)2 (B2 ny.
( ) ||‘T T (e u)HLz(]Rn) >~ t%%“(\alﬂﬂl) (a ) (6 ) HUHLZ(R )

By using the Sobolev embedding theorem, we notice that this result provides the existence of a
positive constant C' > 1 such that for all 0 < t < tg, (a, 3) € N?" and u € L*(R"),

w Cl+lal+8]
||x°‘85(eftq u

(@) (B2 [[ullp2q@n)s

<
Moy < 25 (Jal+1B]+(n/2]+1)

where |-| denotes the floor function.

More generally, when the singular space S of ¢ is possibly non-zero but still has a symplectic
structure, that is, when the restriction of the canonical symplectic form to the singular space o|g
is non-degenerate, the above result (T3] can be easily extended but only when differentiating the
semigroup in the directions of the phase space given by the symplectic orthogonal complement of
the singular space

STt ={XeR™:VWWeS, oX)Y)=0}.
Indeed, when the singular space S has a symplectic structure, it is proven in [15] (Subsection 2.5)
that the quadratic form ¢ writes as ¢ = ¢1 + ¢2 with ¢; a purely imaginary-valued quadratic form
defined on S and ¢, another one defined on S+ with a non-negative real part and a zero singular
space. The symplectic structures of S and S°* imply that the operators ¢! (x, D,) and ¢¥ (z, D)
do commute as well as their associated semigroups

—tg¥ W W W g W
VE>0, e =e et =l ta

Moreover, since Re q; = 0, (e7%91");>¢ is a contraction semigroup on L?(R") and the partial smooth-
ing properties of the semigroup (e‘tqw)tzo can be deduced from a symplectic change of variables
and the result known for zero singular space can be applied to the semigroup (e‘tq; )t>0. We refer
the reader to [I5] (Subsection 2.5) for more details about the reduction by tensorization of the
non-zero symplectic case to the case when the singular space is zero.

Example 1.1. We consider the Kramers-Fokker-Planck operator acting on LQ(R?’U),

(1.16) K=-A,+ i|v|2 + (0, Va) — (V. V(2),V,), (z,v) € R™,

with a quadratic external potential

(1.17) V(z) = %a|x|2, a€R,

where | - | denotes the Euclidean norm on R™. This operator writes as K = ¢*(z,v, D, D,,), where
(1.18) 0. Em) = [+ o i (0.) —afe.m). (@0, En) €RI

is a non-elliptic complex-valued quadratic form with a non-negative real part, whose Hamilton
map is given by

0, il, 0, 0,
1| —ail, 0, 0, 2I,
(1.19) F= 21 o, 0y, 0, ail,

On - %In _ZIn On
When a # 0, a simple algebraic computation shows that its singular space is
S = Ker(Re F) N Ker(Re F(Im F)) NR*"* = {0}.

Therefore, the integer 0 < kg < 4n—1 defined in (ILTT]) is equal to 1 and it follows from (IH) that
there exist some positive constants tg > 0 and C' > 0 such that for all 0 < t < tg, («a, 3,7,5) € N4
and u € L*(R*"),

ClHlal+iplthldel
- L
RUPSIE Tqaramey (@) (B)

[ERRH Ca = (B2 (7)2 ()% [Jull L2ggen-

When a = 0, the singular space of ¢ is
(1.20) S =Ker(Re F) NKer (Re F(Im F)) N R4 = RY x {Ogn } x {O]Rg} X {ORZ}’
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and the integer 0 < kg < 4n — 1 defined in (CTT]) is also equal to 1. In particular, when a = 0, the
singular space S of ¢ has not a symplectic structure since its symplectic orthogonal complement is
given by
1
57 =Ry x Ry x {Orn } x RY,
and no general theory nor known regularizing results apply for the Kramers-Fokker-Planck semi-
—tK
group (e~ );>o.

In the present work, we consider quadratic operators ¢ (x, D,) whose symbols are complex-
valued quadratic forms ¢ : R} x Rf — C with a non-negative real part Req > 0 and a singular
space S generated by elements of the canonical basis of R?™ which can also possibly fail to be
symplectic, as the Kramers-Fokker-Planck operator without external potential (case a = 0). In
these degenerate cases when S # {0}, with S possibly non-symplectic, we cannot expect that the
semigroup (e‘tqw)tzo enjoys Gelfand-Shilov smoothing properties in all variables as in (IL.I5]) and
we aim in the first part of this work at studying in which specific directions of the phase space the
semigroup does enjoy partial Gelfand-Shilov smoothing properties.

To describe the regularizing effects of the semigroup (e’tqw)tzo when the singular space S is
generated by elements of the canonical basis of R?"”, we need to introduce the following notation:

Definition 1.2. Let n > 1 be a positive integer, J be a subset of {1,...,n} and E be a subset of
C. We define £ as the subset of £ whose elements x € E7} satisfy

Vj ¢ J, Tj = 0.
By convention, we set E7 = {0} when J is empty.

The main result of this article is the following:

Theorem 1.3. Let g : Ry X R — C be a complez-valued quadratic form with a non-negative real
part Req > 0. We assume that there exist some subsets I,J C {1,...,n} such that the singular
space S of q satisfies S+ = R? x R%, the orthogonality being taken with respect to the canonical
Euclidean structure of R*™. We also assume that the inclusion S C Ker(Im F) holds, where F
denotes the Hamilton map of q. Then, there exist some positive constants C > 1 and 0 < tg < 1
such that for all (o, B) € N¥ x N, 0 <t <ty and u € L*(R"),
w It|e|+8]
=02 (™ W)l s < t<2k(,c+1><\a|+w|+s> (@)® (8% flullzagee

where 0 < kg < 2n — 1 is the smallest integer such that (L)) holds and s = 9n/4 + 2|n/2] + 3.

In all this work, || stands for the floor function. Moreover, we denote

|Oé|:ZOéi7 |ﬂ|:Zﬂj, Oz!:Hai!, ﬂ!:Hﬂj!v

icl jeJ icl jeJ
for all I,J C {1,...,n} and (o, 8) € N} x N}, with the convention that a sum taken over the
empty set is equal to 0, and a product taken over the empty set is equal to 1.

Theorem [[L3] shows that once the singular space S of ¢ is generated by elements of the canonical
basis of R?" and satisfies the algebraic condition S C Ker(Im F), with F' the Hamilton map of
q, the semigroup (e‘tqw)tzo enjoys partial Gelfand-Shilov smoothing properties, with a control in
O(t= kot 1)(lel+181+5)) of the seminorms as t — 0%, where s = 9n/4 + 2|n/2| + 3. The power
(2ko + 1)(Ja| + |B| + s) is not expected to be sharp. It would be interesting to understand if the

2kg+1

upper bound in Theorem [L3 may be sharpened in O(t~ = (2l+18D) as in the estimate (LI5H).

Example 1.4. Theorem [[.3 applies in particular for quadratic operators ¢ (x, D) associated to
complex-valued quadratic forms with non-negative real parts and zero singular spaces S = {0}. The
result of Theorem [[3] allows to recover the Gelfand-Shilov regularizing properties of the associated
semigroup (e 7" );>¢ for small times given by (LIH), up to the power of the time variable ¢ which
is less precise in the above statement.

Let us state the fact that Theorem applies for quadratic operators with non-symplectic
singular spaces:

Example 1.5. Let K be the Kramers-Fokker-Planck operator without external potential:

1
K=-A,+ Z|’U|2 + (v, V), (z,v) € R*",
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We recall from (LI8) that the Weyl symbol of K is the quadratic form ¢ defined by

1
(1.21) a(z,0,6m) = > + 7ol +i(v,€), (2,0,€m) ERM

Moreover, the Hamilton map and the singular space of ¢ are respectively given from (I9) and

(C20) by

0, il, 0, 0,
1o, 0, 0, 2I,
F=510, 0. 0. 0,

0, —3l, —il, 0,

and
S = Ker(Re F) N Ker (Re F(Im F)) NRY = R} x {0ry } x {Org} x {0y }.

Notice that here, the singular space has not a symplectic structure. Since S+ = R2" x RQ]”, with
I={n+1,...,2n}and J = {1,...,2n}, the orthogonality being taken with respect to the canonical
Euclidean structure of R?", and that the inclusion S C Ker(Im F) holds, Theorem shows that
there exist some positive constants C > 1 and 0 < to < 1 such that for all (o, f3,7) € N3,
0 <t <t and u € L2(R?"),

oAb Ay —tK C+lal+I81+]vI N ) N
H” 9,0 (e u>||L2(]R2") < $3(Jal+ 18I+ [+(13n)/2+3) (@)= (892 (W12 [lullL2@en)-

We refer the reader to Section 5 for an extension of this result to generalized Ornstein-Uhlenbeck
operators.

It is still an open question to know if the algebraic condition S C Ker(Im F') on the Hamilton
map F' and the singular space S of ¢ in Theorem [[L3]can be weakened or simply removed. However,
as pointed out by the following particular example, there exists a class of complex-valued quadratic
forms ¢ : R7 x R — C with non-negative real parts Reg > 0 such that the result of Theorem L3
holds with a sharp upper-bound as in ([LI3) even if the assumption S C Ker(Im F) fails.

Example 1.6. We consider the complex-valued quadratic form ¢ : R? x R? — C defined by

(122 ol ) = 51QFEP —iBr,8), (5,6 €R™,

where B and @) are real n xn matrices, with ) symmetric positive semidefinite, B and Q% satisfying
an algebraic condition called the Kalman rank condition. We refer the reader to Section [l for the
definition of the Kalman rank condition and the calculus of the Hamilton map and the singular
space of ¢ respectively given by

(1.23) F= % (_SB igT) and S =R" x {0}.

Notice that S+ = R? x R%, with I = () and J = {1,...,n}, the orthogonality being taken with
respect to the canonical Euclidean structure of R?", and that the inclusion S C Ker(Im F') holds
if and only if R™ C Ker B. Therefore, the inclusion S C Ker(Im F') does not hold when B # 0.
However, by explicitly computing e *¢" v for all ¢t > 0 and u € L?(R™) and exploiting the Kalman
rank condition, J. Bernier and the author proved in [I] (Theorem 1.2) that there exist some positive
constants C' > 1 and to > 0 such that for all 3 € N*, 0 <t < tg and u € L3(R"),

B(,—tq" cHHPl 1
(124) 102" )| aqay < gy (0F Nulzaceny

where 0 < ko < 2n — 1 is the smallest integer such that (LII) holds. Moreover, the estimates
(L24) show that for all (a, 8) € N} x N7, 0 < t <ty and u € L*(R"™),
w C+lal+8] 1 N
agB(e—ta < - - 00000 2 Nz 2(Rn
H‘T T (6 u)HLz(Rn) =~ t%%“(\alﬂﬂl) (a ) (6 ) HUHL (R™)>

since N7 = {0} and N} = N".
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1.3. Null-controllability of parabolic equations associated with frequency-hypoelliptic
accretive quadratic operators. As an application of the smoothing result provided by Theorem
[[3] we study the null-controllability of parabolic equations posed on the whole Euclidean space
associated with a general class of accretive quadratic operators

Ocf(t,x) + ¢ (x, Do) f(t,x) = u(t,x) 1y, (), (¢,x) € (0,400) x R™,
f(0) = fo € L*(R™),

where w C R” is a Borel subset with positive Lebesgue measure, 1,, is its characteristic function,
and ¢*(z, D,) is an accretive quadratic operator whose Weyl symbol is a complex-valued quadratic
form ¢ : Ry x Rf — C with a non-negative real part Req > 0.

(1.25)

Definition 1.7 (Null-controllability). Let 7' > 0 and w be a Borel subset of R™ with positive
Lebesgue measure. Equation (L28) is said to be null-controllable from the set w in time T if, for
any initial datum fo € L?(R™), there exists u € L?((0,T) x R™), supported in (0,7") x w, such that
the mild solution of (I.25) satisfies f(7,-) = 0.

When the singular space of ¢ is reduced to zero S = {0}, K. Beauchard, P. Jamming and K.
Pravda-Starov proved in the recent work [3] (Theorem 2.2) that the parabolic equation (25
associated to ¢*(z, D,) is null-controllable in any positive time T > 0, once the control subset
w C R™ is thick. The thickness of a subset of R™ is defined as follows:

Definition 1.8. Let v € (0,1] and a = (a1,...,a,) € (RL)". Let P =[0,a1] x ... x [0,a,] C R™.
A subset w C R™ is called (v, a)-thick if it is measurable and

Ve eR", |wn(x+ P) ZVH%A
j=1
where |w N (z + P)| stands for the Lebesgue measure of the set w N (z + P). A subset w C R™ is
called thick if there exist v € (0,1] and a € (R*)" such that w is (v, a)-thick.

No general result of null-controllability for the equation (23] is know up to now when the
singular space of ¢ is non-zero. However, when the quadratic form ¢ is defined by ([L22)), where B
and @ are real n X n matrices, with () symmetric positive semidefinite, B and Q2 satisfying the
Kalman rank condition, we recall that the singular space of ¢ is S = R™ x {0} (in particular, S is
non-zero), and J. Bernier and the author proved in [I] (Theorem 1.8) that the parabolic equation
(C23) is null-controllable in any positive time from thick control subsets. Moreover, when B = 0,
and Q = 21, the quadratic form ¢ is given by q(z,&) = |£]? and ([L25) is the heat equation posed
on the whole space:

Ocf(t,x) — Apf(t,z) = u(t,x)l,(x), (t,x) € (0,400) x R™,
f(0) = fo € L*(R™).

Recently, M. Egidi and I. Veselic in [9] and G. Wang, M. Wang, C. Zhang and Y. Zhang in [30]
proved independently that the thickness of the control set w is not only a sufficient condition for
the null-controllability of the heat equation (L.26]), but also a necessary condition.

In this work, we investigate the sufficient geometric conditions on the singular space S of ¢
which allow to obtain positive null-controllability results for the parabolic equation (C25) when
the control subset w C R"™ is thick. The suitable class of symbols ¢ to consider is the following
class of diffusive quadratic forms:

(1.26)

Definition 1.9 (Diffusive quadratic form). Let ¢ : R? x R — C be a complex-valued quadratic
form. We say that ¢ is diffusive if there exists a subset I C {1,...,n} such that St = R} x RE,
the orthogonality being taken with respect to the canonical Euclidean structure of R?”.

Example 1.10. Any complex-valued quadratic form ¢ : R7 x Rf — C whose singular space is
equal to zero S = {0} is diffusive, since S+ = R?} x RE, with I ={1,...,n}.
Example 1.11. Let ¢ : R?" x RZ" — C be the complex-valued quadratic form defined by (L2I).
We recall from ([L20) that the singular space of ¢ is

S = RZ X {ORZ'} X {O]Rg} X {O]R:IL}

Therefore, S+ = R?" x R, with I = {n +1,...,2n}, which proves that ¢ is diffusive.
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It follows from Theorem [[3] that when the quadratic form ¢ is diffusive and S C Ker(Im F'),
where F' and S denote respectively the Hamilton map and the singular space of ¢, the semigroup
(e7");>0 generated by ¢*(x, D,) is smoothing in the Gevrey space G 3 (R™). More precisely, there
exist some positive constants C' > 0 and 0 < ty < 1 such that for all 0 < ¢t < ¢y, @ € N” and
u € L*(R"),

Cltlal

(1'27) Hag(e—tq U)HL2(RTL) < W (a!)§ ||u||L2(]R");

where 0 < ko < 2n — 1 is the smallest integer such that (LII]) holds and s = 9n/4 + 2|n/2| + 3.
This regularizing property has a key role to prove the following result on the null-controllability of
the parabolic equation (L.25]):

Theorem 1.12. Let ¢ : RY x RY — C be a complez-valued quadratic form with a non-negative real
part Req > 0. We assume that q is diffusive and that its singular space S satisfies S C Ker(Im F),
where F' is the Hamilton map of q. If w C R™ is a thick set, then the parabolic equation

{ O f (t,x) + ¢ (2, Do) f(t, ) = u(t, )Ly (x), (¢ )€ (0,+00) x R,
£(0) = fo € L*(R™),

with ¢*(x, D) being the quadratic differential operator defined by the Weyl quantization of the
symbol q, is null-controllable from the set w in any positive time T > 0.

Theorem [[L.T2] allows to consider more degenerate cases than the one when the singular space of

q is zero S = {0}. Indeed, when S = {0}, the estimates (II5) show that the semigroup (e %" );>o

1/2
1/2

in the whole phase space, while when ¢ is only assumed to be diffusive and when S C Ker(Im F),
with F the Hamilton map of ¢, the semigroup (e~*¢");>¢ is only smoothing in the Gevrey space
Gz (R™) (in the sense that the estimates (L27) hold). In particular, Theorem extends [3]
(Theorem 2.2).

is regularizing in any positive time in the Gelfand-Shilov space S,/ (R™), that is, is regularizing

Example 1.13. We consider the Kramers-Fokker-Planck equation without external potential
posed on the whole space

O f(t,,v) + Kf(t,x,v) = ut,z,v)1,(x,v), (¢t x,v) € (0,+00) x R*",
f(0) = fo € L*(R?"),
where the operator K is defined by

(1.28)

1
K=-A,+ Z|U|2 + (v, V,), (x,v) € R*™.

As noticed in Example [[3] the Hamilton map F' and the singular space S of the quadratic form
q: Ri’fv X Rg’% — C defined in (LZI)), Weyl symbol of the operator K, satisfy the condition
S C Ker(Im F'). Moreover, the quadratic form g is diffusive according to Example[[.TT] It therefore
follows from Theorem [[T2]that the equation (28] is null-controllable from any thick control subset
w C R?” in any positive time T > 0. As above, we refer to Section 5 for a generalization of this

result to generalized Ornstein-Uhlenbeck equations.

By the Hilbert Uniqueness Method, see [8] (Theorem 2.44), the null-controllability of the equa-
tion (28) is equivalent to the observability of the adjoint system
{atg(taw) +(¢¥(x, De))*g(t,x) =0, (t,2) € (0,+00) x R,

(1.29) 4(0) = go € LAR™).

We recall the definition of the notion of observability:
Definition 1.14 (Observability). Let T' > 0 and w be a Borel subset of R™ with positive Lebesgue

measure. Equation (L29)) is said to be observable from the set w in time T if there exists a constant
Cr > 0 such that, for any initial datum go € L?(R"), the mild solution of (L2J)) satisfies

T
(1.30) MEMQMS@%wamMM

The L?(R™)-adjoint of the quadratic operator (¢*(x, D.), D(g")) is given by the quadratic oper-

ator (¢*(z, D), D(3")), whose Weyl symbol is the complex conjugate of the symbol gq. Moreover,
the Hamilton map of § is F, where F is the Hamilton map of ¢. This implies that ¢ and g do
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have the same singular space. As a consequence, the assumptions of Theorem hold for the
quadratic operator ¢*(x, D,) if and only if they hold for its L?(R")-adjoint operator g“(z, Dy).
We deduce from the Hilbert Uniqueness Method that the result of null-controllability given by
Theorem is therefore equivalent to the following observability estimate:

Theorem 1.15. Let ¢ : Rp x RY — C be a complez-valued quadratic form with a non-negative real
part Req > 0. We assume that q is diffusive and that its singular space S satisfies S C Ker(Im F),
where F is the Hamilton map of q. If w C R™ is a thick subset, there exists a positive constant
C > 1 such that for all T > 0 and g € L*(R"),

_rgw 12 C T2
(1.31) le™" gl 2z < Cexp (m)/o le™* g1z dt

where 0 < ko < 2n — 1 is the smallest integer such that (LII) holds.

As the results of Theorems [[L12] and [[LT3] are equivalent, we only need to prove Theorem [L.T5]
and the proof of this observability estimate is based on the regularizing effect (L27)) while using a
Lebeau-Robbiano strategy.

1.3.1. OQutline of the work. In Section 2 we study a family of time-dependent pseudodifferential
operators whose symbols are models of the Mehler symbols given by formula (9. Thanks to the
Mehler formula, the properties of these operators allow to prove Theorem in Section Bl The
Section [ is devoted to the proof of Theorem An application to the study of generalized
Ornstein-Uhlenbeck operators is given in Section[Bl Section[6lis an appendix devoted to the proofs
of some technical results.

2. REGULARIZING EFFECTS OF TIME-DEPENDENT PSEUDODIFFERENTIAL OPERATORS

Let T'> 0 and ¢; : R} x Rg — C be a time-dependent complex-valued quadratic form whose
coefficients depend continuously on the time variable 0 < ¢t < T'. We assume that there exist some
positive constants 0 < T* < T and ¢ > 0, a positive integer k > 1, and I, J C {1,...,n} such that

(2.1) Vt € [0,T*],VX € R} x R%,  (Req:)(X) > ct*|X|?,
and
(2.2) vt e [0,T*],YX e R*",  q:(X) = a:(X1,),

where X7 ; stands for the component in R} x R” of the vector X € R*" according to the de-
composition R?" = (R} x R%) &1 (R} x R%)+, the orthogonality being taken with respect to the
canonical Euclidean structure of R?", and where the notation R} x R" is defined in Definition
This section is devoted to the study of the regularizing effects of the pseudodifferential operators
(e~%)¥ acting on L%(R"™) defined by the Weyl quantization of the symbols e~9 . The main result
of this section is the following:

Theorem 2.1. Let T > 0 and ¢, : R? X R? — C be a time-dependent complez-valued quadratic
form satisfying 2J)) and 22), and whose coefficients depend continuously on the time variable
0 <t <T. Then, there exist some positive constants C > 1 and 0 < to < min(1,T*) such that for
all (o, B) € NP x N, 0 <t <ty and u € L*(R"),
Cltlal+18] . .
ﬁ — L L
=20 (™) ull 2 ) < GramrEESy (@DF (D7 llullzzen.

where 0 < T* < T, k> 1, I,J C {1,...,n} are defined in 2I) and [2Z2), and s = In/4 +
2|n/2] + 3, with |-| the floor function.

2.1. A Calderén-Vaillancourt type result for partial Gelfand-Shilov symbols. The proof
of Theorem [2.T]is based on symbolic calculus. More precisely, we will use the following proposition
which states that a pseudodifferential operator whose Weyl symbol enjoys partial Gelfand-Shilov
regularity has partial Gelfand-Shilov smoothing properties.

Proposition 2.2. There exists a positive constant C > 1 such that for 1/2 < 1 < 1 and all symbol
p € C°(R2") satisfying that there exist some positive constants C1,C2,Cs > 1 and some subsets
I,J C{1,...,n} such that

(23)  Vae Nf x NjVBEN",  [|X*(03p)(X)|| o gy < CLC5CF! (al) (B)",
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we have that for all (o, B) € N} x N and u € L*(R"™),
||~’Caaf(pw($vDz)U)HLz(Rn) < Ol +utlal+BloB—2u) et Cl(max(c%CB))\aHWHQLn/ZJJrQ
() (Bh)" HUHL?(]R")a
where | -] denotes the floor function.

Proof. Let p € C°(R?") be a symbol such that (23] holds for some subsets I,J C {1,...,n}.
To prove that the linear operator 2*9%p®(z, D,) is bounded on L?(R™), the strategy is to use
the Calderén-Vaillancourt theorem. Therefore, we shall derive estimates for the derivatives of the
symbol of the operator x*9%p* (z, D,.), that is the symbol

(2.4) 4 (i€)" £ pla, &),
where £ denotes the Moyal product defined for all b; and by in proper symbol classes by

(b £ bo)(z,€) = 7 P=PEP P (1,€) by(y, )| ,
(z,8)=(y,m)

see e.g. (18.5.6) in [I9]. For all positive integer N > 1, we consider
S = S((X)Y, |dx]?),
the symbol class of smooth functions f € C°°(R?") satisfying
Va € N°",3C > 0,vX € R*", |(0%f)(X)| < C(X)".

The Euclidean metric |[dX|? is admissible, that is, slowly varying, satisfying the uncertainty princi-
ple and temperate. The function (X)¥ is a |dX |>-slowly varying weight, see [23] (Lemma 2.2.18).
Therefore, the symbol classes Sy enjoy nice symbolic calculus. Let (o, 5) € N7 x N, Since the
polynomials % and &? belong to the symbol class S|al+8); it follows from [19] (Theorem 18.5.4)
that

| min(e,B)| i l (71)|’Y\ 5 S
(2.5) g =y <§> > 1A 070¢ (x) 020 (€7)
=0 [8]+1yl=t "

| min(e,8)| , .\ 1 . -
v (1)l al 20— g1 B
B Z < > o (=) (B —9)! L, <min(a.p)»

where min(«, ) € N” is defined for all j € {1,...,n} by min(a, £); = min(«;, 8;) and

=0 [vI=l

L 1 if v < min(a, 8),

Emnef) T g otherwise.
As a consequence of (), z* § £° is a polynomial of total degree |a|+|3|. Moreover, p € C£°(R?")
from (Z3) and as a consequence p € S|4|+|5- We therefore deduce from [I9] (Theorem 18.5.4) an
explicit formula for the symbol z # ¢8 # p(z, £):

|| +18] i\ F (71)|p|
20 ineo- Y (5) X Shremee o) e e

k=0 Inl+lol=k

It follows from (2.6)) that for all (a,b) € N**, (o, 8) € N} x N and (z,&) € R?",

la|+|B] i k (_1)|p|
a1 pae) = 3 (5) X Stemar@oret s ) @0t . 6).

15l
k=0 l+lpl=k TP

As a consequence of the Leibniz formula, this equality also writes as

la|+]8] i\ F _1\lel
(27) 000 (« £ &% 4 p(a, ) = Y <§> > -

n!p!
k=0 [nl+lpl=Fk

DD () (,f) oL PO (2 1 €7) (037 p) (,€).

a’<a b’'<b
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Moreover, we notice from (Z35]) that the derivatives of the symbol x* # ¢# are given by
a’ b’ a
(2.8) 9579 (a1 €7

| min(a,B)] , .\ 1 ] | |
(Y S o B ) o
- T 15) (6 ’Y) 1 <mi
— — i 3 ~y<min(e,3)
pard (2 =t (a=ntB =)

miga‘:ﬂﬂ <Z>l Z (71)\'” al pe—v—a —p B! gﬁ*'vfb’fn

o — — ]1')/-‘,- '+ 1 /
! "—p)! —v—=b —n)! a’+p<a Ly+b'+n<ps
=0 |y|=l A ( Y—a p)! (ﬂ v =b —n)!

1 ifvy+d+p<a, 1 ify+0 +n<B,

and  1,4pqn<p = { 0 otherwise

1ytar =
Y+a'+p<a .
0 otherwise,

For all (a,b) € N*" and («,8) € N7 x N we consider the finite subset E, ;5 C N°" whose
elements (1, p, 7, @', 1) € Fopap satisfy:

0<d <a, 0<V <0,
(2.9) , ,

YHad +p<a, Y+ +n<p.

Moreover, for all (a,b) € N**, (o, 8) € N? x N and (1, p,v,a’,V') € Eq 0,8, We set

i\l s o al B! (—1)lel+1]
(210)  Topary = <§> (a’) (b’> (a—y—a —=p)(B—vy—b —n)! nlply!

It follows from (1) and (ZX) that the derivatives of the symbol z* # &7 # p(x,€) satisfy the
following estimates for all (a,b) € N*" and («, 8) € N} x N7,

(2.11) ||02ot(a= ¢ &° 8 (2, €)) || L gon)

< Z |Fn7pma’,b’|

(mp,7,0" V' )EEq b,0,8

Moreover, it follows from the partial Gelfand-Shilov regularity (23) of the symbol p that for all
(a,b) € N*" (o, 8) € N? x N% and (1, p,7,d',b') € Eqp.a.p,

’:Ca—v—a/_pgﬁ—v—b/_n (ag—a’-i-naé)—b/-i-/)p) (x, €) H Lo (R2n)-

H:L,af'yfalfpé-ﬁf'yfblfn (agfaurnaé)—b/-l-pp) (-Tag)HLoo(Rzn,) < Clcga*’Y*a/*PPrm*’Y*b,*m

a—a’ b—b’
Clem et (0 — oy —d — ) (B—y = =) (a—d’ +n)! (b= + p))".
Notice that for all (a,b) € N*", (a, 8) € N} x N% and (0, p,7,a',V') € Eqp.a,8
o=y —d —p|+1B =y = —nl+la—d +nl+[b -V +pl
=la—y—d|+[B=y=V[+|a—a|+b=V]<|a|+[B]+|a] + [b].
By using that Cy,C3 > 1 and the above estimate, we deduce that for all (a,b) € N?*, (o, 3) €
N’VIL X N’r} and (napa’yaa/ab/) S Ea,b,a,ﬂa

Hxaf'y—a’fpgﬁf'yfb’fn (agfa”rnaé)—b/-i-pp) (x’g)HLm(Rzn) < Cl(max(Cg,Cg))‘aHmlH“‘Hb‘

((a=y=d =p! (B=y=V =n) (a—d +n)! (b-V +p))".
As a consequence of ([29) and (6.2]), we also notice that for all (a,b) € N**, (o, B) € N? x N and
(777 Py ala b/) € anbﬁaﬁa
(a—a +n)! < (a+n) < 2alFMlgl pt < olal+1Blgy 1,

and
(b= 4 p)! < (b+ p)! < 2MbFIelpr pr < olblFlalpr 1,
We therefore deduce that for all (a,b) € N*" (a, 8) € N} x N and (9, p,7,a’,b") € E4p.a.s,

(2.12) ||xa*vfa’*p§ﬁ*'vfb’*n (atzzfaurnagfb“rpp) (LQHLOO(RM) < C’l(max(Cg,Cg))‘O‘HWH‘“‘Hb‘

gu(lal+ol+|al+B]) ((a —y—ad —p (B=vy—=b =)y pla b!)#.
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Combining (Z.I1)) and (Z12)), we obtain the following estimate of the L>°-norms of the derivatives
of the symbols ([Z4) for all (a,b) € N*" and («, 3) € N} x N

(2.13) ||8§8é’(z“ # &8 ﬁp(xvf))HLw(R%) < Cy(max(Cy, Cy))lelt18l+lal+blgullal+bl+al+5])

Z Typvar | (=5 —a —p)t (B—v—b —n)!n! p!al b!)”.

(m:p7,0",0" )€ Ea b0,
Notice from (ZI0) and (6.3) that for all (a,b) € N?", (a, 8) € N} xN% and (1, p,v,a’,b') € Eq a3,
al A1 1
(a—=vy—a —=p)t(B—~—=b—n)ln! plyl
We derive from (ZI3) and (ZI4) that for all (a,b) € N*" and («, 8) € N} x N7,

(2'14) |Fn7pma’,b’| < glal+iel

(2.15) [|0202(2" £ € # p(,6))]| o gony < Cr(max(Cy, Cy))IHIHaIH gl tmlartoltulat s

(a!)“ (b')“ Z A’r],p,v,a’,b’;

(7,0’ b )EEa b,a,8
where we set
a! B! 1
((a =y —=a" = p))t=r (B =~ = —m))t=r () i=r(ph)=ral"
The next step of the proof consists in estimating the quantities (ZI6]). First, it follows from (23]
and (6.2) that for all (a,b) € N*", (o, 8) € N} x N and (0, p,7,d,V') € Eqp.ap,

(2.16) Ay pryaly =

(@=v=pl=(a—y—p—d+a) <27 (a =y —p—a) (a)!
<2 (a—y—p—d)lal,
and similarly,
B-v=—m)l=B—y—n-b+)N <2777 (3 —y—p 1) ()
<2 (B —y—n-0)ol,
We therefore deduce that for all (a,b) € N?", (o, B) € N7 x N% and (1, p,v,d’,b") € Eq 0,8,
ol Jéil 2(I=mlatBl (gl 1=# (ph)L—H
((a =y =p))t=# (B =~y =m))i~+ ()= r(ph) =y ’

since u < 1. Moreover, it follows from the definition of the Binomial coefficients that for all
(a,b) € N°*", (a, ) € N} x N and (n, p,7,d',V') € Eqp.a.p,

(2.17) Appyanh <

2.18 o B! 1

(219 ((a =y =p))I=2 (B =~y —n))l=# (nh)I=#(ph)L—H~]
[ - b+ o)t ! (o] (el (B
(a=y=p (vt Pt B=r=—m)! (v+n)! nl~ (121

IN

(203N o

since 2 > 1. As a consequence of (ZIT) and (2.I8)), the following estimates hold for all (a, b) € N2,
(Oé, 6) S N}l X N’r} and (77) P a/la bl) S Ea,b,a,ﬂ;

A

b < {Qw+|v\+|p|+\6|+\v|+\m}1’“ 9(l=mla+Bl (g1)1=k (p)Ll=H (al)k (BI)A.

We recall from (Z9) that for all (a,b) € N?", («, 8) € N} x N% and (n, p,v,a’,b") € Eqp.a,8,
laf + Iy + ol + 1Bl + 7] + Inl < 2]el + 2[5].

This implies that for all (a,b) € N*", (a, 8) € N} x N% and (1, p,7,a',V') € Eqgp.a,8

(2.19) Agypryary < UTHIAFBL (ghyI=r (p1yI=h (1) (B
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This estimate combined to ([ZIF) implies that for all (a,b) € N* and (a, ) € N} x N7,

(2.20) ||agaé)($oz 4 £B ﬁp(‘r’g))HLW(R%) < Cl(maX(CQ’03))|a\+|ﬂ\+|a|+\b| 9 (14p)a+b|+(3—2pu)|a+p|

(#Eq4b,0,8) al b (a)¥ (BYH,

where # denotes the cardinality. It only remains to estimate #F, 4 o,3. To that end, we recall
anew from (29) that any element (1, p,7,a’,V') € Eqp.a.5, with (a,b) € N> and («, ) € N} x N7,
satisfies

Inl <181, lpl < lal, |7[ < min(|al,[B]),

la'| < lal, [t <[]

By using (6.3) and (6.6]), we therefore deduce that for all (a,b) € N** and (o, 3) € N} x N, the
cardinality of the set E, ; o 3 satisfies the following estimate:

e st ()LL)

< glal+[B+min(|al,|5])+al+b[+5n

As a consequence of (220) and (Z.2Z1), we notice that for all (a,b) € N*" and (o, ) € N} x N7,
(2.22) ||3;3§(~Ta 4 gﬂ ﬁp(xvg))HLm(RM) < Cl(maX(C%Cg))laHIBHIaIHbI 9(1+p)|a+b|+(3—2p) o+ 5]

glaltIBlmin(lal[B)+lal+bl+5n o1 b1 (al)r (81,

It follows from (Z22]) and the Calderon-Vaillancourt theorem, see [5] (Theorem 1.2) which provides

sharp estimates, that the operator z*D?p® (x, D,) : L?(R™) — L?(R") is bounded on L?(R"), and

that its operator norm is controlled in the following way

(2.23) |2 DIp® (@, Do)l oy C - sup  [|020¢ (2 # €7 ¢ p(2,6)) | L (g
lal,]b|<|n/2]+1

where C' > 0 is a positive constant not depending on the symbol p and £(L?) stands for the set of

bounded operators on L?(R™). Proposition 22 is then a consequence of ([Z22) and [Z.23). O

2.2. Gelfand-Shilov type estimates. In this subsection, we study the Gelfand-Shilov regularity
of the time-dependent symbol e~9%, where ¢; : RV — C is a time-dependent complex-valued
quadratic form whose coeflicients are continuous functions of the time variable 0 < ¢ < T, with
T* > 0, satisfying that there exist a positive constant ¢ > 0 and a positive integer k£ > 1 such that

(2.24) vt € [0,T*,VX e RN, (Req)(X) > ct*| X2

Lemma 2.3. Let T > 0 and ¢; : RN — C be a time-dependent complex-valued quadratic form
satisfying [2.24), and whose coefficients depend continuously on the time variable 0 < t < T.
Then, there exist some positive constants 0 < to < min(1,T*) and c1,c2 > 0 such that the Fourier
transform of the symbol e~ satisfies the estimates

Vi € (0,10), V2 € RN, |e—ae(Z)| < —mre 2!

— kN I
2

t

Zk‘E“Z

where 0 <T* <T and k > 1 are defined in (2Z24]).
Proof. Let 0 < t < T*. Since Re ¢; satisfies (Z24)), the spectral theorem allows to diagonalize Im ¢;

with respect to Re q;. More precisely, there exist (e1 ¢, ...,en) a basis of R and Ay ¢,..., Ay € R
some real numbers satisfying that for all 1 < j &k < N,
(2.25) (Reqr)(ejrsexe) = 05 and  (Imqr)(eje, €xt) = Ajiedj,

with Req:(+,-) and Img(-,-) the polarized forms associated to the quadratic forms Regq; and
Im g; respectively, and where §;, denotes the Kronecker delta. Let P, € GLy(R) be the matrix
associated to the change of basis mapping the canonical basis of RY to (e14,...,en). Moreover,
we consider D; € My (R) the diagonal matrix given by

(226) Dt = Diag()\lﬁt, ceey )\N,t);
and S; € My (C) the complex matrix defined by
(2.27) Sy = Iy +iD; = Diag(l + iAig, ..., 1 +idny).
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With these notations, we have

(2.28) VX eRY) (Req)(PX)=|X>, (Img)(PX)=(D:X,X),
and therefore, g; o P; is given by

(2.29) VX eRY (PX) = (S: X, X).

Then, we compute thanks to the substitution rule and (Z.29) that for all = € RV,

;\%(E):/ e~ UXE) =0 (X) g x — |detPt|/ (PLXE) ,—(SeX,X) g x
RN

We observe that S; is a symmetric non-singular matrix satisfying that Re Sy > 0. It follows from
[18] (Theorem 7.6.1) that for all = € R,

N
>

s;tpr=E,PrE)

_1
e~ ¢ ,

2.30 e~ (2) = | det P
(2.30) =) =] t|(d

0
t

=

St)
where

(det St) 7 = H ez Loa(1+iA.)
j=1
with Log the principal determination of the complex logarithm in C\R_. We consider A; € My (R)
the real diagonal matrix defined by

1 1
2.31 A, = ~1) = Di .
(2.31) +=Re(5) lag(1+)\it’ 71—"_)‘%\7,15)

Since P is a real matrix, we have that for all = € RV,

(2.32) e~ (8¢ 1PT:7PT~>‘ _ o~ HaPTEPE)
Moreover, both P, and A, are non-degenerate, and it follows that for all = € RV,

= pToy (A} pT= i A= R =12 i A= b1 2
(2:33) (APTE PIE) = A7 PIEP > [P THITHIAITIED = R ITHIA 2 7=
We deduce from (Z30), [Z32) and (Z33) that for all = € RV,

N

(2.3) @) < et o emtliEiiar i e
| det St|_

The following of the proof consists in bounding the time-dependent terms appearing in the right
1
hand-side of (Z234), that is | det S|, |det Py|, || P, Y]], and ||A, 2]

1. It follows from (Z27)) that the determinant of the time-dependent matrix S is bounded from
below in the following way:

N
(2.35) vt e (0,77, [det Sy = JI1+iX;l > 1.
j=1
2. We notice from ([224]) and (228)) that there exists a positive constant ¢ > 0 such that for all
0<t<T*and X € RV,
|X? = (Req)(P,X) > ct*|P, X%
Consequently, we obtain the following estimates of the norms of the matrices P;:

. 1
vte (0,77, R < T
(ctF)2
It follows that there exists a positive constant cg > 0 such that
(2.36) Vi€ (0,7, Vi, k € {1,...,N}, [(P)x] < :—2

with (P;); x the coeflicients of the matrix P;. We therefore deduce from ([2.36) that for allt € (0, 7],

N
[det | < Y [e(r IH!th<J>!< > HC_O_N' [t} ’

TEGN TEGN j= 1

where G denotes the symmetric group and e(7) is the signature of the permutation 7 € Sy.
Setting ¢; = N! ¢’ we proved that for all ¢ € (0, T*]

(2.37) |det P;| < %.

t
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3. The continuous dependence of the coefficients of the time-dependent quadratic form Re ¢; with
respect to the time variable 0 < ¢ < T implies that there exists a positive constant co > 0 such
that

(2.38) vt € [0,T*],¥X € RY,  (Req:)(X) < el X|°.
It follows from (Z28) and (238) that
vt € (0,T*,¥X e RY, |X?> = (Req) (P X) < co| P X |2

As a consequence, we have

(2.:39) vee (0,77, P <.
4. We deduce from (Z24) and (220 that for all 0 < ¢ <T* and 1 < j < N,

Imgq Imgq
(240) el = 10ma)es 0l < [ Emaellesl? < 0 (Regy) ey ) = L

Since the coefficients of the time-dependent quadratic form ¢; are continuous with respect to the
time variable 0 <t < T, there exists a positive constant ¢ > 0 such that

(2.41) vt e [0, 7], ||Img < cs.
As a consequence of (240) and (241]), the following estimates hold :
(2.42) Ve e (0,T%,V5 € {1,....N}, |\l < ;—1

It follows from (2.31]) and ([2.42]) that there exist some positive constants 0 < ¢ty < min(1,7*) and
¢4, c5 > 0 such that

N
1 C5
(2.43) Vi e (0,4), [|A]? Z (14 A3,)2 <7

Finally, we deduce from (Z.34), (2.35), 2317), 239) and (Z.43)) that for all 0 < t < tg and Z € RV,

= - 7'('2 C1 2k
e~ (2)] < ot |22/ (2e262)

— EN

t 2
This ends the proof of Lemma 231 a
Lemma 2.4. Let T > 0 and ¢; : RN — C be a time-dependent complex-valued quadratic form

satisfying (224l), and whose coefficients depend continuously on the time wvariable 0 < t < T.
Then, there exist some positive constants 0 < tg < min(1,7*) and C > 1 such that

C1+lal+8]
5 (al+2081+5)
where 0 <T* < T and k > 1 are defined in (2.24), and s =5N/4+2|N/2| + 2.
Proof. First, we deduce from (2.24) that

(2.44) Vi€ 0,77, VX e RN, [em@()| < gmet"IXP,

Va, B e NV Vi€ (0t0), [ X% (e )| o oy < al)? (81,

Moreover, it follows from Lemma [Z3] that there exist some positive constants 0 < tg < min(1,7*)
and ¢y, co > 0 such that

—cat?*|Z)2

(2.45) V€ (0,40),VE € R", |~ ()| < “mre

We can assume without lost of generality that ct§f < 1 and cotk < 1 so that ct* € (0,1) and
cat® € (0,1) for all 0 < t < tg. It follows from (2.44)), (245 and Proposition [6.2] that there exists
a positive constant C' > 1 such that for all a, 5 € NV and 0 < t < #o,

=

1 c 1
agB (,—q(X) I+|el+]8] L I Bl
|0 (e )HL“(RN) =C (cth)lal+ 5 55 (cpt2k) 81+ F+151+1 ol B
% 1+|al+|A|
< < e ()} (8.

(Jal+3) o2 (BT FLEIHD) g5 (lal+281+5F +21 5 ] +2)
C3

1
c2

This ends the proof of Lemma 2.4 a
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2.3. Proof of Theorem [2.1]l This subsection is devoted to the proof of Theorem 2.1l Let T > 0
and ¢ : R x R — C be a time-dependent complex-valued quadratic form satisfying @I) and
[22), and whose coefficients depend continuously on the time variable 0 < ¢ < T. It follows from
the condition (Z2) that for all 0 < ¢ < T, the quadratic form ¢; can be considered as a quadratic
form on R} x R%, that is

Vi€ [0,T], @ :R} xR} —C.

We recall from (2.10) that there exist some positive constants 0 < 7% < T and ¢ > 0 and a positive
integer k > 1 such that

vVt € [0,T*],VX € R} xR%,  (Req)(X) > ctf| X2,

It therefore follows from Lemma [24] that there exist some positive constants 0 < tp < min(1,7™)
and C7 > 1 such that for all @ € N} x N}, 8 € N} x Nj and 0 < ¢t < t,

ol /¢ 181
i a(an\/c R
(2.46) 1705 ™ N g iy < t_1<t_1) <t_’v1) (™ (37,

with
s=5(F#I+#J)/4+2|(#I+#J)/2] +2<52n)/44+2|(2n)/2] +2=9n/2+ 2.

Since the quadratic forms ¢; do not depend on variables in (R} x R%)* anew from the condition
232), with 0 < t < tg, the orthogonality being taken with respect to canonical Euclidean structure
of R?", the estimate (ZZ6]) can be extended in the following way: for all « € N} x N, 8 € N*»
and 0 <t < 1y,

C o\*ren\?

agB (,—q(X 1 1 1 1 1

(2.47) %05 (e | o any < gy (F) (t_k) (™ (32
We have used that for all X € R?" and v € N} x N7, X = (X ;)®, with X ; the coordinate of
the point X € R?" with respect to the decomposition R*" = (R} x R%) &+ (R} x R%)*. Then,
@410 and Proposition imply that there exists a positive constant Co > 1 such that for all

0<t<to, (a,8) € N} x N? and u € L*(R"™),

||x°‘8§ Gk

(@) (8% [[ullp2g@n),

la|+|B|+2[n/2]+2
14lal+18_ C1 G
“HLz(Rn) <G < )

th(On/a+1) \ th
since
C: 4 Ch
Vit € (O,to), max <t—g,t—k> = t_k

Thus, there exists an other positive constant C'3 > 1 such that for all 0 < ¢ < to, (o, ) € N} x N%
and u € L*(R"),

Cl+|a\+|ﬂ\

[e% —q¢\w 3 1 1
Hz GRS UHLZ(R") = tk(Jal+|8]+9n/4+2[n/2]+3) (@) (812 llullL2q@n)-

This ends the proof of Theorem 211

3. REGULARIZING EFFECTS OF QUADRATIC OPERATORS

This section is devoted to the proof of Theorem[L3l Let g : R} x R — C be a complex-valued
quadratic form with a non-negative real part Req > 0. We consider, for all 0 < ¢ < 1 small
enough, the time-dependent quadratic form ¢; defined by

(3.1) g : X €R?™ s o(X, tan(tF)X) € C,

where F' is the Hamilton map of the quadratic form ¢ and tan denotes the tangent function. In the
following, we aim at studying the time-dependent quadratic form ¢; in a general setting in order
to check that when the singular space S of ¢ satisfies St = R} x R%, with I,J C {1,...,n}, the
orthogonality being taken with respect to the canonical Euclidean structure of R?", and that the
inclusion S C Ker(Im F') holds, ¢; satisfies the conditions (21 and ([22)) for the pair (I, .J). More
precisely, we aim at deriving some coercive estimates for the real time-dependent quadratic form
Re ¢; in subspaces of the phase space, and then to investigate the variables on which ¢; depends.
We shall then see that Theorem [[L3] can be deduced from Theorem 2.1l and the Mehler formula.
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3.1. Coercive estimates. First, we establish that the quadratic form Reg; is coercive on some
subspaces of the phase space. To that end, we introduce the following auxiliary time-dependent
quadratic form

(3.2) Qi: X €C? s —ig ((e%tF T )X, (2~ )X ) eC, t>0.
The following lemma is an adaptation of [30] (Lemmas 3.1 and 3.2):

Lemma 3.1. Let g : Ry X R¢ — C be a complez-valued quadratic form with a non-negative real
part Req > 0 and F be the Hamilton map of g. Then, for allt > 0 and X € C?", we have

t t
Re[Q+(X)] =4 / (Re ¢)(Re(e**F' X)) ds + 4 / (Re q)(Im(e**' X)) ds > 0,
0 0
where Q; is the time-dependent quadratic form associated to q defined in ([B2]).

Proof. For X € C?", we consider the function px : ¢t > 0+ Re[Q:(X)]. We first notice from the
skew-symmetry of the symplectic form that for all ¢ > 0,

= Re |—io( eQZtF—l—Ig )X, (e 2E _ . )X)}

|
=

-
e{ z( (PHFX, 2P X) _ (Y,X))} +Re[ ( (X, 2P X) — (e 2itFX’X))}
(o

—i (o(e2tF X, Xt X)) — (Y,X)) + Re [ ( (X, e X) + (X, eQitFX))}

3

=— (U(eQ“FX, 2 X)) — O’(Y,X))

as for all Y € C?7,

v 1 1, - —
—io(Y,Y) = 5 (o Y.,Y)+0o(Y,Y)) = (07 Y) = o(v.Y)
¢ 1
1 = —
= 5 (0(V,Y) = o(Y,Y)) = Im[o(Y,Y)] € R.
1
Moreover, the function ¢x is smooth and its derivative is given for all ¢ > 0 by
(3.3) (ox)'(t) = —ZO‘(Q’LF@TFX 2 XY —io(e e2itF X ,2iFe?t ' X)

= —20(Fe2tF X > X)) 4 20(e2tF X | Fe*™ X)
= 20(e2tF X | Fe?'' X)) 4 20(e2itF X, Fe* X))

= 20’(62”FX, (F + F)e%tFX) — 40’(62”FX, (Re F)eQitFX%

since F is skew-symmetric with respect to o, see (L8)). By using anew (L8] and the skew-symmetry
of the symplectic form, we deduce that for all Y € C3",

oc(ReY,(Re F)(ImY)) = —c((Re F)(ReY),ImY) = o(ImY, (Re F)(ReY)),
and therefore,
o(Y,(ReF)Y) =0c(ReY,(Re F)(ReY)) + o(ImY, (Re F)(ImY))
+i[o(ReY, Re F)(ImY)) —oc(ImY, (Re F)(ReY))],
that is
(3.4) o(Y,(Re F)Y) = o(Re Y, (Re F)(Re Y)) + o(Im Y, (Re F)(Im Y)).
It follows from ([4), B3) and (B4) that for all ¢ > 0,
(3.5)  (px)(t) = 40(Re(e*F X), (Re F) Re(e* ' X)) + 40 (Im(e**F' X), (Re F) Im(e**F X))
= 4(Req)(Re(e* ' X)) + 4(Re ¢)(Im(e*"F X)) > 0,
since Re ¢ > 0. This ends the proof of Lemma Bl since ¢x (0) = 0. O

The two following algebraic lemmas are instrumental in the following:
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Lemma 3.2. Let A be a real n X n symmetric positive semidefinite matrixz. Then, we have
VX eR", (X,AX)=0& AX =0.

Proof. Thanks to the spectral theorem for real symmetric matrices, we can consider (ey,...,e,)
an orthonormal basis of R” equipped with its Euclidean structure, where the e; are eigenvectors
of A. Forall j =1,...,n, let A; > 0 be the eigenvalue associated to e;. The \; are non-negative
real numbers since A is positive semidefinite. Let X € R™ satisfying (X, AX) = 0. Decomposing
X in the basis (e1,...,e,), X = Xie1 + ...+ Xpe,, with X5,..., X,, € R, we notice that

(X, AX) => XX =0,
j=1

since (e1,...,ep) is orthonormal. Moreover, the \; are non-negative real numbers, and it follows
that )\ij =0 for all 1 < j <n. Therefore, \; X; =0 for all 1 < j <n, and this implies that

AX =) )\ Xje; =0.
j=1

Conversely, if AX =0, then (X, AX) =0. O

Lemma 3.3. Let F € M,(C) be a complex n x n matriz and K > 0 be a non-negative integer.
Then, for all X € C" satisfying

(3.6) Vk€{0,...,K}, (ReF)(F*X)=0,
we have
(3.7) Vke€{0,...,K}, (ReF)ImF)*X =0.

Proof. We prove B1) by induction on the non-negative integer 0 < k < K. The induction
hypothesis k£ = 0 is straightforward from (B.6]). Let 0 < k < K — 1 such that

(3.8) Vi€ {0,...,k}, (ReF)(ImF)'X =0.
It follows from a direct computation that (Re F)(F¥*1X) writes as
(3.9) (Re F)(F*1X) = Z i/ (Re F)(Im F)’* (Re F)?> ... (Re F)?~* (Im F)?* X,

where the sum is finite with 0 < j, s < k 4+ 1, the j; are non-negative integers, where 1 <[ < s,
and each product is composed of k + 2 matrices including j terms Im F'. When the product

(Im F)?* (Re F)?2 ... (Re F)J==* (Im F)’«,
contains at least one matrix Re F', we can extract from
i/ (Re F)(Im F)’ (Re F)? ... (Re F)7~* (Im F)* X

a subproduct of the form Re F(Im F)' X, with 0 <[ < k. It follows from the induction hypothesis
@8) that Re F(Im F)! X = 0, and therefore, we have

(3.10) i/ (Re F)(Im F)’ (Re F)?2 ... (Re F)’*~*(Im F')* X = 0.
On the other hand, the only term such that the product
(Im F)?* (Re F)?2 ... (Re F)J==* (Im F)’«,

does not contain any matrix Re F', writes as
(3.11) i/ (Re F)(Im F)"* (Re F)?2 ... (Re F)*=* (Im F)’* X = i**1(Re F)(Im F)**1 X.
It follows from B6), 33), BI0) and BII) that

"1 (Re F)Im F)F1 X = (Re F)(F*1X) =0,
which ends the induction and the proof of Lemma [3.3] O

The corollary of the next lemma will be key to derive some positivity for the time-dependent
quadratic form Re Q.
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Lemma 3.4. Let g : R} x R¢ — C be a complex-valued quadratic form with a non-negative real

part Req > 0 and F be its Hamilton map. Let K > 0 be a non-negative integer. For all X € C*"
satisfying

(3.12) vk € {0,...,K}, (’)kaRe[Qt(X)] t_OZO’

where Q; is the time-dependent quadratic form associated to q defined in [B.2), we have

(3.13) Vke{0,...,K}, (ReF)ImF)*X =o0.

Proof. Let X € C?" satisfying ([3.12). We first prove by induction that

(3.14) Vk€{0,....,K}, (ReF)(FFX)=0.

Let ¢x be the function defined by

(3.15) ex() = Re[Qu(X)], t=0.

We recall from (B3] that the function ¢x is smooth and its derivative is given for all ¢ > 0 by
(3.16) (px)'(t) = 4(Re @) (Re(¢2™ X)) + 4(Re ) (Im(e%*" X)).

Since the quadratic form Re ¢ is non-negative, it follows from 312)), (315) and FI6) applied with
t = 0 that

(3.17) (Req)(Re X) = (Req)(Im X ) = 0.
We deduce from (L8), (L7), BI7) and Lemma 32 that
(ReF)(ReX)=(Re F)(ImX) =0,

and therefore, (Re F')X = 0. It proves the induction hypothesis in the basic case. Now, we consider
0 < k£ < K such that

(3.18) vie{0,....,k—1}, (ReF)(F'X)=0.

Since Re F' is a real matrix, we also have

(3.19) vie{0,....k—1}, (ReF)(F'X)=0.

We recall from ([B3) that the derivative of px also writes as

(3.20) VE>0, (px)'(t) =40(e2tF X, (Re F)e?* X).

It therefore follows from the Leibniz formula applied to (8:20) that for all ¢ > 0,

(px) 2D (¢ 42( > ((2iF)Pe2tF X (Re F)(2iF)*F Pl X)

)kgk+t Z < > (FPe2itF X (Re F)F2k—Pe2itl X)),
This implies that
(321) (SQX)(QkJrl) (0) 4k+1 Z ( ) FpX (Re F)(F2k pX))

Let 0 < p <2k. When 0 < p < k — 1, we deduce from (L8)) and B.I9) that
(3.22) o(FPX,(Re F)(F**7PX)) = —o((Re F)(FPX), F?*PX) = 0.

On the other hand, when k 4+ 1 < p < 2k, we have 0 < 2k — p < k — 1 and it follows from (BIS)
that

(3.23) o(FPX,(Re F)(F*PX)) = 0.
As a consequence of (312), BI8), B2I), B22) and [B.23), we obtain

(3.24) (ox ) D (0) = 4++1 (2k

. )U(W, (Re F)(F*X)) =0.
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Then, it follows from ([4]), (B:4) and (3:24) that
o(FFX,(Re F)(F*X)) = 0(Re(F*X), (Re F) Re(F* X)) + o(Im(F*X), (Re F) Im(F* X))

= (Re q)(Re(F*X)) + (Re q)(Im(F* X)) = 0.
Since Re g is non-negative, this implies that
(3.25) (Req)(Re(F* X)) = (Re q)(Im(F* X)) = 0.
As above, we deduce from (L6), (I7), (325) and Lemma 3.2 that

(Re F)(Re(F*X)) = (Re F)(Im(F* X)) = 0,

and therefore (Re F)(F*X) = 0. This ends the induction and proves that ([3.14) holds. Then,
BI3) is a consequence of (BI4) and Lemma 33 O

Corollary 3.5. Let g : R} x R? — C be a complex-valued quadratic form with a non-negative

real part Req > 0 and S be its singular space. We assume that S # R?™. Let 0 < ko < 2n —1
be the smallest integer such that (LII) holds. Then, for all X € C**\ (S +iS), there exists a
non-negative integer 0 < kx < ko such that

O Re[QuX)]|_ A0,
where Qy is the time-dependent quadratic form associated to q defined in (3.2).
Proof. Let X € C?"\ (S +iS). As a consequence of (LIT)), there exists 0 < kx < ko such that
(Re F)(Im F)Fx X # 0.
Then, we deduce from Lemma [3.4] the existence of 0 < kx < kg such that
X Re [Q4(X) 7O
This ends the proof of Corollary ) O
The proof of the following result is an adaptation of [32] (Proposition 3.2):

Proposition 3.6. Let ¢ : R} X R? — C be a complex-valued quadratic form with a non-negative
real part Req > 0 and S be its singular space. We assume that S # R?™. Let 0 < ko < 2n —1
be the smallest integer such that (LII) holds. Then, for all compact set K of S~ satisfying
(S +iS)N K = 0, there exist some positive constants ¢ > 0 and 0 < T < 1 such that for all
0<t<Tand X € K,
Re [Qt(X)] Z Ct2k0+15

where Qy is the time-dependent quadratic form associated to q defined in [B2) and S~ stands
for the Euclidean unit sphere of C2" identified to R".

Proof. Let K be a compact set of S*"~! satisfying (S+iS)NK =0. Let X € K and 0 < kx < kg
be a positive integer given by Corollary [3.5] satisfying

(3.26) O Re [Qu(X)] 7O

We first prove that there exist some positive constants cx > 0, 0 < tx < 1 and an open neighbor-
hood Vx of X in §*"~1 N (S + iS)¢ such that for all 0 <t < tx and Y € V¥,
(3.27) Re [Q:(Y)] > ext?*xT1,

We proceed by contradiction and assume that (3:27]) does not hold. Then there exist some sequences

(tn)n>0 of positive real numbers and (Yy)n>o of unit vectors of S*"~1 satisfying
. . . 1
(3.28) Gm oty =0, lm Yy =X, lim T Re [Q¢y (Yn)] = 0.
We deduce from ([B.28) and Lemma Bl that
1
3.29 tim( et Re [Qi(V)] ) = 0,
320 w2 (G2, e e )

since the mapping ¢t € Ry — Re [Q:(Yn)] is non-decreasing. The equality (3:29) can be reformulate
as

(3.30) lim ( sup |uN(x)|) =0,

N —+o00 0<z<1
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with
1

N

It follows from the Taylor formula that

2kx +1 . t2kx+2 1 . .
R Yy)] = thy —— 1 — 9)?xH192kx+2 Re [, (Y] do
e[Q:(Yn)] kz:;) ap, nt" + (2kX+1)!/0 ( ) - e[Qs(Yn)] L

where

1
ke {0, 2kx + 1} any = 08 Re[Qu(Yy)] ‘

s

t=0"
Since 92kx+2Re[Q,] is a quadratic form whose coefficients depend smoothly on the variable 0 <
s < 1 and the Yy are elements of the unit sphere S**~!, we notice that

1
3C > 0,Vt €[0,1],VN >0, / (1 — 0)?kxT192x+2 Re [Q, (V)]
0

s=t6

de‘ <C.

Therefore,
2kx +1

Re[Qi(Yn)] = > arnt® +O(*F2),
k=0

where the term O(t2#x+2) can be assumed to be independent on the integer N. As a consequence,
the following Taylor expansion

2kx +1 a
(3:32) un(e) = Y ooy @+ Otna™t),
k=0 [N
holds. It follows from [B.2]), (330) and (B32)) that
(3.33) clim_ | sw (o] <o
where the py are the polynomials defined by
2kx +1 ak
N
k=0 °N

It follows from the equivalence of norms in finite-dimensional vector spaces that

ag, N

(3.35) Vk €{0,...,2kx + 1}, NEIEOO t%CXH% =0.
In particular, we obtain that
Ngq:@ aoky+1,8 = 0.
However, this is in contraction with the fact that
. . 1 2% x +1
| = 1 gt Y, ’
Wi oy = I oy d T Rl
1
= SO T Re [Qi(X)] | #0
(2kx + 1)1 ¢lQu(X)] t:O?é ’

according to ([326]). Covering the compact set K by finitely many open neighborhoods of the form
Vx,,...,Vx,, and letting

c= min cx, and T = min tx,,
1<j<Rr 77 1<j<R 77

we conclude that
Vt € [0,T),VY € K, Re[Q:(Y)] > ct*ot1,
It ends the proof of Proposition O

We can now derive from Proposition that the time-dependent quadratic form Re g; defined
in ([BJ) satisfies coercive estimates on subspaces of the phase space.
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Corollary 3.7. Let g : R} x R¢ — C be a complex-valued quadratic form with a non-negative real
part Req > 0, F be its Hamilton map and S its singular space. Let 0 < ko < 2n— 1 be the smallest
integer such that (LII)) holds. Then, for all linear subspace X of R®" satisfying SNY = {0}, there
exist some positive constants ¢ >0 and 0 < T < 1 such that for all 0 <t < T and X € X3,

(3.36) (Req)(X) > 2+ |X |,
where q; stands for the time-dependent quadratic form associated to q defined in ([B.1]).

Proof. We first assume that S # R?" and consider ¥ a linear subspace of R?" satisfying SNY. = {0}.
Let ty > 0 small enough such that

(3.37) vt €[0,t0), €* +1, € GL,(C).
For all 0 <t < tg, we define K; = Jy< e I's C C?", where the vector subspaces I'; are given by
Iy= (2 + L) (2 +iZ)cC®™, 0<s<t.

We first check that for all 0 < t < tg, K; is a closed subset of C?. Let (Y,)p be a sequence of
K} converging to Y € C2". For all p > 0, there exists 0 < s, <t and X, € ¥ + X such that
Y, = (e?*rf + I,,)71 X,. Since [0,¢] is compact, there exists a subsequence (p’) such that (s, ),
converges to s € [0,t]. It follows from the continuity of the exponential function that

lim e?#rF = ¢2i5F  and therefore, lim X, =X, whereX = (e¥s=F 1 [, )Y.
p'—+o0 p’—+oo

Moreover, X,y € X + 4% for all p’ and ¥ + i¥ is closed, so X € ¥ +i¥. Finally, Y = (e?*=! +
I5,)"1X € K, and Ky is closed. Now, we prove that there exists t; > 0 such that

(3.38) (S +iS) N K, = {0}.

To that end, we consider 9, defined for all 0 < s < ¢y by s = dim(Ts + (S + iS5)). We observe
that 15 satisfies the estimate

(3.39) Vs € [0,t0], s < dimT + dim(S +4S) < dim(X 4 i) + dim(S + 4.5).
Moreover, it follows from the Grassman formula that
(3.40) o = dim((Z +iX) + (S +49)) = dim(X + i) + dim(S + i.5),

since (X 4 ¢X) N (S +4S) = {0}. Since ¢s = Rank M, where M, € M, 4, (C) is defined through
its column vectors by
M, = ((€™F + In)™'B1 Ba),

with B a basis of ¥ + ¢ and By a basis of S + iS, we deduce from (B.40) and the lower semi-
continuity of Rank that there exists t; > 0 such that

(3.41) Vs €[0,t1], s > dim(E + %) + dim(S + i5).

We deduce from [B39) and (A1) that for all 0 < s < 1, ¥, = dim s + dim(S 4 45), and the
Grassman formula implies that

Vs €[0,t1], (S+iS)NTs={0}.

Therefore, ([338) holds. Since K;, N S*™~1 is a compact set of S*"~! disjointed from S + iS, it
follows from Proposition that there exist some positive constants ¢g > 0 and 0 < t2 < 1 such
that for all 0 <t <ty and X € K¢, N Stn—1,

Re [fia((eQitF F L)X, (2 — I,)X)| > cot?ho+!,

As a consequence, we have that for all 0 <t < min(¢y,t2) and X € (¥ + %) \ {0},

Re | —ig [ € 4 L3n) (€2 4 I3n) 1 X (e — L) ("7 + L) X\ | oo
e|—io - - c

[(e2F & Ip, )1 X| ) [(e2F & In,) 1 X| = 0 )
that is,
(342) Re I:*'LO'(Y, (€2itF o IQﬂ)(QQ’LtF +12n>71X)} 2 Cot2k0+1|(62itF +12n)71X|2-

Furthermore, it follows from (B.37)) that there exists a positive constant ¢; > 0 such that for all
0 <t < min(ty,t2) and X € ¥ 4 (X%,

(3.43) |2 4 Ir,) 71X 2 > 1| X2,
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since 0 < t; < tg. We deduce from (B1)), (8:42) and (3.43) that there exist some positive constants
c¢>0and 0 < T <1 such that

Vt€[0,T),VX €%, (Req)(X) > ct? X2
since
—i(e®™ — L) (e*F + I,)" =tan(tF), 0<t< 1.
This ends the proof of Corollary 3.7 when S # R?". If S = R?", then the only linear subspace
¥ C R?" satisfying SN'Y = {0} is ¥ = {0} and B.38) is trivial. O

3.2. Variables of the Mehler symbol. In this subsection, we investigate the variables on which
the time-dependent quadratic form ¢; depends, in order to check that g; satisfies the condition
(22) for the pair (I, J), with I, J C {1,...,n}, when the singular space S satisfies S+ =R} x R",
the orthogonality being taken with respect to the canonical Euclidean structure of R?”.

Lemma 3.8. Let g : R x R¢ — C be a complex-valued quadratic form with a non-negative real
part Req > 0, F be its Hamilton map and S its singular space. Then,

(3.44) Vk>0,VX €S, Re(F*TH)X =0.
Proof. We first check that
(3.45) (ReF)S={0} and (ImF)SCS.

It follows from the definition of the singular space S, see (LI0), that (Re F)S = {0}. Then, the
Cayley-Hamilton theorem applied to Im F' shows that

(Im F)*X € Span(X,...,(ImF)*'X), X eR®", k>0,

and as a consequence, the singular space S is actually equal to the infinite intersection of kernels
o0 _
S = ] Ker(Re F(Im F)/) N R*",
j=0
which proves that (Im F)S C S. Therefore, (8:45) holds. We can now derive [B.44) from (B43).
Let k > 0. A direct computation shows that

(3.46) Re(F2F1) =Y "(=1)/(Im F)’*(Re F)? ... (Re F)?*~* (Im F)’",

where the sum is finite with 0 < j < k, the j; are non-negative integers, where 1 < [ < s, and
each product is composed of 2k + 1 matrices including 2j terms Im F. In particular, each product
appearing in ([B46]) contains at least one matrix Re F. It follows from (343]) that for all X € S,

Re(F# X = Z(A)J'(Im F)Y1(ReF)”2 ... (Re F)’*~1(Im F)’* X = 0.
This ends the proof of Lemma [3.8] a

Lemma 3.9. Let g : R x R — C be a complex-valued quadratic form with a non-negative real
part Req > 0, S be its singular space and X be a linear subspace of R?™ satisfying S + ¥ = R?",
Then, there exists tg > 0 such that for all 0 < t < tg and all decomposition X = Xg + X5 € R?®
with Xg € S and Xx, € ¥ (not unique),

(Reqr)(X) = (Re q1)(Xx),
where q; is the time-dependent quadratic form associated to q defined in ([B1)).

Proof. Let Y € S and Z € R?". We recall that the tangent function tan is analytic and that its
Taylor expansion writes for all matrices M € M, (C) such that |M|| < 7/2 as

—+o0
(3.47) tan M = Z apM?k+1,
k=0
where all the coefficients aj, are positive real numbers. The continuity of the symplectic form and
(B417) imply that
+oo
Vt € (~to,to), Relo(Z,tan(tF)Y)] = axo(Z, Re(F*H1)y)2h+1,
k=0
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where to = 7/(2||F||). Since Y € S, we deduce from Lemma 3.8 that Re(F?*1)Y = 0 for all
k > 0, and therefore, we have

(3.48) Vt € (~to,to), Re[o(Z, tan(tF)Y)] = 0.

By using the skew-symmetry of the Hamilton map with respect to the symplectic form, see (L),
and the skew-symmetry of the symplectic form, we obtain that for all ¢t € (—tg, to),

—+o0
(349) o(Y,tan(tF)Z) =Y apo(Y, P21 Z)?H
k=0

= io aro(FP Y, Z2)1?* 1 = g (tan(tF)Y, Z) = o(Z, tan(tF)Y).
k=0
It follows from (B.48]) that
Vt € (—to,t0), Relo(Y,tan(tF)Z)] =0.
As a consequence, we have that for all 0 <t <ty and X = Xg + Xy with Xg € S and Xy, € X,
(Req:)(X) = Relo(X,tan(¢tF)X)] = Re [0(Xx, tan(tF) Xx)] = (Re ¢:)(Xx),
by bilinearity of the symplectic form. This ends the proof of Lemma 0

Let ¢ : Ry x R — C be a complex-valued quadratic form with a non-negative real part

Re ¢ > 0. We assume that there exist some subsets I, J C {1,...,n} such that St = R} x R, the
orthogonality being taken with respect to the canonical Euclidean structure of R?”. We deduce
from Lemma [3.9] that there exists tg > 0 such that for all 0 < ¢ < ty and X € R?",

(Req)(X) = (Req)(X1,s),

where ¢; is the time-dependent quadratic form associated to ¢ defined in (1)), and where X7 ;
stands for the component in R? x R" of the vector X € R?" according to the orthogonal decom-
position S &+ (R? x R"%) = R*". The condition (Z2)) is therefore always satisfied for real-part the
time-dependent quadratic form ¢;. However, as pointed out by the following example, we observe
that the condition ([222)) is not satisfied in general for the time-dependent quadratic form ¢;, and
therefore, Theorem 2.1l cannot be directly applied.

Example 3.10. We consider the Kolmogorov operator
P=-0?4+v0,, (x,v)¢cR>%
The Weyl symbol of P is given by the quadratic form
a@,v,6,m) =72 +ive,  (z,0,6n) € RY,

and a direct computation shows that the Hamilton map and the singular space of g are respectively
given by

o O O
o NN O

F = and S =R, xR, x {Og,} x {Og, }.

N =
O O O =

0
0
0
0 —i 0

Moreover, its Mehler symbol B is given for all t > 0 and (x,v,£, 1) € R* by

3 ,
qt(‘ravagan) = E€2 + t772 + 'Lt’U&.

Notice that S @+ (R% X R%l 2}) = R%, the orthogonality being taken with respect to the canonical
Euclidean structure of R*. However, we have that for all ¢ > 0,
it = ¢:(0,1,1,0) # ¢(0,0,1,0) = 0,
and (0,0,1,0) is the component in R x R%m} of the vector (0,1,1,0) € R? x R? with respect to
the above orthogonal decomposition of the phase space R%.
The issue pointed out by Example B.I0lis that the imaginary part Im ¢; may depend on variables
in the singular space S, whereas the real part Req; cannot according to Lemma [3.91 In order to

ensure that condition (2:2) actually holds, we add an extra assumption on the quadratic form ¢ so
that this case does not occur. Before introducing this condition, we provide another example:
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Example 3.11. We consider the Kramers-Fokker-Planck operator without external potential

1
K=-0>+ 11)2 + 00, (x,v) € R2

The Weyl symbol of K is the following quadratic form

1 .
q(zava§7n> :772+_1)2+W§a (xvvvgan) €R4

4
We recall from Example that the Hamilton map and the singular space of ¢ are given by
0 0 O
110 0 0 2
F=510 o o o and S=Rex{0}x {0k} x{0g,}
0 -2 —i 0

We observe that F' and S satisfy S C Ker(Im F'), whereas this inclusion does not hold in Example
BI0 Moreover, an algebraic computation shows that the Mehler symbol [B]) of ¢ is given for all
t >0 and (z,v,&,m) € R* by
1 £\ o N o N oy t
qe(z,v,&,n) = 3 (tanh 5)1} + (t — 2tanh 5)5 + Q(tanh 5)77 + 22(tanh 5)1}5.
We notice in this case that the variables appearing in the imaginary part Im ¢; do appear also in
the real part Reg;.

In the following lemma, we prove that the condition S C Ker(Im F') pointed out in Example
BITis actually sufficient to ensure that the condition (22]) holds.

Lemma 3.12. Let ¢ : R} x R — C be a complex-valued quadratic form with a non-negative real
part Req > 0, whose singular space S satisfies S C Ker(Im F'), where F stands for the Hamilton
map of q. Let ¥ be a linear subspace of R®™ satisfying S+ % = R2™. Then, there exists tg > 0 such
that for all 0 < t < to and all decomposition X = Xg + X, € R?", with Xs € S and Xx, € %,

@(X) = @(Xx),
where q; is the time-dependent quadratic form associated to q defined in B.J).

Proof. Since (Re F')S = {0} according to the definition of the singular space (L.I0)), the assumption
S C Ker(Im F') implies that S C Ker F'. It then follows from (3.47T) that

+oo
(3.50) Vt € (—to,t0),VY €S, tan(tF)Y = ax(tF)**'Y =0,

k=0
where tg = 7/(2||F||) and all the coefficients aj, are positive real numbers. As a consequence of
B49) and E50), we notice that for all t € (—tg,tp), Y € S and Z € R?",

(3.51) o(Z,tan(tF)Y) = o(Y, tan(tF)Z) = 0.
Finally, we deduce from (351I]) and the bilinearity of the symplectic form o that for all 0 < ¢ < ¢
and X = Xg + Xy with Xg € S and Xy, € X,
@(X) =o(X,tan(tF)X) = 0(Xg, tan(tF) Xy) = ¢:(Xxn).
This ends the proof of Lemma a

3.3. Proof of Theorem [I.3l The aim of this subsection is to prove Theorem Let ¢ : R} x
R¢ — C be a complex-valued quadratic form with a non-negative real part Req > 0. We assume
that there exist some subsets I, J C {1,...,n} such that S+ = R? x R%, the orthogonality being
taken with respect to the canonical Euclidean structure of R?". We also assume that the inclusion
S C Ker(Im F') holds, where F' denotes the Hamilton map of ¢g. Notice that the coefficients of the
time-dependent quadratic form ¢; : X € R?*" — o(X,tan(tF)X) € C, defined for 0 < t < tg, with
0 < to < 1 small enough, depend continuously on the time variable t. Since S @+ (R} x R?) = R??
and S C Ker(Im F), it follows from Corollary B and Lemma that there exist some positive
constant ¢ > 0 and 0 < ty < 1 such that

Vt € [0,t0], VX € RY xR%,  (Req:) (X 5) > ct?o X2,

and
vt € [07t0]5VX€R2n5 Qt(X>:‘Jt(XI,J)a
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where 0 < kg < 2n — 1 is the smallest integer such that (III) holds and X ; stands for the
component in R} x R’} of the vector X € R2" with respect to the decomposition S @&+ (R} xR%) =
R2™. As a consequence, we deduce from Theorem 2.I] that there exist some positive constants
C >1and 0 <t <ty such that for all (o, 8) € N} x N7, 0 <t < ¢ and u € L*(R"),

0aB —arw Ctlal+8] i N
(352) H:L' am(e t) u||L2(R") < +2ko+1)(Jo|+[B]+s) (O‘!)Q (ﬂ')z HuHLz(R")v

where s = 9n/4 + 2|n/2| + 3. Moreover, to > 0 is chosen such that det(cos(tF)) # 0 for all
0 <t <tp, and the Mehler formula [I7] (Theorem 4.2) provides that

()"

\/det(cos(tF))’

(3.53) Ve [0,t0], e =

with
det(cos(tF)) = exp (% Log (det(cos(tF)))) )

where Log denotes the principal determination of the complex logarithm on C\ R_. Tt follows
from [@52) and B53) that for all (o, B) € N} x N7, 0 < ¢t < t; and u € L*(R"),

MO+l +18]

a —tq" 1 1
=02 (™ )| s oy < JERerDGTRBRRS (D2 (B) llullz2qen),
where
Ve
M = max |—|.
0<t<to | y/det(cos(tF))

This ends the proof of Theorem L3l

4. NULL-CONTROLLABILITY OF QUADRATIC DIFFERENTIAL EQUATIONS

This section is devoted to the proof of Theorem [[T5 Let ¢ : R? x R — C be a complex-valued
quadratic form with a non-negative real part Re¢ > 0 and w C R™ be a thick subset (see Definition
[LR). We assume that ¢ is diffusive as defined in Definition and that the singular space S and
the Hamilton map F of ¢ satisfy S C Ker(Im F'). To establish the observability estimate (L31]),
we use the following theorem which is an adaptation of [4] (Theorem 2.1) and whose proof is based
on an adaptation of the Lebeau-Robbiano strategy and can be found in [2].

Theorem 4.1. Let ¢ : R} x R? — C be a complex-valued quadratic form with a non-negative real
part Req > 0, w be a Borel subset of R™ and (7y)r>1 be a family of orthogonal projections defined
on LQ(R”). Assume that there exist c1,ca,a,b,tg,m1 > 0 and mo > 0 some constants with a < b
such that the following spectral inequality

(4.1) Vu € LAR™),Vk > 1, ||mpulp2@ny < e || mpul| o),

and the following dissipation estimate

1 _ m11.b
e cat k |

(4.2) Vue L*(R"),Vk>1Y0 <t <to, [(1- wk)(e*t‘?”u)HLz(Rn) < o

u L2(R")>
]

hold. Then, there exists a positive constant C' > 1 such that the following observability estimate
holds

~w

T
43) VT 0vue PR, [Ty < Comp (S ) [ [l .
s=a / Jo

2
UHL2(w)
Notice that in [4] (Theorem 2.1) the subset w is assumed to be open, but the proof works the
same when w is only a measurable subset.
Let 7 : L2(R") — Eg, k > 1, be the orthogonal frequency cutoff projection onto the closed
subspace

(4.4) Ep={ue L*(R"), Suppd C [~k k]"}.

According to Theorem (1] it is sufficient to prove a spectral inequality as (@) and a dissipation
estimate as (£2) for the orthogonal projections 7 to obtain the observability estimate (L31).
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4.1. Spectral inequality. The following theorem is proved by O. Kovrijkine in [2I] (Theorem 3):

Theorem 4.2. There exists a universal constant K depending only on the dimension n that may
be assumed to be greater or equal to e such that for any parallelepiped J with sides parallel to the
coordinate axis and of positive lengths by, ..., b, and w be a (v, a)-thick set, then

n)K<<a,b>+n>

~ K
Vu € L*(R™), Suppd C J, ||ul|p2@n) < (T llull L2

where b= (b1, ...,by).

Let u € L?(R") and k > 1. It follows from (4] (the definition of 7) that mpu € L?(R™) and
7, is supported in [—k, k]™. Therefore, we deduce from Theorem [£.2] that

(4.5) Yu € L*(R™),Vk > 1, lmeull 2 @ny < eclk||7rku||Lz(w),

n\ nK nN 2K (a1+...4an)
K K
c1=|In <—> + | In (—) +1>0,
v . v N

and where x4 = max(x,0) for all z € R.

4.2. Dissipation estimate. In order to prove the dissipation estimate ([@2]), we need the following
lemma, whose proof is taken from [27] (Proposition 6.1.5) and recalled for the convenience of the
reader:

where

Lemma 4.3. There exist some positive constants C1 > 0 and Cs > 0 only depending on the
dimension n such that for all Ay,As > 0 and f € L*(R™) satisfying
(4.6) Va e N*, (|00 fllp2@ny < MAL(al)3,

we have
o451 gy < i

Proof. Let f € L*(R") satisfying (@), where A1, Ay > 0. First, it follows from (&6), ([6.3)), (6.4),
€70 and the Plancherel theorem that for all N € N,

(4.7) H|€|Nﬂ’L2(R") <n” Z Hgaﬂ’N(Rn) <n"(2m)% Z HangLz(]R")
la|=N |lal=N
N+n-—-1

nemE Y Ay al)? SnN@wﬁ( N

la|=N

)AlAgV(N!)%

< nN(@2m)22m N TIA AN (ND 2 <2771 2m) 5 A (2nAL) VN 2,
since a! < N! for all & € N™ such that || = N. We deduce from ([@7) that

[ T X1 1 on
. —_— < _
) HeXp LfﬁenzA% — NZZOQN (2nA2)2N (2e)NN!H|§| Flzaqeny
+oo N
1o B 1 (2N)
<" Hom)2 A 2'_7
=2 2 5N eV

Moreover, we have N < eV N! for all N > 0 from (0.3.12) in [27], and (£S) implies that

(4.9) H exp [%} f‘

Setting C; = 2" and Cy = 1/(16en?), we deduce from ([f3) and the Plancherel theorem that

< 2"(2m)2 Ay,
L2(R™)

||€CZA;2|DE‘2f"L2(Rn) < CiAq.

This ends the proof of Lemma [£3] a
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We can now derive a dissipation estimate for the semigroup (e_tqw)tzo. Since the quadratic
form q is diffusive and S C Ker(Im F'), we deduce from Theorem [[.33] and Definition [[9 that there
exist some positive constants C' > 1 and 0 < ¢y < 1 such that for all « € N*, 0 < t < ¢y and
u € L*(R"),

o/ —tq® Cl+\o¢| | 1

Hax (6 U)HL2(RTL) < kot 1) ([af+s) (a')2 ||u||L2(]R")a
where 0 < kg < 2n — 1 is the smallest integer satisfying (LTI) and s = 9n/4 + 2|n/2] + 3 (see the
remark before Theorem [[12). It follows from Lemma 3] that there exist some positive constants
C1 > 0 and C3 > 0 such that for all 0 < ¢t < ¢y and u € L?(R"),
Gy

Cot?>Cko )| p, |2 G
€€ ¢ @y < Trermys lullzagee.

,tqw
uHL2

As a consequence, it follows that for all k > 1,0 <t < tg and u € L*(R"),

w 1 —
—t _ —
[(1 = mp)e “HLz(Rn) = 2n)3 || Tren\ =k, €71 “HLZ(Rn)
—Cpt2CRot ) 2 || 0,2C@ko 1) | D 2 _pow o 2R+ 1) g2
<et e PR e | oy < S ¢ lull z2(en)-
Setting
1
c2 = min (C—, 02),
1
we obtain that for all k > 1, 0 < t <ty and u € L*(R"),
oW 1 L 2(2kg+1) 1.2
t t k
(4'10) H(l - Wk)e 1 uHLZ(Rn) < W e~ ||u||L2(]Rn).

4.3. Proof of Theorem We deduce from (£5), (£I0) and Theorem .1l that there exists a
positive constant C' > 1 such that for all 7 > 0 and u € L*(R"),

T
—Tav 12 C e 112
e ul ey < Coxp (amry) [ e ulag,
It proves the observability estimate (I3I) and ends the proof of Theorem [T

5. APPLICATION TO GENERALIZED ORNSTEIN-UHLENBECK OPERATORS

In this section, we consider the generalized Ornstein-Uhlenbeck operators

1 n 1 n n
(5.1) =3 Y 400, — 5 > rigriwg + Y bl
ij=1 ij=1 ij=1

1 1
=3 Tr(QV?2) — 5<R:c,:c> +(Bx,V,),
equipped with the domain

D(P)={ue L*(R"), Puc L*R")},

where xz € Rn, n 2 1, Q = (Qi,j)lgi,jgna R = (Ti,j)lgi,jgn and B = (bi,j)lgi,jgn are real n x n
matrices, with @@ and R symmetric positive semidefinite. The notation Tr denotes the trace.

In the case when R = 0, these operators are Ornstein-Uhlenbeck operators and have been studied
in many works as [0} 10, 1T} 24, 25| 26, 28]. We recall from these works that the assumption of
hypoellipticity is then characterized by the following equivalent assertions:

1. The Ornstein-Uhlenbeck operator £ Tr(QV?2) + (Bz, V) is hypoelliptic.

2. The symmetric positive semidefinite matrices

t
P
0
are nonsingular for some (equivalently, for all) ¢ > 0, i.e. det Q; > 0.
3. The Kalman rank condition holds:
(5.2) Rank[B | Q7] = n,

where

[B| Q3] =[Q%,BQ:,...,B"'Qz],
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is the n x n? matrix obtained by writing consecutively the columns of the matrices B’ Q%, with
Q% the symmetric positive semidefinite matrix given by the square root of Q.

4. The Hérmander condition holds:
VZL'ER”, RankE(Xl,XQ,...,Xn,Yo)(ZL'> =n,
with
n
Y0:<B.’L',VI>, Xi:Zqi,jazj, i:l,...,n,
j=1

where £(X7, Xo, ..., Xn,Yo)(z) denotes the Lie algebra generated by the vector fields
Xl,XQ,...,Xn and YO
at point x € R™.

When the Ornstein-Uhlenbeck operator i Tr(QV2) + (B, V,) is hypoelliptic, the associated
Markov semigroup (7'(t));>0 has the following explicit representation due to Kolmogorov [20]:

1
TH)(z) = —F——
TON) = g /.
We consider here the general case when R is a symmetric positive semidefinite matrix and we
study the partial Gelfand-Shilov smoothing properties of the semigroup (e'”);>o and the null-
controllability of generalized Ornstein-Uhlenbeck equations.
We first observe that P writes as

e*%<Q;1y’y>f(€tBl' _ y) dy7 t > 0.

(53) P = q"(x.D.) - L Tx(B),

where ¢*(z, D) is the quadratic operator associated to the following complex-valued quadratic
form:

1 s 1, . , .
(5:4) a(,€) = 51Q*¢P + SR e —i(Bx,¢),  (2.§) € R
Since the polar form of ¢ is given for all (z,£), (y,n) € R*" by

(@, €), (5.1)) = 5(QE ) + 5 (R, 9) — & (Ba) + (By, )

1 . .
= 5 O'((SC, 5)5 (71By + Qna ZBTU - Ry))v
the Hamilton map and the singular space of ¢ are respectively given by
1 /=B Q

(5:5) F=3 (R Z'BT)
and

2n—1 ) 2n—1 )
(5.6) S=1| () Ker(RB?)| x | [ Ker(QB"))|.

§=0 j=0

The Cayley-Hamilton theorem applied to the matrices B and BT shows that for all j > 0 and
X e R,
B'X € Span(X, BX,...,B"'X),
and
(BT) X € Span(X, BT X,...,(BT)""1X).

It follows that the singular space reduces to

nﬁl Ker(RBY)

=0

(5.7) S = X

N Ker(@(BTY)| .
j=0

According to (5.3), the smoothing properties of the semigroup (e!f’);>¢ are the very same as the
ones of the semigroup (e_tqw)tzo, where ¢ : R x Rg — C is the complex-valued quadratic form
given by (5.4]), and Theorem [[.3] allows to prove that under suitable algebraic conditions for the
matrices @, R and B, the semigroup (e*tqw)tzo enjoys partial Gelfand-Shilov regularizing effects:
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Theorem 5.1. Let P be the generalized Ornstein-Uhlenbeck operator defined in (B1l). We assume
that there exist some subsets I, J C {1,...,n} such that

(5.8) (

the orthogonality being taken with respect to the canonical Euclidean structure of R?™*. We also
assume that the matrices QQ, R and B satisfy

n—1
[ Ker(RB7)| x

i
. n n
) =R7 x RY,

Jj=0

) Ker(@(BTY)
=0

n—1
(] Ker(RB7) C Ker B x Ker BT .

=0

(5.9) X

N Ker(@(B"))
5=0

Then, there exist some positive constants C > 1 and 0 < to < 1 such that for all (o, ) € N} x N7},
0<t<tyanduec L*(R"),

i o Cl+lal+18| L
02 (e )| 2 an) < Srerngaramsy (@D (8D lullz@),

where 0 < kg <n — 1 is the smallest integer satisfying

n—1 n—1 ko ko
() Ker(RB?)| x | [ Ker(Q(B"))| = | | Ker(RB’)| x | (| Ker(Q(B")")|,
j=0 7=0 =0 =0

and s =9n/4+2[n/2| + 3.

Proof. We consider the quadratic form ¢ : Ry x R — C defined in (5.4). It follows from (5.7) and

(5:8) that the singular space S of ¢ satisfies S+ = R? x R%. Moreover, (55), (5.7) and (£9) imply
that S C Ker(Im F'), where F' denotes the Hamilton map of the quadratic form ¢. Notice from
(E8) and (1) that the smallest integer 0 < kg < n — 1 satisfying

n—1 n—1 ko ko
() Ker(RB7)| x | [ Ker(Q(B))| = | | Ker(RB’)| x | (| Ker(Q(B")")|,
j=0 7=0 =0 =0
is also the smallest integer 0 < kg < 2n — 1 satisfying
ko ) k() )
S=| () Ker(RB?)| x | () Ker(Q(B")")|.
j=0 j=0

It therefore follows from Theorem [ 3lthat there exist some positive constants C' > 1 and 0 < ty < 1
such that for all (o, 8) € N} x N, 0 < t < tg and u € L*(R"),

it O+l +18] L
(510) ||:C aac (6 u)”LZ(]Rn) < +(2ko+1)(Jo|+[B]+s) (a!>2 (ﬂl)z HuHLz(R")v

with s =9n/4 + 2|n/2] + 3. Theorem 5] is then a consequence of (53) and (BI0). O

As an application of Theorem [[.T2] we study the null-controllability of the parabolic equation
Of(t,x) — Pf(t,x) = u(t,z)Llu(z), (t,2) € (0,+00) x R,
£(0) = fo € L*(R™),

where w C R™ is a measurable subset with a positive Lebesgue measure and P is the generalized
Ornstein-Uhlenbeck operator defined in (5I). When R = 0 and P stands for a hypoelliptic
Ornstein-Uhlenbeck operator, J. Bernier and the author proved in [I] (Theorem 1.3) that this
equation is null-controllable in any positive time, once the control subset w C R™ is thick. When
R # 0, we derive from Theorem the following result:

Theorem 5.2. Let B,Q and R be some real n X n matrices, with Q@ and R symmetric semidefinite

positive, such that B and Q% satisfy the Kalman rank condition (52)). We assume that there exists
a subset I C {1,...,n} such that

1
_ N
*RIa

n—1
[ Ker(RB7)
j=0

(5.11)
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the orthogonality being taken with respect to the canonical Euclidean structure of R™. We also
assume that the matrices R and B satisfy
n—1 )
(5.12) (] Ker(RB) C Ker B.
§=0
If w C R™ is a thick subset, then the parabolic equation
(5.13) Of(t,x) — Pf(t,x) =u(t,z)l,(z), (t,z)€ (0+00)x R",
' £(0) = fo € L*(R™),

is null-controllable from the set w in any positive time T' > 0, where P stands for the generalized

Ornstein-Uhlenbeck operator associated to B, @ and R defined in (B51)).

Proof. By using the change of unknowns g(t,z) = e2 Bt f(¢, 2) and v(t,z) = ez TB)iy(t, x),
where f is solution of (5I3)) with control u, we notice from (B3] that the result of Theorem (5.2 is
equivalent to the null-controllability of the equation

{ Oeg(t,x) + ¢ (x,Dy)g(t, x) = v(t,x)1,(x), (t,z) € (0,+00) X R™,
9(0) = fo € L*(R™).

Since B and Q7 satisfy the Kalman rank condition (5.2), we notice that Ran[B | Q2] = R", where
Ran denotes the range, and it follows that

(5.14)

) Ker(@? (BTY) = Ker (1B | @4]7) = (Ran[B | Q4])* = {0},
j=0

where 1 denotes the orthogonality with respect to the canonical Euclidean structure. Moreover,
the equality of kernels Ker QQ = KerQ% implies that

n—1 n—1
(5.15) () Ker(Q(B")’) = (] Ker(Q* (B")) = {0}.
§=0 §=0
According to (57)) and (BIH), the singular space of ¢ is given by
n—1
(5.16) S=| () Ker(RB?)| x {0}.
§=0

We deduce from (511 and (5.I6) that S+ = R? x R¢. The quadratic form g is therefore diffusive.
Moreover, it follows from (G.5), (12) and (BI6) that S C Ker(Im F'). The null-controllability of
(ET4) is then a consequence of Theorem O

Example 5.3. Let a,b,c,d, e be some real numbers satisfying b # 0 or ¢ # 0, d # 0 and e > 0.
We consider the three matrices of M3(R) given by

a c 0 0 0 d
Q:(c b)’ R:(o e) and B:(o 0)'

Since Q is a real symmetric matrix, Q2 is a symmetric positive semidefinite matrix. Moreover,
e > 0 implies that R is also a symmetric positive semidefinite matrix. The generalized Ornstein-
Uhlenbeck operator associated to B, Q2 and R is given by

1 1 1
P= §(a2 + 0% + 5(172 + )02 4 (ac + be)0,0, — 56’02 +dvd,, (x,v) € R2

Notice that when a = c=0,0>=2,d= -1 and e = %, —-P=-02+ in + v0, is the Kramers-
Fokker-Planck operator without external potential. Since b # 0 or ¢ # 0, and d # 0, we deduce
that

Rank[B | @] = Rank

a ¢ de db
b 0o o | 7

that is B and @ satisfy the Kalman rank condition. Moreover, it follows from a straightforward
computation that

Ker RNKer(RB) =R x {0},
since RB = 0 and e > 0. This implies in particular that (Ker R N Ker(RB))* = R?%, with
I = {2}, the orthogonality being taken with respect to the canonical Euclidean structure of R?
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and Ker RNKer(RB) C Ker B. It therefore follows from Theorem [5.2] that when w C R? is a thick
subset, the parabolic equation

{ i f(t,x,v) — Pf(t,x,v) = u(t,z,v)l,(z,v), (t,z,v) € (0,+00) x R?,
f(0) = fo € L*(R?),

is null-controllable from w in any positive time.

6. APPENDIX

6.1. Miscellaneous estimates. The following factorial estimates are instrumental in this work,
see for instance (0.3.3), (0.3.6) and (0.3.7) in [27]:

(6.1) Yo e N, o]l < nlol ol

(6.2) Va,B €N",  (a+B)! <21*TFal g1 < 2ot (o 4 ).

The inequality (6.1) as well as the left estimate in (6.2)) are consequences of the multinomial
formula, while the right one is straightforward. Another consequence of the multinomial formula
is the following estimate

a
(6.3) VaeN, > < > = 2lel,
Bla p
see (0.3.8) in [27]. On the other hand, we notice that for all N € N and = € R™,
(6.4) o)V <Y 2,
la|]=N

where |- | stands for the Euclidean norm. Indeed, it follows from the multinomial theorem that for
all N e Nand z € R",

(65) o] = (2 1)

N
2

<(Sh) = X kel
j=1

la|=N
since
1 1 1
Va,b >0, (a+b)2 <a2+b2.
Yet, we derive from (G.1]) that for all « € N, |a| = N,
N!=la|l < nl*l ot = 0V @l
which, combined to ([6.3]), leads to the desired estimate:
n N nNa! « N «
YN eNVz eR", [zlV < ) —— e =n > e,
la|=N la|=N
Finally, we get from (0.3.15) and (0.3.16) in |27] that for all m > 1,
(6.6) #{aeN", |a| <m} = <m:’; n),
and
-1
(6.7) #{aeN", |a|=m}= (m +7Z ),

where # denotes the cardinality.

6.2. About the Gelfand-Shilov regularity. We refer the reader to [27] (Chapter 6) for an
extensive exposition of the Gelfand-Shilov regularity. The Gelfand-Shilov spaces S¥#(R™), with
v >0, p+v > 1, are defined as the spaces of smooth functions f € & (R"™) satisfying that there
exist some positive constants € > 0 and C > 0 such that

Vo € R", |f(x)| < Ce~clel?
VEER™, |f(x)] < Ce—elel

We recall from [27] (Theorem 6.1.6) that for f € ¥(R"), the following conditions are equivalent:
(i) fe SR,
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(ii) There exists a positive constant C' > 1 such that

Vo e R",Va e N, ||z*f(x < ctlel (al),

)| ooy <

Ve eR"VBEN", [€7f(¢ < CHPE (g,

M o
(iii) There exists a positive constant C' > 1 such that
Vz € R" Va e N, ||z®f(x < el (al),

< CHIBL (B~

M2y

Ve e R VBN, [|02F(@)|| 2 gny <

(iv) There exists a positive constant C' > 1 such that

(@, B) € N, |[z°00 f(@)[| jaggy < CTH1HH () (81,

(v) There exists a positive constant C' > 1 such that

V(a, B) € N, ||z208 f () < OVFlelFIBE (o) (8-,

P

In the following, we need of to go through the proofs (i) = (iv) = (v) given in [27] (Proposition
6.1.5 and Theorem 6.1.6) in order to make explicit the dependence of the different constants. For

. _ 1
our purpose, we only consider the case when p =v = 3.

Lemma 6.1. We have that for all non-negative integer p > 0 and ¢ > 0,

pre_CZZHB(R)S g (p!)%.

Proof. For all non-negative integer p > 0, we consider the integral

Ip:/|z|2peﬂc2dz.
R

It follows from an integration by parts that for all p > 0,

—+oo
2 2
Ipt1 = / |z|?PH2e™" dr = 2/ rP T2 4y
R 0

2700 +oo 2 1
= {f:cQPJrle*z } +(2p+ 1)/ e dy = 5(2p + 1)1,
0 0

Moreover, we have Iy = fR e~ dz = 7% and it follows from a straightforward induction that for
all non-negative integer p > 0,

(2p

p!

m\»—A

1
6.8 L, =—
( ) p 4p

We deduce from ([@2]) that for all p > 0,
! 2p (p1)2
(6.9) (2p)! _ 27(p})

pl — p!
and as a consequence of (68) and ([69), we notice that

(6.10) Vp>0, I,<w2pl

Let p > 0 be a non-negative integer and ¢ > 0. It follows from (6.2)), (GI0) and the substitution
rule that

1 1 ' 1 '
[ P / jw[?Pe 2" dy = 1 /ISCIQpe’””Zdw i L
R (Qc)erz R ( p+ ch+

This ends the proof of Lemma [6.11 g

= 4Ppl,

Proposition 6.2. There exists a positive constant C > 1 only depending on the dimension N such
that for all positive constants 0 < ¢; <1, 0 < co <1, Cy > 0, Cy > 0 and Schwartz functions
f € Z(RYN) satisfying

(6.11) vz e RN, |f(z)| < Cre~erlel’,
and

(6.12) VEERN,  [F(€)] < Coe2lél,
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we have

1l < ottlaltlsl |G Ca
Loo(RY) o+ 5 IBI+LF ] +1+ 5
G Co

Va,3 € NN, {2202 f(a ol Bl

Proof. Let f € #(RY) be a Schwartz function satisfying (6.11) and (6.12). We first deduce from
(6-11), Lemma [6.1 and the Fubini theorem that for all o € NV,

(6.13) H;C HLZ(RN) <C1H:E e —c1]z|? HLZ(RN *Cll_[H:CO‘Je c1z? HLZ(R)
Jj=1
<C ﬁ : (o) =7% & (al)?
1j:1 cArE ST

Similarly, we deduce from (6.12]), Lemma [6.1] the Plancherel theorem and the Fubini theorem that
for all 3 € NV,

~ T Cy .
HLZ ]RN) = Wugﬂf(g)HLZ(RN) S (27;_)% % % (ﬁ')2.

Co

(6.14) 108 (=

Let o, 8 € N¥. With an integration par parts, we notice that
02 £ () |2 sy = (O£ (), 208 F (@) Loy = (DI (), B (202 £ () L2y,

while it follows from the Leibniz formula that for all 2 € RY,

852098 £ (1)) — B\ g (z2e) 98-7(88 f(x
08 (2207 f (z)) Z@ 37 (%) 008 ()

Y<B

Y Qo

Y<B, v<2a "
= > (5 ) (26“)7! 22T 920 f ().
Y<B, 7<2a v v

We therefore deduce from the Cauchy-Schwarz inequality and (6.3]) that

6.15) (402 () [Faury < D (ﬁ )(2“) o (@297 F (), 029 () o)

v<B, v<2a N/ NT

< 2Py T @2 @) gy 10277 F (@) 2 -

Y<B, Y20
It follows from (GI3]) and (EI4) that
20— 28—
(6.16) ! [[2* 77 f(a HLZ(RN)Ha TS HLZ(RN)
N
T2 Cy Cy 1 1
< N a3, N 12PN 7! ((2a —7)! )2 ((26 7)! )2'
(271’)2 ¢ 7 T3 cy 7 T

Moreover, the estimate (6.2) implies that

(6.17) ! ((2a—7NE (28— N2 = (! (2a —)! ! (28 —7))>

1
2

< [(20)! (28)]F < [41H171 (at)? (81)2] = 2le+IA1 a1 g1
We therefore obtain from (6.15), (€16) and (6.17) that
1 C C
0P ()| ns < — 1| odledt2sl =L _ 2 _ ) g1
oD@y < o | X ;

lel+ 5 1BI+F
V<8, v<2a N S
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since 0 < ¢1,¢3 < 1. Tt follows from (@3] that the sum satisfies the following estimate

BERED SED oI (§ BT

Y<B, 7<2a Y<B Y<B

and as a consequence, we deduce that for all o, 3 € NV,

|| < 93lal+318|- % &1 Cs al Bl
L2@y) = ot i T
G Ca

Then, the Sobolev embeddings give the existence of a positive constant C' > 0 only depending on
the dimension N such that for all a, 5 € N¥,

Hxaaﬁf ][ ®N) S C Z [[92( (20} f(x) HL2 (RN)

[vI<s

(6.18) |00 f ()

where s = [ N/2] + 1. By using anew the Leibniz formula, we obtain that

(6.19) 2207 f () HLoo e Z Z (g) (5> 51 ||l 0080 f () HL2(RN)

[v]<s6<7, 6<a

Let a, 3 € NV and 7,6 € NV such that |y| < s, § < and § < a. On the one hand, we deduce
from ([€.2) and ([@.3) the following estimate :

On the other hand, it follows from (€2]) and (6I8) that

(621) [~ O f(@)]] vy

=

-5 _§- Cl C’2
< | PTI98y - 0)
¢ Cy

with
(=8 <a!l and (B+~—0) < (B+) <28+ grar<olBlts g1 g1,
Moreover, we deduce from (63) and (6.6) that

(6.22) oy 1§ZZ1§ZZ(Z)§Z2'Vg25(SJ;N)g225+N.

|7|<s6<7, 6<a [vI<sd<vy ly|<sd<vy lvI<s

Finally, we deduce from (6.19), (6.20), (6.21) and (6.22) that for all o, 3 € NV,

C C ?
xgh < (O 225N 95 g1 9lal 93|a|+3|8|+3s— 5 1 2 9lBl+s g1 o1 A
Hx O (@ HL‘X’ (RN ¢ 5 ’ ClozH‘% C|ﬂ\+s+% stalp ’
1 2
that is
1
3
9B S o5lal+3181+2s+3n |_C1 &
H.’L‘ a f HLao(RN) < C (3!)2 22 2 2 4 |a\+% |,6’H—s+% a! 6'
€1 Cy
This ends the proof of Proposition a
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