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Abstract—Topological indices (TIs) have an important role
in studying properties of molecules. A main problem in
mathematical chemistry is finding extreme graphs with respect
to a given TI. In this paper extremal graphs with respect to
the modified first Zagreb connection index for trees in general
and for trees with given number of pendants, for unicyclic
graphs with or without a fixed girth and connected graphs are
determined, using methods with higher degree of generality
with respect to the transformation techniques usually used in
such context. These graphs are relevant for chemical studies.
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I. INTRODUCTION

Molecular descriptors are numerical values that char-
acterize different properties of molecules. They are used
mainly in the construction of Quantitative Structure-Activity
Relationship (QSAR) or Quantitative Structure-Property Re-
lationship (QSPR) models to generate predictions about the
biological activity or physico-chemical properties of new
untested or even yet to be synthetized substances. Such
models have an accuracy up to 90% in predicting the effects
of different medicines on some species of parasites which
cause a large number of deaths or viruses known for their
aggressivity, like Hepatitis B and C, Cytomegalovirus and
HIV-1 [4], [5]. Moreover, these models provides new drugs
much more active than those already existing on the market
[2]. A special family of molecular descriptors is represented
by the topological indices (TIs), invariants that characterize
the topology of a graph, indicating its ramification. TIs are
mainly studied in connection with chemical graphs, which
are undirected, connected graphs that model organic com-
pounds by considering only the carbon-carbon and carbon-
hydrogen type atomic bonds. Analysed in this context,
the TIs appeared from the desire of studying structural
properties of chemical compounds. Since the structures of

substances, even modelled as graphs, cannot be readily
investigated as such, numerical quantities associated with
these structures have to be considered for successful studies
in this area [2], [4], [5]. Thus TIs participate, along with
other molecular descriptors, in the construction of QSAR or
QSPR models that generate predictions about the biological
activity or physico-chemical properties of new substances.
Consequently, more and more topological indices are being
introduced in the literature with the purpose of being used
mainly in applications within different areas of chemistry.

One of the most important and intensely studied TIs are
the Zagreb indices, introduced in [6] from the desire to
examine the dependence of the total π-electron energy on
the molecular structure. They are defined by M1(G) =∑
v∈V (G)

dG(v)2 and M2(G) =
∑

(u,v)∈E(G)

dG(u)dG(v),

where G = (V (G), E(G)) is a connected graph and dG(v)
denotes the degree of the vertex v.

Starting from these, a whole family of Zagreb indices
appeared, including the multiplicative Zagreb indices [8],
the reformulated Zagreb indices [9] and the modified Za-
greb connection index [6]. This class of indices has been
used to study molecular complexity, chirality, ZE-isomerism,
heterosystems and has been used with good results in
QSAR and QSPR models. Thus, mathematical chemistry
experts note that the best descriptor models considered in
the literature contains the Zagreb M2-index [7].

An important direction in the field of mathematical chem-
istry is given by the determination of the extreme graphs
with respect to a given TI. This field started with the leading
article of Bollobás and Erdös [3], in which they determine
the extremal graphs with respect to the Randić index, a well-
known and intensely used in QSAR and QSPR models TI.

The main method used in determining the extremal graphs
is defining graph transformations that, under certain condi-



tions, strictly increase/decrease the value of the topological
index. This leads us to the extremal graph(s) by the following
principle: whenever a graph is not yet of the desired shape,
there is a way to apply one of the transformations mentioned
above to yield a new graph; since the class of graphs
under investigation is finite, this process is finite; since the
process gives the same end result regardless of the graph it
starts with, it exhibits the extremal graph(s) of the class in
question.

II. OUR RESULTS

In this paper we study a modified Zagreb index introduced
by Gutman and Trinajstić in [6], but studied for the first time
in [1], and named the modified first Zagreb connection index
(also called ZC∗1 -index):

ZC∗1 (G) =
∑

v∈V (G)

dG(v)τG(v),

where τG(v) denotes the number of vertices at distance 2
from v, also called the connection number of v. The latter
article determines the extremal graphs with respect to the
ZC∗1 -index in the class of chemical trees (in which every
vertex has degree at most four) and the tree having minimum
ZC∗1 -index. These are the only known results on this index,
the trees that maximize the ZC∗1 -index were not determined
nor other classes of graphs have been studied until our work.

In this paper we extend the above study by considering
general trees, trees with k pendants and unicyclic graphs
with given or arbitrary girth, all of them representing classes
of graphs of interest for the field of mathematical chemistry,
due to their topology that closely resembles molecular
structures.

We propose a new method with higher degree of gener-
ality with respect to the transformation techniques usually
used in such context. It allows to find transformations that
strictly increases or decreases the index by seeing the graph
as a result of union operations of subgraphs and study
the changes in the index when replacing a subgraph with
another. This is useful, since various types of decomposition
of graphs exists in literature, such as block decompositions.

The paper is structured as follows. In Section III we in-
troduce the vertex-union operation and present some results
on ZC∗1 -index for this operation, used in the next sections
in order to provide extremal graphs with respect to ZC∗1 -
index. In Section IV we study maximal trees, completing the
results from [1]. Moreover, maximal graphs with respect to
ZC∗1 in the class of trees with fixed number of pendants are
determined. Next section is dedicated to unicyclic graphs,
first with fixed girth and then with arbitrary girth. We
determine extremal graphs - both minimal and maximal -
with respect to ZC∗1 for these families of graphs. In Section
VI the general case of connected graphs is considered. We
prove necessary and sufficient conditions for a connected
graph to maximize the ZC∗1 -index.

III. ZC∗1 -INDEX FOR GRAPH OPERATIONS AND
TRANSFORMATIONS

In this section we consider a graph operation that we call
vertex-union and study the ZC∗1 -index for graphs obtained
using that operation, in order to be able to easier find
transformations on graphs that strictly increase or decrease
the ZC∗1 -index.

Let G, H be two connected graphs and consider one
vertex from each graph: a ∈ V (G), b ∈ V (H). Denote by
(G, a)� (H, b) the graph obtained from the union of graphs
G and H by identifying vertices a and b. We will call this
operation vertex-union.

Note that if a graph has cut vertices, it can be seen as a
vertex-union of its biconnected components.

For a graph G denote by d(G) the set of the degrees
of its vertices. For a vertex v ∈ V (G) denote by sG(v)
the sum of the degrees of its neighbors, by eccG(v) :=
max{d(v, u)|u ∈ V } the eccentricity of vertex v and by
stG(v) = τG(v) + sG(v). A vertex is call pendant if it has
degree 1. A pendant edge is an edge incident in a pendant
vertex.

Remark 1: If G is a tree and v is a vertex in G, then

sG(v) = dG(v) + τG(v).

Let B be an induced subgraph of G. We call B a pendant
subgraph of G with root y if G = (G− (B−y), y)� (B, y)
(there are no edges with one extremity in V (B)− {y} and
other in V (G−B), y being a cut vertex).

Note that an end block of a graph is a pendant subgraph.

A pendant path P in G is then a pendant subgraph of
G with root y isomorphic to a path, such that dG(y) ≥ 3
and y is an extremity of P . Thus, each internal vertex of
a pendant path has degree 2 in G and one extremity is a
pendant vertex in G (the other extremity being y).

For two vertices y and u, denote:

γG,y,u =

{
0, if u and y are adjacent,
1, otherwise.

In order to determine the ZC∗1 -index for graphs obtained
from vertex-union operations, we define the following con-
stants:

εn =

 4, if n ≥ 5,
2, if n = 4,
0, if n = 3

αn =

 6, if n ≥ 5,
5, if n = 4,
4, if n = 3

Lemma 1: Let G, H be two connected graphs and two
vertices a ∈ V (G), b ∈ V (H). Let Ω = (G, a) � (H, b).
Then
ZC∗1 (Ω) =ZC∗1 (G) + ZC∗1 (H) + (sG(a) + τG(a))dH(b)+

+dG(a)(sH(b) + τH(b)).



Proof: By definition, the formula for ZC∗1 (Ω) is:

ZC∗1 (Ω) =
∑

x∈V (Ω)

dΩ(x)τΩ(x) =

=
∑

x∈V (G)−{a}

dΩ(x)τΩ(x) + dΩ(a)τΩ(a)+

+
∑

y∈V (H)−{b}

dΩ(y)τΩ(y)

For a vertex x ∈ V (G) we have:
• dΩ(x) = dG(x), τΩ(x) = τG(x), if x /∈ {a} ∪NG(a)
• dΩ(x) = dG(x), τΩ(x) = τG(x)+dH(b), if x ∈ NG(a)
• dΩ(x) = dG(x) + dH(b), τΩ(x) = τG(x) + τH(b), if
x = a

For a vertex y ∈ V (H) we have:
• dΩ(y) = dH(y), τΩ(y) = τH(y), if y /∈ {b} ∪NH(b)
• dΩ(y) = dH(y), τΩ(y) = τH(y)+dG(a), if y ∈ NH(b)

By replacing these relations in ZC∗1 (Ω) formula, the stated
result is obtained.

Since for the classes of graphs considered in this paper
are results of applying vertex-union operations on trees and
cycles or of moving pendant edges from one vertex to
another, we derive formulas for the case when one of the
graphs is a tree, a path or a cycle.

Corollary 1: Let G, H be two connected graphs and two
vertices a ∈ V (G), b ∈ V (H). Let Ω = (G, a)� (H, b). If
H is a tree, then

ZC∗1 (Ω) = ZC∗1 (G) + ZC∗1 (H) + 2sH(b)dG(a)+
+dH(b)(sG(a) + τG(a)− dG(a)).

Proof: By Remark 1 we have sH(b) + τH(b) =
2sH(b)−dH(b). Using this relation and Lemma 1 the result
follows.

Corollary 2: Let G, H be two connected graphs and two
vertices a ∈ V (G), b ∈ V (H). Let Ω = (G, a)� (H, b).
• If H ' P2, then

ZC∗1 (Ω) = ZC∗1 (G) + dG(a) + τG(a) + sG(a).

• If H ' Pn, n ≥ 3, then

ZC∗1 (Ω) = ZC∗1 (G)+ZC∗1 (Pn)+3dG(a)+τG(a)+sG(a).

• If H ' Cn, n ≥ 3, then
ZC∗1 (Ω) = ZC∗1 (G) + εnn+ αndG(a) + 2τG(a) + 2sG(a)

Proof: We apply Lemma 1. If H ' P2, then
ZC∗1 (H) = 0, dH(b) = sH(b) = 1 and τH(b) = 0.

If H ' Pn, n ≥ 3 then dH(b) = 1, sH(b) = 2 and
τH(b) = 1. If H ' Cn then ZC∗1 (H) = ndH(b)τH(b) =
εnn, dH(b) = 2, sH(b) = 4 and

τH(b) =

 2, if n ≥ 5,
1, if n = 4,
0, if n = 3.

Let G be a graph, B a pendant subgraph of G rooted at y
and u ∈ V (G)−V (B). Denote NB(y) = {y1, . . . , yp}. We

define the following transformation t on G through which
we obtain the graph:

t(G,B, y, u) = G− {yy1, . . . , yyp} ∪ {uy1, . . . , uyp}
by removing the pendant subgraph B from y and attaching
it to vertex u.

Remark 2: With the notations used for defining transfor-
mation t(G,B, y, u), let Ge = G− (B − y).

We have G = (Ge, y) � (B, y) and t(G,B, y, u) =
(Ge, u)� (B, y)

Lemma 2: Let G be a connected graph and B a pendant
subgraph of G rooted at y. Then

ZC∗1 (t(G,B, y, u))− ZC∗1 (G) =
= dB(y)(stG(u)− stG(y)) + stB(y)(dG(u)− dG(y))+

+2dB(y)(stB(y)− (1− γG,y,u)dB(y))

Proof: Let Ge = G−(B−y). By Remark 2 and Lemma
1 we obtain:
ZC∗1 (t(G,B, y, u))− ZC∗1 (G) =
= ZC∗1 ((Ge, u)� (B, y))− ZC∗1 ((Ge, y)� (B, y)) =
= (dGe

(u)− dGe
(y))(sB(y) + τB(y))+

+(τGe(u)− τGe(y))dB(y) + (sGe(u)− sGe(y))dB(y).

We have
• dGe

(u) = dG(u) and dGe
(y) = dG(y)− dB(y)

• sGe
(u) = sG(u) − (1 − γG,y,u)dB(y) and sGe

(y) =
sG(y)− sB(y)

• τGe(u) = τG(u) − (1 − γG,y,u)dB(y) and τGe(y) =
τG(y)− τB(y).

By replacing this relations into the above formula for
ZC∗1 (t(G,B, y, u))− ZC∗1 (G), the result follows.

Corollary 3: Let G be a connected graph and B a pendant
subgraph of G rooted at y.

1) If B ' P2 then ZC∗1 (t(G,P2, y, u)) − ZC∗1 (G) =
(sG(u)−sG(y))+(τG(u)−τG(y))+(dG(u)−dG(y))+
2γG,y,u.

2) If B ' Cp then ZC∗1 (t(G,Cp, y, u)) − ZC∗1 (G) =
2(sG(u)− sG(y)) + 2(τG(u)− τG(y)) +αp(dG(u)−
dG(y)) + 4αp − 8(1− γG,y,u).

3) If B ' Pq with q > 2 then ZC∗1 (t(G,Pq, y, u)) −
ZC∗1 (G) = (sG(u) − sG(y)) + (τG(u) − τG(y)) +
3(dG(u)− dG(y)) + 4 + 2γG,y,u.

Proof: The result follows from Lemma 2 by replacing
the values for dB(y), τB(y) and sB(y). Note that τCp(y) =
αp − 4.

IV. TREES

A. General trees

In [1] it is proven that, for n ≥ 5, the path graph Pn has
minimum ZC∗1 value among all trees with n vertices and
this minimum value is 4n−10. In this section the trees with
n vertices having maximum ZC∗1 value are determined. Let
Sn be the family of trees with n vertices and diameter at
most 3. Note that the only trees in Sn are the star Sn−1 and



double stars Sp,q with p, q > 0, p + q = n − 2, obtained
from the union of stars Sp and Sq by adding an edge joining
their centers.

Lemma 3: Let n ≥ 4 and p, q two positive integers with
p+ q = n− 2. Then

ZC∗1 (Sn−1) = ZC∗1 (Sp,q) = (n− 2)(n− 1).

Proof: The result follows from the definition of ZC∗1 .

Theorem 1: The trees with n ≥ 4 vertices having the
maximum value of modified first Zagreb connection index
are the trees in Sn.

Proof: Let T 6∈ Sn be an arbitrary tree with n vertices.
We prove that there is a tree having a greater ZC∗1 value
than T , obtained by applying a transformation of type t to
T as follows. Let x, x′ be two vertices at distance equal to
diam(T ). Note that diam(T ) ≥ 4. Then x, x′ are pendant
vertices and d(x, x′) ≥ 4. Let y, u the only neighbors of ver-
tices x and x′, respectively. Then d(u, y) ≥ 2. Assume wlog
that sT (u) ≥ sT (y). Consider the tree T ′ = t(T, P, y, u)
where P = [y, x]. By Corollary 3 and Remark 1 we have

ZC∗1 (T ′)− ZC∗1 (T ) =
= (sT (u) + τT (u) + dT (u))−
−(sT (y)) + τT (y) + dT (y)) + 2 =

= 2(sT (u)− sT (y)) + 2 > 0,

hence T is not a maximal tree with respect to ZC∗1 .
It follows that the only trees than can maximize ZC∗1

are in the family Sn. By Lemma 3 all the trees in Sn have
the same first modified Zagreb connection index, hence they
maximize ZC∗1 .

Theorem 2: [1] The tree with n ≥ 4 vertices having the
minimum value of modified first Zagreb connection index is
the path Pn, with ZC∗1 (Pn) = 4n− 10.

B. Trees with k pendants

One relevant class of trees for chemical studies are the
trees with given number of pendants. In this section we
determine the trees with k pendants that maximize the ZC∗1 -
index. Note that if k = 2 there is only one tree with n
vertices and k pendants, namely the path. Assume next that
k ≥ 3.

A spider tree is a tree in which all pendant paths are
rooted in the same vertex u, that is all vertices except u
have degree at most 2.

Denote by Tn,k,≤2 the set of spider trees with n vertices
and k pendants such that all pendant paths have length at
most 2 and by Tn,k,≥2 the set of spider trees with n vertices
such that all pendant paths have length at least 2.

Denote by Sdn = Sn − Sn−1 the family of double stars
with n vertices.

Lemma 4: a) There is only one spider tree in Tn,k,≤2 and
it has the ZC∗1 -index equal to 2nk − k2 − 3k.

b) Let T be a spider tree in Tn,k,≥2. Then ZC∗1 (T ) =
4n+ 3k2 − 9k − 4.

Proof: a) A tree in Tn,k,≤2 with r pendant paths of
length 2 has 2r + (k − r) + 1 = k + r + 1 vertices, hence
r = n−k−1. Thus, the only tree T in Tn,k,≤2 is the spider
with r = n − k − 1 pendant paths of length 2 and k − r
paths of length 1. Then, by definition of the ZC∗1 -index, we
have ZC∗1 (T ) = k · r+ r(2(k− 1)) + r+ (k− r)(k− 1) =
2nk − k2 − 3k.

b) Let T ∈ Tn,k,≥2. Let Pl, l ≥ 4 be a pendant path
with l vertices in T with root u and let x be an extremity
of degree 1 of another pendant path of T . Denote by y the
pendant extremity of Pl and by z the neighbor of y in Pl.
Then sT (z) = 3 and sT (x) = 2. The tree T ′ = t(T, P, z, x)
with P = [y, z] obtained by moving the pendant edge from
Pl in pendant vertex x has also k pendant vertices and, by
Corollary 3 and Remark 1, ZC∗1 (T ′)−ZC∗1 (T ) = 2(sT (x)−
sT (z)) + 2 = 0, hence ZC∗1 (t(T, P, z, x)) = ZC∗1 (T ).

It can be easily seen that if T1 and T2 are two trees in
Tn,k,≥2, T2 can be obtained from T1 by successively moving
a pendant edge from a pendant path of length at least 3 to a
pendant extremity of another pendant path of length at least
2, thus ZC∗1 (T1) = ZC∗1 (T2).

Denote by Z(n, k) the ZC∗1 -index of a tree from Tn,k,≥2.
Then, by Lemma 1 and from the fact that there is at least one
tree in Tn,k,≥2 having a pendant path of length 2 we obtain
the following recursive formula: Z(n, k) = Z(n−2, k−1)+
ZC∗1 (P3)+1·(3(k−1))+3(k−1) = Z(n−2, k−1)+6k−4.
Since Z(n, 2) = ZC∗1 (Pn) = 4n − 10 (Theorem 2) we
obtain

Z(n, k) = Z(n− 2(k − 2), 2)− 4(k − 2) + 6

k∑
i=3

i

and thus Z(n, k) = 4n+ 3k2 − 9k − 4.
Theorem 3: The trees with n ≥ 4 vertices and k > 2

pendants having the maximum value of modified first Zagreb
connection index are the trees in Tn,k,≤2∪Sdn if k = n−2, in
Tn,k,≤2, if n− 1 ≤ 2k, k 6= n− 2 and in Tn,k,≥2 otherwise.

Proof: Let T be a tree with n ≥ 4 vertices and k
pendants such that it maximizes ZC∗1 -index. We have the
following situations.
Case 1. There are two distinct vertices y, u in which are
incident pendant paths of length at least 2. Assume wlog that
3dT (u)+sT (u)+τT (u) ≥ 3dT (y)+sT (y)+τT (y) and let Pl

be a pendant path of length at least 2 incident in y. Consider
T ′ = t(T, Pl, y, u). Then T ′ is a tree with k pendants.
By Corollary 3 we obtain that ZC∗1 (T ′) − ZC∗1 (T ) ≥
4 + 2γG,y,u > 0, contradiction.

It follows that all pendant paths of length at least 2, if
exist, are incident in the same vertex. Denote by u this
vertex.
Case 2. There are two distinct vertices x, y with d(x, y) ≥ 2
in which are incident pendant paths of length 1 (which are
pendant edges). By Corollary 3, as in proof of Theorem 1, by
applying transformation t we can obtain a tree t(T, P2, y, u)
with k pendants having a greater ZC∗1 -index, contradiction.



It follows that all pendant paths of length 1 are incident
in one vertex or in two adjacent vertices.
Case 3. Assume there is at least one pendant path Pl of
length l ≥ 2 rooted in u and only one vertex x different from
u in which are incident pedant paths of length 1. Denote by
p the number of pendant paths of length 1 incident in x.
Note that p > 1 and all vertices different from x and u have
degree at most two, since all pendant paths are rooted in
x or u. Also, since u has degree greater than 2, there are
q > 1 pendant paths rooted at u.
Subcase 3.1. Assume first that u and x are not adjacent.

Then the vertices from NG(x) are pendant with one
exception, a vertex z of degree 2.

Let P be a pendant path rooted in u different from Pl and
let B be the pendant subgraph induced by all the pendant
paths different from P that are rooted in u. Let TB = T −
(V (B) − {u}). We have T = (TB , u) � (B, u). Consider
T ′ = (TB , x) � (B, u) = t(T,B, u, x). Then by Lemma 1
we obtain:

ZC∗1 (T ′)− ZC∗1 (T ) = dB(u)(stTB
(x)− stTB

(u))+
+stB(u)(dTB

(x)− dTB
(u))

But dTB
(x) = p + 1 > dTB

(u) = 2, stTB
(x) = 1 +

(p + 2) = p + 3 and stTB
(u) ≤ 2 + 4 = 6. If p > 2,

then stTB
(x) ≥ stTB

(u) and we have ZC∗1 (T ′) > ZC∗1 (T ).
Otherwise p = 2 and then

ZC∗1 (T ′)− ZC∗1 (T ) ≥ stB(u)− dB(u).

But, since Pl is a pendant path in B rooted in u of length
at least 2, vertex u has a neighbor of degree at least 2 in B,
hence stB(u)− dB(u) > 0.

It follows that in this case T does not maximize the ZC∗1 -
index.
Subcase 3.2. Assume now that u and x are adjacent. Then,
since in u is incident at least one pendant path of length at
least 2, we have sT (u) > p+ 1 + q and sT (x) = p+ 1 + q.
Then, from Corollary 3 and Remark 1, it follows that by
moving a pendant edge xy from x to u we obtain a tree
with k pendants having a greater index than T , more exactly:
ZC∗1 (t(T, [x, y], x, u))−ZC∗1 (T ) = 2(sT (u)− sT (x)) > 0,
hence the ZC∗1 -index is not maximized in this subcase either.
Case 4. There are two adjacent vertices x and y in which are
incident p, respectively q pendant paths of length 1 and no
other pendant paths are incident in x or y. Then all vertices
from NG(x)−{y} and NG(y)−{x} have degree one with
at most one exception.

If all have degree one, then T is a double star and, by
Theorem 1, T maximizes the ZC∗1 -index.

Otherwise, assume there is z ∈ NG(y) of degree at least
2. Then p = |NG(x) − {y}| > 1 and the vertices from
NG(x) ∪ NG(y) induce a pendant subgraph H ' Sp,q+1

rooted at z and we have T = (Sp,q+1, z) � (TH , z) where
TH = T − (V (H)− {z}).

Consider T ′ = (S1,p+q, a)�(TH , z), where a is a pendant
vertex in S1,p+q adjacent with the center of degree p+q+2.

T ′ has also k pendant vertices. By Lemma 3 we have
ZC∗1 (S1,p+q) = ZC∗1 (Sp,q+1). Then, from Lemma 1 it
follows that
ZC∗1 (T )− ZC∗1 (T ′) = stTH

(z)(dSp,q+1
(z)− dS1,p+q

(a))+
+dTH

(z)(stSp,q+1
(z)− stS1,p+q

(a)).

We have dSp,q+1
(z) = dS1,p+q

(a) = 1, stSp,q+1
(z) = q +

2 + q + 1 = 2q + 3 and stS1,p+q
(a) = p+ q + p+ q + 1 =

2p+ 2q + 1 > 2q + 3.
It follows that ZC∗1 (T ′) > ZC∗1 (T ), hence in this case

again T does not maximize the ZC∗1 -index.
By the previous cases, the trees with k pendants that

maximize the ZC∗1 -index must be spider trees or double
stars. Let T be such a tree.

Assume there are in T one pendant path P of length 1
and one pendant path Q of length at least 3, both rooted
in the same vertex u. Denote by x, respectively y, the
pendant extremities of the two paths P and Q. Denote
by z the neighbor of y in Q. Then sT (z) = 3 and
sT (x) = dT (u) = k. By Corollary 3 and Remark 1 we have
ZC∗1 (t(T, [y, z], z, x))−ZC∗1 (T ) = 2(sT (x)−sT (z))+2 >
0, thus ZC∗1 (T ) is not maximum in this case.

Since a double star has k = n− 2 pendants and a spider
tree in Tn,k,≤2 has at most 2k + 1 vertices, it follows that
a tree with k pendants that maximize the ZC∗1 -index is in
Tn,k,≤2∪Sdn if k = n−2, in Tn,k,≤2 if n−1 ≤ 2k, k 6= n−2
and in Tn,k,≥2 otherwise (note that the star Sn is a spider
tree from Tn,n−1,≤2). If k = n− 2, we have, by Lemma 4:
ZC∗1 (T ) = 2n(n−2)−(n−2)2−3(n−2) = (n−2)(n−1).

By Lemma 3 it follows that ZC∗1 (T ) = ZC∗1 (S) for any
S ∈ Sdn and T ∈ Tn,k,≤2, hence the trees with k pendants
in these families maximize the ZC∗1 -index.

Assume now n−1 > 2k. By Lemma 4, the result follows.

V. UNICYCLIC GRAPHS

A. Unicyclic graphs with fixed girth

A unicyclic graph is a connected graph containing exactly
one cycle. Thus, a unicyclic graph with n vertices has n
edges.

Let n ≥ 4 and g < n. In this section we consider unicyclic
graphs with n vertices and girth g, that is having the length
of the cycle equal to g.

Denote by Un,g the family of unicyclic graphs with n
vertices and girth g such that any two non-pendant vertices
incident to pendant edges are adjacent vertices on the cycle.

Remark 3: Let n ≥ 3 and a is a vertex in the cycle graph
Cn. Then τCn

(a) = εn/2 and

ZC∗1 (Cn) = n · dCn
(a) · τCn

(a) = nεn

Lemma 5: Let n ≥ 3 and g < n. Then for every G ∈ Un,g
we have ZC∗1 (G) = (n− g)2 + (αg + 1)(n− g) + εgg

Next we study the ZC∗1 -index for graphs obtained from a
graph G by replacing a pendant subgraph with another sub-



graph, in order to find transformations that strictly increase
or decrease ZC∗1 (G).

Lemma 6: Let G be a connected graph and T a tree with
n > 2 vertices. Let a ∈ V (G) such that a has at least
one neighbor that is not pendant and let b ∈ V (T ). Let
G1 = (G, a)� (T, b).

1. Consider G2 = (G, a)� (Pn, v), where v is a pendant
vertex in Pn. Then ZC∗1 (G1) ≥ ZC∗1 (G2) with equality
only if G1 ' G2, that is only if T ' Pn and v is a pendant
vertex in T .

2. Consider G3 = (G, a)�(Sn−1, c), where c is the center
of star Sn−1. Then ZC∗1 (G1) ≤ ZC∗1 (G3) with equality
only if G1 ' G3, that is only if T ' Sn−1 and c is the
center of T .

Proof: By Corollary 1 we have

ZC∗1 (G1) =ZC∗1 (G) + ZC∗1 (T ) + 2sT (b)dG(a)+
+dT (b)(sG(a) + τG(a)− dG(a)).

ZC∗1 (G2) =ZC∗1 (G) + ZC∗1 (Pn) + 2sPn(v)dG(a)+
+dPn

(v)(sG(a) + τG(a)− dG(a)).
ZC∗1 (G3) =ZC∗1 (G) + ZC∗1 (Sn−1) + 2sSn−1

(c)dG(a)+
+dSn−1

(c)(sG(a) + τG(a)− dG(a)).

Since a has at least one neighbor of degree at least 2,
then sG(a) > dG(a) and thus sG(a) + τG(a)− dG(a) > 0.
In order to compare ZC∗1 (G1) with ZC∗1 (Gi), i = 2, 3 it
suffices to compare ZC∗1 (T ) with ZC∗1 (Pn), respectively
ZC∗1 (Sn−1), and coefficients of sG(a)+τG(a)−dG(a) and
dG(a).

1. First note that, since n > 2, every vertex x ∈ V (T )
has sT (x) ≥ 2 since it either has at least two neighbors or
is pendant, and in this case its neighbor has degree at least
2. Since n > 2, we have
• dT (b) ≥ 1 = dPn

(v), sT (b) ≥ 2 = sPn
(v);

• ZC∗1 (T ) ≥ ZC∗1 (Pn) with equality only if T ' Pn

(Theorem 2).
If T 6' Pn then ZC∗1 (T ) > ZC∗1 (Pn), hence ZC∗1 (G1) >

ZC∗1 (G2). Otherwise, T is a path. If b is not an extremity
of T , then dT (b) > 1 = dPn

(v) and again we obtain
ZC∗1 (G1) > ZC∗1 (G2).

2. We have:
• dT (b) ≤ n− 1 = dSn−1(c)
• sT (b) = τT (b) + dT (b) ≤ n− 1 = sSn−1

(c)
• ZC∗1 (T ) ≤ ZC∗1 (Sn−1) with equality only if T ∈ Sn

(Theorem 1).
If dT (b) < n− 1 then ZC∗1 (G1) < ZC∗1 (G3).
Otherwise T ' Sn−1 and b is the center of T .
Theorem 4: Let n ≥ 5 and g < n. The unicyclic graphs

with n vertices and girth g having the maximum value of
modified first Zagreb connection index are the graphs in
Un,g .

Proof: Let G be a unicyclic graph with n vertices and
girth g such that G /∈ Un,g .

Case 1. There are in G two non-pendant vertices u, y both
incident to at least one pendant edge, such that d(u, y) ≥ 2.

Assume wlog that sG(u)+dG(u)+τG(u) ≥ sG(y)+dG(y)+
τG(y) and let yx be a pendant edge incident in y. Consider
the graph G′ = t(G,P, y, u), where P = [y, x]. Note that
G′ is also an unicyclic graph of girth g. By Corollary 3 we
have ZC∗1 (G′) − ZC∗1 (G) = (sG(u) + dG(u) + τG(u)) −
(sG(y) +dG(y) + τG(y))) + 2 > 0, hence G is not maximal
with respect to ZC∗1 in this case.

Consider now that G is not in case 1, that is either the
pendant edges are incident in the same vertex or any two
vertices in which are incident pendant edges are adjacent.

Case 2. All the vertices of the cycle of G have degree
2, with one exception. Then G is a vertex-union of a tree
TG with n − g + 1 vertices and a cycle of length g: G =
(Cg, y)� (TG, y). Consider H = (Cg, y)� (Sn−g, a) where
a is the center of star Sn−g . Then H ∈ Un,g , hence G 6' H .
By Lemma 6 we obtain ZC∗1 (G) < ZC∗1 (H).

Case 3. Assume G is not in any of cases 1 and 2. Then
any two vertices in which are incident pendant edges are
adjacent and belong to the cycle of G, hence G ∈ Un,g .

It follows that the unicyclic graphs that maximize ZC∗1
belong to the family Sn. By Lemma 3 all these graphs
have the same value of ZC∗1 , hence they maximize the first
modified Zagreb connection index.

Let G be a unicyclic graph and C its unique cycle. Note
that the connected components of G−E(C) are trees rooted
in vertices belonging to C. Also, if the components that have
at least 2 vertices are pendant subgraphs of G with the root
on cycle C.

In order to obtain unicyclic graphs with smaller ZC∗1
index we study the changes of this index when replacing
such a component with paths (with the same number of
vertices) rooted in one extremity, using Lemma 6. Moreover,
if one such component is a path, consider the graph obtained
by attaching this component to a pendant vertex of G instead
of a vertex from cycle C. The following result holds.

Lemma 7: Let G be a connected graph containing a cycle
C such that G − E(C) is a forest with all components
paths having one extremity in V (C) and at least one
component is not trivial (that is G is not cycle graph).
Let a be a vertex of G belonging to cycle C and b a
pendant vertex in G. Consider graphs G1 = (G, a)�(Pn, v),
G2 = (G, b) � (Pn, v), where v is a pendant vertex in Pn.
Then ZC∗1 (G1) > ZC∗1 (G2).

Proof: We compare ZC∗1 (G1) and ZC∗1 (G2) using the
formulas given by Lemma 1:

ZC∗1 (G1) =ZC∗1 (G) + ZC∗1 (Pn)+
+dPn(v)(sG(a) + τG(a))+
+(sPn(v) + τPn(v))dG(a)

ZC∗1 (G2) =ZC∗1 (G) + ZC∗1 (Pn)+
+dPn

(v)(sG(b) + τG(b))+
+(sPn

(v) + τPn
(v))dG(b)

Note that sPn
(v) + τPn

(v) > 0 and dPn
(v) > 0, hence it

suffices to compare sG(a) + τG(a) with sG(b) + τG(b) and



dG(a) with dG(b).
Since a ∈ C, we have dG(a) ≥ 2 > dG(b), sG(a) ≥ 4.
Let u be the unique neighbor of b.
If u /∈ V (C), then u is a vertex of degree 2 and sG(b) +

τG(b) = dG(u)+1 = 3. Otherwise u has degree 3 in G and
the vertices at distance 2 from b are the two neighbors of u
in C, hence in this case sG(b) + τG(b) = 3 + 2 = 5. In both
cases we have sG(b) + τG(b) ≤ 5.

If sG(a) + τG(a) ≥ 5 ≥ sG(b) + τG(b), hence, since
dG(a) > dG(b), we obtain ZC∗1 (G1) > ZC∗1 (G2).

It remains to consider the case when sG(a) + τG(a) ≤ 4.
But sG(a) ≥ 4, which implies τG(a) = 0. Since a ∈ V (C),
this is possible only if C is a cycle of length 3. But in this
case, since G is not a cycle graph, then either a = u or
dG(a, b) > 1.

If dG(a, b) > 1, then τG(a) ≥ 1, contradiction.
If a = u then dG(a) = 3 and sG(a) = 5 (a has two

neighbors on C and is also adjacent to b), hence again we
have sG(a) + τG(a) ≥ 5, contradiction.

Hence the case sG(a) + τG(a) ≤ 4 cannot occur.
Theorem 5: Let n ≥ 5 and g < n. The unicyclic graph

with n vertices and girth g having the minimum value
of modified first Zagreb connection index is Tg,n−g =
(Cg, a) � (Pn−g+1, v), where v is a pendant vertex in
Pn−g+1 (the (g, n− g)-tadpole graph). Moreover,

ZC∗1 (Tg,n−g) =

{
4(n− g) + εgg + αg, if g ≤ n− 2
εgg + αg + 2, if g = n− 1

Proof: Let G be a unicyclic graph with n vertices and
girth g. Let C be the unique cycle of G. Assume that G 6'
(Cg, a) � (Pn−g+1, v). Then G is in one of the following
cases.
Case 1. At least one of the connected components in G −
E(C) is not a path with one extremity in V (C).

Denote by T one of these components (which is a tree)
and by p its number of vertices. Let v be the unique vertex
in V (T )∩V (C) and Ge = G−(T−v). Then G = (Ge, v)�
(T, v). Consider G1 = (Ge, v)�(Pp, u), where u is pendant
in Pp. Note that G1 is also a unicyle graph of girth g and
v has at least one non-pendant neighbor. Then, by Lemma
6, ZC∗1 (G1) < ZC∗1 (G), hence G is not minimal regarding
to ZC∗1 .
Case 2. All of the connected components in G − E(C)
are paths with one extremity in V (C) and at least two
of the components have more than one vertex. Let T1,
T2 be two such components. Let v1 be the unique ver-
tex in V (T1) ∩ V (C) and Ge = G − (T1 − v). Then
G = (Ge, v1) � (T1, v1). Let v2 be the extremity of T2

that is not in V (C). Consider G2 = (Ge, v2) � (T1, v1).
By Lemma 7 ZC∗1 (G1) < ZC∗1 (G), hence again G is not
minimal regarding to ZC∗1 .

It follows that G does not minimize ZC∗1 if it is in Case 1
or Case 2. Hence Tg,n−g = (Cg, a)�(Pn−g+1, v) is the only
unicyclic graph with n vertices and girth g having minimum

value of ZC∗1 . By Corollary 2 the value of ZC∗1 (Tg,n−g) is{
ZC∗1 (Pn−g+1) + εgg + αg + 2 · 3, if n− g + 1 ≥ 3
0 + εgg + αg + 2 · 1, if g = n− 1.

The result follows by Theorem 2, since ZC∗1 (Pn−g+1) =
4(n− g + 1)− 10.

B. Unicyclic graphs with arbitrary girth

In previous section extremal unicyclic graph with fixed
girth were determined. We use the results on extremal
unicyclic graph with fixed girth to study how the maximum
and minimum value of ZC∗1 evolves when girth is variable,
in particular to find the extremal unicyclic graphs with n
vertices.

Theorem 6: Let n ≥ 5. The unicyclic graphs with n
vertices having the maximum value of modified first Zagreb
connection index are the graphs in Un,5 if n < 8 (having
ZC∗1 (G) = n2 − 3n+ 10), in Un,5 ∪ Un,3 if n = 8 (having
ZC∗1 (G) = n2 − 3n + 10) and in Un,3 if n > 8 (having
ZC∗1 (G) = n2 − n− 6).

Proof: Let n ≥ 5. By Theorem 4 and Lemma 5, it
suffices to find the girth g for which the formula from
Lemma 5 is maximum (for a fixed n).

For g ≥ 5, the value (n−g)2 +7(n−g)+4g is maximum
for g = 5 and is equal to n2 − 3n+ 10.

For g = 4 the maximum ZC∗1 is (n−g)2+6(n−g)+2g =
n2−2n, and for g = 3 is (n−g)2 + 5(n−g) = n2−n−6.

By comparing the maximum values of for g = 3, 4, 5 the
result follows.

Theorem 7: Let n ≥ 5. The unicyclic graph with n
vertices having the minimum value of modified first Zagreb
connection index is T3,n−3.

Proof: The result follows from Theorem 5.

VI. CONNECTED GRAPHS WITH n VERTICES

One important problem is to find the structure of an
extremal connected graph with respect to ZC∗1 , having n
vertices and no other constrains, that is to know the possible
structure of molecules with n atoms that have minimum or
maximum value of the ZC∗1 -index.

The following results on existence of regular and almost
regular graphs with given degree sequence are well known.

Lemma 8: 1) Let p, n be two positive integers such
that p ≤ n − 1. Then there is a graph with degree
sequence {pn} if and only if the product pn is even.

2) Let p, n1, n2 be positive integers such that p ≤ n1 +
n2 − 2. Then there is a graph with degree sequence
{pn1 , (p+1)n2} if and only if pn1 +(p+1)n2 is even.

Lemma 9: Let G be a graph with n vertices. If any vertex
v has degree at least

[
n
2

]
, then diam(G) ≤ 2.

Proof: First note that G is connected, since each
connected component must have

[
n
2

]
+ 1 vertices.

Assume by contradiction that there is a vertex v with
ecc(v) > 2. Let u be a vertex such that d(v, u) = ecc(v)



and P be a path of length d(u, v) (geodesic) between u and
v. Then u and v have no common neighbors and each is
adjacent with exactly one vertex from P . It follows that we
must have

|V (G)−V (P )| ≥ dG(v)−1+dG(u)−1 ≥ 2
[n

2

]
−2 ≥ n−3.

But

|V (G)−V (P )| = n−(d(v, u)+1) = n−ecc(v)−1 ≤ n−4,

contradiction.
Theorem 8: Let n ≥ 5.
1) The complete graph Kn is the unique graph that min-

imizes the index ZC∗1 among all n-vertex connected
graphs.

2) A connected graph G with n vertices maximizes the
index ZC∗1 among all n-vertex connected graphs if
and only if it has diameter 2 and: noitemsep,nolistsep
• d(G) ⊆ {n2 − 1, n2 }, if n ∈ {4k, 4k + 2|k ∈ N}
• d(G) = {n−1

2 }, if n ∈ {4k + 1|k ∈ N}
• there exists a vertex x ∈ V (G) such that d(G) \
{d(x)} = {n−1

2 } and d(x) ∈ {n−1
2 −1, n−1

2 +1},
if n ∈ {4k + 3|k ∈ N}

Proof:
1) We have ZC∗1 (Kn) = 0. Moreover, a graph G has

ZC∗1 (G) = 0 if and only if it has diameter 1, that is
if and only if is complete.

2) Let G be a n-vertex connected graph. For a vertex v
of G we have dG(v)τG(v) ≤ dG(v)(n − 1 − dG(v))
with equality only if eccG(v) = 2. It follows that

ZC∗1 (G) ≤
∑

v∈V (G)

dG(v)(n− 1− dG(v))

with equality only if diam(G) = 2.
Consider three cases, according to parity of n.
Case 1. Assume n is even. Then dG(v)(n − 1 −
dG(v)) ≤ n(n−2)

4 with equality only if eccG(v) = 2
and dG(v) ∈ {n2 ,

n
2 − 1} for every v ∈ V (G). It

follows that ZC∗1 (G) ≤ nn(n−2)
4 with equality only if

diam(G) = 2 and every vertex of G has degree n
2 or

n
2 − 1. Then, if it is not empty, the family of graphs
with these properties maximize ZC∗1 (G). Since n · n2
is even, by Lemma 8 there are n

2 -regular graphs with
n vertices and, by Lemma 9, they have diameter 2.
Case 2. Assume n = 4k + 1. Then dG(v)(n − 1 −

dG(v)) ≤ (n− 1)2

4
with equality only if eccG(v) = 2

and dG(v) = n−1
2 for every v ∈ V (G). It follows

that ZC∗1 (G) ≤ n
(n− 1)2

4
with equality only if

diam(G) = 2 and every vertex of G has degree
n−1

2 . By Lemma 9 all graphs G with n vertices and
d(G) = {n−1

2 } have diameter 2. Since nn−1
2 is even,

by Lemma 8, such regular graphs exist.
Case 3. Assume n = 4k + 3 is even. As in previ-

ous case, ZC∗1 (G) ≤ n (n−1)2

4 with equality only if
diam(G) = 2 and every vertex has degree n−1

2 =
2k+1. But such graph does not exists, since the sum of
degrees would be n(2k+ 1), which is an odd number.
If follows that in this case ZC∗1 (G) ≤ n (n−1)2

4 − 1
with equality only if every vertex has eccentricity 2
and degree n−1

2 = 2k + 1 with one exception v, for
which dG(v)τG(v) = (n−1)2

4 −1; this is possible only
if degree of v is 2k or 2k + 2 and dG(v) + τG(v) =

n−1, that is ecc(v) = 2. Then ZC∗1 (G) = n (n−1)2

4 −1
only if diam(G) = 2 and there exists a vertex
x ∈ V (G) such that d(G) \ {d(x)} = {n−1

2 } and
d(x) ∈ {n−1

2 − 1, n−1
2 + 1}. The family of graphs

with such properties is not empty, since, by Lemma 8,
there exist graphs with n vertices and degree sequence
{(n−1

2 )n−1, n−1
2 +1} (the sum of degrees is even) and,

by Lemma 9, such graphs have diameter 2.

VII. CONCLUSIONS

A common idea to study extremal graphs with respect to a
certain index is determining transformations which, applied
on a graph, strictly decrease or increase the index. In this
paper we proposed a method that allows to find more easily
such transformations, based on vertex-union operation. This
is useful in obtaining extremal graphs for various families
of graphs studied in chemistry. Further studies based on this
method can be done on other graphs, such as cacti graphs.
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