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Existence and stability of partially congested propagation
fronts in a one-dimensional Navier-Stokes model

Anne-Laure Dalibard* and Charlotte Perrinf
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Abstract

In this paper, we analyze the behavior of viscous shock profiles of one-dimensional compressible Navier-
Stokes equations with a singular pressure law which encodes the effects of congestion. As the intensity of
the singular pressure tends to 0, we show the convergence of these profiles towards free-congested traveling
front solutions of a two-phase compressible-incompressible Navier-Stokes system and we provide a refined
description of the profiles in the vicinity of the transition between the free domain and the congested
domain. In the second part of the paper, we prove that the profiles are asymptotically nonlinearly stable
under small perturbations with zero integral, and we quantify the size of the admissible perturbations in
terms of the intensity of the singular pressure.

Keywords: Compressible Navier-Stokes equations, singular limit, free boundary problem, viscous shock
waves, nonlinear stability.

MSC: 35Q35, 35L67.

1 Introduction

This paper is concerned with the analysis of viscous shock waves for the following compressible
Navier-Stokes system written in Lagrangian mass coordinates (¢,x) € Ry x R

O — Opu =0, (1a)

1
Opu + Oppe (V) — 10y (&u) =0, (1b)
v
where the pressure p. is assumed to be singular close the critical value v* =1,

m@%:@{%ﬁ v>1, (2)

with & < 1. We supplement system (1) with initial data
(v,u)(0,-) = (vo, uo)("),

and far field condition
(0,0)(62) (v, uz), (3)
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System (1) was introduced in [3] (and [5] for the inviscid case i = 0) in the context of congested
flows, that is in the modeling of flows satisfying the maximal density constraint p = %} < 1. Equa-
tions (1)-(3) represent an approximation of the following free-congested Navier-Stokes equations

0w — Oyu =0, (4a)
1

Oy + Opp — 1Oy (&Eu) =0, (4b)
v

v>1, (v—1)p=0, p>0, (4c)

with the far field condition
(7}, uap) (t7 .’E) wﬁ (Uzl:v u:t7p:|:)'

oo

System (4) consists of a free boundary problem between a free phase {v > 1} satisfying compress-
ible pressureless dynamics, and a congested incompressible phase {v = 1}. The pressure p which
is activated in the congested domain can be seen as the Lagrange multiplier associated with the
incompressibility constraint d,u = 0 satisfied in the congested domain. Precisely, the study [3]
(extended to the multi-dimensional case in [14]) shows that from a sequence of global strong so-
lutions (ve, ue, pe(ve))e to (1) (cast on Ry x (0,M)), one can extract a subsequence converging
weakly as € — 0 to a global weak solution (v,u,p) of (4). Note that this convergence result does
not imply the existence of solutions which couple effectively both compressible and incompressible
dynamics. In other words, it is not excluded that the solutions of (4) obtained as limits of those
of (1) all satisfy p=0or v=1.

Although the singular limit € — 0 is still an open problem in the inviscid case u = 0, the
formal link between models (1) and (4) has been used from the numerical point of view in [4, 5] to
investigate the transition at the interface between the congested domain and the free domain. The
study of Bresch and Renardy [4] provides numerical evidence of apparition of shocks on v and u
at the interface when a congested domain is created in the system. The paper of Degond et al. [5]
contains an analysis of the asymptotic behavior of approximate solutions (ve,u.) of the inviscid
Riemann problem associated with the initial data (ve,u:)(0,-) = (v2,u_)1z<0y + (V4 Ut )1 izs0y
where v& — 1 and vy > v remains far from 1. Both studies present congested-free solutions for
the compressible-incompressible Euler equations obtained from the singular compressible Euler
equations (1) (u = 0) via the formal limit ¢ — 0. Up to our knowledge, nothing seems to be
known regarding the stability of such congestion fronts. Furthermore, no explicit free-congested
solution to (4) for u > 0 has been exhibited so far.

The goal of this paper is two-fold. On the one hand, we study the asymptotic behavior of
traveling wave solutions of (1) connecting an almost congested left state v© =1+ /7, to a non-
congested right state vy > 1. On the other hand, we prove the non-linear asymptotic stability of
such profiles uniformly with respect to the parameter ¢.

The first result of stability of traveling waves for the standard compressible Navier-Stokes
equations

O — Ou =0 (5a)
{ By + 8, P(v) — B, (%&cu) -0 (5b)

with the pressure P(v) = %, v > 1 and a > 0, was obtained by Matsumura and Nishihara
in [11]. Matsumura and Nishihara showed that there exists a unique (up to a shift) traveling
wave (v,u)(t,x) = (v,u)(x — st) connecting the two limit states (vy,uy) at oo, provided that
0 <v_ <wy and uy < u_ where vy, us are related to the shock speed s through the Rankine-
Hugoniot conditions (see (20) below). Under some restriction on the amplitude of the shock
Ip(vy) —p(v-)| < C(v_,7), they established next the asymptotic stability of (v,u) with respect to
small initial perturbations (vg — b, ug —u) € H'(R) N L*(R) with zero integral, i.e. perturbations
for which there exists (Vp, Up) € H*(R) with

’U()—UZaZVO EL%(R), uo—u:&;erL(l)(R).



The restriction on the amplitude of the shock amounts to assume that (v — 1) x (total variation of
the initial data) is small. In particular for v = 1 there is no restriction on the amplitude of the
shock. The result is achieved by means of suitable weighted energy estimates on the integrated
quantities V and U.

Later on, several works generalized this result by considering non-zero mass perturbations
and shocks with larger amplitude [8-10]. Besides, the numerical study carried out in [8] seems
to indicate that the profiles should be stable independently of the shock amplitude. In the case
of viscosities depending in a non-linear manner on 1/v, i.e. p(v) = pv~ @+t Matsumura and
Wang [12] managed to adapt the weighted energy method for suitable parameters o. Without
any smallness assumption on the amplitude of the shock, they proved the non-linear asymptotic
stability for perturbations with zero mass provided that o > %(’y —1).

The constraint on the parameter o was finally removed in the recent paper of Vasseur and Yao [16].
The originality of their method consists in rewriting the system (5) with the new velocity (also
14

called effective velocity) w =u — £0,v™* if a # 0 and w = v — pd, Inw if a = 0:

H _
{ Oy — Opw — Oy (WGIU) =0, (6a)
Ow + 0, P(v) =0, (6b)

where the specific volume v satisfies now a parabolic equation. The regularization effect on v
induced by this change of unknown was previously identified by Shelukhin [15] in the case o = 0
and by Bresch, Desjardins [1,2], Mellet, Vasseur [13|, Haspot [6,7] for more general viscosity laws.
It enables the derivation of an entropy estimate (also called BD entropy estimate) in addition to
the classical energy estimate. In the non-linear stability study of Vasseur and Yao, the introduction
of the effective velocity helps for the treatment of the non-linear terms (see F' and G in (30) below)
and consequently it allows to consider any coefficient @ € R which was not the case in [12].

We show in this paper that the new formulation in (v, w) turns out to be also interesting when
considering singular pressures laws like (2). Although our study is restricted to linear viscosity
coefficients (o = 0), which corresponds to the case initially treated in [3], we could a priori extend

our result to viscosities like in [16] without any substantial difficulty.

Ua+1
Main results Our first result concerns the existence and qualitative asymptotic behavior of
solutions of (1)-(3):
Proposition 1.1 (Description of partially congested profiles). Assume that v > 1.
1. Let 1 <v_ < vy, and let uy,u_ such that
(g — )2 = (03 —v_)(pe(v4) — pe(v_)).

Then there exists a unique (up to a shift) traveling front solution of (1)-(3) (u,v)(t,x) =
(ue,0e)(x — sct). The shock speed s satisfies the Rankine-Hugoniot condition

2 _ps(m_)—pg(v_).

S. =
N vy — U

2. Takev_ =1+¢'7, vy > 1 (independent of ). Let

v+

ri=
py/vg — 1
and define
1 if € <0,
0(¢) = U+ e
T (0, —1)ere 1620
Then

Ellgg)?el%gg{lv (€+C)—nv(§|=0. (7)



3. Fiz the shift in v. by choosing v-(0) such that v.(0) — 1 o e77T. There exist constants
C,C,a,0, independent of €, and a number & such that lim. o0& = 0, such that for all

£ <&, B
Ce'Vexp(oe 7€) < v.(&) —v_ < Ce'/Vexp(ae™/7¢).

Remark 1.2. o We recall that v, is defined up to a shift. Taking the infimum over the param-
eter C' in (7) amounts to fixing this shift.

e The zone £ < 0 corresponds to the congested zone, in which b = 1. The zone £ > 0 is the
free zone. We will see that p.(v.(- + C;)) converges towards zero uniformly in [0, +oo[, and
that v.(- + C.) — 1 in | — 00, 0] for some well-chosen shift C..

e The end state of the congested zone, v_, is chosen so that lime_gp:(v_) = 1. Of course,
any choice such that lim._,o p-(v—_) €]0, +o00[ would lead to the same results.

Actually, we are able to give a more refined description of the behavior close to the transition
zone £ = 0, and to give a quantitative error estimate. We have the following Proposition, and we
refer to section 2 for more details:

Proposition 1.3. Let v_ = 1+ ¢'/7 and assume that v > 1. We define the function Vapp bY

. (€&
Dupn(€) = 86) + Lecast 5 (55
where ¥ is the solution of the ODE ©' = (u3)~Y(1 — 977), 9(0) = 2, and £* < 0 is a suitable
parameter such that £* = O(eﬁ). We fix the shift in v, by setting v.(0) = 04,,(07) = 1+O(5ﬁ).
Then for all R > 0, there exists a constant Cr such that

1

0 = VappllLoe(—r,r) < CrETT,
PP (—=R,R)

and

_1
|UE(£) - Uapp(£)| § C(‘:'Y-H |£| vf S [gmznao];
where the number &nin < 0 is such that Ein ~ _CeviT,

The proofs of Propositions 1.1 and 1.3 rely on ODE arguments. Combining the two equations,
we find an ODE satisfied by v., for which we prove the existence and uniqueness of solutions.
Compactness of solutions easily follows from the bounds on v., and therefore on its derivative
(using the equation), and we pass to the limit in the ODE in order to find the limit equation
satisfied by b. We then use barrier functions to control the behavior of v. in the congested zone
(§ - —0), and energy estimates (in this case, a simple Gronwall lemma) to control the error
between v, and v,p;, in the transition zone.

The second part of this paper is devoted to the analysis of the stability of the profiles (u., ve) :=
(ue,v2)(z — sct) in the regimes where € is very small. To that end, we follow the overall strategy
of [16] and introduce the effective velocity w = w — pd; Inv. Equations (1) rewrite in the new
unknowns (w, v)

Orw + azpe(v) =0,

8
0w — Oz w — POz Inv = 0. (8)

The profile (we = ue — pd; Inve, ve) is then a solution of (8).

The second ingredient that we need for the derivation of suitable energy estimates is the passage
to the integrated quantities. Consider an initial data (wo,vo) € ((we)t=0, (ve)|t=0) + L N L= (R)?,
where L§(R) is the set of L' functions of zero mass. We can then introduce (W, V) such that

WO:/I (wo — we), Voz/x (vo — ve). (9)

— 00 — 00



Assuming that this property remains true for all time, that is (w — we,v —v.)(¢) € L§(R) Vt > 0,

we define .

Wit = [ o) vien = [ @-u).

— 00 — 00

Then (W, V)(t,z) — 0 as |z| — oo, and (W, V) is a solution of the system

oW +ps(vs + axv) - pe(ve) =0,

OV — 0, W — po, 1 =%V (10)

€

(W, V)jt=0 = (Wo, Vo).

In the rest of the paper, we shall assume that € < g for a constant ¢ small enough (depending
only on v, t,7).

Theorem 1.4 (Existence of a global strong solution (W, V)). Assume that (Wy, Vp) € (H*(R))?

with
2 k 5
Z g ['8 Wol' g2 < 5262 1)

for some 0y small enough, dependmg only on vy, v and . Then there exists a unique global
solution (W, V') to (10) satisfying

W € C([0; +00); H*(R)),
V € C([0; +00); H*(R)) N L*(R+; H(R)).

Moreover there exists C > 0 depending only on vy, p, 7y, do, such that

2w OEW |2 5
e sup/< L +I8§V2)+/ /(axv€|a’;W\2+|a§+1V|2) < Ce. (12)
r \ —PL(ve) R; JR

k=0 t20

Remark 1.5. e The weight (—p.(v.))~" is of order €'/7 in the congested zone (in which v, —1 =
O(e'/7)), and of order ! in the non-congested zone (in which v, — 1 is bounded away from
zero). Hence the presence of this weight induces an additional loss of control on W in the
congested zone.

e The control by Cs> with C small enough in (12) ensures in particular the lower bound
v=1v:.+ 0,V > 1. Indeed,

1/2 1/2
10Vl < VRNOVIZIRVIEE < V2 (V2 =3) T (c2eh=2) 7 < ooy,
Hence, if C < 1/2, we have v, + 9,V > 1.

Under the previous assumptions, we show the following stability result on the variable (u,v).

Theorem 1.6 (Nonlinear asymptotic stability of partially congested profiles). Assume that the
initial data (ug,vo) is such that

o — (ue)i—o € Wy (R)N HY(R),  vp — (ve)i—o € W' (R) N H2(R),

and the associated couple (Wo, Vo) € H? x H3(R) satisfies (11). Then there exists a unique global
solution (u,v) to (1) which satisfies

u —ue € C([0; +00); HY(R) N LY (R)),

v = . € C([0; +00); HY(R) N LH(R)) N LA(Ry; H2(R))

=



and
v(t,x) > 1 forallt, x. (13)

Moreover
) t7 - ey Ve t7 ‘ — 0. 14
sup | (. 0)(t.2) = (e, ve) () |, (14)
Remark 1.7. Note that the theorem states that (u — u.)(t) and (v — v.)(t) are functions of L}(R)
which justifies a posteriori the passage to the integrated system (10).

The proofs of Theorem 1.4 and Theorem 1.6 rely on several ingredients. First, we derive
weighted H? estimates for equations (10), using the structure of the linearized system. We then
obtain L' bounds by a method similar to the one used by Haspot in [7]. The long time stability
of (ug,v.) then follows easily.

The paper is organized as follows. Section 2 is concerned with the description of partially
congested solutions of (4) and the proof of Propositions 1.1 and 1.3. Sections 3 and 4 are devoted
to the proof of the stability theorems 1.4 and 1.6. Finally, we have postponed in the last section
5 the proof of some technical lemmas.

2 Partially congested profiles

This section is devoted to the proof of Proposition 1.1 and Proposition 1.3. In the first para-
graph, we study the existence and properties of traveling fronts of the limit system (4). We then
investigate the asymptotic behavior of traveling fronts for the system with singular pressure (1).
Classically, we prove that such traveling fronts solve an ODE, and we compute an asymptotic
expansion for solutions of this ODE.

2.1 Traveling fronts of (4)

Let v =1 < wvq, u— > ug and (u,v,p) be a solution of (4) of the form (u,v,p)(x — st) satisfying
the far field condition (3). We look for a profile (u, b, p) whose congested zone is exactly (—oo,&*)
for some £* € R (we will justify this simplification in Remark 2.2 below).

In the free zone, i.e. in the domain {v > 1}, we have p = 0 and

—s0'(§) =/ (&) =
(u ) VE>ET,
which by integration yields

sv(£) +u(§) = svy +uy (15)
W) VESET 15
su(§) + p o(e) ~ St

using the fact that v’ — 0 as £ — 4+00. As a consequence, in the free zone, u is a solution of the
logistics equation

u = i(qu —u) (svy +uy —u). (16)

Now, in the congested domain we have v = 1 and

u(§) =0



Since u is constant in the congested domain, the previous equations rewrite

o(§)=v_=1
u(€) =u_ VE < &
p(§) = cst =1 p_

We now find the value of p_ by making the following requirements, which ensure that (u, v, p) is
a solution of (4) in the whole domain:

e u and v are continuous at £ = £*;

!
o p— ,u; is continuous at & = &*.

These conditions lead to the Rankine-Hugoniot condition

V4 — 1
and to the initial condition u((£*)*) = u_ for the logistics equation (16). We infer that
_ = —p lim
p H tim ()
s2(vy — 1)

Uu—- —u 2
— (u—f) (18)

Remark 2.1. The expression of the pressure (18) does not depend on the viscosity p and is actually
the same as the one obtained by Degond, Hua and Navoret [5] for the free-congested Euler system
(¢f Case 2 of Proposition 5 in [5]).

We emphasize that in the limit system, there is no constraint between u_,u; and vy (as long
as p_ is free). Conversely, instead of imposing the far field condition u_, we could fix the pressure
p in the congested domain and deduce the corresponding u_ by (18).

Remark 2.2. Let us now prove that restricting the analysis to profiles whose congested zone is of
the form (—o0,&*) is legitimate. By continuity, the non-congested zone {v > 1} is an open set,
and therefore a countable union of disjoint open intervals. Let I C R be one of these intervals.
We argue by contradiction and assume that I =]a,b[ with a,b € R. Then, reasoning as above,
we infer that u satisfies a logistics equation on the interval Ja,b[. Furthermore v(a) = v(b) = 1
(otherwise I could be extended), and thus u(a) = u(b). We deduce that u is constant on I, and as
a consequence v is also constant - and therefore identically equal to 1 - on I: contradiction. We
deduce that {v > 1} =]¢*, +00 for some £* € R.

2.2 Existence and uniqueness (up to a shift) of traveling fronts
Assume that (u,v) is a solution of (1) of the form (ue,v.)(z — s.t). Plugging this expression into
(1), we find
—s:0(€) —uz(§) =0
, / AN (19)
sl €+ ((0) (O~ () (© =0

v
where £ := x — s.t. We integrate the previous equations over (£o0, &) to get

Sebe + U = S U4 + Ut (20a)
!

u
—Selle ers(%) - Nni = —ScU+ +P5(Uﬁ:) (20b)

€



== ep=001
15H -« ep=o0001
|| — limit profile

.......................

Figure 1: Asymptotic behavior of the profiles v, with v© = 14 ¢'/7, v, = 1.5 and v = 2. The
shift is fixed by prescribing v.(0) = 1 + i
using the fact that u. — 0 as |£| — oo. This leads to the condition

Uy —U— _ _pg(v+) —pe(v-)
Vy — V- Uy —U— ’

and therefore (uy —u_)% = —(p-(vy) — p(v_))/(vy — v_). The shock speed is then

SE:i\/_pE(v*)_pE(v)' (21)

Vyp — V-

If s > 0 (resp. sc < 0), the traveling front is moving to the right (resp. to the left). The ODE

satisfied by v, follows from the relation u, = —sv. inserted in (20b)
b
Uz/-: =— (s?(m_ —0:) + pe(vy) *ps(US)) (22)
[i5e
b
=— (Sg(v— —0e) +pe(v-) — pe(ns))~
[i5e

Now, assume that v_ < vy, and let vy €Jv_, v, [ be arbitrary, and consider the Cauchy problem
(22) endowed with the initial data v.(0) = vg. It has a unique maximal solution according to the
Cauchy-Lipschitz theorem. Since v = vy is a constant solution of (22), we infer that v, €Jv_, v ],
and therefore the solution is global. Since the function p. is convex, it is easily proved that
s2(vy —v) 4+ pe(vy) — pe(v) > 0 for all v €Jv_, vy [. Therefore v, is a monotone function. Since we
require that v_ < vy, this implies that v, is necessarily increasing, and consequently s. > 0. Hence
v, : R —]v_,vy[ is one-to-one and onto. Classically, all other solutions of (22) satisfying the far-
field conditions (3) are translations of this profile. This proves the first statement of Proposition
1.1.

2.3 Qualitative asymptotic description of traveling fronts

In the rest of this paper, we are interested in the case when vy > 1 is a fixed number, indepen-
dent of € (the zone on the right is not congested), and lim._,ov= = 1 (the zone on the left is
asymptotically congested). We focus on traveling fronts such that s. — § €]0, +o0], or equiva-
lently liminf p.(v_) > 0. It is easily checked that this implies v = 1+ Coe!/7 + o('/7) for some
positive constant Cy. This justifies our choice v = 1 + ¢!/ which yields 52 = (vy —1)71. In the
sequel, we will abusively write v_ in place of v in order to alleviate the notation.



Remark 2.3. Note that if we choose v_ = 1 + Cpe!/?7, we obtain a different asymptotic speed 3,
namely

D) 1
S == 77.
Cg(vy —1)
In that case, the pressure p_ := lim._, p-(v_) is equal to C;, 7. These relations should be compared

with (17), (18).

In order to fix the shift, let us consider the solution of (22) with v.(0) = (14 v4)/2 €]v_,vy]|
for & small enough. Then according to the previous paragraph, we have

v (&) €lv_, v [C]l, vy VEER, Ve > 0.

Thus v, is uniformly bounded in L*>(R), and 0 < p.(v.) < 1. Looking back at (22), we deduce
that v. is uniformly bounded in W1:>°(R). Therefore, using Ascoli’s theorem, we infer that there
exists b € W1 °°(R) such that up to a subsequence

0. — 0 in w* — WH®(R),
v —>bin C(—R,R) VR >0.

Furthermore, b is nondecreasing, v € [1,v4], and 8(0) = (1 +v4)/2 > 1. We define
€ :=inf{¢ €R, 0(¢) > 1} € [~00,0][.

Since v(§) > 1 for § > £, using the above convergence result, we deduce that p(ve) — 0 in
L2 (]€, +00[). Hence we can pass to the limit in (22), and we obtain that on |, +oo[, v is a
solution of the logistic equation

o = Zo(vy —0). (23)
1
Consequently, we have an explicit formula for v, namely
B(6) =1 Ve <&,
_ v —
0 =1 V>

1 + ae~ ¢

where 7 := 5v; /j and a is determined by the initial condition. Since v(0) = (1 +v4)/2, we have
a = (vy —1)/(v4 +1). This allows us to find an explicit expression for £, namely

£ 7ln(v+—|-1).

r

Thus we obtain the profile defined in Proposition 1.1, shifted by .

2.4 Control in the congested zone thanks to barrier functions

In this paragraph, we fix the shift in v, by choosing v.(0) such that v.(0) — 1 Eﬁ, which will
be compatible with our Ansatz in the next subsection?.
In the domain £ < 0, we have, since v, is a monotonous function, v_ < v.(§) < v.(0). Define

5:(0) = (070 - 1))
Then 9.(—o00) =1, 9.(0) = (v.(0) — 1)6_%, and ¥, satisfies the ODE

L 14+eYre. 3 1
vézlusa<555/7(1—vg)+l—ﬁg .

-1
1 Actually, the results of this subsection remain true as long as v— — 1 < v.(0) — 1 K € +7 .



Now, for ¢ € R_, we have
1 +€1/’Y <1 Jrgl/'yf)s(C) < 06(0)7

Furthermore, since the function v — v7 is convex (y > 1), for all v > 1, we have

1 vV —1ov-—1 v—1

- = >
1 VY v—1 ovr = 7 VY
Therefore, for all { < 0,
~y—1
- Rl 0)—1)7 1
V71 = 5.(¢ ‘ge (o <1—~ )
‘ ( (©) gl 0d(¢)

y—1

Note that thanks to the assumption on v.(0), e~ 7 (v.(0)—1)7 < 1. Gathering all the inequalities,

we infer that for ¢ < 0,
_ 1 s 1
(- 51) =10 =0 (- 775).

I (1_825—%1(05(0)—1)7) _ v:(0)

Pe -
HSe

where

so that im0 pe = lime—0p_ = (us)~1L.

Now, consider the barrier functions v, v,, defined as solutions of the ODEs

_ _ 1 1
%=re(i-3) d=e (o).
7:(0) = v.(0) = 2.

According to the Cauchy-Lipschitz theorem, these two ODEs have unique solutions on R such
that . > 1, v, > 1. Furthermore, 7., v, are increasing on R and it is easily proved that the two
functions have the following asymptotic behavior

lim 7.(¢) = lim v.(¢) =1,

¢{——o0 {——o0

0:(Q) ~ pel, 1e(Q) ~ p.C s (> oo,

As a consequence, there exist (., QE such that

5.(C) = v.(C) = 5.(0) = (v-(0) — 1)~ 7.

€

Note that (. ~ ¢~ p5(0:(0) — 1)57% > 1 since v.(0) — 1 > £/7. We also stress that as ¢ — 0,
U and v_ both converge uniformly on sets of the form | — 0o, a] for all a € R towards the solution

of ) .
u’:_(l—), v(0) = 2.
us VY

We conclude our analysis of the barrier functions by investigating more precisely their behavior
as ( — —oo. Using once again the inequalities

1
V27T < AvTT < (1 - )

<yw l<y W€,
vY

v—17

we infer that there exist constants C, C, &, ¢, independent of ¢ such that

:(¢) = 1 < Cexp(a¢), v.(¢) — 1> Cexp(ag) V¢ <O.

10



Note furthermore that it is possible to take ¢ = P because of the inequality
v’ —1 <
v(v—1) ~ t
Indeed, we have
ve <p .= 1), 0.(0)=2
and therefore, for all { < 0,
(ve(€) = 1) exp(—p_7C) = 1.
However, concerning o, the control on & is not as good, because the reverse inequality reads
A €(1,2)
—_— v v .
vi(v—1) — 7 =7 ’

Of course, as ¥, converges to 1, the constant in the exponential bound improves. -
Let us now go back to the bounds on v.. We have constructed Lipschitz functions F., F., such
that e, Ue(- + o), v (- +£€) satisfy, for all { <0

OL(-+C) = Fe(v=(- + ¢2)), vl(-

Classical arguments then ensure that for all ¢ < 0,

v (¢ +§5) < 0:(¢) € 0(C+ )

Going back to the original variables, the statement of Proposition 1.1 follows, taking & :=
1 — 1 — 1
—&7 max(Ce, ¢_). We recall that e7¢. ~e7¢_~ p5(0.(0) — 1) < 1, and therefore lim.o & = 0.

2.5 Finer description in the transition zone

We now compute a more precise asymptotic expansion of v, in the vicinity of 0 . Our goal is
two-fold: firstly, since v. has C! (and even C*°) regularity for all € > 0, it is natural to look for a
C! approximation, whereas the derivative of © has a jump at ¢ = 0. Secondly, the convergence in
paragraph 2.3 is only qualitative, whereas we wish to derive a quantitative error estimate.

We define an approximate solution v,p, by taking the following Ansatz

el

Keviy(6) i €>0,

Vv ()
Vapp = 6(5) + e ( " ) &0, (24)

where £*, K are real numbers that remain to be determined, together with the corrector o,
X € C5°(R) is an arbitrary cut-off function such that x(0) = 1 and x’(0) = —1, and b is the profile
defined in Proposition 1.1. Note that because of the corrector y, the definition of the function
v,pp differs slightly from the one of Proposition 1.3, but this does not affect the final estimate.
We make the following requirements on these three unknowns (K, £* and 0):

1. v,pp must be a C! function on R;

2. v,pp must be an approximate solution of (22) (in the sense that it satisfies the equation with
a small, quantifiable remainder).
We first identify K,&* and 0, and then prove a quantitative error estimate between v, and v,pp.

Remark 2.4. e The cut-off profile in the non-congested zone £ > 0 is merely a technical cor-
rector, which has no actual physical or mathematical relevance. As a consequence, we have
removed this cut-off from the statement of Proposition 1.3.

11



e One important choice in the Ansatz above is that v,,,(0) — 1 e71. This choice is
justified by mainly two arguments. Firstly, this ensures that p(v) remains bounded for all
¥ > 0,pp(0), which will be crucial in the energy estimates. Secondly, another natural Ansatz
would be to choose v,p,(€) = 8(£ + @) in the region £ > 0, with 0 < ¢, < 1. Keeping ¢, as
an unkown and writing the continuity of v,pyp, vy, at £ = 0 leads to ¢. £77 in the case
§> 1 (i-e. vy < 2), which is compatible with the Ansatz (24). However, this alternative
Ansatz fails when 5 < 1 (i.e. v4 > 2), and therefore we have chosen to work only with (24).

Definition of the approximate solution

Let us first identify the corrector ©. Plugging the Ansatz (24) for £ < 0 into equation (22) and
identifying the main order terms leads to

1 1
ﬁ,—<1—~>.
ns v

We endow this ODE with an initial condition in |1, 4o00[, say ©(0) = 2 (this arbitrary choice will
simply modify the definition of £* hereafter). Following the same reasoning as in the previous
paragraph, it is easily proved that the ODE has a unique global solution @, which is increasing
on R. Furthermore, there exists a constant ¢ > 0 such that ¥ exhibits the following asymptotic
behavior at oo

() =140 (exp(c¢)) as(— —oo, ()~ E as ( = +oo. (25)

Now, the parameters {* and K are determined by requiring that v, is continuous at { = 0,
with a continuous first derivative. This leads to the system

1+51/m(_f ) =1+ Kev,
g/’Y

i (_16) = i_ — Kevt,
elt/v us

o g (—f)
€ 51/”/ ’

Then, using the ODEs satisfied by ¢ and v, the system becomes

Let us set

1
eV, = Kevit,
1 B 1
— = usKevrT.

g

We therefore obtain 1 .
1
We := —— ¢ 0F, K= ——. (26)
() (us)7+
Eventually, let us compute the asymptotic behavior of £*. Note that w. > 1 as ¢ — 0, so that
lim,_,q —e~Y/7¢* = +00. As a consequence, using (25), we infer that

*

— 2 ~w
/,Lgé‘l/'y 58]

and thus

1

—&" ~ (‘ug)ﬁger,

12



Error estimate in the non-congested and transition zones

In the vicinity of £ = 0, the idea is the following: we write equation (22) in the form

U/s = AE(UE)a
where A. (v) = (pse)  tv(s2(vy —v)+p-(v4) —pe(v)), and we write b,pp, as an approximate solution
of (22), namely

;pp = AE(UaPP) + Te,
for some small remainder r.. We then use the form of A, to estimate v, — v, close to & = 0
through a Gronwall type Lemma.

Let us first compute r.. By definition of b and v, we have

o

%(1 — Pe(app)) if§ <o,

ol =M
app {uﬁ(v+6)+stl+1x’ if € >0,

so that
1 v, 1 — p (v, (U8 .
ro = (_ _ app) Pe(Dapp) + (U= — Vapp) ppSe if ¢ <0,
s Se K H
and 0
a Seg — S_ _
Te = M;: (Pe(vy) _pa(napp)) + E’u o(vy —b)
1
Ke~+t _
g Sexrerm [’U+ — 20— XKEﬁ} + Kevity' if € > 0.
I

Now, note that v,y is bounded in L®, uniformly in €, and that there exists a constant C' > 0
such that
|<§ - 35| < C€1/7,

VE >0, pe(bapp(§)) < Cgﬁ,
VES0, 0< 0app(é) — 1< Cevir,

Gathering these estimates, we deduce that |7 || < Ceit.

We now perform the error estimate. Without loss of generality, we can always fix the shift in
v. by requiring that (v, — 0,,,)(0) = 0. We treat separately the non-congested and the transition
zone. Indeed, A. is uniformly Lipschitz in the non-congested zone, whereas the estimates on
Al (b,pp) degenerate in (£*,0).

e Non-congested zone (£ > 0): first, recall that x is compactly supported. As a consequence, if
¢ is small enough, v,y is strictly increasing in (0, 4+00), and we recall that v, is also a monotone
increasing function. Hence, in the non-congested zone, we have v, > 0,,,(0), Vapp > Vapp(0).
Using the computations of the previous paragraph, we infer that |p.(v)| < C for all v > v,,,(0),
and thus |AL(v)| < C for all v > v,,,(0). We deduce that

|(t’e - napp)/‘ = |AE(UE) - AE(Uapp) - Ta|
CeT1 + Clo. — vapp.

A

The Gronwall lemma then implies that
|02 — app| < Ce7# [exp(CE) — 1]

which leads to a good estimate on compact intervals.

e Transition zone (£ € (£*,0)): in this zone, the situation is more complicated because the
derivative of the pressure might become singular. We use a bootstrap argument together with a
Gronwall type lemma to control the error [v, — v,pp].

13



First, note that as long as £ —&* > Me'/7, where M is some large but fixed constant, indepen-
dent of € (say M = 100), then vu,, (&) — 1 ~ (u8) (£ — £*). Therefore, we introduce the following
bootstrap assumptions

|UE - t)app‘ S (4:LL‘§)71(£ - E*)a

§—¢& > M. 27

As long as the assumptions (27) are satisfied, we have
t]app_l 2 (2/‘5)71(5_5*)” be — 1 Z (411“5)71(5_5*)
and therefore there exists a constant C, depending only on p and -y, such that

Ce
€- ey

We infer that as long as the assumptions (27) are satisfied, we have

Ipe(v)] < Vo € [02(S), app (§)]-

(02 = vapp)' () < C (1 + [0c — Dapp|(€) + Ce75.

T=e)

Note furthermore that the assumptions (27) are satisfied at & = 0, and therefore they are also
satisfied on a small interval in the vicinity of 0. Hence, as long as the assumptions (27) are satisfied,
the Gronwall Lemma ensures that

Ce Ce ,
ey (@ —g*w) -

A similar bound holds from below. We infer that as long as the inequalities (27) hold,

0
0-(6) — Dupp(£) < Ce7hr /{ exp (0@' -9+

1 C C 1
o2(6) = v (€) < T ex0  gr ) < Cown (57 ) €77l

€—¢&)
Without loss of generality, we choose the constant M so that exp (%) < 2, and we obtain
_1
[02(£) — vapp(§)] < Ce7T[¢] (28)

on the interval on which assumptions (27) are valid. Using classical bootstrap arguments, we
deduce that inequalities (27), and therefore (28), are valid as long as £ satisfies

CEW—&),%@—&*) and €€ > MV,

or equivalently

£ — & > max (Mel/’Y (29)

—Cf*gﬁ
TCeT 4+ (2u8)1 )
Using the estimate on £* of the previous paragraph and the inequality v > 1, we infer that, the
estimate (28) is valid on an interval [, 0], where & = £ + Met/.

Note that in the interval [£mn, 0], bapp is a good approximation, in the sense that v, — v,p;, is
smaller than all terms appearing in v,p,, (namely the main order term 1 and the corrector term
of order e7+1 )

For & < &in, the singularity in p. becomes too strong to apply the Gronwall lemma. However,
we can use the control by barrier functions from the previous paragraph to estimate v — vapp.
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3 Global well-posedness of small solutions (W, V') of (10)

The goal of this section is to prove Theorem 1.4, that is the existence of a global strong solution
(W, V) to the system
IW + pe(ve + 0 V) — pe(ve) = 0,

0,V
OV — 0, W — pdyIn =% .

(W V)\t:O = (W07 ‘/0)7

where v.(t,z) = v.(x — sct), under a smallness assumption on (Wp,Vp). As explained in the
introduction, we follow the overall strategy of [16], tracking the dependency of all estimates with
respect to €. Of course, the main difficulty lies in the singularity of the pressure term in the
congested zones. The main ideas are the following;:

e Since we are working close to a congested profile, it is natural to investigate the stability
properties of the linearized system close to this congested profile. Therefore we rewrite the
previous system as

W + pl(v)0,V = F.(0,V),

amv) B (30)

BV — 9, W — 1dy ( = G.(8,V),

g

where

F(f) = = [pe(ve + f) = pe(v2) — pL(ve) f],
G.(f) = 0, [m (1 N f) f} | (31)

UE vE
Hence the main order part of the energy and of the dissipation term is the one associated
with the linearized system. The nonlinear part of the operator, contained in F. and G, is
then treated as a perturbation, assuming that the distance between the congested profile
and the actual solution remains small enough (in a way that needs to be quantized in terms
of €).

e In order to close the estimates thanks to a fixed point argument, we need to work in a high
regularity space. Therefore we differentiate the equation and derive estimates on the first
order derivatives. However, the system is not stable by differentiation, and we will need to
compute some commutators.

3.1 Properties of the linearized system

As announced above, the starting point lies in the derivation of energy estimates for the linearized
system. Therefore we define the linearized operator

(D) (a0

The cornerstone of our analysis is the following energy estimate.

Lemma 3.1 (Energy estimates for the linearized system). Let T > 0, f € L*>(0,T;L?*(R)),
g € L>(0,T; L*(R)) N L*(0,T; H'(R)), Sf, Sy € L*(0,T; L*(R)) such that

o(0)e()-(2)

[z oo [ [ gisome s [ [ 42
O B A o et
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—f
Proof. To get (33), we test Equation (32) against | p.(v.) | and we obtain
g

1d HE 2
53 /. [‘pgvs) ol = [0 (5 /azgf [ octs
8”) / 7 5
M/]R ( Ve 9= R fps( <) 99
Using then integration by parts and dyv. = —s.0,v., this equality rewrites
d / [ |f‘2 2:| / p//(vs) 2 / (8$g)2
— - + +5c | 50,07+ 2
T A A L Il A A cR AL A

=2 {Sfpg(z{a *S"g] '

which leads to (33) after integration in time. O

We will apply Lemma 3.1 with (f, g) = 9¥(W, V) and with k& = 0, 1, 2. Therefore it is important
to compute the commutator of £, with the differential operator 9.

Lemma 3.2 (Properties of the commutator [L,d,]). For all (f,g) € L? (R4, H'(R))?,
[ﬁ 5 ] (f> B _6wvepg(va)aacg
<7\g) T\ —nos (aggs xg)
8 f az(amvsp/s,(vs))azg
£6762 f):2£e7a:1: (I )_ v .
o2l (1) =2teco () - () (0. (%) 00)

As a consequence, we have the following bound: there exists a constant Cy depending only on p,v4
and ~y such that for all § > 0, for all T > 0,

/OT/R[zze,am]@' peTe <5/ Jowoes+ 3 72”/ flews o

Lemma 3.2 will be proved in paragraph 5.1.

and

Remark 3.3. Let us stress that the term 9, v.p” (v:)0zg in the commutator [L., ;] is responsible
for a loss of €2/7 in the second integral of (34). It means that we will have to multiply our energy
estimate at each iteration by £2/7. In other words, our total energy will be

- 2%k )y BV ()2 k 2
S0 [y s tvior]

3.2 Construction of global strong solutions of (10)

In this paragraph, we construct global smooth solutions of (10) under a smallness assumption.
Following Lemma 3.1, we derive successive estimates on (V, W) and their space derivatives up to
order 2. Hence, we define

BV o= [ |k WO + VP,

Dy (t;V, W) ::/6wv8|8§W|2+/ (Ok+1y)2,
R R
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Note that
e (ve) (y+1D)(ve —1)7 v+1 > y+1

pL(v) N

2

e B Ype(ve) — v
As a consequence, there exists a constant Cy, depending only on ~y, 1 and v, such that for € small
enough, for all (W, V) € H¥(R) x H*1(R),

e (ve) kyrr(2 /
Dp(t; V, W) < C 55/5733705 OW|*+2
(VW) <0y (s [ o +2u

The goal is to prove, by a fixed point argument, existence and uniqueness of global smooth solutions
of (10), under the assumption that Fj(0) is small enough for £ = 0, 1,2. Given the couple (W1, V1),
we introduce the following system

o <I‘4//22> h (%) - (g((g‘é» (35)
(W2, Va)ji=0 = (Wo, Vb)

<a§+1V>2> |

€

and the application
A (Wl,Vl) EX — (WQ,‘/Q) e X,

where
X = {(W,V) € L>(Ry; H*(R))?; Dy(t;W,V) € L*(R,) for k =0,1,2}.

We endow X with the norm
2 t
(W, V)3 == sup lz cke2k/y [Ek(uW(t),V(t)) +/ Dy (s, W(s),V(s)) dsH . (36)
t€[0,+oo[ | 2o 0

where c is a constant to be determined, which is meant to be small but independent of ¢, and for
0 > 0, we denote by By the ball

Bs ={(W,V) € X, |(W,V)||x < 6e¥}. (37)
The result of Theorem 1.4 will be achieved with the proof the following proposition.

Proposition 3.4. Assume that
Eo(0; W, Vo) + £2/7 By (0; Wo, Vo) + €Y7 E5(0; Wo, Vo) < 6o .

for some 69 > 0. There exist two positive constants 6* and cgy, depending only on vy, and v,
such that if 0 < 0g < 6%, 0 < ¢ < cg, then there exists 6 = 6(dg, V4, it,7y) such that

e The ball By is stable by A°.
e The application A° is a contraction on Bs.
As a consequence, A° has a unique fixed point in Bg.

Note that we are able to prove a global result. This comes from the fact that our system is
dissipative, which allows us to circumvent the use of the Gronwall Lemma.
As a preliminary, let us recall that

1

ve — 1

H <e '/, (38)

so that |p.(v.)| < ye~1/7. Additionally, differentiating (22), we have

1820.| < Ce™ 78,0, (39)
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Hence, if (W,V) € X then for k =0,1, m =0,1,2,

142m

107V Il az) < Ce™ W V)llaes 105 Wllagmz2) < Ce™ =5 [(WV)llw,  (40)
105V e, < ClIORVIILE 105 VI 2 L
< Cem WV 5w v
< Ce™ T ||(W, V)|, (41)
|07 V|2 < Ce™ 5 ([(W, V)], (42)
|05 W e, < Ce= 5 |(W, V)L (43)

where the constant C' depends only on ¢ and . We will use this remark repeatedly when estimating
the source term (Fy, Ge).
Note in addition that if

(W, V)2 < 67

then the following inequality holds
10,V |1, < CoeP ™% < Coe¥ < &7 »

provided that § is small enough. In other words, for sufficiently small § the perturbation v =
v, + 0,V will never reach the critical value v* = 1.

In order to prove Proposition 3.4, we rely on the energy estimate from Lemma 3.1, and we
treat the right-hand side (F7 (0, V1), Ge(0,V1)), defined in (31), as a perturbation that we estimate
thanks to Lemma 3.5 and Lemma 3.6 below. The largest part of the proof is devoted to the
stability of the ball Bs by the application A.. We derive successive estimates for E(t; Wa, V3) in
terms of ||(W1, V1)||x and || (W2, V2)||x. Note that we cannot close the estimates before performing
the estimate on Fs5. Furthermore, when addressing the bound on F; (resp. FEs), we will use the
commutator result of Lemma 3.2 together with the control on 9,V (resp. 92V) in Lf’x coming
from lower order estimates. Eventually, we prove that A, is a contraction on Bj.

Tools and heuristics for the control of non-linear terms

One of the main technical difficulties of the estimates comes from the nonlinear terms F. and G..
We will rely on the following Lemma (see also Lemma 3.6):

Lemma 3.5. Let us write Go(f) = nu0.(H:(f)), where
HE:1n<1—|—f) —i,

Ve Vg
and recall that Fo(f) = — [pe(ve + f) — p=(ve) — pL(v:) f]. Provided that |f| < 3", there exists a
constant C, independent of £, such that the following estimates hold:
R0 < Opele) g
0] < Ol ol L + O L,
PR < O sl to L + Ot (2D 1 cp o LD

and

[H-(f)] < CIfI%,
0. Ho(f)| < CIf110:f1 + CIf

2 H(f)] < CIFIO2 1 + C (1f1+10: 1) 021 + € (1 + 0201 ) 112
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When we perform L? estimates, taking into account Lemma, 3.5, we need to control terms of
the type

t
J A A
0 JR

with k,I,m € {0,1,2}, U; = V; or W, and f.[v.] is a function of v, and its derivatives. In order
to guide the reader, we establish the following (ordered) rules to control such terms:

1. If a term contains a factor of the form 9,v.0%W;, this factor is controlled through Dy;

2. The (remaining) term with the smallest number of derivatives is controlled in L$°, and the
other(s) in L2;
3. Note that [|0FV]| 2 for k > 1 could be controlled either through Ej or through Dj_;.

Nevertheless we will always use Dy_1 to ensure uniform in time estimates.

Estimate for k£ = 0.

For k = 0, the estimate from Lemma 3.1 applied to f = Wa, g = Vo, Sy = F.(9,V1) and
Sg = 10, H.(0;V1), entails that for all ¢ > 0,

t
Bolt; Wa, V) + C5! / Do(s; Wa, Va) ds
0

i ‘u [ o 0vi)v;

).

t
1
< Eo(0; W, V& +/ (‘/FE&CV — W
o(0: W0, Vo) + CADE T

Using estimate (38) and Lemma 3.5, we infer that

A

axV
<o " /( T |W2|+azv1||a§v1||v2+|axv1|2|v2|)
0 R IS

(0:V1) 77— Wa| + |n0, He (0 Vl)V2>

< C (T Walleas 10VAIR , + Valleee 10 Villiz 102Valza  + IValluss, 19:VAl3, ) -

Using estimates (41) and (43) together with the assumption (W7,V;) € Bj, we infer that the
right-hand side above is bounded by

Ce™ 7 [(Wa, Vo)l | (W1, Vi) 3 < €263 || (W, Va) |-

Therefore we obtain

t
sup [(an;wg,vzw / DO(S;W2,V2)d5) < € (Bo(0;Wo, Vo) + %% [ (W, Vi)l ) - (45)
te[0,+o00 0

Estimate for k£ = 1.

We apply now Lemma 3.1 to
f:aa:W% gzaz‘/%

(3) - (natny) rieoa ().
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and get, for all ¢ > 0,

t
Bu(tWaVa) + €y [ Da(siWa,Va) ds
0

t
< E1(07 WOa VO) +/
0

/
0

1
/]R Mast(azvl)amWQ

t *a:cW2
[ [lecod (32) - | w2
o R ’ 0o Ve

The term involving the commutator is controlled via inequality (34), and is bounded by

/ 0p H.(0,V1)0%V; (46)
R

C—l t t
%/ Dl(S;WQ,Vg) d8+20102€72/’y/ D()(S, WQ,‘/Q) ds.
0 0

The first integral can be absorbed in the left-hand side of (46).
By using Lemma 3.5 we can estimate the integrals of nonlinear terms of the right-hand side of
1
R

(46), namely
t t
+ 0, H-(0,V1)02V:
o ez )y ey

t 2 t 2
gC/ /8961)5 |8mW2|+C/ /M@Wﬂ
o Jr o Jr ve—1

t t
ve [ ool +c [ [ ovipio
o Jr o Jr
We follow the guidelines stated at the beginning of the proof, and use estimates (38)-(41) repeat-
edly. We infer that these nonlinear terms are bounded by

t 1 t

/ / ——— 0, F(0,V1)0,Wa| + u/

o |Jr PL(ve) 0

t 1/2

<o| ([ putswarais) e 0Vl Vil
o @

+e 0 WallLg 102Vl 2 102Vl Lz

0:V1

ve — 1

/ 0p H.(0,V1)0*V;
R

+ 1102 Vil e 102Va 2 102Val 2 + ||amv1||L;cm||azv1L,z,,mnazw%}
< Ce™ 3 ||(Wa, Va) |||l (W, V) 1%
< C82%77||(Wa, Va) | -

Therefore

1t
sup [El(t§ Wo, Vo) + CL/ D1 (s;Wa, Va) ds}
>0 2 Jo

< E1(0; Wy, Vo) + 2C’1025_2/A7/ Do(s; W2, V) + C525%||(W2»V2)||X-
0

Note that without loss of generality, we can always choose Co > 1/2, so that the above inequality
becomes

t
sup [El(t; Wa, V) +/ Dy (s Wa, V&) ds]
0

t>0

< 205 F1(0; Wo, Vo) +4010225‘2/‘*/ Dy (s; W, Va) +0525%||(W2,V2)||X.
0
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Hence, choosing ¢ < ¢g < (8C1C%)~! and using (45)

sup |:E0(t; W, Vz) + C€2/7E1 (t; W, Vz)] + / (D()(S; W, VQ) + C€2/WD1(S; W, VQ)) ds

teER 4 Ry

< O [Bo(0: Wo Vo) + €2/ By (0: Wo, V) + 0% [(Wa, Vo)l (47)

Estimate for k£ = 2.

We apply once again Lemma 3.1 to

with the source term (see Lemma 3.2)
Sp\ _ ( 0:F:(0:V1) 21 (W2
(Sg> = (o) + 2o (3
BFDV) | | grp g (0W2) _ [ OrlrE(ve)Oree)Out
P H.(9,V7) <%\ 9,14 — 0, (az (8 ”s)a vz)
Observe first that from (34), we have
2
2 (%) (0
e, a ‘/'2 52 £
CQ / /a V|02 Wo|? 4 16C Cae™ 2/7/ /|a2v2|2

Concerning the additional commutator term, we have on the one hand, using the control (39) on
2w,

2
/8 P (0e)D2v: )0, Vo 6(VV)2

< 035_2/7/ /633’05‘81‘/2| |83W2|
0 JR

C*l t t
< %/ /azv5|a§W2|2+C§(725—4/7/ Dy (s; Wa, Va)ds,
0 R 0

for some constant Cs depending only on p,v4 and 7. On the other hand

.05 )

Dy0.
( U>‘6%||3V2|

t
< L/ /|a§v2|2+cs*2/7/ Dy (s; W, Va)ds
4 0 JR 0
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We now address the nonlinear terms. From Lemma 3.5, we have, concerning the remainder

involving F,
! 2 2
0, F.(0,V1)0; W.
/0 /pg( e) " A0V1)0: W

2
SCE*I/V/ /axvs(az_‘/ll))gaiwﬂ

2
o [ [ O g,
vgfl

+c//
0 JR Ve —

Using the inequalities (38)-(41) together with classical Sobolev embeddings, we infer that the
remainder involving F; is bounded by

710 V1] 102VA] [0; Wal.

t 1/2
Co2h (/ DQ(S;WQ,VQ)ds> 102Val g [0 VA 22
0 )

S /Ot (102VA 124 + 10:Va e 192 Villns ) 102V 2
< Ce™ x eV |[(W, Vo)l x & 3| (Wi, VA) [

+ CeT 02 Wa e u) (IO2VAIE IO3VANES + 102Vl 102AILS 192Vall,z )
< Ce S| (Wa, Vo)l | (W1, V) |15
< C8277|[(Wa, Vo) |-

Now we deal with the integral coming from H.,namely

t
o[ [z
0 JR

t t
<c / / PRAA AN AR / / (18:VA] + [02V4]) [02V4 03V
0 R 0 R

t
vo [ [ s tuovipiom
0 JR
< C102Vallnz, (10:Vallgs, (103Vall 2z, +1102Villuz + &~/ 110: VAl )
A CAA RN CHA TS

< 05—%||<W17v1>||x||<W27v2>||X
< C82%7 % [|(Wa, Va)|x-

Gathering all the terms, we obtain, for all ¢ > 0,

¢
Eg(t;Wg,Vg)—i—Cg_l/ Ds(s;Wa, Va) ds
0
1 .t

C t
< Eo(0; Wo, Vo) + % Dy (s;Wo, Va) ds + 1601025_2”/ Dy (s; W3, Va) ds
0 0

t
+(C2Cye=7 4 ) / Do(s: Wa, Vi) ds + C% | (Wa, Vo) | x.
0
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Therefore, for € small enough and recalling that Cy > 1,
t
sup |:E2(t; Wa, Vo) +/ Ds(s;Wa, Va) ds}
t>0 0

< 205 5(0; Wo, Vo) + C8% ™7 || (Wa, Vo) x
t t
+32010225—2/7/ Dy (53 Wy, Va) ds+40§0225_4/7/ Dy (s; Wy, Va) ds.
0 0

Now, choose ¢y = 3 min((3201C2)71, (4C2C3)~1/2). If ¢ < ¢y, using (47), we obtain

2

t
sup » _ cke*/ [Ew; W, Va) + / Dy(s3 W2, Va) ds]
20350 0

2
<Y EMVEL(0; Wo, Vo) + C6%e 3 [|(Wa, Va) |- (48)
k=0

Recalling the definition of the || - || x norm and using Young’s inequality, we infer that

2
(W, Va3 < Ca S0 M7 (0 Wa, Va) + C'e,
k=0

where the constant Cy depends only on v, v, and p. Hence, if initially
Eo(0; Wa, Va) + €%/ By (0: W, Vo) + /7 B (0 Wa, V3) < dos™
with &g, d such that Cy4dp + C6* < § < 1, we ensure by (48) that

|(Wa, Va)[lx < 5e7 . (49)
Therefore the ball Bs is stable by A®.

A. is a contraction.

Consider (Wy,V1) € Bs, (W{,V/) € Bs, and the associated solutions (Ws,V2) = A (W1, V1),
(Wi, Vy) = Ac(W{,V{). Then (Wy — W4, Vo — V3) is a solution of (32) with the source term
S¢ = F.(0,V1) — F-(0, V), Sg = 0y [H-(0,V1) — H-(0,V{)]. The next lemma provides bounds

on the new source terms.

Lemma 3.6. For all f1, fo € H? (R) such that |fi| + |f2] < #,

loc

F) = Fo)] £ C P = Rl + 1)
DPe (Ua) Oz Ve

10:(Fe(f1) — Fe(f2))| < C If1 = f2l(lf1] + [ f2])

ve — 1

(ve —1)2
+10:(f1 = f2)l |1l + [0z fol | f1 — f2|1

g g _1/781 £
|%mmn—nmm<céf$2ZMJ“m—hmm+ﬁD
b0~ RIAL+ 1 Rl A

+10:(f1 = f2)] (1021 + 102 f2]) + | f1 — f2l 03 f1]
1(mhﬂﬁ—hq

+107(F1 = )l 1ol + ——

Ve
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and

|He(f1) — He(f2)] < Clfr = fol(Lfal + | f2])
0:(H=(f1) — H-(f2))| < Cfa] 10:(f1 = f2)| + [l [f1 = fol + (10 fol + | f2D)|f1 — fal]
|02(He(f1) — Ho(f2))| < ClLANQ + 1020 D) fr = fal +102(f1r — f2)| + 102(f1 = f2)])
+ C((1 +102ve]) | fol + 10a fo| + 102 f2))| f1 — fol
+ Cl0u(f1 = f2)] (102 fr] + 10 fo]) + C(| fo|* + |02 fol )| 1 — fol-

We postpone the proof of the lemma to Section 5.2. Using these estimates, the control of
Ey(t; Wy — W5, Vo — V) for k = 0,1 follows the same lines as the one of Fj(t; Wg, V5) above. In
particular, since (W — W4, V5 — VQ)‘t o = 0, we find that for ¢ < ¢y < (8C103)7!

)

1 t
sup ch€2k/'Y |:Ek(t§ W —Wé,‘/g —Vg)—i—/ Dk(S;WQ—W2/7‘/v2 —‘/2/) ds
tER+k:0 0
< Oo|(Wh = Wi, Vi = V) x|(W2 = W3, Va — V3) || &

However, concerning the estimate for k = 2, there is a difference, stemming from the term

Pe Ve
el @ - o
(resp. C((07)? + (02V})9)[0,Vi — 0, V7))

coming from 82(F.(9,V1) — F-(0,V])) (resp. from 82(H(0,V1) — H-(9.VY}))), see Lemma 3.5. As
a consequence, following the estimates of the case k = 2 above, we find that for all ¢ > 0,

t
Balts Wa = Wi, Va = Vi) + Gyt [ DalsiWa = W3, Va = V3) ds
0
Cgl ! / / -2/ ' / /
< T DQ(S;WQ—WQ,‘/Q—VQ) ds + 8C1Che v D1(S;W2-W27V2—‘/2)d8
0 0
t
+ (C2Coe™47 4 Ce™27) / Dy(s; Wy — W3, Vo — V) ds
0
+ Co 7 [|[(Wh — WY, Vi = V)l (W, Va) |
t
1
+ C/ / w(ai‘G)Q\anl — 0. V{| 03 (W2 — W3))
o [ @iy s @wiem - o) s - v
The first additional nonlinear term is bounded as follows, using (38)-(41)
! 1
| [t @virion: - avil oxov, - ws)
0 Jr (ve—1)
< Ce™0,Vi = 0: V] e, 105 (Wo = W)l e (22) 103V 7211,

< C™|0,Vi = 0. llnzs, 192 (W = Wi)lle oo |02V 1125 193V 1115

< Ce™ = [(Wy = W, Vi = V) [l [[(Wa — Wi, Va — Vi) x| (W7, Vi) |5
g05%—%”(%—W{,v1—V1)||X||(Wz—W27V2—V2’)I|x.
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For the second additional nonlinear term, we have in a similar way

/ [ @V + @v)ia.vi - 0,11 1020 - Vi)
< Cl0.V2 = 0V llas 103(Va = V)llzz, (10 VY75 +1102V7 1134 )
< Cl10:V2 = 0V lzs 193 (Ve = Vi) a0V 100 Vil a2) l92VH 1 57
+ C10:V2 = 0V llzs 102 (Va = VD)l IOVIIS 102V e n2) lO2VE 15
< CeTT[(Wy = WY, Vi = V)|l (W2 — W3, Va = Vi) || (W, V)%
< O™ 7 ||(Wh — W, Vi = V)l | (W — W3, Vo — Vi) .
As a consequence, gathering all the terms, we infer that
(W — Wi, Vo — V3)||x < C8|(Wy — WY, Vi — V]) |,

and therefore, A is a contraction on By for § < ¢* small enough. This concludes the proof of
Proposition 3.4.

4 Asymptotic stability of the profiles (u.,v.)

Our goal in this paragraph is to prove the existence and uniqueness of solutions of the original
system (1) (rather than the integrated system (10)), and to investigate their long time behavior.
At this stage, we have proved the following:

e If (u,v) is a smooth solution of (1) such that v — v.,w — w. € L§(R) for all times, then we
can write system (10) for the integrated quantities (W, V);

e If the initial energy of the system is small enough, there exists a unique strong solution of
(10) (see Proposition 3.4).

Therefore, our strategy is as follows: we start from the unique solution of (10). Under additional
assumptions on the initial data, we derive bounds on u — u.,v — v.. In particular, we prove that
if initially (u — ue)ji=o, (v — V) =0, (W — We)j1=0 € L}, this property remains true for all times.
These local L! bounds rely on arguments similar to the ones used by Haspot in [7]. This justifies
the equivalence between the original system (1) and the integrated system (10). Eventually, we
prove that (u — u)(t) — 0 and (v —v.)(t) — 0 as t — oo in L? N L>(R).

Initial perturbations. Let us assume that ug — u.(0,-) € L3(R) N L*°(R) and introduce the
integrated quantity Uy such that 0,Up(-) = uo(-) —uc(0,-). We have then (recall that ve—g = b.)

0 Ve 0: Vi 0: Vi
WozUo—uUO—,u[l <1+ O)—O].

S E UE

We choose (Up, Vo) € H3(R) x H?(R) so that condition (11) in Theorem 1.4 is fulfilled, that is

2 2k k 5
R (Us)

k=0
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Conversely, if the previous inequality holds and if in addition Vo € H3(R) then we have

I u)(0) 1z = ] ) 0. H.(0,Vh)
L2
< 110 Wolluz + CIO2Vollz + 102V lluz) + 10 Ho (0. Vo) |z

< C[10:Wollzz + 102Voll 2 + 10: Vol 2

£

+10:Voll e (192 Vallzz + 192Vallzs ) |
< Cope™, (50)
and
102 (u — ue)(0)]| 2 < [|02Wollzz + ClO2HL(0:V0) |l 12
+ C(|02Vollrz + 102Vollzz + e Y7102 Voll2)
<93 Wollzz + C (1 + (102 Vol L) 103Voll 2 + CllO3Vo 17 4
+ Ce V0. Vol Lo 102 Vol 2
<02 Wollzz + C (1 + (182 Vol o) 185 Voll 2 + CllOZVo ]| L2
+ Ce™ 70V | ee 102 Vo | 2
< Coo + Cll 03 Vo | 2 (51)

using the result of Lemma 3.5.

Stability of the velocity profile u.. The perturbation u — u. satisfies the parabolic equation

By(ut — ue) — (im - u5>) — 0, (pe(v) — pe(ve)) + 0 ((1 - 1) amus) L)

’Us
where v = v, + 9,V, and (W, V) is a solution of (10).

Lemma 4.1. Assume that initially (Uy, Vo) € H*(R) x H3(R) is such that (11) is satisfied by the
couple (W, Vo) and consider the solution (W,V) € Bs C X of (10) given by Theorem 1.4. Then
there exists a unique regular solution u — ue to (52) which is such that

u —ue € C([0,+00); H'(R)) N L2([0, +00), H*(R)), 0:(u —u.) € L*(]0, +00) x R). (53)

Moreover the following estimate holds

sup {I(u—us)(t)llip +/0 102 (w = ue)(s)[I3 dS} < O (ll(u—ue) (O)|3: + 6%7). (54)

teER 4

Proof. Under the initial condition (11), Theorem 1.4 applies and yields the existence of a unique
couple (W, V) € B;. For this V, we define v = v, + 9, V. Then infv > 1+ ce/7 for some positive
constant ¢, and using (41), we also have ||v[| oo (g, w1 ®)) < C.

First, we test the equation (52) against u — u. to get

R
//pa — pe(02)u( — ) - //(—)amusazm—us)
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where the right-hand side can be estimated as follows

t 1 t
IRHS| g%/ /7|8x(u—u5)|2+0/ /’pg(vg—kaIV)—pE(ve)P
o JRV 0o JR
t
*9//
0 R

t
1
8 [ S uaP +C M0 VIE, +CloVIE,,

T
Ve + 0,V v wlle

| N

<= // (U — ue) |2—|—C<52 3/
using the relation d,u. = —s.9,v: to bound |0, uc|. Therefore we have
sup |l = u) O + 5 / 1020 = )6 ds] < D= u) OV + O (59
+

To obtain an estimate at the next order, we test equation (52) against —92(u — u.):

/amw—ug)(tw _/ amuu—ug)(onz +u/t/1|3z(u—u€)2
—u// o ue) 97 (u— ue) //8 (Pe (v + 0:V) — pe(ve)) O2(u — ue)
7“/ / (<vs+a Vv Ue)amue) Orlu = ue).

As previously we estimate the right-hand side by means of Cauchy-Schwarz and Young’s inequal-

ities
1 t 1 t
|RHS| < 5/ /f\ag(u—ug)ﬁ_,_C/ /|8z(u—u6)‘2
o JRV 0o JR
+ Ce OV, + Ce MOV,

+ 0?0, V[72 + CIOV T,

t 1 t
< H/ /f\aﬁ(u7u5)|2+0/ /|3$(u7u5)\2+05261/7
2 )y Jrv 0o JR

using the relation 9,u. = —s.0,v. to deduce that |02u.| < Ce~'/7. Combining this inequality with
the previous estimate (55) we obtain (54). As a consequence, we also deduce from equation (52)
that

10 (u — ue)lz2
< C102 = u)llzz, + 100(u = u)llpz_ + 20 Vlgz, +e7 02V Iz )
< Coe?.
The existence and uniqueness of u derives classically from these a priori estimates. O

Remark 4.2. Combining equation (52) with (the x derivative of) (10), we infer that the quantity
w —u + pdy(Inv) is a solution in the sense of distributions of the parabolic equation

O (w —u+ pdy(Inw)) — pdy %am(w—u+uar(lnv)) =0.

Furthermore, by definition of Wy, we also have (w — u + pd,(In v))‘t:0 = 0. As a consequence,

w—u+ pdy(Inv) =0 forae t>0, ze€R.
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L' estimates. The previous lemma, is based on the existence and uniqueness of a regular v =
ve + 0,V and thus on the passage to the integrated quantities (W, V). Nevertheless, we did not
justify the equivalence between the system

Op(w — we) + O (pe(v) — p=(ve)) =0 (56a)
(v — ) — Op(w — we) — pd? In Uﬁ =0 (56Db)

€

and the system (10) satisfied by the integrated quantities. Initially, we assumed that (wg —
we(0),v9 — v-(0)) € L§(R) to justify the introduction of (Wp, Vp) (note that the assumptions of
Theorem 1.6, namely ug —u.(0) € Wy'' and vy —v.(0) € W' N H2, ensure that wy —w,(0) € L}).
The goal of this paragraph is to prove that this property remains true for all times. This result
relies on a combination of estimates on the both velocities ©u — u. and w — w,., similar to the
estimates in [7].

Lemma 4.3. Assume that the conditions of the previous lemma are satisfied. Suppose in addition
that
up — us(0) € LE(R), vy —v.(0) € Wy (R).

Then for all times t > 0, (u — uc)(t) and (w — w.)(t) belong to L}(R) and

I = u) Ol + @ = w)Ollzs < Ce[lluo = we(O)llzy + fwo — we(0)z2] €™ (57)

where the constant C. tends to +00 as € — 0.
Proof. The functions v — u. and w — w, satisfy the equations

0uu = 1)) = ~0u(p.(0) = el +00. (3 - ) o) (59)

g

1
Op(u — ue) — pOy <v

815(11) - we) = _aac(ps(v) - ps(vs))~ (59)

For n > 0, we introduce j, € C*(R) defined by

/ 1 1
Jn(z) = ZQJr\[ Vz e R
n n

which is a smooth, convex approximation of the function r — |r| as n — +o00. Note that j/, (z) =
Z(\/Z2 +1/ n)fl is an approximation of the sign function. Testing equations (58)-(59) against
jl(u—ue) and j/ (w — w,) respectively, we infer that

[ 0ulintu =)+ ntw = w] + e [ Ll ot P
R R
. / B (e (v) — pe(ve)) [J(u — ue) + 31 (w — w2)]

+u/Raz ((i - Ul) amus) JACETS)

Since jI' > 0, the second integral of the left-hand side has a positive sign. On the other hand,
since the profile (ve,u.) satisfies O%v., OFu. € L(R), k > 1, the right-hand side can be controlled
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IRHS| < / |0 (pe (v) = pe(ve)| + 1o

R v Ve
R v

/ |p5 (v—uvc)+ (ple(v) - pls(UE))amvsl +u
1 1
I \331&5\
v

+u/
R |V e

< Ce 7 (|0s0ll 1 + 1900 11)

+ Cllv — ve|lpoo (ry ;w10 (m)) (572/7\|5‘xve||L; + [|Opucl| L1 + ||33Us||L;)

where v v
020 = — v + — [(u — ue) — (w — w,)]
ve u
so that
100y < C(100velny + llu = wellzy + llw = wellzy ).
Hence

/ [ (= ) (£) + (0 — w02 )(8)] — / [ = 141 (0) + [ — 1w, (0)]
R R
<c. (naxvsnu (020 1 +/0 /Ruu—ug - |w—wau>

where we have used the fact that j,(r) < |r|. Passing to the limit n — 400 and using Fatou’s
lemma, we finally obtain (57) thanks to a Gronwall inequality. Since the equations (58)-(59) are
conservative, we ensure that

/R<u—u5><t>=o, /R(w—wg)(t)zo vt > 0.
O

Observe that the previous lemma gives L' bounds on u — u. and w — w. but not on v — v..
Since v — v, satisfies
Or(v — ) — Oz(u—ug) =0,
the derivation of a L' estimate requires a control of 9, (u — u.) in LL.

Lemma 4.4. Assume that the conditions of the previous lemmas are satisfied. Suppose in addition
et Dz (up — uc(0)) € LY(R), 9, (wo — w.(0)) € L*(R).
Then for all times t > 0, (v —v:)(t), Ox(u — us)(t) and Oy (w — w.)(t) belong to L§(R) and

0 = ) Ollzs + 1~ ue) Bl + 11w = w) (1)

< Cellvo = ve(O)s + lluo = ue(O)llyy21 + o = we(0) 2] €* (60)
where the constant C. tends to +oo as € — 0.

Proof. The proof of this result follows the same lines as before. It relies on a combination of
L'-estimates for the three following equations

Or(v —ve) = Op(u — ue),

0101~ ) — s (1020~ o))

= —92(p=(v) = pe(ve)) + pd; (( - ) az”a) — 10 (iw;)@x(u - Ua)) ,
010 (w — we) = =03 (pe(v) — pe(v2))
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As in the previous proof, the key ingredient is the control of §2v in terms of dv., 0% (u — u.),
O (w —w,), k=0,1:

92y = 0wy _ v0:ve Opve + 162118 + 9v [(u—us) — (w—w,)]
T V. T L

Ve v2

+ %[&L(u — ) — Op(w — we)]
and therefore
107y < Ca(llateHL; 107 vellzy + llu = uellzy + llw — wellzs
100 (= w2 + 190 (0 = w23 ).

Thanks to this bound, we can estimate

92(pe(v) — pe(ve)) = PL(v)02 (v — ve) + Pl (v)(Dpv)* — PL (ve)(Dpve)?
+ (pL(v) — pL(v))Dave

as follows
107 (P (v) = pe(ve)) 2
< 0[6_1/7”35(” =)oy 4+ e (10p0ll s + 1000l 21) + e |05ve | 11
< C2 10,0y + 11020y + llu = ey + lw = wellzy
1100 (1 = el + 19 (w = wo)|z ]
Equipped with these estimates we easily deduce (60). O

Long time behavior. We have shown in the previous section that
v —wv. =0,V € L*([0, +o0); H*(R)).
Combining this bound with the control of
(v —v.) = 0p(u—wu) in L*([0,+00); H'(R)),

we infer that
[(v—=ve)() 2 — 0.

T t—4o0
As a consequence, we have
(0 = ve)(t,2)] < Oll(w —ve) DI 10 (v = v ) ()1° , 57 0. (61)
Similarly for u — u., the bounds obtained in Lemma 4.1 yield
I = ue) (B)llez 57 0
and therefore
(=) (t,2)] < Cll(w = ue) (O 57100 (u = we)llf2 s, 0. (62)
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5 Proofs of Lemmas 3.2, 3.5 and 3.6

5.1 Structure of the commutator

Let us prove the three properties claimed in Lemma 3.2. A direct calculation gives first
o) -a (5o (= 1)
g D29 g
pe(ve)92g P (v:)000:02g + Pz (v:) 029
“\-orr w0, (52) ) T\ -02f - non (%2) + . (%0u0)
_pg(vs)azvsaz
B _Maoc (627568309) .
L., 7] (f) — L., 0,10, <f) 4 0,[Le 0] (f>
g g g
—p(v:)0,0:0%9 —0a(p (va)c’) 0:0,9)
= v + Oz Ve
—2p! (ve) 00059 ( 2 (V)02 e )0
= (oo () )~ (00, 0. () )
ve)

2 (P2 (V)0 v2) O g
= 2[L.,ds] (gﬁg) - ( 10, p<a (81;5) &g))

Next, we have

For the third point,

, _o.f
/0 [0 (g)-(p%@;))
Bt [ o230}
T /,UE I,UE
it [ [ ()

where the right-hand side can be estimated as follows

[0 0,0.0,90.5) + / [e. (a ”E) Orgl?
s\zi;s:;; J[M@fﬁ) (o)
ol ()], e

+

)/ /Iamg\2

T
< 5/ /axvswam%g ( ! s (8 “5)
0 R 5 Ve — 5

Using (38) and (39), we obtain the result announced in Lemma 3.2.

1 oo
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5.2 Estimates on the nonlinear terms

Proof of Lemma 3.5 We recall that

F.(f) = = [pe(ve + f) — p=(v:) _p;(vs)f]a

and that the function p. is C* in ]1,+oc[. As a consequence, we will use extensively Taylor
identities to bound F; and its derivatives. Let us also mention that we will only consider functions
f such that || f||oc < /7 for some constant § < 1, so that |f| < d(v. —1). As a consequence, for
all k € N and for all § < 1/2, there exists a constant C}, such that

Ci P (ve)] < 10 (ve + f)] < Crlpl™ (v2)].

As a consequence, we infer easily that

|E-(f)] < Cpll(ve) f? < Cmﬂ

The estimates on 9% (F.(f)) follow from similar arguments after differentiation. We have

02(Fo(f)) = —0ve [PL(ve + f) — pe(ve) — pL (ve) f]
— 0u f [pL(ve + f) = pL(ve)] s

and therefore

O (Fe(D)] < C [0 p ()| £2 + P (0| 1102 1]

In a similar manner, we have for the second derivative

2(F-(f)) = —02ve [Pl (ve + ) — pL(ve) — 2 (ve) f]
= (000)? [P (02 + ) = pL(v2) = 2 (02) ]
— 20,00, f [P (v + f) — pZ (ve)]
— (021)?pY (v + f) — 02 f [pL(ve + f) — pL(ve)].
As a consequence, using inequalities (38) and (39), we obtain
02(FL(f)| < Ce™ V0,0 pP) (v2)| £
+ COyvept™ (ve) f2
+ CO: P (vo)] | ] 102 f |
+ Cpll (v) (0o f)? + Cpl (ve) | f1 102 1.
Using Young’s inequality, we obtain the estimate announced in the Lemma. The estimates on G-

are similar and are left to the reader.

Proof of Lemma 3.6. Once again we focus on F;. The estimates for F.(f1)—F:(fz2), Oz(Fe(f1)—
F.(f2)) go along the same lines as above and are left to the reader. The only novelty in 92 (F.(f1)—
F.(f2)) comes from the term (9, f2)?p” (ve + f2) — (Oxf1)?p” (ve + f1), for which we write

(0af2)?p2 (ve + f2) — (O f1)?PY (ve + f1)
= (3$f2)2 [pla/(ve + f2) — pIE/(UE + f1)] + Oz fo — 02 f1)(0x fo + 8xf1)p/e/(ve + f1),

and therefore

|0 f2)?PL (Ve + f2) — (0 f1)°PL (v + f1)]
< Clp® ()| [0 f2)?1 1 = fol + 10 f2 — Oufi] 10 f2 + Oufi] -
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