N
N

N

HAL

open science

Regression function estimation on non compact support

in an heteroskedastik model

Fabienne Comte, Valentine Genon-Catalot

» To cite this version:

Fabienne Comte, Valentine Genon-Catalot. Regression function estimation on non compact support
in an heteroskedastik model. Metrika, 2020, 83, pp.93-128. hal-02009555

HAL Id: hal-02009555
https://hal.science/hal-02009555
Submitted on 6 Feb 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02009555
https://hal.archives-ouvertes.fr

REGRESSION FUNCTION ESTIMATION ON NON COMPACT
SUPPORT IN AN HETEROSKESDASTIC MODEL

F. COMTE AND V. GENON-CATALOT

ABSTRACT. We study the problem of non parametric regression function estimation on
non necessarily compact support in a heteroskedastic model with unbounded variance.
A collection of least squares projection estimators on m-dimensional functional linear
spaces is built. We prove new risk bounds for the estimator with fixed m and propose
a new selection procedure relying on inverse problems methods leading to an adaptive
estimator. Contrary to more standard cases, the data-driven dimension is chosen within a
random set and the penalty is random. Examples and numerical simulations results show
that the procedure is easy to implement and provides satisfactory estimators. December
31, 2018

KEYwORDS: Heteroskedatic regression model. Least squares estimation. Model selection.
Projection estimator

1. INTRODUCTION

This paper is concerned with nonparametric regression function estimation under some
non standard assumptions. Consider observations (Xj,Y;)i=1,.. n such that

(1) Y, = b(XZ> + O'(Xi)&', 1=1,....,n,

where the random variables (X;) are real-valued, independent and identically distributed
(.i.d.), with density f, the noise variables (g;) are i.i.d. with E(e;) = 0, Var(e;) =1
and the sequences (X;), (&;) are independent. The function b(.) : R — R is unknown
and we aim at estimating b from the sample (X, Y;)i=1,.n. This problem has been the
subject of a huge number of contributions and various methods have been developped (see
e.g. Tsybakov, 2009, for a reference book). Here, we are concerned with nonparametric
projection estimation of b where estimators are obtained by minimization of a least squares

contrast
n n

1 1 1 o
2 n(t) = =Y (X)) —2Vit(X)] = = ) [YVi—t(X))P— =) Y2
) n(t) = 5 SICCK) = )] = £ 3ol — (X - 3,
over a collection of finite dimensional subspaces of L?(A4,dx) for A C R. This approach
provides directly an estimator of b without requiring the estimation of the unknown den-
sity f of the X;s. A model selection procedure allows to determine the best choice of the
dimension m. On the other hand, the estimation of b is restricted to the set A (see e.g.
Birgé and Massart (1998), Barron et al. (1999), Baraud (2002) among others).

Papers concerned with model selection in a heteroskedastic regression model are not so

numerous. Comte and Rozenholc (2002), estimate the pair (b, o) by a two-step procedure
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2 F. COMTE AND V. GENON-CATALOT

(one for b and one for ¢) and give risk bounds separately for each function in L?-norm.
Under the assumption of bounded data, in Arlot (2007, chapter 6), estimation of the
regression function is studied. For polynomial collection of models, the author provides
oracle inequalities for the quadratic risk relying on resampling penalties. Galtchouk and
Pergamenshchikov (2009), propose an adaptive nonparametric estimation procedure lead-
ing to an oracle inequality for the quadratic risk under some regularity assumptions. Gen-
dre (2008) deals with estimation using a Kullback risk. In a recent paper, Jin et al. (2015)
study the problem of estimation in heteroskedastic regression (see also references therein),
but the point of view is rather different: they consider asymptotic properties in pointwise
setting, while we are interested in global risk from nonasymptotic point of view. Moreover,
we do not study here the estimation of the volatility function, but its specific impact on
regression function estimation.
In all of the above references and in most references, the estimation set A is assumed to
be compact, and this plays a crucial role in the assumptions and bounds. In addition, it is
fixed in the theory but in practice, adjusted on the data which contradicts the theoretical
assumption. This is why we intend to overcome this drawback and investigate the case
where A can be the whole real line or R*, and in any case a non compact set. This raises
specific difficulties which were investigated in a recent paper (Comte and Genon-Catalot,
2018) for the homoskedatic regression, i.e. o(xz) = 1. Now, we study the heteroskedastic
case with the additional difficulty that we do not assume o bounded. In particular, we
provide a new formula for the variance term of the procedure, which makes the influence
of the function o(.) clear, and leads to a more precise evaluation of it in the model selec-
tion procedure. This involves real difficulties, as we both estimate matrices defining the
penalty function, and the collection of models, which is also random and data driven.
Projection estimators of b on a fixed space are studied in Section 2. For the risk
bound defined as the expectation of an empirical norm and as the expectation of the
IL2(A, f(x)dz)-norm, we obtain a variance term which is new. Moreover the risk bounds
require a constraint for the possible dimensions of the projection spaces, called “stability
condition” following the terminology introduced in Cohen et al. (2013). Section 3 concerns
the model selection procedure where a data driven choice of the projection space dimension
is proposed. The non compacity of the estimation set and the unboundedness of ¢ induce
a specific treatment. First, the data driven dimension is chosen in a random set and the
penalty too is random. For the selection procedure, the function ¢ is supposed to be
known. Section 4 contains examples of bases with non compact support and numerical
simulation results on various models. To estimate the regression function on R, we propose
to use the Hermite basis and for estimation on R, the Laguerre basis is convenient. These
two bases have been recently used for density estimation on non compact support (see e.g.
Comte and Genon-Catalot, 2018a) and for regression in a homoskedastic model in Comte
and Genon-Catalot (2018b). In practice, o is unknown and we show on simulations how
to estimate this function in order to make the procedure implementable. Section 5 gives
some concluding remarks.

2. PROJECTION ESTIMATOR ON A FIXED SPACE

Let A C R and consider S,, a finite-dimensional subspace of L?(A4, dx) spanned by an
orthonormal basis of A-supported functions (¢q,...,om—1). We assume that for all j,
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fgoj x)dx < +oo. With ~,, defined in (2), we set

by = i t).
m = 218 1in (0

The computation of bom using the basis (¢, ..., pm—1) is very classical. To recall it, let us
introduce some notations. For functions s,t and for u the vector (uy,...,u,) (u' denotes
the transpose of u), we set

1 & 1 —
i=1 i=1
We introduce the matrices
. . 1~ ~
D, = (0 (Xi)1<i<n0<j<m—1,  ¥m = (5, PkIn)ocsham 1 = E(I);n(b'"%
and
3) v, = ([ s)onta)(wha) —E(G,).
0<j,k<m—1

Set Y = (Y1,...,Y,)". Then, the m-dimensional vector am = (G (()m)7 .. 761521)1)/ such that

~

b = Y5- 01 a§ )cpj is given, if U,, is invertible almost surely (a.s.), by
(4) " = (8),0,,)7'®

2.1. Risk bound in empirical norm. We now evaluate the risk of the estimator I;m.
The following notations are used in the sequel. For h a function, hy := hlga, ||h|| is the
L%(A, dz) norm, ||h|; is the L?(A, f(x)dz)-norm, ||h|/« is the sup-norm on A. For M a
matrix, we denote by [|M||op the operator norm defined as the square root of the largest
eigenvalue of MM'. If M is symmetric, || M||op = sup{|A;|} where \; are the eigenvalues
of M. If M, N are two matrices with compatible product M N, | M N|op < ||[M||opl|N|op-
The trace of a matrix M is denoted Tr(M).

Assuming that E[o%(X1)] < 400, we define the matrices

(5) < Za Xi)pr(Xi )> and ¥, 2 = E[U,, ]

0<,7,k<m—1
In other words,
(6) U0 e ( / soj<x>sok<x>oz<x>f<x>d:c) .
0<j,k<m—1

Proposition 2.1. Let (X;,Y;)1<i<n be observations drawn from model (1). Assume that
W, is invertible a.s. and consider the least squares estimator by, of ba = bl a. Then

E[Tr(\I/;ll \Ijm,UQ )]
n

7 _ 2 < ‘f _ 2
B[l — bal2] < inf llba —tl +

If in addition 04 = 014 is bounded, then E[Tr(‘/l}gml(l\'m’gz)] < mlloal’.
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If 0%(z) = o2 is constant, (I\’mpz = 62V, and the variance term is simply o2m/n. This
exactly coincides with the homoskedastic results. If o(z) is not constant, the variance

term becomes E[Tr(\i;ll\/flm’gz)]/ n which is new. Now, to have a better understanding of
its rate, assume that

(7) L(m) := sup Z go?(x) < +00.

The quantity L(m) was introduced in Comte and Genon-Catalot (2018a). It is independent
of the choice of the L?(dz)-orthonormal basis of S,,. Moreover, for nested spaces (i.e.
m < m' = S, C Sp), the map m — L(m) is increasing. We show below on examples
that condition (7) is not stringent and that L(m) is on classical examples of order m (see
Section 4).

Proposition 2.2. Let (X;,Y;)1<i<n be observations drawn from model (1). Assume that
W, is invertible a.s. and that E(c*(X1)) < 400, E(b*(X1)) < +o00. Let m be such that

_ c n ~ 1—1og(2)
(3) L)1 oy V1) € S, o= B

Then, the least squares estimator bom of bs satisfies

; . 2 _ _ c
Efllbm — 2] < jinf [ba —#]F + > Tr [q,ml/z\ymﬁq;ml/z] v

where ¢ is a constant depending on E(e}) and [ b%(x)f(z)dz.

We mention that the value of ¢ is chosen in order that Lemma 6.1 holds.

Condition (8) is to be interpreted as a stability condition. If m is too large, then the
least-squares estimator may be very unstable. Such a condition was introduced in Cohen
et al. (2013) and used also in Comte and Genon-Catalot (2018b). On the other hand, if
A is compact and f is lower bounded by fy on A, then ||¥, !op < 1/fo (see Proposition
4.1 in Comte and Genon-Catalot (2018b)). This means that condition (8) can be written
L(m) < ¢((fo A 1)/2)n/log(n): this constraint is very weak, especially when L(m) is of
order m, see (12).

2.2. Risk bound in integral norm. To bound the risk in L2(f(x)dz)-norm, we intro-
duce a cutoff and define

(9) b = bm L ) (|§7 o V1) <o/ Tog(n)”

where L(m) is defined by (7) and ¢ in (8). For nested spaces, it is proved in Comte and

Genon-Catalot (2018a) that the maps m — [|[U!|| and m — ||¥; | are nondecreasing
(see Proposition 2.2).

Proposition 2.3. Let (X;,Yi)1<i<n be observations drawn from model (1). Assume that
Uy, is invertible a.s., and that E(c%(X1)) < 400, E(b*(X1)) < +o00. Consider the estima-
tor by, of ba. Let m satisfy condition (8), then

~ 8¢ 8 c
10)  E[[bm — bal2] < (14— ) inf ba—t]2 + 2T [\1:*1/2\1/ \rl/ﬂ ¢
(10) B[l —bal) < (14 oo ) i Joa =3+ ST [0, 00,072+ £

where ¢ is a constant depending on E(e}), [bh(z)f(z)dz, [o%(z)f(x)dz.
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If 0%(z) = 0%, ¥, .2 = 0?¥y, and Tr [\1'7711/2\Ilm702\11%1/2] = o?m. In all cases, the

variance term Tr [\If,;l/ 2\11m’02 ‘117;1/ 2} has the following properties (see Proposition 3.2 in

Comte and Genon-Catalot (2019)).

Proposition 2.4. Let m be an integer. Assume that U, is invertible and Eo?(X1) < +oo0.

(1) If the spaces Sy, are nested, then m — Tr[\llfnlﬂ\lfm’gz\llﬁllﬂ] is non-decreasing.
(2) If o is bounded on A, then Tr[\I/;zl/Q\Ilm’Uz\IlT_nl/Q] < ||oall2m.
(3) Under condition (7), Tr[W,">W,, 205""%] < B0 (X1)]L(m)|| U5 lop-

When o2 is unknown, the upper bound (3) is interesting as E[o%(X1)] is easy to estimate
and this quantity has been used as penalty term in the context of drift estimation in
stochastic differential equations studied in Comte and Genon-Catalot (2019). However,
this upper bound is not sharp. On simulations, we observe that the left-hand side seems
proportional to m while the right-hand side increases very fast with m.

2.3. Discussion on rates and lower bound. The evaluation of risk rates in this prob-
lem is delicate. Indeed, we do not know explicitly the variance rate in the risk bound (10)
and the assessment of the bias term requires to introduce specific regularity spaces linked
with f. In Comte and Genon-Catalot (2018b), the following spaces were introduced:

(11) WA, R) = {h € L2(A, f(x)dx), V¢ > 1,[[h — hi || < Rﬁ}

where h£ is the L?(A, f(x)dx)-orthogonal projection of h on Sy. Hence, for f € Wi(A, R),

S

infeg, [|ba — t||3f < Rm 3. If the function ¢ is upper bounded, by Proposition 2.4, the
variance term is upper bounded by a term of order m/n. Therefore, if mqp = pl/(s+1)
satisfies (8), then, the risk of l;mopt is upper bounded by Cn~5/(s+1),

If in addition o is lower bounded (o(z) > o9 > 0), the proof of Theorem 3.1 in Comte
and Genon-Catalot (2018b) can be extended without difficulty and leads to the following

lower bound: for g1 ~ N(0,02),

liminfinf sup [ [TLS/(SH)HT —ball7] > ¢
n—+oo Ty, bAve(A,R) 4 ! /

where infr denotes the infimum over all estimators and the constant ¢ > 0 depends on s
and R.

3. ADAPTIVE PROCEDURE

We present now a model selection procedure and associated risk bounds where the
following assumptions are used.

(A1) We consider a nested collection of spaces (Sy,,m € M,) (that is S,, C S, for

m < m/') such that, for each m, the basis (¢g, ..., pm—1) of S, satisfies
m—1
(12) I Z go?Hoo < cim for ci >0 a constant.
=0

(A2) || fllos < o0
orax>landm>1, - > c'm", where c* 1s a positive constant.
A3) F >1and m > 1, ||¥,'2, > ¢*m®, where ¢* is a positi
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(A1) > m|| T, ope ™" < T < Ho0.
m>1
Assumption (A1) is satisfied on most examples of compactly supported bases and for the
non compactly supported Laguerre and Hermite bases (see below Section 4). Assumption
(A2) is standard and rather weak. Assumption (A3) holds for the Laguerre and Hermite
bases (see Proposition 3.4 in Comte and Genon-Catalot (2018)) with a = 1 (see Section
4). Assumption (A4) holds for instance when ||V, !|,p has polynomial order which is
the case if the unknown density f is RT-supported, satisfies f(z) > ¢/(1 + z)* for all
x > 0 and the Laguerre basis is used or if f satisfies f(z) > ¢/(1 + 2?)* for all 2 and
the Hermite basis is used (see Comte and Genon-Catalot (2018), Proposition 3.5). Let
us mention that if || 1|2 is bounded by a constant 1/fy, Assumption (A4) is auto-
matically fulfilled, but Assumption (A3) is not. However, Assumption (A3) is useful to
deal with the random penalty involving several matrices. In fact, in the case of bounded
| W12, the penalty may be taken proportional to ciE(aQ(Xl))m/(fgn) (see Proposition

op’
2.4, (3)) and studied as in the homoskedastic case (see Comte and Genon-Catalot (2018a)).

Under (A2), we define!
(13)

M, = {m €N, Em (U2, V1) <

RS

n - 1/192 3
1og<n>}’° {evn+issY<h

To select the most relevant space S,,, we set

(14) i =arg min {~[bm|2 + pen(m)}
mGMn
_ m s = = 10 =
(15) pen(m) =26 V(m),  V(m) = [[0,120,, 207 op + 1,

where k is a numerical constant and M\n is a collection of models defined by

o 2 T12 n
(16) M, = {m e N,com([[¥,, o, V1) < Dlog(n) },

The set M\n where m is chosen is random which is not usual in such procedures. It is the
empirical counterpart of M,, defined by (13) (with a change of constant). Similarly, the
theoretical counterpart of pen(m) is

a7) pen(m) = s V(m), V() = [0,/ 20, 2y 1.

Note that if 62(z) = o2 is a constant, then V(m) = V(m) = o2 + 1 and the penalty
pen(m) is nonrandom. Note that both m — V(m) and m — V(m) are nondecreasing as
can be easily checked.

Theorem 3.1. Let (X;,Y;)i1<i<n be observations from model (1). Assume that (A1l)-
(A4) hold, that E(e1%) < +o0, E[b*(X1)] < +o0, and E[a7%(X1)] < 4o00. Then,

IThe constant 9 is calibrated in order that (33) and (42) both hold.
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there exists a numerical constant kg such that for k > kg, we have

N (04

A 21 <« : i —+|2 =
(18) Ellbn -~ ball) < € g, ( inf 104 = el + pentm) ) + <
and

N (o4
1 E[|[by — ball?] < inf [ inf ||bg — || 1
(19) M~ bal) < €1 ing ((inf o ol + pentm) ) +

where C,Cy are a numerical constants and C',C{ are constants depending on f, b, o.

Note that we do not use the exact value of variance in the empirical and theoretical
penalty, but an upper bound on it, as for a m x m positive matrix, Tr[M] < m||M ||op.
As usual, the data-driven choice (14) of the dimension m is dictated by the squared-bias-
variance compromise. Two difficulties are to be stressed. First, m is chosen in a random
set (this was already the case in the homoscedastic model treated in Comte and Genon-
Catalot (2018)). Second we have to deal here with a random penalty which was not the
case in the homoscedastic regression model. Handling this in the proof is rather difficult.
For practical implementation, the constant x is calibrated by preliminary simulations in-
stead of applying the theoretical value k¢ provided by the proof which is not optimal. The
penalty (15) depends on the vector (0%(X;),i = 1,...,n). In Section 4, we propose to
replace these values by ((Y; — b (X;))?2) for a m taken close to the maximal possible value
and show that this works well on simulations.

4. EXAMPLES AND NUMERICAL SIMULATIONS

For implementation, we consider either the Laguerre basis (A = R™) or the Hermite
basis (A = R). Both are easy to handle in practice.
- Laguerre basis, A = R™. The Laguerre polynomial L; and the Laguerre function ¢; of
order j are given by
- w72
. b= kz—()<_1) <k>k" lj(a) = V2L;(22)e "1z50, j > 0.
The collection (¢);>¢ constitutes a complete orthonormal system on L?(R™) satisfying
(see Abramowitz and Stegun (1964)): Vj > 0, Vo € RT, |¢;(z)| < v/2. The collection of
models (S, = span{fo, ..., Ly —1}) is nested and obviously (12) holds with ¢ = 2.
- Hermite basis, A = R. The Hermite polynomial H; and the Hermite function of order j
are given, for j > 0, by:
.2 dj .2 2 . _1/2
(@) Hy) = (1), ) = gHy@e T, = (2iVF)
The sequence (h;,j > 0) is an orthonormal basis of L2(R, dx). Moreover (see Abramowitz
and Stegun (1964), Szego (1959) p.242), ||hille < ®o, P =~ 1,086435/7/* ~ 0.8160, so
that (12) holds with ci = ®32. The collection of models (S,, = span{hg,...,hm_1}) is
obviously nested.

Laguerre polynomials were computed using formula (20) and Hermite polynomials with
Hy(xz) =1, Hi(x) = = and the recursion H,41(x) = 2eH,(z) — 2nH,_1(x).
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oi(x) =0 oo(x) = ov/|x| o3(x) =ov1+ a2
X~ U(=1,10) | N(0,1/3) | U([=1,1]) | N(0,1/3) | U([=1,1]) | N(0,1/3)

b1 (Z‘)
FEmp. || 0.14 0.14 1 0.25 0.25 || 0.09 0.08 | 0.25 0.23 || 0.16 0.17 | 0.78 0.69
(0.1)  (0.1) | (0.5) (0.5) (0.06) (0.06) | (0.2) (0.17) || (0.10) (0.12) | (0.47) (0.46)
L? 0.13 0.13]0.22 0.22 | 0.0r 0.07 | 0.18 0.17 || 0.14 0.16 | 0.52 0.46
(0.1)  (0.1) | (0.5) (0.5) (0.05)  (0.05) | (0.16) (0.13) || (0.09) (0.11) | (0.40) (0.35)
dim 43 43 | 64 6.7 42 41 |62 6.0 | 40 41 | 50 5.2

(07) (08 | 11 (15 || 05 (03 | 02 (08 | (02 (05 | 13 (1.2

bQ(ZL‘)
Emp | 0.17 0.17]0.24 0.24 || 0.12 0.13]0.30 0.34 || 0.21 0.22 | 0.81 0.59
(0.08)  (0.09) | (0.12)  (0.13) || (0.06) (0.05) | (0.70) (0.70) || (0.10) (0.11) | (0.79) (0.35)
L? 0.15 0.15)0.21 0.22 || 0.10 0.11 ]0.23 0.25 ] 0.19 0.20 | 0.46 0.40
(0.07)  (0.08) | (0.14)  (0.15) || (0.05) (0.04) | (0.68) (0.68) || (0.10) (0.11) | (0.32) (0.27)
dim 3.8 4.0 | 6.5 6.9 39 37 |64 58 3.1 33 | 51 5.2
(1.1)  (1.2) | (1.17)  (1.17) (1.2)  (1.0) | (1.5) (1.2) (0.5)  (0.7) | (1.1)  (0.6)

bg(l‘)
Emp || 0.14 0.15|0.21 0.22 || 0.09 0.09|0.34 0.23 | 0.24 0.21 | 0.60 0.57
(0.08) (0.09) | (0.11) (0.12) || (0.06) (0.06) | (2.19) (0.15) || (0.22) (0.16) | (0.72) (0.29)
L? 0.13 0.13]0.18 0.19 || 0.08 0.08 |0.27 0.16 | 0.21 0.19 | 0.44 0.40
(0.08) (0.08) | (0.13) (0.13) || (0.05) (0.05) | (2.1) (0.12) || (0.18) (0.14) | (0.64) (0.28)
dim 5.1 52 | 65 6.7 51 51|63 601 50 51| 55 54

0.3)  (7) | 7)) (1.8) || (04) (03) | 1.5 (1.2 || 0.3) (0.4) | 0.7) (0.6

b4($)
Emp. || 0.92 0.91 | 5.02 242 || 0.81 0.81]5.65 247 | 1.25 1.03]9.38 3.07
(0.18)  (0.11) | (4.65) (0.67) || (0.08) (0.08) | (4.96) (0.72) || (0.81) (0.17) | (7.12) (0.81)
L? 0.89 0.88 |4.47 2.19 || 0.78 0.78 1493 2.16 || 1.19 0.97 | 8.04 2.50
(0.19) (0.12) | (3.98) (0.65) || (0.08) (0.08) | (4.35) (0.69) || (0.79) (0.17) | (6.23) (0.85)
dim 11 11 | 145 16.0 11 11 | 143 16.1 | 10.8 11 | 13.0 16.1
(0.1)  (0.0) | (2.0) (1.0) (0.0)  (0.0) | (2.1) (1.1) (0.6)  (0.0) | (2.2) (1.1)

TABLE 1. Emp.= empirical risk x 100 (with std x 100), L? = standard
L2-risk x 100 (with std x 100), dim= mean of the selected dimensions
(with std). 400 samples with size n = 1000.

We consider several models. In all cases, we generate the €;’s as i.i.d. standard Gaussian
random variables. For the distribution of X, we choose X ~ U([—1, 1]) (compact support
case), or X ~ N(0,1)/v/3 (non compact support case), both have the same variance equal
to 1/3. Graphs are also given for X with Gamma distribution v(3, 1/4) for implementation
using the Laguerre basis. The uniform case allows to check that the general procedure
works also in the compact setting. For the function b(x) we experimented

bi(z) = =22+ 1, by(z) =1 — 22, by(x) = sin(rx + 7/3), by(z) = 2(z + 26_16932)
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jointly with different functions o(x), with o = 0.5 in all cases:

o1(z) =0, oo(x)=0|z|, o3(x)=+V1+22

The maximal dimension 9n/log(n) is replaced by Dyax = |n/log?(1 +n)| — 1, which
from theoretical and practical point of view avoids to look for a specific value of 0. The
cutoff to fix the random collection of models as/sgciated with each path is taken much
larger than recommended by the definition of M,, in (16), namely we consider all di-
1/4
p

mensions m < Dpax such that 2||\/I\J;11Ho < Dinax, this defines a maximal value of m,

M\n. The choice of M\n is really delicate and implementing the true stability constraint
mH\f/;anOp < Dpax is probably possible but further numerical investigations would be
required to avoid rare explosion events. The penalty constant is roughly calibrated to
the value £ = 3 in the two cases where the true function o(x) is used for computing
H‘T’m,cﬂuop and where the terms 02(X;) in the matrix are replaced by ((Y; — by (X:))2),

—

with m* = M,, — 2.

Simulations results are given for sample sizes n = 400. For Table 1, K = 400 repetitions
are done to compute the risks. Column ”6” means that the coefficients of the matrix (I\/m70-2
are estimated as specified previously and column ”¢” means that function o is assumed
to be known (in the computation of the matrix \/I;mﬁz in the penalty).

Table 1 gives the empirical mean squared error (multiplied by 100) (Emp) computed as
K n
RS A : RE
=2 =3 [ () —b(x )]
j=1"i=1

where Xi(j ) is the ith observation of the jth simulated path, and the L2-risk (multiplied by
100) (L?) computed as

K 100

23> [ @) — b))
j=1 =1

where (xéj))lgjgmo is a set of 100 equispaced points on [al?),b0)], aU) is the 2% quantile

of the sample (Xi(J ))1§i§n and bY) the 98% quantile. Standard deviations multiplied by
100 are given below in parenthesis. We also give the mean of the selected dimensions along
the 400 repetitions, “dim”, together with its standard deviation in parenthesis.

The results in Table 1 show that the procedure works quite well. We can see that the
MSEs are smaller for uniform than for Gaussian X;’s. Empirical MSEs are generally larger
than standard L2 error, but this may be due to the fact that the partition excludes points
near the borders. Globally, estimating o(z) for the penalty seems to work well, except
for by and Gaussian X, where the error is much larger for estimated o(x) than for known
o(x). For uniform X, the risk is smaller for o9(x) that for constant function oq. This may
be due to the variance reduction associated with the factor \/m when |z| < 1, and this
is coherent with the observed increase for o3(x).

Figure 1 presents beams of estimated functions for 40 different paths. The results are
rather typical of the method for such sample size, when using Hermite (on R) or Laguerre
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o(x) =ov1+ 22, X ~ N(0,1/3)

2

Hermite basis, ba(z) =1 — =z

“is -1 -05 o 05 1 15 “is -1 05 o 05 1 15

m=4.9 (1.1), Emp. = 0.9 (0.8) m = 5.2 (0.7), Emp. = 0.6 (0.3)

Laguerre basis, b3(z) = sin(mx + 7/3), o(z) = o/|z|, X ~~v(3,1/4)

05 1 15 2 25 ) 05 1 15 2 25

m = 6.5 (1.4), Emp. = 0.4 (0.4) m = 6.8 (1.4), Emp. = 0.3 (0.2)

o 05 1 15 2 25 o 05 1 15 2 25

m = 5.4 (1.5), Emp. = 0.8 (0.5) m = 5.7 (1.6), Emp. = 0.7 (0.2)

FIGURE 1. The true function b in bold (red-black) and 40 estimated curves
(green-grey) in Hermite basis (top) or Laguerre basis (middle and bottom),
the true in bold (red), n = 1000, 772: mean selected dimension (std), Emp.
= 100x empirical risk (100 std).

basis (on RT). The empirical risks given below graphs are computed as for Table 1 but for
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the 40 paths of the illustration. The method is stable as shown by the variability bands
and the values of risks.

5. CONCLUDING REMARKS

In this paper, we consider the nonparametric regression function estimation by projec-
tion method allowing the estimation set to be non compact and the variance to be un-
bounded. This paper completes and extends the paper Comte and Genon-Catalot (2018b)
where the homoskedastic regression model is studied with the analogous method. Intro-
ducing an unbounded variance term changes a lot the theoretical study. First, the upper
bound of the estimators risk shows a new variance term whose explicit rate is not easy to
determine. This makes the determination of the optimal rate difficult. The problem of
finding it and proving a corresponding lower bound is open and worth of interest.

In both the homoskedastic and heteroskedastic models, the data-driven dimension is
chosen in a random set which is not standard. In the heteroskedastic case, the model
selection procedure relies on a random penalty which is not the standard case too. The
resulting estimator is adaptive in the sense that its risk automatically achieves the square-
bias-variance compromise. As illustrated by our simulations, the method is easy to imple-
ment and works well.

6. PROOFS

6.1. Proof of Proposition 2.1. Let us denote by II,, the orthogonal projection (for the
scalar product of R™) on the sub-space {t(X1),... ,t(Xn)),/tE Sm} of R™ and by IL,b the
projection of the vector (b(X7),...,b(X,))". The following equality holds,

(22) b = balls = 1L = balli + [lbm — Lnbll2 = Jnf ¢ —ballz + 16 — L]l
By taking expectation, we obtain
E[lbm — ball2] < inf ([t = ball} +E [ b — bl -

Denote by b(X) = (b(X1),...,b(X,)) and ba(X) = (ba(X1),...,b4(X,)). We can
write R
bin(X) = (b (X1)s -+, bin(Xn)) = @™,
where a(™) is given by (4), and
b = 0,a™, @™ = (& ,) ' b(X).
Now, denoting by P(X) := im@;ﬁm)—lfﬁgw and by 542 the nx 1-vector with coordinates
oa(Xi)ei, i =1,...,n, we get, as the ¢; are A-supported,

Jom — b2 = [PCOFRE = —IPCOFR,, = () P(X)(@22),

as P(X)P(X) = P(X) and P(X) is the n x n-matrix of the euclidean orthogonal
projection on the subspace of R™ generated by the vectors ¢o(X),...,om—1(X), where
(p](X) = (QOj(Xl), ey QOJ(XH))/ Note that

E(|P(X)7a2ll3,,) < E(|742]3,) < loallE(|2113,,) < +oo.
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Next, using that P(X) has coefficients depending on the X;’s only,

E[@)P(X)(02)] = ) Elaicco(X)o(Xo)[P(X)ie] = Y E[o*(X:)[P(X)];]
7,0 =1

= Y Y B X)e (X)e(X0) [T ]54]

i=1 0<j,k<m—1

= B W okl ik = E [ Trl®,, 207
7.k
If o is bounded on A, we have E[(72)'P(X)(52)] < [loa|XLE[Tr(P(X))] = m|oal%, as
Tr(P(X)) = Te[(®, ®pn) L@, pn] = m. We obtain the result of Proposition 2.1. O

6.2. Proof of Proposition 2.2. We define the set,
4]

(23) fim = { o2

It is easy to see that (see Proposition 2.3 in Comte and Genon-Catalot (2018)):

-1

1
< = )
< Q,Vt € Sm}

(24) O = {yym;l/Q@mm;l/Q — Tdumlop < ;}

This implies that on ,,, all the eigenvalues of U2, belong to [1/2,3/2]. The
following lemma is proved in Comte and Genon-Catalot (2018) (see Proposition 2.3 and
Lemma 6.3) and determines the value of c.

Lemma 6.1. Under the assumptions of Proposition 2.2, for m satisfying condition (8),
we have P(QS,) < ¢/n*, where ¢ is a positive constant.

Now, we write
(25) o = balla = 1Ibm = balliLo,, + [bm — ballz o,

For the last term, we have

n
(26) 1ba = bl = b4 = TnballZ + [Mooell2 < [BI7 + 0" o?(Xp)er.
k=1
Thus

n

N 1
E[llba — bm|21a: ] < E[[b]21ac ] +EZIE[02(X1)€%19%]

k=1
. C
(27) < (EV2[pY(X0)] + EV2 [0 (X0)|EV2[1])PV2(¢,) < =
Next,
E[llba — bm|21a,] = E[[ba —yball21a,] + E[|I,oz|21q,,]
. 2 2
(28) < té%fn 164 =t} + E[|[TLno¢l]; 10, ]
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From the proof of Proposition 2.1, and using that §2,, only depends on Xi,...,X,, we
have )
E[|[0¢|7 10, ] = -E T (V7 Wy 02) 10, | -

We note that

e B, 0) = T(WY2T, 020,120, o0, 112),
We know that the eigenvalues (\;)i<j<m of ‘1171,{2@;}\117171/2 belong to [2/3,2] on §,. Write
U192 = P'DP, with D = diag(\;) and PP’ = P'P = Id,, and denote by M =
P\Il,_nl/ 2\/177;102 \I/,_nl/ 2P. The matrix M is symmetric nonnegative so that [AM];; > 0 for all
j. Thus

m

Te(0Y 20, Y20, V2, 20 V) = Te[DM] =Y Aj[M];; < 2Te(M).

m
j=1

Now as Tr(M) = Tr(\I/;ll/Q\flmJg\I/;ll/Q), we get

1 ~_ 4 2
(20)  Elnoz)210,] = B [Te(@51 0, )10, | < = [T, 20, .0 12)].
n ’ n ’

m

Now, gathering (29), (28) and (27) and (25) gives the result of Proposition 2.2. O.

6.3. Proof of Proposition 2.3. Let (see (9))
A = 3 L) (185 lop V 1) < e
o VU S g S

Lemma 6.2. Under the assumptions of Proposition 2.2, for m satisfying condition (8),
we have P(AS,) < ¢/n*, where c is a positive constant.

Now, we write
(30) bm = ballF = [lbm — bal3 Lo, + [bm — ballFlag na,, + bl 1ac,

The last term is obviously negligible as IE[HbAH?IA%] < ”bA”?P(Afn) < cE[p?(X71)]/n.
For the middle term, we have from (42) in Comte and Genon-Catalot (2018) (proof of
Proposition 3.1), that
. c
E(|[bm — ballF1ag,na,.) < .
So we turn to the main term and denote by b%‘) the orthogonal projection of b on Sy,
w.r.t. the norm ||.|,. Set also (see Cohen et al. (2013)) g = b — b where by is the

orthogonal projection of b on S, w.r.t. the norm ||.||;. Note that ||g||?¢ = infieg,, ||ba —t||?
)
loa—bullF = llg = g% — (bm = 0513 = llgllF + llg%) — (b — 0E)IIF
g1l + 2095113 + 211 (b — 5117
It follows from Theorem 2 in Cohen et al. (2013) that

E([lg5 71 0,0a,) < 4

and ¢

IN

¢

2
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Moreover
E(/|(bm — b5 F10mna0) < 2E(||(bm — W52 10,,04,,) = 2E(| Moz 10,,),

and we just proved in (29) that this term is less than (4/n)Tr(\Il,_nl/2\Ifm7gz \I/,_nlﬂ). Joining
all terms gives the result. O

6.4. Proof of Theorem 3.1. We denote by M, the maximal element of M,, (see (16))
and by M,, the maximal element of M,, (see (13)). We need also:

1 + N, &Em (U2, V1) < 90—
(31) wMi={men dm (v, v <npl

with 0 give in (16). Let M, denote the maximal element of M. Heuristically, with
l/ai"ge probability, considering the constants associated with the sets, we should have M,, <
M, < M, or equivalently M,, C M,, C M, and on this set, we really bound the risk;
otherwise, we bound the probability of the complement. More precisely, we denote by

(32) g, = {Mn c M, M,t},

and use that Lemma 6.6 in Comte and Genon-Catalot (2018) states that: for ¢ a positive
constant,

=cy v v + ¢
(33) P(25) =P ({Mn & My or M, ¢ M} < 5
Then we write the decomposition:
(34) by —ba = (b — ba)lz, + (bs — ba)lze.

Proceeding as in (27), we get that

/

b2 1. <
E[lb - ball31s;] <~

The following Lemma allows to obtain the first Inequality of Theorem 3.1.
Lemma 6.3. Under the assumptions of Theorem 3.1, there exists kg such that for k > ko,
we have (see (17))

. e Vim)\
E[||bs — ball21z,] < f f (1t —ball? )+ =
b~ bali1z,] < int (it = balfy +n ) 4

where C is a numerical constant and C' is a constant depending on f, b, o..

The second inequality of Theorem 3.1 can be deduced from the first one as in Comte
and Genon-Catalot (2018), Section 6.3.4. O

6.5. Proof of Lemma 6.3. To begin with, we note that vy, (by) = —||by||2. Indeed, using
formula (4) and @), ®,,, = n¥,,, we have
T (bm) = [Bmd ™[}~ 2(3™)' @}, Y = (@)@, Y = ~ || pa ™.

Consequently, we can write

mGMn
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where pen(m) is defined by (15). Thus, using the definition of the contrast, we have, for

any m € M\n, and any by, € Sy,

~

(35) Yn(b) + Den(im) < 4 (bm) + pen(m).
On the set =,, = {Mn C M\n c M;t}, we have m < Mn < M, and either M, < m <

]/\Zn < M or i < M, < ]\7,1 < M,". In the first case, m is upper and lower bounded by
deterministic bounds, and in the second,

m = arg min {y,(by) + pen(m)}.
meM,y,

Thus, on E,, (35) holds for any m € M,, and any b, € S,,. The decomposition =, (t) —
Yn(s) = ||t = bl|2 = ||s — b||2 4 2vn(t — 5), where v, (t) = (58, t),, yields, for any m € M,
and any by, € Sy,

16 = 015 < 1o — Bl + 200 (b — bim) + Pen(m) — peni(in).
We introduce, for Htch = [t*(u) f(u)du, the unit ball

Bf (0,1) = {t € Sy + S, |1ty = 1}
and the set

£12
. o, - {|143

1£]]%
We start by studying the expectation on €2,,. On this set, the following inequality holds:
1817 < 2[|t]17. We get, on =, N Qn,

N 1 - — —
165, = blI7 <1bm — bII7 + g b = b7+ (8 sup  v(t) + peni(m) — pen(in))
teBy  (0.1)

1 1, -
(14 3) low = bl12 + 5o — b2 +8( sup  v2(t) = p(m, ) )
teBf,  (0.1) +

(37) + Ben(m) + 8p(m, i) — pen(rn).

_1'32, vie | (Sm+Sm/)\{0}}.

m,m’GMI

Here we state the following Lemma:

Lemma 6.4. Assume that (A1), (A3) and (A4) hold, and that E(e}°) < +o0, E(c}0(X1)) <
+00. Then vy(t) = (08, 1), satisfies

1A

E[( s 22(t)—plmi) 1z,00, | <
teBI, .(0,1) +

where p(m, m’) = sup(p(m), p(m’)) with p(m) = 8mV (m)/n (see (17)).

For k > 64, 8p(m,m’) < pen(m) + pen(m’) . Therefore, plugging the result of Lemma 6.4
in (37) and taking expectation yield that

1 3 C
SE(llbm = bl31=,00,) <5 llbm — b7 + pen(m) + —
+ E(pen(m)1z,ne,) + E[(pen(rn) — pen(im))+1=,na,)-



16 F. COMTE AND V. GENON-CATALOT

Lemma 6.5. Under the assumptions of Theorem 3.1, there exist constants c1,co > 0 such
that for m € M,, and m € M,,

(38) E(pen(m)1z,nq,) < cipen(m) + %2
(39) E{(pen(1h) — pen(im))+1z,n0,) < —.

Lemma 6.5 concludes the study of the expectation of the empirical risk on =, N €,. O

6.6. Proof of Lemma 6.4. In order to apply the Talagrand Inequality, we make the
following decompositions, where k,,, £,, are to be chosen later:

i =i + & M = il <, — Eleilic; <k ]

and set

Un1(t) = (T, t)n,  Un2(t) = (N, t)n, vns(t) = (o€, t)n.

We write
( sup V,?l(t) — p(m, m)) < ( sup 21/,%71(15) — p(m, fn))
teB) . (0,1) teBf  (0,1) +
(40) +4  sup 1/7% o(t)+4  sup 1/72%3 (t).

teBf, .(0.1) teB) .(0,1)

We successively bound the three terms. To bound the first term, we use the Talagrand
inequality applied to the process vy, 1.

Let t = Z;”:_Ol ajp; where @ = v, (a; = 21:_01 [\I',_nl/Z]muk) and ||@|2,m = 1. Then,
||t||?c =dV,,d=1and
m—1 m—1 m—1 m—1
ug (0,12 k0 and  (n,t); < Y (7, ki)
k=0 j:0 k=0 j=0
Therefore,
m— m—1
E sup (n,t)2 Z 0, Y (W kes)a
4ESum, || Wrd 2@ 2,m=1 k=0 j=0
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Then using that the (7;, X;) are independent and the terms are centered, we get

—-1/2
m

[P

S|

1ikei)a

IA
S

S

1

Therefore

Next

IN

E

D

0<j,6<m—1

—Tr
n

[\11;11/2 \Ilm70'2 \11;1/2]

mV(m) Vv m'V(m')

(X))

o*(X1)

2_

(05210 (X1)

3

<.
Il
o

2_

3
L

[0, 005 (X1)

Il
o

J

(02 1 20 [ 02,0

< mV(m)

n

= H?

sup
teBn’:,’m(O,l)

<

n

Var(n7(X1)t(X1)) < E[n7]

sup E[T2(X1)t2(X1)]

teBn{/m(O,l)

sup

E[o?(X1)t*(X1)]

teB), (0.1)

Now, to deal with this last term, we remark

sup
teBi, (0,1

m—1
sup / g U
I3, =1 k=0

)/t202f

—_

m—

>,

J=0

2

o’ f

Y2} ke

sup
13, ., =1

sup
a3, =1

sup

712 =
HUHZ,m_l 7,4=0

a3, =1
As a consequence, we have

sup
teBﬂ{,ym(OJ)

m—1

m

D

Jj=0

5>

]7320

m—1

>

(

k=0

k=0

m—1

Z ug[¥

k=0

—-1/2
m

ml/Z]ij)

)

2

k=0

m—1

Z ug [P

k=0

uk[‘l’;l/Q]j,k> 0| o*f

m—1
(Z wel Ut

—-1/2
m

Var(m7(X1)t(X1)) < V(m)vV(m') :=v

]e,k:) (Vim0

sup AW P, WG = ([ WP, W <V (m).

17

) pipe’ f
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Lastly, setting m* := max(m,m’), for t = Z;n:*(;l ajpj € Bn{/ (0,1), @@ = @'V,,\ 7 with
@'t = 1. Therefore,

sup sup (|U|1|u|<kn|7'( )| [t(x ) <knvVl, sup sup|t(x)]
ter L (0,1) (w,) teBf, (01) *

< cokn by nfL*H\I/;n1

Consequently, the Talagrand Inequality implies, for p(m,m’) defined in Lemma 6.4, i.e.
Ip(m,m’) = 2(1 + 2€)H? with e = 1/2,

1 C
E( s a0 = gpimm)) < SHT+T),
ternym,(O,l) + n

n1/2 V1/2(m )
with Tl — V(m*) e—m*/12 T2 _ k%ﬂni x/m,e kn\/m e “(1){)2
b .

\/nlog(n)
We have V(m*) > 1, and we choose ky, ¢, such that k26, = n'/2. As |0 1|, <

\/on/(mlogn), we get, provided that logn > 1, Ty < v/m* exp(—C5(m*)/4).
~1/2 ~1/2
As 1052 @, 205 lop < 195 lop | W 02 lop amd

V,o2llop = sup & A\ m.o2L = Sup /(Z :Ujgoj(u))202(u)f(u)du < cimE[aQ(Xl)]

1Z]l2,m=1 1Z]2,m=1
we get V(m) < co?m|| ¥, opE[o?(X1)] + 1. So, from Assumption (A4), we have

Z V(m*) e ™ /12 < C?DE < 400.
meM;t

This yields, by summing up all terms over m’ € M},

1 1
E sup  [Vna*(t) — =p(m, 1) < E sup  [vna]*(t) — sp(m,m)
<t€B7fhym(0,l) 2 )+ %/: <t€Bfn’,m(O’1) 2 >+
C
41 < —.
() < ¢
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Now, we study the second term in (40). Recall that M, < n is the dimension of the
largest space of the collection M. Then we have

M -1
E sup  vno(D)1z, ) | < W5 E[(nf, o5)n
{(tij;m(o,l) ’ >+} My OP jzo [ i)a]
M;f—l 1 n
=0t llop Do Var(— D (X, (X))
j=0 i=1
LMY o
< M R[] E[0a(X0)?
M9 e llop
< 62+E[UA(X1)103(X1)>&1]
- CE[|UA(X1)|22+‘1] :CE[JEO(XQ}
log(n)£y/ n

by taking £, = n'/* and ¢ = 8.
Let us now study the third term in (40) with k, = n'/®. We have
M —1
E[( s w250) | <19l Yo E[€0a0:)7]

tijfn?m(O,l) j=0

M,F-1

- R

19,k llop D Var(— D" €Goa(Xi)p; (X))
Jj=0 i=1

EME| L o

< LM o2 xR [

1127 o E[c1°]

< 2 E[o*(X1)] E[ef1))5k,] < C

n
This bound together with (41) plugged in (40) gives the result of Lemma 6.4. O

6.7. Proof of Lemma 6.5. Take pen(m) as in (17) and set pen(m) = &'mV(m)/n to
determine &’

On Qy (see (23)), [[[EI2/]¢]% — 1| < 1/2, which implies 2/3 < }¢%/||t|2 < 2, so that

o o] tol2 1412
(G720, 285 2y = sup ]2 = sup 17l = s MOl T
tESmaHtH%ZI teS’"L Ht”n tESnL HtHf HtHn
tol|? ~
< 2sup H O'Hn _ 2“\117711/2\1/771,02\1/7—”1/2”01).

tesm I3
Thus

Vim)la, < 29,20, 20120+ 1)1q,,
< 2V(m)la, +2(9 Y2 (U 02 — W0 02) U2 o 10,
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Now we set
o?(z) = 02,(x) + 82, (), where 02 (2) := aQ(x)laz(x)Scm.

We decompose accordingly

T, -0

m,02 — {\Pm,zﬂ - \Ijm 0',2,1] + [‘llm,sgn - \I’m,sﬁq]‘

2
m,o m s

Let

_ = _ 1
O, = {102 T, = T )0y < 3}

We can prove (see section 6.8) that, for ¢, > 1,

| o

C .. 2 92 4q-1 n
(42) ]P)( fn,a?n) < F if CgomcmH\I’m ||0P < 810g(n)

Under our constraint (13), the above holds for ¢,, = m®/* as under (A3), ||, op >
*m/2,

We write
195 2(0,, 0 — W

m,o2 m,a'Q)

W < 2B, — W)U ol
+H\I’;zl/2((1}m,072n - \Ijm,ofn)\lj 1/2”013190 o2, + H\Ilr_nl/Q((I}m,s?n - \Pm,sgn)\pr_nl/gnop'

and we study the three terms.

First,
Ty = [0, B W )0,y <3< V)
Next,
= B(1¥5* (W03, = Yoz, ) Vi Pllop ez, )
(43) < BV A (W02, = Wiz ) U I (2, 2.

So, we must bound E(HW;}”(@WU% — V02 )V 1/2H0p) and the term
= E(H\Ij';bl/Q((I\’m,s%n - \I]m,s?n)‘lj 1/2”013)
We have

73 < B (1020, — Vo)V PI2,) < 105 12,E (Hﬂ”sup @, = V)5 )
Zl2,m=

2
< e s S Z (B, = U] 2
lallzm=1 =5 \ £ ik
m—1m—1 R 9 H\I/ 1H2 m—1m—1
[0)
< RHEE Tz, = W | 0= 2B SN Var (9 (X1 ) (X1) 5% (X1)
j=0 k=0 J j=0 k=0
4.2 —1112 4 —1112 4+42q
44 < CoMm ‘\I]m ”opIE o X1 o < Capqu}m Hop mE(U (Xl)) < <
(44) < —E(0"(X1)12(x))3en) < < —,
n 1)=Cm n cZ, mb
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for aug/4 = 7 as ¢, = m®/*. Thus 442q = 4456/ and we require E(c*55/%( X)) < +oo.
Using (44) and the Schwarz Inequality yields

= E(| 052V, — Wiz )5 2 op) < 5.
"*m *m m
Similarly,
~ _ cam?|| w2
E (H\Ijr_nl/Q(\Ilm,a?n - \Ijm,o%l)\llml/zugp) TPE( (X1)102(X1)§cm)
4 < CElot (X)) ——.
(15) <l (X))

This yields, plugging (45) and (42) in (43),

= E(H\Ijr_nl/Q((I}m,a?n - ‘I’m,ogn)‘l’r_nl/2||oplﬂjn o2 ) < C/n3/27

Thus for m > 1, and using that under our assumptions m € M, satisfies m < /n as
under (A3), [¥,1]2, > c*m,

v

m m .
T = B9 (W3, = Wi U Ploplez ) < c/n?

and
m m _ ~ B
—Ts = —E(19, 2 (U2, = Vins2 )V lop) < /.

This implies that
E(pen(m)1z,na,) = E(W' = V(m)1z,00,) < 262V (m) + -

and concludes the proof of (38).
In the same way, on €2,,, for all m,

pen(m) = pen(m))4 = = (kV(m) = 'V (m))

—

n +
m B B B .
< O (RN 2 (W2 = B2 05 2 o I 2T 205 2 oy 6 = 6T (m))
m _ ~ _ K 3 -~
< — HH\I/ml/Q(\Ijmych - \I/m,JQ)\I]ml/QHOP -5t (7’% - K//)V(m)
n 2 " \2 N
using that on £2,,,
e ~ 3 3 ~ e 3 3.
(M2 S G 3= §H‘Ifml/2‘1’m, ' llop + 3 = 3V (m).

Then, using the same decomposition on €2,, ;2 and its complement as above,

(pen(m) — pen(m))..
(Rl (g, — W

IN

)‘I’ 1/2”01019‘ o2, +“|"I’;zl/2(‘1’m,s$n _(I\’m,sgn)qj 1/2||0p
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Choose (2/4 — k') <0, hence k" = 2k is convenient, to get

g-12

. . m —~1/2 =
(pen() — BER(m) € RN A (W 00— B2 05 e

RO (W = U ) o

sz~ Urns2
Then
E (pen(in) — pen(im))+1o,nz,)
< X E{"Zﬂ(wxﬂwm/%—@mf,aa ol
m'EM;T ™

P W2 = T2 V9,0 )| < e/

m’,s

as the cardinality of M, is smaller than n and m <n and (1/n) Y, ,(1/(m)?) < ¢/n. O

6.8. Proof of Inequality (42). To get the announced result, we apply a Bernstein matrix

inequality (see Theorem 7.2). Thus we write \I/,}l/ Q\Tfm,ogn \I/;ll/ ? as a sum of a sequence of
independent matrices

\1,7#/2@% 1/2 Z K,

with

Ko (Xi) = U 28 (X) W2, 50(X0) = (95(Xa)or(Xa) o (Xi) Jo<jham-1-
Considering S, = 2 37 | K, (X;) — E [K;(X;)], we compute L and a bound on v(S;,)
to apply Theorem 7.2.

e Bound on [|[K,(X1) — E [K,,(X1)] |lop/n-
First we can write that

1Ko (X1) = E K (X1)] [lop < 1K (X1)llop + [[E Ko (X1)] []op,

and we bound the first term, the other one being similar. As K,,,(X7) is symmetric and
nonnegative a.s., we have a.s.

Ko (X0)llop = sup >~ (W2 [0 28 (X)) pr(Xn)or (X1)

1Zl2,m=1 0<j,k<m—1

<N lop sup D ke (X)) er(X1) o5, (X1)
Hm|2,m§10§j7k§m_1
2

=127 llop P Z Yii(X)om(X1) | | < chmem|| 5 lop.
Zl2,m>

So we get that, a.s.

2cZmeml| 95 lop

(46) K (X0) — E Ko (X1)] o < ~ L.

n
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o Bound on v(Sp) = || i) E[(Km(Xi) — B [Kn(X;)]) (K (Xi) — E K (X3)])] llop/n”.

By definition of the operator norm we have

v(Sm) = ni @ HSup_lm ZE — E [Kn(X;)]) (K (Xi) — E [Kn(X0)])] 7
— % H*Ilsupzlfl E [(Km(X1) — E K (X1)]) (K (X1) — E[Kp (X)) #

L G E(Kn(X0) - E K (X)) 7

T |Z|2,m=1

It yields that, for # = (zg, ..., Tm_1),

m—1 m—1
By =B [(Kmn(X1) — E[Kpn (X)) 23, = Y Var | > [0 1258, (X1)]x[¥,, 1/2%]
7=0 k=0

m—1 m—1m—1 2
< E(ZZ 2 0[S (X 1))k (9,12 7] )
=0 k=0 (=0
m—1 m—1m—1 2
=) E ( [‘1’m1/2]j,e<,0z(Xl)SOk(Xl)U?n(Xﬂ[‘I’ml/2f]k>
=0 | \k=0 (=0
m—1 i m—1 m—1 2
=) E <U72n(X 125 000(X1) Z (X I/Qf]k)
=0 | =0 k=0
m—1
B < 3 B | (o Crolw 2ol o) )|
=0

E[ (X015 2o X13\|2m(s0 X1y, ) ]
< s 9, 200 B[22 (X (K1) W5, /2]
S

< el lopedmlIZ3

cAmez, ||y,

Then we get that v(S,,) < -2
u >0 and ¢ > 1,

P [H‘I' 1/2({1\’ - )\I’ 1/2 > :| <2 n u2/2
u mex .
m m,o2, m,02, ) *m = = p CQ me2 H\I; Hop 1+ Qu/g)

1
lop . Applying Theorem 7.2 yields that for all

Then choosing u = 1/2 and
(32/3)cmep, || W5 lop < 4n/log(n)

ensures that (42) holds. O
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7. THEORETICAL TOOLS
We recall the Talagrand concentration inequality given in Klein and Rio (2005).

Theorem 7.1. Considern € N*, F a class at most countable of measurable functions, and

(Xi)ieq1,...n} @ family of real independent random variables. Define, for f € F, vy(f) =

(1/n) > (f(Xy) —E[f(X4)]), and assume that there are three positive constants My, H

and v such that sup|| f|lec < Mi, E[sup|vn(f)|] < H, and sup(1/n) Y i, Var(f(X;)) < wv.
feFr feFr feFr

Then for all € > 0,

E (sup]yn(f)]2—2(1+2e)H2> ] <
n

4 (v _yenn2  A9MP  _VRCOVEnH
— —e € v —|— ﬁe 7 My
feF b \n bC?%(e)n
with C(e) = (VI+e—1)A1l, and b= 3.

By density arguments, this result can be extended to the case where F is a unit ball of
a linear normed space, after checking that f — v,(f) is continuous and F contains a
countable dense family.

Theorem 7.2 (Bernstein Matrix inequality). Consider a finite sequence {Sy} of indepen-
dent, random matrices with common dimension di X dy. Assume that

ESy, =0 and |[|Sgllop <L for each index k.

Introduce the random matriz Z =), Sy. Let v(Z) be the the variance statistic of the sum.:
v(Z) = max{Anax (E[Z'Z)), Amax (E[ZZ'])}. Then, for allt >0

2
P[|Zop > t] < (d1 + d2) exp (—M) :

A proof can be found in Tropp (2012) or Tropp (2015).
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