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HUSIMI, WIGNER, TÖPLITZ, QUANTUM STATISTICS AND

ANTICANONICAL TRANSFORMATIONS

THIERRY PAUL

Abstract. We study the behaviour of Husimi, Wigner and Töplitz symbols of

quantum density matrices when quantum statistics are tested on them, that is

when on exchange two coordinates in one of the two variables of their integral
kernel. We show that to each of these actions is associated a canonical trans-

form on the cotangent bundle of the underlying classical phase space. Equiva-
lently can one associate a complex canonical transform on the complexification

of the phase-space. In the off-diagonal Töplitz representation introduced in

[P], the action considered is associated to a complex aanticanonical relation.

1. Introduction

Quantum statistics is a fundamental hypothesis in quan-
tum mechanics. In insures in particular the stability of
matter. At the contrary of many other aspects of non-
relativistic quantum mechanics which have a natural “‘clas-
sical” counterpart, it seems difficult to associate to statis-
tics properties of quantum object a classical corresponding
symmetry. Changing the sign after permutation of coordi-
nates of different particle doesn’t appeal any classical sim-
ple action. Moreover most of the quantities which “passes”
at the limit of vanishing Planck constant are quadratic and
therefore looks at insensible to the change of sign. Fi-
nally, typical fermionic expressions such as exchange term
in the Hartree-Fock theory vanishes numerically at the limit
~→ 0.

In this little note, we will implement this “exchange” ac-
tion on three (in fact four) different symbols associated to
quantum density matrices: the Husimi function (average
of the density matrix on coherent states, therefore a prob-
ability density), Wigner functions (tat is the Weyl suitably
renormalized by a power of the Planck constant in order to
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be of integral 1 (but non positive) and the Töplitz symbol
appearing in the so-called positive quantization procedure.

In these three symbolic situation, the result is that as-
sociated to the exchange action appears as the action of
a complex or equivalently on a doubled space canonical
transformation:

(1) for the Husimi symbol (after a weighting by a Gauss-
ian weight), a direct action on the variables corre-
sponding to a complex canonical transformation: the
transform z̄i ↔ z̄j zi, zj remaining unchanged. the

complex canonical transform is of the form

(
0 i
i o

)
.

(2) idem for the Töplitz symbol, with a different Gaussian
weight

(3) for thw Wigner symbol (renormalized Weyl symbol),
the above-mentioned complex transform is seen as a
canonical transformtion on the cotangent bundle of
the phase space. This transformation is the compo-
sition of permutation of variables and a “Fourier ro-
tation” qi → pi, pi → −qi and the exchange acts on
the Wigner function by the metaplectic (in a doubled
dimension space) representation, namely exchange of
coordinates plus Fourier transform. In particular it
doesn’t act by a metapletic type representation of the
complex linear symplectic group.

To get such a feature, one has to go the off-diagonal
Töplitz caluclus introduced in [P] and is this time
associated to a an anticanonical transformation, that
is a transformation which maps the sympletic form to
its opposite.

(4) the off-diagonal symbol is mapped by the action of the
metaplectic representation of the anticanonical linear
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transformation

(
0 i
−i 0

)
. See Sections 7 and mostly

8 for details.

The conclusion to which all this (sometimes only formal)
computations lead is the fact that, at a “classical” level,
quantum statistics involve transformation which don’t pre-
serve the usual symplectic cotangent bundle of the configu-
ration space: either one has to pass in a non trivial way to
the cotangent bundle of the cotangent bundle itself, either
one has to non preserve the sympletic structure, and allow
anticanonical transformations.

The underlying classical picture of bosons and
fermions either lives on the cotangent space of the
classical phase space, or involves antisymplectic sym-
metries.

2. Quantum statistics

On the setting of indistinguishable quantum particles, a
state is a density matrix, i.e. a positive trace one operator
on H⊗N , invariant by permutations of the factors in the
tensorial product. we have denoted H = L2(Rd).

Definition 2.1. Let ρ be a density matrix given by an in-
tegral kernel ρ(X;Y ), X = (x1, . . . , xn), Y = (y1, . . . , yn).
We define, for i, j = 1, . . . , N , the mappings
Ui↔j : ρ(X;Y )→ Ui→jρ(X;Y ) = ρ(X;Y )|yi↔yj
and
Vi↔j : ρ(X;Y )→ Vi→jρ(X;Y ) = ρ(X;Y )|xi↔xj .

In terms of density matrices, quantum statistics will be
seen as looking at density matrices which are eigenvectors
of eigenvalue 1 or −1 of the two mappings Ui↔j, Vi↔j.
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The indistinguishability property of the quantum system
reads as

(1) Ui↔jVi↔j = Vi↔jUi↔j, ∀i, j = 1, . . . , N.

3. Husimi

Let us recall that the Husimi function of a density matrix
ρ is defined as

(2) W̃ [ρ](Z, Z̄) =
1

(2π~)dN
〈ϕZ |ρ|ϕZ〉,

where, for Z = q + ip ∈ ZdN and x ∈ RdN ,

(3) ϕZ(x) =
1

(π~)
dN
4

e−
(x−q)2

2~ ei
p.x
~ .

The most elementary properties of the Husimi transform
are

(4) W̃ [ρ] ≥ 0 and

∫
ZdN

W̃ [ρ](Z)dZ = trace ρ = 1.

Our first link between quantum statistics and the classical
underlying space is the contents of the following result.

Lemma 3.1. Let us consider the Husimi function of ρ,

W̃ [ρ](Z, Z̄) expressed on the complex variables Z = (z1, . . . , zn),
zl = ql + ipl, z̄l = ql − ipl.

Then

W̃ [Ui↔jρ](Z, Z̄) = e
(z̄i−z̄j)(zi−zj)

2~ W̃ [ρ](Z, Z̄)|zi↔zj

W̃ [Vi↔jρ](Z, Z̄) = e
|zi−zj |

2

2~ W̃ [ρ](Z, Z̄)|z̄i↔z̄j

Note that, as expected,

W̃ [Vi↔jUi↔jρ](Z, Z̄) = W̃ [ρ](z, z̄)|zi↔zj , z̄i↔z̄j
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Note also that

(5)


zi
zj
z̄i
z̄j

→

zj
zi
z̄i
z̄j

 ⇐⇒


q+

q−
p+

p−

→

−ip+

iq+

q+

p+


so the complex metaplectic transform associatedis

(6) ScH =

(
0 i
i 0

)
, detScH = 1.

Corollary 3.2. A density matrix ρ is bosonic if and only
if, for all i, j = 1, . . . , n,

W̃ [ρ](Z, Z̄)| = e
(z̄i−z̄j)(zi−zj)

2~ W̃ [ρ](Z, Z̄)|zi↔zj
= e

(z̄i−z̄j)(zi−zj)

2~ W̃ [ρ](Z, Z̄)|z̄i↔z̄j .

Corollary 3.3. Let n = 2. A density matrix ρ is bosonic
if and only if

W̃ [ρ](Z, Z̄)| = e
(z̄1−z̄2)(z1−z2)

4~ H(z1 − z2, z̄1 − z̄2, z1 + z2, z̄1 + z̄2)

with H even (separately) in the two first variables.

4. Wigner

The Wigner function of a density matrix is nothing but
its Weyl symbol, divided by (2π~)dN . More precisely the
Wigner function of ρ is defined as

(7) W [ρ](X,Ξ) =

∫
R2dN

ρ(X + ~
δ

2
, X − ~

δ

2
)ei

X.Ξ
~ dδ

At the contrary of the Husimi function, W [ρ] is not positive,
but its main elementary properties are∫

R2dN

W [ρ](X,Ξ)dXdξ = trace ρ = 1(8)

and
1

(2π~)dN

∫
R2dN

W [ρ](X,Ξ0W [ρ′](X,Ξ)dXdΞ = trace (ρρ′).
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Let us now define the semiclassical symplectic Fourier
transform as

f(q̂, p~) =
1

(2π~)d

∫
Rd×Rd

f(x, ξ)ei
qξ−px

~ dxdξ.

Note that, at the difference of the usual Fourier transform:

f(
̂̂
x, ξ

~
~

) = f(x, ξ)

Let a∓ =
ai∓aj√

2
for a = q, p, y, ξ. And let omit the depen-

dence in the variable q1, . . . , qi−1, qi+1, . . . , qj−1, qj+1, . . . , qN
and the same for p.

We denote

W
π
2 [ρ](x+, ξ+;x−, ξ−) = W [ρ](xi, xj; ξi, ξj).

Lemma 4.1.

W
π
2 [Ui↔jρ](q+, p+; p−, q−) = W

π
2 [ρ](q+, p+; q̂−, p−

~
)

W
π
2 [Vi↔jρ](q+, p+; p−, q−) = W

π
2 [ρ](q+, p+; ̂−q−,−p−

~
)

Note that

W [Vi↔jUi↔jρ](q1, p1, . . . , qi, pi, . . . , qj, pj, . . . , qn, pn) =

W [ρ](q1, p1, . . . , qi−1, pi−1, qj, pj, . . . , qj−1, pj−1, qi, pi, . . . , qn, pn)

Proof. It is enough to isolate the ij block.
Ui↔jρ(xi, xj; y1, yj) = ρ(xi, xj : yj, yi). So

(2π~)2dW [Ui↔jρ](qi, qj ; pi, pj)

=

∫
dδidδjρ(qi + δi, qj + δj ; qj − δj , qi − δi)e−2ip·δ/~

=

∫
dδdηW [ρ]

((qi + qj + δi − δj)/2, (qj + qi + δj − δi)/2; η)e
i
~ (qi−qj+δi+δj)ηi+ηj(qj−qi+δi+δj)

e−2ip·δ/~ (= e−2ip1(δ/~)

=

∫
dδdηW [ρ](qi + qj + δ, qi + qj − δ, η)δ(ηi + ηj − (pi + pj))e

−2i(pi−pj)δ/~

=

∫
dydηδ(ηi + ηj − (pi + pj))δ(yi + yj − (qi + qj))

ei((qi−qj)(ηi−ηj)−(pi−pj)(yi−yj))/~W [ρ](y; η)
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Let us perform the change of variable a∓ =
ai∓aj√

2
for a =

q, p, y, η. This correspond to the metaplectic mapping:

R(
π

2
) =


(

1√
2
− 1√

2
1√
2

1√
2

)
0 0 0

0

(
1√
2
− 1√

2
1√
2

1√
2

)
0 0

0 0

(
1√
2
− 1√

2
1√
2

1√
2

)
0

0 0 0

(
1√
2

− 1√
2

− 1√
2

1√
2

)

 on


qi
qj
ξi
ξj
pi
pj
xi
xj


on T ∗(T ∗Rd, dq ∧ dξ + dp ∧ dx).

Note that both

dq ∧ dp = dq+ ∧ dp+ + dq− ∧ dp− = dq̃ ∧ dp̃

and

dq ∧ dξ + dp ∧ dx = dq̃ ∧ dξ̃ + dp̃ ∧ dx̃

where ã =

(
a+

a−

)
.

We denoteW
π
2 [ρ](y+, η+; η−, y−) andW

π
2 [Ui↔jρ](q+, p+; p−, q−).

We get

W
π
2 [Ui↔jρ](q+, p+; p−, q−) = W

π
2 [ρ](q+, p+; q̂−, p−

~
)

�

Let us call now W− the Wigner function (done with the
symplectic Fourier transform) on the two variables q−, p−

1.
One has

W−[W π
2 [Ui↔jρ]

]
(q+, p+|p−, q−;x−, ξ−) =

W−[W π
2 [ρ]](q+, p+| − ξ−,−x−; q−, p−)

1namely, W−
[
W

π
2 [ρ]

]
(q+, p+|p−, q−;x−, ξ−) =∫

W
π
2 [ρ]

]
(q+, p+, p− + 2δ~, q− + 2δ′~)W

π
2 [ρ]

]
(q+, p+, p− − 2δ~, q− − 2δ′~)ei(x−δ−ξ−δ

′)dδdδ′.
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That is, the action of Ui↔j on ρ is seen on W−[W π
2 [ρ]
]

by
the pointwise action of the following matrix:

S =

(
S+ 0
0 S−

)
=




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 0

0


0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0




on



q+

ξ+

p+

x+

p−
q−
x−
ξ−


and this matrix is symplectic.
Defining now z± = p±+ix±, θ± = q±+iξ± we find that S

becomes on these new variables, Sc = (Sc+, S
c
−) = (I, i

(
0 1
1 0

)
)

And so the complex metapletic transform associated is

ScW =

(
0 i
i o

)
, detSCW = 1.

5. Töplitz

Let ρ be a Töplitz operator of symbol. W˜[ρ]. This means
that ρ can ve written as

(9) ρ =
1

(2π~)dN

∫
CdN

W˜[ρ](Z, Z̄)|ϕZ〉〈ϕZ |dZ

(here the integral as to be understood in the weak sense on
H. Elementary properties of W˜[ρ] are

(10) W˜[ρ] ≥ 0⇒ ρ > 0 and

∫
CdN

W˜[ρ]dZ = trace ρ.

Moreover,the secondd property of (8) can be “disintegrated”
in the following couplig between Husimi and Töplitz set-
tings:

(11)

∫
CdN

W̃ [ρ](Z, Z̄)W˜[ρ′](Z, Z̄)dZ = trace (ρρ′).
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Lemma 5.1.

W˜[Ui↔jρ](zi, z̄i, zj , z̄j) = e(|zi|2+|zj |2)/~W˜[ρ](zj , z̄i, zi, z̄j)

W˜[Ui↔jρ](q−, p−; q+, p+) = e
q2i +p

2
i+q

2
j+p

2
j

~ W˜[ρ](−ip−, iq−; q+, p+)

W˜[Vi↔jρ](q1, p1, . . . , qi, pi, . . . , qj , pj , . . . , qn, pn) = e
q2i +p

2
i+q

2
j+p

2
j

~

×W˜[ρ](q1, p1, . . . , qi−1, pi−1,−ipj , iqj , . . . , qj−1, pj−1,−ipi, iqi, . . . , qn, pn)

= e
q2i +p

2
i+q

2
j+p

2
j

~ W˜[ρ]|zi↔−zj
z̄i↔z̄j

, zi = qi + ipi.

In other words, the exchange action on the Töplitz sym-
bol is the same as the one on the Husimi function, modulo
a different gaussian weight.

6. ON Wigner again

Let us denote

UW
i↔jW [ρ] = W [Ui↔jρ]

Let us moreover denote by W 2[ρ] the Wigner function of
the Wigner function of ρ (see footnote 1):

W 2[ρ] = W [W [ρ]].

Let us denote by Qi = (qi, ξi) and Pi = (pi, xi), i =
1, . . . , N, the variables in T ∗(T ∗Rd)). We define:

Qt
i = (ξi, qi), P t

i = (xi, pi).

Lemma 6.1.

W 2[Ui↔jρ](Q1, P1, . . . , Qi, Pi, . . . , Qj , Pj , . . . , Qn, Pn) =

W 2[ρ](Q1, P1, . . . , Qi−1, Pi−1, P
t
j ,−Qtj , . . . , Qj−1, Pj−1, P

t
i ,−Qti, . . . , Qn, Pn)

W 2[Ui↔jρ] = W [UWi↔jW [ρ]] = W 2[ρ]| Qi↔P tj
Pi↔−Qtj

.

W 2[Vi↔jρ](Q1, P1, . . . , Qi, Pi, . . . , Qj , Pj , . . . , Qn, Pn) =

W 2[ρ](Q1, P1, . . . , Qi−1, Pi−1,−P tj , Qtj , . . . , Qj−1, Pj−1,−P ti , Qti, . . . , Qn, Pn)
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W 2[Vi↔jρ] = W [V W
i↔jW [ρ]] = W 2[ρ]|Qi↔−P tj

Pi↔Qtj

.

So UW
i↔j, Vi↔j are metaplectic operators associated to

canonical transforms on T ∗(T ∗(RdN)).

Lemma 6.2. Denoting now zi = qi + ξi, θi = pi + ixi we
have

W [UW
i↔jW [ρ]] = W 2[Ui↔jρ] = W 2[ρ]|zi↔izj

θi↔iθj

W 2[Vi↔jρ] = W 2[ρ]|zi↔−izj
θi↔−iθj

So UW
i↔j, Vi↔j are metaplectic operators associated to

complex canonical transforms on the complexification of
T ∗(RdN).

7. Off-diagonal Töplitz representations

In this section, we take d = 1 and N = 2.
A density matrix ρ has an integral kernel ρ(x1, x2; y1, y2)

and

(Uρ)(x1, x2; y1, y2) = ρ(x1, x2; y2, y1)

(V ρ)(x1, x2; y1, y2) = ρ(x2, x1; y1, y2).

therefore, performing a change of variables

x = (x1 − x2)/
√

2, x′ = (x1 + x2)/
√

2,

y = (y1 − y2)/
√

2, y′ = (y1 − y2)/
√

2,

one get, with a slight abuse of notation that

Uρ(x, y;x′, y′) = ρ(x,−y : x′, y′)

V ρ(x, y;x′, y′) = ρ(−x, y : x′, y′)

In the rest of this section we will omit the variables x′, y′.
Let us consider a (generalized) Töplitz operator

H =

∫
h(z)|ψβz 〉〈ψβz |

dzdz̄

2π~
,
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where, for β > 0, z = q + ip,

ψβz =
e−

β(x−q)2
2~ ei

px
~

(π~/β)
1
4

.

Let us define H l by its integral kernel H l(x, y) = H(−x, y)
where H(x, y) is the integral kernel of H. Let Hr be defined
the same way by Hr(x, y) = h(x,−y).

Obviously

H
l
r =

∫
h(z)|ψβ∓z〉〈ψ

β
±z|

dzdz̄

2π~
.

Therefore, we get the following off-diagonal expressions.

Lemma 7.1.

V H =

∫
h(q, p)|ψ−z〉〈ψz|

dzdz̄

2π~

UH =

∫
h(q, p)|ψz〉〈ψ−z|

dzdz̄

2π~

UV H =

∫
h(q, p)|ψ−z〉〈ψ−z|

dzdz̄

2π~
U 2 = V 2 = 1

These expressions have to be compared to the following
ones, derived form Section 5.

Lemma 7.2.

V H =

∫
h(ip,−iq)e

q2+p2

2~ |ψz〉〈ψz|
dzdz̄

2π~

UH =

∫
h(−ip, iq)e

q2+p2

2~ |ψz〉〈ψz|
dzdz̄

2π~

UV H =

∫
h(−q,−p)|ψz〉〈ψz|

dzdz̄

2π~

The Töplitz symbol of V H (resp. UH) is hV (q, p) =

h(ip,−iq)e q
2+p2

2~ (resp. hU(q, p) = h(−ip, iq)e q
2+p2

2~ ).
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Lemma 7.3. Let h ≥ 0,
∫
h = 1.

Then HB := 1
4(H+V H+UH+UV H) is a bosonic state,

and HF := 1
4(H−V H−UH+UV H) is a fernionic one.

Proof. One has HB = V HB = UHB = UV HB, Tr HB = 1,
HF = −V HB = −UHB = UV HB, Tr HB = 1, and

HB = 1
4

∫
h(q, p)|ψz + ψ−z〉〈ψz + ψ−z|

dzdz̄

2π~
≥ 0.

HF = 1
4

∫
h(q, p)|ψz − ψ−z〉〈ψz − ψ−z|

dzdz̄

2π~
≥ 0.

�

Finally, HB is “semiclassical”.

8. Link with the complex metaplectic
representation

With the notation of [P] we can make the following ob-
servations.

Let us define Sl
r

=

(
0 ∓i
±i 0

)
. Then S−1 =

(
0 ∓i
±i 0

)
,

S̄ =

(
0 ±i
∓i 0

)
and S̄−1 =

(
0 ±i
∓i 0

)
so that S−1S̄−1 =(

−1 0
0 −1

)
.

Moreover, in the case r, βS̄ = 1
β and βTS̄(q, p) = (q′, p′)

with
1

β
q′ + ip′ =

1

β
ip+ i(−iq).

So βTS̄l
r

= ±
(
β 0
0 1

β

)
. Also βTS−1

l
r

= ±
(
−β 0
0 − 1

β

)
.

We will take β = 1.
We have D1

S̄
= 1

(−1)1/2 , D
1
S−1 = 1

(i)1/2 so D1
S̄
D1
S−1 = 1.

δ = −2z̄2, Q = q2 − p2
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So

(12) HS lr =

∫
h(q, p)e

q2−p2
~ |ψ∓z〉〈ψ±z|

dzdz̄

2π~
.

Therefore, with the metapletic representation U(S) defined
in [P], Theorem 1, we get the following identities, lead-
ing, finally, to a direct metapletic representation for the
exchange map, but associated to an anti-canonical relation.

Indeed, using (12), Lemma 7.1 and the definition of U(S)
in [P] Theorem 1, we get our final result.

Lemma 8.1. Let H a Töplitz operator of symbol h(q, p).
Then

V H = U
( (

0 i
−i 0

) )−1
H ′U

( (
0 i
−i 0

) )
UH = U

( (
0 −i
i 0

) )−1
H ′U

( (
0 −i
i 0

) )
where H ′ is the Töplitz operator of symbol h′(q, p) = h(q, p)e−(q2−p2)/~.

Note that det
(

0 i
−i 0

)
= det

(
0 −i
i 0

)
= −1.
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