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ON THE MEAN FIELD LIMIT FOR CUCKER-SMALE MODELS
ROBERTO NATALINI AND THIERRY PAUL

Asstract. In this note, we consider the Cucker-Smale dynamical system and we derive
rigorously, using the Wasserstein distance, the Vlasov-type equation introduced in [9] in
the mean-field limit without using empirical measures.
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1. INTRODUCTION

The Cucker-Smale model [2, 3] is a particles system which exhibit the so-called
flocking phenomenon, namely the dynamical property of alignment of all the velocities
and gathering of all the positions asymptotically when the time of evolution diverges.
Its study has developed an intense activity these last years, see for example the intensive
bibliography in the recent paper [7].

It consists in the following vector field on R2V
T = v
N e RE
W V= ATy, WEERS =L N
=1

where 7 : R? — R is a bounded Lipschitz continuous positive nonincreasing function.
Associated to (1), the following Vlasov type kinetic equation on R?? was introduced
in [9]:

(2) Op'(x,v) +v - Vyp'(z,0) + V, (pt(:v, v) - (= y) (v —w)p'(y, w)dydw) = 0.

So far the kinetic non-linear equation (2) has been derived in a Lagrangian point of
view, i.e. by following the trajectories solving the vector field (1) in the so-called
1
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empirical measure
|
(3) H(év1,...,:vn;v1,..-,vzv)(xv v) = N Z O(r — 2;)0(v — v5).
i=1
Indeed, let ® be the flow generated by the system (1) and let us define

t —
(4) H(xl,...,xn;vl,...,vN) T Hq)*t(th,xn;vl,mﬂJN)‘
One shows easily that H’Exl nn,oy) (@, ) solves (2) for each N.

This point of view follows directly the Dobrushin way [4] of deriving the Vlasov
equation for the large N limit of Hamiltonian vector fields. The Cucker-Smale model
(1) and its Vlasov type associated equation (2) have been extensively studied in [7]
and we quote the following of their results: the function v is supposed to be positive,
bounded, uniformly Lipschitz continuous and nonincreasing.

(1) the solutions of (1) satisfy for all ¢

sup ||z;(t) —z;(t)|| < C and  sup |jv;(t) — v; ()] < e "
ij<N i j<N

where C' and D are two positive constants depending only on
sup; j< [|2i(0) — z;(0)]| and sup; ;< [|[vi(0) — v;(0)]].
(2) let Iy zion,on) — #(0) as N — oo, then

li I — =
Nl—rgo jg}l{) Wp( (T1, T 301 5ee s, UN ) /‘L(t)) 0

where W), is the Wasserstein distance of exponent p € N (see definition in Remark
3.5 below).
(3) Let [goap1(0) = 1, [gaavpe(0) =: ¥, [gauv*1(0) < 00. Then, for some E, F > 0

and every p,
1

(/ o= EHPth)) "< EBe P

Recently, a more Eulerian way of deriving the Vlasov equation associated to Hamil-
tonian vector fields was introduced ([6], after [5]). It consists in considering the move-
ment of a generic particle solution to the Liouville equation associated to an Hamil-
tonian system, rather than considering the empirical measure associated to the Hamil-
tonian flow. Transposed in the (non Hamiltonian) present situation, the method leads
to the following.

We will consider the pushforward! by the flow ®'associated to (1) of a compactly
supported, symmetric by permutations of the variables N-body probability density pi
on phase space R*.

1We recall that the pushforward of a measure p by a measurable function @ is ®#u defined by [ @d(®#u) := [(po f)du for every measurable
function f.
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In order to describe the movement of a “generic” particle in the limit of diverging
number of particles, we want to perform an average on the N particles but one. This
means that we consider the first marginal of

(5) ' HPN = py
that is
(6) Pﬁv;l(% 5) = /1{2(d1)N p?\f(x7 57 T2, 527 «o -y TN, gN)dx2d€2 S dedgN

Then, when p% is factorized as pit = (p™)®", where p™ is a probability measure on
R?? we will prove that the marginal of pf, tends, as N — oo, to the solution of the
effective non-linear Vlasov type equation (2) with p=0 = p™ € LY(R??, dxdv).

In fact, we can prove (see Remark 3.5 below) that the marginals at every order n of
ply as defined by
(7)
pﬁvm(xl, E1y ey Ty, &n) 1= /dem )pﬁv(xi, £1,29,89, . TN, EN)ATp1dE sy - . daydEy,
tends, in Wasserstein topology of any exponent p > 1, to the nth tensorial power of
the solution p’ of the Vlasov equation, i.e. pl. — (p")®". Nevertheless, for sake of
clarity of this short note, we will present in detail only the case n = 1.

This result (for n = 1), i.e. Theorem 2.2 below, has to be put in correspondence with
the item 2 of the results of [7] just described, but there are several differences. First,
our results hold true for more general initial data than the empirical measures. Second,
our result will not be uniform in time as in item 1. Third, we will get an explicit rate
of convergence in the asymptotic N — oo.

Our methods will also apply to systems of the general form

fizUi

(8) o 1

N d .
v — —NZIV(%—%;W—UJ‘)- ri,v; € RY +1=1,...,N

iz
where v(z,v) : R** — RY is a Lipschitz continuous function, bounded in (z,v), Corol-
lary 2.5 or bounded in x and sublinear in v, Theorem 2.4 and Corollary 2.6.

In the following, we will denote by Lip(7)(,.) the (local) Lipschitz constant of + at

the point (x,v) € R?*! and we will suppose, without loss of generality, that there exists
7o > 0 such that, for all (z,v) € R??,

vz, 0) < Al
Lip(Y) ey < 0lv]
where | - | denotes the Euclidean norm on R

We will show in Appendix A the gobal existence of the solutions to (8), with an
exponential growth in time with respect to the initial conditions. Of course, uniqueness
is a consequence of (the iteration in time of) the Cauchy-Lipschitz Theorem.

The Cucker-Smale vector fields satisfies this assumptions with vy = ||¢|| ~.
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Note that the following Vlasov type kinetic equation on R? is obviously associated
to (8), in a natural way:

(9) ' (x,0) +v-Vup'(2,0) +V, (pt(w, v) /R (@ =y, v —w)p'(y, w)dydw> = 0.

Let us immediately notice that our assumptions on v contain the two assumptions in
Theorem 2.3 in [10]. The first one because of the Lipschitz and sublinearity properties
of v, and the second one thanks to the fact, see [11, 12], that

wp\/wW—Wbﬂ%WW)
| Lip(p)|<1

where W, is the Wasserstein distance of exponent 1, as defined in Remark 3.5 in the
present paper. Therefore, thanks to the results of [10], there exist a unique continuous
solution to (9) in Cy(R, P.(R??)), where P.(R*) is the space of compactly supported
probability measures on R*.

2d

2. THE RESULTS

In this section we will state our main results, but let us start by recalling the definition
of the second order Wasserstein distance distyk 2 (see [1, 11, 12]).

Definition 2.1 (quadratic Wasserstein distance). The Wasserstein distance of order
two between two probability measures pu, v on R™ with finite second moments is defined
as
Wap,v)® = inf / | — y[*~(dz, dy)
Vel (1v) JRm xRm

where U(p, v) is the set of probability measures on R™ x R™ whose marginals on the
two factors are p and v. E

That is to say that elements v of T'(u,v), called couplings or transportation maps or

transport maps or just maps, depending of the authors, satisfy, for every test functions
a and b in Cy(RY),

/RQm a(z)y(dz, dy) = /ma(az)u(daz), /R2m b(y)y(de,dy) = /m b(y)v(dy).

The symmetry property in u,v is obvious and the separability property is easily
proven by taking the optimal coupling between p and itself equal to

(10) v = pé(x —y).

Conversely, if Wa(p,v)? = 0, then [g., g |z — y[*v(dz,dy) = 0 for some v so that
x =y v a.e. and, for every Borel function ¢,

[ ctmtd) = [ et@ntds.dy) = [ ewnide.dy) = [ cwwias) = n=v

The proof of the triangular inequality is much more involved, see again [1, 11, 12]).

We can now state the main result of this note, proven in Section 3.4.
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Theorem 2.2 (Cucker-Smale model).

Let ®' be the flow generated by the system (1), v bounded positive monincreasing
Lipschitz continuous, and let p' be the solution to (2) with an initial condition p™ €
LY(R2*?) compactly supported.

Let moreover ply., be the first marginal of ply := ®'#(p™)*N, as defined in (6).

Then, for all N > 1, t e R,

~ in el —1\* .
Wal s ) < 01210l + sl (<)

with
L:=2(1+ 8H¢HzoHvH%m(wpp[pm])) and v = /vpmdxdv,

where [[v]| Lo (upplpin)y = sup |l

(2,v)Esupplp™]
Remark 2.3. There ezists an equivalent result for higher orders marginals of p(t) and
other Monge-Kantorovich distances but we prefer in this note to concentrate on the case
of first marginal and quadratic Wasserstein distance. The proof in the more general
situation is very close to the one presented here. See Remark 3.5 for some details.

Theorem 2.2 is actually a corollary of the following more general result, proven in
Section 3.2

Theorem 2.4 (General Cucker-Smale model with general sublinear force).

Let ®' the flow defined by the system (8), v(x,v) Lipschitz continuous bounded in x
and sublinear in v, and let p' be the solution to (9), v bounded on R*?, with an initial
condition pi" € L*(R??) compactly supported.

Finally, let ply., be the first marginal of ply := ®'#(p"™)*N, as defined in (6).

Then, for all N > 1,t € R,

N

Wa(ply.p, p') < C(E)N™
with

¢ t
Ct) = <4/ sup y(z — 2, v — ') Pels L(“)d“d$> :
0 (x,0),(

N[ =

' v')Esupp|p']

L(U) = 2(1 + 2 mln( ) sup Llp (7)%%—%,&_&)7 Sup Llp (7)?33—33’,1}—1/))))'
il=1,....N (z,0),(z" ") esupp|p¥]
(Y.E)esupplpy]

The following result is elementarly derived from Theorem 2.4.

Corollary 2.5 (General Cucker-Smale model with bounded global Lipschitz force).

Let pt be the solution to (9), v globaly Lipschitz and bounded on R?*?, with an initial
condition p™ € L*(R*?) and ®' the flow deinfed by the system (8). Finally, let pﬁv;l be
the first marginal of ply = ®'#(p™)*N | as defined in (6).
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Then, for all N > 1,t € R,

N[

Wa(plys,p") < C(E)N™
with
eM 1

C() = (4\wnoo - ) A= 2(1 4 2Lip(7)?).

Note that no need of compacity of the support of p'* is needed any more in Corollary
2.5.

Theorem 2.4 gives a precise estimate involving, through the expression of the func-
tions C'(t) and L(t), the knowledge of the size of the support of the initial data propa-
gated by the particle flow ®(¢) driven by (9) and the kinetic flow induced by (9). This
information might be given by the explicit models, i.e. the function 7, as it is the case
for the Cucker-Smale model (see also the very end of this section).

In the general case, the boundness in space and sublinearity in velocities of v allow
to control the increasing of the flow ®(¢), and leads to our next result, whose proof is
given in Section 3.3 below.

Corollary 2.6. Under the same hypothesis as in Theorem 2.4 we have that, for all
N >1,teR,
Wa(plya, p') < C(t)N 2
with
C(t) - 270(||UHL°O(3UPP[PMD + ”vHLl(supp[pm]))

1
4yt . . 2 2
(11) X <2€(€ 10 4’70(”@“LOO(supp[pm])+||U||L1(supp[pln])) )64t(6470t _ 1)) 2 .

Let us finish this section of results by a simple remark. Flocking properties of the
solution of the Vlasov kinetic equation (2) can be derived from the corresponding
properties of the particle system (1), as in [8, 7]. But they can also be derived by a
direct PDE study of (2), as in [10]. This suggest a kind of inverse questioning: suppose
one determines some flocking properties for the solution of a general kinetic Vlasov
equation, e.g. (9). Does this infer on flocking properties for the corresponding particle
system, e.g. (8)?7 Our Corollary 2.6 gives some insight on this problem, as it tells
us quantitatively how close is the solution of the kinetic equation (and its tensorial
powers) to the marginals of any orders of the pushforward obey the corresponding
particle flow of a general N particle density.

More precisely, suppose that the solution p’ to (9) satisfies the following property:

(12) supp[p'] C B(z +tv,X) x B(v,Ve )
for some positive constants z, X, v, V, a.
This implies easily that L(u) in Theorem 2.4 can be easily estimated by

L(u) < 2(1 4 875(0% + Ve ™)) < 2(1 + 845(0” + V7))
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and, therefore, in the same Theorem,

2(148(0*+V2)t _ 4

2(1+8(v2+V?)

Note that in (13), C'(¢) has an exponential growth, and not a double exponential one
as in Corollary 2.6. In particular, since (12) holds true for the Cucker-Smale models
by Theorem 3.1, equation (3.2), in [10], (13) provides an alternative proof of Theorem
2.2 with (slightly) different values of the constants involved in its statement.

Of course the first marginal P§V;1 of the pushforward of (p™)®" by the flows induced
by the system (8) has no reason for being compactly supported, as we did not impose
anything on the particle flow. Nevertheless, the following result provides for P‘tN;1 a
weak version of the support property (12).

(13) C(t) < 4y (v° +V?)

Proposition 2.7. With the same notations and hypothesis as in Theorem 2.4, let us
suppose moreover that p' satisfies (12)..

For allt,e > 0 let us define
2
t
Nt7€ = (C( )> )
€

where C(t) is the function defined by (13).
Then, for every N > N, and every Lipschitz function ¢ on R?? of Lipschitz constant
smaller than 1,

/ 90('1’.7 /U)pg\[;ldde S €.
R24\ B(z+t0,X ) x B(9,Ve—t)

Proof. It is an immediate consequence of Theorem 2.4 or Theorem 2.6, and the fact
that the Wasserstein distance induces a metric for the weak topology in the sense that

sup /(,u —v)p(z,v)dedv < Wy(p.v)
Lip (p)<1

for every probability measures y and v ]

3. PROOFS

3.1. Preliminaries. Let us first recall the general situation we are dealing with, in
order also to fix the notations.
We consider on R?* the following Cucker-Smale type vector field

v = GiX,V),i=1,...,N

where

(15) Gi(X,V) = 5 S~y v — ).
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Here the function v(x,v) : R?*? — RY is a Lipschitz, bounded in = and sublinear in v,
continuous function., such that v(z,v), Lip(7) .0 < v0lv].

We used the notation X = (z1,...,2n),V = (v1,...,0n).

In fact, we are rather interested in the Liouville equation associated to (14) [9],
namely

N
(16) Dupy +v - Vaply + O Vi (Giply) =0, p° = ol
i=1
with pit € P(R?W),
Although the argument is standard, let us recall why the solution of (16) is equal to

the pushforward of p% by the flow @, generated by (14): integrating p against a test
© function composed by ®; gives

(17) at/(p(q)t(Xu V))PIKIL(X» V)dXdV:/SO(Xa V)at(q)t#p%(Xa V))dXdV
On the other side
O / P(4(X, V)N (X, V)dXdV = / (s Vi) @) (X, V)R (X, V)dX dV

= [((V.6)- Tixw )@ X V)R V)XY
_ / (V.G) - Vi 9) (X, V) (@t pii (X, V)dXdV

(18 =~ [P V)T - (V. O) Bt (X, V)XY

So that (17) and (18) implies that ®;#p% solves (16).

We want to prove that the marginals of pl; tend, as N — oo, to the solution of a
Vlasov type equation.

Let us recall that such Vlasov-type equation associated to (16), introduced in [9] for
the Cucker-Smale model, reads
(19)  Op'(z,v) + v.V,p' (2, 0) + Vo (Gpp'(z,v) =0, p=" = pi" € L} R, dzdv),

with

(20) Gylarv) = [ 2ta = .0 = wiply. whdydo.
R

We can now prove the main results of this paper.

3.2. Proof of Theorem 2.4. The proof will be articulated around the four lemmas
which follow.
We will denote X = (z1,...,2n5),V = (v1,...,on8), Y = (1, -, yn ), E = (§15- -, EN)-
Let 7} be defined by

(Y, E, X, V) = (p")*N (X, V)X = Y)§(V — 2),
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Obviously ©% € TI((p™)®N, (p™)®N). Moreover, as mentioned before,
(21) / (Y = XP* 4+ |2 = V)i (dY,d=,dX,dV) = 0
R2dN y R2dN

so that 7 is an optimal coupling between (p™)*" and itself.

The following first Lemma will be one of the keys of the proof of Theorem 2.2.
It consists in considering in evolving a coupling % of two initial conditions of the
Liouville (16) and Vlasov (19) equations by the two dynamics of each factor of 74}

Lemma 3.1. Let my(t) be the unique (measure) solution to the following linear trans-
port equation

(22) aﬂTN—I—VVXﬂN—i—HVy?TN—i—Z sz ( )7TN)—|—V (G (xi,vi))wN)):O

1=1
with mx(0) = 74,
Then, for allt € R, wx(t) is a coupling between pl, and (p')*V.

Proof. By taking the two marginals of the two sides of the equality, one get that
they satisfy the two Liouville and Vlasov equations. The result is then obtained by
uniqueness of the solutions of both equations. [

Lemma 3.2. Let

Dn(t) NZU%‘ —yl* + Jvj — &§*)dmn (t)
j=1
_ i o 2 =2
= = (X =)+ (V= 2)P)dnn(t).
Then
dD 1 &
N ‘ QN
X < L(t)Dy + szl/mpt(xz,vz) Gi(X, V)2 (o)*VdXaV
with
(23) L(t) :=
2(1 + 2min su Li su L )
( ( il=1,.I.).,N p ( )(‘r —T,0— vl) il=1,.I.).,N p ( )(yz —y,&i— fl)) )
X, V)Y, Ee€supplmn(t)] X, V)Y, Z€supp[ry(t)]

Proof. We first notice that

dZN N/( —5).(X-Y)+ ;(vi&).(Gpt(xi,vi)Gi(Y,E))> dmy
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Using 2uv < u? + v? we get

N
dDy 1 92 —\ 2 —_ 9
— < — X —-Y)+2(V-= -+ G(Y.Z) -G (x;, v; T
dt  — N/ (( )"+ 2( )7) ;:1‘ i(Y.E) (@i, v)|” | dmy

(24) < 2DN /(ZG (Ilfi,vi>|2> dmy.

Let us add to G;(Y,E) — G (2, v;) the null term (G;(X, V) — G;(X,V)) so that
Gi(Y,E) = Gy, v) | < 2(|Gi(Y,E) = Gi(X, V) + |Gi(X, V) — G (i, ) )
Let us first estimate
Gi(Y,E) — Gi(X,V)[* < min (Lip(Gi){x vy, Lin(Gi)yz) (1IX = Y+ [V = E]%).
By (15), we have
min (Lip(G')%X V) Lip(Gi)%Y,E))

< min ( SUP Lip (y(x; — x1,v; — v)°, SUP Lip (v(yi — ui, & — &)°)
=1, =1,

Therefore, by convexity,

= / Z G, Z) — Gi(X, V) Py (dX, dV, Y, dZ)
< 4m1n( S Lip (y(z; — 21,0 — ), S Lip (v(yi — . & — &)%)
il=1,.., il=1,..,
X VYHE(supp[wN(t)] X VYHESUpp[WN(t)]
XDN( )
And the lemma follows by (24). O

It remains to estimate in (24) the term

N
1
N/Z GA(X, V) = G (s, v7)| >y (dX, AV, dY, dE)

The following result is a variant of Lemma 3.3 in [6] with the special value p = 2 and
d replaced by 2d.

Lemma 3.3. Let p be a compactly supported probability density on R*! and let F be a
locally bounded vector field on R*?.
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For each j =1,...,N, one has

(25) /
<

N
1
Fxp(zj,v;) _NZF — T, Vj — V) p*NdXdv

Proof. Let us denote, for x;,z,vj,v € RYj=1,... N

(26) Ve, (2,0) = F x p(xj,v;) — F(x; — 2,05 — )
(note that F' % p(z;,v;) doesn’t depend on (z,v)).
One has (let us remind the notation X := (x1,...,zy), V := (v1,...,0n))
e 2
/ Fxp(zj,v;) — N ZF(:U] — 2,05 —vg)| pPNdXdAV
k=1
L
- / v ()| pPVAX AV
k=1
S Ve o (T, V) Ve, o (21, 0) pN dX AV
N2 Zj,V5 ks Vk Zj5,05 I, vl p
kl=1,.N
1
KAk
1
+ el / (/ Ve, (Thy V1) p(Tk, vk)da:kdvk) Ve, w, (25, 05) p(x, vj)dadv;
ktl=j
1
+ ~2 /ijwj(xk,vk)Qp(a:k,vk)da:kdvkp(xj,vj)da:jdvj
=y
1
+ N3 I/xjmj(xj,vj)Qp(xj,vj)da:jdvj
N +1
>~ N2 sup Vm’,v’(xa U)Q

(z,0),(z' ") Esupplp]

since, by (26), [ vy (z,v)p(z,v)dzdv = 0. for all 2/,v" € R, and [ p(z,v)dzdv = 1.

By (26) again,

V(2 0)] <2 sup  |F(2' —x,0 —0)] <2 sup |F (2 — z,0" —v)|
(x,v)Esupplp] (z,v),(z" v") Esupplp]

and the lemma is proved.

11
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Lemma 3.3 with F(z,v) = v(z,v) together with Lemma 3.2 gives immediately that
dD 4
—— < L({t)Dy + — sup Iy(x — 2’ v —)|?
dt N @), (aronesuplp
and, by Gronwall’s inequality,
4 [t ¢
(27) Dy(t) < — sup y(z — 2, v — ') [Pels Hwdugg
N Jo @)@ esumlo

since Dy (0) = 0 by (21).
Let us denote by (mx(¢))1 the measure on R?! x R?? defined, for every test function
plz1,v1391,61), b

/ ern(dX,dV;dY d=) I/ o(x1,v1591, &) (TN (t))1(dey, doy; dyy, dér)
RZdN ><]_:{'2(1N RZdXRZd

We now notice the following straightforward fact.
Lemma 3.4. (7x(t))1 is a coupling between py., and p'.

Let us note that 7% is obviously symmetric by permutation of the phase-space vari-
ables, that is

(28) T,#m =7l for each 0 € Gy,
where Gy is the group of permutations of N elements and
Ta(xlyvla e 7xNavN7y17€17 e 7yN7§N)

= (xa(l)a Us(1)s -+ Ta(N)s Vo (N)s Yo(1)> 50(1)7 s Yo (N 50 ) :
Therefore, my(t) is also symmetric by permutations for all ¢ € R, as being the unique
solution to the equation (22), being itself, by construction, symmetric by permutations,

Consequently, one has easily that

(29) Dy(t) = /(\fm =y’ + o1 = &) d(mn (b))

and Lemma 3.4 immediately implies that

(30) Dy (t) = Wap(t), (p(t)h)?,

so that, by (27),
4 [t ¢

(31)  Walp(t), (p(t)h)* < — sup (@ =, = o) el KOs,
N 0 (z,v),(a' ") eEsupp|pt]

Finally, recalling that

(Y, 2, X, V) = (p")*M(X,V)6(X = Y)§(V — =),
one get immediately that
(Y, 2, X, V) € supplmn(t)] (Y,Z) € supp|ply] and

=
= (X, V) € supp|(p")®"] & (x;,v;) € supplp'], i=1,...,N.



ON THE MEAN FIELD LIMIT FOR CUCKER-SMALE MODELS 13

Therefore, after (23)
(32) L(t) < L(t) :=
21+2min( s Lip(, yeer s LiDOF ) )
iﬁ,lzl ..... N (), (2" v Esupp|pt]
(Y.E)esupplpiy]
Theorem 2.4 is proven.

Remark 3.5 (Higher order Wasserstein and marginals). As we wanted to leap this
note as short as possible, we expressed our results only for the first marginal py. in
the 2-Wasserstein topology, but the method developed in [6] allows as well, with the
same kind of modification than the ones used before in this section, to the higher cases.
Let us remind, for p > 1, the definition of W,(u,v) for two positive measures i, v (cf.
Definition 2.1

Wy(p,v)P = inf / |z — y|Py(dz, dy),
~el (u,v) R™xR™

and, for any probability measure p on R** andn =1,..., N, the definition of the nth
marginal py., defined on R

PN;n(CEl, sy Tny Uty e s 7Un) =
/ PU(T1, o Ty Tt 1y e ooy TN ULy ooy Uy Upt 1y« + s UN AT -+ - AT N AU, - . . dUy,
R2d(N—n)

One gets, foreachp>1, N>1andn=1,...,N,

1 n — min
WPl (1)) < Dy(t) N7 0720

with
t t
Dy(t) = 2% max (1,p — 1)([p/2]+1) / sup [ y(yp—yi, E—&) [Pt mex Lol J Hdu g
0 k,=1,dots,N
(Y.E)esupp[ply]
where

L(u) =1+ 21 sup Lip(y )(a: yoE)"
(x,0),(y,8)€supplp’]
The main changes in the proof are the use of the Young inequality
puv?t <P + (p — 1)v? < max(1,p — 1)(u? + oP)

instead of 2uv < u? + v? before (24), the convexity of | - |P for p > 1 and a variant of
Lemma 3.3, similar to Lemma 3.3 in [6] which reads

/

2[p/2] +2 ,
— Nmin(p/271) leS’i)lZS’N |F(yk — U, gl{i - fl)‘ .

(Y.E)esupp|ply]

p

Fxp(xj,v)) ZF — ap, v —vy)| pNdXdV
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Finally, the statement of Lemma 3.4 becomes now easily that wn(t), is a coupling
between ply.,, and (p')*", where ny(t), is defined through by

/ ey (dX,dV;dY d=Z) = / e (t)n(d(x, v;y,&)1 ... d(x,v;y,&)n)
R24N  R2dN R24x R2¢

3.3. Proof of Corollary 2.6. We get to estimates L(t) and C(t) as given in Theorem
2.4 out of the estimates established in Appendices A and B.
Let us recall that

L(t) == 2(1+2min( sup  Lip(1){, ey SUP  LID(Gww ).
, (vi—yi.&i—&) g . (=200’
il=1,...N (x,),(z' W) esupp[pt]
(Y.E)esupp|ply]
< 2(1+2 sup Lip(’y)?x_x,’v_v,)).
(z,0),(2" v')Esupp|p’]
< 21428 s o)
($7’U)7(.T/71)/)€Supp[pt]
< 201+8y  sup v
(z,v)€supp|p']
< 20148y  sup  [®y(t)(z,0)[)

(x,v)Esupp[p™]
Thanks to (37), we get
L(t) < 2(1 + 167364%15(HU”LOO(supp[pm]) + |‘U||L1(supp[pi"}))2)
By the same argument, we get
t t
C(t)? = 4/ sup y(z — 2/, v — ') 2els Ldugg,
0 (z,v),(2' ") esupp|pt]

< 3295 (vl o supplon)) + 110112 (supplny))?

t
2 . N\2( 4t dygs
X / 64(705—”_5)616%(”UHLOO(Supp[pm])+HU”L1(supp[r)m])) (e¥70f—e™0 )/470d8
0

< 873(“”|‘L°°(supp[pi"]) 4+ HUHLl(supp[pm]))2€e4vot470(||UHLoo(Supp[pin])+||U\|L1(supp[pin]))2€4t(€4%t o 1)

Corollary 2.6 is proven.

3.4. Proof of Theorem 2.2. In order to prove Theorem 2.2, we need to estimate, in
the Cucker-Smale particular case, that is when

(@, v) = P(@)v,
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the two quantities

¢ t !
Ct) = (4/ sup y(z — v — 1/)]2@/; L(”)d“aLs)
0 (x,v),(s

z' ') Esupplpt]

t t 1
< 2||Y]| (/0 . sup ‘U—U/‘Qefs L(u)duds)

' v')€supp|p']
L(t) := 2(1+ 2min(

)

)

sup  Lip (7)]

. 2
i—yLEi—&)? sup Llp (7) r—x’ v—v’ )))
ML N (yi—y1,i—&1) (2.0).(a' ) Esupply'] ( )
(Y;E)esupplply]
< 2(1 +2 ,Z_S}lp N Lip (7)?%73117&*&))

(YV,E)esupp[ply]

< 200+2)A  sup & —&)P)

il=1

.....

(YV,E)esupp[ply]

We will need just a very little part of the stability results expressed by Ha, Kim and
Zhuang in [7], namely the following inequality:

d
sup lup(t) — ()] <0, Vi,
dt =N
(X,V)esupplpy]

Indeed, formula (8) in Lemma 2.2 in [7] stipulates that 4Dy (¢) < 0, where Dy (%), as
defined in Corollary 1 of [7], is precisely sup |vk(t) — vy(t)| in the case p = 2 of

.....

(XV)esupploiy)
the definition (4) of Dy (0) := Dy in [7]
This inequality leads naturally to

sy —u* < vl

supp[p'™])
(X,V)esupp|ply]

which implies

We will estimate

sup v — &7 < 2 sup (Jv|? + [£%) thanks to
(z,0),(y:€) Esupplp'] (x,0),(y:€) Esupplp]
Lemma 3.2 in [10] which stipulates that

supp,[p'] € B(5,V (1))
with o = [vp™dzdv and £V (t) < 0.

Therefore ||v||p(supplpt)) < |9] + V(0) so that, since one can take V(0) = |v| +
[supplp™]|;

sup v =o' < 2[WII%]2[8] + [supp[p™]])*.
(20 a'v")esupplp]

15
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and

t 2
cto) < 2l (2 [ ol + lsumplo™) et -as)
0

2 - imp2e = 1)?
= 2wl (20elol + suprip )

Theorem 2.2 is proved.

APPENDIX A. DYNAMICAL ESTIMATES FOR GENERAL CUCKER-SMALE PARTICLE
SYSTEMS

In this section,we give global estimates on the flow ® () generated by (8).
We have, for eacht=1,..., N,

il < i
(% ~ (%
dt
1 & 1 &
< N; UJ,UZ—”U]-)|§N;70|U¢—UJ
1 N
(33) < Nz (Jos] + [wil),
so that

d N N
EZW <29 ) Juil.
1=1 1=1

and, by Gronwall inequality,

(34) Zm \<Z|vz )t

Turning back to (33), we get by (34), for each i=1,...,N,

N N
dt(|vz|) < olvi| + N ; [v;] < Yolvi| + oe WN; [v;(0)]
< olvi| +70e®™" max [0;(0)].
j=1,...,.N

Therefore, again by Gronwall Lemma and uniformly in N,

et — 1
()] < et (jui(0) + o max [v;(0)] - )
(35) < max |v,(0 )\6270’5, i=1,...,N.
j=1,...,.N
Finally, (8) gives immediatly that
e20t — 1
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APPENDIX B. DYNAMICAL ESTIMATES FOR GENERAL CUCKER-SMALE KINETIC
SYSTEMS

Let us recall that, according to Theorem 2.3 in [10], there exist a diffeomorphism
®(t) on R* such that the solution p’ of (9) is given by

p(t) = ()™

Moreover, ®(t) solves the system

YN B, (1

0= (570) = (12 )80 1= 120000 8.0 - 0.1
Therefore,

d .
(36 O] <1201 < (e 1@u(0)] + [ 16160, €)dyde).
Obviously [+ = " 112 = 1.

Lemma B.1.
/|v|ptda:dv < e270t/\v\pmdxdv.

d
£/|v|ptd:€dv < \/|v|p’tdxdv\

< | [ W19 2t = 0 = 91,9 (e, 0)dndody]
</ el (v] + I (0. €)0 . v)dadudy

Proof.

< 27 / lv|p'dxdv
The result follows by Gronwall inequality. O
Thanks to Lemma B.1, (36) becomes

d .
SO < 20l 0)] + 206" [ ol

and,by Gronwall Lemma, we have
D, (t)(z,v)] < e (|v] + (e™ — / lv|p™ dxdv)
(37) < QWOt(HUHLm (supp[p™] + HUHLl SUPP[P’"]))
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