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ON THE MEAN FIELD LIMIT FOR CUCKER-SMALE MODELS
R. NATALINI AND THIERRY PAUL

Asstract. In this very short note, we consider the Cucker-Smale dynamical system and we
derive rigorously the Vlasov-type equation introduced in [8] in the mean-field limit without
using empirical measures. The vector field we consider is sublinear Lipschitz continuous
and the initial data are compactly supported.
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1. INTRODUCTION

The Cucker-Smale model [2, 3] is a very simple particles system which exhibit the so-called flocking
phenomenon, namely the dynamical property of alignment of all the velocities and gathering of all the
positions asymptotically when the time of evolution diverges. Its study has develop an intense activity
these last years, see for example the intensive bibliography in the recent paper [6].

It consists in the following vector field on R4V

Zéi:Ui

1 . N LEZ',’UZ‘ERd, 1=1,...,N
o 6= = X e - @) v,
j:
where ¢ : R = R is a bounded Lipschitz continuous function.
Associated to (1) was introduced in [8] the following Vlasov type kinetic equation on R

(2) Ocf'(z,v) + v Vo f'(z,0) =V, <ft(x7 v) | Yl —y)o—w)f(y, ’w)dydw) :

R2d

So far the kinetic non-linear equation (2) has been derived in a Lagrangian point of view, i.e. by following
the trajectories solving the vector field (1) in the so-called empirical measure

N
1
(3) iz wnvnson) (T, 0) 1= N Z Oz — 23)0(v — vy).
i=1
Indeed, defining
(4) Hléxl ..... Ty UL yeees UN) = H‘I)_t(xl 77777 T3V yeeey UN))
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2 R. NATALINI AND T. PAUL

one shows easily that IT*(z1, ..., 2,;v1,...,vy) solves (2) for each N.

This point of view follows directly the Dobrushin way of deriving the Vlasov equation for the large N
limit of Hamiltonian vector fields. CS model (1) and its Vlasov type associated equation (2) have been
extensively studied in [6] and we quote the following of their results: the function ¢ is supposed to be
positive, bounded, uniformly Lipschitz continuous and satisfying (¢(r1) —¢(r2))(r1—r2) < 0,171,792 > 0.

(1) the solutions of (1) satisfy for all ¢

sup [|z;(t) — z;(8)]| < C and  sup ||v;(t) —v;(t)]] < e
i,j<N 5,j<N

where C' and D are two positive constants depending only on

Sup; i<y |2:(0) — x](O)H and Sup; j<n [[vi(0) — Uj(0)||~
(2) let Iy, wnion,.on) — 1(0) as N — oo, then

-----

- . B _
]\}I_I};o igl!‘;{) WP(H(z1,...,xn;v1,...,v]\]) ,U,(t)) 0
where W, is the Wasserstein distance of exponent p € N (see definition in Remark 3.5 below).
(3) Let [poatt(0) =1, [goavit(0) =: 0, [goa v*11(0) < co. Then, for some E, F' > 0 and any p,

1

( / o - v||pdu(t))p —

Recently was introduced a more Eulerian way of deriving the Vlasov equation associated to Hamil-
tonian vector fields ([5], after [4]). It consists in considering the movement of a generic particle solution
of the Liouville equation associated to an Hamiltonian system, rather than considering the empirical
measure associated to the Hamiltonian flow. Transposed in the (non Hamiltonian) present situation it
reads as follows.

We will consider the pushforward by the flow ®* generated by the system (1) of a compactly supported,
symmetric by permutations of the variables N-body probability density p% on phase space R?*.

In order to describe the movement of a “generic” particle in the limit of diverging number of particles,
we want to perform an average on the N particles but one. This means that we consider the first
marginal of

(5) O HPN = py

that is

(6) pAtN;l(x7€> = / pllt\f(xvgax%g%"'7xN7€N)dx2d€2'--ded€N-
R2(d—1N

Then we will prove that, when pi is factorized as pt = (p™)®V, where p' is a probability measure
on R?? the marginal of p! tends, as N — oo, to the solution of the Vlasov type effective non-linear
equation (2).

(7) 0ip'(x,0) +0.Vopr = Vo(Gpp'), p=" = p™" € LR, dxdv),
with
®) Cole0) = [ (e — )~ wply, w)dydu.

R2

In fact, we can prove (see Remark 3.5 below) that the marginals at any order n of p%; as defined by

(9) ng;n(l‘lﬁflv"'7xn7§n) = /deN( )ng(xivglvl’Qag%---axN7§N)dxn+1d£n+1"'dedgNa
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tends, in Wasserstein topology of any exponent p > 1, to the nth tensorial power of the solution p’ of
the Vlasov equation, i.e. py.,, — (p")®". Nevertheless, for sake of clarity of this short note, we will
present in detail only the case n = 1.

This result (for n = 1), i.e. Theorem 2.2 below, has to be put in correspondence with the item 2 of
the results of [6] just described, but there several differences. First of all our results hold true for more
general initial data than the empirical measures. On the other side, our result will not be uniform in
time as in item 1, but this inconvenient will be compensated by the fact that we will get an explicit rate
of convergence in the asymptotism N — oo.

Our methods will also apply to systems of the general form

.Z.'Z':Ui

(10) .

N d
ri,v; € RY, i=1,....N
Vi = = % ZIV(% — Tj,0; — vj).
]:

where v(z,v) : R* — R%is a Lipschitz continuous function, bounded in (z, v), Corollary 2.5 or bounded
in z and sublinear in v, Theorem 2.4 and Corollary 2.6.

In the sequel of the paper, we will denote by Lip()(s,.) the (local) Lipschitz constant of v at the point
(z,v) € R?*® and we will suppose, without loss of generality, that there exists 7y > 0 such that, for all
(z,v) € R*,

7(']‘171]) < 70|U|
Lip(@w < v0lv]
where | - | denotes the Euclidean norm on R¥.

We show in Apeendix A the gobal existence of the solutions of (10), with an expoential growth in
time with respect to the initial conditions. Uniqueness is of course a consequence of (the iteration in
time of) the Cauchy-Lipschitz Theorem.

The Cucker-Smale vector fields satisfies this hypothesis with vy = ||| e

Note that the following Vlasov type kinetic equation on R is obviously associated to (10), in a natural
way:

(11) Oift(x,v) +v-Vufi(z,v) =V, (ft(x,v) /R Y —y,v— w)ft(y,w)dydw) .

Let us immediatly notice that our assumptions on v contain the two assumptions in Theorem 2.3 in [9].
The first one because of the Lipschitz and sublinearity properties of v, and the second one thanks to
the fact, see [10, 11], that

2d

sup I/w(u — ) < Wil )

ltip(p)<1
where W is the Wasserstien distance of exponent 1, as defined in Remark 3.5 in the present paper.
Therefore, there exist a unique continuous solution p' of (11) p* € Cy(R, P.(R??) where P.(R*) is the
space of compactly supported probability meausres on R??.

2. THE RESULTS

In this section we will state our main results.
Let us start this section by recalling the definition of the second order Wasserstein distance distyk 2
(see [1, 10, 11]).

Definition 2.1 (quadratic Wasserstein distance). The Wasserstein distance of order two between two
probability measures p, v on R™ with finite second moments is defined as

Wa(p,v)? = inf / |z — y*y(dz, dy)
YEL (1,v) JRm «Rm

where T'(u, v) is the set of probability measures on R™ x R™ whose marginals on the two factors are p
andv. E
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That is to say that elements v of T'(u,v), called couplings or transportation maps or transport maps
or just maps, depending of the authors, satisfy, for any test functions a and b in Co(RY),

/R2m a(x)y(dz, dy) = /m a(x)p(dx), /RQm b(y)y(dz, dy) = /m b(y)v(dy).

The symmetry property in p, v is obvious and the separability property is easily proven by taking the
optimal coupling between p and itself equal to

(12) v = pud(z —y).
Conversely, if Wa(u,v)? =), then [ gm |2 — y[*v(dz, dy) for some 7 so that # = y v a.e.and, for any
Borel function ¢,

/ o(@)udz) = / o(w)(dr, dy) = / o) (de, dy) = / o)ody) = = v.

The proof of the triangular inequality is much more involved, see again [1, 10, 11]).

We can now state the main result of this little note, proven in Section 3.4.
Theorem 2.2 (Cucker-Smale model).

Let p' be the solution of (7) with an initial condition p™ € L'(R*?) compactly supported and let py.
be the first marginal of pl, = ®'#(p™)®N, as defined in (6).

Then, for all N > 1, t € R,

W 1] oo []] oo giny (€2 — 1\
t ‘ t < 4 P
Q(pN,hp) > N% 7

with
L =21+ 4J[¢|[%| 2[3] + [supplp™])?), &= / op™ded

(by V]| oo (supp(piny) We mean — sup  (|v]).
(z,v)Esupp[pin
Remark 2.3. There ezists an equivalent result for higher orders marginals of p(t) and other Monge-
Kantorovich distances but we prefer in this little note to concentrate on the case of first marginal and
quadratic Wasserstein distance. The proof in the more general situation is very close to the one presented
here. See Remark 3.5 for some details.

Theorem 2.2 is actually a corollary of the follwing more general result, proven in Section 3.2

Theorem 2.4 (General Cucker-Smale model with sublinear force).

Let p' be the solution of (11), v boubded on R*?, with an initial condition p® € L'(R??) compactly
supported and ®' the flow defined by the system (10). Finally, let ply., be the first marginal of ply =
QU (p™)®N | as defined in (6).

Then, for all N > 1,t € R,

N|=

Walplyo ') < CUHIN™

with
%
t t L
cit) = 4/ Sup (ke — i, &k — fl)|2€fs (W s )
0 kl=1l,dots,N
(Y,E)esupplply]
L(t) = 2(1 + 2 sup Llp(v)%:v—y,v—f))

(va)7(y:5)€supp[pt}
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The following result is elementarly derived from Theorem 2.4.

Corollary 2.5 (General Cucker-Smale model with bounded force).

Let pt be the solution of (11), v globaly Lipschitz and bounded on R*?, with an initial condition
p™ e LYR*) and @' the flow deinfed by the system (10). Finally, let ply., be the first marginal of
Pl = O (p™)®N | as defined in (6).

Then, for all N > 1,t € R,

N|=

W2(P§v;1v p') < C(t)N~
with

C(t) = <4H’yHooetT_1> ’ A :=2(1+2Lip(y)?).

Note that no need of compacity of the support of p™ is needed any more in Corollary 2.5.
The boundness in space and sublinearity in velocities of v allow to control the increasing of the flow
®(t), and leads to our next result, whose proof is given in Section 3.3 below.

Corollary 2.6. Under the same hypothesis as in Theorem 2.4 we have that, for all N > 1,t € R,
Wa(phy, p') < C(t)N 2
with

1
_ 2 e 108450 ([0]] oo (sumnloint) TNV L1 cumplaing) ) 24t ( 470t 2
C(t) = (270||UHL°°(supp[pinDe Lo (supplpi™)) Ll (supple™))) ™ (e¥700 — 1)) 7|

Let us finish this section of results by a simple remark. Flocking properties of the solution of the
Vlasov kinetic equation (2) can be derived from the corresponding properties of the particle system (1),
as in [7, 6]. But they can also be derived by a direct PDE study of (2), as in [9]. This suggest a kind
of inverse questioning: suppose one determines some Flocking properties for the solution of a general
kinetic Vlasov equation, e.g. (11). Does this infer on Flocking properties for the corresponding particle
system, e.g. (10)? Our Corollary 2.6 gives some insight on this problem, as it tells us quantitatively how
close is the solution of the kinetic equation (and its tensorial powers) to the marginals of any orders of
the pushforward oby the corresponding particle flow of a general N particle density.

More precisely, suppose that the solution p(t) of (11) satisfies the following property:

(13) supp|p(t)] C B(z + tv, X) x B(v,Ve )

for some positive constants z, X, v, V, a.
This implies that L(¢) in Theorem 2.4 can be easily estimated by

L(t) < 2(1+8(0% + V2 ) < 2(1 + 8(v° + V?))
and, therefore, in the same Theorem,

) e(470+2(1+8(1‘)2+\/2))t 1

< V.
= 0 e g 2(1 + 8(2 + V2)
(note that in (14), C(t) has an exponetila growth, and now a douibleexponential one as in Corollary
2.6).

Of course the first marginal pY., of the pushforwrad of (p")®" by the flows induced by the system
(10) has no reason for being compactly supported, as we didn’ t impose anything on the particle flow.
Nevertheless, we have the following result provide a weak version of the property (13).

(14) C(t)

Proposition 2.7. For all t,e > 0 let us defined
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where C(t) is the function defined by (14).
Then, for any N > N;. and any Lipschitz function ¢ on R?? of Lipschitz constant smaller than 1,

/ o(x,v)pn(t)dzdy < e.

R24\ B(Z+t0,X ) x B(7,Ve~ot)
Proof. 1t is an immediate consequence of Theorem 2.4 or Theorem 2.6, and the fact that the the Waaser-
stein distance metrizes the weak topology in the sense that

sup /(,u —v)p(x,v)drdv < Wy (u.v)
Lip (¢)<1

for any probability measures p and v 0]

3. PROOFS

3.1. Preliminaries. Let us first recall the general situation we are dealing with, in order also to fix the
notations.
We consider on R?#V the following Cucker-Smale type vector field

Y

where
(16) Gi(t, X, V) NZ’y — T, — V).

Here the function ~v(z,v) : R?** — R% is a Lipschitz, bounded in x and sublinear in v, continuous
function., such that v(z,v), Lip(7) (@) < Y-

We used the notation X = (z1,...,25),V = (vy,...,0n).

In fact, we are rather interested in the Liouville equation associated to (15) [8], namely

N
(17) Oply + v Vaply = Y Vo (Giply), PN = o

i=1
with pi € P(R2N).
Although the argument is standard, let us recall why the solution of (17) is equal to the pushforward
of p¥ by the flow ®; generated by (15): integrating p% against a test ¢ function composed by ®; gives

Moreover

8t/90(<1%(X, V))pw (X, V)dXdV = /((—V, G) - Vi) o(X, V) ot piy (X, V)dXdV

(19) . / DXV )V ) - (V. G) Byl (X, V)X AV

So that @, #p% solves (17).
We want to prove that the marginals of pl tend, as N — 0o, to the solution of a Vlasov type equation.
Such Vlasov-type equation associated to (17) has (introduced in [8] for the Cucker-Smale model) reads

(20) Oip' (z,v) + v.Vop'(z,0) = V, (Gp'(z,0), p=° =p" € LY(R*, dzdv),
with
(21) Gol.v) = [ o= y0 = wholy. widydu.

R2

We can now state the proof of the main results of this little note.
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3.2. Proof of Theorem 2.4. The proof will be articulated around the following four lemmas.
Let 747 € TI((p™)®N, (p™)®V) satisfy

(22) T,#m = 7% for each 0 € Gy,
where Gy is the group of permutations of N elements and
To(z1,01, -, TN, ONS YL, &Ly - o UNS EN)
= (o (1), Vo (1), -+ s La(N)s Vo (N)s Yo (1) €a(1)s - + s Yo(V)s Eo () ) -

We will denote X = (z1,...,25),V = (v1,...,on), Y = (y1,..,yn), = = (&1, - -, EN)-

The following first Lemma will be one of the keys of the proof of Theorem 2.2. It consists in considering
in evolving a coupling 74 of two initial conditions of the Liouville (17) and Vlasov (20) equations by
the two dynamics of each factor of 7.

Lemma 3.1. Let wy(t) be the solution of

N
(23) Oy + V.V + EVymy =Y (Ve (Gi(Y,E)my) + Vi, (G (21, v1)) 7))
i=1
with mx(0) = 74,
Then, for all t € R, wn(t) is a coupling between pb and (p')®N. Moreover mx(t) is invariant by
permutations T,.

Proof. By taking the two marginals of the two sides of the equality, one get that they satisfy the two
Liouville and Vlasov equations. The result is then obtained by uniqueness of the solutions of both
equations. 0

Lemma 3.2. Let
1 N
[+ >y =1+ 1oy = )t

_ N/X Y)Y+ (V = 2)2)mn(t).

Then
dDN 2
—_— < L D G 1961) 7 75 : deE?
I N+ — N E /’ (vi ,5 ( )‘ PN
with
L(t) =2(14+2 su Li
() ( izl,dol?S’N P(’Y)( —y&i— 5))

(Y,2:X,V)esupp[rn (t)]
((y,€)€supp|p']

Proof. We first notice that
N

diz)tN - N/( (X - Y)+Z(Ui—€i)-(Gi(K

i=1

[1]

) — G (i, vl))> dry

Using 2uv < u? + v? we get

dDy 1 ) o N _ )
— = v - — = . =) — ¢ . .
a 2N/<(X Y)R 2V ))+;!G@(Y, ) — Gy (s, )| | drry

(24) < Dy(t)+ % (Z |Gi(Y,Z) — Gpt(:r;i,v,»)|2> dmy.



8 R. NATALINI AND T. PAUL

Let us add to G;(Y,Z) — Gy, v;) the null term (Gt (i, &) — Gt (yi, &) so that
IGi(Y,E) — Gt (25, 0:) > < 2(|Gi(Y,E) = Gt (i, &)° + |G pt (93, &) — Gt (i, 03)?)

Let us first estimate

Gt (i, &) — Gpe(ziyvi)]. = | /(v(yz- —y, & — &) — (@i — y, v — &) p'(y, &) dydé]
< / (i — Y, vi — &) LIiD(Y) (2y—y.es—e) 0" (4, §) dydE

< sup Lip(’Y)(wi—y,gﬁg) / ’(ﬂfz —Yi, Uy — &)’pt(y, f)dydf

(y,€)€supplp?]

= sup  Lip()@i—pe—ol(@i — yivi — &)
(y,€)E€supplp’]

Therefore, by convexity,
|G ot (yi, &) — Gpt($i7vi)|2 <2 sup Lip(y )(931 —y,&i— g)(|$z y¢|2 + |vi — fz‘|2)
(y,6)Esupplp’]

and

N

1

N/Z |Goe (Y3, &) — Gpt($i>Ui)|2d7TN
i=1

N
1
sup Lip(7)?, ¢ —/ zi — Yyl + |vi — &P )dr
S Mie—ve—o 7y ;U yil” + v = &l )dmw
(Y,E:X,V)Esupp|rn (¢)] N

((y,€)€supp[p*]
= sup Llp(’Y)( —y&i— )DN(t)
i=1,dots,N
(Y,2:X,V)esupp[nn (t)]
((y,€)esupp[p']

And the lemma follows by (24) and Lemma 3.1. O

IA

[t remains to estimate in (24) the term

N

1 —_ —_—

/N Z G (i, &) — Gi(Y, E) [ plydY dE.
=1

The following result is a straightforward extension of Lemma 3.3. in [5] with the special value p = 2
and d replaced by 2d.

Lemma 3.3. Let © be a compactly supported probability density on R**N and F be a vector field on
R,
For each j =1,...,N, one has

@) [

Proof. There are two differences between the statements in Lemma 3.3 and Lemma 3.3. in [5]:

- the term sup |F(yr — yi, & — &)|? used in the right hand side of (25) instead of the norm
k,l1,dots,N
(Y,E)esupp|ply]
L>*(R??) used in [5]. This difference is unessential since the integration in the right hand side of (25) is

effectively over supp[p’y].

_ 16
prde: < ~ sup | F(yr — yi, &k — §l)|2-
k,l=1,dots,N
(Y,E)€esupplply]

Fxp(y; &) — ZF — Y. & — 0;)
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- the measure p! in the left hand-side of (25) instead of the measure p®V used in [5]. It is clear form
the (beginning) of the proof of Theorem 3.3. in [5] that it works excatly the same way with pl. O

Lemma 3.3 with F'(z,v) = 7y(z,v) together with Lemma 3.2 gives immediatly that
dD 16
— 2 <L®)Dy+—  swp |y — b — &)
dt N ki dots,N
(YV,2)esupplply]
and, by Gronwall’s inequality,
t 16 t t
(26) Dn(t) < DN(O)efo Lis)ds 1 —/ sup Iy (ke — w1, &k — &)|2€f5 Llwdugsg
N Jo  ki=1dots,N
(Y.E)€esupplply]
Let us denote by (mx(t)); the measure on R* x R2? defined, for every test function (a1, v1;y1,&1),
by
/ ey (dX, dV;dY d=) :/ e(@1, v13y1, &) (T ()1 (day, dvy; dys, ds)
R2dN wR2dN R2dxR2d

We now notice the following obvious fact.
Lemma 3.4. (7x(t)): is a coupling between p., and p'.

Since 7y (t) is symmetric by permutations, one has easily taht

(27) D(t) = [ (jor =l + o1 = &) (®):
and Lemma 3.4 immediately implies that
(28) D (t) > Wa(pa(t), (p(t))1)?,

so that, by Lemma 3.3,

16 [! t L (u)du
N sup vy — wi, & — &) Pels P
0 k,l1,dots,N
(Y.E)esupplply]

(29)  Walpa(t), (p(t))1)* < Dy (0)elo X% 4

Remember that (29) is valid for D(0) as defined in Lemma 3.2 for any mxy coupling (pi")®" with itself.
Since W is a distance, one has, for any of these 7,

Wa((p")Y ()N = / (X V) 4+ (V —2))a% = NDy(0) = 0

so that

16 [* ! L(u)du
< i sup  y(yn — yi, & — &) Pels LW
0 k,l1,dots,N
(Y,E)esupplply]

Walpi(t), (p(t)1)?

Finally, choosing fo 7 the optimal coupling
PY,E, X, V) = (o) (X, V)O(X — V)V — 2),
one get immediatly that
(Y,Z: X, V) € supp[rn(t) = (X, V) € supp[p")®N = (z;,v;) € supplp'], i=1,...,N.

and therefore

L(t)=L(t) :=2(1+2 sup Lip(7)oywe))-
(2,v),(y,€) Esupp[p']

Theorem 2.4 is proven.
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Remark 3.5 (Higher order Wasserstein and marginals). As we wanted to leap this note as short as
possible, we expressed our results only for the first marginal pn. in the 2- Wasserstein topology, but the
method developed in [5] allows as well, with the same kind of modification than the ones used before in
this section, to the higher cases. Let us remind, for p > 1, the definition of W,(p,v) for two positive
measures i, v (cf. Definition 2.1

Wy(p,v)P = inf |z — ylPy(dz, dy),
YEL (1,v) JRm xR™

and, for any probability measure p on R*N and n = 1,..., N, the definition of the nth marginal py.,
defined on R2"

PN (T1y ey Ty Uy, V) 1=
/ P((T1, o Ty Tty oy TN ULy ey Uy Uni 1y -+ 5 ON ATy - - AT AU, - . dUN.
R2d(N—n)
One gets, for eachp>1, N>1andn=1,...,N,
1 .
—Wy(Pns (01" < Dy (t) N~ 0 B2
n b
with

t
Dp,n(t) — 9227 ;ax (LP _ 1)([p/2] + 1) / sup w(yk — & — gl)‘p€2max(l7p*1)fs L(u))d“ds
0 k,=1,dots,N
(Y,E)esupp|ply]

where

L(u) =1+ 2°71 sup Lip(v)fx_w_g).
(2,v),(y,€) Esupp[p’]

The main changes in the proof are the use of the Young inequality
puv?t < wP + (p — 1)vP < max(1,p — 1) (uf + vP)

instead of 2uv < u? + v? before (24), the convexity of | - [P for p > 1 and a variant of the contents of
Lemma 3.3 which reads

N p
1
/ Fo p(x;,v5) — NZF(% — zp, v —v;)| pENdXdAV
k=1
2[p/2] + 2 )
S Nmin(p/Q,l k,lls,llJ;)E)s,N |F(yk — U, é.k - §l>| .

(Y,E)esupplply]

Finally, the statement of Lemma 3.4 becomes now easily that wn(t), is a coupling between p’}vm and
(p")®™, where wn(t), is defined through by

/ ey (dX,dV;dYd=) = / emn (t)n(d(z,v;y,8)1 ... d(z,v;y,8)n)
R2dN x R2dN R2dxR2d

for every test function o((x,v;y, &)1, .-, (2,09, &)n),

3.3. Proof of Corollary 2.6. We get to estimates L(t) and C(t) as given in Theorem 2.4 out of the
estimates established in Appendices A and B.
Let us recall that

L(t) :=2(1+2 sup Lib(7){e—ywg) = 2(1 + 2/[¥[I2, sup v —¢%)

(ac,v),(y,g)Esupp[pt] (va)7(y75)€supp[pt}
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Thanks to (36), we get
2

L(t) = 2(1+2 sup Lip(7)(o—yo—e))
(a:,v),(y,{)ESupp[pt]
< 2(1+42 sup 7§|v—§|2) <4(1+2 sup 7§|v]2)
(z,0),(y,6) €supplp’] (z,v)Esupplp']
= 4142  sup  R[P(t)(x,v))
(z,v)esupplp™]

< 41+ 47864701:(||U||L°°(supp[pi"]) + ||U||L1(supp[p"”]))2)
Moreover, (34) gives

sup vy —un & —&)F < 29 sup &
ki=1,..N k=1,..N
(Y,E)€esupplpl] (Y,2)esupplply]

= 2y sup |or ()]
k=1,.,N
(X,V)esupp[(p™)®N]
< 2y sup CARCE
k=1,..,N
(X,V)€esupp|(p™™)®N]

4ot

- 27§||U||%°°(supp[pi"])e
(here (X (t),V(t)) solves (10).
Therefore

t
t
c)” = 4/ sup |y — . & — &) el LI,
0 k,=1,dots,N
(Y,E)esupp|ply]

t
2 2 4(vos+t—s) 1693 (Ilv]l oo inpy ol inyy) 2 (e470F—e170%) /4~
< 8% llvllz (supplor) / ¢ ¢y e ds

2 €208 450 (|91l L oo (supproin)) TV L1 (supplping))” o4t ( 4701
< 270‘|UHL°°(supp[pm})e L0 (supp|pin]) Ll(supp[p™])/ ¢ (e —1),

Corollary 2.6 is preven.

3.4. Proof of Theorem 2.2. In order to prove Theorem 2.2, we need to estimate, in the Cucker-Smale
particular case, that is when

(@, 0) = P(x)o,

the two quantities

=

t
t
ct)y = |1 s b n - Pl omas |
0 k,=1,dots,N
(Y,E)esupp|ply]
L) == 20+2  sup  Lip(1){_yue)
(:E,U),(y,g)esupp[pt}
(30) L(t) :==2(1+2 sup Lip(7)_yw_g)) = 201+ 20|, sup v — &)
(z,0),(y,€) €supplp’] (z,0),(y,€) Esupp[p']
and

t
t
C(t) = 4/ sup Y (yk — i, & — &) %€ Lwu g
0 k,l=1,dots,N
(Y,E)esuppply]
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that is
(31) sup (g —un & — &) =1WlL  sup |G —&J?
k,l=1,dots,N kl=1,..,N
(Y,B)esupp[ph;] (Y,E)esupploly]
To estimate sup o — &2 <2 sup (Jv]* + €]?) we will use Lemma 3.2 in [9] which
(z,v),(y,€) €supp|p'] (2,0),(y,€) €supp|p']

stipulates that
supp,[p'] C B(v,V (1))
with o = [vp™dzdv and 4V (¢) < 0.
Therefore ||v|| Lo (supplpt)) < 0] + V(0) so that, since one can take V(0) =

|
sup o — &7 < 20915 |2[0] + |supp[p™])
(a:,v),(y,&)Esupp[pt]

| + |supplp™|,
2

and
L(t) < 2(1 + 40|15 [(2/0] + |supp[p™])?) := L.
Moreover,
sup & — &l = sup o (t) — w(t)|?
kil=1,...,N kil=1,...,N
(Y.E)€supplpy] (X(0),V(0))€supp|(p') N

where x;(t0,v;(t), ¢ =1,..., N satisfies (1).
We will need just a very little part of the stability results expressed by Ha, Kim and Zhuang, namely
the following lemma, taken from formula (8) in Lemma 2.1 in [6]:

d
— sup |u(t) —wu(t)] <0, Vt,
dt pi=1..N

which leads naturaly to

sup 6 — &P < 4llolBei
ki=1,...N
(Y,E)esupplply]

which implies

2 2 et —1 :
ORI
Theorem 2.2 is proved.

APPENDIX A. DYNAMICAL ESTIMATES FOR GENERAL CUCCKER-SMALE PARTICLE SYSTEMS

In this section,we give global estimates on the flow ®V(¢) generated by (10).
We have, for each i =1,..., N,

d
—|Uz'|

dt

|3

IN
==

N
1
|’)/(ZL'Z — V5,V — Uj)l < N Z'Y()’Ui — Uy
1 J=1

<
I

(32) Yo(lvj| + Jvil),

IN
2|

1

<
I

so that

d N N
T doluil <290y fuil:
1=1 i=1
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and, by Gronwall inequality,

N N
(33) D @) < [ws(0)]e".
i=1 i=1
Turning back to (32), we get by (33), for each i = 1,..., N,
E(M) < yoluil + 2 fj 03] < Folen] + 706 i\f: |v;(0)]
7 = ) 7l = 1 J
dt N £ N £
< olvil + 90" max [u;(0)].
7j=1,..,N
Therefore, again by Gronwall Lemma and uniformly in N,
et — 1
vi(t)] < e (Jv;(0) + v max |v;(0
0] < ([ (0) + 0 max [15(0)|7)
(34) < max |v;(0)]e*, i=1,...,N.
j=1,.,N
Finally, (10) gives immediatly that
et _ 1
ler ()] = |2:(0)]] < max fo;(0)]———, i=1,...,N.

APPENDIX B. DYNAMICAL ESTIMATES FOR GENERAL CUCCKER-SMALE KINETIC SYSTEMS

Let us recall that, according to Theorem 2.3 in [9], there exist a diffeomorphism ®(¢) on R?? such
that the solution p' of (11) is given by

p(t) = O(t)#p™.
Moreover, ®(t) solves gthe system

N X0 . (t)
= (ch(t)) - ((7 #p1) (@(1) = [(Palt) =y, @u(t) — é)pt(y,é)dfﬁdﬁ)
Therefore,

d

(35) pr

()] < [u(t)] < y0(ll' 120 (8)] +/|§|pt(y,§)dyd§).

Obviously [[p"]|zr = [|p™ ||z = 1.

Lemma B.1.
/|v|ptdxdv < 62”’075/|v|pi”dxdv.

Proof.
d
%/]v]ptdxdv < \/\v[,btda:dv\
< | [ 101Vl [ ol = 0 = €000, 00! o )y
</ pol(o] + 1D (o, o)y

< 270/|U|ptdxdv

The result follows by Gronwall inequality. U
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Thanks to Lemma B.1, (35) becomes
d .
SO 20l (0)] + 206 [ [olp" dad,
and,by Gronwall Lemma, we have
B, 0] < (ol + (@ 1) [ folp"dedo)

E(

IN

V][ oo (supplorn]) + 101l 21 (supploing) )-

(36)
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