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RECOVERING TIME-DEPENDENT SINGULAR COEFFICIENTS
OF THE WAVE-EQUATION - ONE DIMENSIONAL CASE

OLIVIER POISSON
Aix-Marseille Université, France

ABSTRACT. We consider the homogeneous wave equation in the rectangle (0, 7) x
(0,b), that is, in the one-dimensional space situation. The conductivity depends
on the two variables ¢, « of time and space, and represents an unknown moving
inclusion inside the background which has constant conductivity. The waves
satisfy the homogeneous Dirichlet condition at x = b and sufficiently smooth
but unknown initial conditions at ¢t = 0. We prove that the inclusion is deter-
mined by the Dirichlet-to-Neumann mapping defined on the interface x = 0.
In fact, we show how the inclusion can be reconstructed from the detection of
the singularities of the flux of special waves knowing the singularities of their
trace on the interface.

1. INTRODUCTION

1.1. The Wave Equation. Let 2 =]0,b[C R be a bounded open interval (b > 0),
and consider the following initial boundary value problem

OZu—V,-(YWVeu) = 0 in (0,7) x Q,
U|:c:0 = f(t) on (0’ T)7
(1.1) tulg=p = 0 on (0,7),
u|t:0 = wug on £,
5tu|t:0 = wu; on £,

where the conductivity v = (¢, x) has the following form :
there exist a positive constant k£ # 1 and a smooth function ¢ — a(t) €]0, b[ such
that
1 i oz <a(t),
(1.2) 7@@{k¥ifxaamm=D@.
Moreover we assume:
(H1D) ||a(t)]|co < min(1, k),
where a = %. The inverse problem we are concern with is to obtain some informa-

tions on a(-) and k, by choosing carefully the data f and then measuring 0,u(t, x)
at z = 0.

Since the velocity of the waves in |0, a(t)[= Q\ D(t) is one, it is quite natural to
consider the following functions. We set

(1.3) £@t) =t —a(t),
(1.4) u(t) =t +a(t).
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For simplicity, and if it is unambiguous, we write £(¢) = &, u(t) = p. If needed,
we extend a(t) in R\ [0,T] by a smooth extention, and so we extend D := {{t} x

(a(t),0)), t € 0,71}, D7 = {{t} x (0,a(t)), t € [0,T)}, 8D = {(t,a(t)), t € [0, T}
too (with the same notation) by replacing [0,7] by R in their definition, in such a
way that
1
0= id(ﬁD,R x Q) >0, e <min(l,k).
We put
ts :=1inf{t > s;a(t) =t —s}, t*(s)=2ts—s, s€[0,7T].

Remark 1.1. Since |a| < 1 and a > 0, it becomes obvious that {t > s;a(t) =
t — s} = {ts}, and that s — ts and t*(-) are smooth and increasing.

In fact, to is the necessary time delay to have the first information on D(t), and
ts is the same, but with initial time at t = s. We denote

Mo = ,U,(to) =19+ a(to) = 2ty.
Remark 1.2. We obviously have u(ts) = t*(s) and {(ts) = s. Hence p =1t*o& and
1) =t
We also define the coefficients of reflexion and transmition, respectively,
1—k+(k—¢)alt 1—k\ (1—(1+ 1t
19 e - LEEEDEO 1y (10 by,
Tkt (= ) \1+k) \ 1T+ (1 - ha)
2
1.6 t) = .
(16 A 1+ k+ (k- 1)a(t)
Thanks to (H1D), the functions o and g are well-defined in [0, T]. We are going to
deal with data and measurements as functions in the usual Sobolev space H*(I),

where s € R and I C R is an non empty open interval. If s € (0, 1) it can be defined
by

2
H3(I) = q€L2 // 1+2)| dxdy<oo}, 0<s<l.
IxI |$ -yl
See [2] for details. Our main result is the following one.

Theorem 1.3. Assume that (ug,u1) € H™(Q) x H~1(Q) for some ry € (0,1).
Fiz f € L?(—00,T) such that

(1) f|(7oo,0) S HTO(_Oovo);

(2) floy € HUZ/D((0,0)) for 0 <t <t <T;

(3) flowy & HOO=/D((0,¢) for0<t<t <T.
Then, the following statements hold.
1) There exists a unique solution u of (1.1) in L*(Qr).
2) The quantity Oyu|,—o is defined in H=1(0,T) by continuous extension.
3) The distribution g = Opu|y—o + f' € H=(0,T) has the following form

g=9a+9E,

where ga, gp satisfy the following properties:

(i) ga(p) =2a(t)f'(§), Vuel[0,T]. )

(ii) galo,u) € HoO=&/T)=1(0, 1) for all po < u < T and all £ > €.

(iii) If a(t) # 12 then gal(o,u € HU=¢/T=10, 1), V€ < €.
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(iv) There exists € > 0 such that
(1.7) 9l € HTHUD7N0, 1), Ve [0,T).
The main consequence of this is

Corollary 1.4. Assume that a(t) # Hik for allt, and (ug,uy) € H™(Q)x H~1(Q)
for some rqg > 0. Let T > 0. We claim that:

1) We can know if T < ug or if T > pyo.

2) Assume that T > t*(0) = po. Set

st = t*il(T)a tmaz = ts=.

Then we can recover the functions s — ts, 0 < s < s*, t = a(t), to <t < tmaz-
The constant k is the root of a second degree equation with known coefficients. If
a < 0 then this equation has no more than one positive root, and so, we are able to
reconstruct k.

Remark 1.5. Obviously, from Corollary 1.4 and Remark 1.1, and since to =
a(ty) < b, we can ensure the condition T > pg by choosing T > 2b.

In Theorem 1.3, the existence of such a function f is ensured, thanks to the
following Lemma.

Lemma 1.6. For all R > 0, there exists a function G(t), 0 <t <1, such that
(1) Gl € HO/E(0,t) for all 0 <t <t < 1.
(2) Glouy & HID/E(0,¢) for all0 <t <t < 1.

Remark 1.7. In Theorem 1.3, if (ug, u1) € H* (Q)x H™~1(2) for somery € (1,1],
and if ug(0) is known, then we can fix f € L*(0,T) such that

(1) flio.g € HO=HT)([0,t]) for 0 <t < T;

(2) fliow & HOOHVD([0,¢]) for 0 <t <t <T;

(3) f(0) =uo(0).
Then, Theorem 1.3 with ro € (%,1] is valid.
If (ug,u1) € H™(Q) x H™~X() for some ro € (3, 1], but if we don’t know the value
of ug(0), then the information is not sufficient (with our approach) to construct a
function f and to make Theorem 1.3 work with ry € (%, 1]. Hence, we are obliged
to come back to the situation (ug,uy) € H™ () x H (), where r; < 3.

The paper is organized as follows. In Section 2, we analyse the direct prob-
lem (1.1). In Section 3 we construct an ansatz uy for (1.1) where f is the function
of Theorem 1.3. In Section 4, we first prove Corollary 1.4, then Theorem 1.3. In
particular, we analyse the error up = u — ug4.

2. STUDY OF THE DIRECT PROBLEM

2.1. Notations. We denote by (|) the usual scalar product in L?(Q;dx), by (|) g
the scalar product in a Hilbert space H, by <;>pg«xg the duality product be-
tween a Hilbert space H and its dual space H*, by <;> the duality product
in D'(Qr) x D(Qr) or in D'(0,T) x D(0,T). We put H* = L*(0,T; H} (),
H' = L20,T; HYQ) = HY, W = {v € HY, 9w € H™'} with obvious
norms. We denote

E" = H"(Q) x HY(Q) x H"(0,T),
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and

ES — { {(Uo,ul,f) S UO(O) = f(O),UQ(b) = 0}7 % <r<l,

E", 0<r<s3.

(For r = 1 we could set Ej as in the case r > 1, but the relations uo(0) = f(0) and
uo(b) = 0 should be modified).

We denote Qy, 1, = (t1,t2) X Q.

For data vy, vy, F, let v satisfying in some sense:

£’YU = F in QT,
v(it,z) = 0, z€dQ, te(0,T),
(2.1) v = wvg on {
t=0 0 )
Ovli=g = wv1 on K.

We formally define the following operators:

u = P(uo,uhf),

Optlo—o + [ = Z(uo,ur, f),
(Ulizs, Opuli=s) = X(8)(ug,u1,f), 0<s<T,

v = P(vg,v1, F),

OgV|e=0 = Z(vo,v1, F),
(V]t=s, Ovls=s) = X(s)(vo,v1,F), 0<s<T,

where u, v, are respectively solutions of (1.1), (2.1).

2.2. Main results. In this section and the one above, we state that Problems (1.1), (2.1)
have a unique solution for adequate spaces.

Lemma 2.1. 1. The operator P is a continuous linear mapping from H}(Q) x
L2(92) x (L?() + W) into C([0, T); HA(2)) N C1([0,T); L2()).

2. The operator X (s) is continuous from H(Q) x L?(Q) x (L*(Qr) + W) into
HY(Q) x LA(Q), for all s € [0,T).

Lemma 2.2. 1. The operator P continuously extends as a continuous operator
from L2(2) x H=1(Q) x H~1 into L*(Qr).

2. The operator X (s) continuously extends as a continuous operator from L*(Q) x
H=YQ) x H™ into L?(Q) x HY(Q), for all s € [0,T).

Lemma 2.3. 1. The operator P is a continuous linear mapping from E} into
C([0,T); HY(Q)) N CH([0,T); L*(2)), and continuously extends as a continuous op-
erator from EY into L?(Qr).

2. The operator X (s) is continuous from E} into H* () x L*(Q), and continuously
extends as a continuous operator from EY into L?(Q) x H~Y(Q), for all s € [0,T].

Lemma 2.4. The operator Z (respect., Z) is continuous from HE(Q) x L*(Q) x
L2(Qr) (respect., E}) into L?(0,T) and continuously extends as a continuous op-
erator from L2(Q) x H=1(2) x H~! (respect., EY) into H=1(0,T).

Lemma 2.5. Let t; € [0,T]. Assume that F € H~! has a compact support mn
O(t). Let v = P(vg,v1,F). Then there exists a neighborhood K of K(t1) in DO
such that vz does not depend on F, that, is, if vo = v1 = 0, then v|;z vanishes,
and, in particular, supp 0,v|z=0 C (u(t1),T].



RECOVERING TIME-DEPENDENT SINGULAR COEFFICIENTS OF THE WAVE-EQUATION - ONE DIMENSIONAL CASBE
2.3. Proofs. Let us consider the familly of bilinear forms b(¢), t € R, defined by
b(t;u,v) = / v(t, 2)Veu(z) Vou(z) de,  Yu,v € HY(Q).
Q

Lemma 2.1 is a corollary of the following general theorem (proof in Appendix, see
Part 6), which is an extension of [1, XV section 4] in which 7 does not depend on
the variable t¢.

Theorem 2.6. Let T > 0 and Q C R", n > 1, such that H}(Q) is compact in
L3(Q). Let y(t,x) > 0 be such that v,y~1 € C°([0,T); L=(Q)), 8yy € L=®(Qr). Let
F e WUL?(Qr) and vg € H(Q), vy € L2(2). Then, there exists a unique weak
solution v to (2.1), that is, v € C([0,T]; HE(Q)), Opv € C([0,T]; L3()), v|i=0 = vo,

Ov)i=0 = v1, and

d

%(aﬁv|¢) + b(ta ’U(t, ')a (b) =< F<ta )7 ¢ >,
in the sense of D'(]0,T[), for all $ € HL(). Moreover there exists a constant C
such that
0w (2, )| L2y + [|0-0(, )l 22Q) < C(||F||L2(Q +w T+ ||Uo||H1(Q

(2.2)
+ villr2)), VYt e [0,T].

Let us show that Lemma 2.2 is a straightforward consequence of Lemma 2.1 with
the operator P replaced by its adjoint P*. Let (vg, vy, F) € L2(2) x H~1(Q) x H~ L.
By the principle of duality, we can write (2.1) as

(U|g)L2(QT) = <7, ’LU(O) >pg-1 X H} —(vo|8tw(0))+ < Flw > -1 H,

for all g € L?(Qr), where we put w = P*(0,0,g). Consequently (thanks to Lax-
Milgram theorem), Equation (2.1) admits a unique solution v € L?(Qr), and this
shows Point 1 of Lemma 2.2. Once again, we have
<Owle=r, fo >p-1xmy —(le=rlfi) = <v1,w(0) >g-1m —(vo|Orw(0))
+ < Fow >y-14y1,
for all (fo, f1) € HY(Q) x L?(Q )7 where we put w = P*(fo, f1,0). This shows
that (v|i=r, Ov|i=r) € L*(Q) x H~(Q). This proves Point 2 of Lemma 2.2 in the
non-restrictive case s = T
Let us prove Lemma 2.3. Let ®(x) € C*°(R) with ®(0) = 1 and with support in
[0, @], where a,, < a(t) for all t. Let us consider f € H} (R) first. Set
(2.3) win(t,z) = f(t — 2)®(x).
Problem (1.1) with unknown u is (at least formally) equivalent to the following one:
find v = u — u;y, satisfying (2.1) with
(2.4) wo(z) = wo(x) = f(=2)@(z), vi(z) =wu(z) — f'(-2)2(a),
(2.5) F(t,z) — Lo, () = —Liwy, (t,2) = =2f'(t — 2)®(z) + f(t — 2)@" (z).
Relation (2.5) shows that F € L?(Qr). In fact, we have F' € W also, since
O F (t,x) = =2f"(t — 2)®(x) + f'(t — 2)2"(2),
and, for all ¢ € D(Qr),

< St = 2)@(x), 0(t,2) >

< f'(t—z,)P(x)p(t,x) >
= < fl(t—1),0:(2(2)p(t,x)) >< Cllpllag,
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which shows that 0, F(t,x) € H~!. Similarly, we have

< St = 2)®(x), ot 2) >=< f(t — ), 0:(R(x)0(t, 2)) < Cllollz2(0r),
which shows that FF € H~1 if f € L? (R) only. We set

loc
Hlloc(R) — L2(Qr)nW

B F defined by (2.5)

E} — HL(Q) x L*(Q)
(ug,u1, f) +— (vo,v1) defined by (2.4).
The above analysis shows that R continuously extends as a continuous operator
from L? (R) into H~'. Similarly, S continuously extends as a continuous operator
from E° into L?(Q) x H~1(Q2). Consequently, and since a solution to (1.1) can
be written uv = v + u;, with v = P(S(uo,u1, f), R(f)), Point 1 of Lemma 2.3 is
proved. Similarly, we prove Point 2 of Lemma 2.3, since we have X (s)(ug, u1, f) =
X(S)(S(an Ui, f)a Rf) + (uin|t:57 atuin‘t:s)-
Let us prove Lemma 2.4. Let (vg,v1, F) € H3(2) x L?(Q) x L?(Qr).

As above, for all ¢ € D(R) such that ¢(T) = 0, there exists a unique solution
q=q, € L*(Qr) to

qu = 0 in QT,
(2 6) (q(t,O),q(t,b)) = (@7()) on (07T)7
’ Q|t:T = 0 on Qa
Oqli=r = 0 on Q,

since it is a particular case of Lemma 2.3 with reversal time.

Moreover, we have q, € C([0,T]; H}(2)), drq, € C([0,T]; L*(R2)) with

(2.7)  Maeli=ollz2() + 10cqpli=oll -1 () + llgpllL22r) < Cll@llL20,1)s

(2.8)  laple=ollzr(0) + [10rgpli=oll2@) + s llmr + 1010l L2(07) < Cllelmr(0,1)-
By the duality principle, and thanks to (2.7), we have in the sense of D'([0,T)),
(2.9) < O0pv|z=0,0> = — <V0,0qplt=0 >+ < V1,¢pli=0 > + < F,q, >
(2.10)

IA

C (|lvole=oll () + lv1llz2 () + 1 Fllz20r)) 1@l L2(0.1)
which shows that 9,v|,—¢ € L?(0,T) and that Z is a continuous mapping from
HY(Q) x L3(Q) x L*(Q7) into L%(0,T).

Now, let (vo,vi, F) € L%(Q) x H=1(Q) x H~1. Then, Relation (2.9) and Esti-
mate (2.8) imply

(211) < Opvlo=0, 9> < C (voli=oll2) + lvill -1y + 1 Fll2-1) el m10,7)

which shows that 0,v|,—0 € (H%) C H~Y(0,T), the dual space of HYL = {f €
HY(0,7); f(T) = 0}, and that Z continuously extends as a continuous operator
from L?(Q) x H=1(Q) x H~! into H=1(0,T).
This ends the proof of the property of Z in Lemma 2.4. Since Oyt |o=0 = —f', we
have Z(ug,u1, f) = Z(S(ug,u1, f), Rf), and Point 2 of Lemma 2.4 is proved.

]

By the well-known Sobolev interpolation theory, we have also proved:

Proposition 2.7. The operator P (respect., P) continuously maps H®(Q)x H*~1(Q)x
L2(0,T; H*1()) (respect., Ej) into L*(0,T; H*(2)), s € [0,1] \ {3}.
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The operator Z (respect., Z ) continuously maps H®(Q)x H*~1(Q)x L2(0, T; H>~1(Q))
(respect., E§) into H*=1(0,T), s € [0,1]\ {3}.

Proof of Lemma 2.5. Denote K = K(t1). Notice that K N DO = {(t1,a(tr))}.
We assume that vg = v; = 0. Since suppF N Q;, = 0, then, thanks to Lemma 2.2
with T replaced by t1, v vanishes in ;,. Let K’ = int K be the interior of K. The
function v|x € L?(K') satisfies the following equations:

OPv—Ayv=0 in K/,

’U(t,O) =0, t1<t< ,U,(tl),

U|t=t1 = 8tv|t=t1 =0 in (O,Q(tl))
It is well-known that this implies v|gs = 0, and so, supp 0,v|z=0 C [p(t1),T]. But
since the support of F' does not touch 0K, we similarly have v|g_¢,) = 0, supp

OpV|e=0 C [1(t1) + 9, T, for some e > 0 sufficiently small.
However, let us give a more straightforward and simple proof to the fact that supp
0xV]z=0 C [p(t1) +6,T]. Fix §,e > 0 such that u(t;) + 6 > p(t1 + €) and supp
FNK.(t1)=0. Let ty € [t1,t1 +¢], ¢ € HE(0, u(t2)) and set w(t, z) = p(t + z) for
to <t < p(te). Observe that w = ¢, of (2.6), but with (0, T") replaced by (t2, u(t2)).
In fact, supp w C K(t2), and so w vanishes in DNy, ,;,). We then have, similarly

to (2.9),

< OpV|g=0,ta<t<p(ts)s @ >= — < Vlty, Oswlt, > 4 < Opv|ty, we, > + < Fyw >=0

since v|t, = Oy, = 0 and supp FN supp w = (). Since ¢ is arbitrarily chosen,
this shows that supp 9,v|z=0 N (t2, u(t2)) = 0, for all t5 € [¢1,11 + €]. Hence, supp
Oxv|x:0 C [[L(tl —|—€),T]. O.

3. ANSATZ
3.1. Notations. For ¢ € [0,T] we put
K(t)={(s,z) € [t,u(t)] x Q; s+z < ut)}, O) ={(s,x) € Qur; s+x > pt)}.

(

(Notice that K(t) ¢ D€ and K(t) N D = {(t,a(t)}).
For e >0, t € [0,T], we put K.(t) = Up<s<i4+e K (s).

If g(z) is sufficiently smooth in €, then [q]; := g(a(t) + 0) — ¢(a(t) — 0).
We write g1 2 g2 if g1 or go € H*(0,T) and g1 — go € H5%¢(0,T') for some ¢ > 0.
We put Ci = {f € C'(R); flzg- = 0}, j € N, which is dense in L?(R") ~
{f € L*(R); fl(~,0) = 0}. We consider for all ¢ € [0,T] the formal operator
A(t) = =V, (7(t,-) V) defined from H(Q) into H~1(Q) by duality:

< At)u,w >g-1q)xmr @)= (V) VaulVew), Vu,w e HY(Q) x Hy(Q).

Let f be a measurable function, we define the ansatz us = Ux(f) for (1.1) as
follows. Recall that £(¢) and p(t) are defined by (1.3), (1.4), and we have

(3.1) o =to —a(to) =0,
(32) Ho = to + a(to) = 2tp.
In addition, we put, for ¢ € [0,7T],

(33) I/:t—?, Vozto—@.
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Thanks to Assumption (H1D), ¢ — v(t) is invertible. Recall also that the coefficient
of reflexion/transmition, « and §, are defined by (1.5), (1.6). Note that we have

dj dv

(34) o) — 8% = 1.
(3.5) a(t)+ kB(t) = 1.
We also define:

(3.6) fali) = a® (),
(3.7) fl) = BOGIE.
We put

wa(tz) = f—2)+ folt+ ) — fot —2)P(x), 0<t<T, 0<zx<alt),

ANBSS = D (v —b+2e)f3(t — L), 0<t<T at)<z<b,
where we fix ®. € C*(R) so that ®.(r) = 1 if r < 3, ®1(r) = 0if r > ¢,
O<e< %d(aD, 0Qr). It is clear that the linear operator Ua : f — w4 is bounded
from L?(R) into L?(2,,.).

3.2. Properties of the Ansatz.

Lemma 3.1. Let f € C*(R). Then we have L
1) uga € 02([0,T];H1(Q)), ualp € 02(3), ualpe € OQ(DC).
2) There exists a smooth function T(t) with support in [to, po] such that

[YOsua(t)]e = 7(t) f(£(2)).
3) a) ua vanishes near x = b.
b) Let ga = Oytialmo + /- Then ga(u) = 2a(t)f(€) for 0 < p < T, where t, €, p
are related by (1.3), (1.4), (3.3).
4) Put Fa = Lyuy in the sense that Fu(t, ) = %uA(t) + A(t)ua(t) € H1(Q) for
all t, and Fy € C([0,T); H=Y(Q)). Then, Fa can be written
Fa(t,x) = Fi(t,x)—7(t) f(£(t))da(r)(2), where T is smooth, and Fy € C([0,T]; L*())
is defined for 0 <t < T by

_ Do(x) falt — ) + P3(x) fo(t —x) 0<z<alt),
38 Fila) = { g T D e

where the functions ®; are smooth and independant of f, with compact support in
[e/2,¢€] for j =2,3, and in [b—e,b— /2] for j = 4,5.

Proof. Point 1. is obvious, since we have, thanks to (3.4),

[ua(t,)e = fsw(t)) = f(E1) — f2(n(t)
— (0% ~1-a)% ) HO =0
d¢ d¢
Let us consider Point 2. For 0 <t < T we have
dp
/ / / d(aTg)
YOzua(t,at) —0) = —f(&)+ falp) = (=1+a)f'(§) + Tf(f),

d(B(t)%

YOrua(t,a(t) +0) = —kfy(v)=—kB(t)f (&) - ka(f)-
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Thanks to (3.5) we get
YOrua(t)]e = =7(8) f(£),
with

This ends Point 2.
Let us consider Point 3 b), since 3 a) is obvious. For 0 < u < T we have

Dpua(p,0) = —f'(p) +2f3() = —f'() + 2a(t) ' (€).

This ends Point 3.
Let us prove Point 4. A short computation yields (3.8). Thanks to Point 2, we obtain
Fy=F +7(t)f(£) in the required sense. This ends the proof of the lemma. O
We define the bounded operators Uy : C%(R) 3 f — ua € C2([0,T]; H'()),
To: C*(R) > f = Tof € C([0,T]; H-1()) such that To f(t) = 7(t) f(§)da(t) (@), and
Ti: C?(R) > fw— Tif = Fy € C([0,T); L2(Q)), Ta: C?*(R) > f s Taf = Fa €
C([0,T]; H~(£2)). Notice that Tp f(t) € H~*(Q) for all s > £, ¢ € [0,T]. Obviously
we have the following propositions and Lemma.

Proposition 3.2. The operator Uy continuously extends as a bounded operator
from L2(0,T) into C([0,T]; H=()).

Proposition 3.3. The operator Ty continuously extends as a bounded operator from
L*(0,T) into L*(0,T; H=%(Q)), Vs > 1.

Lemma 3.4. 1) The operator Ta is continuous from C%(R) into L2(0,T; H=(2))
and, for all s € [O,%), it extends as a continuous operator from H*(0,T) into
L?(0,T; H~1(Q)).

2) The operator G : f + O,Ua(f)|e=0 + [’ is continuous from C%(R) into
C°([0,T)), and, for all s € [0, 3), it extends as a continuous operator from H*(0,T)
into H*=1(0,T).

3) Let [ be such as in Theorem 1.3, then ga = Gaf satisfies (ii) and (iii) of
Theorem 1.5.

Proof of Lemma 3.4. Point 1). Thanks to Lemma 3.3, it is sufficient to prove
this with T4 replaced by T;. Thanks to the interpolation theory, it is sufficient to
prove that T3 is a bounded operator from L?(0,T) into L?(0,T; H~1(Q)) and from
H}(0,T) into L*(Qr), that is obvious. Hence Point 1) holds. Point 2) is obvious
for the same reason. Point 3) is obvious, since a(t) # 0 for all . g

3.3. Modification of Fj. The regularity of Fj is not sufficient for us, we replace
it by the following one, F; ;, which is equivalent to F7 in the sense of Lemma 2.5.
Let i € [0,T], put & = p~ (1), € = £(1), # = v(f), and consider a smooth func-
tion ¢(;¢, /1) defined in R? such that ¢(t,z;e,1) = 1 for (t,x) € Q; U KE/Q(f),
¢(t,zye,ji) = 0 for t > {4 ¢ and (t,x) ¢ K.(f). For s € [0,1), f € H*(R) and
Fy =T1(f) we put

F.u(t,x) = Fi(t,x)p(t, z;e, i).
We have the two following properties.

Lemma 3.5. For e < 0, the support of F1 — F ; is contained in O(t).
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Proof. Since Fy —F, j = (1—¢(-;¢, i) F1, the support of Fy — F. ; is contained in

supp (1 — (-, 1)) supp F1. But supp (1 — ¢(-5¢, 1)) C Q7 \ (Q U int(K. /(1))
Then the proof is done if we show that (,a(t)) Q supp (Fy — F. ;). But, thanks

to (3.8), the support of F} is localized in {z < e} U{x > b— e} that does not touch
aD. O

Lemma 3.6. Let f be as in Theorem 1.5. There exists ¢ > 0 and €9 > 0, indepen-
dent of f, such that, for alle € (0,2¢), fi € [0,T], F-z € C([0,T]; Hro(1=¢/T)+es=1()).
To prove it, we use the following well-known property.

Proposition 3.7. Let g € H*(R) for some s € [-1,0]. Let r € R* and G(t,z) =
gt +rx), (t,x) € Qr. Then G € C([0,T); H*(Q2)).

Let us prove Lemma 3.6. Observe that, by definition of ¢(-;e, i), and thanks
to (3.8), the support of I; z|q, is a subset of the set
E(e, i) = K. U Q7. N D) U Q. NDN{b—e <x<b}).
Firstly, let (t,x) € K.(f) U (Qz. N D). Then we have t — 2 < +¢, and so
E(u™H(t —2)) <& ' (E+e) <& (a—d+e)),

since the functions ¢ and p~'are smooth and non decreasing, and § < a(t) = ji — t~
), W

So, for € sufficiently small and some ¢ > 0 (values that are independent of ¢,
have

(3.9) it —2) <E—ce, (7)€ Ko() U (Q. N DO).
Secondly, let (t,z) € Q7,.NDN{b—e <z <b}. Thent— £ < v(t)— 2= and so,

for € sufficiently small and some ¢ > 0,

S (= D) ST ) - ) <€ Ce.

‘We thus have

(3.10) Nt — %)) <€-Ce, (t2)eQ . nDn{b—c<x<b)

Since F} is expressed in terms of f5(t—x), fo(t—=) in D¢, and in terms of f4(t— %),

x

f3(t — £) in D, and since the support of F. ; is contained in E(e, fi), then, thanks
0 (3.9), (3.10), we see that F; ; can be expressed in terms of f|(_oo ) and f'|(_s,r),
r= é — ce only. Hence, thanks to Proposition 3.7, the conclusion follows. O

4. PROOF OF THE MAIN RESULTS

4.1. Proof of Corollary 1.4.
Firstly, notice that a(t) # 0 <= a(t) # H_Lk
1) If T < po then g = 0 in (0,7), and if T > po then g # 0 since g, 1) &
Hro(=s"/T) =114 T). Hence, the knowledge of g provides T < pg or T > piq.
2)
e Let p € [0, T]. Thanks to Theorem 1.3, we can construct

§ =1inf{r > 0; gl € HoO=r/T)=1(0 1)},

and so the invertible function p +— £ from [ug, T into [0, s*]. (This implies
that s* is recovered too). Putting t = %( + &), we recover tg« which
is t for p = T, and also the functions ¢t — & = &(t), t — u(t), t —
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a(t) = (u(t) — &(t)), for t € [to,ts<]. We then construct the functions
tey=(E() 71 () =2ty —id.

e Thanks to the above point and to (i) of Theorem 1.3, the smooth function
a(-) can be recover as the unique one such that u — g(u) —a(t) f'(£) belongs
to Heto(=¢/T)(0, 1) for some ¢ > 0 and all y € (0,T). Then, k is root of
the following equation:

(4.1) (a+1+ala—1)k*+ (a—1k+a(l —a)=0.
Denote by ki, ko the roots, such that k; < ko. We show that k1 < 0. A
short computation shows that

2 [ (1—a)?

(a+1+d(a1))D< o

> >0, D=k(l14+a)+1-a/k>0.
We have

a(l — )
a+1l+a(a—1)
If @ < 0 then, the second equality in (4.2) implies that it is impossible to

have 0 < k1 < ko.
272729292277

......... 5

(4.2) ferko = = a(ky + ka).

Remark 4.1. Theorem 1.3 allows us to recover t*(-) = po =1 as:
t*(s) := sup{t > s; gljs4 € HoO=t/T)=1 ([0, 4])},
and shows that
t*(s) = sup{t > s; galeqg € HUYD71([0,2])}.

4.2. Analysis of the error. Let (ug,u1, f), ro be as in Theorem 1.3. Put u =

P(U’Oaulaf)a g = Z(“Oaulaf)a ua = UA(f) and
ug =u—ua, Fa=Taf, ga=0runalz=0, 9r=9—ga = 0xug|s=0,

where w4 is defined in Section 3. Let us prove the estimate (1.7) (see (iv) of Theorem
1.3). For the sake of clarity, we replace u, t, £, respectively by fi, t = pu~1(ji),
€ =¢t). Put upo = up — ua(0), ug1 = ug — 8tuA|t:0. In view of Subsection 3,

the function ug satisfies

[”y'U/E = —FA in Qﬁ,

e=0p = 0 0, 41),

(43) uE| 0,b ~ on ( /’[’)
ug =0 ug,1 on Q,

&guE =0 = Ug31 On Q.

So we have ug = P(up,0,ug,1,—Fa). Recall that, thanks to Lemma ??, we have
To(f) € L*(0, fi; H*(12)), for all s > 3. Thanks to Proposition 2.7, we have

_ - 1
(4.4) 20,0, To(F)| gy € H (0, 1), Vs> 3.
Let us prove that upg € H™(Q), ug1 € H™ 1(Q). Observe that us(0)(z) =
(f(—LL') + fQ(x) + f2(_x)q)s(x))Xx<a(O) + f3(_x/k)®€($ —-b+ 28))Xr>a(0)' For x <
a(0) = to we have

E(u(2)) < &(n"(t0)) < E(u™" (mo)) = &(to) = 0,
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and, similarly, £(p=1(—2)) < &(p=1(0)) < 0. For z > a(0) we have
EvH(—a/k)) < (v (~to/k)) <€ (w)) = 0.

Hence, u(0) can be expressed in terms of f(§) for § < 0. Since f|_oog €
H"™(—00,0), then ua(0) € H™(). Thanks to the asumption on wug, we then
have ug o € H™(£2). Similarly, we have ug 1 € H™~1(Q). Thanks to (3.6), the reg-
ularity of fa|( 7y is given by those of f|(07€~), that is, fa|(,n) € HoO=8/T)((0, 1)),
for all & > £. Thus, thanks to Proposition 2.7, we have

(4.5) Z(upo,up 1, 0)|(0,m € H™ (0, ).

Thanks to Lemma 2.5 with ¢; replaced by f and T by fi, and to Lemma 3.5, we
have

(4.6) Z(0,0,—Fy = Z(0,0,—F-;

)|(0»ﬁ) )|(07/1)'
Thanks to Lemma 3.6, if € > 0 is sufficiently small, we have

Fejlg. € L3([0, @) HoO=8/D¥es1(q),
i
and so, thanks to (4.6) and by applying Proposition 2.7, we obtain

(47) Z(O, 0, _F1)|(07,1) c Hro(l*f/T)%Sfl(O’ ﬂ),
for some € > 0 (independent of f).
Thanks to (4.4), (4.5) (4.7), and since gg = Z(up,0,up,1,0) + Z(0,0,7(0)f) +
Z(0,0,—F1), the proof of (1.7) is done.
]
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5. APPENDIX: THE FUNCTION G
Let I = (0,1) and let {a, }nen- be a dense sequence in 1. We set
fa(@) = (& = an) )27,

1
G(z) = Z 2—nfn(ﬂz:)7 rxel,
neN*
where z; = max(0, z) for z € R. The function G is increasing.

For 0 < s < 1 we set the following Sobolev space:

la(z) —a(y)?
H (I q€ L*(I // drdy < oop.
0= { IxI |$— \HQS Y

Lemma 5.1. Let b € (0,1], r > —3, s € (0,1), a € [0,b). Set f(z) = ((x —a)4)",
I, = (0,b). We have f € H*(Ip) zf, and only if, r > s — 1/2. In such a case, we
have

(5.1) // 11@) — rw)P dedy <O, (—1 & e (b — q)2r—2s+1
IxI |37—ZU|1Jr2g N 2r+1  2r—2s+1 ’

for some Cs > 0.

Proof. Firstly, assume b = 1. We then have

J = //11x11 z — 15222 dx dy = 2/01 dy </Oy |f§j)_;|{g2|2 dx)
i
Lol )

o [ ).

We thus have
1t 1 ¢ 1/t (y —a)?"
K = _ 2r | - dy = — _ 2r—2s _ \dy ) du.
1 5 /. (y —a) [(y—f)%]o V=35 ((y a) e Y
If a =0, then K1 =0. If a > 0, then K; < oo if, and only if, 2r > 2s — 1. In such
a case, we have

5.2 Ki<—— (1 —qa)* 2%t
(5:2) Ty A

Assume 27 > 2s — 1. We have

l1—a y(r_r2 l1—a 1 _47r)\2
Yy iL') 2r—2s / (1 t)
K, = d W T ) ) = d —
? / y</ (y — )72 > / / y<o<1—t>1+2s
C(Ta 5) (1 _ a)2r72s+1,
2r—2s+1
where
1 )2 1/2 \2 1 7\2
- i/ (1—#) / (1-#)
oo = [ gt [ g e,
1 r?
. < C, .
(5-3) - C(2r+1+2r—2$+1)
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Since C(r,s) > 0, then K5 = +oc0 if 2r < 25— 1. Hence, the sum K; + K5 converges
iff 2r > 25 — 1.

Assume 2r > 2s — 1. Thanks to (5.2) and (5.3), we obtain (5.1).

Assume b € (0,1). The proof of this case is easily obtained from that of the previous
case by setting a = a’b, z = 2'b, y = y'b. O

Lemma 5.2. For0 < s <1 and b € (0,1], we have G € H*(0,b) if s <1—1b and
G ¢ H*(0,b) if s >1—b.

Proof. For =,y € I, we have, thanks to the Schwarz inequality,
(5.4)
1

6@) - G < [ X 50 | | 3 gelfn@ — 2@ | = 3 5ildale) — fuln)”
n>1 n>1 n>1

Let I, = (0,b), Ay, = {n € N*; a,, > b}, B, = N*\ A, = {n;a, < b}.

For all n € By, thanks to Lemma 5.1, we have f, € H'=*(0,1), since 1/2 — a,, >

(1 —b) —1/2. For all n € Ay, we have f,, € H'=°(IL;), since f,|, = 0.

Let 0 <s<1—0. By using (5.4), and (5.1), we have

T ;:// 6@ = CWE 4, 4, < 5 1 // fn(@) = S 4 4,
N |‘,I"_ | t2s 271 en |‘/'r - | +as

n€EBy

]' 1 —s5—a
< GY gt )(b— @)1=

—a, l—a,—s

ne By
1 1
< Cs _ bh— n 2(1—s—an)
= §2n(1—b+1—b—s)( an) =
neBy

since (b — a,)?1=*=%) <1 foralln € By, 0 <s<1—b.
Let s € (1—b,1). For all n € N* and z > y we have G(z) — G(y) > fn(z) — fu(y).
Fixn € A;_sN By, that is, 1 — s < a, < b. Thanks to Lemma 5.1, we have

fn & H°(I), and then
// fnlz Hg)' da dy = 0o
Iy x Iy ‘Jj— |

This ends the proof. |

6. APPENDIX: PROOF OF THEOREM 2.6

Let F € L?(Q7), vo € HE(Q), v1 € L?(Q2). Denote M! := {v € C([0,T]; HZ(Q)),
at'l} S C([O,T],L2(Q))}7 Mol = {U S Ml, U|t:0 = 0, 3tv|t:0 = 0}

6.1. Energy estimate. Put
1 1
E(t)(v) = 7/ 0| + f/ v(t,)|0v]?, ve M
2 Jo 2 Jo

We claim that, for all v € M such that L,v =: f € L*(Q7) + W, the following
(standart) estimate, which implies (2.2), holds:

(6.1) EM) < C (/32000 + EO)©)), vte0,T]

for some constant C.
Proof. It is sufficient to show (6.1) for t = T. Assume that f € L?(Qr). Put p =
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supq Bl and 11, € Cl([O TJ; (0, 4+00)) such that 61Ty < —TII for some § € (0, %)
(For example Iy = e 5.) Put

/ E(t)(0) odt,  Colf) = /Q £21,.

We formally have, thanks te the Schwarz inequality,
T , T aE(t
71Qw) < - [ B0 it = [-EOW Tolf - [ U e
< EOW)0) ~ BT (™) — 5 [ Mool - / o foho

< E(0)(v) Ho(0) = E(T)(v) Io(T) + pQ(v) + v2Co(f) vV Q

Hence, we obtain

(67" = p)Q(v) + B(T)(v) Uo(T) < E(0)(v ) +V2Co(f)V@Q
and so,
(6.2) Q) + E(T)(v) Ho(T) < C(Co(f) + E£(0)(v) I1p(0)).

Then (6.2) follows.

6.2. Uniqueness. Consequently, if v € M¢ satisfies (2.1) with F' = 0, then E(¢)(v) =
0 for all ¢, and so v = 0. This shows that Problem (2.1) admits at most one solution
in M1,
6.3. Existence. Let (\;,e;)1<; be the familly of spectral values of the positive
operator —A, in H}(Q), i.e such that (€irej)r2() = dij, —Ae; = Ajej, and A; 7
+00. The data vg,v1, F are then written vo = 3372, vo jej, vi = Y ;= v1 €5,
F(t,-) = Y272, Fj(t)ej, with

oo T
SOl + fows + [ B (0P < .
j=1 0
Let N € N*, and put Ex = span{es,...,en}, Vion = (vg1,...,06n), £ = 0,1,
Fn =300, F(t)ey, B () = (bij()1<ijan with by j(8) = (Vei, Ves) L2t )da):
and consider the following vectorial differential equation: find Vi (¢) = (vi(t),...,vn (1))
such that

dt2 VN( )+ VN(#t)Bn(t) = Fx(t), 0<t<T,

with the initial condition Vi (0) = Vo n, %VN (0) = V1 n. Since By/(-) is continuous,
the theorem of Cauchy-Lipschitz implies existence and uniqueness for Viy(t). Note
that By (t) is positive since, for all U = (uq, ..., uy), setting u(z) = Zjvzl uje;(x),
we have

UBN (1)U = / V2t 2)de > OV a2y = CZA g 2,
j=1
where C' is a constant such that 0 < C < v in Q. Let vn(t) = ZN vj(t)e;(x).
Then, a standart energy estimate for En (t)(vn) = $(V2(t) + Vi (t)Bn (t)Vi (1)),
as above, implies that there exists a positive constant C' such that

on (D)l L2(0) +110zvn8 (D)l L2() < Cll|vollar) +llvillLz) + 1 FllL2), 0<t<T.
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Passing to the limit N — 400, we can conclude by standard arguments that (vy )y
converges to a function v € C([0,T]; H} (2)) satisfying (2.1).

The proof of Theorem 2.6 in done in the case F' € L?*(Qr). The case F € W is
similar.
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