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1 Introduction

Let © =]0,b[C R, b > 0, and consider the following initial boundary value
problem

Lyu = 0 in (0,7)xQ=Qr,
gm0 = [f(t) on (0,7),
uly=p = 0 on (0,7), (1.1)
ul,_, = uop on Q,
oru e = u1 on Q,

where L u = 0}u—V, - (7Vu), v = v(t,z) has the following properties :
There exist a positive constant k # 1 and a smooth function ¢ — a(t) €]0,b[
such that

1 lf T < CL(t),
y(t,x) = { k2 if «x €la(t),b[= D(t). (1.2)

We make the following assumption

(HID)  [la(?)]lsc < min(1,k),

where a = %. The inverse problem were are concern with is to obtain some
informations on a(-) and k, by choosing carefully the data f and then measuring

Ozu(t,x) at x = 0.

Since the velocity of waves in Q\ D(t) is one, it is quite natural to consider
the following functions. We set

§(t) =t — alt), (1.3)
u(t) =t + alt). (1.4)
*Aix Marseille Université, 12M, UMR CNRS 6632, France
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For simplicity, and if it is unambiguous, we shall write £(¢) = &, u(t) =

If needed, we extend a(¢) in R\ [0, 7] by a smooth extention, and so we extend
D = {{t} % (a(t),b), t € [0.T]}, DS = {{t} x (0,a(t)), t € [0,T]}, OD =
{(t,a(t)), t € [0,T]} too (with the same notation) by replacing [0,7] by R in
their definition, in such a way that

5 %d(aD,R < Q) >0, |ale < min(1, k).
We put
ts :=1inf{t > s;a(t) =t —s}, t°(s)=2ts—s, se[0,T].

Remark 1.1. Since |a| < 1 and a > 0, it becomes obvious that {t > s;a(t) =
t — s} ={ts}, and that s — ts and s — t*(-) are smooth and increasing.

In fact, ¢ is the necessary time delay to have the first information on D(¢),
and t, is the same, but with initial time at ¢t = s. We set

o :=1o + a(to) = 2tp.

Remark 1.2. We obviously have u(ts) = t*(s) and &(ts) = s. Hence p=1t*o¢
and 5_1(-) = t()

We also define the coefficient of reflexion/transmition by

o l—k+(k—pa®)  (1-k\ (1-(1+pal(t)
aft) = 1+k+(k—g)a(t)_(1+k> (1+(1—g)a(t))’ (15)
2

PO = T T = T (1.6)

Thanks to (H1D), the functions o and 3 are well-defined in [0, 7]. We shall deal
with data and measurements as functions in the usual Sobolev space H*(I),
where s € R and I C R is an non empty open interval. If s € (0,1) it can be
defined by

2
He(I) = qeL2 // 1+2)S| dxdy<oo}, 0<s< 1
IxI |$— yl

Our main result is the following

Theorem 1.3. Assume that (uo,u1) € H™(Q)x H™~1(Q) for somery € (0, 3).
Fiz f € L*(—00,T) such that

1. f|(70010) € HTU(—OO,O);

2. f|(07t) c Hro(l—t’/T)((O,t)) forO<t<t' <T;



3. flowy € HoO=tT((0,¢) for0 <t <t/ <T.

Then, the following statements hold.

1) There exists a unique solution u of (1.1) in L?(2r).

2) The quantity Oyu|,—o is defined in H=1(0,T) by continuous extension.
3) The distribution g = Oyptt|z—o + f' € H=1(0,T) has the following form

g =9ga +9E;
where ga, gp satisfy the following properties:
(i) ga(p) =2a(t)f'(€), Vuel0,T].
(i) galo,u) € H”’(l*é/T)fl(O,,u) for all po < pp < T and all € > €.
(iii) If a(t) # i then galo,u & HOO~S/T =10, p), VE < &
(iv) There exists € > 0 such that

9El (0, € HETO=EM=10, 1), Y € [0, 7). (1.7)

The main consequence of this is

Corollary 1.4. Assume that a(t) # ﬁ for all t, and (up,u1) € H™(Q) x
H™=Y(Q) for some rg > 0. Let T > 0. We claim that:

1) We can know if T < uo or if T > pp.

2) Assume that T > t*(0) = po. Set

s* = t*fl(T), tmaz 1= te=.

Then we can recover the functions s — ts, 0 < s < s*, t = a(t), to <t < tmax-
The constant k is the root of a second degree equation with known coefficients.
If @ < 0 then this equation has no more than one positive root, and so, we are

able to reconstruct k.

Remark 1.5. Obviously, from Corollary 1.4 and Remark 1.1, and since ty =
a(to) < b, we can ensure the condition T > uo by choosing T > 2b.

In Theorem 1.3, the existence of such a function f is ensured, thanks to the

following
Lemma 1.6. For all R > 0, there exists a function G(t), 0 <t <1, such that
1. Gl € HOZO/R(0,1) for all0 <t < t' < 1.

2. G,y € HID/E(0,¢') for all 0 <t <t < 1.



Remark 1.7. In Theorem 1.3, if (ug,u1) € H}°(Q) x H™=Y(Q) for some ro €
(3,1], and if uo(0) is known, then we can fiz f € L*(0,T) such that

1. flog € HO=H1)([0,¢]) for 0 <t < T}
2. flow & HOU=HD([0,¢]) for0 <t <t <T,

and with f(0) = ug(0). Then, the same result holds than in Theorem 1.3, but
with ro € (3,1].

If (ug,wr) € H™(Q) x H"Y(Q) for some ro € (4,1], but if we don’t know
the value of ug(0), then the information is not sufficient (with our approach)
to construct f so that the result of Theorem 1.3 holds with this value rg €
(3,1], and so, we are obliged to come back to the situation (ug,u1) € H™ () x
H™Y(Q), where ri < £.

The paper is organized as follows. In Section 2, we analyse the direct prob-
lem (1.1). In Section 3 we construct an ansatz us for (1.1) where f is the
function of Theorem 1.3. In Section 4, we first prove Corollary 1.4, then Theo-
rem 1.3. In particular, we analyse the error up = u — u 4.

2 Study of the direct problem

2.1 Notations

We denote by (|) the usual scalar product in L?(Q; dx), by (|)# the scalar prod-
uct in a Hilbert space H, by <;>p~xm the duality product between a Hilbert
space H and its dual space H*, by <; > the duality product in D' (Q7)xD (1) or
in D'(0, T)xD(0, T). We put H' = L2(0,T; HL(Q)), H~! = L2(0, T; H-1(Q)) =
HY, W ={veH " dwe H '} with obvious norms. We denote

E"=H"(Q) x H Q) x H"(0,T),

and

<r
<r

B = { g}io,m,f) € E; uo(0) = £(0), uo(b) = 0}, <

3

Ol
[ [yyu—y

(For 7 = & we could set Ejj as in the case r > %, but the relations ug(0) = f(0)
and ug(b) = 0 should be modified).

We denote €, 1, = (t1,12) x Q.

For data vg,v1, F, let v satisfying in some sense:

Lyw = F in Qp,
v(t,z) = 0, xe€dQ, te(0,T), (2.1)
V=0 = vy on '
Ovli=o = wv1 on .



We formally define the following operators:

u = P(uo,ul, ),

Optila—o + f' = Z(uo,us, f),
(ule—s, Opuli=s) = X(s)(uo,u1,f), 0<s<T,

v = P(vg,v1,F),

0xV|em0 = Z(vo,v1, F),
(V]t=s, Ovli=s) = X(s)(vo,v1,F), 0<s<T,

where u, v, are respectively solutions of (1.1), (2.1).

2.2 Main results

In this section and the one above, we state that Problems (1.1), (2.1) have a
unique solution for adequate spaces.

Lemma 2.1. 1. The operator P is a continuous linear mapping from Hg(£2) x
L2(Q) x (L3(Qr) + W) into C([0,T]; HH(Q)) N CL([0,T]; L*(Q)).

2. The operator X (s) is continuous from Ha(Q) x L?() x (L*(Q7) + W) into
HY(Q) x L3(Q), for all s € [0,T].

Lemma 2.2. 1. The operator P continuously extends as a continuous operator
from L?(Q) x H=Y(Q) x H~1 into L*(Qr).
2. The operator X(s) continuously extends as a continuous operator from

L2(Q) x H7Y(Q) x H™! into L*(Q) x H=1(Q), for all s € [0,T.

Lemma 2.3. 1. The operator P is a continuous linear mapping from E} into
C([0,T); HY(Q)) N CL([0,T]; L*(Q)), and continuously extends as a continuous
operator from EY into L*(Qr).

2. The operator X (s) is continuous from E into H'(Q) x L*(Q), and contin-
uously extends as a continuous operator from E° into L?(Q) x H=Y(Q), for all

s €10,T].

Lemma 2.4. The operator Z (respect., Z) is continuous from Hg () x L2(Q) x
L2(Qr) (respect., E}) into L*(0,T) and continuously extends as a continuous
operator from L*(Q) x H=1(Q) x H~! (respect., E°) into H=1(0,T).

Lemma 2.5. Let t; € [0,T]. Assume that F € H~! has a compact support
in O(t1). Let v = P(vg,v1,F). Then there exists a neighborhood K of K(t;)
in DC such that v|z does not depend on F, that, is, if vo = v1 = 0, then v|z
vanishes, and, in particular, supp O,v|s—o C (u(t1),T].



2.3 Proofs

Let us consider the familly of bilinear forms b(¢), ¢t € R, defined by
b(t;u,v) = / y(t, 2)Veu(z) Vyo(z) de, Yu,v € HY(Q).
Q

Lemma 2.1 is a corollary of the following general theorem (proof in appendix),
which is an extension of [1, XV section 4] where y did not depend on the variable
t.

Theorem 2.6. Let T > 0 and Q C R", n > 1, such that H3(Q) is compact in
L2(Q). Let y(t,z) > 0 be such that v,y~1 € C°([0,T]; L>®(Q)), dyy € L= ().
Let F € WU L?(Qr) and v € HE(2), v1 € L?(Q). Then, there exists a unique
weak solution v to (2.1), that is, v € C([0,T]; HY(Q)), dv € C([0,T]; L3(Q)),

V|t=0 = vo, Opv|t=0 = v1, and

& (@16) + bt 01, ),6) = < F(t,): 6 >,

in the sense of D'(]0,T]), for all ¢ € HF(Y). Moreover there exists a constant
C' such that

10k (t, )| L2y +0xv(t, )| L2(0) < C (|\F||L2(Qt)+w + lvoll 2 () + ||U1HL2(Q)) ;
(2.2)

Let us show that Lemma 2.2 is a straightforward consequence of Lemma
2.1 with the operator P replaced by its adjoint P*. Let (vo,v1, F) € L?(2) x
H=1(Q) x H~1. By the principle of duality, we can write (2.1) as

g2y = <vi,w(0) >g-1,m1 —(v0|Ow(0)+ < FLw >q-1531,

for all ¢ € L?(Qr), where we put w = P*(0,0,g). Consequently (thanks to
Lax-Milgram theorem), Equation (2.1) admits a unique solution v € L?(Qr),
and this shows Point 1 of Lemma 2.2. Once again, we have

< Owli=r, fo >p-1xm —(h=r|f1) = <vi,w(0) >g-1xm —(vol0w(0))
+ < Fow >y -1y91,

for all (fo, f1) € H () x L?(Q2), where we put w = P*(fo, f1,0). This shows
that (v|i=1, dvli=7) € L*(Q2) x H~1(2). This proves Point 2 of Lemma 2.2 in
the non-restrictive case s = 7.

Let us prove Lemma 2.3. Let ®(2) € C°°(R) with ®(0) = 1 and with support
in [0, a,,], where a,, < a(t) for all t. Let us consider f € H} (R) first. Set

— loc

Uin(t,z) = f(t —2)P(x). (2.3)

vt € [0,T].



Problem (1.1) with unknown w is (at least formally) equivalent to the following
one: find v = u — w;, satisfying (2.1) with

vo(x) = wo(z) = f(=2)®(z), vi(x) =wui(z) - f'(—2)®(2), (2.4)
F(t,z) = —Lyupm (t,x) = —Liui, (t,2) = =2f'(t — 2)®(z) + f(t — £2F)(x).
Relation (2.5) shows that F' € L?(Qr). In fact, we have F € W also, since
OF (t,x) = =2f"(t — 2)@(x) + f'(t — 2)®" (),
and, for all p € D(Q2p),

< f't—x)®(x), 0(t,x) > = < f'(t —2,)®(2)p(t,x) >
= < fi(t—12),0:(2(x)p(t, x)) >< Cllpll1,

which shows that 9, F(t,z) € H~!. Similarly, we have

< St —2)®(2), p(t, x) >=< f(t = 2), 0(P(x)p(t, 7)) < CllollL2(2r),

which shows that F' € H~1if f € L? (R) only. We set

loc

HL (R) — L2 (Qr)nW

B " F defined by (2.5)

E} — HYQ) x L*(Q)
(ug,u1, f) —  (vo,v1) defined by (2.4).
The above analysis shows that R continuously extends as a continuous opera-

tor from L7 (R) into H~'. Similarly, S continuously extends as a continuous

loc
operator from E° into L?(Q) x H1(2). Consequently, and since a solution
to (1.1) can be written u = v 4+ u;, with v = P(S(uo,u1, f), R(f)), Point 1 of
Lemma 2.3 is proved. Similarly, we prove Point 2 of Lemma 2.3, since we have
X () (uo, w1, f) = X (8)(S(uo, ur, £), Rf) + (tinli=s, Optin|i=s)-
Let us prove Lemma 2.4. Let (vg,v1, F) € H3(2) x L?(Q) x L?(Qr).

As above, for all ¢ € D(R) such that o(T) = 0, there exists a unique solution
q=q, € L*(Qr) to

Lyg = 0 in Qp,
(a(t,0),q(t,0)) = (v,0) on (0,T), (2.6)
q|t:T = 0 on Qv '
8ifq|15:T = 0 on Qv
since it is a particular case of Lemma 2.3 with reversal time.
Moreover, we have g, € C([0,T]; H}(2)), drq, € C([0,T7]; L*(£2)) with
lgpli=oll2() + [10eqslt=0ll r-1(2) + lgpllL2(2r) < Cll@llL20,7) (2.7)

gele=ollmr (@) + 10egpli=0ll2() + llgollrr + 120 l| L2 07y < Cllglla (@248)



By the duality principle, and thanks to (2.7), we have in the sense of D’([0,T)),

< OpVlg=0,p > = — < w0, 0uqplt=0 >+ < v1,qpli=0 > + < F,q, >(2.9)
C ([lvole=ollmr () + 1l L2y + 1 FllL2(20)) 1]l 2D

IN

which shows that 9,v|,—o € L?(0,T) and that Z is a continuous mapping from
HL(Q) x L*(Q) x L*(Qr) into L*(0,T).

Now, let (vg,v1, F) € L*(Q) x H1(Q) x H~1. Then, Relation (2.9) and
Estimate (2.8) imply

< 0yVle=0,0 > < C([Jvoli=oll2() + vl z-1() + 1 Flla—1) llell 21,

which shows that d,v|,—¢ € (H+) € H~1(0,T), the dual space of H: = {f €

H'Y(0,T); f(T) = 0}, and that Z continuously extends as a continuous operator

from L2(Q) x H1(Q) x H~! into H~1(0,T).

This ends the proof of the property of Z in Lemma 2.4. Since 0, un|o—0 = —f7,

we have Z(ug, u1, f) = Z(S(ug, u1, f), Rf), and Point 2 of Lemma 2.4 is proved.
|

By the well-known Sobolev interpolation theory, we have also proved:

Proposition 2.7. The operator P (respect., P) continuously maps H*(Q) x
H*=1(Q)x L0, T; H*=1(Q)) (respect., E§) into L*(0,T; H*(2)), s € [0,1](\3).

The operator Z (respect., Z ) continuously maps H*(Q)x H*~1(Q)x L*(0, T; H*~1(Q))
(respect., E§) into H*71(0,T), s € [0,1](\3).

Proof of Lemma 2.5. Denote K = K (t;). Notice that KNDC = {(t1,a(t1))}.
We assume that vg = v; = 0. Since suppF N €, = (), then, thanks to Lemma
2.2 with T replaced by t1, v vanishes in €;,. Let K’ = int K the interior of K.
The function v|x € L*(K') satisfies the following equations:

v —Apw=0 in K’
v(t,0) =0, t1 <t<pu(ty),
U|t:t1 = 6t'U|t:t1 =0 in (0, a(tl))

It is well-known that this implies v|x = 0, and so, supp 9,v|.—o C [u(t1),T].
But since the support of F' does not touch 0K, we similarly have ’U|K€(t1) =0,
supp 9yv|z=0 C [u(t1) + 0,7, for some & > 0 sufficiently small.

However, let us give a more straightforward and simple proof to the fact that
supp 9zv|z=0 C [u(t1)+9,T]. Fix d,e > 0 such that u(t1)+d > p(t1+¢) and supp
FNK(t1) =0. Let ta € [t1,t1 + ¢, ¢ € HF (0, u(t2)) and set w(t,z) = p(t + )
for to < ¢ < p(ts). Observe that w = g, of (2.6), but with (0,T) replaced by



(t2, u(t2)). In fact, supp w C K (t2), and so w vanishes in DNQy, ,,(¢,). We then
have, similarly to (2.9),

< 8ﬂﬁv|m:0,t2<t<u(t2)a p>=—=< v|t2aatw|t2 >+ < 8tv|t2aw|t2 >+ < F,w >=0

since vy, = dyv|, = 0 and supp F'N supp w = ). Since ¢ is arbitrarily chosen,
this shows that supp 0,v|s=0 N (t2, 1(t2)) = 0, for all to € [t1,t1 + £]. Hence,
supp 9yvlz=0 C [u(t1 +¢),T). O

3 Ansatz

3.1 Notations
For t € [0, T] we put

K(t) ={(s,2) € [t, p(®)]x % stz < p(t)},  Ot) = {(s,2) € Qrista > p(t)}.

(Notice that K (t) ¢ D€ and K(t) N D = {(t,a(t)}).
For e > 0, ¢t € [0,T], we put K.(t) = Ui<s<i+: K (5).

If g(z) is sufficiently smooth in €, then [q]; := g(a(t) + 0) — ¢(a(t) — 0).
We write g1 ~ g if g1 or go € H*(0,T) and g1 — g2 € H*T¢(0,T) for some
e>0.
We put €7, = {f € C/(R); flz- = 0}, j € N, which is dense in L*(R") ~
{f € L*(R); f|(—s0,0) = 0}. We consider for all ¢ € [0,T] the formal operator
A(t) = =V (y(t,-)V,) defined from H'(Q) into H~1(Q) by duality:

<A u,w > qyxmp @)= (V) VeulVew), Vu,w e HY(Q) x Hy(Q).

Let f be a measurable function, we define the ansatz ua = Ua(f) for (1.1)
as follows. Recall that £(¢) and u(t) are defined by (1.3), (1.4), and we have

§o =to —a(to) =0, (3.1)
o = to + a(to) = 2tp. (32)
In addition, we put, for t € [0,T],

V:t—%, I/tao—%o). (33)

Thanks to Assumption (H1D), ¢t — v(t) is invertible. Recall also that the

coefficient of reflexion/transmition, o and f, are defined by (1.5), (1.6). Note
that we have

aft )—5 — Y 5 = -1 (3-4)

a(t) + kB(t) = 1. (3.5)



We also define:

faly) = Mw%ﬂﬂ, (3.6)
fs(v) = mw%f@ (3.7)

We put

wrttay — [0 B0~ - 0)0e), 0SEST, 0<z<al),
ANLE) = D (z —b+2e)f3(t — 2), 0<t<T at)<z<b,

where we fix . € C*°(R) so that ®.(r) = 1if r < e, ®1(r) = 0if r > ¢,

0<e< %d(@D,@QT). It is clear that the linear operator Uy : f +— wuya is

bounded from L?(R) into L*(£2,,.).

3.2 Properties of the Ansatz

Lemma 3.1. Let f € C*(R). Then we have
1) uas € 02([0,T];H1(Q)), uA|D € 02(5), uA|Dc S C2(DC).
2) There exists a smooth function 7(t) with support in [to, po)| such that

[Y0zua(t)]e = 7(t) f(£(1)).
3) a) ua vanishes near x = b.
b) Let ga = Oguale=o + /. Then ga(u) = 2a(t)f'(§) for 0 < p < T, where t,
&, p are related by (1.3), (1.4), (3.5).
4) Put Fao = Lyuga in the sense that Fa(t, ) = ;—;UA(t) + A(t)ua(t) € H1(Q)
for all t, and Fa € C([0,T); H-1(2)). Then, Fa can be written
Fa(t,z) = Fi(t,2)—7(t) f(£(t))0uq) (x), where T is smooth, and Fy € C([0,T]; L*())
is defined for 0 <t <T by
Ba(0) folt — 1) + By(@)[4(t — ) 0 <z < alt),
it = 3.8
00 = { iDL e A e 69
where the functions ®; are smooth and independant of f, with compact support
in [e/2,€] for j =2,3, and in [b—¢e,b—¢/2] for j =4,5.
Proof. Point 1. is obvious, since we have, thanks to (3.4),
[wa(t, )] fs(w(t)) = £(£(t) — falu(t))
dv du B
(305 ~1- a0 ) € =o.

Let us consider Point 2. For 0 <t < T we have

_ ! ! . / d(az_g)
YOzua(t,a(t) —0) = —f(&+ folw) =(=1+a)f' (&) + o f(8),
d dv
Y0zualt,a(t) +0) = —kﬁ@)=—kmwf@)—klggﬂﬁf@)

10



Thanks to (3.5) we get

with

This ends Point 2.
Let us consider Point 3 b), since 3 a) is obvious. For 0 < u < T we have

Oaua(p,0) = —f'(1) +2f5(n) = =f'(n) + 2a(t) f (&)

This ends Point 3.
Let us prove Point 4. A short computation yields (3.8). Thanks to Point 2, we
obtain Fy = Fy + 7(t)f(€) in the required sense. This ends the proof of the
lemma. O
We define the bounded operators Uy : C%(R) 3 f — ua € C%([0,T]; H(2)),
To: C*(R) > f — Tof € C([0,T]; H-1(Q)) such that To f(t) = 7(t) f(£)dac) (2),
and Ty: C?’(R) > f = Tif = Fy € C([0,T]; L*(Q)), Ta: C*(R) > f s Taf =
Fy € C([0,T); H-*(£2)). Notice that Tof(t) € H—*(Q) for all s > 1, ¢ € [0, 7).
Obviously we have the following propositions and Lemma.

Proposition 3.2. The operator U, continuously extends as a bounded operator
from L2(0,T) into C([0,T]; H=*()).

Proposition 3.3. The operator Ty continuously extends as a bounded operator
from L*(0,T) into L*(0,T; H=*()), Vs > 1.

Lemma 3.4. 1) The operator Tx is continuous from C*(R) into L*(0,T; H=(Q))
and, for all s € |0, %), it extends as a continuous operator from H*(0,T) into

L2(0,T; H=1(Q)).

2) The operator Ga : f + O,Ua(f)|s=0 + f' is continuous from C?(R) into

C°([0,T)), and, for all s € [0,%), it extends as a continuous operator from

H*(0,T) into H*~1(0,T).

3) Let [ such as in Theorem 1.3, then ga := Gaf satisfies (ii) and (iii) of

Theorem 1.3.

Proof of Lemma 3.4. Point 1). Thanks to Lemma 3.3, it is sufficient to prove
this with T4 replaced by 77. Thanks to the interpolation theory, it is sufficient
to prove that 7T} is a bounded operator from L?(0,T) into L?(0,T; H~*(92)) and
from H}(0,7T) into L?(Qr), that is obvious. Hence Point 1) holds. Point 2) is
obvious for the same reason. Point 3) is obvious, since «(t) # 0 for all ¢. O
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3.3 Modification of F}

The regularity of Fi is not sufficient for us, we replace it by the following one,
F, 7, which is equivalent to F in the sense of Lemma 2.5.

Let i € [0,T), put t = pu=*(i), &€ = &(), # = v(f), and consider a smooth
function ¢(-; , i) defined in R? such that ¢(t, z; ¢, i) = 1 for (¢t,7) € Q_,gUKE/Q(f),
o(t,z;e, i) =0 for t > ¢+ e and (t,z) € K.(f). For s € [0,3), f € H*(R) and
Fy =Ty(f) we put

Fa,ﬂ(tax) = Fl(t,.’li)¢(t,(b;€,ﬂ)-
We have the two following properties.
Lemma 3.5. For ¢ < 0, the support of Fy — F ; is contained in O(t).
Proof. Since Fy — F.; = (1 — ¢(-;¢,t)F1, the support of Fy — F. 5 is
contained in supp (1—¢(-;¢, 1))N supp Fy. But supp (1—¢(+;¢, 1)) C Qr\ (Q;U
int(K./2(t))). Then the proof is done if we show that (¢,a(t)) & supp (F1 —F. ).

But, thanks to (3.8), the support of Fy is localized in {x < c}U{x > b—e} that
does not touch 9D. O

Lemma 3.6. Let f as in Theorem 1.3. There exists ¢ > 0 and g9 > 0, ipdepen—
dent of f, such that, for alle € (0,20), i € [0,T], F- s € C([0,T); Hro(=&/T)+es=1(Q)).

To prove it, we use the following well-known property.

Proposition 3.7. Let g € H*(R) for some s € [-1,0]. Letr € R* and G(t,x) =
gt +rz), (t,x) € Qpr. Then G € C([0,T]; H?(Q2)).

Let us prove Lemma 3.6. Observe that, by definition of ¢(; ¢, i), and thanks
to (3.8), the support of F; ;|q, is a subset of the set

E(e, i) = K- U (Qz . N D) U Q. NnDN{b—e <z <b}).
Firstly, let (t,x) € K.(f) U (Qz,. N D). Then we have t —x < +¢, and so

Eu™H(t —2)) <& 't +e)) <& (B - +e)),

Lare smooth and non decreasing, and § < a(f) =

since the functions £ and pu~
fi —t. So, for ¢ sufficiently small and some ¢ > 0 (values that are independent
of t,x), we have

EpHt—2) <E—ce, (t,x) € K () U Qg NDO). (3.9)
Secondly, let (t,z) € Q7. NDN{b—c <z <b}. Thent— £ < v(t) — &= and
so, for e sufficiently small and some ¢ > 0,

x )—¢ ~

E071(t - D) <6070 - ) <€ Ce

12



We thus have

WLt — %)) <f-Ce, (ba)eQqnDnfb—c<z<bl.  (3.10)
Since F} is expressed in terms of f5(t — z), fa(t — z) in DY, and in terms of

f5(t—= %), f3(t = %) in D, and since the support of F, ; is contained in E(e, f1),

then, thanks to (3.9)7 (3.10), we see that F.; can be expressed in terms of
fli—oo,ry and f'|(—oc ), 7 = € — ce only. Hence, thanks to Proposition 3.7, the
conclusion follows. O

4 Proof of the main results

4.1 Proof of Corollary 1.4

Firstly, notice that a(t) # 0 < a(t) # ﬁ

1) If T < po then g = 0 in (0,7), and if T' > po then g # 0 since g(,,,7) &
HTO(l_S*/T)_l(MO,T). Hence, the knowledge of ¢ provides T' < pg or T > pyp.
2)

e Let p € [po, T]. Thanks to Theorem 1.3, we can construct
¢ =nf{r>0; gl € HTDTH0, 1)},

and so the invertible function p +— & from [po, T] into [0, s*]. (This implies
that s* is recovered too). Putting ¢ = §(u + £), we recover ty- which
is ¢t for p = T, and also the functions ¢ — & = &(t), t — u(t), t —
a(t) = 3(u(t) — &(t)), for t € [to,ts+]. We then construct the functions
tey = (€)Y () =2ty —id.

e Thanks to the above point and to (i) of Theorem 1.3, the smooth function
a(-) can be recover as the unique one such that p — g(u) — a(t)f/(€)
belongs to He+t70(1=¢/T)(0, 1) for some € > 0 and all € (0,T). Then, k

is root of the following equation:
(a+1+ala—1)k*+ (a—1Dk+a(l—a)=0. (4.1)

Denote by ki, ko the roots, such that k; < ks. We show that k1 < 0. A
short computation shows that

(a+1+a(a—1))_%((111622) >0, D=k(1+a)+1—a/k>0.
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We have
a(l — «)

feyky =
T a1t ala—1)

= (k1 + k). (4.2)

If @ < 0 then, the second equality in (4.2) implies that it is impossible to
have 0 < ky < ks.

279727777

Remark 4.1. Theorem 1.3 allows us to recover t*(-) = po &1 as:
t*(s) := sup{t > s; gljs4 € HoU=t/T)=1(0,4])},

and shows that

t*(s) = sup{t > 55 galjsy € H7YT71([0, 1))}

4.2 Analysis of the error

Let (uo,u1, f), 7o as in Theorem 1.3. Put u = P(ug,u1, f), g = Z(uo,u1, f),
ups = UA(f) and

up =u—ua, Fa=Taf, ga=0ualz=0, 9 =9—9a= 0zuE|s—0,

where u,4 is defined in Section 3. Let us prove the estimate (1.7) (see (iv) of
Theorem 1.3). For the sake of clarity, we replace p, t, &, respectively by f,
t=p"p), £= £(t). Put up = ug —ua(0), ug1 = us — BtuA}tZO. In view of
Subsection 3, the function ug satisfies

AC,YU,E = —FA in Qﬂ,
uE’|z:O,b = 0 on (Oa ﬂ)v (4 3)
ugl,_, = Up1 on Q, )
g = wug; on £

t=0

So we have ug = P(ugo,ug1, —Fa). Recall that, thanks to Lemma ?7, we
have Ty(f) € L2(0,;; H*()), for all s > 1. Thanks to Proposition 2.7, we

have 1
20.0.T(1)] g5 € H*(O.1). Vs> 5. (.4)

Let us prove that ug o € H™(Q), ug1 € H™ (Q). Observe that us(0)(z) =
(f(=z) + fa(x) + fo(=2)Pc (7)) Xa<ao) + f3(—2/k)Pc(x — b+ 2€))Xa>a(0). For
x < a(0) =ty we have

E(u™ (@) < &(p (to)) < &~ (10)) = &(to) = 0,
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and, similarly, £(p=1(—x)) < &(p=1(0)) < 0. For z > a(0) we have

EvH (—a/k)) < (v (—to/k)) < (v () = 0.

Hence, ua(0) can be expressed in terms of f(£) for £ < 0. Since f|(_oo,0] €
H"(—00,0), then ua(0) € H™ (). Thanks to the asumption on ug, we then
have ug g € H™(). Similarly, we have ug 1 € H™ (). Thanks to (3.6), the
regularity of fa[(o,z) is given by those of f| ¢, that is, fa[(0,5) € HoO=E/T)((0, i),
for all ¢ > £. Thus, thanks to Proposition 2.7, we have

Z(uE,Oqu,170)|(07ﬂ) € HTO_l(Oaﬂ)' (45)
Thanks to Lemma 2.5 with t; replaced by ¢ and T by /i, and to Lemma 3.5, we
have
Z(0,0, —F1)|(O)m = Z(0,0, —Fsyﬁ)\(om. (4.6)
Thanks to Lemma 3.6, if € > 0 is sufficiently small, we have
Fllg, € L2(0, s HoO-8/T 1)),
and so, thanks to (4.6) and by applying Proposition 2.7, we obtain
Z(anv _F1)|(0 i) € HTO(l_é/T)+€_1(Oaﬂ)v (47)

for some ¢ > 0 (independent of f).
Thanks to (4.4), (4.5) (4.7), and since g = Z(ug,0,ug,1,0)+Z(0,0,7(0)f)+
Z(0,0,—F), the proof of (1.7) is done.
|
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5 Appendix: the function G

Let I = (0,1) and a dense sequence {a, }nen+ in 1. We set

fulz) = ((z - an)+)1/27a"7

G(z)= > 2infn(;c), rel,

neN*

where z4 = max(0, z) for z € R. The function G is increasing.

For 0 < s < 1 we set the following Sobolev space:

la(z) —a()?
H*(I qe L*(I) // drdy < ooy .
1= { IxI |5€—y|1+2s Y

Lemma 5.1. Let b € (0,1], r > —3, s € (0,1), a € [0,b). Set f(z) = ((x —
a)4)", Iy = (0,b). We have f € H*(Ip) if, and only if, r > s — 1/2. In such a

case, we have

r2

)|2 1 2r—2s4+1
d d <Cs b_ r s—‘,—7
//]XJ |17—y|1Jr25 vy = 27’+1+27’—2$+1 ( a)

for some Cs > 0.

Proof. Firstly, let b = 1. We have

-/ / |:c— |1522|2 dwdy:Q/o w (/ lﬁi)—.vgzlz d””)

= 2(K;+ K»),

Ko Cay < [ —(c;)f_ o a)")? dx) .

We have

If a =0, then K1 = 0. If a > 0, then K7 < oo if, and only if, 2rr > 2s — 1. In
such a case, we have

1

Ki<——00 (1 —a)? 2+, 5.2
T Py Sl (5:2)
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Let 2r > 2s — 1. We have

1—a y ( ro_ )2 1—a 1
Yy xz ) / 2r—2s (/
Ky, = d ———dx | = d
? /0 Y </0 (y — x)tt2s ) 0 Y Y o (
_ C(r,s) 2r—2s+1
Ty A ) ’
where
1 r\2 1/2 r\2 1
_ (1—t") _/ (1—t") / (
C(r,s) = /0 (1—t)+2s dt = o (1=t dt + 12 (1
1 r2
- Cs(2r+1 + 27“—23—}—1)'

1— t)1+25

_ t)1+25

(1—1t")?

1—1t")?

dt

)

(5.3)

Since C(r,s) > 0, then Ky = +o0 if 2r < 2s — 1. Hence, the sum K; + K»
converges iff 2r > 2s—1. If 2r > 2s—1, thanks to (5.2) and (5.3), we obtain (5.1).
Secondly, the case b € (0,1) is easily proved by setting a = a'b, x = z'b,

y=1y'b.

O

Lemma 5.2. For 0 < s <1 and b € (0,1], we have G € H*(0,b) if s <1 —b

and G ¢ H*(0,b) if s > 1—b.

Proof. For z,y € I, we have, thanks to the Schwarz inequality,

Gl@) -Gyl < | Y

n>1

1
o | (2

n>1

Let I, = (O,b), Ay =

For all n € By, thanks to Lemma 5.1, we have f, €

1
S lfa(z) -

{n € N*; a, > b}, By

1
222_”|

n>1

fn(y)|2

=N*"\ A4, ={n;a, <

fu(2)—

(5.4)

b}.

(1 —b) —1/2. For all n € Ay, we have f,, € H'~b(I;), since f,|7, = 0.
Let 0 < s <1—b. By using (5.4) and (5.1), we have

|G(z) - G(y)? | fn (@
Jps = // drdy <
Iy X Iy |I_ |1J’>2'S n; Iy X Iy |
1

< O, h— n2(lfsfan)
- Z2"1—(1 1—an—s)( an)

ne By
< C Z—( L o p—a20m) oo
- SeB 27 1 —b  1—b—s "

neby

since (b — an)2(1_s_“") <lforallne By, 0<s<1-—0.

Let s € (1 —b,1).

fnlz) =
5.1, we have f, ¢ H*(I;), and then

vl St

For all n € N* and = > y we have G(z) —
fn(y). Fix n € Aj_4 N By, that is, 1 — s < a,, < b. Thanks to Lemma

dx dy =

17

H'7%(0,1), since 1/2 —a,, >

T — |1+(25)| d dy
G(y) >



This ends the proof. O

6 Proof of Theorem 2.6

Let F € L*(Q7), vo € HE (), v1 € L*(Q). Denote M* := {v € C([0,T]; H} ()),
O € O([O,T],LQ(Q))}, Mol = {’U e M; U|t:0 =0, 8t'U|t:0 = 0},
6.1 Energy estimate.
Put ] 1

Et)(v) = = [ [0w]* + —/ y(t,)|0.0)%, ve M.

2 Ja 2 Jo

We claim that, for all v € M such that L,v =: f € L*(Qr) + W, the following
(standart) estimate, which implies (2.2), holds.

E®)©) < C (112000 + EO)©), Ve [0,T], (6.1)

for some constant C.

Proof. It is sufficient to show (6.1) for t = T.. Assume that f € L?(Qr). Put
p= supQ Bl and 11y € €*([0,T); (0, +00)) such that 6—II < —II, for some
0 € (0, ) (For example, IIy = e~ 5). Put

/ E(t)(v) Tydt, Co(f)z/Qf2Ho.

We formally have, thanks te the Schwarz inequality,

51QM) < / E(t)(v) Tyt = [~ E(t) (v) To(8)]T — / PO 1

< E(0)(v)TI(0) — E(T)(v) HO(T)—%/ H07|atu|2—/ o fOsv
< E(0)(0)Io(0) — E(T)(v) To(T) + pQ(v) + /2Co(f)/Q

Hence, we obtain

(67" = p)Qv) + E(T)(v) o(T) < E(0)(v) Io(0) + v/2Co(f) v/ Q(v),

and so,
Q(v) + E(T)(v) Ho(T) < C(Co(f) + E(0)(v) Io(0)). (6.2)
Then (6.2) follows.
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6.2 Uniqueness

Consequently, if v € Mg satisfies (2.1) with F' = 0, then E(t)(v) = 0 for all ¢,
and so v = 0. This shows that Problem (2.1) admits at most one solution in
M*.

6.3 Existence

Let (Aj,ej)1<; be the familly of spectral values of the positive operator —A,
in Hj(Q), i.e such that (e;,e;)r2(0) = dij, —Ae; = Aje;, and \; ' 400. The
data vo,v1, F' are then written vo = > 77 vojej, vi = Y=, v1 55, F(t,-) =
> 521 Fi(t)e;, with

o T
S Dylvo P + oy P + / ()Pt} < oo.
j=1

Let N € N*, and put Ex = span{es,...,en}, Vien = (Vk1s---,06n), kK =0,1,
Fy = Y00, Fi(t)ej, Bu(t) = (bij(t)1<ijen with by () = (Vei, Ves) 2 (et )da) s
and consider the following vectorial differential equation: find Vy (¢) = (v1(t), ..., vn(t))
such that
d2
dt?
with the initial condition Vy(0) = Vp n, %VN(O) = Vi,n. Since By(+) is con-
tinuous, the theorem of Cauchy-Lipschitz implies existence and uniqueness for

VN(t)—I—VN(t)BN(t):FN(t), 0<t<T,

Vn(t). Note that By(t) is positive since, for all U = (uq,...,uy), setting
N
u(z) = 3, ujej(x), we have

N
UBN(t)U = / Vaul*y(t,2)dz > ClIVaul| a0 = C Y Ajlusl,
Q ,
=1
where C' is a constant such that 0 < C <y in Q. Let un(t) = Zjvzl vi(t)e;(z).
Then, a standart energy estimate for En (£)(vn) = & (VZ () +Va (t) By (t)Va (1)),
as above, implies that there exists a positive constant C' such that

”’I.JN(t)||L2(Q)+HamUN(t)HLQ(Q) < C(||UO||H1(Q)+HU1||L2(Q)+HF||L2(Q)), 0<t<T.

Passing to the limit N — 400, we can conclude by standard arguments that
(vn) N converges to a function v € C([0,T]; Hi(2)) satisfying (2.1).

The proof of Theorem 2.6 in done in the case F' € L*(Qr). The case F € W
is similar.
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