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ON QUANTUM COMPLEX FLOWS

THIERRY PAUL

Abstract. We study the propagation of quantum Töplitz observables through quantized com-
plex linear canonical transformation of one degree of freedom systems. We associate to such a
propagated observable a non local “Töplitz” expression involving off diagonal terms. We study
the link of this constrauction with the usual Weyl symbolic paradigm.
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1. Introduction and main result

Complex quantum Hamiltonians have (re)gained a lot of interest these last years, see
e.g. the book [L10] and all the references quoted there. It seems that, at the contrary,
quantization of complex symplectic flows didn’t get the interest it deserves as it did at
the period of the birth of Fourier integral operators, see [MS74] for example. Inside this
category, representation of linear complex symplectic flows, namely the complex symplec-
tic group and its corresponding complex metaplectic representation has also lost most of
interest since the golden years of “group theoretical methods in physics”, see [G75].

Let us remark that, since complex numbers are (according to us) necessary to the for-
mulation of quantum mechanics, considering the Schrödinger equation on a Hilbert space
H with complex (e.g. bounded) Hamiltonian H does not create any intrinsic a priori dif-
ficulty, a property that classical mechanics (on a real symplectic phase space P) doesn’t
share with its quantum counterpart. The quantum flow is still given by e´itH{~ which exists
(of course it is not anymore unitary) for all time for example when H is bounded. e´itH{~

defines for any t P R a bounded operator on H, at the contrary of the Lie exponential  L´th

1



2 THIERRY PAUL

associated to the symbol h of H which doesn’t apply on P because the Hamiltonian vector
field associated to h is not tangent to P anymore.

This complex setting is not the only one leading to to a situation where quantum mechan-
ics is well defined while its underlying classical counterpart is not. Little regular potentials
(or more generally Hamiltonians) generating vector fields below Cauchy-Lipschitz regu-
larity condition are also examples of perfectively well defined quantum dynamics having
a classical counterpart ill-defined, at least in the standard sense of this word. Another
situation deals with classical chaotic systems, and the semiclassical approximation of its
quantum counterpart in the case where the Planck constant ~ vanishes and the time evo-
lution diverges, the two limits being taken at the same time and being correlated. This
twofold limit correspond to the classical (in the sense of ~Ñ 0) limit of the quantum flow
taken at time infinite and could be naively though being the classical dynamics at time
t “ 8, which doesn’t exist, especially for chaotic systems.

We have been studied these singular (with respect to the classical underlying dynamics)
situations in a series of articles dealing with the semiclassical approximation of the quantum
dynamics. In [AP13] was shown on examples potentials giving rise to BV (and not more)
vector field how quantum initial conditions of the Schrödinger equation select between the
several1 possible classical trajectories the one obtained at the classical limit (“superposition
of them are also reachable). In [AFFGP11, FLP12] is shown in the general BH case how the
Di Perna-Lions [DPL88] classical flow associated to these singular Hamiltonians is recovered
at the classical limit, see [P13] for a (short) review of results concerning singular potentials.
Long time semiclassical “chaotic” evolution was first apprehended in [P08], where splitting
and reconstruction of evolved coherent states was shown to happen around hyperbolic fixed
points of the classical dynamics, and is studied more systematically in [P12] where we show
that the limit ~Ñ 0, tÑ 8 leads to non standard classical limit : the phase space - locus
where the symbol of the evolved observable is defined - becomes a noncomuutative space
(space of leaves of the invariant foliation of the classical flow). Finally in [P19] we studied
“quantum” observables constructed in the framework of topological quantum fields theory
involving even more singular (below continuous) naive symbols. A change of paradigm
dealing with operator valued symbols is introduced in order to define the “right” symbol
(and the right underlying phase-space).

In all these papers, the phase space (and therefore the dynamics) obtained by taking
the classical limit ~ Ñ 0 has had to be changed from the (standar symplectig manifold)
expected ones: [P08, AP13] the limit dynamics becomes probabilistic (or ubiquitous), in
[AFFGP11, FLP12] the limit flow is only defined almost everywhere and in [P12, P19]
the phase space becomes a noncommutative space. Moreover in [P12, P19], though it is
the standard quantum dynamics which is studied, new types of quantizations were needed
both in a form of, say, non local Töplitz quantization. The goal of the present little paper
is to show how the standard quantization of complex linear canonical transformations
can be understood in terms of real flows (actually two) and a genuine change of type of
quantization.

1due to ill-definiteness of the dynamics not satisfying Cauchy-Lipschitz condition
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The Dirac notation will be used through the whole article: |#y will be meant as an
element of a Hilbert space H with scalar product p¨, ¨q, x#1|#2y as the scalar product
p|#1y, }#2yq, and |#1yx#2| as the operator on H defined by |#1yx#2|ϕ :“ p|#2y, ϕq|#1y.,
ϕ P H.

We will study conjugation of quantum observables given by the Töplitz (anti-Wick)
construction by complex metaplectic operators. In order to avoid heavy notation, we will
be, in most of the paper, concern with the one degree of freedom case: a two dimensional
phase space that will be, for simplicity, C.

More precisely we consider operators of the form

H “

ż

C
hαpzq|ψ

α
z yxψ

α
z |
dzdz

2π~
.

where the family of coherent states ψαz is defined, for α P C, =α ą 0 and z “ pq, pq P R2

the coherent state ψαz defined by

ψαz pxq :“

ˆ

=α
π~|α|2

˙
1
4

e´
i

2~α px´qq
2

ei
px
~ e´i

pq
2~ .

Note that the standard Töplitz quantization correspond to β “ 1, but β will show to be a
true dynamical variable, so we need to consider it as a degree of freedom. the link between
different hβp¨q leading to the same operator H (in particular the standard case) is given
below, in Appendix A, Lemma 15. One has

ż

C
hαpzq|ψ

α
z yxψ

α
z |
dzdz

2π~
“

ż

C
hα,α1pzq|ψ

α1

z yxψ
α1

z |
dzdz

2π~
(1.1)

õ

hα,α1 “ e´i
~
4
pα´α1q∆ξ`i

~
4
p 1
α
´ 1
α1
q∆xhα1 (1.2)

for =pα ´ α1q ą 0. =p 1
α
´ 1

α1
q ă 0.

An easy computation shows that, when hαpzq :“ 1, H “ Id for any value of α.

We consider the operator UpSq´1HUpSq, conjugated of H by the operator UpSq where S

is a real 2ˆ 2 matrix

ˆ

a b
c d

˙

of determinant one and U is the metaplectic representation.

More precisely UpSq is the operator of integral kernel given by

Upx, yq “
1

?
b2π~

e´
i

2b~pdx
2´2xy`ay2q b ‰ 0

(1.3)

“
?
dδ pdx´ yq ei

c
d
x2

2 b “ 0
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In order to show of (1.3) can be derived, let us recall that one way to define the metapletic
representation is through the formula

S

ˆ

x

´i~ d
dx

˙

“

ˆ

UpSq´1xUpSq

UpSq´1p´i~ d
dx
qUpSq

˙

. (1.4)

Writing that UpSq is unitary by UpSq´1 “ UpSq˚, that is U´1px, yq “ Upy, xq we get for

S “

ˆ

a b
c d

˙

, an equation whose solution is (1.3), of course modulo a global phase.

It is well known and easy to derive after (1.4) that, when S is real the Weyl symbol of
UpSqHUpSq´1 is the push-forward of the Weyl symbol of H by S. namely

σWeyl
UpSq´1HUpSq

ˆ

q

p

˙

“ σWeyl
H

ˆ

S´1

ˆ

q

p

˙˙

. (1.5)

An easy computation shows that this implies the following result.

UpSq´1HUpSq “

ż

hαSpαq,αpSzq|ψ
α
z yxψ

α
z |
dzdz

2π~
with αSpαq “ iS ¨ pαq, where S ¨ z “ az`b

cz`d
, and hαSpαq,α is given by (1.2).

Of course this formula doesn’t make any sense when S is not real any more for general
symbols h. But we will see that there is a general “off-diagonal” Töplitz representation.

The main result of the present short note is the following theorem.

Notation: we will denote for S “

ˆ

a b
c d

˙

, z “ pq, pq and α P C,

S “

ˆ

a b
c d

˙

, Spzq “

ˆ

a b
c d

˙ˆ

q
p

˙

and S ¨ α “ aα`b
cα`d

.

Moreover, ^ will denote the symplectic form pn T ˚R, z ^ z1 “ pq1 ´ qp1.

Theorem 1 (Off-diagonal Töplitz representation).
Let

H “

ż

hpzq|ψαz yxψ
α
z |
dzdz

2π~
.

Define, for S P SLp2,Zq and =α ą 0, the real 2ˆ 2 matrix αTS by

αTSpzq “ pq
α
S , p

α
Sq P R2 defined by qαS `αSpαqp

α
S “ qS`αSpαqp

S,

ˆ

qS

pS

˙

:“ Spzq, z “ pq, pq.

Then, for any S, α such that |V ¨ α| ă 8, =pV ¨ αq ą 0, V “ S´1, S
´1
, S´1S,

UpSq´1HUpSq “

ż

αTS#hS¨α,αpzq
|ψS

´1S¨α
αTS´1S

pzq
yxψαz |

xψS
´1S¨α

αTS´1S
pzq
|ψαz y

dzdz

2π~
,

where hS¨α,α is defined by (1.1)-(1.2) and T#h is the push-forward of h by T .

Remark 2. It is easy to check that, for any S P SLp2,Cq there exists α, =α ą 0, such that

|V ¨ α| ă 8, =pV ¨ αq ą 0, V “ S´1, S
´1
, S´1S,
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Remark 3. We could have thought to try to use UpSq´1HUpSqψβz for H pseudo, but this
creates Op~8q terms in competition with the large, as ~Ñ 0, terms of the norm of UpSqψβz .

Remark 4. Our main result Theorem 1.4 shows that, associated to the complex linear
canonical mapping (flow) S are associated two real (non flow) linear mappings: αTS which
propagate the Töplitz symbol, and .αTS´1S which “propagate” the off-diagonal property of
the Töplitz quantization

We computed in Section 3 several simple examples.

2. Proof of Theorem 1

We state first the following well-know (and trivial to prove) result.

Lemma 5. Let S “

ˆ

a b
c d

˙

P SLp2,Rq “ Spnp2,Rq. We define U “ UpSq the operator

on L2pRq defined through its integral kernel

Upx, yq “
1

?
b2π~

e´
i

2b~pdx
2´2xy`dy2q b ‰ 0

“
?
aδpax´ yqe´i

c
a
x2

2 b “ 0

(remark that U is continuous as an opertaor as bÑ 0). Then U is unitary and

UpSq´1

ˆ

P
Q

˙

UpSq “ S

ˆ

P
Q

˙

where Q “ ˆx, P “ ´i~ d
dx

.

Proposition 6. Let, for α P C, =α ą 0 and z “ pq, pq P R2, the coherent state ψαz be
defined by

ψαz pxq :“

ˆ

=α
π~|α|2

˙
1
4

e´
i

2~α px´qq
2

ei
px
~ e´i

pq
2~ .

Let S “

ˆ

a b
c d

˙

P SLp2,Cq “ Spnp2,Cq and let U “ UpSq be defined through its integral

kernel

Upx, yq “
1

?
b2π~

e´
i

2b~pdx
2´2xy`ay2q b ‰ 0

“
?
dδpdx´ yqei

c
d
x2

2 b “ 0
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Let ^ be the symplectic form z ^ z1 “ pq1 ´ qp1 and
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

zS “ ppS, qSq,
`

pS

qS

˘

“ S
`

p
q

˘

,

αSpαq “ S ¨ α,

ˆ

a b
c d

˙

¨ θ “ aθ`b
cθ`d

, θ P C

zαS “: αTSpzq “ pp
α
S, q

α
Sq P R2 defined by qαS ` αSpαqp

α
S “ qS ` αSpαqp

S

αg̃S “ pa` bα
´1q´

1
2

´

=pS¨αq´1

=pα´1q

¯
1
4
.

(2.1)

Then, for any S, α such that |αSpαq| ă 8, =αSpαq ą 0,

UpSqψαz “ ei
zS^zαS

2~ ψ
αSpαq
zαS

.

Proof. We first notice that, denoting Z “
`

P
Q

˘

,

ψαz “ ei
z^Z
~ ψα0 .

Therefore

UpSqψαz “ UpSqei
z^Z
~ UpSq´1UpSqψα0

“ ei
z^S´1pZq

~ UpSqψα0

“ ei
Spzq^pZq

~ UpSqψα0

“ ei
Spzq^pZq

~ pa` bα´1
q
´ 1

2

´

=pS¨αq´1

=pα´1q

¯
1
4
ψS¨α0

“ ei
Spzq^pZq

~ αg̃Sψ
S¨α
0

(we have used that, since S is canonical, z ^ S´1pZq “ S´1pSpzqq ^ S´1pZq “ S´1pzq ^ Z
and UpSqψα0 “ ψS 9α

0 as an straightforward computation shows.
Now

ei
Spzq^pZq

~ ψS¨α0 pxq “

ˆ

=αSpαq
π~|αSpαq|2

˙
1
4

e
´ i

2~αSpαq
px´qSq2

ei
pSx
~ e´i

pSqS

2~

“ eiC
ˆ

=αSpαq
π~|αSpαq|2

˙
1
4

e
´ i

2~αSpαq
px´qSq

2

ei
pSx

~ e´i
pSqS

2~ , pS, qS P R

“ eiCψS 9α
z

at the condition that, precisely,
$

&

%

qαS ` αSpαqp
α
S “ qS ` αSpαqp

S

C “ 1
2~

´

q2
S .pq

Sq2

αSpαq
` ppSqS ´ p

SqS
¯

“
p
pS

qSq^p
pS
qS
q

2~ by using the preceding equality.

�

The proof of Theorem 1.4 follows easily by simple computations after first remarking
that

UpS´1
q|ψαz yxψ

α
z |UpSq “ UpS´1

q|ψαz yxUpSq
˚ψαz | “ |UpS

´1
qψαz yxUpS

´1
qψαz |
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Then we use Proposition 6 in order to express the last term in the preceding equalities:

|UpS´1
qψαz yxUpS

´1
qψαz | “ C|ψS

´1¨α
αTS´1z

yxψS
´1
¨α

αT
S
´1z
|; C P C.

Note that there is no need to consider out of Proposition 6 the exact value of the constant
C thanks to the following following trick: one easily compute that

UpSq´1
|ψαz yxψ

α
z |UpSq “ L|ψS

´1¨α
αTS´1z

yxψS
´1
¨α

αT
S
´1z
| for L P C.

But UpSq´1|ψαz yxψ
α
z |UpSq is a projector, therefore

L2
xψS

´1¨α
αTS´1z

|ψS
´1
¨α

αT
S
´1z
y “ L ùñ L “ 1

xψS
´1¨α

αTS´1z
|ψS

´1
¨α

αT
S
´1z

y
.

Performing finally in the “Töplitz integral” te change of variable z Ñ αTSpzq gives the
result. Theorem 1 is proved.

3. Examples

Several examples are presented in the table below.
Let

Dαpq, pq “ xψ
S´1S¨α
αTS´1Spzq

|ψαz y
´1
, z “ pq, pq.

`˘

U
`˘

S S´1Sc S´1Sc
¨ i iTS´1Sc iTSc Dipq, pq

ˆ

.

.

˙

free ev.

ˆ

.

.

˙ ˆ

1 ´it
0 1

˙ ˆ

1 2it
0 1

˙

ip1` 2tq

ˆ

1 0

0 1`4t
1`2t

˙ ˆ

1 0

0 1`2t
1`t

˙

e
t
p1`3tq2

p1`2tq2
p2

~

ˆ

.

.

˙

ˆ by e´tx

ˆ

.

.

˙ ˆ

1 0
´it 1

˙ ˆ

1 0
2it 1

˙

i
1´2t

ˆ

1´4t
1´2t 0

0 1

˙ ˆ

1´2t
1´t 0

0 1

˙

e
t
p1`3tq2

p1`2tq2
q2

~

ˆ

.

.

˙

dilation

ˆ

.

.

˙ ˆ

eit 0

0 e´it

˙ ˆ

e´2it 0

0 e2it

˙

e´4iti

ˆ

1´4t
1´2t 0

0 1

˙ ˆ

1´2t
1´t 0

0 1

˙

e2i cos t
qp
~

ˆ

.

.

˙

oscillator

ˆ

.

.

˙ ˆ

cosh t i sinh t
´i sinh t cosh t

˙ ˆ

cosh 2t i sinh 2t
´i sinh 2t cosh 2t

˙

i

ˆ

e´2t 0
0 e2t

˙ ˆ

e´t 0
0 et

˙

e
sinh 2tpq2`p2q

~
ˆ

.

.

˙

. . .

ˆ

.

.

˙ ˆ

0 i
i 0

˙ ˆ

´1 0
0 ´1

˙

i

ˆ

´1 0
0 ´1

˙ ˆ

´1 0
0 1

˙

1

We finish this section by the same computations for a non-canonical S, used in Section
7 below.

`˘`˘

S S´1Sc S´1Sc
¨ i iTS´1Sc iTSc

ˆ

.

.

˙

its opposite

ˆ

.

.

˙ ˆ

0 i
´i 0

˙ ˆ

1 0
0 1

˙

i

ˆ

1 0
0 1

˙ ˆ

´1 0
0 ´1

˙

ˆ

.

.

˙

anticanonical example

ˆ

.

.

˙ ˆ

0 ´i
i 0

˙ ˆ

´1 0
0 ´1

˙

i

ˆ

´1 0
0 ´1

˙ ˆ

1 0
0 1

˙

4. Link with Weyl

Theorem 7. Let H with Töplitz symbol h. Let us denote by σ~
H the Weyl symbol of H

(note that σ~
H is an entire function). Then

σ~
UpSq´1HUpSq “ σ~

˝ S
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and

σ0
UpSq´1HUpSqpq, pq “

ż

phpξ, xqe´ipq
Sξ`pSxqdxdξ.

5. Flows on extended phase-space

Consider on the extended phase space P :“ T ˚Rˆ C` “ tpz, βqu the mapping

ΦS : pz, αq ÞÑ pαTSpzq, S ¨ αq.

. One proves easily the following resulst.

Theorem 8.
ΦSS1 “ ΦSΦS1 .

and S Ñ ΦS is a representation of SP p2n,Cq.

6. Noncommutative geometry interpretation

In this section we give a noncommutative interpretation of the off diagonal Toeplitz
representation in Theorem 1.

6.1. The canonical groupoid.
We consider on P “ T ˚R ˆ C` the action of the group SP p2n,Cq defined, for any

S P SP p2n,Cq by
pz, αq Ñ pαTSpzq, S ¨ αq.

Let us define the groupoid G defined as the semi-direct product P ¸ SLp2n,Cq of P by
SLp2n,Cq [?, Definition1 p. 104-105 and Section 7] as G “ P ˆSLp2n,Cq, Gp0q “ P ˆt1u
and the functors range and source given by

rppz, αq, Sq “ pz, αq, sppz, αq, Sq “ ppSpzq, S ¨ αq @ppz, αq, Sq P P ˆ SLp2n,Rq.
The C˚ algebra associated to the groupoid G is the crossed product C0pPq ¸Φ SLp2n,Cq
of the algebra of continuous functions on P by the action of SLp2n,Cq defined by Φ.

6.2. Symbols.
Let H be a αTöplitz operator of symbol σTH as given by (1.1). By Theorem 1, we associate

to UpSq´1HUpSq the couple
ppσTHqS¨α,α ˝ αT S,ΦS´1Sq

where pσTHqS¨α,α is given by (1.2).
This can be seen as an element of the algebra associated to the canonical groupoid defined

in Section 6.1 by the following construction: we associate to ppσTHqS¨α,α ˝ αT S,ΦS´1Sq the
function σoff rUpSq´1HUpSqs on the canonical groupoid identified with P ˆ P defined by

σoff rUpSq´1HUpSqsppz, αq, pz1, α1qq :“ αT S#pσTHqS¨α,αpzqqδppz
1, α1q ´ ΦS´1Spz, αqq,

where αT S#pσTHqS¨α,α designate the push-forward of pσTHqS¨α,α by αT S.

Conversely, we “quantize” the symbol σoffUpSq´1HUpSq by the following off-diagonal Toeplitz

type quantization formula

T off rσoff s :“

ż

PˆP
σoff ppz, αq, pz1, α1qq

|ψα
1

z1
yxψαz |

xψα
1

z1
|ψαz y

dzdzdz1dz1

2π~ . (6.1)
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Proposition 9.

T off rσoff rUpSq´1HUpSqss “ UpSq´1HUpSq.

6.3. On the (formal) composition of symbols.
Conjugating an observable by UpSq correspond classically to a (complex or real) change of

variable in the classical underlying paradigm. Therefore, multiplication of functions should
be defined on the same system of coordinates, computationally. This leads to associate to
UpSq´1HUpSq the operator of “multiplication” acting on H 1 given by

UpSq´1HUpSq ¨S H
1 :“ UpSq´1HH 1UpSq.

This gives rise to the following multiplication of symbols: when H,H 1 are Toeplitz op-
erators, so is (asymptotically) HH 1 and its symbol is at leading order the product of the
symbol of H by the one of H 1. Therefore the symbol of UpSq´1HUpSq ¨SH

1 is the groupoid
composition of the one of UpSq´1HUpSq by th (trivial) one of H 1.

In the case where H 1 :“ UpS 1q´1H inUpS 1q

UpSq´1HUpSq ¨S H
1 :“ UpSq´1HH 1UpSq.

“ UpSq´1HUpS 1q´1H 1UpS 1qUpSq.

using the result of Theorem 1

UpS 1q´1HUpS 1q

“

ż

αTS1#hS1¨α,αpαTS1zq
|ψS

1´1
S1¨α

αT
S1´1S1

pzq
yxψαz |

xψS
1´1S1¨α

αT
S1´1S1

pzq
|ψαz y

dzdz

2π~
,

and (formally)

H|ψS
1´1S1¨α

αTS1´1S1
pzqy “ hpαTS1´1S1pzqq|ψ

S1´1S1¨α
αTS1´1S1

pzqy `Op~q
we get formally the usual groupoid composition of symbols.

7. Non canonical transforms

It is striking to notice that the definition of the metaplectic representation as defined by

(1.3), namely, for a matrix S “

ˆ

a b
c d

˙

of determinant one, the operator of integral kernel

given by (1.3), depends only on the numbers a, b, d. The absence of c is hidden by the fact
that, thanks to detS “ 1, c “ ad´1

b
.

On the contrary, the main formula in Theorem 1 is expressed directly on the matrix S
and therefore admits an extension to the case detS ‰ 1. Note that this extension is highly
non-trivial also in the real case S PMp2,Rq.

In the present paper, we will limit ourself to the case detS “ ˘1. We set

M˘
p2,Cq :“ tS P SLp2,Cq, detS “ ˘1u.

Definition 10. Let

H “

ż

hpzq|ψβz yxψ
β
z |
dzdz

2π~
.
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Define, for S PM˘p2,Cq, detS ‰ 0, and =α ą 0, the real 2ˆ 2 matrix αTS by

αTSpzq “ pq
α
S , p

α
Sq P R2 defined by qαS`αSpαqp

α
S “ qS`αSpαqp

S,

ˆ

qS

pS

˙

:“ Spzq, z “ pq, pq.

For any S, α such that |V ¨ α| ă 8, =pV ¨ αq ą 0, V “ S´1, S
´1
, S´1S, we define the

composition operator CpSq acting on H by

CpSqH “

ż

αTS#hS¨α,αpp´1q
1´detS

2 zq
|ψS

´1S¨α
αTS´1S

pzq
yxψαz |

xψS
´1S¨α

αTS´1S
pzq
|I

1´detS
2 ψαz y

dzdz

2π~
, (7.1)

where I is the parity operator defined on L2pRq by Iψpxq “ ψp´xq.

When detS “ 1, (7.1) is the same as the result of Theorem 1 so that, in this case, CpSq¨ “
UpSq´1 ¨ UpSq. When detS “ ´1, the presence of the operator I in the normalization

constant 1

xψS
´1S¨α

αTS´1S
pzq
|Iψαz y

and of the factor p´1q
1´detS

2 in the argument of αTS#hS¨α,α follows

from the following two arguments.
First, we have seen right after its statement, that the key stone of the proof of Theorem

1 was the fact that the normalization constant L ensures UpS´1q|ψαz yxψ
α
z |UpSq to be a

projector.
Let us remind that, for two operators R,R1, the Wigner function of the product RR1 is
expressed as the twisted convolution of the Wigner functions of R and R1. Namely:

W rRR1spzq “

ż

W rRspz ´ z1qW rR1spzqei
z^z1

~ dz (7.2)

Therefore, when detS “ 1, the requirement of being a projector can be seen as following
the fact that Wigner functions of pure states composed by canonical transforms satisfy the
same equality than the original one, namely
ż

S#W pz ´ z1qS#W pzqei
z^z1

~ dz1 “ S#W pzq ô

ż

W pz ´ z1qW pz1qei
z^z1

~ dz1 “ W pzq (7.3)

since detS “ 1 ñ Spzq ^ Spz1q “ z ^ z1. When detpSq “ ´1, the left hand side of (7.3)
becomes
ż

S#W pz ´ z1qS#W pzqe´i
z^z1

~ dz1 “ S#W pzq ô

ż

W pz ´ z1qW p´z1qei
z^z1

~ dz1 “ W pzq

(7.4)
leading to, if R denotes the operator of Wigner function W , CpSqRICpSqR “ CpSqR. This

shows easily that I has to be introduced in xψS
´1S¨α

αTS´1Spzq
|Iψαz y.

Secodnly, in the course of the proof of Theorem 1, we have used the equality

UpS´1
qei

z^Z
~ UpSq “ ei

z^SpZq
~ “ ei

S´1pzq^Z
~ , Z “

ˆ

x

´i~ d
dx

˙

, (7.5)

due to the fact that S is canonical. When detS “ ´1, (7.5) becomes

UpS´1
qei

z^Z
~ UpSq “ ei

z^SpZq
~ “ e´i

S´1pzq^Z
~ ,
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responsible for the change z Ñ ´z in |ψS
´1S¨α

αTS´1Spzq
yxψαz | and therefore in the argument of

αTS#hS¨α,α by change of variable in the integration in (7.1).
Note again that, on the contrary of the symplectic case, CpSq is not in general a con-

jugation. Nevertheless, since CpSqH has the form CpSqH “
ş

fpzq|ψ
α1pαq
z1pzq yxψ

α
z |dz, one can

extend CpSq, asin the conjugation case, to more general operator than the Toeplitz class
and define CpSqCpS 1q by the same formula as in definition 10 after first replacing pz, αq by
pαTS´1Spzq, S

´1S ¨ αq and then multiplying by the weight

αTS#hS¨α,αpzq

xψS
´1S¨α

αTS´1S
pzq
|ψαz y

ˇ

ˇ

ˇ

ˇ

S“S1

.

With this definition of CpS 1q, Cp¨q is a representation of M˘pd,Cq:

Theorem 11.

CpS 1qCpSq “ CpS 1Sq for all S, S 1 in M˘
p2,Cq.

As a significant example useful in the next section, let us consider the case S “

ˆ

0 i
´i 0

˙

computed in the second table of Section 3. We get, in the case α “ i,

CpSqH “

ż

hpzq|ψi´zyxψ
i
z|
dzdz

2π~
, (7.6)

since xψi´z|Iψ
i
zy “ xψ

i
´z|ψ

i
´zy “ 1.

In other words, CpSqH is the quantization of the symbol (with a slight abuse of notation)

σoff rCpSqHsppz, iq, pz1, iqq “ hpzqδpz1 ` zq. (7.7)

The case S “

ˆ

0 ´i
i 0

˙

can be treated the same way and leads to, thanks to the same table,

Both cases S “

ˆ

0 i
´i 0

˙

,

ˆ

0 ´i
i 0

˙

are shown to be underlying the exchange operator in

the framework of quantum spin-statistics as extensively studied in [P17].

8. Link with complex symplectic geometry

ψα
pp,qq is in fact a complex WKB state associated to the Lagrangian (complex)

αΛpp,qq “ tpx,∇xp´
px´ qq2

2α
` pxq “ px,´

x´ q

α
` pq, x P Ru.

Note that αΛpp,qq X R “ tpq, pqu and px, ξq P αΛpp,qq ðñ x` αξ “ q ` αp so that

αΛpp,qq “ tpx, ξq{x` αξ “ q ` αpu.

Therefore

S´1
pαΛpp,qqq “ tqS

´1

px, ξq ` αpS
´1

px, ξq “ q ` αpu

“ S¨αΛαTSpq,pq
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9. Higher dimensions

The whole discussion above easily generalizes in higher dimension n.
To α P MnpCq, αT “ α, =α ą 0 and z P T ˚Rn „ R2n we associate the vector in

L2pRn, dxq

ψαz pxq “ pπ~q´
n
4 pdet=pα´1

qq
1
4 e´

i
~ px´qqα

´1px´qq`i p¨x~ ´i
q¨p
2~

Formulas (1.1)-(1.2) become, for α PMnpCq, αT “ α, =α ą 0
ż

C
hαpzq|ψ

α
z yxψ

α
z |
dzdz

2π~
“

ż

C
hα,α1pzq|ψ

α1

z yxψ
α1

z |
dzdz

2π~
(9.1)

õ

hα,α1 “ e´i
~
4
∇ξpα´α1q∇ξ`i ~4∇xp

1
α
´ 1
α1
q∇xhα1 (9.2)

for =pα ´ α1q ą 0. =p 1
α
´ 1

α1
q ă 0.

We denote for S “

ˆ

A B
C D

˙

P SP pn,Cq, z “ pq, pq P R2n and α P MnpCq, αT “

α,=α ą 0,

S “

ˆ

A B
C D

˙

, Spzq “

ˆ

A B
C D

˙ˆ

q
p

˙

and S ¨ α “ pCα `Dq´1
pAα `Bq.

Moreover, ^ will denote the symplectic form pn T ˚R, z ^ z1 “ p ¨ q1 ´ q ¨ p1.
By easy computations of Gaussian integrals and the same arguments as in the proof of

Proposition 6 we get the following result.

Proposition 12 (Proposition 6 in dimension n).

Let S “

ˆ

A B
C D

˙

P Spnp2n,Cq and let U “ UpSq be defined through its integral kernel

Upx, yq “
1

?
2π~ detB

e´
i

2~pxDB
´1x´2xB´1y`yB´1Ayq detB ‰ 0

ż

Upx, yqe´i
y¨ξ
~ dy

p2π~q
n
2
“

i´
n
2

?
2π~ detA

e´
i

2~pxCA
´1x´2xA´1ξ`ξA´1Bξq detA ‰ 0

(note that detS “ 1 ñ detB ‰ 0 or detA ‰ 0).
Then, for any S, α such that |αSpαq| ă 8, =αSpαq ą 0 and any z P R2n,

UpSqψαz “ ei
Spzq^αTSpzq

2~ ψS¨α
αTSpzq

.

where the real 2ˆ 2 matrix αTS by

αTSpzq “ pp
α
S, q

α
Sq P R2 defined by qαS ` S ¨ α pαS “ qS ` S ¨ α pS,

ˆ

pS

qS

˙

:“ Spzq, z “ pq, pq.

Proof. The proof consists in elementary Gaussian integrals computations. We perform it
in the case detB ‰ 0, the case detA ‰ 0 being the same by Fourier transform.
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Denoting Z the vector Z “
`

x
´i~ d

dx

˘

we get

UpSqψαz “ UpSqe
i
~ z^Zψα0

“ Upsqe
i
~ z^ZUpS´1

qUpSqψα0

“ e
i
~Spzq^ZUpSqψα0 . (9.3)

Now, denoting

C “ pdet=ppαq´1
qq
´ 1

4 pπ~q´
n
4 pdetBq´

1
2 pπ~q´

n
2 ,

C 1 “ pdetpB´1A` α´1
q
´ 1

2 pπ~q
n
2 ,

C” “ pdet=ppS ¨ αq´1
qq

1
4 pπ~q

n
4 ,

we have

UpSqψα0 pxq “ C

ż

e´
i

2~pxDB
´1x´2xB´1y`yB´1Ayqψα0 pyqdy

“ C

ż

e´
i

2~pxDB
´1x´2xB´1y`yB´1Ayqe´

i
2~yα

´1ydy

“ CC 1e´
i

2~xpDB
´1´pB´1qT pB´1A`α´1q´1B´1qx

“ CC 1e´
i

2~xpDB
´1´pABT`Bα´1BT q´1qx

“ CC 1e´
i

2~xpDB
´1pABT`Bα´1BT q´1qpABT`Bα´1BT q´1qx

“ CC 1e´
i

2~xpDB
´1ABT`Dα´1BT´1qpABT`Bα´1BT q´1qx

“ CC 1e´
i

2~xppB
´1qTDTABT`Dα´1BT´1qpABT`Bα´1BT q´1qx

“ CC 1e´
i

2~xppB
´1qT pDTA´IqBT`Dα´1BT qpABT`Bα´1BT q´1qx

“ CC 1e´
i

2~xppB
´1qT pBTCqBT`Dα´1BT qpABT`Bα´1BT q´1qx

“ CC 1e´
i

2~xppC`Dα
´1qBT qpABT`Bα´1BT q´1qx

“ CC 1e´
i

2~xpC`Dα
´1pA`Bα´1q´1qx

“ CC 1e´
i

2~xpCα`DpAα`Bq
´1qx

“ CC 1e´
i

2~xppAα`BqpCα`Dq
´1q

´1
x

“ CC 1e´
i

2~xpS¨αq
´1x.

“ CC 1C”ψS¨α0

“ pdetpA`Bα´1
q
´ 1

2

´

det=pS¨αq´1

det=pα´1q

¯
1
4
ψS¨α0 ,

so that, by (9.3),

UpSqψα0 “ pdetpA`Bα´1
q
´ 1

2

´

det=pS¨αq´1

det=pα´1q

¯
1
4
ψS¨α0

The end of the proof is exactly the same as in dimension 1. �

The (quasi) same proof as for Theorem 1 leads to the following one, verbatim the same.
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Theorem 13 ( Theorem 1 in dimension n).
Let

H “

ż

hpzq|ψαz yxψ
α
z |
dzdz

2π~
.

Then, for any S, α such that |V ¨ α| ă 8, =pV ¨ αq ą 0, V “ S´1, S
´1
, S´1S,

UpSq´1HUpSq “

ż

hS¨α,αpαTSzq| det αTS|αgSe
i
S´1pαTS

pzqq^pαTS´1S
pzq´zq

~
|ψS

´1S¨α
αTS´1Spzq

yxψαz |

xψS
´1S¨α

αTS´1Spzq
|ψαz y

dzdz

2π~
,

where hS¨α,α is defined by (9.1)-(9.2).

Appendix A. Weyl

Easy computations of Gaussian integrals show the following result.

Lemma 14.

σ
|ψαz ąăψ

α1

z1
|

Weyl px, ξq “
d

2
?
<β<β1

β ` β1
1

~
e
´

ββ1

2pβ`β1q~
pq`q1´2xq2

e
´ 1

2pβ`β1q~
pp`p1´2ξq2

eirpp´p
1qx´pp`p1´2ξqpβpx´qq´β1px´q1qq{pβ`β1q~s

ˇ

ˇ

ˇ

ˇ

ˇ β“iα
β1“iα1

In particular when z “ z1, α “ α1 ą 0,

σ
|ψαz ąăψ

α
z |

Weyl px, ξq “
1

π~
e´

i
α
pq´xq2

~ eiα
pp´ξq2

~

Corollary 15.
ż

C
hαpzq|ψ

α
z yxψ

α
z |
dzdz

2π~
“

ż

C
hα,α1pzq|ψ

α1

z yxψ
α1

z |
dzdz

2π~
if and only if

hα,α1 “ e´i
~
4
pα´α1q∆ξ`i

~
4
p 1
α
´ 1
α1
q∆xhα1 , =pα ´ α1q ą 0. =p 1

α
´

1

α1
q ă 0. (A.1)

Proof. From Lemma 14 we get that

e´iα~
∆x
4
` i
α
~

∆ξ
4 hpx, ξq “ e´iα

1~∆x
4
` i
α1

~
∆ξ
4 hα1px, ξq

and the corollary follows. �
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