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ON QUANTUM COMPLEX FLOWS

THIERRY PAUL

ABSTRACT. We study the propagation of quantum T&plitz observables through quantized com-
plex linear canonical transformation of one degree of freedom systems. We associate to such a
propagated observable a non local “T6plitz” expression involving off diagonal terms. We study
the link of this constrauction with the usual Weyl symbolic paradigm.
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1. INTRODUCTION AND MAIN RESULT

Complex quantum Hamiltonians have (re)gained a lot of interest these last years, see
e.g. the book [L10] and all the references quoted there. It seems that, at the contrary,
quantization of complex symplectic flows didn’t get the interest it deserves as it did at
the period of the birth of Fourier integral operators, see [MS74] for example. Inside this
category, representation of linear complex symplectic flows, namely the complex symplec-
tic group and its corresponding complex metaplectic representation has also lost most of
interest since the golden years of “group theoretical methods in physics”, see [G75].

Let us remark that, since complex numbers are (according to us) necessary to the for-
mulation of quantum mechanics, considering the Schrédinger equation on a Hilbert space
‘H with complex (e.g. bounded) Hamiltonian H does not create any intrinsic a priori dif-
ficulty, a property that classical mechanics (on a real symplectic phase space P) doesn’t
share with its quantum counterpart. The quantum flow is still given by e /" which exists
(of course it is not anymore unitary) for all time for example when H is bounded. e ®/
defines for any ¢ € R a bounded operator on H, at the contrary of the Lie exponential £~
associated to the symbol h of H which doesn’t apply on P because the Hamiltonian vector

field associated to h is not tangent to P anymore.
1



2 THIERRY PAUL

This complex setting is not the only one leading to to a situation where quantum mechan-
ics is well defined while its underlying classical counterpart is not. Little regular potentials
(or more generally Hamiltonians) generating vector fields below Cauchy-Lipschitz regu-
larity condition are also examples of perfectively well defined quantum dynamics having
a classical counterpart ill-defined, at least in the standard sense of this word. Another
situation deals with classical chaotic systems, and the semiclassical approximation of its
quantum counterpart in the case where the Planck constant # vanishes and the time evo-
lution diverges, the two limits being taken at the same time and being correlated. This
twofold limit correspond to the classical (in the sense of & — 0) limit of the quantum flow
taken at time infinite and could be naively though being the classical dynamics at time
t = oo, which doesn’t exist, especially for chaotic systems.

We have been studied these singular (with respect to the classical underlying dynamics)
situations in a series of articles dealing with the semiclassical approximation of the quantum
dynamics. In [AP13] was shown on examples potentials giving rise to BV (and not more)
vector field how quantum initial conditions of the Schrodinger equation select between the
several! possible classical trajectories the one obtained at the classical limit (“superposition
of them are also reachable). In [AFFGP11, FLP12] is shown in the general BH case how the
Di Perna-Lions [DPL88] classical flow associated to these singular Hamiltonians is recovered
at the classical limit, see [P13] for a (short) review of results concerning singular potentials.
Long time semiclassical “chaotic” evolution was first apprehended in [P08], where splitting
and reconstruction of evolved coherent states was shown to happen around hyperbolic fixed
points of the classical dynamics, and is studied more systematically in [P12] where we show
that the limit » — 0, — oo leads to non standard classical limit : the phase space - locus
where the symbol of the evolved observable is defined - becomes a noncomuutative space
(space of leaves of the invariant foliation of the classical flow). Finally in [P16] we studied
“quantum” observables constructed in the framework of topological quantum fields theory
involving even more singular (below continuous) naive symbols. A change of paradigm
dealing with operator valued symbols is introduced in order to define the “right” symbol
(and the right underlying phase-space).

In all these papers, the phase space (and therefore the dynamics) obtained by taking
the classical limit # — 0 has had to be changed from the (standar symplectig manifold)
expected ones: [P08, AP13] the limit dynamics becomes probabilistic (or ubiquitous), in
[AFFGP11, FLP12] the limit flow is only defined almost everywhere and in [P12, P16]
the phase space becomes a noncommutative space. Moreover in [P12, P16], though it is
the standard quantum dynamics which is studied, new types of quantizations were needed
both in a form of, say, non local T6plitz quantization. The goal of the present little paper
is to show how the standard quantization of complex linear canonical transformations
can be understood in terms of real flows (actually two) and a genuine change of type of
quantization.

Ldue to ill-definiteness of the dynamics not satisfying Cauchy-Lipschitz condition
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We will study conjugation of quantum observables given by the Toplitz (anti-Wick)
construction by complex metaplectic operators. In order to avoid heavy notation, we will
be, in most of the paper, concern with the one degree of freedom case: a two dimensional
phase space that will be, for simplicity, C.

More precisely we consider operators of the form

dzdz
H = [ et

where the family of coherent states 4? is defined, for S > 0, by

_ 5(90—Zx)2 iz*a:
2h

e € hr

(mh/B)4

Note that the standard T6plitz quantization correspond to g = 1, but g will show to be a
true dynamical variable, so we need to consider it as a degree of freedom. the link between
different hg(-) leading to the same operator H (in particular the standard case) is given
below, in Appendix B, Lemma 17. One has

dzdz / '
| et Te = [ rame e

vr ==

dzdz _h(B_g\A._h(l_ 1
<:>h,3 =€ Z(/B B)Az Z 8 ﬁ/)AEhlgr,
2mh

(1.1)
for R(B — ') <O. §R(% — %) < 0.
An easy computation shows that, when hg(z) := 1, H = Id for any value of 5.

We consider the operator U(S) " 'HU(S), conjugated of H by the operator U(S) where
S is a complex 2 x 2 matrix of determinant one and U is the metaplectic representation.
More precisely U(S) is the operator of integral kernel given by

1 i
U(-I7y) = ,/b27rh€2bh(dl‘22xy+ay2) b + 0
(1.2)
1 € jez?
= (G ) et b=10

In order to show of (1.2) can be derived, let us recall that one way to define the metapletic
representation is through the formula

S(—;@>::QN§§€ZZ§2C;I)' (13)

Writing that U(S) is unitary by U(S)~! = U(S)*, that is U ' (x,y) = U(y,z) we get for
S = (Z Z), an equation whose solution is (1.2), of course modulo a global phase.
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It is well known and easy to derive after (1.3) that, when S is real the Weyl symbol of
U(S)HU(S) ! is the push-forward of the Weyl symbol of H by S. namely

e q e —1(4
O S rus)1 <p) = oy (5 1<p)> : (1.4)

An easy computation, see Lemma 18 below, shows that this implies the following result.

dzdz

U(S)HU(S) f s (S UV Co with fs(5) = 05 - (i),

where S - 2z = ‘ZEH’

+
Of course this formula doesn’t make any sense when S is not real any more for general
symbols h. But we will see that there is a general “off-diagonal” T6plitz representation of
the form

U(SYHU(S)™ = Osfhﬁs(ﬁ)( ))|wis 15><¢65|d2d2.

The main result of the present short note is the following theorem.
Notation: through the all paper we will denote by z, € R and z* € R the real and
imaginary parts of z € C, i.e. 2z = 2z, + iz* and S¢ the matrix complex conjugate to S.

ﬁ(x—z*) iz*

Theorem 1 (Off-diagonal Téplitz representation). Let P = %, By >0 and
1 = [l S
Then, for S = (Z 2) € SL(2,7Z) satisfying
(ad — cb), — B(db + ¢a))* > 0, (%)

Qs(z)

dzdz
273’

RNy A

—1lgc Z)

U(S)"'HU(S) = Jhﬁsc (6 se2) 55— DBDﬁ
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where, for all S" = (CCL, Z,) e SL(2,7),
=+ Zd'ﬂ 1 .
55'(/8) - bl/8+l(l S ( Zﬁ)
sTo(qg+ip) = ¢ +ip® defined through

Bs(B)g” +ip® = Bs(B)as + ips, (qs') = 5'<q)
Ps p

hg(z) is given by (B.1)
o _ (B/(Bs))
o (VB + ia’)'/?
and
_ b b 2
= | bﬁﬂd](” )+ i8(75'2),

2Qs(2) = (Ts1T5'2)iBs1 —2T5'2)I0 + 2285 — 0.

Note that, in particular

o 1 (d—bB)Bs).  —(d—ibB)*

s = (55)*ﬁ|bﬁ—id|2< ((d— ibB)BsB) ((d —ibﬁ)ﬂ)*)’ (15)
Ty T L ( (@ +V5)B50). (@ +D8°)8)° )
ST T (Be)e(Bs 1) BIbB — id[* \((&® + 1262 Bs1858)*  ((d* + b25*)Bs15).)

(1.6)

Remark 2. We could have thought to try to use U(S) HU(S)y? for H pseudo, but this
creates O(h™) terms in competition with the large, as # — 0, terms of the norm of U(S)v?.

The main result of ths paper shows that, associated to the complex mapping (flow) S
are ssociated two real (non f;low) mappings.

An example. a =d =1, b = 0, ¢ = —it (quantum multiplication by e ***/2) treated in
Appendix 3. we have

Bx 2
_ as\ _ (353 O\ (¢ _ B
Bs(B) = B +1, (ps)_(ﬁJ 1) (p), c_ﬁﬂx 5 for f>0

we get (8> 0)

dzdz
27h3’

i

ap)

U(S)" HU(S) = f <5T+q p) S o5

We computed in Section 3 several simple examples.
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2. PROOF OF THEOREM 1

Lemma 3. Let S = (Ccl Z) € SL(2,R) = Spn(2,R). We define U = U(S) the operator

on L*(R) defined through its integral kernel

U(g;’y) = b12 hezgh(deQxy+ay2) b0
e
1 X ca?
= \/—6(5(5—@6% 2 b=0

Let S = <CCL Z) € SL(2,R) = Spn(2,C) and let U = U(S) be defined through its integral

kernel

1 i
Ue) = e tmmor) )
1 _=x ¢ 22
= —4(— — a2z b=0
Va'la e

Then (when it exists, that is when R(i} +3) >0 orb=0)

U(S)pL, = Dew s

qs,ps
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where, denoting z, = Rz, z* = 7,
1 +4d[bp +ia] —c+idP

fs = b2 + iab - bs + ia

(57 D) = (i oy (o)
8 for (Bs). # 0 since b6 + ial # 0
<§§> - GO (—(B(szg D o). ) (_/f* _ol> (2)
()= e (=i o) (0)
(e 2 [
- @((fﬁé}) (£ ))(p)
¢ = %(ﬁsq?q—ﬁqQJr (Bq + ip)*)

D = Dﬁ (6*/(65)*)%
5 (b3 + ia)z

Note that, as mentwned already, this is uniform as b — 0 as, as b — 0, d — % # 0 and

b
bb + ia

therefore Bs — i< —|— . One get

(ﬁi) - e ) ()

We will also denote
p p

Note that one has the following

Lemma 5.

(Bg + ip) = Bsq® + ip°.

Bsqs + i :
’[/ =
sqs + 1ps b+ ia

3. EXAMPLES

ea=d=1,b=0, c=—it (quantum multiplication by e~*"/2)

Bs =B +t, (gi) (ﬁ%ﬁt [1)) <p)’ C = Biﬂtx— for 5 >0

For 5 =1 we have

1 2

ds 0\ (¢ t q

14t _ (T c=-—"' L
Ps =1+, (ps) (0 1)(19)’ 1+t 2
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e a =d=1, b=1it (complex free evolution)

8 qs 1 0 q —t3* ¢
- - o= Ly 0
fs tB+1 (ps 0 3/ \»)’ B+1 2 or i >

e a=d ! =¢e"b=c=0 (complex dilation) (write 8 = |3|e™%*)

R as\ 1 cos (t + 2s) S‘ig‘t q —
Bs = pe” ™, (ps) ~ cos2(t + s) ( |B|sint  cos(t+2s)) \p)’ =

When g =1 we get
qs 1 cost sint\ [q
— . 5 C —
Ps cos 2t \ sint cost D

.S — cosht isinht
~ \—isinht cosht
(we take § > 0)

g = sinht + (8 cosht s\ _ -sinhtJchosht 0 q
%7 cosht + Bsinht’ \ps) 0 e p)’

cosht+0sinht

(complex time harmonic oscillator)

1 2
=5 —— 1)L
(sinht + B cosht)(cosht 4+ Bsinht) 2
When £ =1 we get

2
Bs =1, (gi) =e! (z) , O =(e?— 1)%

4. MORE FEATURES
4.1. Link with Weyl.

Theorem 6. Let H with Toplitz symbol h. Let us denote by ol the Weyl symbol of H
(note that ol is an entire function). Then

T(syraus) = 0 © 8

and

UOU(S)*lHU(S)(Qap) = Jh(f, x)e”'(qs&psm)dxdf.
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4.2. Flows on extended phase-space. Consider on the extended phase space C x C =
{(z,8)} the mapping
s« (8,2) = (Bs(8), T52).

Theorem 7.
q)SS’ = (I)SCDSI.

4.3. Passing shocks.

Proposition 8. Let us suppose that b5 +ia # 0 (note that it is enough to change the value
of B for this condition to be satisfied. Then

Vzec, U(S)WeD(R).

Theorem 9. Let S = <CCL Z), b3 —id # 0 # dB + ic, then U(S™)HU(S) is a bounded

operator L*(R) — D'(R) and is given by the formula in Theorem 1.

Coming back to the example a = d = 1, b = 0, ¢ = —it (quantum multiplication by

6_133;2/2)7 we get, at t = 67
) . dzdz
U(S)HU(S) = | @20, e W) 021 55

where we denote Vg, ¥(, o\(z) = 1.

APPENDIX A. MORE LEMMAS

Lemma 10. Let S = (a b). Note that St = ( d _b>.
c d —c a

U(S)* = U(S) with S := (3_ _5>

—C a

Note that

Moreover

Lemma 11. B B _
(ad — bc). + Blab + cd)*

(55)* = 6

b5 + ia|?
. (ad—zcb)., — B(db + a)*
(55)* - ﬁ |bﬁ _ id|2
(Bsor), = B(ac_l —be), — B(db + ca)*

b8 — id?



10 THIERRY PAUL

_ 23
Bs—1 + Py = R T &
_ —2i3
b =% = prae
Let us define
()= ()
Lemma 12.
DGtBTSZB*
. 1 ( ((d—ibB)Bs). —(d—z'_bm*)
P75 T (Be)uBlbs — id]? \~((d — ibB)BgB)* ((d — ibB)P).
and
T 1 ( ((d+ibB)B). (d +ibp)* >
ST B b8 — id2 \((d+ bB)Bg—18)* ((d +ibB)Bs1).

Lemma 13.

S = Bs-1(B)as—1 + P5(B)qg + i(ps— —pg)) _ Zs-1 + Zg
Bs-1(B) + Bs(B) Bs-1(B) + Bs(B)
S = Bs(B)ps— — Ps-1(B)ps — iBs(8)Bs1(8)(gs-1 — q3) _ —i(ﬁ_Eil — Bs-1(8)73)
Bs(B) — Bs—1(B) Bs(8) — Bs-1(B)

Proposition 14. 5T§_1 and gTg-1 determine S and .

Proof. 15 U determine bf + id and etc, and Ts—1 determine b3 — id and etc. Moreover one
has ad — bc = 1. Thos gives five equalities for five unknowns. 0

Proposition 15.

Ts 15T = ! < ((d* + b°5%)B5P). (@ + b232)* )
P (Be)u(Bs 1) Blb —id]* \(( + 05)Bs1BsB)" (& + 757 Bs1 ).

! ! 7
Moreover denoting ﬂTgl <Z> = (Z,) and BTS—lﬁTgl (]q)) = Tg (Z,) = (Z,,), we have

Bq' +ip' = (d+1ibB)(Bgq + ip)
0
B +ip) = (ic—dp)q +i(d +ibB)p
Bs—1q" +ip” = dﬂbﬁ(ﬁq’ﬂp’)
d+ib .
= ﬁ(ﬂsqﬂp)

(c+iaB)q” +i(—bB + id)p” (¢ +iaB)q + i(—b + id)p.
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We deduce that

glsgls = pglss, 8" = Bs(B)
pTe'sTs" = pTsq, B =096
oTs' 5Ts = glisn-1s,  Bs(B) = Bs(B)

Bs(Bs) = PBss
B = Bs-1(Bs)
615" = poeTs—

Note that, when g8 > 0, ¢’ = %q and p' = p + (B83)q-

APPENDIX B. WEYL

Lemma 16.

> <y |
JWeyl (x7 5) =
WL =3 ot 20 5l 0 =2 il o/ =28) (3(o—0)-F =g D/ (3+ T
B+p h
In particular when z = 2', = /"> 0,
B o 1 sa—o? _9?
J%Ze;<w2|(x,§) =—_e e 7
Corollary 17.
| maeotttas = [ hatiw? ! i
of and only iof
8'—5 Ag n2 ! "
he,§) = 5 ECDE @ ) g B, L D (B.1)
5> 18]
Proof. From Lemma 16 we get that
h Ag A hoAgp ’i
BTN D (2, €) = 8 T T hy (a,6).
0

Lemma 18.

Proof. 0
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APPENDIX C. MISCELLANEOUS

_ o _
UV —UT = (uD).
* — % *
UV, — WD (uv
UV, + T = (uD),
By )2 iZe By g)? iz Zd . .
e m T T = om0 T By +ip = Bz + 2

»’

ac2 . 1
Je‘ﬁ2e”’zdx = (2n/B)2e" 28

, _/1/4 i / By 1 _.n2 __ BB 2
<¢§|¢5> _ (85) o g PPNBHAD) 255, @) o 2543511

(B+B)”

(e iy

e—m (aD2+bD2+2icDy DP+2(ea+icd) Dy /h+2(db+ice) Dp/h-+(e2a+d2b+2icde) /h?) I

0,0)
€2Ll 2 icde h . ) ]
=e Q?C%f:bz)hd (67 2(c2+ab) (aDngngerCDqu)h) _ ea + icd - db + ice
2(c2+ab)’” 2(c® + ab)
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