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In dynamic reliability, the evolution of a system is described by a piecewise determinis-
tic Markov process (I, X;)r=o with state-space E X R, where E is finite. The main result
of the present paper is the characterization of the marginal distribution of the Markov
process (I, X¢)e=0 at time t, as the unique solution of a set of explicit integro-differential
equations, which can be seen as a weak form of the Chapman-Kolmogorov equation.
Uniqueness is the difficult part of the result.

Copyright © 2006 Christiane Cocozza-Thivent et al. This is an open access article dis-
tributed under the Creative Commons Attribution License, which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is prop-
erly cited.

1. Introduction

In dynamic reliability, a system is considered, which evolves in time according to a two-
component Markov process (I, X;):=o: the symbol I; corresponds to some physical state
of the system and has a finite state-space E, whereas X; represents some “environmental”
condition (temperature, pressure, ...) and takes its values in R4. The transition rate be-
tween two different states i and j of E may vary with the current environmental condition
x in R¥. The transition rate from state i to state j then appears as a function from R to
R+, and will be denoted by a(i, j, -). The evolution of the environmental component X;
is described by a set of differential equations, which depend on the physical state of the
item. More precisely, the dynamic of X; is such that, given I;(w) =i for all t € [a,b], we
have

4 Xu@) =v(i X)), (L.1)

forall t € [a,b], where v is a mapping from E x R to R¥. As a consequence, the trajectory
(X¢)e=0 is deterministic between any two consecutive jumps of (I;);>0, and (X;)s=o is the
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2 Characterization of the marginal distributions of PDMP

solution of the ordinary differential equation dy/dt = v(i, y). Such processes are called
piecewise deterministic Markov processes, see Davis [7, 8].

In dynamic reliability, the process (X;);>o is usually assumed to be continuous so that
no jump is allowed for the environmental component (see [12], e.g., and other papers
by P. E. Labeau). In the present paper, this assumption of continuity is relaxed and the
process (X¢)~0 may jump simultaneously with the process (I;);~. More precisely, when
the process I; jumps from state i to state j, we assume that the process (X;) belongs to
(y,y +dy) with probability (i, j,x)(dy) at the jump time, given that X; = x just before
the jump (where (i, j,x) € E?> x R?). In the case u(i, j,x)(dy) = 8x(dy) (for all i, j, x), the
process (X;)¢=0 is continuous and our model meets the usual one. Our model however
includes a lot of other interesting cases such as interacting semi-Markov processes or
non-homogenous Markov processes.

The marginal distribution of the process (I, X;)¢=0 at time ¢ usually is a complicated
characteristic which is not analytically reachable (see, e.g., [12]). The aim of the present
paper is to characterize such a marginal distribution as the unique measure solution of
a set of explicit integro-differential equations. Such equations can actually be seen as a
weak form of the Chapman-Kolmogorov (CK) equations associated to the Markov pro-
cess (I, X¢)t=0. In a second paper (see [3]), we use such a characterization to propose
a numerical algorithm, which is shown to converge weakly towards the right marginal
distribution in a third paper [4].

Piecewise deterministic Markov processes (PDMP) have already been studied by Davis
[8] (other references therein). However, the main part of the present work, namely, ex-
istence and uniqueness of solutions to the CK equation is not treated by Davis, who is
mainly interested in functionals of the process which do not englobe marginal distribu-
tions. PDMP have also been studied by Costa, Dufour, and Raymundo in [5, 6, 9] and
by Borovkov and Novikov in [2], with different objectives from ours. A chapter in [13] is
also devoted to PDMP.

The paper is organized as follows: notations and assumptions are given in Section 2.

In Section 3, the process (I;,X;):=0 is constructed, using the Markov renewal theory.
We derive that (I}, X;),~0 is a Markov process and give an explicit expression for its tran-
sition probabilities and for its full generator on regular functions.

In Section 4, we first give some weak form for the CK equations with regular test func-
tions. The existence of a solution to such equations is ensured by the construction of
Section 3. Then we show the uniqueness of the solution by extending the set of test func-
tions to more general set of functions. This is the main part of the paper.

Concluding remarks are given in Section 5.

2. Notations-assumptions

We use the following notations.
(1) Symbol E stands for the finite state-space of the studied item.
(2) For d € N*, symbols P(R?) and P(E x R?), respectively, represent the set of
probability measures on R? and E x R,
(3) Symbols Cy,(F,R) and C!(F,R), respectively, stand for the set of bounded con-
tinuous functions and the set of continuously differentiable functions from a
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Banach space F to R (or R;). In the following, we use F = R4, F = R? x R,
F=R¥x[0,T], C}(F,R) = Cy(F,R) n C'(F,R). Symbol C!(F,R) stands for the
set of continuously differentiable functions with a compact support.

(4) For any set F, symbols FF and FE*E, respectively, represent the set of functions

E—F, EXE—F,
: : 2.
/ {,F» o, {(zxjwf(i,j)- o

For instance, Cy (R4, R)E stands for the set of functions f:E— Cp(R4,R), namely,
such that f(i) is a bounded continuous function from R¢ to R, for all i € E.
For the sake of simplicity, we write f(i,x) or f(i,,x) instead of (f(i))(x) or
(f(i,j))(x), for i, j € E and x in R? or R x R.
With these notations, we adopt the following assumptions, which will be referred to as
assumptions (H).
(1) The transition rate a is assumed to be such that a € C,(R%, R ;)**E, namely, non-
negative, continuous, and bounded by some real number A > 0.
(2) The velocity v which appears in (1.1) is assumed to be such that:
(i) v € C(R4, R)E,
(ii) the function v(3, ) is locally Lipschitz continuous (for all i € E),
(iii) the function divv(i,-) is almost everywhere bounded by some real value
D >0 (foralli € E),
(iv) the function v(i,-) is sublinear (for all i € E): there are some V; > 0 and
V, > 0 such that

VieE, VxeR?, |[v(i,x)|| < Villx]l + Vs (2.2)

(3) The distribution {u(4, j,x)} which controls the jumps of (X;);~0 by jump times of
(It)¢=0 is such that, for i, j € E and y € C,(R%,R), the function x — [y (y)u(i, j,
x)(dy), x € R%, is continuous (where i : E X E X RY — P(R?)).

These assumptions guarantee the existence and uniqueness of the solution to the differ-
ential equations fulfilled by the environmental component. They also provide us with
some classical properties for the solution which are summed up in the following lemma.

Lemma 2.1. There exists one and only one function g € C(R? x R,R4)E of the class C! with
respect to time t such that for any i € E,

%(i,x,t) =v(i,g(i,x,1)), V(xt)e€ R x R, (2.3)

with an initial condition

g(i,x,0)=x, Vxe R (2.4)
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Moreover, this unique solution g fulfils the following properties.
(1) The function x — g(i,x,t) is locally Lipschitz continuous with respect to x on R, for
allt >0andi€E.
(2) Forall x € RY, (s,t) € R X R, and i € E, one has

g(i,g(i,x,s),t) = g(i,x,s+1). (2.5)

3. Probabilistic construction of the process

In this section, we first construct the process (I, X;)s~0 in a similar way as in Davis [8].
We then derive explicit expressions for the transition probabilities of the process (I1, X)s=0
and for its full generator on the class of regular functions.

3.1. Construction of the process. In order to construct the process (I;,X;)=0 with val-
ues in E x R9, we first define a Markov renewal process (Ty, (I1,,XT,))s=0 by its condi-
tional distributions. Let us denote by Q(Ir,,Xr,, j,dy,du) the conditional distribution of
(Ir,.» X100 Tne1 — Tn), given (T, (I1,,Xt,))k<n (or equivalently given (I7,,Xr,)). Setting
A(i,-) = Xjega(i, j, ) for i € E, we define Q in the following way:

El:h‘(XT,ﬁ.])Tn"'l - Tﬂ)l{ITnH:j} | (Tk) (ITk)XTk))ksn:I

= L exp ( - Jo )L(ITn,g(ITn,XTn,V))dV)a(ITn,j,g(ITn,XTn,u))

3.1
< ( [ B, jog 0, X, u))(dy) ) du Y
= Loo h(y,u)Q(I1,,Xr,, j,dy,du).
Here, h is any positive measurable function on R? x R, and j € E.
The process (I, X;)=0 is now constructed as
if Ty <t<Tyu,thenly=1Ig, X;=g(r,,X1,,t—Th). (3.2)

As noted in Section 1, we can see that, given (I1,,Xr,)n=0, the trajectory of (X¢)o is
purely deterministic on [Ty, Ty41) forn =0, 1, 2, ..., with Tp = 0.

3.2. Transition probabilities. From the previous construction, we derive an explicit ex-
pression for the transition probabilities of (I;, X;)¢=0. This is based on calculations of con-
ditional expectations, using several properties of the Markov renewal process (T, (Ir,,
Xr,))n=0 such as

E[h(Tn+1 - Tn) | (Tk)(ITpXTk))ksn:I
§ ) (3.3)
- L h(u)exp(—f A(ITn,g(ITn,XTn,v))dV)A(ITn,g(In,Xn)u))du-

0
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It is convenient to introduce the following notation:

ci(t,x) = exp ( - Lt/\(i,g(i,x,v))dv>. (3.4)

ProprosITION 3.1. The process (I, Xt)=0 is a homogeneous Markov process with values in
E x R4, Its transition probabilities P;(i,x, j,dy) are given by

Jh(y)Pr(i,x,j)dy)

= 1z jyci(t,x)h(g(ix, 1))

+ J ci(s,x)a(i, j,g(i,x,5)) (ch(t =, (g, y,t—s))uli, j,g(i,x,s)) (dy))ds

0

+Z Z J...J d51"'d5p
PZ2 jiresfp-1 {5120,..,5p =0, 514+ - +s, <1}
X ¢i(s1,x)a(i, j1,4(1,%,5)) J[J(i,jl)g(i:x)sl))(dyl)

p-2
X l_[ ¢j, (siv1>yi)a(jis jiv1>g s yisSiv1)) I,bl(ji,jm 28 (i yirsi1)) (dyie1)
i=1

X ¢j, oy ($p> yp-1)a(jp-151-8 (Jp-15Yp-155p)) J/’l(jpfl’j’g(jp*h}’pfl’sp))(dy)

XCj(t— (51 + - +Sp),y)h(g(j>y>t_ (Sl toee +SP))):
(3.5)

where h is any bounded measurable function.

Remark 3.2. These transition probabilities are the sum of different terms. The first term
corresponds to the case of no jump between 0 and ¢, and consequently to a deterministic
trajectory on [0,]. The second term corresponds to the case of one single jump, and the
other terms to more than two jumps.

As usual, the transition probabilities P; can be seen as operators on the set of measur-
able bounded functions defined on E x R in the following way:

V(i,x) €ExRY, Ph(i,x) =E(h(I,X:) | Iy =i, Xo=x) = > Jh(j,y)Pt(i,x,j,dy).
JEE

(3.6)

The following two corollaries can be easily checked thanks to the expression of P; as given
by Proposition 3.1.
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CoRrOLLARY 3.3. Leth € Cp(R4,R)E, then forall t € Ry, P;h € Cp(RY,R)E,
COROLLARY 3.4. For h € Cy(R4,R)E and (ig,x0) € E X RY, t — P;h(ig,x0), t € Ry, is a

continuous function.

3.3. Generator. We now exhibit sufficient conditions for a function % to be in the domain
of the full generator & of the Markov process (I;, X;)¢=0, and we give the expression of £h
for such an h. Alternative sufficient conditions may be found in [13, Theorem 11.2.2] or
[8]. In all the following, we will use the set Dy such that

Do = {h:he CL(RL,R)Y, v(i,-) - Vh(i,-) € Cy(R%,R), Vi€ E}. (3.7)

Here, V represents the gradient with respect to the second variable (in R) and

d

Vi) Thliy) = > 2 v, ) (3.8)
i1 9%
with V(i, ) = (v(l)(i> '))V<2)(i1 )) . )V(d)(i> ))
ProrosITION 3.5. For h € Dy, let us define £h in the following way:
d oh
Z a(i j,x)Jh(j,y)‘u(i,j,x)(dy) (,x)A(i,x) Z 8_ i,x)v® (i, x)
k=1

(3.9)

Z zjx)J (h(j,y) — h(i,x))uli, j,x)(dy) +v(i,x) - Vh(i,x).
j

Then, under assumptions (H), h € Dy belongs to the domain of the full generator & of the
Markov process (I, X;)s=0. Equivalently, h(I;, X,) — h(Iy,Xo) — fotih(ls,Xs)ds is a martin-
gale with respect to the natural filtration of the process (I;, X¢) 0.

Proof. Assumptions (H) imply that & is a linear operator from Dy to the set of bounded
measurable functions. For (i,x) € E x R? and h € Dy, let us consider

Pih(iyx) — h(iyx) _ Zjer[h(y)Pi(ix, j,dy) = h(i,x)

ht(i>x) = r ¢

(3.10)

Due to classical arguments, it is sufficient to prove that lim,_, h;(i,x) = £h(i,x), and that
hy(i,x) is uniformly bounded for (i,x) € E x R? and t in a neighborhood of 0.
Based on Proposition 3.1, we have

Pih(i,x) — h(i,x) = A1 + Ax + A3, (3.11)
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where

Ar = ci(t,0)h(ig(ix, 1)) = h(i,x),
A, = zjo ci(s,x)a(i, j,g(0,%,5))
j
% (Jc;(t—s,y)h(j,g(j,y)t—S))P‘(i’j’g(i’x’s))(dy))ds’

zzz Z JJ ds - - - ds,

J P2 jisjpt {5120,...,5p 20,51+ -+, <t}

X ¢i(s1,x)a(i, j1,8(3,%,5)) J#(i,jbg(i:x)Sl)) (dy1)

p-2
X ncﬁ $;+1)}’1) (JIJ]H—lag(]z’ynSH—l I[’l ]1)]1+1)g(]1>y1)51+1))(dy1+1)

X ¢y (5p> ¥p-1)a(jp-1, 1,8 (jp-1>Yp-1,5p)) J#(jp—laj’g(jp—ls}’p—1>5p))(dy)

Xej(t=(si4---+5p),9)h(jog(jryst = (514 +5p))).
(3.12)

Denoting by M and A respective bounds for s and A, it is easy to check that A3 is bounded
by M . ,-, AP tP/p!. Thus, A; divided by ¢ is uniformly bounded for (i, x,t) € E x RYxV,
where V is a neighborhood of 0, and tends to 0 as ¢ tends to 0.

Under assumptions (H), A, divided by ¢ is bounded and tends to >, jali, j,x) I h(j,
y)u(i, j,x)(dy) as t tends to 0.

Under assumptions (H), A divided by ¢ is bounded and

h ‘1 .) )t - h ') . . — G\l
2 liglix t)) B0 i gty ) ), (3.13)
When ¢ tends to 0, this quantity tends to
d o
z — ®) (1,x) — h(i, x)A(i,x). (3.14)
k=1 O
This completes the proof. O

4. The marginal distributions of (I;, X;) as unique solutions of
integro-differential equations

From the previous section, we have an explicit expression for the full generator of
(It,X¢)i=0 on regular functions (elements of Dy). Now, we derive a weak form of the
Chapman-Kolmogorov (CK) equations with regular test functions in Section 4.1. Exis-
tence of a solution for such CK equations is clearly ensured by the construction of the
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process (I, X¢)t=0 of the previous section. The aim of this section then is to prove the
uniqueness of the solution. Actually, the set Dy of test functions for the CK equations (as
provided by the previous section) soon appears as not rich enough to show such unique-
ness. We then extend Dy to a set of regular time-dependent functions in Section 4.2 and
to less regular time-dependent functions in Section 4.3. The final conclusion is made in
Section 4.4.

In this section, symbol p, stands for the initial distribution of (I, X;)s0 (with py €
P(E x RY)).

4.1. The Chapman-Kolmogorov equations. We give here the expression of the CK equa-
tions for /1 in Dy, which is a direct consequence from the expression for the full generator
given in Proposition 3.5.

ProrosiTioN 4.1 (Chapman-Kolmogorov equations). Let p;(i,dx) be the marginal distri-
bution of (I, X;)e=o at time t, namely, the measure on E X R4 such that

plisd) = 3 [ Puliosxavidx)po(iosdso), Ve =0 (4.1)

ic€E

Then, for allt € Ry and h € Dy,

> | pxpindn = 3 | niopotidn

i€E i€cE

2] Satin (] s i@ -min) e

ieE jeE

+v(i,x) - Vh(i,x)}ps(i, dx)ds.

Such a proposition suggests the following definition.

Definition 4.2 (measure solution to CK equations). Let P: R; — P(E x R?) be such that
forallt € Ry and h € Dy,

> [ 1 0P God) - 3 [ hi0potisd)

icE icE

[ [z ali i) ([ WG uG i -hGx) (a3

ice” LjeE

+v(i,x) - Vh(i,x)]Ps(i,dx)ds.

Then, P is called a measure solution of the Chapman-Kolmogorov equations.

Remark 4.3. If P is a measure solution of the CK equations, then Py = p,. Also, for all
h € Cy(R%, R)F, one may check that > ;. [ h(i,x)P;(i,dx) is continuous in t.
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Due to Proposition 4.1, we already know that a measure solution of the CK equations
exists (namely, P;(i,dx) = p;(i,dx)), so our problem now reduces to show the uniqueness
of such a solution. If we assume that there are two measure solutions of the CK equations,
we have to show that their difference, say IN’S(i, dx), is zero, or equivalently that

s JW (i) B (i, dx) = 0, (4.4)

i€E

for h belonging to sufficiently large set of functions, for almost all s > 0. Alternatively, we
may also prove that

(i, x,5)P,(i,dx)ds = 0, (4.5)
> H ¢

i€E RIXR,

for ¢ belonging to sufficiently large set of functions. The form of (4.3) suggests the second
form to be more appropriate to our problem. This leads us to extend (4.3) to some time-
dependent functions ¢. Also, such functions will be taken with a compact support so that
the term ;e [ (i, x,t)P;(i,dx) in (4.3) will vanish as  — co.

4.2. Characterization of a measure solution of the CK equations with time-dependent
functions. The extension of (4.3) to time-dependent functions might be derived from
the following equivalence (see, e.g., [11]):

t
(Vh € Dy, h(I;,X;) — h(Iy, Xo) — J Ph(l;,Xs)dsisa martingale)
0

—

t
(V(p € Do, ¢(I1, X, 1) — ¢ (19, X0,0) — Jo (g—i +§£(p) (I, Xy, u)duis a martingale),
(4.6)

where the new set ﬁo consists of the real continuous functions ¢ € C,i([Rd x R4, R)E such
that for each ¢ > 0, the function ¢; : (i,x) — ¢(i,x,t) belongs to Dy. For ¢ € 130, Lo is then
defined by Lo(i,x,t) = L. (i,x).

However, it is better to follow here another approach, more in the spirit of the future
developments, so that we now extend the CK equations directly from (4.3).

In the following, we use the symbol 0, to denote the derivative with respect to the vari-
able t € R,, whereas we recall that V stands for the gradient with respect to the variable
x € R4



10  Characterization of the marginal distributions of PDMP

PrROPOSITION 4.4. Let P: R, — P(E x RY). The function P is a measure solution of the
Chapman-Kolmogorov equations in the sense of Definition 4.2 if and only if

i€E

J ZJ []EE i,j,X) <J<P (j>y>9)uli, j, x)(dy) — ¢(i,x, s)> +0,9(i,x,5)
+v(i,x) - V(p(i,x,s)]Ps(i,dx)ds (4.7)

+3 ([ olm0polidn) - [ plix i) -

i€E
forallt € Ry and ¢ € CH(R? x Ry, R)E.

Proof. We only have to prove that (4.3) implies (4.7). The implication (4.7)=(4.3) is clear.

For ¢ € C}(R? X R;,R)F and t € R,, we first apply formula (4.3) to the function
(i,x) — 0rp(i,x,t). Then, we integrate such a formula with respect to t € (0,T), and we
perform different integrations by parts. We use again formula (4.3) for the function
¢(+,-,T) and t = T. Thus we arrive at the desired result. O

Taking t — oo in (4.7), we now get the following result.
COROLLARY 4.5. If P: R, — P(E x RY) is a measure solution of the CK equations and
¢ € CH(R? X Ry, R)E, then the measure m(i,dx,ds) = Py(i,dx)ds satisfies

m(-,RYx[0,T]) <0, VTeR,,

0= J ZJZa(t 7,x) (Jgo (G, y>$)ui, j,x)(dy) — o(i, x,s))m(i,dx,ds)

ReicE JEE

I Zj 0r9(i,x,8) +v(i,x) - Vo(i,x,s))m(i,dx,ds) + ZJ¢(1 x,0)po (i, dx).
*1€E ieE
(4.8)

In order to prove uniqueness of such an m, we assume that 7 stands for the difference
between two solutions. We already know

s ﬂ Wi x5yl dx, ds) = 0 (4.9)
i€E RIXR,

with

V%9 = 3 atijn)( [ 9oy uti j)dn) - 9(i,s))
j€E (4.10)

+0:9(i,x,8) +v(i,x) - Vo(i,x,s)

and ¢ € CH(R? x R4, R)E.

To show that /1 = 0, we still have to extend the CK equations to less regular functions
¢ in order to prove that (4.9) is true for ¥ belonging to sufficiently large set of functions,
such as C! (R x R, R)E. This is done in the following section.
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4.3. Extension of the time-dependent test-functions set for the CK equations. We first
introduce the following definitions.

Definition 4.6. For ¢ € Cp(R? x Ry, R)E, let us define ¢ € Cp(R? x R4, R)F by
¢(i,x,t) = @(i,g(i,x,1),1). (4.11)
We denote by Cy,(d, E,v) the set of functions ¢ € C,(R? x R, R)F such that the func-

tion ¢ is continuously differentiable in ¢ with derivative 9;¢ € C,(R? x R, R)E.

Remark 4.7. Note that, thanks to Lemma 2.1, the functions ¢ and the functions ¢ are in
one-to-one correspondence because

o(i,x,t) = ¢(i,g(i,x,—1),1). (4.12)

If ¢ is continuously differentiable in ¢ and such that its derivative 0;¢ € Cp(R? X R4, R)E,
then the function ¢ defined by (4.12) belongs to Cy,(d, E,v). Also, note that if ¢ € Cé([Rd X
R.,R)E, the function d;¢ belongs to Cp(RY x R4, R)E and is such that

0, @(i, y,5) = 01 (i,8 (i, y,5),5) +v(i,g(i, y,5)) - Vo (i,g(i, y,5),5). (4.13)
This yields
0:¢(i,g(i,x,—s),s) = 9(i,x,5) +v(i,x) - Vo(i,x,s), V(i,x,s) € EX RYx R,, (4.14)

which is the usual expression of a partial derivative of the velocity field v(i, ).

This last expression leads to the following notation: for all ¢ € Cp,(d,E,v), we denote
by 0rve € Cp(RY X Ry, R)E the function defined by

at,vq)(i:x»‘) = atﬁb(i:g(i>x; _S))S)' (4'15)

(Recall that 0, is the partial derivative of ¢ with respect to its third argument.)

Remark 4.8. Suppose that ¢ € C}(R? x Ry, R)F with 0;¢(i,+,-) + v(i,-) - Vo(i,-,") €
Cp(R4 X R+, R)E. Then, ¢ € Cy(d,E,v). In particular, any function ¢ € C!(R? x R,,R)"
belongs to Cy(d, E,v). Similarly, if we take any function ¢ € C;(R?,R)¥ which is constant
in time and such that v(i,-) - Vo(i,-) € C,(R%,R), then ¢ € Cy(d,E, V).

We will also need the following result.
Lemma 4.9. If ¢ € CH(R? x Ry, R)E, then ¢ € CH(RY x Ry, R)E.

Proof. Let ¢ € C!(R? x Ry, R)E. The only point to show is that the function ¢ has a com-
pact support: as ¢ has a compact support, there are some constants M >0, T' > 0 such that
¢(i,x,t) =0if t > T or ||x|| > M, for all i € E. Now, let (i,x,t) be such that ¢(i,x,t) # 0.
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We derive that 0 < ¢ < T and ||g(i,x, —£)|| < M. Then,

Ixll < [|x — g(ix, — )| |+ ||g (i x, —1)]|
<||g(i,g(i,x,—1),t) — g(i,g(i,x,—1),0)|| + M

t
SJ |v(i,g (i,g(i,x,—1),s))||ds + M (4.16)
0
t
< VIJ llg (i, g (isx, —),5)||ds + Vit + M.
0

Moreover, for 0 <s <t < T, we have
llg (i, i, =1),5)|| < [|g(i,x, = 0)|| + ||g (1,8 (1, x, —1),5) — g (i, g(i,x,—1),0) ||

sM+V1J llg(i,g(i,x,—1),u)||du+ Vas (as previously) (4.17)
o )
<M+V,T+ Vlj llg(i,g(i,x,—1),u)||du.

0

Using Gronwall’s lemma, we derive
llg(i,g(i,x,—1),8) || < (M+ VaT)e"s < (M+ V,T)e"T. (4.18)

Inequality (4.16) now implies that
x|l < ViT(M+ V,T)e"' T + Vo T + M, (4.19)

and hence ¢ has a compact support. This completes the proof. O
We are now ready to state the main result of this section.

PrROPOSITION 4.10. Let m be a Radon measure such that m(-,R% x [0,T]) < o forall T €
R., and (4.8) are fulfilled for all p € C}(R¥ X Ry, R)E. Then,

0= JHEZEL%Sa(z 7,X) (Jgo (G, y>)ui, j,x)(dy) — o(i, x,s))m(i,dx,ds)
(4.20)

J Zfatvq)zx, ldXdS)+ZJ(p(lx0)p0(ldx)

ReicE i€E
for all functions ¢ € Cy(d, E,v) such that ¢(-,-,t) =0 for all t > T, for some T > 0.

Proof. We first prove the result in the case ¢ € Cp,(d,E, V) is Lipschitz continuous with a
compact support.

We need classical mollifying functions. First, let C*(R) (resp., C*(R?)) be the set of
real-valued infinitely differentiable functions with a compact support in R (resp., R¥).
Then, let p; € C®(R) be such that p;(s) =0 for all s € (—co,—1] U [0,+00), p;(s) = O for
all s € [~1,0] and [z p1(s)ds = 1. For all n € N*, we define the function g, € CZ(R) such
that p,(s) = npi(ns), for all s € R. We also introduce a function p; € C®(R%) such that
p1(x) = 0 for all x € R with |x| > 1, p1(x) > 0 for all x € R? and [a p1(x)dx = 1. For all
n € N*, we then define the function p, € C®(R?) by p,(x) = n?p; (nx), for x € R%.



Christiane Cocozza-Thiventetal. 13

Now, let ¢ € Cy(d,E,v), and ¢ is assumed to be Lipschitz continuous with compact
support. We define, for n € N*, € R?, and f € R, the function ¢,(%,,-,-,-) by

Pu(%Ei,x,1) = @i, %, Dpp(x = X)pult — 1), ¥ (x,1) € RI X R,. (4.21)

Since ¢,(%%,-,-,-) € CL(R? x R, R)F, we may now use the function ¢,(%,%,-,-,-) in
(4.8). Integrating on R, X R4, we get Ay, + Az, + Az, + Ay, = 0, where

= JR S || X aijox) [ guw byt 0y mli dv,de)ds

RIXR tieE” jEE

H J ZI Z a(i, j,%)@u(%,1,1,x,s)m(i, dx, ds)dx df,

RINR R+ jcE JEE
(4.22)

ﬂ J ZJ 01pn(%,1,1,%,8) +v(i,x) - Vxu(%,1,1,x,5)) m(i,dx,ds)dx df,

RIXR R. i€E

H ZJ% (%,£,1,x,0)po(i,dx)dx dF.

RiIXR, icE

The notation V, in Az, is the gradient with respect to x.
We now study the limit of A;, as n — o for i = 1, 2, 3, 4. The continuity of ¢ implies
that

lim H on(®Eix, dRdE = (ix, 1), V(xb) € RIXR,. (4.23)

n—oo

RIXR,

From Fubini’s theorem and the dominated convergence theorem, we derive that

lim ﬂ j<pn<fc,f,j,y,sw,j,x)(dy)dxdf=jso(j,y,swu,j,x)(dy), (4.24)

n—oo

RIXR

for all i, j € E and (x,s) € R? x R,. Moreover, we have

iin}oAl” I zJZa(z Jrx [q) 7, ¥,9)u(i, j,x)(dy)m(i,dx, ds), (4.25)

R+ icE JjEE

and similarly

lim Ay, = — J EIZ ali, j,x) (i x5 mi, dx, ds). (4.26)

n—oo
R+ i€E” jEE

We now turn to the study of As ,, and we define

B,(i,x,1) J (0rn(%,1,1,,1) +V(i,%) - Vn(X,1,1,x,t)) dx dE. (4.27)

RIXR,
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Using the property 0;p,(t — ) = —09ip,(t — ) and Vypu(x — %) = —Vzpu(x — X), and
thanks to the fact that ¢ is Lipschitz continuous with compact support, we can perform
an integration by parts (because ¢ is continuous with bounded variation). Noticing that
the integrated terms in time vanish since ¢(i,%,1)p,(t —f) =0 forf >t+1and f =0 in
view of the definition of p;, we get B, (i,x,t) = By ,(i,x,t) + By, (i, %, 1), where

Bun(iyx,t) = ﬂ (Beg(is % D) +v(i,%) - V(i % D) pr(t — Dipa(x — )d% dF

RIXR,
~ || doliwDpute— Dpul - D0dxd, (128)
RIXR,
Baalint) = || (v = V(.0 - T %Dt ~ Ppa(x — Dl
RIXR,

For By ,,, the assumption ¢ € Cy(d, E,v) implies that By ,(i,x,t) — dry@(i,X,t) as n — +o0
for all (x,1) € RY x R,.

For B, ,,, we note that, if Vo(i,%,0)p,(x — %) # 0, then [x— X[ < I/n<landx €K, a
compact set. Hence, B, ,(i,x,t) = 0 if x &€ Uzex B(X, 1), where B(%,1) is the ball centered
on X with radius 1. Besides, as v is locally Lipschitz continuous, we may use its Lipschitz
constant Cy on UzexB(%,1). We get [v(i,x) —v(i,%)| < Cy/nif x € UzexB(%,1) and

. Cy
| Bow(isx,1) | < — Vol (4.29)

This proves that B, ,,(i,x,t) — 0 as n — +oo for all (x,t) € RY X R,.
We now derive that, for all (x,s) € R x R,, we have

lim By (i, x,5) = 91y (i X, ). (4.30)

Since v is bounded on a compact support, [0,¢(i,%,1) +v(i,x) - Vo(i,%, )| is bounded by
some constant M > 0 and consequently

|B.(i,x,) | = ﬂ (@05, B) +v(i,%) - Vo(is 2, 1)) pult — Dpu(x — R)dxdE| < M.
o (4.31)

Now, using (4.30), Fubini’s theorem and the dominated convergence theorem, we con-
clude that

lim As, = f ZJat,v(p(i,x,s)m(i,dx,ds). (4.32)
n— oo R

ticE

Finally, for A4, by using (4.23), we find that

lim H (i, % Dpn(x — B)pa(0 — DdxdE = p(i,x,0), VxeRL  (4.33)

RIXR
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Once again, Fubini’s theorem and the dominated convergence theorem imply that

lim Ay = . J(p(i,x,O)po(i, dx), (4.34)
icE

Gathering together (4.25), (4.26), (4.32), and (4.34) yield (4.20) for all function ¢ €
Cy(d, E,v) which is Lipschitz continuous with a compact support.

Now, let us assume that ¢ € Cy(d, E,v) is such that there exists Ty > 0 with ¢(-,-,t) =0
forall t > Ty.

We take a function H; € CZ(R) such that H;(x) = 1 for x € [—-1,1], H (x) € [0,1]
for x € R, and H;(x) = 0 for x € (—c0,—2] U [2,+). We also define, for n€ N* and
(i,y,t) € EXR? x R,

2
) wa(i,g(i,?,t),t)pn(y - j)dy.
(4.35)

yz y
wntiys0 =i (%) | 9.57.000 - )y = 1

n2

Also, let
@n(isx,t) = ¢ (i, (5%, —1),),  (i,x,1) € EX RY X R, (4.36)

We now have ¢, € CHR? x Ry)F and ¢n € Cp(d,E,v). Moreover, Lemma 4.9 implies
that ¢, has a compact support. As ¢, € Cy(d,E,v) is locally Lipschitz continuous with
compact support, it is Lipschitz continuous and we may apply (4.20) to ¢,. Also, since
H;(y*/n?) = 1 for y € R? and for n large enough, we get

rllljl; {bn(layat) = (l~)(1>)/)t)> rllljl; at{bn(la)})t) = at@(l)y)t)a (437)
forall (y,t) € R? x R;. This implies that, for all (x,t) € R* x Ry,
rllljl;lo (Pn(i)x) t) = (P(i>x>t)) rllljl(;lo at,v(Pn(i)x) t) = at,v(P(iax) t) (438)

Taking n — oo in (4.20) for ¢,, we now get (4.20) for ¢, in view of the dominated con-
vergence theorem (using the fact that m(-,R? x [0, Ty]) is finite for all Ty € R, and that
¢n and dyy¢, remain bounded by ¢l « Lpxrax[o,7,] and 101,v@ |l o 1Exrx[0,15]> TESP.). This
concludes the proof of Proposition 4.10. O

4.4. The uniqueness result. We are now ready to state the uniqueness of a Radon mea-
sure m, the solution to (4.8), as exposed in the following theorem and its corollary.

Tueorem 4.11. There is at most one Radon measure m on E X R? x R, satisfying the con-
dition m(+,R4 x [0,T]) < o for all T € Ry, and (4.8) for all p € C}(R? X R, R)E.

Before proving the theorem, we derive the following corollary which finally proves
the uniqueness of the measure solution to the CK equations. This corollary is a direct
consequence from Theorem 4.11, Corollary 4.5, and the continuity property of P; with
respect to t (see Remark 4.3).
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COROLLARY 4.12. There is at most one function P : Ry — P(E x RY), which is a measure
solution of the CK equations in the sense of Definition 4.2.

Proof of Theorem 4.11. Suppose that there are two Radon measures m; and m, such that
mi(-,R4x [0,T]) < oo forall T € R,, i = 1, 2, and which are solutions of (4.8). Let ##1 be
the difference between these two solutions. We have to prove that 7 is equal to 0. In order
to do this, we are going to show that

s H (i, x,8)mii,dx,ds) =0, Yy e C(RIx R, R) .

icE

(4.39)

RIXR,

Note that, thanks to Proposition 4.10, we already know that

D H [ S ali, j,x) < J 0(j, y,8)utiy j,x)(dy) - (p(i,x,s)> ; at,vgo(i,x,s):| i, dx, ds) = 0,

i€E RIXR, JEE

(4.40)

for all ¢ € Cy(d, E,v) such that there exists T >0 with ¢(-,-,t) =0forallt = T.
Now, let € C1(R x Ry, R)E. We have to show the existence of ¢ € Cy(d,E,v) such
that:
(1) there exists T >0 with ¢(+,-,¢) =0 for all t > T;
(2) foralli € E, t € Ry, and x € RY,

V(i t) = dyplinnt) — S aliy jox) ( f oGy, Dty j,x)(dy) - (p(i,x,t)). (4.41)

jeE

Alternatively (see Remark 4.7), we have to show the existence of ¢ € Cp(R? x R4, R)E
such that, foralli € E, s € R,, and ¥ € RY,

0:9(i,%,s) = v (i,8(i, %), 5)
- Z a(i, j,g(i,%,s)) (J(])(j,g(i,y,—s),s)y(i,]‘,g(i,fas))(d)’) - (ﬁ(i,k,s)),

JEE
(4.42)

and also that
¢(')')T) =0, (443)

where T is such that y(-,-,¢) =0 forall t > T.
Let R: Cp(RY, R)E X Ry — Cp(R?, R)E be such that, for all h € Cp(R4, R)E,

R(h,s)(i,%) = v (i,g(i,%,5),s)
=S alijog (%)) (Jh(j,g(i,y, —9) iy g% 5) (dy) - h(i,ic)).

jeE
(4.44)
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Equation (4.42) can be written as
0s¢(i,%,5) = R((+,5),5) (X). (4.45)
Moreover,
|R(h,s)(i,%) — R(W,s)(i,%) | <2Acard(E)|lh—h ||, (4.46)

where A has been defined in assumptions (H), assertion 1. The operator R is globally
Lipschitz continuous with respect to its first argument, and one can also check that R
is continuous with respect to its second argument and that it is sublinear. Usual meth-
ods for ordinary differential equations (see, e.g., [1]) then lead to global existence and
uniqueness of a solution for (4.42)-(4.43). In particular, we get the existence of a func-
tion ¢ € Cp(RY X Ry, R)E, solution of (4.42)-(4.43). This concludes the proof. O

Remark 4.13. This uniqueness result for the Chapman-Kolmogorov equation implies
that, for each py € P(E x RY), any two solutions of the martingale problem for (£, pp)
have the same one-dimensional distributions. Then, general results on Markov processes
(see, e.g., [10, Theorem 4.2]) assert that the process (I, X;)s=0 is strong Markov. This
gives, in the framework of this paper, an alternative proof of the strong Markov property
shown by Davis [7, 8] for general piecewise deterministic Markov processes.

5. Conclusion

In this paper, we have characterized the marginal distribution of a piecewise deterministic
Markov process (I, X¢)ter, as the unique solution of a set of explicit integro-differential
equations. This characterization is used in another paper [4] to construct some numeri-
cal approximation of p;(i,dx), which is proved to converge weakly towards p;(i,dx). The
uniqueness of the solution of the CK equations, namely, the main part of the present pa-
per, is crucial to show the convergence of the numerical approximation towards the right
distribution. Such numerical approximation has already been tested on a few analytical
benchmarks, showing the accuracy of the method (see [3]).
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