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Abstract

Local geometry of sub-Finslerian structures in dimension 3 associated with a maximum norm are
studied in the contact case. A normal form is given. Short extremals, local switching conjugate and
cut loci, and small spheres are described in the generic case.

Keywords: local optimal synthesis, sub-Finslerian geometry, contact distribution.

1 Introduction

From a geometric point of view the sub-Finslerian (SF) structure we are interested in here is a
triplet (M, A, |.|oo) where M is a connected manifold, A is a sub-bundle of the tangent bundle, and
|.|oo is @ maximum norm on A. With such a structure we can define

Definition 1. Let v : [0,7] —+ M be a curve in M. It is said admissible if 4(t) € A, a.e. The
length of an admissible v is defined as

T
o) = / 5(0) ot

and the distance between two point p and ¢ in M as the infimum of the lengths of the curves that
join p to q
d(p, q) = inf{(7) [7(t) € Aypy a.e., ¥(0) = p,y(T) = q}-

If Lieg(A) = T, M for any ¢ then locally, for any couple of points (g1, g2), exists an admissible curve
joining ¢ and gs. The distance between ¢; and g9 is defined as the infimum of the lengths of the
admissible curves joining the two points.

*This research has been supported by ANR-15-CE40-0018.



When one is only interested in local issues, we can define the structure by the data of k
linearly independent vector fields Fi,---, F; and by the standard maximum norm defined on
Spa'n(Fh'” 7Fk) by

G| = max{lu;| |G =) uiF},

From a control point of view, we are considering the dynamics

k
g=">Y uiFi(q), (1)
i=1

with the constraints
lug| < 1,Vi <k, (2)

and we are interested in the optimal synthesis for the problem of minimizing time. In this situation
A = span{F},---, F}. In this article, we are interested only in the local version of this problem,

that is to understand the local synthesis for small time (or small distance). Moreover we fix our
attention on the case of constant rank of smallest dimension namely n = 3,k = 2. In the following
we work in the neighborhood of 0 € R3.

We say that a property is generic for this class of sub-Finslerian metrics if it is true on a
residual set of such metrics for the C'°°-Whitney topology. Genericity is usually proven using Thom
tranversality theorem. One proves easily that generically the set of points ¢ where a distribution A
of dimension 2, on a manifold of dimension 3, satisfies [A, A], = A, is a sub-manifold of dimension
2 called the Martinet surface. Outside this surface, the distribution is contact: [A, A], = T,M. We
are interested in describing local objects, such as optimal trajectories, cut locus, conjugate locus,
switching locus and small spheres at contact points.

Few publications exist about sub-Finslerian geometry since it is a new subject. Let mention
the works [22, 23] for dimension 3, considering norms which are smooth outside the zero section.
In [19], the sphere of a left invariant sub-Finsler structure associated to a maximum norm in the
Heisenberg group is describded. In the preprint [7], the authors describe the extremals (and discuss
in particular their number of switches before the loss of optimality) for the Heisenberg, Grushin
and Martinet distributions. In the preprint [6], the authors describe, in the 2D generic case, the
small spheres and the local cut locus. In this last preprint, the distribution is not supposed of
constant rank and it can be related to the almost-riemannian case, see [2, 18, 17, 14, 16].

The work we propose here is a continuation of what has been done in sub-Riemannian geometry
at the end of the nineties for codimension one distributions in the contact, quasi-contact and
Martinet cases (see [1, 15, 13, 24, 4, 20]). These works, in addition to the interest of understanding
the local geometry, were in particular motivated by results on the heat kernel asymptotics in the
sub-Riemannian context (see [12, 26, 27, 11]). They allowed recently to give new results on the
asymptotics (see [9, 8]).

In section 2, we construct a normal form for couples (Fi, F3) defining contact distribution A.
In section 3, we establish some properties of the minimizing trajectories and construct exponential
maps. In section 4 we present the optimal synthesis of the nilpotent case. In section 5, we present
the jets of the extremals, the switching and conjugate times and the switching and conjugate loci
for extremals ”following” the bracket [Fi, Fb]. In section 6, we calculate the cut locus generated
by these extremals, similar to the cut locus in the 3D contact sub-Riemannian case. In section 7



we discuss the optimal synthesis linked to extremals with only one control switching several times,
very different from the sub-Riemannian case. In section 8, we discuss the stability of the conjugate
and cut loci constructed in the previous sections.

2 Normal form

In this section, the goal is to construct a normal form for the couple (G, G2) defined by G1 = F1+F;
and Go = F}—F5. As we will see later, £G1 and +G4 are the velocities of the non singular extremals
of the optimal control system defined by (1) and (2).

Since we consider only points g where the distribution is contact then G1, G2 and [G1,Gs] =
—2[Fy, F3| form a basis of TqR3. Hence, we can build a coordinate system centered at ¢, by the
following way. Let denote e!X the flow at time ¢ of a vector field X. We can define

E:(x,y,2) — eIGleyGQeZ[GI’GQ]q,

which to (z,y, z) associates the point reached by starting at g and following [G1, G2| during time
z, then G2 during time y and finally G; during time z. The map = is smooth and satisfies

0= o= 0=

%(55,:1/,2) :le aiy(ovyaz):GQa and g(oaoaz): [GlaGQ]-

As a consequence E is not degenerate at (0,0, 0) and defines a coordinate system in a neighborhood
of g. Such coordinates are called normal coordinates and G and G5 satisfy

Gi(z,y,2) = O,
Ga(z,y,2) = wex(w,y,2)0, + (1 +zey(x,y,2)))0y + (1 +€e.(x,y,2))0:
where €, €, €, are smooth functions satisfying €,(0,0, 2) = €,(0,0,2) = €.(0,0, z) = 0. Hence we
can give the following expressions of Go
Ga(z,y,2) = (agoz® + arnozy + 20,(2,y, 2))0,
+(1 4 bogoz® + brozy + 20y (x,y, 2))0y
+(z + c2007® + 1102y + c3002°
+e2102%y + crzoy® + 20, (2, y, 2))0.

where 6., 6, and 6, are smooth functions such that 6,(0,0,2) = 6,(0,0,2) = 6.(0,0,2) = 0 and
whose Taylor series of respective order 1, 1,2 are null with x and y of order 1 and z of order 2.

3 General facts about the computation of the optimal synthesis

In the following of the paper we are going to study the local geometry for a generic class of 3D
sub-Finslerian metric defined by a maximum norm, that is for a residual set for the Whitney C'*°
topology on the set of such metrics. But, for this residual set of metrics, we are going to consider
the local geometry only at points in the complementary of a set included in a finite union of
codimension 1 submanifolds.

For example, we consider only contact points and generically the set of points where the dis-
tribution is not contact is the Martinet surface which has codimension 1. We may also ask that
an invariant appearing in the normal form is not null, which happens also outside a codimension 1
submanifold. All along the paper we will assume only a finite number of such assumptions.



3.1 Controllability and existence of minimizers

The contact hypothesis is
Spa’n(Fla F27 [Fla FQ]) = RS‘

Hence, as a consequence of Chow-Rashevski theorem (see [5, 28, 21]), such a control system is
locally controllable that is locally, for any two points, always exists an admissible curve joining the
two points.

Moreover, since at each point the set of admissible velocities is convex and compact (in the
control version), thanks to Filippov theorem (see [5, 25]), locally for any two points, always exists
at least a minimizer.

3.2 Pontryagin Maximum Principle (PMP) and Switching Function

The Pontryagn Maximum Principle (PMP) gives necessary conditions for a curve to be a minimizer
of the SF distance. For our problem it takes the following form.

Theorem 2 (PMP). Let define the Hamiltonian:
H(q7 Aa u, A0) = Ul)\.Fl (Q) + UQ)\FQ(Q) + )\0

where ¢ € R3, X € T*R3, u € R? and \g € R_. For any minimizer (q(t),u(t)) there exist a never
vanishing Lipschitz continuous covector \ : t — \(t) € T*R3 and a constant \g < 0 such that for
a.e. t €[0,T] we have

i 4(1) = L (q(6), A1), ult), o),

ii. A(t) = ~ 91 (q(t), A1), u(t), ho),

i, H(q(0):M2),u(t), Ao) = max{ H(a(0), A1), 0. 2o) | max|oi] < 1}
iv. H(q(t), A\(t), u(t), \o) = 0.

If Ao = 0 then q is said abnormal, if not q is said normal. It may be both. A solution of the PMP
s called an extremal.

Remark 3. It is well known that for a contact distribution there is no abnormal extremal. In the
following we fix A\g = —1.

In the following, we will have to consider the vector fields F3 = [Fy, Fy], Fy = [F1, [F1, F3]] and
F5 = [Fy, [F1, F5]]. We can now define

Definition 4. For an extremal triplet (q(.), A(.),u(.)), we define the functions
¢i(t) =< A1), Filq(t)) >,i=1---5.

The functions ¢1 and ¢o are called the switching functions.

Proposition 5. Fori=1,2

1. If ¢i(t) > 0 (resp ¢i(t) < 0) then u;(t) =1 (resp u;(t) = —1).



2. If ¢i(t) = 0 and ¢i(t) > 0 (resp ¢i(t) < 0) then ¢; changes sign at time t and the control u;
switches from —1 to +1(resp from +1 to —1).

Proof: Point 1. is a direct consequence of the maximality condition of the PMP. Point 2. is a direct
consequence of point 1.

Remark 6. One can computes easily that along a bang arc

$1 = —u2¢3 and ba = u1 3.

and moreover, since (F1, Fy, F3) is a frame of the tangent space, we can define the function f;; for
i =4,5and j =1,2,3 by setting

Fy = [F1, [F1, F5] = fuFi + faoFo + fas[Fi, F2),

F5 = [Fy, [F1, Bb]] = fs1Fy + fsofs + f3[F1, Fh.

Now, along an extremal, one computes easily that

b3 = Uiy +uzehs (3)
= ui(fad1 + farda + fazdz) + ua(fs101 + frado + f53¢3) (4)

Definition 7. We call bang an extremal trajectory corresponding to constant controls with value
1 or —1 and bang-bang an extremal which is a finite concatenation of bangs. We call u;-singular an
extremal corresponding to a null switching function ¢;(.). A time ¢ is said to be a switching time
if » is not bang in any neighborhood of t.

Remark 8. Notice that the switching functions ¢;(.) are at least Lipschitz continuous. Moreover
thanks to condition 4 of PMP and \g = —1 we have that uq(t)$1(t) +ua(t)d2(t) = 1, for all ¢ which
implies

[¢1 ()] + [¢2(2)] = 1.
Remark 9. Along a uj-singular, ¢1 = 0, ¢3 = 0 and |¢pa| = 1. If ¢p2 = £1 then uy = +1 and, thanks
to equation (4), we get that

ui fao £ f52 = 0.

which determines entirely the control u;.

3.3 Change of coordinates

We first concentrate our attention on extremals with initial |A,| very large corresponding to short
cut times (as we will see later).

Following the techniques used in the 3d-contact case in sub-Riemannian geometry (see Agrachev
et al [3]), one can make the following change of coordinates and time

’ pm:r)‘acv py:T)‘y-



Denoting p = (pz,py, 1) and ¢ = (x,y, 2) one gets the equations for the extremals

% = r(ulFl(q) + UQFQ(Q))a

% = r(=p(wdFi(q) + u2dFy(q)) + (p(wa al;lz(Q)
222Dy

% = r2p(u1agz(Q) +u281222(q>)'

3.4 Exponential map and conjugate locus

The set of initial condition is determined by
H = ul)\(O)Fl(O) + U,Q)\(O)FQ(O) —1=0

which implies max{|A;(0)],|Ay(0)|} = 1. This implies that max{|p(0)], |py(0)|} = r(0).

If an extremal is not singular, then it starts by a first bang and hence by the speed +G; or
+Go. Assume rg > 0. If the first bang follows £G; then p,(0) = £r¢ and we define ay by setting
py(0) = Froog with ap €] — 1, 1]. If the first bang follows +G9 then p,(0) = £rg and we define oy
by setting p,(0) = £roa; with ay €] — 1,1]. With this convention, among the extremals starting
with rg fixed and following £G; (resp £G3), the last one to switch is the one with initial condition
ag =1 (resp. ag =1).

We can hence define 4 exponential maps corresponding to the 4 initial speed +£G1 and FG45 and
describing the bang-bang extremals. For these maps, depending on rg, a; and s, when «o; # 1 and
when s is not a switching time of the extremal with initial condition (7, ;), one can compute the
jacobian with respect to the parameters (rg, o, ).

Recall that we denote by t the time and s the new time after reparameterization.

Definition 10. The first conjugate time along an extremal is the infimum of the times ¢ such that
exist t; and ty with 0 < ¢; < to < t such that Jac(t1)Jac(t2) < 0. The first conjugate point along
an extremal is the point reached at first conjugate time and the first conjugate locus is the set of
the first conjugate points.

The cut locus is the set of points where an extremal curve loses optimality.

The Maxwell set is the set of points where two optimal curves meet.

The sphere at time ¢ is the collection of all end points at time ¢ of the optimal extremals.

Remark 11. With this definition, it will happen that the Maxwell set is not always included in the
cut locus (which is very different from the Riemannian case).

4 Nilpotent case

This part of the paper is not entirely new since this case has been studied in [7, 19]
As in sub-Riemannian geometry (see [10, 3]), the nilpotent approximation plays an important
role as "good estimation” of the real situation. The nilpotent approximation at (0,0,0) of Gy, G2



given in the normal form is

Gi=| 0 |, Gy = 1
0 T

It is a left invariant sub-Finslerian metric defined on the Heisenberg group with the representation
(z,y,2)x (&, 2) = (@ + 2,y + o, 2+ 2" + ay).
It is the tangent space in the sense of Gromov. See [10].
The Hamiltonian for the nilpotent case is

ul + u2 Ul — U
H= A
p et

Thus the differential equations are given by

(Ay +xX;) — 1.

. _ ui+u : _ UL —U

r = 12 27 )‘1‘ - 12 2)\27
y — U1 —u2 —

Yy = 2 )\.y - 07

po= wmsmg ), = 0,

which implies that A\, and A, are constants.

Before entering the computations, one can think that, thanks to the PMP, most of the optimal
trajectories will be concatenations of bang arcs of +(G; and £(G5. Moreover, one shows relatively
easily that the extremals are solutions of an isoperimetric problem, the z coordinate being a certain
area defined from the projection on the (z,y)-plane of the trajectory, as it is in the Heisenberg case
in subriemannian geometry. Hence it seems clear that many optimal curves project on squares. As
we will see, a large class of optimal curves satisfy this property but many others, the singular ones,
do not satisfy it which is very different to the subriemannian case.

4.1 Extremals with )\, #0

Changing the variables and time for
1 t
TZE? 5:;7 Dz = TAz, py:r)\yv

and denoting ¢ the derivate of a function g with respect to s we have

Po= ortEn 5 = gt
- U1 —ug : —

y = r 2 ) py - 07

z = regf, r = 0.

Let present, for example, the computation of extremals with A\, = A,(0) > 0, A\, = \,(0) = 1,
Az €] —1,1]. In z, y, 2, Py, Py, 7, s coordinates, one gets p, = r, p, = ra with a €] —1,1] and

1 (s) = PHPUAE0) opq gy () = Lelo)Py—a(s)

times along an extremal. During the first bang, since ¢1(0) = %ﬁm’ > 0 hence u; = 1, and since
$2(0) = % <0 and (;52(0) = —4% X\, <0, the controls satisfy u; = 1 and uz = —1. Moreover

. We denote s1, s9, etc. the sequence of switching

fL'(S) = 07 px(s) =rayp —rs, ¢1(S) = M_Ts—i—17
y(s) =rs, py(s) =py(0) =1, ¢a(s) = V5=
z(s) =0,



The first switching time s; corresponds to ¢1(s1) = 0 hence s; =1+ a;.

During the second bang, the controls satisfy u; = —1 and ug = —1 and
a(s) = —sr+r+air, pu(s) = -, $1(s) = ==tltar
y(s) =r+ agr, py(s) =py(0) =17, ¢a(s) = 8370&1
2(s) = 0,

The second switching time sy corresponds to ¢2(s2) = 0 hence so = 3 + ;.
Along the third bang, the controls satisfy u;1 = —1 and us = 1 and

(s) = =2r, pz(8) = —agr —4r + sr,  ¢1(s) = %ﬂfﬂrs’
y(s) =47+ 200 —sr, py(s) =py(0) =7, fo(s) = =t
z(s) = 2r(s — (3 + a1)),

The third switching time s3 corresponds to ¢1(s3) = 0 hence s3 =5+ ay.
During the fourth bang, the controls satisfy u; =1 and ug = 1 and

x(s) = =Tr —aqr + sr, pg(s)=r, b1 (s) = %7
y(s) = —r +ayr, py(s) = py(0) =7, go(s) = THai=s,
z(s) = 4r?,

The fourth switching time s4 corresponds to ¢2(s4) = 0 hence s4 = 7+ ;.
Along the fifth bang, the controls satisfy u; = 1 and us = —1 and

z(s) =0, pz(s) = 8r+ agr —sr, ¢i(s) = %7
y(s) = —r+aair—+ sr, py(s) = py(O) =, ¢2(8) _ %.
2(s) = 412,

The fifth switching time s5 corresponds to ¢1(s5) = 0 hence s5 = 9 + a;.

The other extremals with A\, # 0 can be computed the same way and are very similar. Finally,
extremals with A\, > 0 have projections in the (x,y)-plane which are squares and the z-coordinate
after one turn of the square is equal to the area of the square. This implies that they are all optimal
until the end of this turn that is until s = 8 or ¢ = é. After they lose optimality, crossing one
each other transversaly. As a consequence the cut time is s = 8 or ¢ = 8r and the cut locus is the

vertical axis (as in the Heisenberg case in sub-riemannian geometry).

4.2 Extremal with A\, =0

What about the extremals with A, = 07 For such an extremal, A is constant and ¢ = w

and ¢g = @ are also constant. If both are not zero hence u; and ug are constants along the
extremal, the corresponding curve is optimal and is an extremal. If ¢; = 0 and ¢o = 1 then the
extremal is uj-singular and the control w; is not determined by the max condition of the PMP. In
fact in this case, one proves easily that for any choice of u(.) such that |u;(t)| < 1, one gets for

any 7' > 0, a minimizer from (0,0, 0) to (f0 ua dt+T, Jy w t)dt T, z) where
T (up(t) = 1)(Jy ur(T)dr + ¢
L [0k,
0 4

The proof comes from the fact that the projection of this point on the (z,y)-plane is on the
segment between the two points (T, 0) and (0, -T). The same kind of computation can be done for
¢1 =0and ¢p2 = —1 or ¢ = £1 and ¢2 = 0.
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Figure 1: Evolution of the front at r # 0 fixed. In red dot lines and in black the extremals with

initial speed G1,

in full line the front at 4 different times, with four colors corresponding to the four

possible initial speeds



4.3 Exponential map

Let us concentrate again on the extremals with A, # 0. One can consider the exponential map
which to (r,«,s) where o € [—1,1[, r > 0, s > 0 associates the end point of the extremal with
initial condition A\; = a, Ay = 1 and A, = % for the time ¢t = rs. This map is smooth at points with
~1 < a<1,si(ps,r) <s < sit1(ps,r) for a certain i where s;(py,7) is the j* switching time of
the extremal with initial condition p,, p, = 1 and r. The same can be done for A, = —1 or A\, = 1
and A\, € [—1,1]. Since it is smooth for —r < p, < r and s # s; Vi, we can compute its jacobian.
It happens that it is null during the two first bangs, and that it has opposite sign to the one of r
during the third and fourth bangs. It is again null during the fifth bang. As we will see later for r
small in the generic cases, the jacobian will not be null during the third and fourth bangs also. In
the nilpotent case, the first conjugate time is t5 = rs5 and for ¢ € Jrsy, rss[, Jac(t) = 0.

4.4 Geometric objects

Since the conjugate time is t5, the first conjugate locus is the set of points where an extremal
switches for the fifth time. The first conjugate locus is

{(267,0,+4r)|r € R, 6 €] — 1,1[} U {(0, 267, +4r?)|r € R, 6 €] — 1, 1[}.

The Maxwell set is exactly the same set.
Figure 2 shows the conjugate locus and three points of view of the part of the sphere that is
reached by non singular extremals.

5 Extremals with both controls switching

In this section, we present the computation of jets of extremals with large covector |A| and of
geometric objects attached to them: switching locus and conjugate locus. As in the nilpotent case,
we can define a Hamiltonian flow which, to an initial condition (Az, Ay, A;) (with max(|Az|, Ay|) = 1)
associates the end point at time ¢ of the solution of the dynamics

i = Uy ‘;_UZ n U] ;uz (a200x2 + ariozy + 0y),
g = 4 5 %2 (1 + bygoa® + buroay + 0),
PR ; %2 (@ + o002 + 1107y + c300° + Ca1022y + c1o0y’x + 02),
N, = -4 ; Y2 (\e(2a001 + a110y) + Ay (2b200x + b110Y)
+A2 (1 + 22007 + 3es002” + cr10y + 262107y + C12097)),
)\'y E— ; U2 (a1102Az + b1107Ay + As(c1107 + ca107? + 2c1207Y)),
N, = 4 ; 02 Azx(c012 + c111y),

10



Figure 2: The conjugate locus and three points of view of the non singular part of the sphere in
the nilpotent case

From now % denotes fii—;”. Using the change of coordinates for (z,y, z,p,7,s). we can define a new
Hamiltonian flow by the dynamics

ul + U2 Ul + U2

= 5 Tt r(a2002® + ar10zy + 0;),

y = t g u27“(1 + bagoz® + bi1ozy + 0y),

2 = %T(Gz(m + u2) + (u1 — u2)(x + c2007® + c3007> + c1107Y + 21077y + c1207Y7)),
Py = _u ; uQT(l + 2¢2002 + P (2a200% + a110y) + Py(2b200z + bi10y) + 3eso0z

+eroy + 2c2100y + c120y”),

Py = ~a ; u27“(6110$ + a110P2T + bi10py® + 2107 + 2c1207Y),

ro= %T2$(C201$ + c11y)-

P1(t) = LpFi(q(t)), Pa(t) = LpFa(q(t))

u(t) = sign(¢i(t)),  ua(t) = sign(ea(t)).

11



Since the set of initial condition is a square for (p,,py), we define in fact four Hamiltonian flows
for each initial speed (G1, —G1, G2, —G3). For example, for the extremals with initial speed equal
to G2 we have p,(0) = r and p, = ar with o €] — 1, 1]. The new Hamiltonian flow as for variables
(ro, a, 8) where rg = r(0), pz(0) = ar and s = % In order to compute jets of the Hamiltonian flow
we write

= z1(a, s)ro + z2(a, s)rg + x3(a, s)r% + X4(ro, oy s)ré,

y1(a, s)ro + ya2(a, S)Tg + y3(a, s)r% + Yy(ro, o, s)ré,
zo(av, s)r% + z3(a, S)T‘g + z4(a, S)Té + Zs5(ro, v, 5)7‘8,
pe1(a, 8)ro + paa(a, 8)rE + pes(a, s)r8 + Pua(ro, o, 8)7,
py1(a, 8)ro + pya(a, $)rg + pys(a, 8)ra + Pya(ro, o, s)ra,
= 1o+ 7o, 8)rg +r3(a, 8)rg + Ra(ro, a, s)rg.

<
8
AAQ/-\/-\/—\
(=)
Q
V)
— — — — ~—

where all the new functions are smooth functions of their variables. Using this dynamics we find
the following. For the first order

-i'Ul = ul—gu2’ pml - —u12+u27
) w2 i
1 = 12 o pylzoa
Zp = 71115112 xrq.
For the second order
i9 =0, Pa2 = —“572(2c20071 + €11091),
72 =0, Py2 = — 5211071,
23 = M52 (xg + x1(c2001 + c11091)), T2 = 0.
For the third order
. Up — u2 2
&3 = T(azooﬁﬂl + a11021y1),
. Up — u2 2
U3 = T(bzooﬂfl + brioz1y1),
. U1 —u2 3 2 2
z4 = T(C:%ooflfl + 2co0021%2 + T3 + Cc110T2y1 + Cl1102T1Y2 + C21027Y1 + C120T1Y7 ),
. Up — U2 2
Pe3 = *T(Qazoopxl x1 + 2bagopy, T1 + 2c20072 + 3c30077

+a110pz, Y1 + bi1opy; Y1 + c110y2 + 2c21071y1 + 0120y%)a
Uyl — U2

Dys = T(—Cnoiﬂz — z1(a110Pz, + b110py;, + 21071 + 2¢12091)),

rg = 0.
Recall that the extremals we are interested in have initial condition

x(T’O,CY,O) - 07 p:l?(r()?a:O) - T0p$1(a70)7
y(TQ,OZ,O) = 07 py(TOaa)O) — Topyl(aao)v
Z(T07a70) = 07 7”(7"0,04,0) =To-

These equations are integrable hence we can compute jets of switching functions and hence jets
of switching times. Finally, we are able to compute the jets of the different bangs of the extremals.
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If we restrict the computation to z, y, z as functions of (rg, «, s) for the four Hamiltonian flows,
we get four exponential maps that we denote Expg where 8 = —1,1, -2 or 2 depending on if the
initial velocity is —G1, Gy, —Ga, Ga.

It happens that all the extremals computed that way are turning extremals like in 3D contact
sub-riemannian geometry. For example, if 7o > 0 and if the extremal starts with 1 then after it
switches to Go, then —G1, —G9, G1 and so on.

In [29], M. Sigalotti proves, studying second order optimality conditions, that this familly of
extremals cannot be optimal after the fifth switch.

For these exponential maps, one can compute their jacobian for each bang arc. One finds

o Jac(Expyy) =0 for 0 < s < s9,5 # s1,

o Jac(Expyy) = —8r3 + o(rd) for sg < s < s3,

( )
( )
o Jac(Expyy) = —8r3 + o(rd) for s3 < s < s4,
( )
( )

o Jac(Expyy

We can now state the following proposition which shows that the sign of the Jacobian is an impor-
tant invariant which determines the conjugate time.

Proposition 12. Let Gy and G2 as in the normal form given in section 2.

o If C1 = 3c300 — 2b2op — 26509 > 0 then the fourth switching time ty is the first conjugate time
for extremal with initial velocity £G1. If C1 < 0 then it is the fifth ts.

o If Cy = 2c190 — C%m > 0 then the fourth switching time t4 is the first conjugate time for
extremals with initial velocity £Go. If Cy < 0 then it is the fifth ts.

Still using the expressions given in Appendix, we can give the expressions of the upper part of
the first conjugate locus for the four exponential maps.
For Expyq, if C71 >0

Teonj = (g —1)ro+ (derro — ca0(a — 1)%)rg + o(rd),
Yeonj = —8c200rs + 4(b110 + 6e110c200 — 2¢210

+(4b200 + 120300 — 60300)042)7“8 + 0(7’8),
Zeonj = 415 F 8(c110 + 2c20002)15 + 0(r(),
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and if C7 <0

Teonj = =E(1+ ag)ro+ (4derio — c200(l + 042)2)7"(2) + 0(7"3),
Yeonj = —8ca00rg £ 4(b11o + 6e110200 — 2¢210

+(4b20o + 120300 — 60300)a2)r8 + 0(7’8),
Zeonj = 415 F 8(c110 + 2c20002)15 + 0(r(),

and for Expis, if Cy >0

Teonj = 4errorg £ 4(b11o + 6c110c200 — 2¢210
+o(2e120 — 3¢310))75 + 0(r),
1
Yeonj = E(=1+ar)rg— 5(160200 + crro(ar — 1))rg + o(rg),
Zeonj = 47”3 + 4(46200 — 0110(1 + Ozl))rg + 0(?”8),
and if Cy < 0
Teonj = 4erorg £ 4(b11o + 6c110c200 — 2¢210
+a1(2c120 — 3cty0))rg + o(rF),
1
Yeonj = F(1+a1)rg— 5(160200 + cr10(1 + a1)®)rg + o(rg),
Zconj = 47“(2) + 4(46200 + cll()(]- - al))rg + O(T%).

6 Local Cut Locus of extremals with \.(0) >> 1

In the nilpotent case, the extremals with |a| < 1 reach the Maxwell set at the fourth switch when,
for those with |a| = 1, it is at the third switch. When C; # 0 and C # 0 we will see that the cut
is reached during the fourth or fifth bang.

From section 4, we can conclude that the loss of optimality may come during the fourth bang
or the fifth bang. Moreover, in [29] the author proves that the extremals we are considering
cannot be optimal after the fifth switch. Hence we can conclude that the cut locus comes from
the intersection of two fourth bangs of different exp;, the intersection of two fifth bangs of different
exp;, the intersection of a fourth bang and a fifth bang of two different exp;.

In the following we compute, for the jets of order 3, 3 and 4 of x, y and z in r¢, the possible
intersections listed previously, and finally describe the possible pictures of the cut locus depending
on the values of invariants of the structure appearing in the normal form. Finally we discuss the
stability of the pictures.

6.1 Intersections of fourth bangs

6.1.1 Intersection of an extremal starting with +G; with one starting with +G»

As seen in the nilpotent case, an extremal starting with +G and |ag| < 1 meets the Maxwell set at
s = s4 and intersect at this time the extremal starting with £G5 and a3 = 1. Hence, we compute
the jets of Expy close to the fourth switch time that is at s = 7 + a9 4+ Torg + TgT% and the jets
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of Expys for vy = ro + Rord + Rard, an = 1 — aymo — aq2rd and at time s’ = s7>. Asking that the
0
corresponding points are the same, one gets

Rg = :F26200(1 + Oég)
T, = =F8ci10 — 6200(1 + 14ao + Oz%)
a1 = 0
and
14+«
Rg = <22)(3()110 + 6¢110C200 + 40%0()(1 =+ 30&2)
+4booo(—1 + a2) + 6¢300(1 — av2) — 6c210)
16 40
T3 = 3 0110 +20c31 — @200 + 8baoo + 38c300 — 3 €120 — 27c300

+(8b110 + 2a200 + 9b200 + 48¢c110¢200 + 14300 — 15¢300 — 16c210) 2
+(—az00 + 14bzno + 42c550 — 21cs00) 03
+(baoo + 2¢500 — €300) 03

artg = 4(1+ a2)(3e300 — 26200 — 20300) =414 ag)Cy

We see here that in order the intersection exists, oy = 1 — aq179 — algrg should be less or equal to
1 hence, since a11 = 0, one should have a1 > 0 which implies C; > 0.

When C; > 0, once computed the corresponding points (depending on 79 and «3) one can
compute the suspension of this part of the cut locus by looking at its intersection with z = 4p? for
p small. One gets

Tt = F(=14+a2)p+ (3c110 — c200 + cr1002 + 6200013)[)2

1
ii(ano — Tc3 10 — 2a200 + 2bago — 8c110C200 + 430 + 12¢120 — 4esno

+(4agoo — a110 — Bb11o — ¢ty — 6c110c200 — 4300 + 4e120 + 10c210)
+(6c210 — 3b110 — 2a200 — 2¢110200) 3 + (4300 — 2bago )3 ) p°
Yeur = —8ca00p> % (4b110 + 8c110C200 + (8b200 — 12¢300 + 8¢300) (a2 — 1))p?
4p?

Zeut
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6.1.2 Intersection of an extremal starting with +G5 with one starting with +G;

The same computations can be done for extremals starting by +Go and intersecting +G1 and one
gets that Cy should be positive. Hence

Teut = A4er10p® £ (4b11o + 8c110c200 — 8cato + (6319 — 4erao) (1 — o)) p?
Your = F(—1+a1)p+ (—cr10 — 6200 + 1100 — 2ca0001)p?

1
iﬂ(ﬁlano - 24b110 - 216%10 - 312b200 - 14461106200 - 3366%00

—4cy90 + 432¢300 + 24c210 + (108b110 + 51cd;o — T2bano
+264c110¢200 — 48¢300 — 36¢120 + 144300 — 168c10) 11
+12(b11g — 27¢2 1 + T2¢110¢200 + 36¢120 — 48¢210)03

+(4er20 — dario — 3ctig)ad)p?

Zeut = 4P2

6.1.3 Intersection of the front starting with G; with the one starting with —G;

Such a self-intersection of the front can take place only at s = 8 + O(rg) as in the nilpotent
case. In order to compute such intersection close to s = 8, we proceed as follows. We compute
the intersection of these parts of the front with z = 4p? for p?. In order to do this, we fix
t=8p+ T2p2 + T3p3, for each type of extremal fix ap =1 — an1p — a22p2 and find the ry such that
the corresponding point Exzpi(ro,a,t/ro) satisfies z = 4p?. For the extremals starting by +G
one finds

Tous = (4e110 F ao1)p® F (F4br1o + 4¢3 £ deagoany

+2¢110(4e200 & a21) + aza — 8cia0 — 8¢a10)p”

4
Ysus = (—8c200 F ao1 F To)p* + (gano — a2, — ag + 8bago £ 2a1¢110

8
+§C120 F 4agyca00 + 16¢110C200 + 16200 — 16¢300 — a1 To =+ 4ep10T — T3)p°
Zsus = 4/02

It is then easy to show that, in order to get a contact between these two fronts, 75 should be equal
to 0 and g1+ = —ae9;—. But, since both should be positive hence a1+ = a1— = 0 and this implies
that T3 should be equal to

4
T3, = g(auo + 3b110 + 6b200 + 3¢31g — 4cr20 + 18cr10¢200 + 12300 — 6ca10 — 12¢300).-

At this time, with as14 = a1 = 0, the two fronts are segments belonging to the same line.
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Figure 3: Closure of the cut locus at z fixed.

6.1.4 Intersection of the front starting with Go with the one starting with —G»

We proceed the same way. For the extremals starting by +G5 one finds
2 4 2
Tsus = (derno o £Th)p" & (—gano — 4efqg + 8baoo F 4200011

16
—2¢110(8¢200 £ 11) + 12 + 3120~ 8cs00 + T3)p°

Ysus = —(8c200 % a11)p? £ (4b110 — 16bago + Sc110c200 — 16¢300
F2c110001 + 400011 — a2 + 24¢300 — 8ca10)p”

Zsus @ — 4p2

It is then easy to show that, in order to get a contact between these two fronts, 75 should be equal
to 0 and o114 = —ag1—. But, since both should be positive hence o114+ = a11— = 0 and this implies
that T3 should be equal to

4
T3, = §(a110 — 3b119 + 6bogo + 30%10 — 4c190 + 6¢110C200 + 126%00 + 6¢c210 — 120300).

6.2 Cut locus when ', >0 and (5, >0

With the considerations given before, if Cy > 0, Cy > 0 and T3, # T3, the intersection of the cut
locus with {z = 4p?} is constituted of 5 branches as in the Figure 3.

The four external branches comes from the intersection of the fourth bangs of exp_; with exp_,
and of the fourth bangs of exp,; with exp,,, see Figure 3. The central branch is the intersection
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When T34 > T3y When T3, < T3p

Figure 4: Closure of the cut locus at z fixed

of the fourth bangs of exp; with exp_; if T3, < T34 or of the fourth bangs of exp, with exp_, if
T3, < Ty, see Figure 4.

After min{T3,, T3} all the extremals participating to the construction of this part of the cut
locus have lost optimality.

Finally the picture of the cut depends on the sign of
T3 — T3y = —8(b110 + 2¢110200 — 2¢210)-

If T3, > T3 then the two points of the cut locus that connect three branches are with

r = 46110p2 + C’p3 + 0(p3)
= —8c0p” = Cp” + o(p”)
z = 4p

with C' = 4(b119 + 2¢110¢200 — 2¢210), when if T3, < T3, then the two points of the cut locus that
connect three branches satisfy

r = 4dciop® £ Cp° 4+ o(p?)
= —8ca000> F Cp® + 0(p*)

z:4p2

Finally we can present the upper part of the cut locus when C; > 0 and Cs > 0 in Figure 5

6.3 Suspension of fifth bang front

At 6 < s < 8, the part of the front corresponding to the fifth bang is close to (£(s — 8)p, 0, 4p?) for
the front starting with +G4 and close to (0, +(s — 8)p, 4p?) for the front starting with +G5. Hence
the intersections come at s close to 8.

In order to compute these intersections we fix a small p, consider a time t = 8p + Thp? + T3p,
and for each type of extremal find the r¢ such that the corresponding point Expyi(ro,a,t/ro)
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T3q > T3y T34 < T3p

Figure 5: The upper part of the cut locus

satisfies z = 4p%. For the extremals starting by +G one finds exp41

16 4
Titsus = (derro £To)p® £ (36120 — 30110 — 4ctyy — 16¢110¢200 — 8¢300
+4cz0 + T3 — 4C103)p°
Yitsus = —Scanop® % (4b110 + 8c110c200 — Scatp — 8C1a)p?
Z+lsus — 4P2
For the extremals starting by +G2 one finds expio
Tiosus = 4cr10p° £ (4110 + Scrioc200 — Scaro + 4Chaq)p°
4 4
Yiosus = (—8cano £ To)p® £ (50120 — 300~ 8baoo — 16¢300 — 2¢310
+16¢300 + 46110(—40200 + Tg) + T35 — 20204%)p3
= 4 2
Z4+2sus — 14

As one can see, the intersection of the fifth bang front at ¢ with the plane z = 4p? is the union
of arc of parabolas. If we consider all these curves for «; € [0, 1] we can observe that the tangents
at « = %1 are line with equations of the z +y = ¢ or x —y = ¢. Moreover, this tangent at ag = —1
of the fifth bang front of exp,; is tangent to the fourth bang at the corresponding o of exp o,
and the tangent at oy = —1 of the fifth bang front of exp,, is tangent to the fourth bang at the
corresponding as of exp ;.

Moreover remark that, at 75 = 0, the intersection of the front with z = 4p? still has a central
symmetry at this order of jets, centred at

(z,y) = (4c110p?, —8can0p?).

6.4 Cut locus when ', >0 and C, <0

If C7 > 0 and C5 < 0 then the picture of the front at ¢ < 8p is as in the Figure 6. The fifth bang
of exp,; do not participate to the optimal synthesis and the fourth bang front of exp; intersect
the fourth bang front of exp,,. The fifth bang front of exp,, is optimal.

Let consider the closure of the cut, that it when t = 8p + Thp? + T3p>. Wa can identify the
following subcases
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Figure 6: The front before t = 8p when C'y > 0 and Cz < 0

e When 4b110 + 8c110c200 — 8¢210 — 4Co < 0 then all the fifth bang of exp, satisfies x < 4c110p?
when all the fifth bang of exp_, satisfies z > 4c110p®. This implies that the sequel of the
self intersections of the front is the following : first the fourth bang front of exp,; intersect
the fourth bang front of exp,,; then at time Th = 0, T3 = T3, = T3 + %Cg — %C%lo < T3y
the fourth bang of expy; intersects the fifth bang of exp,; finally the fourth bang of exp,;
intersects the fourth bang of exp_; at 175 = 0 and T3 = T3;. See Figure 7.

Figure 7: Picture of the front at times with 75 = 0 and 15 < T3, T35 = T3, and T3 = T3

e When 4b119 + 8c110¢200 — 8¢210 < 0 and 4b119 + 8c110¢200 — 8¢210 — 4C9 > 0 then the relative
position of the two parabola of the fifth bang of exp, and exp_o implies that the sequel of the
self intersections of the front is the following : first the fourth bang front of exp,; intersect
the fourth bang front of exp,; then at time 75 =0, T5 = T3, = 15, + %C’g — %C%w < Tsp the
fourth bang of exp,; intersects the fifth bang of exp,,; finally the fifth bang of exp, intersects
the fifth bang of exp_, at a time with 75 = 0 and T35 = T3, between T3, and T3;. See Figure

8.
Cut / Cut Cut
L S
Cut Cut Cut

Figure 8: Picture of the front at times with 75 = 0 and T3 < T3, T3 = T3, and T3 = T3,

e When 4b119 + 8c110C200 — 8¢210 > 0 and 4b119 + 8c110¢200 — 8¢210 + 4C5 < 0 then the relative
position of the two parabola of the fifth bang of exp, and exp_, implies that the sequel of the
self intersections of the front is the following : first the fourth bang front of exp,; intersect
the fourth bang front of exp,,; then at time 75 = 0 and T3 = T3q = T3, + 2C5 — 20%10 < Tjq
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the fourth bang of exp,, intersects the fifth bang of exp,,; finally the fifth bang of exp,
intersects the fifth bang of exp_,. The picture is similar to the one of Figure 7.

e When 4b119 + 8c110c200 — 8210 + 4Co > 0 then all the fifth bang of exp, satisfies x > 4c110p
when all the fifth bang of exp_, satisfies # < 4c119p?. This implies that the sequel of the self
intersections of the front is the following : first the fourth bang front of exp,; intersect the
fourth bang front of exp,,; then at time Tp = 0 and T3 = Tyq = T34 + 2C2 — 2¢3y < T3q
the fourth bang of exp,, intersects the fifth bang of exp.,; finally the fourth bang of exp,
intersects the fourth bang of exp_, at To = 0 and T3 = T3,. The picture is similar to the one
of Figure 8.

In the four cases, the cut locus has only one branch, which is continuous and piecewise smooth.
And the proportions are those given in the Figure 9.

r3

T =

Figure 9: Picture of the cut locus when C'y > 0 and Cy < 0

6.5 Cut locus when C; <0 and Cy; >0

The same kind of computations can be done in this case as in the previous case. For the picture of
the cut locus we refer to the same figure 8 where the x-axis should be replaced by the y-axis.

6.6 Intersections of fifth bangs

In the case C] < 0 and Cy < 0, the fifth bang front self intersect before losing optimality. As before
this happen for t ~ 8p and we write t = 8p + Thp? + T3p°.

As seen before, each fifth bang front is a part of parabola. For T5 < 0, or T = 0 and T3 small
enough, the four parabolas are not intersecting, are positioned as in the figure 10 and they are
linked by the part of the front constituted of fourth bangs, and the front do not self intersect.

One way to build the optimal part of the front is to consider the expressions of the fifth bangs
and of the four bangs, to consider them for all the values of o; € [—1,1] and to keep only the
part which constitutes the boundary of the ”central” domain (see Figure 10). The dynamics with
respect to T3 of each of these expressions consist only on translations of =73 along x or y. Hence to
identify the optimal part of these expressions, we just have to understand what are the consecutive
intersections when T3 varies.

e The first intersection is of the fifth bang front of exp; with the one of exp,, at 7o = 0 and
T3 = T3, or with the one of expry at To = 0 and T3 = T3y.
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Case 1

Case 2

Case 1.1

e

Figure 10: The front before t = 8p when C; < 0 and Cy < 0

When writing the intersection of the fifth fronts, that is for example that z14s(e = —1) =
Tosus(a1 = 1) and yisus(e = —1) = yasus(a1 = 1), one finds

4
T3, = g(allo + 3b110 — 6b200 + 18c110C200 + 2¢120 + 6300 — 6¢210)

and
4
T35 = g(ano — 3b110 — 6b200 + 6¢110C200 + 2C120 + 6300 + 6C210)-

After that time, the fifth bang fronts that connected self intersect, until a next event.

The next event can be that all the front corresponding to the fifth bang of exp,; (resp. exp.s)
is no more optimal. This comes from the fact that

— the entire arc of parabolas of the fifth bang front of exp; crossed the parabolas of expo
which occures if 2|Cy| < |Ca.

— the entire arc of parabolas of the fifth bang front of exp crossed the parabolas of exp,
which occures if 2|Cy| > |Cy],

see figure 11. The corresponding time can be computed in the following way. Assume that
T3, < T35 and hence that the first event was the contact of the fifth bang front of exp; with
the one of expy at one of their extremity. Then, the second event will happen at T3 such that
one of the other extremities, let call it ¢(73) crosses the other parabola at p(13), see Figure
FIGURE. Thanks to the dynamics with respect to T3, p(T3) and ¢(73) belongs for all T3 at
the line z 4+ y = ¢+ T3 where ¢ € R. Together with the expressions of the parabolas one find
that the corresponding time is T3 = T35, + 73 with

T3 = 8\/ 20102.
If T3y < T3 then it happens at T3 = T35 + 73.

An other event, that can occures after the first intersection, is the other contact between fifth
bang fronts occures. If T3, < T3y then this event is at T3 = T3y and if T3y < T3 it is at
T3 = T35. See Figure 12

In the case 1, the next event can be the closure of the synthesis by the contact of the four
bangs. If T3, < T3y the fourth bang fronts of exp; and exp_; can intersect at time T3,. If
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Case 1.2

Case 2.2

6.7

T3y < T3¢ the fourth bang fronts of exp, and exp_5 can intersect at time T3,. This case
occures only if the arc of parabolas of exp,; from one part, and the arc of parabolas of exp_,
from the other part, do not intersect at any time T3.

In the case 1, another possibility is that the four bang front loses entirely its optimality. If
2|C1| < |C4] it correspond to the time at which an extremity of the fifth bang front of exp
touches the fifth bang front of exp_s. If 2|C1| > |Cs| it correspond to the time at which an
extremity of the fifth bang front of exp; touches the fifth bang front of exp_;. These times
can be computed by translating in the calculus these intersection and we gat in the different
cases

— If T3e < T35 and |Co| < 2|Cy] then T3 = T3y = —K; 4 2C1(1 + o) with oy = —1 +
C%(bno + 2¢110¢200 — 2¢210) and
16 4
Ky = 3 €120 ~ 30110 — 4ei — 16e110e200 — 8300 + 4C300-
- If T3, < Tgf and ’CQ’ > 2|Cl| then T3 = T3, = — Ko + 202(1 + 04,21) with oy, = 1 —
C%(bllo + 2c110C200 — 2€210) and
4 9 9
Ky = 30120 — 50110 — 2¢119 — 16c110C200 — 16500 + 16¢300 — 8b2o-
— If T35, > Tgf and |02| < 2|01| then T3 = T3, = —K; —1—201(1—1—%2) with o; = 1—|—Ci1(b110+
2¢110C200 — 2€210)-
— If T3, > T35 and |Ca| > 2|Cy| then Ty = T3; = —Ko + 2Co(1 + O‘?) with o = —1 —
& (b110 + 2¢110¢200 — 2¢210)-

After the fourth bang front lost optimality the optimal synthesis finishes by the last self
intersection of the fifth bang front.

In case two, after max{75., T3¢}, the optimal synthesis closes as follows. If |Cs| < 2|C|, then
the next event is the loss of optimality of the entire fifth bang front of exp_,, and the optimal
synthesis finishes by the intersection of the parabolas of expy;. If |Ca| > 2|Cy|, then the next
event is the loss of optimality of the entire fifth bang front of exp, ;, and the optimal synthesis
finishes by the intersection of the parabolas of exp,,

Cut locus when (', <0 and Cy, <0

Thanks to the description of the different steps that can occure along the dynamics of the front,
we can conclude by claming

If |T3. — T5¢| < 73 then the cut locus has 5 smooth branches as in Figure 12.

If not it has only one branch which is continuous and smooth by arcs, see Figure 11.

Finally we can give the picture of the cut locus in this two cases in Figure 13.
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Figure 11: Evolution of the front when [T3, — T5¢| > 73
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Figure 12: Evolution of the front when |T3. — T3¢| < 73

6.8 Singularities and stability, open question

All the computations we made in this section for the cut locus or conjugate locus are stable except for
extremals with initial conditions |A;| = |Ay| = 1. Effectively, under the codimension 1 assumption
that both C7 # 0 and Cy # 0, except for these initial conditions, the cut points correspond to
transversal self intersections of the wave front.

For the initial conditions [A;| = |A,| = 1, a further study should be done in order to find a good
notion of stability, which is itself not clear, and to study it in this case. In the case C; > 0 and
Cy > 0, the corresponding singularity in the sub-Riemannian contact case, corresponding to the
extremity of the cut locus, is a cusp A3z (in the classification of Arnol’d) and it is stable as smooth
or lagrangian singularity. We may propose the conjecture that a good theory of stability should
find in our context that the singularity is stable. If this conjecture is valid then the pictures of the
cut locus are stable and valid not only for the jet of the dynamics we have computed but also for
the true dynamics.

7 Extremals with only one control switching several times

For |A,| large enough the dynamics is described in the previous sections. We can now choose a
constant A, > 0 large enough and considering only the extremal satisfying |[A\.| < A,. As seen
before, along an extremal

¢s = ui(fadi + faogo + fa3h3) +ua(fsrd1 + frago + fa303).
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Figure 13: Possible cut loci when €y < 0 and Cy < 0

One computes easily that

fu = __a110+2a200+b110+2b200 fs1 = a110—2a200+b110—2b200
4 ’ 4 ’
fao = _a11o+2a2004—b110—2b200’ fso = a11o—2a2004—b110+2b200,
1 1
fa3 = 5c110 + €200, f53 = —5c110 + C200-

With |¢1| <1 and |¢po] < 1, we get

B3] < [far] + [ fazl + | fsr] + | fool + (| fsa] + [ fas])|ds] < AM' +2M'A,

where M’ is a local bound of the f;;. This implies that, for the extremals we are considering, the
possibility of switching in short time implies that the corresponding switching function starts close
to 0. Which implies that in short time only one control switches. And if in short time a control
switches twice hence ¢3 should change sign and hence starts close to 0 that is A, should starts close
to 0.

In the following, we will be interested only in finding extremals that switch at least twice (on
the same control) since the ones that switch only once are yet obtained with initial conditions with
large |A.|.

We will consider only extremals with u; = 1, the study of the other ones being equivalent.
Along such an extremal

G2 = w163 = ¢3

and since u; = 1 one gets
o = (far +uafs1)dr + (faz + uafsa) b + (fa3 + uafss)ds.

Since ¢g(t) = O(t), ¢a = O(t) and ¢1(£) = 1 + O(#) we get that

Ga(t) = (far +uafs1) + O(t).

In the following we assume that we are considering a point where fi1 + fs1 # 0 and f41 — f51 # 0.
We consider then the four following cases

1. If | fs1| < fa1 then fa1 +uafs1 > 0 for all ug € [0,1] and ég(t) > 0 for all ¢. As a consequence
the only possible behaviours of the control ug are (see Figure 14)

(a) ug =1,
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Figure 14: Extremals when |f51]| < fa1

(b) ug = —1 during a first intervalle of time and switches to 1,

(¢) uz =1 during a first intervalle of time, then —1 during a second one, and finally switches
to 1.

2. If | f51] < —fa1 then f41 +uafs1 < 0 for all ug € [0, 1] and (ﬁg(t) < 0 for all t. As a consequence
the only possible behaviours of the control uy are (see Figure 15)

(a) ug = —1,
(b) ug =1 during a first intervalle of time and switches to —1,
(¢) ug = —1 during a first intervalle of time, then 1 during a second one, and finally switches
to —1.
$2(t) Gz
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~
~
~
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Figure 15: Extremals when |f51] < — fa1

3. If [fur] < f51 then fi1 + f51 > 0 hence $2(t) > 0 when ¢o(t) > 0 and fg — f51 < 0 hence
¢2(t) < 0 when ¢o(t) < 0. In that case the possible behaviours of the control ug are (see
Figure 16)

(a) ueg is constant and equal to +1,

(b) wg is equal to 1 or —1 during a first intervalle of time and switches to —1 or 1,

(¢) ug is equal to 1 or —1 during a first intervalle of time, then ¢o = 0 during a second

intervalle where ua(t) = —% + O(t), and finally ug switches to 1 or —1.

4. If [fa| < —f51 then fa1 + f51 < 0 hence $2(t) < 0 when ¢o(t) > 0 and fi1 — f51 > 0 hence
¢2(t) > 0 when ¢o(t) < 0. In that case the list of possible behaviours may be very large. In
the following we analyse more deeply to prove that the possible behaviours are
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Figure 16: Extremals when |fi1]| < f51

(a) wug is constant and equal to +1,
(b) wug is constant and equal to £1 during a first intervalle of time and switches to F1,

(c) ug is constant and equal to £1 during a first intervalle of time and switches to F1, and
finally switches again to +1.
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Figure 17: Extremals when |f41] < —f51

A more precise description of the optimal ones is given in the following analysis. In particular,
in this case, appears a cut locus.

7.1 Extremals when |fy| < —f5

In the following we prove that, in the case |f41] < — f51, an extremal with u; = 1 with four bangs
is not optimal.
An easy computation shows that

1 aiio + b
fu1(0) = —§(a200+b200+%)

1 ai1o + b
f51(0) = —§(a200+b200—¥)

The hypothesis | f11| < —f51 is equivalent to asgg + bogg > 0 and %H’m < 0.

Consider the three following extremals from (0,0,0) to (z,y,z). The first one, denoted e, has
u9 = 1 during time €; then us = —1 during time €9 and finally uo = 1 during time e3. The second
one, denoted 6(t), has us = —1 during time #; then ug = 1 during time 02 and finally ug = —1
during time #3. The last one, denoted ~(t), has us = —1 during time ; then us = 1 during time
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~o then us = —1 during time 3 and finally us = 1 during time 4. One prove easily that, denoting
Se = €1+ €+ €3, 59 =01+ 02+ 03 and sy =71 + 72+ 73 + 74,

€
Te(se) = €1+ €3+ aso€ier + a11o€1§2 +o(s?),
2 € 3
Ye(se) = €2+ bagoerea + 5110615 + o(s?),
Z(s) = erea+o(s?),
2 03 3
zg(sg) = 02+ ag06303 + ar100203(01 + 5) + o(sp),

0
yo(sg) = 61+ 03+ baobz0s + brio203(61 + 53) +o(s3),

z9(s9) = 0205+ o(s}),
_ 2 3 3
Ty(8y) = Y2+ 74+ a207373 + at07273(71 + 5) + o(s5),
3
Y4(8y) = 71+ 73+ b0y + biioyays(1 + %) + 0(83),
zy(sy) = s+ 0(53),

but since at sg and s, the extremals are supposed to be at (x,y, z) then one gets

z+y = 59+ (a0 + bo)036s + w@geg(al + %3) +o(sp)
= 59+ (a0 + bao0)faz + ‘mofﬂ’mz(wl +03)
T+y = sy+ (az00+ b200)¥37s + %4-1711()7273(% + %) +o(s3)
= 8y + (az00 + b200)722 + Mz@% +73).
Hence we deduce
2 = (@200 + baoo) (B2 —72) + ‘“wf”“o@al + 03— (291 + 73)) + oz + y)
ai1o + b11o

= (@200 + b200)(02 — 72) + (01 —7) +olz+y)

2
since 01 + 03 =y +o(x +y) and v1 + 73 =y + o(x + y).

Now, we should analyse the relation between ~5 and 3. One can prove that along the curve
~, during the second bang, do = fu1 — f51 + o(t) = —‘“102& + o(t) and during the second bang
G2 = fa1 + f51 + o(t) = —(a200 + baoo) + 0o(t). One proves easily that, since ¢o = 0 at the extremity
of each of these intervalles, this implies that

Y3 az200 + b2oo
% T anotbing + O(x + y)’
2
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. b
hence exists A > 0 such that v3 = A(a200 + baoo) + o((z + y)?) and vy = —ALE0 4 o((z 4 y)?).
As a consequence

S~ — S
A . © = (02— 22) — 12(01 — 1) + o(z + y)?)
= 3(z —72) — y2(73 — 03) + o((z +y)?)
z
= 7T+ 72; — 272v3 + o(x + y)z)
= qr+ == =2+ o((x+y)°)
Y3 T
hence . _ s .
A BT L 2o o(1)
z z 3

hence s, — sy is strictly positive except maybe when 73 ~ 3 and 2 ~ z.

But comparing with the curve € we get that s, —s. > 0 except maybe when 72 ~ €1 and 73 ~ y.
Finally we can conclude that such an extremal - is not optimal. The same proof can be done for
the extremals with four bangs following first G1, then G, then G; and finally G2. And no extremal
with three switches on the same control can be optimal.

Comparing the curves € and 6 one gets

Sc — Sp a110 + b110
———— = (a0 + b200)r + ————y + o(x + y).
2(1- %) 2

Hence, since aggg + bagg > 0 and % < 0 the curve ¢ is optimal for y > —Q%x + o(x)
and we find that there is a cut locus which is tangent at 0 to the plane

b
(@200 + bago) + anoerlloy = 0.

7.2 Other extremals generating cut locus

One show easily that, for extremals with u; = 1, there is also cut locus only if |f41| < —f51, that
is if aggg + bogo > 0 and aq119 + b110 < 0, and the tangent plane is the same.

In the cases us = 1 and ug = —1 then there is cut locus only if | f52] < fa2, that is if by;0—ai10 > 0
and bogg — aggo > 0. In this last case the tangent plane at 0 is

)
(@200 — b2oo)z + wy =0.

7.3 Cut locus generated by extremals with \,(0) ~ 0

As a consequence of the previous computations, we can describe the part of the local cut locus
generated by the extremals with \p(0) ~ 0.

o if (CLQOO + bogo < 0 or aj1g + bi1g > 0) and (bno —aq10 < 0 or bago — agpp < 0) then this part
of the local cut locus is empty.

e if asgg + bagy > 0 and aj1g + b110 < 0 and (bllg — aq10 < 0 or bygg — asgp < O) then this part
of the cut locus writes

a200 + b2oo a200 + b200 o 2
r,—2—F—x+o(x),z) |0 2< 22—z 4 o(z
{ ai10 + b11o (@),2) | ai10 + b11o (@)}
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o if (agoo 4 bogg < 0 or ai19 + b11g > 0) and bi19 — a110 > 0 and bggg — agpp > 0 then this part
of the cut locus writes

—b —b
{(, —2220 2200, 4 5(2),2) | 0> 2 > 27200 7 200,24 552y}
a110 — biio a110 — bi1o

e if asgg + bogo > 0 and a119 + b11g < 0 and bi19 — a119 > 0 and bogg — aggo > 0 then this part
of the local cut locus is the union of the two previous sets.

Finally we can propose the picture of this part of the cut locus in Figure 18

Cut locus

e

Cut locus

Figure 18: Part of the cut locus generated by the extremal with A,(0) ~ 0 when |f41] < —f51 and

| f52l < fa2
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