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Abstract

We consider specific sub-Finslerian structures in the neighborhood of 0 in R?, defined by fixing a
familly of vector fields (F1, F») and considering the norm defined on the non constant rank distribution
A = vect{F1, F>} by

|G| = ir;f{max{|u1|7 luz|} | G = ur Fi + ua Fy}.
If F1 and F> are not proportionnal at p then we obtain a Finslerian structure; if not, the structure
is sub-Finslerian on a distribution with non constant rank. We are interested in the study of the
local geometry of these Finslerian and sub-Finslerian structures: generic properties, normal form, short
geodesics, cut locus, switching locus and small spheres.

MSC classes: 53B40, 53C22, 49J15, 49K15.
Keywords: sub-Finlerian geometry, maximum norm, geodesics, small spheres, cut locus.

1 Introduction

From the 80’s, the interest for the sub-Riemannian geometry increases with a lot of contributions
in several domains as PDEs, analysis, probability, geometry and control. One of the question was
to understand the local geometry of sub-riemannian metrics, as the singularities of small spheres,
local cut locus, local conjugate locus and so on, motivated in particular by new results on the heat
kernel in the sub-Riemannian context, see [10, 22, 23, 9]. The contact and the Martinet cases were
deaply studied (see [1, 12, 11, 19, 2]). The quasi-contact case in dimension 4 also (see [15]). These
results allowed to give new results on the asymptotics of the heat kernel at cut and conjugate loci
in the 3D contact and 4D quasi-contact cases ([7, 6]).

In this article, we start the same work for Finslerian and sub-Finslerian metrics associated with
a maximum norm: let consider a manifold M, a vector bundle 7 : £ — M with fibers of same
dimension as M endowed with a maximum norm, and a morphism of vector bundles f : £ — TM

*This research has been supported by ANR-15-CE40-0018.



such that the map from I'(E) — Vec(M) defined by o +— f oo is injective. An admissible curve is
a curve 7 in M such that exists a lift o in E with §(¢) = f(o(t)) a.e. The length of such a curve is
the infimum of the fOT |o(t)|dt for all possible such o and the distance between two points ¢y and
q1 is the infimum of the lengths of the curves joining gg and ¢;. Remark that the map f itself is
not assumed to be injective everywhere: at points where f is injective the structure is Finslerian
when at points where it is not it is sub-Finslerian.

Here we concentrate our attention on the local study of such structures in dimension 2, that is
when M and the fibers of E have dimension 2.

Equivalently, with a control point of view and since we are interested in local properties, we
consider control systems in a neighborhood of 0 in R? of the type

¢ = u1Fi(q) + u2(q) (1)
where F1 and F3 are smooth vector fields and u; and ug are control functions satisfying
lui] <1 and |ug] < 1. (2)

Up to reparameterization, minimizing the distance in the geometric context is equivalent to mini-
mizing the time of transfer in the control context.

We are interested in the study of the time optimal synthesis of such systems. Of course,
the general situation cannot be completely described since singular cases may have very special
behaviour. For example, in the case F1 = 0, and F> = 0,, any admissible trajectory with u; =1
and fol uz(t)dt = 0 joins optimaly (0,0) to (1,0). Hence in the following, we will consider only
”generic” situations as defined in section 2.1.

Few works exist concerning sub-Finsler geometry since it is a new subject. Let mention the
works [17, 18] for dimension 3, considering norms which are assumed to be smooth outside the zero
section. In [14], the sphere of a left invariant sub-Finsler structure associated to a maximum norm
in the Heisenberg group is describded. In the preprint [5], the authors describe the extremals (and
discuss in particular their number of switches before the loss of optimality) for the Heisenberg,
Grushin and Martinet distributions. In the preprint [4], we describe, in the 3D generic contact
case, the small sphere and the local cut locus.

The paper is organised as follows.

In section 2 we recall Thom’s transversality theorem and some of its corollaries, define what we
mean by generic, give generic properties of the couples of vector fields on 2 dimensional manifolds
and give a normal form for the generic couples.

In section 3, we give first general results about the optimal synthesis; recalling classical results
as Chow-Rashevski, Filippov and Pontryagin theorems; analysing the possibilities for extremals
to switch or to be singular depending on their initial condition; giving details on the weights of
coordinates in the normal form and on the associated nilpotent approximation.

In section 4, we present the local synthesis in all the generic cases presented in the normal form
of section 2.

2 Normal form

In this section, the goal is to give a list of properties of generic couples (Fp, F») and to construct a
normal form for the couple (G1,G2) defined by G; = Fy + F» and Go = F; — F>. As we will see,



+G1 and £G9 are the velocities of a large class of the minimizers of the optimal control system
defined by (1) and (2).

In order to do that we use the Thom’s transversality theorem and some of its corollaries.
2.1 Generic properties of couples of smooth vector fields on 2d-manifolds
2.1.1 Thom’s transversality theorem

Denote J*(M, N) the set of k-jets of maps from M to N.

Theorem 1 (Thom Transversality Theorem, [21], Page 82). Let M, N be smooth manifolds and
k> 1 an integer. If Si,--- , S, are smooth submanifolds of J*(M,N) then the set

{feC®(M,N):JfhS; fori=1,2,---,r},
is residual in the C'°°-Whitney topology.

Corollary 2. Assume that codim S; > dim M fori=1,--- ,r and k > 1. Then the set
{feC®(M,N): J*F(M)NS; =0 fori=1,---,r},
is residual in the C°°-Whitney topology.

Corollary 3. For every f in the residual set defined in Theorem 1, the inverse images S; =
(J*£)71(S;) is a smooth submanifold of M and codim S; = codim S; fori=1,--- ,r.

Remark 4. Let ¢ be a diffeomorphism of M and ¢ be a diffeomorphism of N. The map
o { C*(M,N) — C>®(M,N)
oo I v pofoo

induces a diffeomorphism o7, , of J (M, N) which sends submanifolds of J*(M, N) on submanifolds

of J¥(M, N). Moreover, f is in the residual set defined in theorem 1, if and only if o, 4(f) is in
the residual set

{g € C®(M,N): J*gthol,(S;) fori=1,--- r}.

This remark is important to facilitate the presentation of the proofs of the generic properties
given in the next section.
Definition 5. In the following, we will say that a property of maps is generic if it is true on a
residual set defined as in Thom’s theorem.
2.1.2 First generic properties

We give a list of generic properties for couples of vector fields on 2d-manifolds. In order to use
Thom transversality theorem, we work locally in coordinates. Locally one can consider a couple of
vector fields as the data of a map
g_{ UcCR? — R?xR?
($7 y) = ((gl(.f, y)7 92(x7 y))v (g3<$7 y)7 g4<l', y)))
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and the k-jet at ¢ = (0,0) € U of g as the data of the map

ko RQ — Rk[xvyrl
Jg.{ (z,y) — (Pi(z,y),...,Piz,y))

where P; (1 <i < 4) is the Taylor series of order k of g; at q.

In order to describe submanifolds of Ry[z,y]* in coordinates, we write:
k k—i ko k—i
Pi(z,y) = Z PLi Yo, Pa(z,y) = Z Zp4,i,j$ly]-
i=0 j=0 i=0 j=0

In the following (g1, g2) are the coordinates of G; and (g3, g4) the coordinates of G2 in a local
coordinate system.

Generic property 1 (GP1): for generic couples of vector fields (Fyi, Fy) on M, the set of points
where G1 = Go = 0 is empty.

Indeed in coordinates such points correspond to jets with p100 = p2,0,0 = P3,0,0 = P1,00 = 0
which form a submanifold of Ry [z, y]* of codimension 4. Hence, thanks to corollary 2, the property
is proven.

Let call J ]]‘{, the set of k& — jets such that P, =1 and P, = 0. Once assumed that we choose a
coordinate system such that Gy = (1,0) then J¥g is in J¥.

Assume that a set S of J¥(R2 R*) is defined has the zero level of a finite number of functions
hi, i = 1...k, which differentials form a free familly when restricted to T'J ]]{, Then locally the
differentials of the functions h; form a free familly and hence, close to J ]li, N .S, the set S is locally
a submanifold. In this context, the codimension of S in J*(R? R*) is equal to the codimension of
S =8nJ§ in J§.

Thanks to remark 4, up to a permutation between +F; and +F5 and a good choice of coor-
dinates, we will assume in all the following that G; = (1,0) locally that is g1 = 1 and g2 = 0. It

corresponds to jets in J ]’f, As a consequence, if a set S is defined by a finite number of functions
hi, i =1...k, which differentials form a free familly when restricted to T'J K,, then to apply Thom’s
theorem and its corollaries we are reduced to apply them to the map

_ { UCR? — R?
(xuy) = (93(%9)794(55:9))
and the set S’ = SN J¥ seen as a submanifold of J*(R? R?).

Generic property 2 (GP2): for generic couples of vector fields (Fyi, Fy) on M, the set of points
where Gy = 0 is a discret set. The same holds for the set where F1 = 0 or the set where Fo = 0.

Indeed such points correspond to jets with p3 0.0 = pa,0,0 = 0 which is a submanifold of Ry[z,y
of codimension 2. Hence, thanks to corollary 3, the set where Gy = 0 is generically a submanifold
of M of codimension 2 that is a discrete set. For F5 = 0 the equations are p3 o0 =1 and pso0 =0
and for F1 = 0 the equations are p3 9o = —1 and p40,0 = 0.

]2

Generic property 8 (GP3): for generic couples of vector fields (Fy, Fy) on M, the set A4 of points
where Go is parallel to G1 is an imbedded submanifold of codimension 1.

Indeed A4 is exactly the set of points where g4 = 0, corresponding to jets with pso0 = 0.
This last set is an imbedded submanifold of Ry[x,]? of codimension 1. Thanks to (GP1) and to
corollary 3, we can conclude that generically A4 is an imbedded submanifold of codimension 1.



Generic property 4 (GP4): for generic couples of vector fields (Fy, F») on M, the set Ay of points
where Fy is parallel to [F1, Fy| is an imbedded submanifold of codimension 1. The same holds for
Ay where Fy is parallel to [Fy, Fs).

In order to prove (GP4), compute [F1, F5] and describe Ay in coordinates. [F}, Fy| = —%[Gl, G|
hence has coordinates —%p37170 and —%p4,170 and Fj has coordinates %(1 +p3.,0,0) and %p47070. Hence
A4 corresponds to jets satisfying

1 1
—ap310  a(1+p300) | _
1 —_— .
—35P4,1,0 5P4,0,0

The differential of this determinant is not degenerate hence the set of Ry[x,y]? satisfying this
equality is an imbedded submanifold of codimension 1. Hence, generically, A; is the preimage of
an immersed submanifold of codimension 1 which, thanks to corollary 3, permits to conclude that
A1 is an immersed submanifold of codimension 1.

Generic property 5 (GP5): for generic couples of vector fields (F1, Fy) on M, the sets (Ag N A1),
(Aa N Ag) and (A1 N Ag) are discrete.

Since G1 = (1,0), the set (A1NA2)\ A4 is the set of points where (F, F») is free and [Fy, F3] =0
that is

Pa00 # O,
p31o0 = 0
ps1o = 0.

This set is an immersed submanifold of codimension 2 of Ry[z,y]? hence, thanks to corollary 3, the
set (A1 NAy)\ Ay is generically a discrete set.

The set (AaNAg)\ A is a set of points where F» = 0. By (GP2) it is a discrete set. The same
holds for (A4 N A;)\ Ag which is a set of points where F} = 0.

The set Ay N Ay N Ay is the union of the subset where Fy # 0 and Fy J Fy J/ [F1, F»] with a
subset where F; = 0. The second is discrete. The first set is also defined by G1 J G2 J/ [G1, G2] that
is ps,0,0 = 0 and py,1,0 = 0. Hence, thanks to corollary 3, the set where F # 0 and Fy ] Fy )/ [F1, F3]
is a submanifold of codimension 2 that is a discrete set.

Generic property 6 (GP6): for generic couples of vector fields (Fyi, Fy) on M, the set of points
where G1 )| Ga || [G1,Gs] | [G1,[G1,G2]] is empty.

The set where G J Go |/ [G1,G2] J/ [G1,G2] is such that psoo = pai1,0 = pa20 = 0. Hence,
thanks to corollary 3, it is a submanifold of codimension 3 that is an empty set.

Generic property 7 (GP7): for generic couples of vector fields (Fy, Fy) on M, at the points ¢ where
G1(q) /) G2(q) [ [G1,G2](q) one gets Gi(q) € TyAa.

The property Gi(q) J G2(q) /J [G1,G2](q) implies that pisoo = pa10 = 0. If pso1 # 0 then
A4 can be written pyo1y = o(x) that is Ay is tangent to the z axis and Gy € T;A4. Hence
the set of points where G1(q) / G2(q) /J [G1,G2](q) and Gi(q) ¢ T;A4 corresponds to jets with
P4,00 = P4,1,0 = P4,0,1 = 0 which is a submanifold of codimension 3. Hence generically, at the points
q where G1(q) / G2(q) J [G1,G2](q), one has G1(q) € TyA 4.

One can even detail more the generic properties: using Thom transversality theorem and its
corollaries, we can prove that generically



Generic property 8 (GPS8): along A1\ (Aa U Ay4), the points where G1 or G is tangent to Ay are
isolated. The same holds true for Ag \ (A1 UA,4).

Generic property 9 (GP9): at points of (A1 N Ag) \ A, neither G1 nor G are tangent to Ay or
As.

Generic property 10 (GP10): along A s\ (A1 U Ag), the set of points where Go = 0 or Gy = £G;
1s discrete.

2.2 Normal form
Thanks to the generic properties established in the previous section, we can prove :

Theorem 6 (Normal form). For generic couples of vector fields (F1, Fy) on a 2d manifold M, up
to an exchange between +Fy and +F», at each point q of the manifold G1 # 0 and it exists a unique
coordinate system (x,y) centred at q such that one of the following normal form holds:

(NFl) Gl(a:vy) = axa
Ga(z,y) = Oy + x(a10 + a2z + a11y + o(x, y))0r + x(b1o + baox + b11y + o(z,y))0y,
and q ¢ Ay4.

(NF2) Gl(ﬂj,y) = 8$5
G2($7 y) = (Clo + a0z + aopry + O(ZL‘, y))az + ZL’(l + x(bQO + O(l’, y)))8y7
with 0 < ap <1, and g € Ay \ Ay.

(NF3) Gl(xvy) = 61,
Ga(z,y) = (ao + 0(1))dx + (bory + 522 + biizy + booy? + o(x?,y?))dy,
with bpy >0 and 0 < ap <1, g€ AaNA; NAy and G1(q) € TAA.

For (NF1) and (NF2) one of the following subcases holds:

(NF1,) (NFy) holds with a9 — big # 0 and a9 + big # 0. It corresponds to q ¢ Aa U A1 U As.

(NFyp) (NF1) holds with ajg — bip = 0 and ajo + bio # 0. It corresponds to q € A\ (Aq U As).

(NFi.) (NF1) holds with ajg — biop # 0 and aio + bio = 0. It corresponds to q € Ag \ (Aq U A7).

(NF1q) (NFy) holds with a9 = big = 0. It corresponds to q € (A1 N Ag) \ Ay.

(NFy,) (NF3) holds with 0 < ag < 1. It corresponds to ¢ € Ay \ (A1 U Ag).

(NFy) (NFy) holds with ag = 1. It corresponds to q € (Ag N Ag) \ Ay that is to ¢ € A g\ Ay such
that F5(q) = 0.

Such coordinate system is called the normal coordinate system associated with Fy and F5.

Proof. We assume that all the generic properties given before are satisfied. Thanks to (GP1),
and thanks to the fact that we are working locally, we can assume that G is not zero.

Thanks to (GP3), we know that A4 is a submanifold of dimension 1. Let start by considering
a point g outside A4. Let define the map ¢ which to (z,y) in a neighborhood U of (0,0) in R?



associates the point reached by starting at ¢ and following G2 during time y and then G; during

time x that is
) U - M
P () e eCrenteg

Since 0,¢(0,0) = G1(g) and 9,¢(0,0) = Ga(q), ¢ is a local diffeomorphism hence defines a local
coordinate system. One proves easily that at each point of coordinates (x,y) the vector G1(z,y) =
(1,0). Moreover, along the y axis, since p(0,y) = e¥“2q then G2(0,) = (0,1). This implies the
normal form (N Fi). With the normal form (N Fy), one gets that

FLBJ0) = —5[G1,Gal(0) = = (@, o),
F0) = 5(Gi0)+Ga(0) = (5 3),
B0) = (G(0) - Ga0) = (5,—5)
which implies that
71, B3)(0) = 200y 0) - 020 ),

The subcases follow immediately.

Assume now that ¢ € Ay \ A;. Hence Gi(q) and Ga(q) are parallel and since we assume that
G1(q) is not 0, we can assume up to a change of role that Ga(q) = aG1(q) with « € [0,1]. Since
q ¢ A1, Gi(q) and [G1,G2](q) are not parallel. This implies that G; is not tangent to Ay. As a
consequence, one can choose a local parameterization y(t) of A4 such that v(0) = ¢ and (¢) has
second coordinate 1 in the basis (G1(v(t)), [G1,G2](7(t))). We can know define the map ¢ which
to (z,y) in a neighborhood U of (0,0) in R? associates the point reached by starting at v(y) and
following 1 during time x that is

U - M
SO: ( xGl

z,y) — e"iy(y)

In this coordinate system, A4 is the y axis, G1(z,y) = (1,0) and the second coordinate of G is
null at = 0 hence it is the product of the function (x + z) with a smooth function g. Moreover,
thanks to the property of 7, ¢(0,y) = 1 which implies that g(z,y) = 1 + xh(x,y) with h a smooth
function. This is exactly (NF»). If 0 < ap < 1 then Fi(q) and F(g) are not null and since they
are parallel but not parallel to [F1, F5](q) then ¢ € Ay \ (A1 U Ag). If ap = 1 then Fy(q) = 0 and
g€ (AanNAg)\ A

The case where ¢ € (A4 N A7)\ Ay can de treated by exchanging the roles of G; and G2 since
in this case Ga(q) # 0.

Let assume finally that ¢ € A4 N A;NAg. Thanks to (GP6) and (GP7) at such a point G; and
[G1,[G1, G2]] are not parallel. Hence we can define the map ¢ which to (x,y) in a neighborhood U
of (0,0) in R? associates the point reached by starting at ¢ and following [G1, [G1, G2]] during time
y and then G during time z that is

. Uu — M
. (z,y) e®C1ylG1[G1.C2]l

The fact that Gy and [G1, G2| are parallel to G implies by = 0 and byp = 0. The fact that, along
the y axis, [G1, [G1,Ge]] = (0, 1) implies in particular that bgy = % which finishes the proof.
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3 General facts about the computation of the optimal synthesis

3.1 Local controllability and existence of minimizers

In the three cases of the normal form (NF}), (NF;) and (N F3) one checks that
span(Fl, F27 [Fh F2]7 [Fl) [Flu F2H7 [F2) [Flu F2H) = ]RZ‘

Hence, as a consequence of Chow-Rashevski theorem (see [3, 25, 16]), generically such a control
system is locally controllable that is locally, for any two points, always exists an admissible curve
joining the two points.

Moreover, since at each point the set of admissible velocities is convex and compact, thanks to
Filippov theorem (see [3, 20]), locally for any two points, always exists at least a minimizer.

3.2 Pontryagin Maximum Principle (PMP)

The Pontryagn Maximum Principle (PMP for short, see [3, 24]) gives necessary conditions for a
curve to be a minimizer of a control problem. For our problem it takes the following form.

Theorem 7 (PMP). Let define the Hamiltonian
H(q7 Aa u, A0) = Ul)\.Fl (Q) + UQ)\FQ(Q) + )\0

where ¢ € R2, A € T*R?, u € R? and \g € R. For any minimizer (q(t),u(t)), there exist a never
vanishing Lipschitz covector X : t — A(t) € T;(t)R2 and a constant Ao < 0 such that

o 4(t) = G (a(t), A1), ult), Ao),
o A1) = =51 (a(t), At), u(t), o),
e 0=H(q(t),\t),u(t), o) = max,{H(q, A\, v, \) | |vi| <1 fori=1,2}.

If Ao = 0, q is said abnormal, if not q is said normal. It may be both. A solution of the PMP is
called an extremal.

Proposition 8. For a generic SF metric on a 2D manifold defined with a maximum norm, there
1s no abnormal extremal. Hence we can fit A\g = —1. This is our choice in the following.

Proof. It is a classical fact that an abnormal extremal should correspond to a covector A # 0
orthogonal to Fj, F» and [F1, F5]. This implies that along the trajectory the three vectors are
parallel. But generically this happens only on a discrete set, which forbids to get a non trivial
curve. |

3.3 Switchings

In this section, we follow the ideas of [13].



Definition 9. For an extremal triplet (¢q(.), A(.),u(.)), define the switching functions
oi(t) =< A(t), Fi(q(t)) >,i=1,2,
and the function ¢3(t) =< A(t), [F1, F2](q(t)) > .

Thanks to A\g = —1, the ¢; functions satisfy

ur(t)o1(t) +ua(t)p2(t) =1, for ae. t.
A direct consequence of the maximality condition is

Proposition 10. If ¢;(t) > 0 (resp. ¢i(t) <0) then u;(t) =1 (resp. u;(t) = —1).
If ¢i(t) = 0 and ¢i(t) > 0 (resp. ¢i(t) < 0) then ¢; changes sign at time t and the control u;
switches from —1 to +1(resp. from +1 to —1).

Definition 11. We call bang an extremal trajectory corresponding to constant controls with value
1 or —1 and bang-bang an extremal which is a finite concatenation of bangs. We call u;-singular an
extremal corresponding to a null switching function ¢;. A time t is said to be a switching time if u
is not bang in any neighborhood of ¢.

Definition 12. Outside Ay, let define the functions f; and fa by

[F1, F2)(q) = f2(9)Fi(q) — f1(9) Fa(q).

It is clear that
A\ Ay = f7H0), Ag\Aa = f;4(0).

Proposition 13 (Switching rules). Outside A4 U A1 U Ag the possible switches of the controls are
e if f1 > 0 then uy can only switch from -1 to +1 when ¢1 goes to 0,
o if f1 <0 then uy can only switch from +1 to -1 when ¢1 goes to 0,
o if fo > 0 then us can only switch from -1 to +1 when ¢2 goes to 0,
o if fo <0 then us can only switch from +1 to -1 when ¢o goes to 0.

Proof. The fact that ¢; (t) = —u2. A.[F1, F3] and ég(t) = u1.\.[F1, F5] implies that, outside Ay U
A1 U A,

Qél(t) = uz(t) (f1(q(t))p2(t) — fa(q(t))o1(t)) = —ua(t)os(t), (3)
P2(t) = wi(t) (foq(t))Pr1(t) — fi(q(t))p2(t)) = ur(t)@s(t). (4)

Now, if ¢1(t) = 0 then |po(t)| = 1 which implies ug(t)¢o(t) = 1 and hence ¢y (t) and fi(q(t)) have
same sign and the sign of f1(¢q(t)) determines the switch.
The same holds true for fo, ¢o and us. |
As a consequence, on each connected component of the complement of Ay U Ay U Ao, each
control u; can take only values -1 and +1 and can switch only once from -1 to +1 if f; > 0 or from
+1to-1if f; <O.



Proposition 14. At any point q outside A 4, exists a T > 0 such that for any extremal issued from
q and of length less than T, only one of the two controls may switch.

Proof. If ¢1(t) = 0 then |¢2(t)] = 1. Hence, if ¢1(t) = 0 and ¢2(¥') = 0 then ¢; passes from

value 0 to +1 in time ¢’ — ¢ which implies that |¢1| takes values larger than It’%tl But, since

o1(t) = —ua(faa(t))e1(a(t)) — fi(a(t))d2(q(t))), we have |[$1(6)] < [fi(a(D)] + |f2(a()]- As a
consequence, if locally |f1 + f2| < M then |t’ — ¢| cannot be smaller than 1/M.

Proposition 15. At any point q outside A4, consider the normal coordinate system centered at
q. Any local extremal stays in one of the following domains : Ry x Ry, Ry x R_, R_ x Ry or
R_xR_.

Proof. Thanks to previous proposition, only one control may switch in short time. Assume
that u; = 1. Then at each time w1 F} + uoFo = Fi + uoF5 hence the dynamics takes the form
aGy + (1 — a)G2 with a € [0,1]. This dynamics leaves invariant the set Ry x Ry, hence the
extremal does not leave this set. By the same argument one proves that if u; = —1 then the
extremal stays in R_ X R_, if up = 1 then the extremal stays in Ry x R_ and that if up = —1 then
the extremal stays in R_ x R.

3.4 Initial conditions and their parameterization

On proves easily that in the (N F7) case, max(|A,(0)[, [Ay(0)|) = 1. Hence the set of initial conditions
A is compact and extremals switching in short time or singular extremals should have a ¢; null or
close to zero. Moreover only one control can switch in short time (see Proposition 14).

In the (NF3) and (NF3) cases |A;(0)] = 1 and there is no condition on \,. Hence the set of
initial condition is not compact. This allows to consider initial conditions with |A,| >> 1 and hence
will appear optimal extremals along which the two controls switch. It is not in contradiction with
the Proposition 14 since in this case the base point belongs to A 4.

In the (NFy,) and (N F3) cases, ¢1(0) = :I:H'% and ¢2(0) = :I:l_%. Hence, if one consider a
compact set of initial conditions, the corresponding extremals do not switch in short time. And
are not singular. As a consequence, to consider the extremal switching at least once, one should
consider initial conditions with |\, (0)| >> 1.

Let us give an idea of how to estimate the |A,(0)| corresponding to a wi-switch at small time ¢
and the consequence in terms of choice of change of coordinates.

In the (NF) case, ¢1(0) = 5% > 1. Hence, if along an extremal the control u; switches for ¢
small hence on gets, since z(t) = O(t) and y(t) = O(t?),

_1+CLO

0= AW-Fi(e(t) 5(0) = -5 42,07 4 o)

and it implies that if an extremal sees its control u; switching at ¢ then A,(0) should be like %

Hence, in order to make estimations of the corresponding extremals, it is natural to choose as small
parameter ro = ﬁ, to make the change of coordinate r = A—ly, the change of time s = % and the
change of coordinate p, = rA,. This is what we do in the subsections 4.2 and 4.3.

In the (NF3) case, ¢1(0) = 1+2“° > 1. Hence, if along an extremal the control uy switches for ¢

small hence on gets, since x(t) = O(t) and y(t) = O(¢3),

0 = A)-F(x(t), y(t) = -2

+ O(t)
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and it implies that if an extremal sees its control u; switching at ¢ then A,(0) should be like t%

Hence, in order to make estimations of the corresponding extremals, it is natural to choose as small
parameter 7o such that A\, (0) = ir%, to make the change of coordinate r = —=1— and the change
0

Vid

of time s = % This is what we do in the subsection 4.4.

3.5 Weights, orders and nilpotent approximation

The definitions of privileged coordinates and nilpotent approximation are too long to be given here.
We refer to [8]. The coordinates we constructed in the normal form are privileged coordinates.

In the (NF1) case,  and y have weight 1 and 0, and 9, have weight —1 as operators of
derivation. In the (INF3) case x has weight 1 and y has weight 2, 0, has weight —1 and 9, have
weight —2. In the (NF3) case, x has weight 1 and y has weight 3, J,, has weight —1 and 9, have
weight —3.

In privileged coordinates, one way to understand the weights of the variables naturally is to
estimate how they vary with time in small time along an admissible curve. As seen before, in the
(NF) case x and y are O(t) (and may be not o(t)), in the (N Fy) case z = O(t) and y = O(¢?) and
in the (NF3) case x = O(t) and y = O(t?).

In the following, og(z,y) will denote a function whose valuation at 0 has order larger than k
respectively to the weights of = and y. For example 27 has always weight 7 and y> has weight 3 in
the (NF}) case but 9 in the (N F3) case.

With this notion of weights, we define the nilpotent approximation of our normal forms in the
three cases

(NF1) Giz,y) = 0,

Gao(z,y) = 0Oy,
(NF2) Gi(z,y) = 0Oq,

Gao(z,y) = ao0y + x0y,
(NF3) Gi(z,y) Oy,

Go(z,y) = agldy + %:UQB@,,

which corresponds to an approximation to order -1. In the following, when we will compute devel-
opments with respect to the parameter rg, that is for [A,(0)| >> 1, we will need the approximation
to order 0 for (N Fy,) and (N F3), and the approximation to order 1 for (N Fyy)

(NFy) Gi(z,y) = 0n,
Ga(z,y) (ap + a10x)0y + x(1 + baoz)0y,
(NFy) Gi(z,y) = 0O,
Go(z,y) = (14 ayzx + any + axr?)0, + (1 + byoz + bgo:c2)8y,
(NF3) Gi(z,y) = O,
Ga(z,y) = (ao+ a10v)0: + <a:22 + bo1y + b30x3> Oy,

In the (NF}) case, we will need the approximation to order 2 in order to compute the cut locus,
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when present:

(NF]-) G]_(SU,Z/) = 8%‘)
Go(z,y) = x(aip+ agor +any + asor? + as1zy + a12y2)8x +
+(1 + x(b1o + baow + b11y + b3ox? + barwy + b12y*))dy,

3.6 Symbols of extremals

As we will see in the following, the local extremals will be finite concatenations of bang arcs and
u;-singular arcs. In order to facilitate the presentation, a bang arc following +G; will be symbolized
by [[£Gi]], a ui-singular arc with control us = 1 will be symbolized by [[S]]], a ui-singular arc
with control us = —1 will be symbolized by [[S] ]], and we will combined these symbols in such a
way that [[—G1,Ga, S5 ]| symbolizes the concatenation of a bang arc following —G; with a bang
arc following G5 and a us-singular arc with control uy = 1.

3.7 Symmetries

One can change the roles of the vectors F; and F5 and look at the effect on the functions f; or on
the invariants appearing in the normal form. For this last part, one should be careful that changing
the role of F7 and F5 implies changing G and G2 and hence changing the coordinates x and y.
Let first look at the effect on the functions f; on an example : [y = —F; and Fy = F,. If we
define the control system with (F, %), it defines the same SF structure. We compute easily that

[F1, ] = [F1, Fy] = —[F1, Fo] = —(foF1 — 1iF») = foF1 — (—f1) P>

hence fi = —f; and fo = fo. With this choice G = —G5 and Gy = —G1. Of course, with such a
change on the vectors G; and Gy the change on the invariants is not so trivial to compute.

In the following we consider changes that send G; to G and Go to +Go. These changes
are interesting from a calculus point of view. Effectively, once computed the jet of a bang-bang
extremals with symbol [[G1,G2]] and of its switching times, we are able to get the expressions
for the bang-bang extremals with symbols [[£G1, +G3]]. No use to repeat the computations. For
example, if one gets the expression of an extremal with symbol [[G1, G2]] as function of the initial
conditions, one gets the expression of an extremal with symbol [[—G1, G2]| by respecting the effect
on the coordinates and the invariants ag, a1g, etc. of the correponding change of role of F} and F5.

3.7.1 Gl = —G1 and GQ =Gy

Let consider the change F| = —F, and F, = —F). Then G; = —G; and Gy = G5. With this
choice, o B B
[F1, o] = [Py, =] = —[F, 2] = —(fo ' — f1F2) = (= fi) 1 — (= f2) Iy

hence fi = —f and fo = —f1. Moreover, [G1,G2] = —[G1, Gs] and [G1, [G1, Go]] = [Gy, [G1, G2]].
We can know consider the effect of this change of role on the coordinates and on the invariants
in the three cases of the normal form

(NFy) In this case, T = —z and y = y, hence 0; = —0, and 0y = J, and

Gl = 65, GQ = (a10§7 — a20.f2 +a117y + 02(.’2', g))@i + (1 —b1oT + b20.f2 — bna’cg+ 02(@, gj))(‘)g

12



(NF,) In this case, £ = —z and § = —y, hence 0z = —0, and dy = —0, and
G1 =0z, Go=(—ag+a10Z — ag1y — az0®* + 02(7, 7))z + (T — bao®* + b3o@® + 03(7, 7)) 0y.
(NF3) In this case, T = —z and § = y, hence 0z = —0, and 0y = J, and
Gl = 0z GQ = (—ao + a0 + 01 (.Cf‘, gj))&—c + (52/2 + bo1y — bgoi‘s + 03(@', g))ag
3.7.2 Gl = Gl and GQ = —G2
Let consider the change Fy; = F» and F» = Fy. Then G = G and Gy = —G4. With this choice,
[F1, By] = [Fy, Fi] = —[F1, Bo] = —(foF1 = fiFy) = (f1)F1 — (f2) Fy

hence fi = f and fy = fi. Moreover, [G1, Go] = —[G1,Ga] and |Gy, [G1, Go]] = —[G1, [G1, Go]].
We can know consider the effect of this change of role on the coordinates and on the invariants
in the three cases of the normal form

(NF1) In this case, £ = x and § = —y, hence 0; = 0, and dy = —0, and
G1 =0z, G2 = (—a10T—ax07*+a117J+70(Z,7))05 + (1+b10T +bsoZ* — b1177 +T0(7, §)) 0y
(NF,) In this case, = x and § = —y, hence 0z = 0, and Jy = —J, and
G1 =0z, Go=(—ap— a10Z + ag1y — az®* + 02(Z, 7))z + (T + bao@* + b3oz® + 03(7, 7)) 0y-
(NF3) In this case, T = x and § = —y, hence 0z = 0, and dj = —0, and
G1 =0z, Go=(—ap— a1+ 01(z,9))0z + (72/2 — bor7 + b3oT> + 03(%, 7)) ;.

3.7.3 Gl = —G1 and GQ = —G2

Let consider the change F; = —F) and Fy = —Fy. Then Gy = —G; and Gy = —G5. With this
choice, o B B
[, o] = [ 11, —B) = [y, ] = (falh — fils) = (= f2) 1 — (= f1) F2

hence fi = —f1 and fo = —fa. Moreover, [G1,Ga] = [G1,G2] and [Gy, [G1, Ga)] = —[Gy, [G1, Ga]].
We can know consider the effect of this change of role on the coordinates and on the invariants
in the three cases of the normal form

(NF1) In this case, £ = —z and §y = —y, hence 0z = —0, and 05 = —0,. Moreover

G1 =0z, Go = (—a10T+a0t*+a1175+70(Z,§))0z + (1 —b1oZ +booZ* +b1177 +70(7, 7)) 0y.
(NF,) In this case, T = —z and § = y, hence 0z = —0, and Jdy = J,. Moreover

G1 =0z, G2 = (ap— a10® + ao1y + a2@* + 02(z,9))0z + (T — bao@* + b3o@> + 03(Z, 7)) 0.
(NF3) In this case, T = —z and § = —y, hence 0z = —0, and dy = —0,. Moreover

Gl = 0z GQ = (ao — a10T + Ol(f, g))ag—; + (f2/2 — bo1y — bg[)f:3 + 03(.’2‘, g))ag
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4 The generic local optimal synthesis

We present for generic couples (Fy, F5) the local synthesis issued from a point q. The coordinates
(z,y), centred at g, are those which have been constructed in the corresponding normal form in
section 2.

4.1 (NF)) case
At points g where (N F}) holds, one can compute that
1
filz,y) = 5(010 — bio)

+(2(a20 — b2o) — bio(a1o — b10))= + (a11 — b11) 5

N8
NI

2

i
+(3(azo — bso) — b1o(azo — bao) — (2b20 — b2y)(azo — b10))?

2
X
+(2(az21 — b21) — bi1(a1o — bio) — bio(ann — 511))73/ + (a12 — blz)% + 0a(x,y),

falwsy) = —3lar0+buo)

X
—(2(ago + b2o) — bio(aio + blo))§ — (@11 +b11)=

N

2
X
—(3(azo + b30) — bio(ago + bag) — (2b2 — b3y) (a0 + 510))3
2

X
—(2(a21 + b21) — b11(a10 + bio) — bio(an + b11))?y — (a12 + 512)% + o02(x,y).

Hence, thanks to Proposition 13, if ajgp — bjp > 0 (resp. < 0) then wu; is bang-bang and the only
possible switch is —1 — 41 (resp +1 — —1) and if a19 + b1g < 0 (resp. > 0) then ug is bang-bang
and the only possible switch is —1 — 41 (resp +1 — —1).

Remark 16 (Generic invariants). Let remark that generically, in the (N F}) case, one of the following
situation occurs

e |aio| # |bro| (N Fla),

® ajp = bip # 0 and agy — by # 0 and a1 — by # 0,

e a19 = big # 0 and agy — bayg = 0 and asg — bsg # 0 and a1 — by1 # 0,
e a9 = big # 0 and agg — bog # 0 and a7 — b1 = 0 and ajz — b1o # 0,
® a9 = —big # 0 and ag + bao # 0 and a11 + b1y # 0,

e a9 = —big # 0 and agg + bayg = 0 and agp + b3p # 0 and ay1 + by # 0,
e a0 = —byg # 0 and agy + byg # 0 and a1 + b1 = 0 and a2 + by # 0.

e a9 = big = 0 and a9y + bay # 0 and a1y + b1y # 0.
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4.1.1 Singular extremals

We consider now the properties of singular extremals and their support.

Proposition 17. Under the generic assumption that A4, A1 and Ay are submanifolds transversal
by pair then

1. The support of a u;-singular is included in A;.

2. A uy-singular extremal can follow Ay being optimal only if, at each point q(t) of the singular,
G1(q(t)) and Ga(q(t)) are pointing on the same side of Ay (or one is tangent to A1) where
fi>0.

3. A ug-singular extremal can follow Ay being optimal only if, at each point q(t) of the singular,
G1(q(t)) and —G2a(q(t)) are pointing on the same side of Ay (or one is tangent to Ay) where
fo>0.

4. Let consider a ui-singular q(.) satisfying 2 or 3. If it does not intersect A and if at each
time G1(q(t)) and Ga(q(t)) are not tangent to A; then q(.) is a local minimizer that is at each
time t exists € such that q(.) realizes the SF-distance between q(t1) and q(t2) for any t1 and
to in |t — e, t+ €.

Proof.

1. Outside A4 UA,, ¢; has isolated zero hence any u;-singular should live in A 4 UA;. Moreover,
since generically the set of points of Ay where the dynamics is tangent to A4 is isolated, a
u;-singular crosses A4 only at isolated times, which are consequently also in A;.

2. Same proof as point 3.

3. If a ug-singular ¢(.) has u; = 1 then its speed is F;(q(t)) + u2(t)F2(q(t)) which is tangent to
Ag. But ug € [—1,1] hence either |uz(t)] = 1 and G} or G2 are tangent to Ag or |ua(t)] < 1
and Ga(q(t)) = F1(q(t)) — F2(q(t)) and G1(q(t)) = F1(q(t)) + F2(q(t)) point on opposite side.
Now, assume that fo < 0 in the domain where points G1(g(t)). With the expression given
before, this corresponds to (a19+b1o = 0 and agg+bag > 0) or (a19+b1o = 0 and agg+boy = 0
and asg + bgp > 0). Thanks to the previous results, if the extremal leave Ay at time ¢y it
starts by a bang. Assume for example that this bang follows GG;. Then during this bang

$2 = u1p3 = u1(fod1 — f12)

and hence

b2 = u1(0ufod1 + fod1 — Oufropa — f162)
which implies ¢ (to) = w1 (t0)dx f2(q(t0))¢1(to) = Bz fa(q(to)) since ua(to) =1 and ¢1(to) = 1.
But if ag + bag > 0 then 9, f2(q(to)) = —(a20 + b20) + O(tp) < 0. Then, since ¢2(ty) =
®2(to) = 0 and ¢2(tp) < 0, for ¢ just after tg ¢2(t) < 0 which is in contradiction with the fact
that the trajectory follows G just after ¢g.

The same proof can be done for the other cases: a us-singular with u; = 1 and switching to
(9, or ug- singulars with u; = —1. Hence in this case, no extremal following Ay can leave

As.
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Now, assume that Ag is such that G; and —G9 point in the same side where fo < 0 at ¢ and
that the uo-singular is optimal. Consider the normal coordinate system centered at g and the
domain Ry x Ry. One can show, with the previous analysis, that the only possible extremals
issued form ¢ and entering the domain are the singular arc following A, and the bang-bang
extremals starting with symbol [[G1, G2]] or [[G2, G1]].

Let us prove that these last ones do not switch again before crossing As. If an extremal starts
with [[G2, G1]], switching for the first time at ¢ = € and hence at y = € then along the second
bang x =t —¢€, y = ¢, A = (1,1) and one computes easily that for ¢ > €

Ba() = — 3 (a0 + bao) (¢ — & + (any +bin)(t — )e +0a(e, (¢ — ).

If (a0 + bao)(a11 + b11) < O then the second time of switch satisfies t — € = —%1t0Le 4 o(¢)

" az0+b20
and hence the second switching locus has the form (— %e €). But Ag satisfies that
T = 53;312;334 + o(y) and hence the second bang crosses Ay before ending. In the case

ago + bao = 0 hence (a11 — b11)(aso + b3p) < 0 and one shows that the second switching locus

has the form (\/%, €) and A satisfies that x = —3(‘;13107%3/ + o(y) hence again the

second bang crosses As before ending. The same kind of computations show the same result
when a1 + b11 = 0 and (agg + bap)(a12 + b12) < 0. The same holds for extremal starting by
[G1, G-

Finally, the different extremals with symbol [[G1, G2]] do not intersect each other after their
first switch hence they cannot lose optimality by crossing each other. Idem for those with
symbol [[G2,G1]]. Hence they can lose optimality by crossing the singular extremal or ex-
tremals with the other symbol. Anyway, this implies that optimal extremals are coming back
to Ag. But this is not possible since in this case an extremal with symbol [[G1, Gz, S5 ]] would
exist which is not the case since the switching is coming strictly after the crossing with As.

Hence, the us-singular is not optimal.

4. Tt is a consequence of the analysis coming further but we can give a quick idea: in this case,
if ¢ is a point on Ay and if we construct normal coordinates centered at ¢, then the only local
extremals entering the domains {xy < 0} are the one starting by a wu;-singular and switching
or not locally only once to u; = +1. Hence the uj-singular is locally optimal.

Remark 18. For what concerns the point 4, assume that ¢ is a point where G; or G2 is tangent to
Aq and A; N {xy < 0} is such that at each point G; and G4 are transverse to A; and point in the
domain {f; > 0}. Then, starting from ¢, a uj-singular can run on A; N {zy < 0} and is locally
optimal. The same arguments than those exposed at point 4 work.

Definition 19. If a connected part of A; (resp. Aj) is such that at each point G; and Gy (resp.
G1 and —G2) point on the same side where f; > 0 (resp. fo > 0), it is called a turnpike. If it does
not at each point, it is called an anti-turnpike (see [13]).

Remark 20. Along a u;-singular extremal the control u; is completely determined by the fact that
the dynamics should be tangent to A;.
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4.1.2 Optimal synthesis in the domain R; x R,

Let consider a point ¢ and the normal coordinate system (z, y) centered at g. The dynamics entering
R*% x R% is with u; = 1 since up switches (Propositions 14 and 15). Three different cases can be
identified.

1st. case. AaN(Ry xRy \{0}) is empty locally. No us-singular enters the domain. It corresponds
to the case (N Fy,) where |aig| # |bio| and to the cases (N Fi.) and (N Fy4) where ajo+bip = 0 and

e (azo + bo)(ain +b11) >0,
e or ag + by = 0 and (agp + bsg) (a1 + b11) > 0,
e or ajj + b11 = 0 and (ago + bao) (a2 + bi2) > 0.
Only one us-switch can occur along the extremal. One has f5 > 0 in the domain if
e ajg+ b <0,
e or ajg + big = 0 and agg + bog < 0,
e or aig+ big =0 and asg + bog = 0 and a1 + b1y < 0,

and in this case the possible extremals of the domain have symbol [[G1]] or [[G2]] or [[G2, G1]]. One
has fo < 0 in the domain if

e ajig+ bip >0,
e or ajg + big = 0 and agg + bog > 0,
e or aig+ big = 0 and asg + bog = 0 and a1y + b1 > 0.

and in this case the possible extremals of the domain have symbol [[G1]] or [[Gs]] or [[G1, G2]].
In this case 1, the picture of the synthesis is given in the Figure 1.

Go Gao

G1 G1
f2 >0 f2a <O

Figure 1: The syntheses when fo # 0 in (R4 x R4) \ {0}

2nd. case. Ay N (R% x R%) is not empty locally and is a turnpike. It corresponds to the cases
where a1 + b1g = 0 and

® asg + boyg < 0 and aqq + b1 > 0,

e or asgy + bog =0 and a1 + b1 > 0 and agg + b3y < 0,
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e or aj; + b11 = 0 and asgg + bayg < 0 and a2 + b1o > 0.

Then fo > 0 locally along {x > 0,y = 0} and fy < 0 along {z = 0,y > 0}. Hence no bang-bang
extremal with symbol [[G1,G2]] or [[G2, G1]] exists and any extremal entering the domain starts
with a ug-singular arc. If it switches to G then it enters the domain (R* x R% )N {f2 > 0} which
is invariant by G hence it does not switch anymore. If it switches to Gy it enters the domain
(R% x R%) N {f2 <0} which is invariant by G2 hence it does not switch anymore.

As a consequence, the only possible symbols for extremals are [[G1]], [[G2]], [[S5,G1]] and
185,Ga)).

In this case 2, the picture of the synthesis is given in the Figure 2.

Go Go Go A
Ao Ay

G G G1
a0 + baop < 0 and a1 + b11 >0 aso + boo =0 and a1 + b1 >0 a1l +b11 =0 and agp + by < 0
and ago + b3o <0 and a1z +b12 >0

Figure 2: The syntheses when a1g + b1g = 0 and As is a turnpike

3rd. case. AN (R} xRY) is not empty locally and is a anti-turnpike. It corresponds to the cases
where a1 + b1g = 0 and

® asg + bog > 0 and aqq + b1y < 0,
e or asg + bog = 0 and a1 + b11 < 0 and agg + bgg > 0,
e or aj; + b1 =0 and ago + b > 0 and ajz + b2 < 0.

Then, as seen in Proposition 17, no ug-singular is extremal. hence the possible beginning of symbols
entering the domain are [[G1, Gz]] and [[G2, G1]]. In order to complete the synthesis in this case,
we have to compute the cut time and cut locus. In fact the two kind of extremals intersect before
their second switching time. Let prove it.

Let fix an €2 > 0 and consider at time ¢ > €3 the extremal with symbol [[G2, G1]] switching at
time €. One computes easily that z(t) = t — e2 and y(t) = €. For an ¢; > 0 and the extremal
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with symbol [[G1, G2]] switching at time €1, one gets by integrating the equations that

1
l‘(t) = € + aloel(t — 61) + CLQOE%(t — 61) + i(a%O + an)el(t — 61)2

1
+a306:13(t — 61) + *(SCngaQo + ao1 + allblo)e%(t — 61)2

11 3
3(2a10 + 510011 + ar2)er(t —€1)?
1
y(t) = (t—e1)+bioer(t — 1) + baoel(t — e1) + 5(040510 +b11)er(t — e1)?

1
5(6120510 + biobi1 + 2a10b2o + ba1)er (t — €1)?

(aly + a11)bio + aiobi1 + bio)er (t — €1)?

—H)goe?(t —€1)+

1.1

3(2

Let assume first that agg + bao > 0 and a1 + b11 < 0. Along the first front (depending on €3)

x +y =t when along the second z +y =t + €1(t — €1)((ago + bao)e1 + %(an + b11) hence they are
transverse at

t
1= _ 2(a20+b20)
a11+b11
and they intersect at a point such that y = Q%x + o(z). As seen previously, the switching
locus for extremals with symbol [[G2, G1]] satisfies y = —320=520 zfo x+o(x) hence it stops to be optimal

before switching. The same holds true for the extremals with symbol [[G1,G2]]. Finally the cut

locus satisfies .
az0 — b2o
Yeut = -2 Teut + 0($cut)
ain — bu
and is tangent to As.
The same computations can be done when (G; or Gy is tangent to Ao. Then one computes that

the extremals lose optimality by crossing the cut before the second switch and that

e if agy + byg = 0 then

aso + bao
Yeut = m gut + O( gut)?
o if a1 + bll =0 then
1aiz + bi2
Leut = 7ygut —+ O(ycut)

2 asy + bog

In all cases the cut is tangent to Ag and the contact is of order 2 when (agg + beo)(a11 + b11) = 0.
In this case 3, the picture of the synthesis is given in the Figure 3.

Remark 21. Using the symmetries presented in section 3.7, one can obtain from the optimal syn-
thesis in the domain R x R, the optimal synthesis in the three other domains.
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G2 G Ga

Cut locus

Cut locus

/ Cut locus

f

G1 Gy G1

aso + boo > 0 and a11 +b11 <0 aso + bop =0 and a1 +b11 <0 a1 +b11 = 0 and agg + bag > 0
and agg +b3p >0 and a2 + b1z <0

Figure 3: The syntheses when aig + b1g = 0 and As is not a turnpike

4.1.3 Optimal synthesis in the domain R_ x R_

The dynamics entering R* x R* is with u; = —1 since ug switches (Propositions 14 and 15). Three
different cases can be identified.

1st. case. AN (R_ xR_\{0}) is empty locally. No us-singular enters the domain. It corresponds
to the case (N F,) where |aq1g| # |b1o| and to the cases (N Fi.) and (N Fy4) where ajg+bio = 0 and

e (azo + boo)(ain +b11) > 0,
e or ag + by = 0 and (aso + b3o)(a11 + b11) <0,
e or ajj + b11 = 0 and (ago + bao) (a2 + bi2) < 0.
Only one us-switch can occur along the extremal. One has fs > 0 in the domain if
e ajg+big <0,
e or ajg + big = 0 and agg + bog > 0,
e or aig+ big = 0 and agg + bog = 0 and a1y + b1 > 0,

and in this case the possible extremals of the domain have symbol [[—G1]] or [[—G2]] or [[-G1, —G2]].
One has fs < 0 in the domain if

® ajo + bip >0,
e or ajg + big = 0 and agg + bog < 0,
e or aig+ big = 0 and asy + bog = 0 and a1 + b1 < 0.

and in this case the possible extremals of the domain have symbol [[—G1]] or [[—G2]] or [[-G2, —G1]].

2nd. case. Ay N (RE x R*) is not empty locally and is a turnpike. It corresponds to the cases
where ajg + bjp = 0 and

® asy + by < 0 and a1 + b1 > 0,
e or asg + bog =0 and a1 + b1 > 0 and agg + b3g > 0,

e or aj1 +bi11 =0 and agg + by < 0 and aqg + b1g < 0.
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In this case, the possible symbols for extremals are [[-G1]], [[-G2]], [[Sy, —G1]] and [[S5, —Ga2]].

3rd. case. AyN(R* x R*) is not empty locally and is a anti-turnpike. It corresponds to the cases
where a1 + b1g = 0 and

® asg+ bog >0 and aqq + b1y < 0,
e or agy + byg =0 and a1 + b11 < 0 and asp + b3p < O,
e or aj; + b1 = 0 and agg + bao > 0 and ajz + b12 > 0.
Then the only optimal symbols are [[-G1]], [[-G2]], [[-G1, —G2]] and [[-G2, —G1]]. Moreover

e if asg + byg > 0 and aq1 + b1 < 0, the cut locus satisfies

a0 + bao
Yeut = — m«%wﬁ + o(Teut),
e if asg + byg = 0 then
asp + b3o
Yeut = *3m$zut + O(mgut)a
o if a1 + bu = 0 then
1 ais + bi2
Leut = 7y2ut + O(ygut)‘

_5 asy + bog

In all cases the cut is tangent to Ag and the contact is of order 2 when (agg + bag)(a11 + b11) = 0.

4.1.4 Optimal synthesis in the domain R; x R_

The dynamics entering R x R* is with up = 1 since u; switches (Propositions 14 and 15). Three
different cases can be identified.

1st. case. AjN(Ry xR_\{0}) is empty locally. No u;-singular enters the domain. It corresponds
to the case (N F,) where |a1g| # |b1o| and to the cases (N Fyp) and (N Fy4) where ajg —bjo = 0 and

e (a2 — bo)(an —b11) <O,
e or agy — bag = 0 and (agp — bsg)(a11 — b11) <0,
e or aj; — b1y =0 and (agg — bag) (a2 — b12) > 0.
Only one ui-switch can occur along the extremal. One has f; > 0 in the domain if
® ajg — big >0,
e or ajg — big = 0 and asg — byg > 0,
e or ajg — big = 0 and asg — bog = 0 and a1 + b1y < 0,

and in this case the possible extremals of the domain have symbol [[G1]] or [[-G2]] or [[-G2, G1]].
One has f; < 0 in the domain if

® ajp—bip <O,
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e or ajg — big = 0 and agg — by < 0,
e or ajg — big = 0 and asg — byg = 0 and a1 — b1p > 0.

and in this case the possible extremals of the domain have symbol [[G1]] or [[-G2]] or [[G1, —G2]].

2nd. case. A; N (R% x R*) is not empty locally and is a turnpike. It corresponds to the cases
where a1g — b1gp = 0 and

® a9 — boyg > 0 and ay; — b1 > 0,
® or asy — byg = 0 and ay; — b1 > 0 and agg — b3y > 0,
e or aj; — b1 = 0 and azo—bg() > 0 and a1a — b12 < 0.

In this case, the possible symbols for extremals are [[G1]], [[~Ga]], [[Si", G1]] and [[S]", —G2]].

3rd. case. A;N(R% xR*) is not empty locally and is a anti-turnpike. It corresponds to the cases
where a1g — b1gp = 0 and

® as) — boyg < 0 and ay; — b1 <0,
® or asy — boyg = 0 and a11 — b1 < 0 and agg — b3y < 0,
e or aj1 — bi11 = 0 and asg — byg < 0 and aqg — big > 0.
Then the only optimal symbols are [[G1]], [[-G2]], [[G1, —G2]] and [[-G2, G1]]. Moreover
e if asy — byg < 0 and aq1 + b1 < 0, the cut locus satisfies

a0 — bao

=-2———=x o(Zeut),
Yeut 411 — buy cut T ( cut)
o if asn — b20 = 0 then b
a3o — 030
Yeut = —37.%3”,5 + 0<‘Tgut)7

ail —bn
o if aj] — b11 = 0 then

laiz —biz o

Leut = Yeut T O(yzut)'

" 2ag0 — by

In all cases the cut is tangent to Ay and the contact is of order 2 when (azg — beg)(a11 — b11) = 0.

4.1.5 Optimal synthesis in the domain R_ x R,

The dynamics entering R* x R* is with ug = —1 since u; switches (Propositions 14 and 15). Three
different cases can be identified.

1st. case. AjN(R_ xRy \{0}) is empty locally. No u;-singular enters the domain. It corresponds
to the case (N Fy,) where |ai9| # |bio| and to the cases (N Fyp) and (N Fy4) where ajg —bip = 0 and

o (ag — byo)(air —b11) <0,

® Or asy — b20 =0 and (ago — bgo)(a11 — bn) > 0,
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e or aj; — bi; = 0 and (ag — bao)(a12 — bi2) < 0.
Only one ui-switch can occur along the extremal. One has f; > 0 in the domain if
® ajg— big >0,
e or aijg — bip = 0 and agy — bog < 0,
e or ajg — big = 0 and agg — byg = 0 and a1 + b1 > 0,

and in this case the possible extremals of the domain have symbol [[—G4]] or [[G2]] or [[-G1, G2]].
One has f1 < 0 in the domain if

e ajp —bip <0,
® Or alo—bm:Oand a20—b20 >0,
® Or alo—bw:Oand ago—bgozoand a1 — b1 <0,

and in this case the possible extremals of the domain have symbol [[-G1]] or [[G2]] or [[G2, —G1]]-

2nd. case. A; N (R* x R%) is not empty locally and is a turnpike. It corresponds to the cases
where a1g — b1gp = 0 and

° ago—bgo > 0 and a1; — b11 >0,
® Or a20—b20:Oand a1 — b11 > 0 and ago—bgo <0,
e or aj; — b1 = 0 and agg — byg > 0 and a19 — bio > 0.

In this case, the possible symbols for extremals are [[-G1]], [[G2]], [[S, —G1]] and [[S], G2]].

3rd. case. A;N(R* xRY) is not empty locally and is a anti-turnpike. It corresponds to the cases
where a1g — b1gp = 0 and

® a0y — boyg < 0 and a1 — b1y <0,
e or asyg — bog =0 and a1; — b1 < 0 and agg — b3y > 0,
e or aj; — b1 = 0 and agg — by < 0 and a12 — bio < 0.
Then the only optimal symbols are [[-G1]], [[G2]], [[-G1, G2]] and [[G2, —G1]]. Moreover

e if asg — byg < 0 and aq1 + b1 < 0, the cut locus satisfies

ago — bag
Yeut = —2—————Teut + O(mcut)a
ain — by
e if asg — byg = 0 then
aszo — b3o o 9
Yeut = _371"51115 + 0($cut)’

a1 — b1

o if ail — b11 = 0 then

laiz —biz 5

Leut = Yeut T O(ygut)‘

" 2ag0 — by

In all cases the cut is tangent to A; and the contact is of order 2 when (a9 — bag)(a11 — b11) = 0.
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4.2 (NF,) case

Recall that the normal form (N Fy,) gives
Gi(z,y) = 0z,  Ga(z,y) = (a0 + a0z + 01(2,9))0s + (z + booa® + o(x,y))d,

with 0 < ag < 1.

Such a point is neither in A; nor A,. Hence no singular extremal will appear in the study of
the local synthesis.

One can compute easily that, for any extremal starting at 0, ¢1(0) = %)\w(())(l + ag) and
$2(0) = %)\x(O)(l —ap). With H =0 it gives |A;(0)| = 1. Hence, since b = —ug¢3 and bo = u1ds,
if we want to study extremals that switch in short time, we need to consider ¢3 large that is |\,|
large.

Moreover, since along an extremal issued from 0 |#(t)| < 1 for ¢ small, one gets easily that
|z(t)] <t and |y(t)| < t? for ¢t small enough. Hence ¢;(t) = H%M(O) + 2(t) Ay (0) + o(t, () Ay (0))
and ¢o(t) = 150N, (0) 4+ z(£)Ay(t) + o(t, z(t)Ay(t)). This implies that if one wants to consider
an extremal switching at time 7 small, he should consider initial conditions A,(0) ~ % Inversing
the point of view, if we consider an initial condition A\, (0) = % with rg small, the switching time
should be of order 1 in ry. This motivates the following change of coordinates on the fibers of the

1

cotangent: r = X P= rA; and the change of time s = t/r.

4.2.1 equations of the dynamics

With the new variables (x,y,p,r) and the new time s, the Hamiltonian equations become

a = Tgi(:v,y,p,%%
y = T(f;)/\[j(w?y,p,—l),
o= —Tg(%y,p,—l)ﬂwp%];(:E,y,p,—l),
= TQZZ(:U,y,p,—l).

Now, looking for the solutions as taylor series in rg, that is under the form

x(ro,s) = x1(s)ro+ :cg(s)r% + 0(7’(2)), p(ro,s) = pi(s)ro +pg(s)r§ + 0(7"8),
y(ro,s) = yg(s)rg + y3(8)7‘8 + o(rg’), r(ro,s) = ro+ 7‘2(5)1"8 + o(rg),

one finds the equations

x& — ulguz 4 U1;’U,2 ao, $/2 — ulgug a0,

Yo = Mgt vy = 52 (baoat + 72),

P = U152, Py = —U5%2(aopr + 2byr1),
rh, = 0,
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4.2.2 Computation of the jets

Using these equations, we are able to compute the jets with respect to r¢ of four types of extremals:
depending on the sign of p(0) = 1 and of ry. For each of these types we can compute the functions
1, T2, Y2, Y3, P1, p2 and ro = 0 of the variable s for the first bang. We can then compute the jets
of ¢1 and ¢ for the first bang and look for the first switching time under the form s; = s19+ s1179
and then repeat the procedure for the second bang and so on. Finally, if we denote 6, = sign(p(0))
and J, = sign(rg) then the controls during the first bang are u; = up = 6,. The first time of switch
is
s1=0,(1 = drap) — 5p(1 — drap)(8raio + bao — drapbag)ro + o(ro)

and corresponds to ¢a(s1) = 0if 6, = 1 or ¢1(s1) = 0 if §, = —1. The second bang corresponds to
uy = 0p0, and ug = —9,9, and the second switch is at

So = 57«(3 — 5Ta0) — 5;,,((1 — 5Ta0)(5ra10 + bog — (5Ta0b20) + 4b20)7“0 + O(TO)
where ¢1(s2) = 0 if §, =1 and ¢2(s2) = 0 if 6, = —1. At this time

CU(SQ) = 5p((57~ + CL())?“O — (57((» -+ ao)(—(sram + by + 5ra0b20)7“(2) + O(T(Q)),

4
y(SQ) = 2(57«7“(2) — 5p§(—aga10 + 3bgg + agbgo)rg + 0(7’8).

The third bang corresponds to u; = up = —1if §, = 1 and to u; = up = 1 if 6, = —1. The third
switching time satisfies s3 = 0,.(5 — d,ag) + O(rg) and the corresponding time ¢3 is larger than the
cut time as we will see later.

Let us analyze a little the situation in terms of cut locus for these extremals: if we consider
the extremals with 6, = d, = 1, they all start following G'1, without loosing optimality. Then they
switch to G at t = ro(1 — ag) + o(rg). During this second bang, they do not intersect one each
other since they are all following G with a different initial condition on {x > 0,y = 0}. Then they
switch to —(G1 but at a different y hence again they cannot intersect. The loss of optimality cannot

come from an intersection with extremals with §, = —1 since these last one live in {y < 0}. As
we will see in the following, the loss of optimality will come from the intersection with an extremal
with —d, = 6, = 1 during the third bang. Of course, the same occurs for extremals with ¢, = —1.

Let fix a small parameter p > 0. Since the dynamics during the third bang of all the extremals
is given by +G1 = +0,, y is constant during these third bangs. Hence, for the extremals with
8, = 1, we can look for the rg, as a jet in p, such that y = 2p? during the third bang, and for the
extremals with 6, = —1, we can look for the rg, as a jet in p, such that y = —2p? during the third
bang. The result is

1
ro = 0pp + 5r5p§(—aga10 + 3bgo + G(Q)bgo)pQ + O(p2)
which allows to compute

3aig — a%alo + 6,6b29 — 3agbag + a%bgo p2

tQ = (3 — (5Ta0)p — 5r6p 3

o(p®).

Hence we can compute z(t) = x(t2) + (t — t2) for this ro that is
z(t) = =0yt + 5,4 —2(— 3b 2boo) p? 2
= —0p pip — 3(=a0a10 + 3bao + agbzo)p” + o(p”).
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We are now in situation to complete the computation of the jet of the cut locus: an extremal
intersects an extremal of same length at the time ¢.,; = 4p+0(p?) which is less than t3 = (5—d,aq)p
hence t.y; is the cut time. When 4, = 1 the cut point satisfies

2
Teut = —g(—aoam + 3bog + adbao)p® + 0(p?),  Yeur = 20,

and when J,, = —1 the cut point satisfies

2
Teut = —g(—aoam + 3b2 + (13520)/)2 + 0(,02), Yeut = —2/72-

Finally, if one wants to describe the sphere at time ¢ small, one have that the first switching
time is
t1 = (5r(1 — 5ra0)r0 — (5p(1 — (5Tag)(5ra10 + bog — 57~a0620)7“(2) + O(Tg)

and hence, at t small, the ry corresponding to a first switching point is

t draro + bao(1 — dra0)
50— dvag) TP T (= ag)?

= t2 + o(t?).

The second switching time is
to = (57«(3 — (57~a0)7°0 — (5p((1 — (57»CL0)((5TCL10 + bog — (Sraobg()) + 4[)20)7'(2] -+ 0(7“(2))
which implies that, at ¢ small, the rg corresponding to a second switching point is

t (1 — drap)(draio + bag — drapbap) + 4bao 9

2
5,3 drag) T 5.(3 = 6,a0)? £+ olt)-

ro =
And the cut time is
1
teut = 457"(7“0 — 5T5p§(—aoa10 + 3bgg + agbgo)rg) + 0(7"8)

which implies that at ¢ small the ry corresponding to a cut point is

o )
Teut = Z(t + ﬁ(—aoam + 3bgo + adbag)t?) + o(t?).

4.3 (NFy) case
Recall that the normal form (N Fy,) gives Gi(z,y) = 0, and

Ga(z,y) = (1 + a1z + ao1y + a0z’ + 02(2,y))0x + (@ + boox® + bgoz® + 03(z,y))9y.

In this case, the extremals with initial condition |\, (0)| >> 1 are the limit when ag goes to 1 of
the extremal presented in the case (NFh,). If Ay(0) >> 1 then the symbol starts with [[Ga, —G1]]
or with [[-Ga, G1]] and if —\,(0) >> 1 then the symbol starts with [[G1, —G2]] or with [[-G1, G2]].

But F5(0) = 0 then for all extremals ¢2(0) = 0. Hence, an extremal may also, depending on
the invariants, have symbol starting by [[Ga, G1]], [[G1,G2]l, [[Sy, G1]] or [[Sy, Ga]] if Az(0) = 1,
and, [[-Ga, =G, [[-G1, =Gall, [[S5, —G1]] or [[S;, —G2]] if Ax(0) = —1.
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Figure 4: The optimal synthesis in the (N Fj,) case

If A\;(0) = 1 then at least for small time u;(t) = 1 and x(t) =t + o(t) and y(t) = o(t). Then,
computing ¢y one finds ¢o(t) = —A(£)4e — A\, ()5 + o(t) = —(“etOy; 4 o(1). Hence if
Ay(0) > —ayp then, since ¢2(0) < 0 for small time, the extremal starts by a bang following G. If
Ay(0) < —ajo then ¢2(0) > 0 for small time and the extremal starts by a bang following Gj.

If Az(0) = —1 then at least for small time u;(¢) = —1 and z(t) = —t + o(t) and y(t) = o(t).
Then ¢9(t) = (am%}‘y(o))t + o(t). Hence if A\,(0) > ajo then, since ¢2(0) < 0 for small time, the
extremal starts by a bang following —G1. If A\y(0) < a1 then ¢2(0) > 0 for small time and the

extremal starts by a bang following —Gs.
In coordinates, one can compute that

1
det(Fy, [F1, Fy))(z,y) = 1((6110520 — a0)2? + ap1y) + 02(x, y)

where x has weight 1 and y has weight 2. Since generically at such points (which are isolated
points) ap; # 0 then an equation for Ay is given by

a0 — a1pb2o o
R mm——
ap1

+ o(z?).

Remark that generically W is neither 0 nor % Moreover

folz,y) = det(Fy, [F1, F3]) (2, y) _ ((a10b20 — CL20)332 + ap1y) + o2(z, y)
20 = et (B, F)(2yy) %

Recall that an equation of the support of the integral curve of G; passing b}27 0isy =0 and
that an equation for the support of the integral curve of G passing by 0is y = %5 + o(x?).
If @20=0b20 < () or if%mmb20 > 3 then Ay does not enter the domain D = {z >0, 0 < y < %}

ao1
and along it G; and G5 point on the same side of As hence A, is not a turnpike. In these cases:
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o if ajgbog — agg > 0 then fo > 0 in D and the new extremals, that are not described as limit
of the case N Fy,, have symbol [[G2, G1]].

e if aigbog — agg < 0 then fo < 0 in D and the new extremals, that are not described as limit
of the case N Fy,, have symbol [[G1, G2]].

If ‘m_a‘limbm > 0 and % < % then As enters D and along it G; and G5 point on opposite

sides of Asy. In this case:

o if aygbyg — agy > 0 then, along As N'D, G points in direction of fo > 0 and As is a turnpike.
Then, the only extremals entering the domain D start with a singular arc and have symbols

[1S51], 11837, Gul] or [[S5, Gal.

o if ajgboyg — asg < 0 then, along As N'D, GG; points in direction of fo < 0 and As is not a
turnpike. In this case the symbols start with [[G1,G2]] and [[G2,G1]]. One can compute,
with the same techniques that in section 4.2.2, the switching times and the second switching
locus for extremals that enter the domain D, that is for extremal with initial condition
Ay(0) = —aio+de with € > 0 small and § = £1. If § < 0 then the symbol is [[G1, G2, G1]] and
the switching times are t; = 55— and t2 = t1 + the second switching

locus being

2e
a01—2a20+2a10b20°

x(e) = a01€ y(e) = 2(a01 — ago + a10ba0)€”
(a20 — a10bao) (a1 — 2az0 + 2a19ba)’ (a20 — a1ob2o) (a1 — 2ag0 + 2a19b20)?’

If § > 0 then the symbol is [[G2, G1,G2]] and the switching times are t; =

2€
a01—2a20+2a10b20

and ta = t1 + —55=c70m0, the second switching locus being
( ) aple€ ( ) 262
xz(e) = . yle) = .
(@20 — a10b2o) (a1 — 2a20 + 2a10b20) (ao1 — 2a20 + 2a10b20)?

One prove easily that all these extremals cut Ag before the second switching. Moreover they
cannot be optimal after the second switching (by considerations on the jacobian). Hence the
only optimal symbols entering the domain D are [[G1, G2]] and [[G2, G1]].

Pictures for the (N Fy) case are in Figures 5 and 6.

4.4 (NF3) case

Recall that in the (N F3) case, x has weight 1 and y has weight 3. Hence we can write

2
Grlo) =0 Gay) = (a0 + ano + o) + (- + bouy + buaa® + on(z.1) ) 0,

with bp1 # 0 and 0 < ap < 1, where og(x,y) has the meaning given in subsection 3.5. As in the
(N Fyy) case, for any extremal starting at 0,

61(0) = %)\I(O)(l +ag) and ¢(0) = %)\x(o)(l ~ ).

And for the same reasons, if we want to study extremals that switch in short time, we need to
consider |\,| large.
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Figure 5: (NFy,) case: when % > 0 and 2 aﬁiObQO <
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Figure 6: (N Fyp) case: when 920 af‘)iob” < 0 or 420 a‘;iobm >

+1}. We parameterize the upper part of

The set of initial condition is {(Az(0), Ay(0)) | Az(0) =
this set by setting A, (0) = 2 and the lower part by A\, (0) =

_72'
As explained in subsectlon 3.4, in order to compute extremals with A, (

0) >> 1 we make the
t

change of coordinates r = %, X=2Y= T% and the change of time s =
Y
Now, looking for the solutions as taylor series in rg, that is under the form

X(ro,s) = Xol(s) +roXi(s) +o(ro),  Au(ro,8) = Ago(s) +70As1(s) + o(ro),
Y(ro,s) = Yo(s)+roYi(s)+ o(ro), r(ro,s) = 1o+ 73 r2(s) + 0a(ro)

one finds the equations
01212) (94,10 — bo1) Xo(s),

Xp(s) = g(ur+uz) + G (w1 —ug), Xi(s

Yi(s) = Hun—u2)X3(s), Vils) = 5 (20 X(5) + 2Xo ()X ) — bonYo(s)).
;958; = b—i(m —U2))X0(S) a(s) = =52 (ag0 a0 (s) + Bba X2(s) + Xi(s)),
ro(s) = (ug — u2),
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For an initial condition A\;(0) = 1, one find ¢;(0) > 0 and ¢2(0) > 0, hence u;(0) = u2(0) = 1.
One can integrate the equations and look for the first switching time as a Taylor series s! =
s +rost + o(ro) and compute ¢2(ro, sy + 7951 + 0(rg)) in order to compute

3(1) =v2v1—ag and st = —ajg — 2b3o(1 — ag).
At the switching time

X(s') = V21 —=a0— (a10+ 2b30)(1 —ao)ro,  As(s') = 1,
V(s!) 0, r(s!) = ro.

After this first switch ¢1(0) > 0 and ¢2(0) < 0, hence u;(0) = 1 and uy(0
and look for the next switching time and one finds that ¢1 goes to 0 at s

2 1 \/1+a0—\/1—a0 2 1 b01((1—a0)% —\/1—{—610(1—2&0))—12[)3061(2)\/14-&0
50 == 80‘1—\/5 5 81 == 51 + D) .
ap 3agy/1+ ag

At the second switching time

= —1. We can compute
= 8% +1rps? + o(rp) with

~—

[

X(s?) = (ﬂm)Jr(?’“M“WHaﬁbm«lao>g<1+ao>3>6bsoaa<1+ao>3>ro,

3agv/1+ag
Y(SQ) _ <\/§((1+a0)3%:0(1a0)%)> . <2501(1a0+a(2)(1;;(2))%M)+12a%b30> ro,
Ae(s?) = —1,
r(s?) = 1o+ ((m\;ﬁ\ﬁ;ﬁo)bm) r2.

After this second switch, ¢1(0) < 0 and ¢2(0) < 0, hence u;1(0) = uz(0) = —1. One can compute
the third switch as being s3 = s3 + ros} + o(rg) with

3

2

3
2((1 2 —(1— b
f=stovaviTan, of = A0Twl 0wt
oV 0

At this time X (s%) = —v/2y/T + ao + O(ro) and we will see that this third switching time comes
after the cut time.

The same computations can be done for the extremals starting with A\;(0) = —1. We use the
notation Zz for variables z corresponding to these extremals. During the first bang the controls are
%1 = U = —1, during the second @#; = 1 and %y = —1 and during the third one @#; = 42 = 1. The

switching times are §' and 52 satisfying

55 = V21+ap, 51 = —aio + 2b30(1 + ap),

3
2 — §1+\/§\/1+a0—\/1—a0 2 = 35li+ bo1((1+ao) 2 —vI—ag(142ap))+12bspad/I—ag
0 — °0 ag ’ 1= " 3agv1-ao '

And at the second switching time

3 3 3
X(3) = —(V2vT—a) + (‘3‘“0““ R T = ) 7o + o(Fo),
Y(gQ) _ <\/§((1+a0)3%0_(1_a0)%)) _ <2b01(1+a0+a%—\/1;;%0(1+a0)%)—12a3b30) 7o +O(’fo),
(5% = -1,
_ _ V14+ag—+/1—agp)b — —
7(3%) = 7o+ <( + Oﬁao 0) 01) 72 + o(72).
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One can compute that at the third switching time X (53) = V2 /T =ag + O(ro).

We are now ready to compute the cut locus. As one can estimate easily, an extremal starting
with A;(0) > 0 intersects an extremal starting with A\;(0) < 0, both during their third bang.
Moreover, since Y (s?) = Y (52) + o(rg) one have that 7o = g + o(rg).

V2((14a0) 2 —(1-a0)3) 3
3ag P

Let fix a p and look for the extremals that intersect at y = . We write

3 3
70 = p+ Rewtp® + o(p?) and look for R, such that roY (s?) = ﬁ((lﬂ(’é{;;(l_ao)?)pg + o(p*). We
find

V2((—2a3 + (2 + ag) (=1 + /1 — a2))bo1 + 6a3bso)

3ao((1+ao)? — (1 —ag)?)

Rcut =

_ _ _ 9,2 _ _ _ 12 _Rn2
For 7y = P+Rcutp2 +O(p2) one finds Ruy = V2((=2ag+(2—ao)( 1;—\/1 ao);bm 6a0b30)‘ With these
3aop((14a0)2 —(1—ap)2) B
values, we can compute the second switching times t? = rs? = t2p + t3p% + o(p?) and 5 = 752 =

t1p + 13p° + o(p*) with

t% _ \/§<M+\/1+ao—\/1—ao>

ao
(=5 + 2ag — 6a3 + ad)v/T+ ag — (=5 — 3ag + a2 + 3a3) /T — ag

th = —an+ -
: 3a3v/I+ao(2+ /1 —ad)
2(—4+ag — 2a3 + a} + (=1 + ap) /1 — ad)
+ 2 bso
3+ aj
1 — /1=
B = ﬂ<M+\/ T = ao)
ag

2 = _am_(—5+3ao+a%—3a8)m+(5+2a0+6a%+a8)mb01

3a3v/T—ap(2+ /1 —ad)

2(4+ap + 2a% + a3) + (1 +ag)y/1 — a3)
+ 3 b3o
3+ ag

and the x coordinates of the point of second switching under the form x = x1p + 22p% + o(p?) and
T =T1p+ T2p% + o(p®) with

_ 2V2(1+3a3 - (1-a})?)
= 3 3.0
ao((1+ao)? — (1 —ao)2)
5+ ao +5a3 — (5+ ag)y/1 — a2
Ty = — 5 bo1 — 4b3o,
3ag
_ 2v2(1 + 3a2 — (1 — a2)?)
rr = - 3 3.
(lo((1+a0)2 —(1—(10)2)
_ 5—ag+5ak + (=5 + ag)y/1 — a2

2
3ag
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One find easily that the cut locus is at z, = L2 p 4 22822 52 4 5(p?) that is

bo1 + 4b30> p* + o(p?),

+ _ a0
bt <3(1+\/1a3)
V(1 +a0)? = (1= a0)?) 4

3a0

+
ycut

When —\,(0) >> 1, then we set r = ﬁ Equations are changed but the final result is very
Ny

similar

bo1 + 4530) p* + o(p?),

ag
cut _<3(1+\/1—a(2))
VA +ag)? — (L= an))

3&0

Yeut

Finally, the cut locus appears to be a cusp whose tangent at the singular point is the tangent
to A4, see Figure 7.

,/ Cut locus
/ Ay

! Second switching locus

=

\ e
\ - Second switching locus
\
\
\

Cut locus

Figure 7: The synthesis in the (IVF3) case
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