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Abstract

This paper considers hidden Markov models where the observations are given as the sum of a latent
state which lies in a general state space and some independent noise with unknown distribution. It is shown
that these fully nonparametric translation models are identifiable with respect to both the distribution of the
latent variables and the distribution of the noise, under mostly a light tail assumption on the latent variables.
Two nonparametric estimation methods are proposed and we prove that the corresponding estimators are
consistent for the weak convergence topology. These results are illustrated with numerical experiments.

1 Introduction

This paper considers nonparametric translation hidden Markov models where, for all 7 = 1,...,n, the
observation Y; is
Yi=Xi+ei, (H

where n > 1 is the number of observations, (X;);=1,... , is a d dimensional hidden stationary Markov chain
and (g;);=1,... » are independent identically distributed random variables independent of (X;);=1,.. ,. Both
the distributions of the latent variables and of the noise €; are unknown. The first objective of this paper is
to prove that the law of the hidden states may be recovered using only the observations (Yi)i:L._?n when
no assumption is made on the noise distribution and with only a weak nonparametric assumption on the
distribution of the hidden Markov chain. In addition, consistent estimation procedures based either on a
least squares or on a maximum likelihood approach are proposed. This work provides the first contribution
to establish identifiability results in a fully nonparametric setting for hidden Markov models with general
state space.

The use of latent data models is ubiquitous in time series analysis across a wide range of applied sci-
ence and engineering domains such as signal processing [Crouse et al., 1998], genomics [Yau et al., 2011,
Wang et al., 2017], target tracking [Sarkka et al., 2007], enhancement and segmentation of speech and audio
signals [Rabiner, 1989], see also [Sirkkd, 2013, Douc et al., 2014, Zucchini et al., 2016] and the numerous
references therein. The specific setting of translation hidden Markov models described by (1) is commonly
used in statistical signal processing, such as for nonlinear phase estimation, where the problem appears
in many applications: detection of phase synchronization, estimation of instantaneous frequencies or in
neuroscience, see [Dahlhaus et al., 2018], [Fell and Axmacher, 2011] and the references therein. In these
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applications, the latent signal is modeled as X; = ¢(Z;), g : R¢ — R for some sequence (Z;);»1 of
relevant hidden variables. In [Dahlhaus et al., 2017], such models are used to detect oscillation patterns in
human electrocardiogam recordings and to estimate a noisy Rossler attractor.

Although parametric hidden Markov models have been widely studied and are appealing for a wide range
of applications, parametric inference procedures may lead to poor results in real data and high dimensional
learning problems. This explains the recent keen interest for nonparametric latent data models which have
been introduced in many disciplines such as climate state identification [Lambert et al., 2003, Touron, 2019],
genomics [Yau et al., 2011], statistical modelling of animal movement [Langrock et al., 2015] or biology
[Volant et al., 2014]. For finite state space hidden Markov models, such nonparametric modeling has been re-
cently validated by theoretical identifiability results and the analysis of estimation procedures with provable
guarantees, see [Gassiat et al., 2016], [Alexandrovich et al., 2016], [De Castro et al., 2016], [Lehéricy, 2018].
In this setting, the parameters to be estimated are the transition matrix of the hidden chain and the emission
densities. See also [Gassiat and Rousseau, 2016] and [Akakpo, 2019] for translation hidden Markov models
with finite state space. While certainly of interest, the finite state space setting may be too restrictive for
many applications.

The inverse problem in (1) is also known as the deconvolution problem. There is a wide range of litera-
ture on density deconvolution when the distribution of the noise ¢; is assumed to be known and the random
variables (X, ;)i=1,..n are assumed to be independent and identically distributed, see [Devroye, 1989],
[Liu and Taylor, 1989], [Stefanski and Carroll, 1990], for some early nonparametric deconvolution methods,
[Carroll and Hall, 1988] and [Fan, 1991] for minimax rates, see also [Dedecker et al., 2015] and references
therein for a recent work. However, when the distribution of the noise is unknown and the observations are
independent, model (1) can not be identified in full generality.

In this paper, we establish the identifiability of the fully nonparametric hidden translation model under
the weak assumption that the Laplace transform of the latent Markov chain has an exponential growth smaller
than 2, see Theorem 1. In the case of real valued hidden Markov models, identifiability is extended to latent
variables having Laplace transform with exponential growth smaller than 3, see Theorem 2. Two different
methods are proposed to recover the distribution of the latent variables. The first one is a least squares
method arising naturally from the identifiability proof, the second one is the classical maximum likelihood
method using discrete probability measures as approximation of all probability measures. Both estimators
are proved to be consistent for the weak convergence topology, see Theorem 3 and Theorem 4.

The paper is organized as follows. Section 2 displays the general identifiability results. The consistency
of the least squares approach and that of the maximum likelihood estimation procedures are given in Section
3. These results are supported by simulations in Section 4.

2 Identifiability theorems

Consider a sequence of random variables (Y;);>1 taking values in R? and satisfying model (1) in which the
hidden Markov chain (X;);>1 is stationary. Endow R? with its Borel sigma-field B(R?). For each transition
kernel K : R? x B(RY) — [0, 1] having a unique stationary distribution sz, define the measure Ry on R24
as follows. Forall A € B(R??), Ri(A) = [ pur (dz)K (2, dy)La(z,y) . For any probability distribution P
on R<, denote by P i, p the distribution of the sequence (Y;);>1 when the stationary Markov chain (X;);>1
has transition K and ¢; has distribution P. For any p > 0, let M, be the set of finite measures y on R?
such that there exist A, B > 0 satisfying, for all A € R?, [‘exp (ATz) du(x) < Aexp (BJ|A||?) , where for
a vector \ in a Euclidian space, || A|| denotes its euclidian norm and A7 denotes its transpose vector. Notice
that if K is such that ux € M, for some p, then the function @, : C? x C? — C, defined for all
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(21,22) € C* x C? by Pr(21,22) = [exp (2f @1 + 25 22) dR(x1, x2) , is a multivariate analytic function.
Consider the following assumption.

H1 For any zg € C%, z +— ® (2, 2) is not the null function or z ++ ®(z, zo) is not the null function.

Throughout this paper, the assertion R = R and P = P up to translation means that there exists m € R¢
such that if (X7, X5) has distribution Rx and (g1, €2) has distribution P ® P, then (X; — m, Xy — m) has
distribution Rz and (1 + m,e2 + m) has distribution P ® P. The following theorems state that the
distribution of the observations allows to recover the kernel of the hidden Markov chain and the distribution
of the noise up to translation.

Theorem 1. Assume that K (resp. K ) is a transition kernel on R% x B(R?) admitting a unique stationary
distribution [ixc (resp. gz ). Assume that there exists p < 2 such that px € M, and pg € M,. Assume
that Rk and Ry satisfy assumption HI. Then, Px p = Pf{,ﬁ implies that R = Ry and P = P up to
translation.

In the case of real valued random variables, identifiability holds for a larger class of transition kernels,
including Gaussian Markov chains.

Theorem 2 (case d = 1). Assume that K (resp. I?) is a transition kernel on R x B(R) admitting a unique
stationary distribution |k (resp. jiz) and a density with respect to the Lebesgue measure. Assume that there
exists p < 3 such that px € M, and pg € M,. Assume that R and Ry satisfy assumption HI. Assume

moreover that if the stationary Markov chain with transition kernel K (resp. K ) is Gaussian, it is not a
sequence of independent and identically distributed variables. Then, Px p = P 5 implies that R = R

and P = P up to translation.

Remark 1. One way to fix the “up to translation” indeterminacy when the noise has a first order moment
is to assume that E[e;] = 0.

Remark 2. In nonparametric hidden regression models, X; = g(Z;) where g : R* — R? and (Zi)iz1 is
a sequence of hidden variables. Under the assumption that g is one-to-one, if (Z;)i>1 is a Markov chain,
then (X;)i>1 is also a Markov chain. Then, when HI holds, Theorem 1 extends the identification results of
[Dumont and Le Corff, 2017, Dahlhaus et al., 2017] to the cases where the distribution of the additive noise
is unknown. Numerical experiments in the case where g : x — cos x are given in Section 4.

Theorems 1 and 2 are proved in Appendix A.

3 Consistent estimation

3.1 Using least squares for characteristic functions

In the following, objects related to the true (unknown) distribution P* of the observed process are denoted
with the superscript x. Let S be a compact neighborhood of 0 in R??, and let w : R? x R? — R, be a
positive function on S. Let ¢* be the characteristic function of £;. For any probability distribution R on
R4 x RY, define

M(R) = /5 |® g- (it ita) ®R(it1,0) @ (0, its) — ®r(it1, it2) @ g+ (it1,0)@ - (0, it2)|?

|6* (t1)d* (t2) |Pw(ty, to)dt dts .
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Under appropriate assumptions, by the proof of Theorem 1, M (R) = 0 if and only if R = R* = Ry« up to
translation. Using an estimator ®,, of the characteristic function of (Y7, Y2), define an estimator of M (-) by

~ —~ —~ 2
M, (R)= / ’(I)n(tl, £2)® g (it1, 0)® (0, its) — B p(ity, its)Bn (tr, 0By (0, t2) w(ty, t2)dt1dts .
S

Let R be a set of probability distributions on R? x R? such that for some p < 2, forall R € R, both marginal
distributions of R are in M, and R satisfies assumption H1. Define R,, as an element of R satisfying

M,(R,) = jnf M (R).

Under the assumptions of Theorem 3, ﬁn exists but may be not uniquely defined because of translation
invariance. Let d be a distance that metrizes weak convergence on R, and define Z,,(t1,t2) by Z,,(t1,t2) =

~

V(@ (L1, t2) — Pre (it it2) 97 (t1) P35 (t2))-

Theorem 3. Assume that R is compact for the weak convergence topology and that R* € R. Assume
moreover that sup, 1,)es | Zn(t1,t2)| = Op+(1) . Then, M(R;,) = Op- (n=Y?), and d(R,,, R*) tends to 0
in P*-probability as n tends to infinity, where R* is the set of R € R that are equal to R* up to translation.

Theorem 3 is proved in Appendix A. If ®,, is the empirical estimator, then the assumption on Z,
holds as soon as the hidden Markov chain is strongly mixing, see for instance [Doukhan et al., 1994] and
[Doukhan et al., 1995]. Here is an example where the other assumptions of Theorem 3 are easily verified.
Consider (Rp)sco a family of probability distributions on R? x R¢ such that each Ry admit a density 74
with respect to the Lebesgue measure. Assume that © is a compact subset of a Euclidian space and let P(©)
be the set of probability distributions on © endowed with its Borel sigma-field. Let R be the following set of
mixtures: R = {R, = [ Rodu(), p € P(©)}.If (6,21, 22) — ro(z1,x2) is a continuous and bounded
function, then R is compact for the weak convergence topology. Also, if there exists some p such that the
measure with density sup, 79 with respect to the Lebesgue measure belongs to M ,, then all R € R belong
to M,,. Moreover, for any 1 € P(©), for any (29, 21) € C? x C%, ®p, (20, 21) = [ Pr, (20, 21)dp(f) , s0
that as soon as for some ug € C?, forall § € O, DR, (20, zug) tends to 400 when z € R tends to +o0, then
z = ®r, (20, 2) can not be the null function.

3.2 Using maximum likelihood

Using the fact that continuous distributions may be approximated by discrete distributions, we consider
finite state space hidden Markov models and the associated maximum likelihood estimator. The idea is to
replace the (continuous) support of the hidden process by a finite support. Increasing the number of support
points reduces the approximation error (the bias) while increasing the estimation error. Thus, a careful bias-
variance trade-off has to be performed to obtain consistent estimators. In this section, we present a penalized
likelihood estimator that automatically selects the number of support points. Its consistency is obtained from
the oracle inequality proved in [Lehéricy, 2018], Theorem 8.

Assume that the hidden process (X;);>1 takes values in a known compact set A = [~L, L] c R¢
and that the distribution of the noise is absolutely continuous with respect to the Lebesgue measure on R?,
Denote by K™ the transition kernel of the hidden process, and by ~* the density of the noise with respect to
the Lebesgue measure.

Transition kernels on finite sets are described by the number of points r of their support, the vec-
tor ¥ = (x1,...,,) of their support points and the transition matrix () between these points: for all
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(2,2") € {1,...,7}%, Q(z,2') = P(X; = z.|Xo = x.). For a vector X € A", a transition matrix
() with stationary distribution ;¢ and a density -y, the log-likelihood of the parameter (X, Q,~y) given the
observations (Y;)1<i<n 18

n

gn(xv Qa 7) = IOg Z /“LQ(Zl)fY(Yl - ‘rzl) H Q(Zt—la Zt)’}/(}/t - xzt) . (2)

212 €{ Ly} t=2

Let © be a compact subset of R? x GLq(R) and f : y € R? — (27m)~ %2 exp(—||y||?/2) be the density
of a standard multivariate normal distribution. Write P(O) the set of probability measures on O, let

I'= {7 Ly /@ |det(2)[f (E(y — p)) dp(, 2) 1 p € P(@),/G)udp(u, ¥) = 0} 3

be the set of densities of location-scale mixtures of f with parameters in ©, and assume that v* € I". The
condition [ pdp(p,X) = 0 ensures that all densities in I" are centered. For (1, %) € ©, write 0, x the
Dirac measure centered on (41, X). Let (Gp)p>1 be the models for the emission density, defined for all
D > 1by

D D D
Gp = {7 by = Y pidet(Si)f (Sily — pa)) 2 Y pidu s, €P(O), Y piti = 0} N C))
i=1 i=1 i=1
G p is the set of all densities in I' whose mixing measure has a finite support of at most D points.
Transition kernels are understood as functions from A to P(A) endowed with the weak convergence
topology, which is metrized by the Wasserstein 1 metric Wj. It is assumed that all kernels used in the
proposed procedure share the same modulus of continuity w. It is possible to assume that w is a concave
function with no loss of generality since P(A) has finite W;-diameter. Let C' > 2 be a constant.

H2 The application x € A — K*(z,-) € (P(A), W;) admits the modulus of continuity w/2 and there
exists a probability measure A* on A such that for all € A, K*(z,-) has a density with values in
[2/C, C/2] with respect to \*.

The collection of models (S, p),>1,p>1 used in the maximum likelihood estimation is defined as follows.
Forallr > 1land D > 1,let S, p bethe setof all (X,Q,7) € A" x [1/(Cr),C/r]™*" x Gp such that @ is
a transition matrix and the transition kernel z, — >_",_; Q(z, 2)d,_, admits the modulus of continuity w
with respect to W;. For each r > 1 and D > 1, the maximum likelihood estimator of model S, p is defined
by

-~ o~ 1
(Xr,0,Qr,p,7,p) € argmax —{,(X,Q,7). %)
(vavfy)ESr,Dn

Then, select the number of states and the model dimension using the penalized likelihood:
PN 1 = ~ logn)t®
Do) e amgmax (16,E0.QuoiFup) - (D +14) )

r<logn,D<n n

and define the final estimators @n, @n, Vn) = (i?n, B, @?m B %’“ 5"). In order to state the consistency
result, a continuous kernel associated with the discrete kernels of the models has to be introduced. For
(%,Q,v) € Sy.p, denote by Kx ¢ a transition kernel on A that admits the modulus of continuity w with
respect to the Wasserstein 1 metric, extends the kernel defined by () on {Iﬂz}z:l,...,r and such that the
support of Ky g(z,-)isin {z,},=1, ., forall x € A. Linear interpolation provides a way to construct such
a kernel as soon as the modulus w is concave.
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Theorem 4. Assume that assumptions HI and H2 hold. Let \* be the measure defined in assumption H2
and Supp(\*) its support. Then almost surely,

sup Wi (K
zESupp(A*)

), K*(2,)) — 0

ENGNCE d

and ¥ — v* v —> 0. In particular, almost surely under P*, for all x € Supp(\*), Kz 5 (v,) —
n—oo nsy«wn

K*(x,-) for the weak convergence topology and if Py denotes the distribution of the stationary Markov
chain with transition kernel K, P%_ — PX., for the weak convergence topology.

n:Qn

This result is a special case of a theorem stated and proved in Appendix B that holds for more general
sets I and (Gp)p>1.

4 Simulations
Consider the model where Zj, is a uniform random variable on (0, 27) and for all k£ > 1
Zy = QLp_1+ 0z, Xk :COS(Zk) and Yk:Xk+O'yT]k,

where (¢, 0,,0,) € [-1,1] x R% x R% and where (£, 7 )x>1 are independent standard Gaussian random
variables independent of Z;. The parameters (¢,04,04) = (1,0.1,0.1) are used to sample the observations.
Assumption H2 holds: the transition kernel K* of (X )x>1 is 1 / 2-Holder and the probability measure \*
can be taken as the invariant measure of K*.

This section provides numerical illustrations of the maximum likelihood approach, additional simula-
tions using least squares for the characteristic functions are given in Section C. The performance of the
estimation procedure proposed in Section 3.2 is assessed in the case where A = R and I" is as in (3) with
© = R x (0,+00). Although the compacity assumptions of Section 3.2 are not satisfied, in practice, the
estimator is shown to converge to the true distribution. The main reason for these assumptions is to ensure
theoretical consistency by ruling out the worst case scenarios where the estimators are degenerate.

For each n € {5000, 10000, 20000, 50000, 100000, 200000}, 10 independent and identically distributed
sequences (Y;);=1,..n are generated. For each sample, an approximation of the maximum likelihood es-
timator is computed using the Estimation-Maximization algorithm [Dempster et al., 1977] for D = 2 and
r € {10, 20, 30}. Then, using Nx = 5000, Ny = 4 and Nx X Ny independent and identically distributed
pairs (Xl(]l), XQ({i))i:L.---,NX j=1,...,Nw ~ Ik, the error criterion is the estimated Wasserstein distance be-
tween the estimated and the true distribution of (X7, X5):

Error(X,, Q,) = ZWl (RK3€ &) N 25()((;) X(n) (6)

or equivalently (when written as a distance between weighted point processes)

Error(%n,Qn = NW ZWl Z Ri: o (z,") ”/), Z(SX(J) X))

T, T exn

The distance W is computed using function wasserstein fromR package t ransport [Schuhmacher et al., 2019,
R Core Team, 2017]. The results are displayed in Figure 1.
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Figure 1: Wasserstein distance computed as in (6) for » = 10 (top), » = 20 (middle) and » = 30 (bottom).
Each dot is an estimated value with the maximum likelihood approach. For each value of 7, the mean value
(squares) over all runs as well as the empirical standard deviation (bars) are displayed.
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n r=10 r =20 r =30
5000 [0.196; 0.327; 0.773] [0.170; 0.312; 0.778] [0.059; 0.304; 0.800]
10000 | [0.075;0.182;0.355] [0.047;0.169; 0.363] [0.045;0.184; 0.371]
20000 | [0.075;0.097;0.261] [0.045;0.082;0.267] [0.036; 0.079; 0.255]
50000 | [0.077;0.098;0.166] [0.048;0.077;0.155] [0.034; 0.074; 0.160]
100000 | [0.076; 0.103; 0.149] [0.046; 0.091; 0.142] [0.038; 0.084; 0.139]
200000 | [0.076; 0.087;0.110] [0.045; 0.065; 0.100] [0.037; 0.062; 0.107]

Figure 2: Summary of the Wasserstein distance computed as in (6). Each cell contains the min, median and
max value of the error over the 10 simulations with corresponding r and n.

A Proof of Theorem 1, Theorem 2 and Theorem 3
A.1 Proof of Theorem 1

The following result, which may be established by arguing variable by variable, is used repeatedly in this
proof. If a multivariate function is analytic on the whole multivariate complex space and is the null function
in an open set of the multivariate real space or in an open set of the multivariate purely imaginary space,
then it is the null function on the whole multivariate complex space.

Assume that Px p = P 5 and let ¢ (resp. ¢) be the characteristic function of P (resp. ﬁ). Notice that
P, (it1,itg) (resp. Pr_ (iti, ity)) for real numbers numbers ¢, and 5 defines the characteristic function of
(X1, X5) when the Markov chain has kernel K (resp. K) and @, (it,0) = ® g, (0, it) (resp. Ppr_(it,0) =
® i, (0,4t) for real numbers ¢ defines the characteristic function of any X; when the Markov chain has kernel

K (resp. K). Since the distribution of Y7 and Y5 are the same under Px p and P 5, for any ¢t € R,

K,P
6 (£) Dy (it,0) = ¢ (t) P (it 0) . (7)
Since the distribution of (Y1, Y>) is the same under Px p and P 5, for any (t1,%2) € R? x R,
(1) 6 (t2) Prrye (it1,it2) = ¢ (1) § (t2) P (it its) . ®)

There exists a neighborhood V' of 0 in R? x R? such that for all t = (t1,t3) € V, ¢ (t1) # 0, ¢ (t2) # 0,
¢ (t1) # 0, ¢ (t2) # 0, so that (7) and (8) imply that for any (¢;,5) € V2,

Dp, (it its) Pr_ (it1,0) P (it2,0) = Br_ (it1, its) Py (it1,0) Dg,, (it2,0) . ©9)

Since (21, 22) = PRy (21,22) PR (21,0) PR (22,0) — Pr_ (21, 22) PRy (21,0) PRy (22,0) is a multi-
variate analytic function of 2d variables which is zero in a purely imaginary neighborhood of 0, then it is the
null function on the whole multivariate complex space so that for any z; € C% and 2z, € C?,

Py (21,22) PR (21,0) Pr (22,0) = Pr_ (21, 22) PRy (21,0) PRy (22,0) . (10)

Fix (ug,...,uq) € C?! and let Z be the set of zeros of u + ®g(u,us,...,us,0) and Z be the set of
zeros of u — @RR,(U,UZ, ...y uq,0). Let uy € Z and write 21 = (ug,us, ..., uq) so that by (10), for any
Zo € Cd,

(PRK(Zl,ZQ) @R}‘( (21,0) (I)RE(Z%O) =0 and (PRK(ZQ,ZI) @Ri(zl,O) q)RI‘((ZQ,O) =0. (11)
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By assumption H1, 2z — ® g, (21, 22) is not the null function or z; — P, (22, 1) is not the null function.
Assume without loss of generality that zo — ®g, (21, 22) is not the null function (the proof follows the
same steps in the other case). Then, there exists z3 in C? such that ®x,, (21, 23) # 0 and by continuity,
there exists an open neighborhood of z3 such that for all 2o in this open set, g, (21,22) # 0. Since
z = Pr (2,0) is not the null function and is analytic on C¢, it can not be null all over this open set, so
that there exists zz such that simultaneously ® g, (21,22) # 0 and ® Ry (22,0) # 0. Then (11) leads to

®Ppr_(21,0) =0,s0that Z C Z. A symmetric argument yields Z C Z so that Z = Z.

Moreover, the analytic functions u +— ® g, (u,uz,...,uq,0) and u — Pp_(u,uz,...,u4,0) have ex-
ponential growth order less than 2, so that using Hadamard’s factorization Theorem, see [Stein and Shakarchi, 2003,
Chapter 5, Theorem 5.1], there exists a polynomial function s with degree at most 1 (and with coefficients
depending on (us, . .., ug)) such that for all u € C,

bp,. (u,ug,...,uq,0) = es(“)q)Rk(wuz,...,umO).

Arguing similarly for all variables, there exists a polynomial function S on C? with degree at most 1 in each
variable such that for all (uy, ..., uq) € C%,

(I)RK (UJl,UQ7 ey Ug, O) = es(ul’ua"”"“’d)q)RE(ul,’U,g, ceey, Ug, 0) . (12)

Since g, (0,...,0) = P (0,...,0) = 1, the constant term of the polynomial S is 0. Assume that /¢ is
not supported by 0. Thus, there exist a = (a1, ...,aq) € R%, a > 0and § > 0 such that

d d
O¢H[ajfa,aj+a] and pg H[ajfa,ajJra] >0,
Jj=1 j=1

which gives, for all A € R?,
‘I)Rﬁ ()\, 0) > 562;; infeela;—a,a;+a] AjT )

When i 77 is supported by 0 then, for all A € R4, ®pr_(A,0) = 1. Since puz € M, for some p < 2,if S has
degree at least 2, then @y, (-,0) has exponential growth of order at least 2, contradicting the assumption.
Then, S has degree at most 1 and there exists m € C such that for all z € C¢,

O, (2,0) = ™ *0p_(2,0). (13)

Asforall z € RY, ®p, (—iz,0) = g, (i2,0) and Pp_(—iz,0) = ®p_(iz,0), thenm € R<. Combining
(13) with (10) yields, for all (t1,t5) € R% x R,

D, (it ity) = €™ UHT G L (it ity) . (14)

Then, using (7), for all t € R such that @, (it,0) # 0, (t) = e_imTtg(t). Since the set of zeros of
t — ®p, (it,0) has empty interior, for each ¢ such that &, (it,0) = 0 it is possible to find a sequence

(tn)n>1 such that ¢,, tends to ¢ and for all n, ® g, (it,, 0) # 0. But ¢ and qNS are continuous functions, so that
forallt € R,

o~
$(t) = e To(t). (15)
The proof is concluded by noting that (14) and (15) imply that Rx = Rz and P = P up to translation.
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A.2 Proof of Theorem 2

Using Hadamard’s Theorem, if i € M, (resp. pgz € M,) with p < 3, then z — ®p,(2,0) (resp.
z + ®r_(2,0)) has no zeros if and only if the Markov chain is Gaussian. Therefore, the assumptions of
Theorem 2 imply that in all cases, the stationary Markov chains with transition kernel K (resp. K)isnota
sequence of independent and identically distributed variables.

Following the same steps as in the proof of Theorem 1, there exists a polynom .S with real coefficients
and degree at most 2 such that, for all z € C, @, (2,0) = es(z)CI)RR (#,0), and for all (21, z2) € C x C,

(I)RK (21, 2’2) = 65(21)63(22)‘51{}‘( (21, ZQ) . (16)

Assume that S has degree equal to 2. Then, there exist real numbers a, b, ¢ such that for all z € C,
S(z) = az? + bz + c. With no loss of generality assume that a > 0 (otherwise, replace K by K). Then,
(16) means that there exist independent and identically distributed Gaussian variables n;, with variance 2a,
such that, if (X;);>1 is a stationary Markov chain with transition kernel K and (X;);>1 is a stationary
Markov chain with transition kernel & , (Xi)i>1 has the same distribution as ()N(Z + 1i)iz1, With n;, 4 > 1,
independent of ()}1)@1 Using Lemma 1, this implies that the (X;);>1, are independent and identically
distributed, contradicting the assumption of Theorem 2. Then, S has degree at most 1, and the end of the
proof of Theorem 2 follows the same steps as the proof of Theorem 1.

Lemma 1. Assume that (X;);>1 is a stationary real valued Markov chain with transition kernel having
a density with respect to the Lebesgue measure. Assume that (1;);>1 is a sequence of independent and
identically distributed real valued Gaussian random variables with positive variance and independent of
(Xi)iz1- If (X + mi)is1 is Markov chain, then (X;);>1 is an independent and identically distributed
sequence.

Proof. Forall z € R, let 2’ — g(z, 2’) be the density of the transition kernel of the Markov chain (X;);>1
with respect to the Lebesgue measure and 1 be its stationary density. Denote m the mean and o the variance
of 71, and let ¢ be the density of 7; . The fact that (X;+n;);>1 is a Markov chain implies that the conditional
distribution of X3 + 73, conditionally to (X5 + 72, X1 + 11), equals the conditional distribution of X3 + 73,
conditionally to X5 + 72 alone. This rewrites as follows. For all real numbers y;, y2, ¥3,

/u(xl)q(xl,xz)¢(y1 —21)0(y2 — x2)q(22, 23)P(y3 — v3)p(x4)P(y2 — v4)dr1drodasdr,
= /u(ml)q(ﬂchxz)cb(m — 21)0(y2 — x2)p(xa)q(za, 23)P(ys — 23)P(y2 — xa)dxrdaodasdrs. (17)

But for all real numbers x and y, ¢(y — ) = ¢(x — y — 2m). Since y is a complete statistic for ¢(z —y —
2m)dz, (17) implies that for all real numbers x1, 3, y2,

/u(m)q(ah, To)p(wa)[q(w2, v3) — (24, 23)]0(y2 — 22)P(y2 — x4)daaday = 0. (18)

Using that ¢(y2 — 22)¢(y2 — 7a) = 6(v2[y2 — (x2 + 24)/2)))6((w2 — 24 + m)/V/2). (18)) implies that
for all real numbers z1, x3, u,

/u(m)q (xl,“;”)u(“;“) [q (“;”x?) —q(“;”,msﬂ $((v+m)/V2)dv =0. (19)

10
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Let H : R®> — R be any measurable and positive function. Define the measurable and positive function
G: (z,y,2) — H(z,y,2)¢((x —y + 2m)/2+/2). Then by multiplying (19) by
H((u+v)/2,(u—v)/2,z3) and integrating over x1, x3, u, we get by change of variable that

/u(m)q(m,wz)q(wz,ws)u(m)G(azz,m,xg)dmdxzdxsdm

:/M(ﬂh)q(fﬂh$2)M($4)Q($4,$3)G(332,$47$3)d$1d$2d$3d$4- (20)

Let now ()?i),;l be a Markov chain with the same distribution of (X;);>1 but independent of (X;);>1.
Since the correspondance G <+ H between measurable positive functions is one-to-one, (20) means that

for any measurable and positive function G, E {G (Xg, 5(:2, Xg)] =E [G (XQ, )?2, )}3)} , which means

that (Xo, )?27 X3) and (Xo, )?2, X 3) have the same distribution. But this implies that X is independent of
(X2, X3) which implies that X5 is independent of X. O

A.3 Proof of Theorem 3

Using the fact that characteristic functions are bounded by 1, for all R € R,

1
sup  |Zy(ti,t2)|+ = sup | Zy(t1,t2)?, 21)

3
|M,(R) — M(R)| < —=
\/ﬁ (t1,t2)ES T (t1,t2)€S

and using the assumption on Z,,, sup geg |Mn(R) — M(R)| = Op-(n~'/2). Now, using the definition of
Ry and 21), M(R,) < My(Rn) + Ope (n™V/2) < My(R*) + O+ (n"/2) < M(R*) 4 Op: (n~1/2).
M(R,,) is then upper bounded by a term of order Op+ (n~'/2) since M(R*) = 0, and the first assertion
of Theorem 3 is proved. Now, R — M (R) is continuous for the weak convergence topology, and for any
€ > 0, SUPRreR 4(r,r+)>e M (R) is attained by compacity of {R € R,d(R, R*) > €}, and positive since
M(R) = 0if and only if R = R* up to translation. Thus using Theorem 5.7 in [van der Vaart, 1998], the
set of limiting values of (En)n>1 for the weak convergence topology is the set of R € R such that R = R*
up to translation.

B Proof of Theorem 4

B.1 General statement

This section provides in Theorem 5 a more general statement of the result claimed in Theorem 4. The proof
of Theorem 5 is postponed to Section B.2. Let I be a set of probability densities on R¢ that satisfies the
following assumption.

H3 T is a set of continuous and positive probability densities that admit a first order moment and are
centered in the sense that for all v € T,

/R ) yy(y)dy = 0. (22)

[ is a compact subset of L' (R¢) and the envelope function

b:y € R —s supsup max(y(y — z),v(z — y))
yel zeA

11



Elisabeth Gassiat, Luc Lehéricy, Sylvain Le Corff Nonparametric general translation HMM

satisfies b € L*(R%) N L>°(R?), admits a first order moment, and there exists a constant Ct > 0 such
that for all ¥ € T' and y € RY, the mapping x € A — ~(y — x)/b(y) is Cp-Lipschitz. Finally,
v eT.

The centering assumption (22) allows to fix the translation parameter in the identifiability results.

Example. Let f be a bounded and positive probability density on R? that admits a first order moment and
is centered. Assume that there exists € > 0 such that

sup F(2(- = p) € LY(RY)
(1, 2)ERI X GL4(R)
lull2<e, |E—tdallF<e

and let © be a compact subset of R? x GL4(R). Finally, assume that there exists a function D such that
forall y,y' € R |f(y) — f(v)] < D¢(y)ly — v'| and such that (Dy/f) € L>=(R%). Then the set of
translation-scale mixtures of f with parameters in ©

I'= {7 Ly /@ |det(2)[f (X(y — p))dp(p, ) :p € P(G),Ludp(u, ¥) = 0}
satisfies H3.

H4 T satisfies H3 with the envelope function b. Let m be the lower envelope function of I" defined by

cy e R? inf inf v(y — ).
m:y € '—>WII€1F;I€1A7(ZU )

There exists € > 0 such that [ b(y)[b(y)/m(y)]°dy < oco.

Example. The set I' of Gaussian location-scale mixtures of Section 3.2 satisfies H3 and H4.

Then, consider (Gp)p>1 a family of subsets of I'. The following assumption essentially means that
each Gp is a parametric model with dimension D.

H5 T satisfies H3 and H4 with the functions b and m, the set | J D>1 Gp is dense in I" with respect to

the L' norm, and there exists a constant ¢ > 0, a mapping (D, A) € N* x R, ~ ¢(D, A) and an
increasing mapping D —— dimp such that the following holds.

— Forall D > 1and A > 0, log (D, A) < ¢(logdimp +A).

— For all D > 1, there exists a surjective application § € ©p C [—1, 1}dimD — Y € Gp
such that for all z € A, A > 0 and y € R? such that log(b(y)/m(y)) < A, the mapping
6 € ©p — (y — x)/b(y) is ¢(D, A)-Lipschitz (with ©p endowed with the supremum
norm).

The exact value of ¢ only matters for the constants in the penalty.

Example. The family (Gp)p>1 of finite Gaussian translation-scale mixtures of Section 3.2 satisfies HS
with dimp = D(d* +d) + D — 1 forall D > 1.

12
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Define the models (S, p)r>1,p>1 and their maximum likelihood estimators (%T D, @r, D,r.p) as in
Section 3.2. Then, select the number of states and the model dimension using the penalized likelihood. Let
pen(n,r, D) be a penalty function such that pen(n, r, D) "y 0 for all r and D and such that there exists

n—-+0oo

a sequence (uy,)n>1 satisfying u,, — o0 and for all n, r, D,
n—oo

(logn)** loglogn

pen(n,r, D) > u,(dimp +rd + r* — 1)
n

For instance, for any constant cst > 0, this inequality holds by choosing pen : (n,r, D) — (cst - dimp +
rz)i(log")ls Let
.

~

. 1 o~ o~
(Tna Dn) c arg max (nzn (xr,Dv QT,Da ’}/T,D) - pen(na T, D)) (23)

r<logn,D s.t. dimp<n

and define the final estimators (X,,, Qn,Vn) = (%?m B, Q?m B, %m ﬁn) )

Theorem 5. Assume that assumptions Hl, H2, H3, H4 and H5 hold. Let \* be the measure defined in
assumption H2. Then, almost surely

sup Wi (K3z 5 (z,)),K*(z,)) — 0
xESupp(\*) X0, Qn n—00

and |¥n—=7*[l1 —> 0. In particular, almost surely under P*, forall x € Supp(\*), K3 5 (x,-) — K*(z,)
n—roo nyn

for the weak convergence topology and if IP§ denotes the distribution of the stationary Markov chain with
transition kernel K, P)fgin, — ]P’)[g* for the weak convergence topology.

The remaining sections of this paper are dedicated to the proof of Theorem 5.

B.2 Proof of Theorem 5

This section states a few intermediate results whose proofs are postponed to the following sections. These
results are followed by the proof of Theorem 5, the consistency of the maximum likelihood estimator, which
is the main result of this appendix. Let QS be the set of transition kernels K on A which admit the modulus
of continuity w with respect to the Wasserstein 1 metric and such that there exists a probability measure A
(which may depend on K) such that for all z € A, K(z, -) is absolutely continuous with respect to A with a
density taking values in [1/C, C|]. The kernel K* as well as all kernels considered in the models S, p belong
to QF.

Lemma 2. Assume that QS is endowed with the topology of the uniform convergence on the set of continuous
functions with values in (P(A), W), and T is endowed with the Ly topology. Then QS x T endowed with
the product topology is compact.

For all probability measures p and v, the Kullback Leibler divergence between p and v is defined by

[ log g—’;d,u when g is absolutely continuous with respect to v,
+00 otherwise.

KL(u|lv) = {

Lemma 3. Let (K., vn)n>1 € (QS x )N Then for all n > 1, the quantity K(Pg+ o+ |Pk, ~.) =
im0 =K L(P(Igﬁizw ||IP’(I?)7) exists and is finite, and the following two statements are equivalent.

13
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1. K(PK*KY*HPKM’M) n—> 0.

— 00

(k) (k)
2. Forallk > 1, dpv (P . Py’ ) e 0.
The consistency of the maximum likelihood estimator relies on the following oracle inequality, which
follows from [Lehéricy, 2018, Theorem 8]. It is proved in detail in Section B.7 how Proposition 1 is deduced
from [Lehéricy, 2018, Theorem 8] in the setting of this paper.

Proposition 1. For each r and D, let S, p and (3%, D, @7.7 D, Vr,p) be defined as in Section 3.2 and Equa-
tion (5) and let (7,,, D.,) be defined as in Equation (23). There exist constants Cpen, A and ng such that the
following holds. Assume that the penalty satisfies pen(n,r, D) > Cpen(dimp +rd + r2 — 1)log(n)'*/n

forall n > ng, r and D. Then, for all n > ng, with probability at least 1 — 3n~2,

K(PK*”Y* ||P§tna@ns:y\n)

(logn)®

inf ( inf K(Px+ 4+ [[Px,q,) + 2pen(n,r, D)) 4 g losn)”
n

<2 i
r<logn,D st.dimp<n \ (X,Q,y)€S, D

Lemma 4. Let (K, v)n>1 € (5 x T)Y be a sequence that converges to (K, ~). Then, for all k > 1,
(k) (k)
drv (Py ., P ) — 0.

T Ky 5o

Lemma 5. There exists a sequence (X, Qt, 7Vt )t>1 taking valuesin\J,~, ps1 Sr,p such that K(Pg« o+ ||Px, 0, ~.) =
=1L, U= —00
0.

Theorem 5 may now be proved. Proposition 1 actually gives a deterministic function f : N* — R,
such that for all n > ng, with probability at least 1 — 3n"2,

KPP, g,5,) < F(n)-

By Lemma 5, the assumption that pen(n,r, D) goes to zero as n goes to infinity for each r and D and
Borel-Cantelli Lemma, almost surely,

KPP — 0.

xrnanan) n—oo

Thus, by Lemma 3, almost surely, for all £ > 1,

drv (szﬂ*,[@gﬂ) ~ ) — 0.

Xn,Qn ,:Y\n n——+oo

In particular, by Lemma 4, all limits (K, ) of convergent subsequences of (K3 5 ,7n)n satisfy P(I?)*’,Y* =

]P’g?v, which means that Ry~ = Ry and v = «* by Theorem 1 using assumption H1, the fact that Ry« and
Ry are in M since their support is in the compact set A? and the fact that the translation parameter is fixed
by the centering condition on the densities. Therefore, using the continuity of K and K™, it follows that
K(x,-) = K*(z,-) for all x € Supp(\*). Since the set of parameters is compact by Lemma 2, Theorem 5

follows.

14
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B.3 Proof of Lemma 2

Let Q,, be the set of transition kernels on A which admit the modulus of continuity w with respect to the
Wasserstein 1 metric. 2, is an equicontinuous family of functions from A to the set of probability measures
P(A) on A endowed with the Wasserstein 1 metric. Since A is compact, convergence in Wasserstein distance
is equivalent to convergence in distribution and P(A) is compact for the topology of the convergence in
distribution, so that Arzela-Ascoli’s theorem ensures that €, is relatively compact in the class of continuous
functions from A to (P(A), W1 ) with respect to the uniform convergence distance. It is closed, therefore it
is compact.

Recall that € is the subset of €, such that K € QC if and only if there exists a probability measure
A such that for all x € A, K(x,-) is absolutely continuous with respect to A with a density taking values
in [1/C, C]. Let us show that it is closed. Let (K, ),>1 be a convergent sequence in QS and (\,),>1 the
associated probability measures. Write K € €2, its limit. Without loss of generality, it is possible to assume
that \,, — A for some A\ € P(A) as n grows to +oo. Let Cz?, 4 be the set of real-valued, nonnegative,
bounded and continuous function on A, then for all f € Cz?, Landallz € A,

/ Ko, da!) f(2') € [é / fdr, C / fd)\}

by definition of QF. Then, using the convergence of the sequences, for all f € Cg Landallz € A,

/K(x,dx’)f(at') € [é/fd)v(;'/fd)\} .

For all closed set F' C A, there exists a sequence (f;);>1 \( 1. Therefore, for all closed set F' C A and all
x €A,
ANF
K(z,F) € [(c) (J)\(F)} .
Thus, using the regularity of Borel probability measures on polish spaces, the same holds for all measurable
sets, so that K € QS Therefore, QS is closed, so that it is compact.

B.4 Proof of Lemma 3

The following lemma follows from the proof of Lemma 3 of [Douc et al., 2004]. In this section only, for all
integers a < b, write Y, instead of (Y, ..., Y).

Lemma 6. Assume that assumption H3 holds. By stationarity, extend the process (Yi)i>1 into a process
(Yy)tez. Let K, K' € QS and ~,~'" € T. Then, there exists random variables 5, oo (K, ~y) and 5y, oo (K', ")
such that almost surely, for all k € 7. and m > 0,

k—1

| ka\Yk”"_ﬁ;’,K7fy(Yk|Yk—m) k.00 (K, ) < 902 (1 1 >m1

0g I X - 5 s
Pt ORI B (1) e

and forall k € Z,

k—
Dy, vkt K,fy(Yk|Yk—nl1)

k—m>’

5k,OO(Kv 7)
6k,oo(K/7 '7/>

sup |log e L'(PY).

\% ‘log
-
m2=0 ka\Ykk:,iaK'ﬁ/ (Yk|kanlz)

15
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Proof. Write first how the notations of this paper match those of [Douc et al., 2004]. The set X" (resp.
Y) of [Douc et al., 2004] is A (resp. R%) and R¢ is equiped with the measure with density b/||b||; with
respect to the Lebesgue measure. Finally, the set © of [Douc et al., 2004] is {(K,~), (K’,+')}. Contrary
to the setting of [Douc et al., 2004], X is endowed with a measure that depends on the parameter 6. The
proof of Lemma 3 of [Douc et al., 2004] holds with the following relaxed assumptions (with the notations
of [Douc et al., 2004]).

(A1%) Forall € O, there exists a measure j1p on X' such that the transition kernel of (X} )x>1 has a density
qp with respect to pp such that forall z, 2’ € X, 1/C < gg(z,2’) < C.

(A¥) Eg-[|log b, (Y1, Yo)[] < ooand Eg-[|log b_ (Y3, Yo)[] < oo where by (y1,50) = supg [ g0(v1]50, @) s (da)
_ A . _
and b_(y1,¥0) = infy [ go(y1]¥0, z)pe(d).

These assumptions are equivalent to the following (A1) and (A3”).

(A1”) There exists a measure Ax on A such that the transition kernel K has a density with respect to Ag
with values in [1/C, C], and likewise for K.

(A3”) E*[|log [, [|bll (v(Ys — 2)/b(Y1))dAk (x)]] < oo, and likewise for (K', 7).

The lemma then follows from Lemma 3 of [Douc et al., 2004] applied on (K,~) and (K’,~'). (A1”)is
direct by definition of Q. By H4, ||b||1m(y)/b(y) < fA 92 (y)d\x (x) < ||b]l1. Thus, (A3”) is implied by
the integrability condition of H4 since the distribution of Y7 under P* is dominated by the distribution with
density b with respect to the Lebesgue measure. O

Thus, for all K, K’ € QS and v, € T, the limit

. 1 m 60, (K7 7)
K(PK74{||PK/7,Y/) = ml_l){iloo EKL( ||P( ) ) = ]EK,"/ |:10g m

exists, is finite, and for all k,m > 1,

m—1
m m m 1
KK (P [Pic ) — (KL IPEEY) - KLEE)IPED, )| < 20t (1—02) .

Let (K, Yn)n>1 € (25 x T)N be a sequence of parameters such that K(Px+ -« [Pk, -, ) — 0. The
above equation implies that for all k > 1, there exists sequences (m,,)p>1 —> 400 and (I,)n>1 — +00
such that

KL(P%@*T:HWLM)H (mn-‘rln—i-k)) KL(P%L*?A)Y ||P(mn) ) — 0.

Knyyn Ky n—o00

Using the chain rule and Pinsker’s inequality,

anrl +k (M +1n+k) mn My
KL( )|| K,L,’*/,L ) KL ) H]P) rL:’z’n>

= Eylm/n |K* 7,),* |:KL (PY;;LT;L:;-,L«F!»' |Y17nn ,K" 77* ||]P)Y7:L”+1l"+k |Y17nn 7Kn7"/n )] 5
> By e [KL (Pymnsinsiyion ey Pymosinis o ]

mn+in+1 mn+int+l

> , 2 :
> oy (v Byt e Byt e, 0, )| -
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Since the kernels satisfy the Doeblin condition (see for instance [Cappé et al., 2005], Section 4.3.3), the
resulting processes are ¢-mixing with mixing coefficients ¢(i) < 2(1 — 1/C)* (see the proof of Lemma 1
of [Lehéricy, 2018] for a proof, and [Bradley, 2005] for a survey of mixing properties). In particular, for all
K € QC, for all positive and continuous probability density 7 on R? and for all A € o(Y7,...,Y,,, ) such
that P, (A) > 0,

1
1 n
drv (PY7"'7L+Z7L+]V|A’K’,Y7Pym7L+l7z+k‘K,,y> <2 (1 —c)

mp+ln+1 My +ln+1

so that using the continuity and positivity of ~,

l
1 n
ey (Pt ymn g Pymninsi e ) <2 (1 = C) .

M +ln+1 M+l +1

Finally,

2Ey-m d2, (P Itk P P
YRy [TV Ay e e e K B e Y Ko v

1 2
1 n
- (d“ (Przeiirstieor Prapiinstinnn) ~ (1= ) ) |
1 21y
> a2, (P%ZW,P@%) —39 (1 — C) :

using that (a —b)? > a?/2 —b? for all a, b € R and the stationarity of the distributions P -, for all K € QF
and v € I'. Therefore, forall k£ > 1,

dry (u»g';zﬁ*,pyy ) — 0.

nIn ) pstoo

Conversely, let (K., Yn)n>1 € (28 x F)N* be a sequence of parameters such that for all £ > 1,

drv (P%E,V*,P(k) ) — 0.

Koy ) s i'oo

Then by Lemma 6, for all k,n > 1,

k—2
1
2
K(PK*77* ||PK7L7'Yn) < EKL(PYk,‘YIk_l,K*,’Y* ||PYk|Y1k_17Kn7'Yn) + 20 (1 - (72)

k—2
1
<KL P )+ 207 (1 - C2> ’ .

by the entropy chain rule. Lemma 4 of [Shen et al., 2013] entails that there exists Ao € (0, 1) such that for
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all A € (0, )\0),
Kpnyvn Knyvn
Dy k| f* ~* DPyk|f* ~* 1
log (Yl K ) 1 (Yl LLSEa S A)] ;
pyllenf'Yn pyllens'Yn

1
<2 (1 + 2k log A) drv(PS) . P )

—|—2/Hbyz log<H > (k )dy,

(P(k) ||[p>(’€> ) < <1+2I~clogA)hz(ﬂ"g2 MP(k) )

+2E

using that the square of the Hellinger distance is upper bounded by the L! distance, that is twice the total
variation distance. The second term is finite for all A by H4. Therefore, by carefully choosing a sequence A
that tends to zero, we obtain lim sup,, K L( ||IP’ K., ) = 0forall k> 1. This, together with taking k
that tends to infinity in Equation (24), proves the second statement of the lemma.

B.5 Proof of Lemma 4

The set of possible parameters QS x T is endowed with the product topology induced by the uniform
convergence topology on Qg and the L' norm on T'. It is compact for this topology. Let (K, ¥n)n>1 be a
sequence in €2, x I that converges to (K, ) with respect to this topology. The aim is now to show that the
distribution of (Y1, ..., Yy ) with parameters (K, 7, ) converges in total variation distance to the distribution
with parameters (K, ). The transition kernel & admits a unique stationary distribution, so that Theorem 4
and the corollary of Theorem 6 of [Karr, 1975] entail that

9 px, (25)

n—roo

Py

n

where P)Ig denotes the distribution of a stationary Markov chain (X, ),,>1 with transition kernel K. This
convergence holds for the distribution of the whole Markov chain, which implies in particular that the distri-

bution of k-tuples (X;,...,X) forall £ > 1 converges in the same way. For any k > 1, the total variation
distance between the distributions of (Y7,...,Y}) is, up to a factor 2,
k
[P, i) Ky = P, i) [ K |1 =/|/H7 i — o) dPx (2 /H% yi — x;)dPy (2)|dy,
</|/H7 i — ) dPE (a /Hv i — )P, (@) dy,
k
(yi — ) H% )| dP%, (x)dy .

Consider the first term of the right hand side. Since x — ~(y — ) is continuous and bounded for all
y € R?, Equation (25) yields, for all y € R?,

‘/H’y i — x;)dPX(z /H’y i — ) AP (x)

— 0.

n—roo
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Then, since sup,, 7(y — ) < b(y) forall y € RY, ’f T, (i — xl)d]}"ﬁ(x)‘ < I, b(y:) , and the
right hand side is integrable. The same holds for K,, so that the dominated convergence theorem implies

/W/ilw — ) dPE (s /Ilv ; — 2)dPE.(2)

For the second term, write

dy — 0.

n—oo

<Z//Hv(yj—mj)\v(yi—wi)— i — 2 [ [ vy — 2,)dPX, (x)dy,

=1 j<t >t
k

< [ [ = ) =l = )P, ().
=1

— Ky =l

where the last term converges to 0 as n — oo. Hence, dTV(]P’y;),Y, ]P’(k) . ) — Oforallk >1
Knyyn n—00

B.6 Proof of Lemma 5

By Lemmas 3 and 4, it suffices to show that there exists a sequence (X;, Q;)¢>1 such that (X;,Q;,—) €
UhD Sy, p and such that the sequence of kernels (K;);>1 = (Kx,,0,)t>1 converges to K*. The following
lemma, which is a consequence of simple algebra, is stated without proof.

Lemma 7. Let \ be a probability measure on a compact set of R% which is absolutely continuous with
respect to the Lebesgue measure. Then, there exists a sequence of integers (1¢)1>1 —> +00 and a sequence
((AD)1<i<r, )t>1 of measurable partitions of the support of X such that

Dy = sup diam(Al) — 0,
1<i<re t—+o0
ViE=1, Vi<i<r, MADE€ [QM,TQJ :

To address the case where A* is not absolutely continuous with respect to the Lebesgue measure, consider
convolutions of the kernels. For all € € (0, 1], let U, be the uniform measure on [—e, €]%. For all probability
measure A on R?, write A * U, the convolution of A and U,, and for all transition kernel K on R, write
K x U, the transition kernel defined by (K * U.)(x,-) = K(x,-) * U.. Then K* % U, admit the modulus
of continuity w for all € > 0 (since W1 (u * U, v * U.) < Wi (p,v) for all probability measures p, v) and
K* U, admits a density taking values in [2/C,, C'/2] with respect to the measure A* * U, (which is absolutely
continuous with respect to the Lebesgue measure), so that it belongs to Q¢ (up to enlarging A). Moreover,
K*xU, — K*in QS as ¢ — 0. Therefore, it remains to show that for all ¢ > 0, the kernel K* % U, can
be approximated by kernels in Q¢ with finite support. Equivalently, assume that A* is absolutely continuous
with respect to the Lebesgue measure and construct a sequence approximating K *.

Let (rt)t>1 and ((A!)1<i<r, )t>1 be the sequences obtained by applying Lemma 7 to A*. For all ¢t > 1
and i € {1,...,7:}, let z! be an element of A!. For all ¢ > 1, the elements of the vector X; = (xﬁ)lgzgn
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are distinct because (A)1<;<,, is a partition of Supp(A\*). Let (1;);>1 — 0 be a sequence of positive
numbers. Let K, be the transition kernel from A N (17, Z%) to {a!}1<i<,, defined, for all z € AN (n,Z%) and
alli € {1,...,7r}, by

Ki(z,2t) = K*(z, Al).
By the Lemma 7 and assumption H2, K,(z,z!) € [1/(Cr),C/r] for all z and i. Moreover, for all
z, 2’ € An (nZ%),

w(|z — ') Dy

Wi (Ky(z, ), Ki(2',)) < Wi(K*(z,-), K*(2/,-)) + 2 sup diam(A?) < + 277—|x — |,

1<i<ry 2

w (| —a']),

by choosing 7y > 4D;/infy,e(0,diam(a)) w(u)/u, which is finite since w is concave, nondecreasing and not

equal to zero, so that there exists an extension K; € QC of K; such that the support of K, (z, -) is {!}1<icr,
for all x € A. B

For all 4, j, define Q;(i,j) = K(xf,x%). All kernels considered here (K*, K;, K; and Kx, q,) are
kernels on the compact set Supp(A\*). Therefore, we only need to show that Ky, o, — K in the subset
ﬁg of kernels on Supp(A\*) in Q€ to show that it is an approximating sequence, that is

sup Wl Kxu t(xa' 7K* z,: — 0. (26)
2 ESupp(A*) ( @ ) ( )) t—+o00

For all z € Supp(\*), let X () (resp. X(x)) be one of the elements of AN (1, Z%) (resp. {z!}1<i<r,) closest
to 2. Then sup, cgypp(a+) [ — X(2)| < Dy and sup, csypp(a+) 2 — X ()] < 1 (with the supremum norm on
R%) and for all = € Supp(\*),

Wi(Kzx,.q,(2,), K*(z,) SW1i(Kx, @.(7,-), Kx, q.(X(2), "))
+ Wi(Kx, @, (X(x), ), Ki(X(x),)) 27
+ Wi(Ki(X(z), ), Ko (X (X(2)),))
+ Wi (KX (X(2)), ), K (X (X(2)), ) (28)
+W1(K*( ( (:E)),),K*(l‘7))

By definition of the kernels, (27) and (28) are equal to 0. Thus, the regularity assumptions on the kernels
ensure that for all z € Supp(A\*),

Wi(Kz,.q.(2,), K*(z,-) < w(Dy) +w(ne) + w(Di + 1) /2,

which proves Equation (26).

B.7 Proof of Proposition 1

This section first states Theorem 8 of [Lehéricy, 2018] and its assumptions. It is then proved that the assump-
tions are satisfied and that Proposition 1 is deduced from this theorem. Let A, be the probability measure
on R? which has the density b/||b||; with respect to the Lebesgue measure. When necessary, the process
(Y;)s>1 is extended to a process (Y;)cz by stationarity. In this section only, for all integers a < b, write Y?
instead of (V,...,Ys).
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[Axforgetting] There exists two constants C, > 0 and p, € (0,1) such that for all ¢ € Z, for all k, k' € N*
and for all y]_;.,.1) € (RF)(VE)F1

dPY i—1 dHD |y i1 * Ak
Y R ViYL Ky . .
log (d;b (wl%i)) —log (k (yilyi,i,)> < CpF -1

dAp

Let (2, F, P) be a measured space and A C F and B C F be two sigma-fields. Then, the p-mixing
coefficient between A and B is

pmiX(Aa B) = sup |C0rr(f7 g)' .
fEL2(Q,A,P)
g€L?(Q,B,P)

The p-mixing coefficient of (Y}):ez is
Pmix(1) = pmix (0 (Y, 1 = n),0(Y;,i <0)).
[Axmixing] There exists two constants ¢, > 0 and n, € N* such that for all n > n,, pmix(n) < de~ ™.

[Axtail] There exists a constant B* > 1 such that forall 7 € Z,allk € Nand all v > e,

dPYi‘Yii:kvi*”Y* i—1 B* 1

P<d/\b(YiYik)>U S

[Lehéricy, 2018] considers models written 7). p in the following (instead of Sk s, in [Lehéricy, 2018]).
These models are sets of hidden Markov model parameters (not translation hidden Markov models), that
is of vectors of the form (r, 7, Q, g) where r is the number of values the Markov chain can take, 7 is the
initial distribution of the Markov chain, @ is its transition matrix and g = (gz)Z:L“_,T the vector of its
emission densities, that is a vector of probability densities on R? with respect to the Lebesgue measure. Let
(my.p)r>1.0>1 be a sequence of nonnegative integers. For all n > 1, let o_(n) € (0,e~!] and let 3, be
a subset of {(r, D) € (N*)2: r < 1/(20_(n)) and m, p < 2n}. This set lists the indices of the models
among which the final model is selected. Let T,, = U(r, D)eg,, T, p be the set of all model parameters
considered when n observations are available.

[Aergodic] Forall (r,m,Q,—) € T,,

inf  Q(z,2')>0_(n) and inf 7(z)>o0_(n).

! — —
x,x'=1,...,r z=1,...,r

[Atail] There exists a constant B(n) > 1 such that for all u > 1,

P* sup
(Ta7:739)€T7L

Finally, the assumptions [Aentropy] and [Agrowth] of [Lehéricy, 2018] are replaced by the following more
general assumption, which allows to improve the penalty (the original assumptions induce a penalty propor-
tional to » dimp +rd + r? instead of dimp +rd + 72). Let N (B, d, €) be the smallest number of brackets
of size e for the distance d needed to cover the set of functions B.

log > g:(Y1)
z=1

> B(n)u) <e ™.
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[Aentropy’] There exist a mapping (r, D,n, A) — Cux(r,D,n, A) > 1, a sequence of nonnegative
integers (M, p),>1 p>1 and a family of sets (S, 4)n>1,4>0 C R? such that foralln > 1 and A > 0,
P*(Y: € Sp,a) < exp(—2A/B(n)) where B(n) is as in [Atail], forall y € S, 4,

sup 1ongZ <A
(r',—,—,g")ET

andforallr >1,D >1,n>1,A > B(n)and ¢ € (0,1),

N <{(y (d gz(y)]-yGSmA)211’_“77.}(7‘ o g)ET b 7doo7 6)

My D
< max (Ca‘“(r’f’”’ A) , 1) . (29)

where d is the distance associated with the supremum norm on (L>°())))". Moreover, there exist an
integer Ngrowth and a constant Cgrowin > 0 such that for all 7 > ngrowtn,

sup log Cuux(r, D,n, B(n)logn) < cgrown(log n) loglogn .
(r,D)EBn

Note that choosing S, 4 = {y € R? : SUP(,/ . _ geT,, 1108 22;1 9.(y)| < A} gives the original for-
mulation of [Lehéricy, 2018]. Write P, » ¢ 4 the distribution of a hidden Markov model with parameter
(r,m, @, g). Lemma 4 and 5 of [Lehéricy, 2018] show that for all r, D and for all (r, 7, @, g) € T, p, the
limit K(Pgc« 4+ [|Pr.q,g) = limpy, m™ K L(Pym g 4+ [Py r.r.q,q) €Xists, is finite and does not depend on
7. This quantity coincides with the one defined in Lemma 3 when the hidden Markov model with parameter
(r,7,Q,g) is a translation hidden Markov model with transition kernel in Q¢ and emission density in T.
Define the loglikelihood of a hidden Markov model with parameter (r, 7, Q, g) by

n

gEMM(rvﬂvag) = IOg Z Zl gzl Yl H Zt 152t gz,(Y;&)
21,..,2n€{1,...,r} t=2

Theorem 8 of [Lehéricy, 2018] may now be stated with a noteworthy modification: not all possible number
of states and model indices are considered during the model selection step (30), but only the ones in J3,,.
This has no consequence on the proof.

Theorem 6. Assume that [Axforgetting], [Axmixing], [Axtail], [Aergodic], [Atail] and [Aentropy’] hold.
Assume that o_(n) = Cy(logn)~! and B(n) = Cplogn for some constants C, > 0 and Cp > 2. Let
a = 0. Forall r and D, let

~ ~ ~ 1
(T’, Tr,D,ns QT‘,D,’IL? gr,D,n) € arg max *EZMM(Tv T, Q7 g) )
(rm,Q,9)ETrp T

~

(?nyDn> S argmaX ( gHMM(T 7TanaC2TDn7.gan) pen<naTaD)) ) (30)

for some function pen, and let

(TT“ Tns QTL; gn) = (T‘n7 7(-7/‘\7“57””7 QF?L;EWHTL’ g'/")mﬁn;n)
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be the nonparametric maximum likelihood estimator. Then, there exist constants A, Cpen and ng depending
only on o, Cy, CB, N, Cx and Cgrons, such that for all

2 — py B* C,
1 = Ngrowin V1o Vexp | Co | (14 Cy) V Px s 2 V exp Vexpy/ —(n«+1),
1—p* CB 2

—t [

allt > 1, all n < 1, with probability at least 1 —e™" — 2n~%,

K(Pg+ 4+ ||IP’T’“QM%) <(1+n) inf

inf K(Pg+ -+ ||Ps + 2pen(n,r, D
(r,D)E%{(r,mQ,g)ETT,D (Pic 7+ I[Pr..g) + 2pen( )}

A, (logn)®
n n

_|_

as soon as 14
C'pen (mr’D + 7‘2 _ 1) (log n) IOg logn .

n
Let us now check the assumptions. [Axmixing] and [Axforgetting] follow from Lemma 1 of [Lehéricy, 2018]
and from H2 with p, = 1-4/C?,C, = C?/4,n, = 1 and ¢, = —log(1—2/C)/2, where C is the constant
from H2. [Axtail] follows from assumption H3 with B* = max(1,log ||b||1): by definition of A, and b, for
alli € Z, ke Nyl , € RY) L andv > e,

Sy — 2)dPy YISk *(as|y§-;k)

dPYi|Yii:kl’K*v’Y* (y yifl)
ANy ik b(y:)/110l]x

< bl < 0P

Foreachr > land D > 1, let m, p = dimp +rd. Foreachn > 1, let o_(n) = (2log n)~! and
B, = {(r,D) : 7 <logn and dimp < n}. For n large enough, B, is indeed a subset of {(r, D) € (N*)?2
r < 1/(20_(n)) and m, p < 2n}. Foreachr > 1 and D > 1, the model T, p is the set of translation
hidden Markov model parameters in .S, p seen as hidden Markov model parameters (with the dominating
measure \, on R? instead of the Lebesgue measure):

B 'Y(y - xr) . _
T,p = {(r, 70, Q, (y — b(ZJ)/Hl)Hl)z_l 7«> c(x2)e=1,..0,@,7Y) € S0, TQQ = FQ} .

By definition of S,. p, for all (r,7,Q,—) € T p and z, 2’ € {1,...,7}, Q(z,2') > (Cr)~! and w(z) >
(Cr)~t. Thus, for all (r,7,Q,—) € T,, Q(z,2') > (Clogn)~! > o_(n) since C' > 2. The same holds
for 7, so that [Aergodic] is satisfied.

By H3, foralln > 1 and y € RY, SUD (. — e, 2owe1 92(y) < [|b]|1 log n, and by H4,

.....

inf Zgz > [bllm(y)/b(),

(r==9)€Tn T

so that by Markov’s inequality, for all ¢ > 0, with € as in H4,

Pice - ( n Zgz ) > 1| < e 2 OO/,

(r,—,—,9)€Ty t
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so that there exists a constant C'ir4 > 0 such that

. 1
Prs s inf 1 (y) < —~u| < Cgae™.
Ko Baer, Og;g ) ¢ e
Thus, there exists 7, such that [Atail] holds for any n > ngy,; and for any B(n) > max(2/¢, log(||b]|1 logn)).
Choose B(n) = logn.
Finally, [Aentropy’] is implied by the following assumption, which follows from H3 and H5 with
e(r,D,A) =c¢(D,A) + Cr.

[Aentropy”] There exists a mapping (r, D, A) € N* x N* x Ry — ¢(r, D, A) and a constant ¢’ such that
log c(r, D, A) < ¢ (logm, p + A). There exists a sequence (©p)p>1 of sets such that forall D > 1,
Op C [~1,1]9m> and there exists a surjective mapping § € ©p — 7% € Gp. Forall r > 1,
D >1,A > 0andy € R? such that log(b(y)/m(y)) < A, the mapping (z,0) € A" x Op —
(Y (y—=.)/b(y))zeqr.....ry is c(r, D, A)-Lipschitz (when A and © p are endowed with the supremum
norm).

Let us see how this implies [Aentropy’]. Let S, 4 = {y € R? : log(b(y)/m(y)) < A}. By H4
and Markov’s inequality, P*(Y7 € S, 4) < exp(—Ae/2) for A large enough. Moreover, for all A >
log([[b]l1 logn) and y € Sy 4,

’%,mg(nbnl logm) <A

r,
sup log ¥ ¢.(y)| < max <log
2 - Bl

(r',—,—,9")E€T,

A bracket covering of size § of [—1,1]"¢ x [~1,1]9™> gives a bracket covering of size §L of A" x Op,
which in turn gives bracket covering of size ¢(r, D, A)0L||b||1 of the set

{<yH”b1 ) r'””eA”EGD}'

Since there exists a bracket covering of size ¢ of [—1, 1] with cardinality at most max(2/d, 1), Equation (29)
of [Aentropy’] holds with Cux (7, D, 1, A) = 2¢(r, D, A) L|[b||1. Finally, since sup ;. pyes,, log c(r, D, A) <
' (logn + A), the last part of [Aentropy’] holds.

Thus, Theorem 6 holds and ensures that there exists ng, Cpen and A such that if pen(n,r, D) >
Cpen(myp + 1% —1)(logn)'*/n, then for all n > ng and ¢ > 1, with probability at least 1 — e~% — 2n=2,

.....

K(Px- || K(Pr- - |[Pr.on) + 2pen(n, . D)}

= 5 5~ )<2 inf inf
35"*@"”") (7-,D>emn,{<x,Q,v>esr,D

8
o+ apllogn)®
n

and Proposition 1 follows by taking ¢ = 2logn and recalling that m, p = dimp +rd and B,, = {(r, D) :
r <logn and dimp < n}.
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C Additional simulations based on least squares for characteristic
functions

In this section, the empirical least squares criterion M, (R) introduced in Section 3.1 is approximated to

obtain a practical estimate of R using the same model as in Section 4. The estimate @n of the characteristic
function of the observations (Y7, Y3) is given for all (t1,t2) € R? by

1 n—1
O (ty,t2) = — E Yot Yi
n <
Jj=1

The function w is set as the probability density function of a Gaussian random variable with standard devia-
tion o = 3 and M, is estimated by the Monte Carlo estimate:

_ 1 &

~ ~ ~ 2
Mo(R) = = 3 |8(UL, U§)@a(US: 0)0R(0:U5) = @r(UT,US) B, (U3 008, (0:U5)|
0=

1

where (Uf,U$)1<i<n are independent and identically distributed with distribution w. In the following
experiments, N is set to 5000. This estimated criterion is minimized over the set D,. of piecewise constant
probability densities on (—1,1) x (—1, 1) with 72 uniformly spaced cells:

D, = {R : R2 — R+ ; R = Z ai,j]l(fi@i+1)><(xj,m_7~+1)} s

4,J=1

where forall 1 < ¢,j <r,z; =—-14+2(i—1)/r,0;; > 0and Z:,j:l o = r~2. In this setting where
the support of the law of (X7, X5) is compact and known, the up to translation indeterminacy is ruled out.
The optimization is performed using the Covariance Matrix Adaptation Evolutionary Strategy (CMA-ES)
[Hansen and Ostermeier, 2001] which optimizes iteratively all parameters using (i, A)-selection. At each
iteration, the best offsprings of the current parameter estimate are combined to form the population of the
following iteration and the other offsprings are discarded.

The performance of the least squares approach is assessed by comparing the estimated probability
that (X7, Xs) lies~nirlmepach cell (z;,2i41) X (zj,241), 1 < 4,7 < r, which is &?jTQ and th:cn le:)rg:}ch_

mark estimation &;;"" that would be computed if the sequence (Xy)i<k<n Were observed: p;”;"" =

n1 22;11 Lz mii1)x(2s,2501) (X, Xg+1). The results are displayed in Figure 3 over 10 independent runs,
when the order r is in {10, 20, 30}, with CMA-ES initialized at a random point, and a maximum number of

evaluations of ]/W\n(R) set to 75000. Each estimate is obtained with a sequence of n = 100000 observations
and the L score is

1 - 2 ~n,em
_ =~ ,emp
=3 > I - @31
1,j=1
The associated estimated probabilities for the distribution of X; are displayed in Figure 4 with their confi-
dence regions.
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Figure 3: L; scores computed according to (31). Each dot is an estimated value with the least squares
approach. For each value of r, the mean value (squares) over all runs as long as the empirical standard

deviation (bars) are displayed.
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is observed (mean estimate over the 10 Monte Carlo runs). Each dot is an estimated value with the least
squares approach. For each value of r, the mean value (squares) over all runs as long as the empirical
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