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ERROR ESTIMATION AND TIME-SPACE PARAMETERS
OPTIMIZATION FOR FEM NON-LINEAR COMPUTATION

L. Gallimard, P. Ladevéze and J. P. Pelle

Laboratoire de Mécanique et Technologie, ENS de Cachan/CNRS/Université¢ P. et M. Curie,
61 avenue du Président Wilson, 94235 Cachan Cedex, France

Abstract—In this paper, two adaptive methods which permit the control of the parameters of a finite
element computation for time-dependent material models are proposed. These methods use a global error
measure in the constitutive relation based on Drucker’s inequality. This error includes the accuracy of
both the finite element model and the algorithm being used, over the studied time interval. In order to
master the mesh element size and the time increments length, an error estimator, which permits the
estimation of the errors due to the time discretization, is proposed. Various examples show the reliability

of these procedures.

1. INTRODUCTION

Today, the construction and numerical simulation
of models is, more than ever, a major activity in the
field of mechanics. A constant concern in both
industrial and research environments has been the
control of these models, which nowadays can reach
very high levels of complexity. A new factor,
introduced over the past 15 years, has been the
development of truly quantitative tools for testing the
quality of FE models (see e.g. Refs [1-3]). This
has made it possible to optimize the FE parameters
for a prescribed quality level. Of course, the reference
remains the original “continuum mechanics™ model.

One important research topic is the mastering of
finite element computations for non-linear analyses.
Few studies have dealt with this question in spite
of its practical importance [4-14]. The a posteriori
error estimate method developed at Cachan, which is
based on the concept of error on constitutive relation
and on explicit techniques for the construction of
admissible stress and displacement fields, offers a
suitable framework for the study of non-linear and
time-dependent mechanical models.

The purpose of the present study is to show how
it is possible to extend this error estimate method to
most cases of non-linearity encountered in structural
mechanics for small displacement problems and for
quasi-static loading. We focus on the construction of
basic tools, namely the error or error indicators,
which are capable of evaluating the accuracy of both
the FE model (parameters: 4, p) and the numerical
solution process being used (parameters: increments,
iterations) over time interval [0, T]. An important
part of the work concerns the application of these

tools to optimize calculation parameters, that is, to
control the time-space parameters (mesh and
increment length). In elasto-plasticity, the quality of
the finite element solution at the instant ¢ does not
only depend on the quality of the mesh, but also on
the quality of the time discretization used from the
beginning of the loading. To master a non-linear
computation, it is necessary to build error measures
that allow taking all the errors of discretization into
account over the entire time interval {0, T}: errors due
to the mesh, errors due to the incremental method
(inciuding the errors introduced by the use of
Newton’s method on each time increment). Related
to the study [15], we propose new examples to show
the possibilities of our approach. These examples
involve complex loadings as well as significant plastic
zones.

The error ¢ used in this work has been proposed by
Ladevéze [16]. This error measure in constitutive
relation is based on Drucker’s inequality [17], which
is satisfied by most of the elasto-plastic and
visco-plastic material models. This error simul-
taneously takes into account the errors due to the
space discretization and the errors due to the
incremental method.

In order to control the computation parameters, it
is necessary to separate the contribution due to the
incremental method from the contribution due to the
mesh. Hence techniques based on the concept of error
in constitutive relation have been elaborated in order
to control the quality of the time discretization. We
use these techniques to optimize the time discretiza-
tion and the space discretization separately, as
well as to optimize all the computation parameters
simultaneously.



2. NOTATION

For the sake of simplicity, let us consider the
problem of the analysis of a structure in two-dimen-
sional elasto-plasticity (plane stress or plane strain).
Let [0, T] be the time interval. Let us suppose that
the structure is a domain Q. On a part 6,Q of
the boundary JQ, we suppose that the imposed
displacement field is U(z, M) = Us(t, M). On the
complementary part 2,2, a density of forces Fy(t, M)
is imposed. Moreover, Q is subjected to a density of
body forces fs(t, M).

The elasto-plastic probiem can be formulated in
the following manner. Find a displacement field U
and a stress field ¢ defined on [0, T] x Q such that:

(1) U satisfies the kinematic constraints

U@, M)=Us(t, M) on 0/Q Vtel0,T], (la)

(2) o satisfies the equilibrium equations
f aTe(U*) dQ = ff}U* dQ + J FiUu*ds
o] [ 2,0

YU* such that U*=0o0n d,Q Vie[0,T], (1b)
(3) o and the strain e(U) satisfy the constitutive
relation

a(t, M) = Ale(U)(t', M), t' < 1] in Q Vtel0, T,

(I¢)

where A is an operator characteristic of the material.
The problem eqn (1), is the reference problem
and it is solved in an approximate manner by
using the incremental method and a finite element
discretization.

Assuming that the history of the displacements and
of the stresses is known until ¢, the problem is then
to compute this history on the increment [#, . ]
Numerous algorithms, presented in the bibliography,
permit the solution of this problem [18, 19].

At the end of each time increment ¢, these
algorithms give:

o a finite element displacement field that satisfies the
kinematic constraints

Un(tiv1, M) = N(M)q(t;+.1), @

where N(M) denotes the matrix of the shape
functions and q(#;..) the vector of the nodal
displacements at #,;

e a stress field on(4.+:, M) which satisfies the
equilibrium equation for the finite element
problem at 7., :

J ou(tis1, MYB(M)q* A2
- f Jiltir, MYN(M)g* 42
¢}

+J Fy(tiv 1, M)'N(M)g* dS
2,0

VU¥ = N(M)q* such that

U¥ =0 on 0,Q,
)]

where B(M)q* is the strain associated with the field
U = N(M)q*.

Remark: the stress field given by the finite element
solver is very often the field ¢.(¢ .1, M) obtained from
¢(Uy) by integrating the constitutive relation

Gultisr, M) = Ale(Un)(T, M), Tt < 141). (4)

It must be noted that this stress field satisfies eqn (3)
in an approximate manner.

3. ERROR IN CONSTITUTIVE RELATION FOR LINEAR
COMPUTATIONS

Let us simplify the problem eqn (1) by taking A as
a linear constitutive relation:

o = Kee,

where K. is the Hooke’s tensor in elasticity.

Let (Uka, 0sa) be a displacement—stress pair, where
Uka is a kinematically admissible displacement field
eqn (1a) and osa satisfies the equilibrium eqn (1b).
Generally, this pair does not satisfy the constitutive
relation. The pair (Uxa, 0sa) is the exact solution of
the problem, if and only if it satisfies the constitutive
relation

Osa — KCC(UKA) =0. (5)

If that equality is not satisfied, then the pair is only
an approximate solution of the problem and the
quantity

asa — Kee(Uka), (6)

which is referred to as the error in constitutive
relation [1], chosen to evaluate the quality of the pair
(Uxka, 6sa). In elasticity, we use the energy norm over
the whole structure to evaluate this error:

e = |losa — Ke€(Uxa)llas 0]



where
lellz = J 'K, 'c dQ.
Q

Associated with this global error, a relative error is
defined:

e
€= “ Osa + KeC(UKA)”n’ (8)

and the contribution to the global error of an element
E of Q

= ” Osa — Kee(UKA)"E
£ Yo + Kee(Uxa) lla”

®

Then we obtain

e€=Yé.

E

(10

The contribution of each element of the mesh to the
global error is a local measure of the solution quality.

4. ERROR IN CONSTITUTIVE RELATION FOR
NON-LINEAR COMPUTATIONS

4.1. Global error

Let (Uka, 6sa) be a displacement—stress pair, which
is zero at 1 =0. Uxa is a kinematically admissible
displacement field eqn (la), and osa satisfies the
equilibrium eqn (1b). Generally, this pair does not
satisfy the constitutive relation (I1c). Thus (Uxa, 6sa)
is an approximate solution of the problem eqn (1).

The strain field exa = €(Uka) can be related to a
stress field oka through the constitutive relation. In
the same way, the stress asa can be related to a strain
field ¢sa through the inverse of the constitutive
relation.

We define the quantity n{(¢, M) as follows:

nt, M) = J' (0sa — oka)"(€sa — éxa) dz.  (11)

For a material which strictly satisfies Drucker’s
inequality [17, 20], n(z, M) is greater than or equal to
zero, and the pair (Uka, 0sa) is the exact solution of
the problem eqn (1), if and only if

n(it,My=0 Viel0,7] and YMeQ. (12)
Most constitutive laws used in plasticity and in
visco-plasticity strictly satisfy Drucker’s inequality,
as do, for instance, Prandtl-Reuss’s model which will
be used for the examples.

To estimate the quality of (Uka,6sa) as an
approximate solution to the problem eqn (1), the
previous relations lead us to define the following
error measure:

1/2
e= [Sup f n(t, M) dQ] , (13)
ref0,71 o

so that

e = 0 <> (Uka, 0sa)

is the exact solution of problem eqn (1).

e is called the error in constitutive relation associated
with the admissible pair (Uxa, 0sa)

Associated with this absolute global error, a
relative global error can be defined:

€=

€
5 (4

where

" 172
D= |:2 Sup J (GgAéSA + UEAC'KA) dr dQ:I .
tel0,1] o Jo

Remark: if we consider a monotonous loading and
suppose that the whole structure remains elastic, then
it can be shown [15] that the error in the constitutive
relation defined in eqn (13) is equal to the energy
errors classically used, see eqn (7) [4, 21].

4.2. Time error indicator

The error measure in the constitutive relation ¢ is
global in space and in time. It simultaneously takes
into account the errors due to the space discretization
and the errors due to the incremental method. To
develop efficient adaptivity techniques for non-linear
problems, it is generally insufficient to control only
the size of the mesh elements; it is also necessary to
control the size of the time steps. To achieve this goal,
it is essential to be able to separate, in the global error
€, the part of the error due to the spatial discretization
from the part of the error due to the time
discretization. We propose herein a very simple time
error indicator which allows us to estimate the part
of the error due to the time discretization.

Let us consider the pair (Uxa, 6,) where Uk, is a
kinematically admissible field that satisfies eqn (la),
and where gy, is the stress field defined by

t—1t
on(t, M) = on(ti, M) + ——
tiy1—

X [ou(tivi, M) — on(t;, M)] Veelt, 6], (15)



where the fields ox(t;+(, M) satisfy the equilibrium
equation of the finite element model, eqn (3), at the
end of each increment.

Let us consider the problem eqn (16) obtained from
the reference problem eqn (1) by a finite element
spatial discretization. Find Ux(t, M) = N(M)q(¢) and
ow(t, M) such that:

(1) U, satisfies the kinematic constraints
Un(t, M) = Us(t, M) on &,Q Viel0,T], (16a)

(2) o, satisfies the equilibrium equations of the
finite element model

J an(t, MY B(M)q* dQ
= ffa(t, M)'N(M)q* dQ

+ J Fa(t, MYN(M)q* dS
2,0

Vte[0, T] YUXM)=NM)q*

such that U¥ =0 on 0,9Q, (16b)
(3) 0w and the strain ¢(U,) satisfy the constitutive
relation

aun(t, M) = Ale(Uh)(t', M), t' < t] in Q

Vee[0, T]. (16¢c)
The pair (Uka, o) thus constructed satisfies all of
problem eqns (16), except the constitutive relation
(16¢). The quality of this pair as an approximate
solution to the problem eqn (16) may be estimated by
an error measure built on Drucker’s inequality.

Let ¢, be a strain field computed from o, by an
integration of the constitutive law. Then the pairs
(€n, 0v) and [e(Uka), axa] satisfy the constitutive law.
The associated error in constitutive law is defined by

112
itime = I:SUP j ﬁ([, M) dQ:I s (17)
te[0,7] o

where

i(t, M) = J’ (on — oxa)"(én — €(Uka)) dz.  (18)

For a material which strictly satisfies Drucker’s
inequality, iime = 0 if and only if the pairs (en, 1) and

(e(Uka), 6xa) are equal, that is if and only if the
pair (Uka, g4) is the exact solution to the problem
eqn (16).

Hence, for a given spatial discretization, ime
estimates the errors due to the time discretization: the
incremental method and Newton’s algorithm. The
absolute error im.. can be associated, as for e, to a
relative error:

i _ Ltime
time — D ’
time

(19)

with

' 172
Dlimc = [2 Sup J J. (O{ACKA + Gge(Uh)) dT dg] .
te{0,1] o Jo

Hence i estimates the quality of the approximate
solution computed as an approximate solution to the
problem eqn (16). In practice, we will use ijm or
the relative quantity i as an error indicator to
evaluate the part of the error due to the time
discretization.

4.3. Application to finite element computation

The displacement fields U,(t:;, M) obtained by a
finite element computation satisfy the kinematic
constraints. Under the assumption, which is not very
restrictive in practice, that the displacement field
Us(t, M) given on 0, is linear on each time
increment [, ¢+ .], the field Uka can be chosen for
te[t, t;+1] equal to

UKA(I, M) = Uh(t,', M)

+ Ltt—',,(Uh(t.-H, M) — Un(t, M)). (20)

iy —

On the other hand, the caiculated stress g, is not
statically admissible. So, it is necessary to build, with
a post-processor of the finite element analysis, a stress
field asa that satisfies the equilibrium equations over
the interval {0, T].

Over the past several years we have developed
techniques for constructing admissible fields for the
evaluation of the errors in linear analysis. These
techniques are completely independent of the
constitutive relation. They will be used herein to build
a stress field osa(# 4 1) at the end of each time step ¢,
that satisfies the equilibrium eqn (1b)[4, 21]. The
main lines of the construction are summarized in the
Section 4.4. Then, if we define for te(t;, #;, 1]

osa(t, M) = asa(ti;, M)

t—1
tiv1— U

+ [osa(tis i, M) — osalti, M)], (21)



and under the assumption that the loading is
linear on each time increment (an assumption that is
not very restrictive in practice) we obtain a field gsa
which satisfies the equilibrium eqn (Ib) at each
moment.

Remark: the procedure of constructing osa(t 4, M)
uses the equilibrium equation of the finite element
model, eqn (3), which is verified by ou(¢ .1, M). If the
finite element software gives the field &.(¢# .., M)
defined by eqn (4) which satisfies eqn (3) only
approximately, it is necessary to build a field
an(ti+1, M) which satisfies exactly eqn (3). Such a field
can easily be computed in a post-processor by
partially completing an additional iteration of
Newton’s method.

4.4. Construction of an admissible field

We would like to highlight herein the main aspects
of the construction of an admissible stress field. For
a non-linear model, this construction occurs at each
instant ¢ of the time discretization.

The problem is to find a stress field asa(;) such
that

vU*

such that U* =0 on 0,Q

J osa(t;, M)Te(U*)dQ = fﬁ(t,», MYTU* dQ
0 ]

+J Fu(t;, MYTU*AS. (22)
3,0
Hence
div osa(t;, M) + fa(ti, M) =0 onQ, 23)
osati, M)n = Fy(t;, M) on 8,Q, ’

where n denotes the unitary normal outside vector.
Moreover, we impose osa(?;) to be linked to av(z:)
by the following condition:

j‘ [osalt:;, M) — au(t;, M)]Te(¢;) dE =0, (24)

which must be satisfied for all functions of basis ¢,
associated with the finite element discretization.

In an initial step, we determine on the edges of each
element the force distributions #n:F(z;, M) that
equilibrate the body forces fo(t;, M). n: = +1 and
is constant on each edge of E. Moreover, on the
edge common to two elements £ and E’, we have
ne+ne = 0.

In a following step, the stress field asa(ti, M) is
built on each element E from the force distributions

neF (1, M), by determining a simple solution to the
equilibrium equations:

inE,

div osa(ti, M) + fa(t;, M) =0
{ N 3 on J0E. (25)

asa(ti, M)n = ﬂsﬁ(ti» M)

5. ADAPTIVITY OF COMPUTATIONS

In order to control the parameters of an
elasto-plastic computation, it is necessary to separate
in the global error the part due to the time
discretization from the part due to the space
discretization.

5.1. Evolutions of the errors as a function of h and At

The error e takes into account the errors due to
both the mesh and the time discretization. To
separate these contributions, we suppose that the
global error e may be split into two parts:

e2 = I:pacc + Ifimea (26)
where L... denotes the contribution of the errors due
to the spatial discretization and Lime the contribution
of the errors of discretization over time.

Based on numerical experiments [15], we have
assumed that the time indicator ium., eqn (17), is a
good estimate of Lim.. Thus, the part of the error due
to space may be defined by

Igpaoe = Sup{ez - ifime? 0} (27)
Remark: for each example studied, we have always
noted the inequality e* > i,... If this inequality holds,
we have I2,... = € — i},... Nevertheless, as the inequal-
ity €? > i}, has not been proved, the definition from
eqn (27) insures that IZ.. is greater than or equal to
zero.

To predict a new mesh from ... and a new time
discretization from .., we must know the behaviour
of these errors as functions of both the element size
h and the time increment size At. As far as we know,
theoretical results on this subject do not exist, so we
have estimated these types of behaviour with
numerical tests.

To evaluate the behaviour of 1., we need in fact
to evaluate the behaviour of iy, as a function of the
time step size A¢. The numerical tests that have been
conducted show that

fime = O(AT). (28)
As an example, let us consider the frame beam shown
in Fig. 1a. The mesh used (447 three-node triangular
elements) is given in Fig. 1b, and the loading is
monotonous. The analysis is conducted for various
values of the number of time steps. The evolution of
iume s a function of the number of time steps is shown



in Fig. lc, and the size of the plastic zone is given in  to the spatial discretization Iy evolves, relatively to
Fig. 1d. It can be noticed that the evolution of i;m as  the size of the elements, much in the same way as the
a function of the number of time steps is consistent error in elasticity:
with the condition from eqn (28).

Numerical tests [15] have shown that it is

reasonable to consider that the part of the error due Lgeee = O(H9),
(@) 5
7
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Fig. 1. (a) Mechanical problem; (b) mesh—447 three-node triangular elements — 270 nodes; (c) evolution
of iime; (d) size of the plastic zone—initial threshold 240MPa.



where ¢ depends on the type of elements used, but
equally on the regularity of the solution.

5.2. Adaptation of the space parameters

The first procedure consists of using sufficiently
fine time discretization in order to neglect the part of
the error due to time as compared with the error due
to the space discretization. This procedure may be
described in the following way. Let ¢ be the
prescribed accuracy:

(1) An initial analysis over the time interval [0, 7]
is performed on a mesh T. (previously optimized in
elasticity) for a time discretization A. Then the global
error ¢ and the indicator in time iy, are computed.

(2) If iime < Oy, then it is considered that the errors
due to the time discretization may be neglected. The
characteristics of the optimal mesh T* are determined
by using the procedure developed in elasticity [4, 21].

(3) If iyme > B¢y, then a new time discretization A*
is determined in the part of [0, 7] where the loading
leads to a plastic behaviour, with the aim of satisfying
i%e < Beo. The size At* of the time steps is computed
by using eqn (28):

At*=%

Liime

At 29)

where At is the size of the time steps during the initial
computation.

A new analysis is performed with A* on the initial
mesh T.. In one step, this procedure generally leads
to the obtention of the desired inequality and step (2)
above is then applied. In this procedure, 6 is a
parameter. The different examples computed have led
us to choose 6 approximately equal to 1/3. To
illustrate this procedure, we have chosen two
examples.

Firstly, let us consider the mechanical problem
shown in Fig. 2a. The loading is non-monotonous
and is shown in Fig. 2b. The initial mesh used
(Fig. 2c) has 278 six-node triangular elements. The
prescribed accuracy is €, = 5%. The errors computed
are (Fig. 2d) ¢ == 11.4% and iim = 0.53%. In this
initial analysis, i:.. can be neglected, as ime < 36, and
step (2) described above may be applied. The
optimized mesh thus determined is shown in Fig. 2e,
and the errors computed are (Fig. 2d) ¢* = 5.2% and
ie = 0.43%.

To control the optimality of the mesh, a simple
method consists of determining again, neglecting the
errors due to the time discretization, a map of optimal
sizes for a prescribed accuracy equal to the obtained
accuracy ¢*. If the built mesh is correctly optimized,
the procedure must for each element yield a
coefficient of modification of size r; close to 1. In
practice, a mesh is correctly optimized if, for the
majority of the elements, 0.75 < re < 1.5. Figure 2f
shows that the mesh T* is very well optimized.

Secondly, let us consider a frame beam subjected to
two loadings (Fig. 3a). The evolution of these
loadings is shown in Fig. 3b. The initial mesh used
(Fig. 3c) has 387 six-node triangular elements, and
the time discretization has 34 time steps. The
prescribed accuracy is €, = 5%. The errors computed
are (Fig. 3d) ¢ = 15.6% and iym = 0.87%. iym may
again be neglected and step (2) may be applied. The
optimized mesh thus determined is shown in Fig. 3e,
and the errors computed are (Fig. 3d) ¢* = 5.5% and
ihe = 0.79%. The optimality map is shown in Fig, 3f,
and the plastic zone size at the end of the loading is
shown on the optimized mesh in Fig. 3g.

These examples demonstrate the efficiency of this
simple procedure. Yet it is clear that the main
drawback of this technique is to neglect the
possibilities of optimizing the time discretization.

5.3. Adaptation of the space—time parameters

The idea is to use the decomposition
e =L, + L, introduced in eqn (26) more
completely. Let us recall that evaluating L With fyme
results in the following evaluation for Lgpu.:

2 — 2 2
L. = sup{e’ — if., 0}.

These quantities may be associated to relative
quantities by dividing them by D, the denominator
defined in eqn (14):

Ilime

Itime = D

I
Ole

Then, for a prescribed global error of ¢,, the following
procedure may be defined:

(1) An initial analysis over the time interval [0, 7
is performed on a mesh T, (previously optimized in
elasticity) for a time discretization A. Then the global
error ¢ and the indicator in time iy are computed.

(2) A new mesh T* and a new time discretization
A* are determined in order to satisfy

€* = ¢}
2
Ilzime = 0€p

where o is a parameter such that 0 < a < 1.

Firstly, the time discretization A* is computed in
order that I2,, = a¢l. So the length of the time step is
uniformly determined by

T /8

Obviously, this modification of the time step is not
performed on the first elastic increments.

Secondly, the mesh T* is built[4,21] for a
prescribed spatial error £, = (1 — ).

At* =
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Fig. 2. (a) Mechanical problem; (b) loading; (c) initial mesh— 278 six-node lriungular elements - 643

nodes; error 11.4%—time error indicator 0.53%; (d) contributions ¢, 40d fincp, initial mesh and

optimized mesh; (e) optimized mesh—423 six-node triangular clements — 930 nodes, error 5.2%—time
error indicator 0.43%, prescribed error 5.0%: ¢(f) optimality map.



® Second loading § ¥ ¥ ¥ ¥ ¥ 4 + + * v

N
(b)
A Fio) second loading
2
rst loadin
F .. Jrstloading

. time
< -
y
() 30- —o  Error (ini)
25 ¢ —>— Time error (ini)
® 2 T Emor (op)
g — *— Time error (opt)
@ 15 P

} N

10 T

5 + 7 — S8 — 00 650 0D
;& . .

0 4 — = = ASESY

0 500 1000 1500 2000
Kinematic time

Fig. 3. (a) Mechanical problem; (b) evolution of the loadings as a function of time; (c) initial mesh—387
six-node triangular elements—=890 nodes, error 15.6%—time error indicator 0.87%; (d) contributions €.
and fimeyo,9, initial mesh and optimized mesh; (e) optimized mesh—824 six-node triangular elements — 1827
nodes, error 5.5% — time error indicator 0.79%, prescribed error 5.0%; (f) optimality map; (g) size of

First loading

(e)

the plastic zone: initial threshold 100MPa. (Continued overleaf.)




4

.00

.75

2.25

3.00

®)

100.0

227.8

355.8

483.4

611.2

738.0

Fig. 3—Continued.

Remarks: (1) a limit Aty is necessarily fixed to the
length of Ar* in order to correctly represent the
history of the loading on each time step. If this
maximum length is reached, then « must be chosen

as
Atmax Itime i
eS| ——— |-
= [ At ()

(2) a is a parameter which can be adjusted in order
to reduce the cost of the analysis to the maximum
extent possible.

Let us examine the example shown in Fig. 4a. The
loading is monotonous, and the initial analysis is
conducted with a 129 six-node element mesh (Fig. 4b)
and a sharp time discretization (30 time-steps). The
prescribed error is 2%. In this example, we choose



o =0.5, which means that we fix beforehand
Lipece = Lime. The initial analysis leads to € = 5.4% and
iime = 0.67%. The simultaneous adaptivity procedure
leads to the use of a 15-increment time discretization
with a 324-element optimized mesh, as shown in
Fig. 4c. The errors computed are then ¢* = 2.5% and
i%.. = 1.2%. Figure 4d shows the evolution of the
contributions ¢€g4 and iimepg On the initial and
optimized mesh. The plastic zone at the end of
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the loading is shown on the optimized mesh in
Fig. 4e.

In this example, it can be seen that the adaptation
of the time discretization leads to a coarser time
discretization than the one used in the initial analysis.
This second procedure shows that the initial time
discretization was overly sharp. Moreover, on HP
735, the computer processing time is 296 s for the
initial computation which leads to a precision of

(b)
(d) 6:  —— ErrorGini)

5. —> — Time error (ini) f
R4 Error (opt) %
= ~—+— Error (opt 45/05
g 3 * —— Time error (opt)
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Fig. 4. (a) Mechanical problem; (b) initial mesh—129 six-node triangular elements — 294 nodes, error
5.4%——time error indicator 0.67%; (c) optimized mesh—324 six-node triangular elements — 705 nodes,
error 2.5%—time error indicator 1.2%, prescribed error 2.0%; (d) contributions €p,) and imef.g, initial
mesh: 30 increments, optimized mesh: 15 increments; (e) size of the plastic zone: initial threshold 243MPa.



5.4%, and 243 s for the final computation which leads
to a precision of 2.5%. Hence, in this example,
we obtain a better approximation with a lower
computation time.

6. CONCLUSION

An error measure which allows one to take into
account all the errors due to the discretization (errors
due to the spatial discretization, errors due to the
incremental method) has been implemented in
elasto-plasticity.

A time error indicator based on the concept of
error in constitutive relation has been proposed. This
indicator permits the separation of the contribution
to the error due to the spatial discretization from the
contribution due to the incremental method. It has
been used to develop two simple procedures of
adaptivity of the time-space parameters for a finite
element non-linear computation.

The first one imposes the use of sufficiently fine
time-discretization in order to neglect the associated
contribution when compared to the error due to the
spatial discretization. In this case, the adaptivity of
the computation is confined to the adaptivity of
the mesh. The second one is a first example of a
procedure that permits the simultaneous adaptation
of the mesh and of the length of the time increments.
The examples presented prove the efficiency of the
two procedures.

As an initial step these procedures have been
implemented for space discretizations that use three-
or six-node elements in two-dimensional or axisym-
metric analysis, and for Prandtl-Reuss’s constitutive
relation in elasto-plasticity.
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