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Abstract

Time-Dependent Density-Functional Theory (TDDFT) is widely used for calculat-

ing electron excitations in clusters and large molecules. For optical excitations, TDDFT

is customarily applied in two distinct approaches: transition-based linear-response

TDDFT (LR-TDDFT), and the real-time formalism (RT-TDDFT). The latter does

not require the calculation of empty electron orbitals, which is specially advantageous

when dealing with large systems. However, RT-TDDFT does not provide direct infor-

mation on the nature of the excitations, unlike LR-TDDFT where the transition den-

sities and the decomposition of the actual excitations in terms of independent-particle

Kohn-Sham transitions are naturally obtained. In the present work, we show that the

transition densities of the optically allowed transitions can be efficiently extracted from

a single δ-kick time-evolution calculation. We assess the results by comparison with

the corresponding LR-TDDFT ones and also with the induced densities arising from

RT-TDDFT simulations of the excitation process.

Keywords

Real-time TDDFT, ab initio, δ-kick time-evolution, induced density, Fourier transform, dy-

namical screening, metal clusters, surface-plasmon resonances

Introduction

The study of electronic excitations in molecules and small clusters necessarily employs

quantum-mechanical methods. In particular, the description of “quantum-sized” metal clus-

ters takes an intermediate position: for high-level quantum-chemical methods like config-

uration interaction1,2 or the coupled-cluster method, which have been used for very small

clusters,3,4 the sizes are too big. By contrast, classical or semiclassical descriptions, ranging

from local electrodynamics (Mie theory5 and extensions thereof) to quantum-corrected mod-
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els6 and hydrodynamic approximations7–13 cannot, or only partially, represent the quantum

effects that need to be accounted for.

In recent years, and in particular for a variety of intermediate-sized metal clusters and

large molecules, Time-Dependent Density-Functional Theory (TDDFT)14 has become the

workhorse of computational studies in it’s atomistic form where the electron-ion interac-

tion is described using either pseudopotentials or localized bases. For instance, localized

surface-plasmon resonances (LSPR) which, in the classical picture, correspond to collective

oscillations of the quasi-free conduction electrons in a metal cluster,15 have been treated in a

number of recent studies (see, for instance, Refs. 16–23). However, the TDDFT calculations

are not restricted to the description of the LSPR. They account for the atomic structure of

the clusters, thus going beyond simplistic jellium-based modelling of the clusters.24–26 In ad-

dition, the proper description of the interaction with the d-electron excitations27,28 and with

the ligands of wet-chemically produced clusters29–34 are important issues which are currently

debated in the literature.

In practical TDDFT calculations, different approximations are available in order to cal-

culate the electronic response to an external perturbation like a laser field. For instance, the

optical linear response is often evaluated using the linear-response TDDFT (LR-TDDFT)

approach, in particular using the so-called Casida equation.35 Such a formalism gives ac-

cess not only to the absorption spectrum of the studied system, but also to the transition

densities that correspond to a particular excitation. A spatial representation of these tran-

sition densities provides invaluable insights into the nature of the response of the electronic

system. One obtains likewise the decomposition of the excitations in terms of transitions

between independent-particle Kohn-Sham36 (KS) states. However, LR-TDDFT methods

have a drawback in practical calculations: a large number of unoccupied (virtual) orbitals

and the corresponding transitions between these occupied and unoccupied orbitals have to

be obtained. In addition, the number of unoccupied states determines the size of the ma-

trix equations that have to be solved to get the absorption spectrum. Consequently, these
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transition-based methods become numerically very demanding for large systems.

By contrast, the real-time formalism of Time-Dependent Density-Functional Theory (RT-

TDDFT) relies solely on the explicit time evolution of the occupied Kohn-Sham orbitals

under a particular perturbation, which renders it numerically more easily tractable for large

systems. Since perturbative expansions are not used, there is no need to calculate unoccupied

KS orbitals, thus circumventing the above-mentioned limitation of LR-TDDFT methods.

Customarily (Yabana and Bertsch method),37,38 optical absorption spectra are obtained

from a single time-propagation using a Dirac-delta (δ-kick) at t = 0, which equally excites

all the optically allowed transtions. After the δ-kick perturbation, the system evolves without

further perturbation, the time-dependent dipole moment of the system is recorded, and its

Fourier transform provides the absorption spectrum.

A clear disadvantage of the RT-TDDFT approach is that, normally, no direct informa-

tion on the excitations involved in a particular spectral feature is obtained. The results

are, therefore, more difficult to interpret than those from LR-TDDFT calculations. This

could be remedied by projecting the time-dependent KS wavefunctions onto the ground-

state KS wavefunctions, both occupied and empty. This has been done, for instance, for

high-symmetry jellium systems,39 but it is a time-consuming procedure. Likewise, a decom-

position of the time-propagated Kohn-Sham density matrix obtained in real space has been

reported to give transition contributions from different states, as well as the full and partial

induced densities.40

The availability of the density induced by the δ-kick perturbation, ρ(r, t), has been used

to allay the problem of missing information. In earlier work, some of the present authors

have used ρ(r, t) to discuss features like the LSPR in gold and silver clusters.41–43 However,

this is really useful only when one mode dominates the response of the system and a refined

discussion of smaller details is not needed. Quasi-monochromatic laser excitation can likewise

be used to study the electronic density modes for a narrow range of energies.16,44–46 Finally,

Fourier-transformed time-dependent densities have been used in the discussion of plasmon
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excitations, but restricted to simple low-dimensional Na systems47 or, by using simplified

orbital-free TDDFT, to compact Na clusters.48

In the present work, we show that a “standard” time-evolution calculation in the spirit

of Yabana and Bertsch can be used to determine accurately the spatial contributions to

individual spectral features at all energies. In other words, the mapping to electronic modes

based on the Fourier transform of the time-dependent induced density provides an efficient,

reliable and robust numerical determination of the transtion densities, and not only to the

corresponding frequency-dependent dipole moment. We perform a Fourier transform of the

time-dependent induced density at each space point to calculate the Fourier coefficients that

contribute at any energy of interest. This procedure is applied to simple- and noble-metal

structures (Na and Ag, respectively), and assessed by comparing with results obtained in LR-

TDDFT or with the transition densities inferred from quasi-monochromatic laser excitations.

Theoretical Background and Methods

Theoretical background:

According to the Yabana and Bertsch formalism,37,38 the optical response of a finite

system under the quasistatic and dipole approximations can be evaluated as follows. Starting

from the ground state, at t = 0 the electron system is perturbed by a δ-kick electric field

polarized along the u direction

E(r, t) = K0δ(t)u =
1

π

∫ +∞

0

K0 cos(ωt)u dω . (1)

Thus, the perturbation (1) is the linear superposition of homogeneous monochomatric electric

fields covering all possible frequencies. This perturbation leads to an instantaneous transfer

of momentum to the system, which evolves freely for t > 0. For an electron system which,

without loss of generality, has a discrete energy spectrum E0 < E1 ≤ E2 ≤ E3 ≤ ..., and such

that the wavefunctions of all the stationary states |Ψj〉 are real, the δ-kick-induced density
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for t > 0 is

δρ(r, t) = −K0

∞
∑

j=1

cj(r) sin(ωjt) , (2)

as long as K0 is small enough to ensure that the response remain in the linear regime. In Eq.

(2), ωj = (Ej − E0)/~ are the excitation frequencies, and cj(r) are the transition densities

defined as

cj(r) =
2e

~
u ·

∫

r′〈Ψ0|ρ̂(r)|Ψj〉〈Ψj|ρ̂(r
′)|Ψ0〉dr

′ , (3)

ρ̂(r) being the one-electron density operator. The optical absorption cross-section for u-

polarized E-fields will then be given by

σu(ω) =
ωe

cǫ0

∞
∑

j=1

δ(ω − ωj)

∫

(u · r)cj(r)dr

= −
ωe

πK0cǫ0
u · ℑ

∫ +∞

0

e(iω−η)t

(
∫

rδρ(r, t)dr

)

dt , (4)

η being a positive infinitesimal. Thus, the calculation of the absorption spectrum does

not require the knowledge of the transition densities, but just of the time-dependent dipole

induced by the δ-kick perturbation.

However, the transition densities are needed to characterize optical modes, which can

be illustrated by contribution maps, animations or snapshots at different times within the

period of oscillation Ti = 2π/ωi. The induced density by each monochromatic component

K0 cos(ωt)u of the perturbing field (1) can be evaluated from the Fourier tranform of δρ(r, t),

δρ(r, t, ω) = K0R(r, t, ω) = K0[a(r, ω) cos(ωt) + b(r, ω) sin(ωt)] , (5)

where a and b are the cosine and sine Fourier transforms of δρ(r, t)/K0, respectively:

a(r, ω) =
1

K0

∫ +∞

0

δρ(r, t) cos(ωt)e−ηtdt , (6)
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b(r, ω) =
1

K0

∫ +∞

0

δρ(r, t) sin(ωt)e−ηtdt . (7)

Hence,

S (r, ω) =
√

a2(r, ω) + b2(r, ω) , (8)

shows the region in space that contributes to the induced density at that frequency.

In terms of the transition densities cj(r), the Fourier coefficients a and b are given by the

known expressions

a(r, ω) =
∞
∑

j=1

P.P.
2ωj

ω2 − ω2
j

cj(r) , (9)

b(r, ω) = −π
∞
∑

j=1

δ(ω − ωj)cj(r) , (10)

P.P. being the principal part. Hence, if ω equals one of the excitation frequencies ωi then

R(r, t, ωi) will be the corresponding time-dependent transition density. The cosine coefficient

a(r, ωi) is a regular function which contains contributions from all the remaining excitations

with a relative weight of the order 1/(ωi − ωj). Conversely, the sine coefficient b(r, ωi) is

singular and just proportional to ci(r). Therefore, the oscillation in phase with the external

field can be neglected and the mode is simply R(r, t, ωi) = − limη→0 η
−1ci(r) sin(ωit).

Methods: In the TDDFT formalism, the action of the δ-kick perturbation is equivalent

to the multiplication of the DFT ground-state occupied KS orbitals ψ0
n(r) by a position-

dependent phase factor exp(ieK0r · u/~) at t = 0+. Then, the time-dependent occupied

KS orbitals ψn(r, t) corresponding to the free evolution of the actual electron system are

evaluated self-consistently at every time step. As a consequence, the induced electron density

is given by

δρ(r, t) = ρ(r, t)− ρ0(r) =
occ
∑

n

(|ψn(r, t)|
2 − |ψ0

n(r)|
2), (11)

where ρ0(r) =
∑occ

n |ψ0
n(r)|

2 =
∑occ

n |ψn(r, 0)|
2 is the ground-state density. Ground-state

and time-dependent densities are obtained, respectively, as output from a ground-state DFT
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and a RT-TDDFT simulation in the real-space code octopus.49–51 We use norm-conserving

Troullier-Martins pseudopotentials52 and the GGA-PBE approximation53 to the exchange-

correlation functional. The simulation domain is made up by the superposition of spheres

around the ions. A grid spacing of 0.18 Å and radius 5.0 Å are used for Ag systems. A

grid spacing of 0.3 Å and radius 7.0 Å are used for Na systems. For the time evolution, a

time step of 0.0024 ~/eV and 0.003 ~/eV are used, respectively, for Ag and Na systems. For

our Fourier transforms, a much larger time-step is sufficient: the time-dependent densities

are written out for every 50th time step for Na systems and for every 10th time step for Ag

systems, respectively. The time propagation is carried out up to t = Tmax ∼ 25 fs. We have

then performed the corresponding Fourier transforms to obtain the absorption spectrum (Eq.

4) and the reconstructed modes (Eq. 5, 6 and 7). Frequency dependences are smoothed out

by using a finite frequency γ = 0.1 eV instead of the infinitesimal value η, which also serves

to account for non-electronic dissipation mechanism in an approximate manner. Thus, the

reconstructed mode (5) actually corresponds to the driven induced density by the quasi-

monochromatic laser pulse E0 exp(−γ|t|) cos(ωt)u at times |t| ≪ γ−1.

For comparison, likewise within the framework of RT-TDDFT simulations, we simulate

the actual dynamics due to the excitation by a quasi-monochromatic laser field. In this case,

the perturbation corresponds to a time-dependent homogeneous electric field of the form

E(t) =















E0 sin(ωt) cos

(

t

Te
−
π

2

)

u if 0 ≤ t ≤ Te

0 otherwise ,

(12)

where E0 is the amplitude, u is the polarization, ω is the mean frequency of the laser pulse;

Te is half the time period of the envelope of the laser pulse. E0 is chosen to be E0 = 10−2

eV/Å, which is weak enough to remain in the linear regime but strong enough to ensure that

the result is not drowned in numerical “noise”. The length of the envelope of the laser pulse

is chosen to be such that it can accommodate 10 oscillations of the laser field. The laser
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Figure 1: Absorption spectrum of Na20 and induced densities from a δ-kick RT-
TDDFT calculation. Reconstructed modes R(r, t = Ti/4, ωi), where Ti = 2π/ωi is the
oscillation period, along with the modulus S (r, ωi) according to Eq. 8 for the different
excitations. The iso values for all the isosurfaces are the same.

pulse is switched on only for 0 ≤ t ≤ Te, the system thereafter evolves freely. Such a free

evolution corresponds to superposition of those oscillatory modes within a frequency range

centered at the mean frequency of the quasi-monochromatic laser pulse.

Well-separated excitations: The example of simple-metal

chains

As a first illustration, we analyze the modes excited in a linear atomic chain of 20 Na

atoms by an incident laser pulse polarized along the direction of the chain. In this case, the

absorption spectrum is dominated by a series of well-defined highly renormalized electron-

hole excitations, each one corresponding to a confined oscillatory collective mode which

resemble different harmonics in a stretched string.54

Fig. 1 shows the optical absorption for a Na20 linear chain calculated by a δ-kick RT-
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Figure 2: Comparison of modes from RT- and LR-TDDFT calculations for a Na20
linear chain. The reconstructed modes R(r, t = Ti/4, ωi) are compared with the transition
densities at the respective energies calculated by Bernadotte et al.54 using LR-TDDFT. The
∆ in the energy-axis of the spectrum corresponds to the HOMO-LUMO gap of 0.17 eV.54 The
iso-surface for the modes are adjusted to allow for a direct comparision with the LR-TDDFT
ones.

TDDFT calculation. As anticipated, the spectrum is dominated by four distinct absorption

peaks of decreasing intensity at energies 0.53 eV, 1.31 eV, 1.87 eV, and 2.33 eV. Fig. 1 also

shows the spatial distribution of the modulus S (r, ωi) of the reconstructed modes as well

as snapshots of R(r, t, ωi) at t = Ti/4 = π/(2ωi), that is, when the mode is equal to b(r, ωi).

As can be observed, the shapes of S (r, ωi) and R(r, Ti/4, ωi) are practically the same,

which is the expected behavior for well-defined excitations (cf., equations 9 and 10 and their

discussion).

In order to asses the reliability of the method, the reconstructed modes for the first

two peaks at 0.53 eV and 1.31 eV are compared in Fig. 2 with the corresponding transition

densities ci(r) obtained from the LR-TDDFT approach by Bernadotte et al.54 The excellent

agreement confirms that the Fourier-transform-based extraction of information for individual

excitations works well, despite the relatively large damping frequency γ = 0.1 eV used in the

numerical evaluation of the Fourier transforms.

This accuracy and reliability of the reconstructed modes can be easily understood. If
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a non-infinitesimal γ were used to evaluate the Fourier transforms (7) and (8), the real

functions a(r, ω) and b(r, ω) would be given exactly by

a(r, ω) =
∞
∑

j=1

(

ω − ωj

(ω − ωj)2 + γ2
−

ω + ωj

(ω + ωj)2 + γ2

)

cj(r) , (13)

b(r, ω) =
∞
∑

j=1

(

γ

(ω + ωj)2 + γ2
−

γ

(ω − ωj)2 + γ2

)

cj(r) . (14)

As long as γ is small enough to guarantee that there are no further strong excitations within

a region of width ∼ 2γ around ωi, the calculated sine coefficient (14) will be b(r, ωi) ≃

−(1/γ)ci(r). By contrast, the relative contributions by nearby excitations to the cosine

coefficient (13) depend quite sensitively on γ, so the shape of the calculated a(r, ωi) does

depend on the specific value of γ. The reconstructed mode R(r, t, ωi) will acquire a small

but non-negligible term a(r, ωi) cos(ωit), which corresponds to an excitation with a finite

lifetime, but the term b(r, ωi) sin(ωit) = R(r, t = Ti/4, ωi), which is the one that is naturally

associated to the excitation, will be exact up to an overall scaling factor.

Modes in noble-metal nanorods: Ag37

Noble-metal clusters and nanostructures are more complex because here, in addition to the

quasi-free metal s electrons, a filled shell of d electrons is present which in silver starts about

4 eV below the Fermi energy, in gold and copper at around 2 eV. For the present work,

we consider pentagonal noble-metal nanorods which have been analyzed in a number of

studies before.43,44,55,56 They show, in particular, a strong LSPR mode for excitations along

the rod axis, the energy of which is strongly red-shifted with increasing aspect ratio. We

emphasize that the treatment of noble-metal clusters is a much more stringent test for the

Fourier-transform method to reconstruct optical modes due to the different length scales of

oscillation for s and d electrons.

In Fig. 3, the δ-kick spectrum of Ag37 excited along its axis and the distributions S (r, ωi)
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Figure 3: RT-TDDFT absorption spectrum of Ag37 and reconstructed modes at
some energies of interest. The regions (S (r, ωi) ) where the induced densities of the
modes are large are shown in different colors for the same iso value. The incident E-field is
polarized along the main rod axis.

corresponding to different peaks in the spectrum are shown, all for the same isosurface value.

The distribution S at the strong peak at 2.55 eV, which corresponds to the LSPR, reveals

that the primary contribution in the formation of the mode comes from the surface of the rod

and, in particular, from its ends.44 By contrast, the reconstructed modes corresponding to the

less intense peaks at higher energies (3.18 eV, 3.71 eV, and 4.36 eV), are primarily localized

around the silver atoms, suggesting strong contributions from the localized d-electrons. This

is consistent with the fact that this part of the spectrum is expected to be dominated by a

quasi-continuum of “interband transitions”.57–59

Fig. 4 shows the Fourier coefficients, a(r, ω) and b(r, ω), at the LSPR frequency ωsp =

2.55 eV and at ωint = 3.18 eV. For the former, although the cosine coefficient is not

negligible, the main contribution to the reconstructed mode comes from the excitation

12



Figure 4: Cosine and sine coefficients for the reconstructed modes of Ag37. The
coefficients a(r, ω) (left column) and b(r, ω) (right column) are shown for two different ener-
gies, ωsp = 2.55 eV and ωint = 3.18 eV, corresponding to the localized surface plasmon and
to “interband” d-electron transitions, respectively. All isosurfaces are shown for the same
value.

part b(r, ωsp) sin(ωspt), a fact that is corroborated by the similarity between the shapes

of S (r, ωsp) and |b(r, ωsp)|. In full agreement with the analysis made in the previous section

(cf., Eq. 13 and 14), the spectral feature at ωsp is expected to be dominated by a single exci-

tation with transition density csp(r) ≃ −γb(r, ωsp). Consequently, a(r, ωsp) ≃ −csp(r)/(2ωsp)

at the edges of the rod, but the transition densities of weaker s-electron excitations and of

higher-energy d-electron excitations also contribute to the cosine coefficient, the effect from

the latter being stronger around each atom. It is worth mentioning that well-defined contri-

butions around the atoms also appear in b(r, ωsp) (that is, in the transition density csp(r)),

but with a polarization opposite to the dominating surface mode. They are the signatures

of the well-known dynamical screening of the LSPR by d electrons,41,58,59 which manifests

itself in a d-electron oscillation in response to the field created by the dominating collective

oscillation of the s-electrons. Regarding the spectral peak at ωint = 3.18 eV, the sine and

cosine coefficients contribute almost equally to the reconstructed mode, so none of them

resembles the corresponding S (r, ωint). This indicates that the spectral feature centered at

3.18 eV results from a convolution of several energetically close d-electron excitations. As

shown in the Supplementary Information (SI), these d-electron excitations can be spectrally
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Figure 5: Quasi-monochromatic laser simulation and Fourier-transform results at
LSPR energy of Ag37. (a) The 2.55 eV quasi-monochromatic laser pulse used to excite
the Ag37 cluster along its axis. (b) The laser pulse in the frequency domain shown along
with the absorption spectrum of Ag37. (c) The time evolution of the induced dipole moment
(shown with the laser pulse in the background for reference). (d) The induced density that
corresponds to a maximum of the self-sustained oscillating dipole moment, shown by the
black arrow in (c). (e) Spatial distribution of the mode of the induced density of Ag37
reconstructed at ωsp = 2.55eV from the induced density of the δ(t)-kick simulation.

resolved using a much longer propagation time in the δ-kick RT-TDDFT calculation.

In order to validate our approach, in Fig. 5, we compare a snapshot of the reconstructed

mode R(r, ωsp, t) from the δ-kick RT-TDDFT simulation with the result from a quasi-

monochromatic laser excitation. The time dependence of the laser field is shown in panel

(a), and its representation in frequency space is shown in blue in panel (b) along with the

absorption spectrum of Ag37 (excited along the axis) in orange. Panel (b) demonstrates that

the laser field primarily excites the LSPR because only the LSPR falls within the energetic

width of the laser pulse. In panel (c), we show in red the time evolution of the dipole moment

in the course of and after the excitation. For reference, the blue curve shows again the time

dependence of the laser field. The evolution of the dipole moment after the excitation does

confirm that the LSPR is dominated by a single excitation. The arrow indicates the moment

for which the self-sustained oscillating density is shown in panel (d) to compare with the

reconstructed mode R(r, ωsp, t) in panel (e) at ωsp = 2.55eV. This comparison shows that
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Figure 6: Absorption spectra of icosahedral Na+
55 calculated in RT-TDDFT (lower

panel) and LR-TDDFT (upper panel). For the LR-TDDFT calculation, the oscillator
strengths are shown both as vertical lines (red) and also as a Lorentzian-convoluted curve
(red). The reconstructed modes (R(r, t = Ti/4, ωi), where Ti is the period of oscillation)
of the electron density oscillation that contribute to the RT-TDDFT induced densities are
shown for three different energies in the lower panel. The transition density corresponding
to the strongest absorption (at 2.92 eV) as obtained in the LR-TDDFT calculation is shown
in the upper panel.

the spatial distributions are equivalent, which corroborates the validity of the reconstruction

based on the Fourier transform.

Composite spectral features: Surface modes in simple-

metal clusters

As a final test, we analyze the surface modes for the compact icosahedral cluster Na+55, where

the charging serves to avoid partial occupations (electronic shell-closing). The lower panel of

Fig. 6 shows the RT-TDDFT absorption spectra, whereas the red curve in the upper panel

is a convolution of the LR-TDDFT Casida spectrum with a Lorentzian broadening of 0.1 eV.

In both the approaches, the spectra are obtained by exciting the cluster along its 5-fold

symmetry axis. As before, the RT-TDDFT spectrum is obtained using the code octopus,

whereas the Casida result is calculted using the code GAUSSIAN. The differences between

the two spectra are small and entirely due to technical differences between the octopus and
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Figure 7: Modes of electron-density oscillation at 2.94 eV in icosahedral Na+55, reconstructed
from the induced densities calculated in RT-TDDFT (lower panel), is compared to the
transition density obtained from LR-TDDFT (upper panel), at 2.92 eV energy. Different
isosurface values are shown in both the cases (RT-TDDFT & LR-TDDFT) to exhibit the
distribution of the induced densities in different regions of the cluster.

GAUSSIAN calculations.

First of all, both spectra present a split LSPR with the highest intensity just below 3 eV.

The finely-resolved LR-TDDFT spectrum shows that the main contribution comes from an

excitation at ω = 2.92 eV. We show its transition density in the upper panel of Fig. 6. The

reconstructed modes obtained from the δ-kick RT-TDDFT simulation at the two maxima of

the LSPR feature (ω = 2.94 eV and ω = 3.30 eV) are also shown for the same isosurface value

in the lower panel of Fig. 6. These two different contributions to the split surface plasmon

do not look exactly the same, but they clearly show that the density response of the cluster

is primarily from its surface. In perfect agreement with the classical picture,15 the spatial

distribution of the induced density corresponds to an approximate rigid displacement of

the density from its equilibrium position, leading to the appearance of the induced density

mainly at the surface. For completeness, we have also shown the reconstructed mode at

ω = 4.66 eV which, while being a dipole surface mode as well, clearly exhibits a different

symmetry. This mode is the so-called multipole surface plasmon, which also appears in the

optical absorption spectrum of spherical jellium clusters.24,26

Focusing on the lower-energy fragment of the LSPR, the snapshots of the sine contribution
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to the reconstructed mode at ωsp = 2.94 eV are shown in the lower panel of Fig. 7 for two

different isosurface values, confirming the net surface character of the mode. However, the

LR-TDDFT transition density at ω = 2.92 eV, shown for different iso-values in the upper

panel of Fig. 7, is qualitatively different and cannot be regarded by any means as a surface

mode. This mismatch can be traced back to the fact that, unlike the LSPR analyzed in

the previous section, the plasmon resonance is now not dominated by a single excitation,

but made up by a number of energetically close transtions.39,60 This can be seen in the

LR-TDDFT spectrum in Fig. 6, where there are many closely spaced excitations around

the most prominent one just below 3 eV. Thus, unlike in the LR-TDDFT calculation, the

RT-TDDFT mode obtained at ωsp = 2.94 eV has significant contributions from excitations

in the neighborhood. More specifically, if we neglect the contributions by the non-resonant

terms in (13) and (14), the sine coefficient b(r, ωsp) is the Lorentzian weighted sum of the

individual transition densites ci(r) around ωsp, so the shape of b(r, ωsp) will be quite robust

against small variations of γ and/or ωsp. By contrast, the cosine coefficient will be affected

by such small variations, but this does not create problems in the characterization of the

absorption properties of the mode. Therefore, whereas the LR-TDDFT transition density

will change dramatically if we consider an excitation nearby, the reconstructed RT-TDDFT

mode is quite robust.

Due to the composite character of the surface plasmon, the oscillatory mode is actually

the driven induced density, that is, the Fourier transform of the δ-kick induced density using

a finite damping frequency γ. As a consequence, the RT-TDDFT leads to a more faithful

description of the plasmonic response than the LR-TDDFT, since the latter provides the

individual contributions cj(r), but not the driven induced density. Of course, by adding the

LR-TDDFT transition densities using (13) and (14) we will recover the plasmon oscillation,

as illustrated in the SI for a model jellium Na58 cluster. Nonetheless, this is a cumbersone

procedure and unapplicable for medium and large clusters. By contrast, if a finer description

of the plasmonic response were required, the corresponding information could be extracted
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from RT-TDDFT by using a long propagation time. An example can be seen in the SI,

where the RT-TDDFT absorption spectrum of the icosahedral Ag−147 cluster is presented

with a resolution of 0.018 eV using a propagation time of 250 fs.

Conclusion

We have demonstrated the possibility to accurately extract the modes of electron-density

oscillation corresponding to spectral peaks at any energy of interest from a single δ-kick

time-evolution / RT-TDDFT calculation. To this end, we Fourier-transform the induced

density obtained using a real-space real-time TDDFT code (octopus in our case). We

demonstrate the validity of the procedure by comparing with results either from an ex-

plicit RT-TDDFT simulation of the excitation process using a monochromatic laser pulse or

from linear-response TDDFT calculations in the Casida formalism.

The Fourier-transform reconstructed modes are not only accurate in simple-metal nanos-

tructures. We have also shown that the method can be applied to noble-metal clusters, where

it is able to show the intricate interplay between the delocalized metal s electrons and the

more strongly localized d electrons. In particular, the dynamical screening of the localized

surface-plasmon resonance by the d electrons can be easily visualized using this method.

We have carefully discussed the advantages of the approach when analyzing spectral fea-

tures that are not dominated by a single excitation, as well as its limits (due to the unavoid-

able finite spectral resolution of the reconstructed modes). We have shown that the method

naturally addresses the composite character of localized surface-plasmon resonances in, e.g.,

sodium clusters. In particular, the surface character of the driven mode is demonstrated.

One only have to keep in mind that the non-absorption dynamics (i.e. the oscillations in

phase with the perturbing field) depends in a sensitive manner on the quasi-monochromatic

character of the actual perturbative probe.

In conclusion, the Fourier-transform reconstructed modes provide the relevant informa-
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tion about the optical spectral features. The present approach is able to overcome the main

practical drawback of standard real-time TDDFT calculations, which consists in the unavail-

ability of direct information about the nature of individual electronic excitations that are

visible as peaks in optical spectra. It is expected that this method will yet accelerate the

implementation and use of the real-time approach in different computational codes.

Availability

A code that carries out the procedure as post-treatment of time-dependent densities calcu-

lated using the octopus code will be made available shortly.
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der Physik 1908, 330, 377–445.

(6) Esteban, R.; Borisov, A. G.; Nordlander, P.; Aizpurua, J. Bridging quantum and clas-

sical plasmonics with a quantum-corrected model. Nature Communications 2012, 3,

825.

(7) Agarwal, G. S.; Pattanayak, D. N.; Wolf, E. Structure of electromagnetic fields in

spatially dispersive media of arbitrary geometry. Phys. Rev. B 1975, 11, 1342–1351.

(8) Ruppin, R. Optical properties of small metal spheres. Phys. Rev. B 1975, 11, 2871–

2876.

(9) Ruppin, R. Plasmon frequencies of small metal spheres. Journal of Physics and Chem-

istry of Solids 1978, 39, 233 – 237.

(10) Dasgupta, B. B.; Fuchs, R. Polarizability of a small sphere including nonlocal effects.

Phys. Rev. B 1981, 24, 554–561.

(11) Claro, F.; Fuchs, R. Optical absorption by clusters of small metallic spheres. Phys. Rev.

B 1986, 33, 7956–7960.

20



(12) Olszewski, S. Long-Wavelength Absorption in Small Metallic Spheres. physica status

solidi (b) 1993, 178, 247–256.

(13) Toscano, G.; Straubel, J.; Kwiatkowski, A.; Rockstuhl, C.; Evers, F.; Xu, H.; As-

ger Mortensen, N.; Wubs, M. Resonance shifts and spill-out effects in self-consistent

hydrodynamic nanoplasmonics. Nature Communications 2015, 6, 7132.

(14) Runge, E.; Gross, E. K. U. Density-Functional Theory for Time-Dependent Systems.

Physical Review Letters 1984, 52, 997–1000.

(15) Maier, S. A. Plasmonics: Fundamentals and Applications ; Springer, New York, 2007.
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(42) Weissker, H.-C.; Whetten, R. L.; López-Lozano, X. Optical response of quantum-sized

Ag and Au clusters - cage vs. compact structures and the remarkable insensitivity to

compression. Phys. Chem. Chem. Phys. 2014, 16, 12495–12502.
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