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SPECTRAL ANALYSIS OF THE LAPLACIAN ACTING ON
DISCRETE CUSPS AND FUNNELS

NASSIM ATHMOUNI, MARWA ENNACEUR, AND SYLVAIN GOLENIA

ABSTRACT. We study the Laplacian acting on a discret cusp and a discret
funnel. We perturb the metric in a long-range way. Then, we establish a
Limiting Absorption Principle away the possible embedded eigenvalues. The
approach is based on a positive commutator technique.
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1. INTRODUCTION

The spectral theory of discrete Laplacians on graphs has drawn a lot of attention
for decades. The spectral analysis of the Laplacian associated to a graph is strongly
related to the geometry of the graph. It is well-known that the graph is the discrete
version of the manifolds. The nature of the spectral measure of discrete Laplacians
and its perturbations has been done by many authors. For instance in [Sa, BoSa],
one treats the case of Z?, in [AlFr] and [GeGo] the case of binary trees with the help
of some positive commutator techniques, see also [MaRiTi, PaRi]. Without trying
to be exhaustive, some other techniques have been used successfully, eg. [HiNo]
with some geometric approach and [BrKe].

In [MoTr, GoMo], it is shown that for a manifold with cusp, adding a magnetic
field can drastically destroy the essential spectrum of the Laplacian. In [GoTr],
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the discrete analogous is considered for the same question. In the case of the non-
magnetic case, where the essential spectrum exists, they do not analyse the refine
properties of the spectral measure. This is the main aim of this article.

We recall some standard definitions of graph theory. A graph is a triple G :=
(€,V,m), where V is a countable set (the vertices), £:V xV — R, is symmetric,
and m : YV — (0,00) is a weight. We say that G is simple if m =1and £: V xV —
{0,1}.

Given z,y € V, we say that (z,y) is an edge (or z and y are neighbors) if
E(x,y) > 0. We denote this relationship by z ~ y and the set of neighbors of z
by Ng(z). The space of complex-valued functions acting on the set of vertices V
is denoted by C(V) := {f : ¥V — C}. Moreover, C.(V) is the subspace of C(V) of
functions with finite support. We consider the Hilbert space

GV, m) = {f eCW), Y m(@)|f()]* < oo}
zeY

with the scalar product, (f,g) := > o\, m(z)f(z)g(x). We define the Laplacian
operator

(1) Agf(x) := > Ey)(f(@) - f),

m(x) eV
for all f € C.(V). Ag is a positive operator since we have (f, Ag f)ev,m) = Qg(f),
with
1
Qo(f) =5 D E@y)If(@)— W,

z,yey

for all f € Cc(V). We set
1
degg(z) := () > E(,y),
yey

the degree of x € V.

We present a simple version of our model: We consider Gy := (€1, V1, m1), where
Vi i= Z, mi(n) == e, and E(n,n + 1) := e TV/2 for all n € N and Gy :=
(G2, Va2, m2) a connected finite graph such that [Va| =n, n > 3. Let G := (£,V,m)
be the twisted cartesian product Gi Xy, G given by

{ m(z,y) = m(x) X ma(y),
E((z,y), (@ y) = &, ") X Oy yr + b0 X Ea(y,Y),

for all z,2' € Vy and y,y" € Vs.

funnel side cusp side
2) Representation of a discrete cusp and funnel side

If n > 0, this is a funnel side and if n < 0, this is a cusp side.
The Laplacian obtained with our product is essentially self-adjoint on C.(V).
Moreover, Ag has no singularly continuous spectrum and

UaC(Ag) = [61/2 + 6*1/2 _ 2,61/2 + 671/2 + 2]
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Now, we perturb the metrics of the previous case which will be small to infinity and
aim to reach the same results. Let H := Ag: + V(Q), where V is a real bounded
function on V such that V(z) — 0 if |x| — oo, and Ags be the closure of

Ag : C.(V,m') = C.(V,m")
F g f(@) 1= s S E ) (@)~ )

y~x

with G’ := (&', V,m’), m'(x) := (1 +e(x))m(x), and &' (z,y) = (1 +0(z,y))E(z, y),
where g(z) — 0 if || — oo and O(x,y) — 0 if |z|,|y| — oco. m/ and & are a
long-range perturbations of m and £. The operator H is essentially self-adjoint on
C.(V). In fact, it is a kind of compact perturbation of Ag, see Proposition 4.4 for
a precise statement.

Our main result is the following:

Theorem 1.1. Let V : Z — R be a function and € > 0. We assume that

sup(n)st [e(n — 1) — (n)| < oo,
nez

sup (n)T B(n,n’) — O(n — 1,n")| < oo

n~mn'

and

up (‘V(n —1) - V(n)‘<n>1+a) < 0,

where O(n,n’) —= 0 if |n|, |n'| = oo, e(n) = 0 if |n] = o0 and V(n) = 0 if In| — oo.
Then, we have the following assertions:

(1) Oess(H) = 0ess(Ag).

(2) The eigenvalues of H distinct from c¢1 and co are of finite multiplicity and
can accumulate only toward ci and co, with cq = el/2 4 e=1/2 _ 2 gnd
co 1= el/2 4 e=1/2 49,

(8) Let T a bounded interval of (c1,c2). The singular continuous spectrum of
H is empty and if s > 1/2, I’ a compact sub-interval of T and \ & x(H) :=
op(H)U{c1,ca}, then lim, o [(Q)~*(H —A—in)~H(Q)~*|| exists and finite,
locally uniformly in A € R\ k(H). In particular, for all f € H, there exists
c> 0, such that

/R Q) e~ By, (BT) f12dt < || £

Our approach is based on a positive commutator technique, namely we establish
a Mourre estimate. The proof of this theorem is be given in Subsection 4.3. We
refer to Section 2 for historical references and for an introduction on the subject.

We now describe the structure of the paper. In Section 2, we present the Mourre’s
theory. The next section is devoted to study the free model. In Subsection 3.1, we
present the context and introduce the notion of cusp and funnel. In Subsection
3.2, we start with the Mourre estimate on N. In Subsections 3.3, and 3.4, we prove
the Mourre estimate for the discrete Laplacian that acts on a funnel and a cusp,
respectively. Then, in Subsection 3.6, we conclude the Mourre estimate for the
whole graph. In Section 4, we perturb the metrics and add a potential. This yields
the main result. The proof are more involved than in Section 3.1 as we rely on the
optimal class C1'1(A) of the Mourre theory.
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2. THE MOURRE THEORY

The Mourre Theory allows us to analyze the essential spectrum of different op-
erators (presence of eigenvalues in the essential spectrum and nature of the contin-
uous spectrum) and to obtain a limit absorption principle. In 1956, C.R. Putnam
gave a necessary condition for the spectrum of an operator to be purely absolutely
continuous. Since its introduction in 1980 (cf., [Mol, Mo2]), many papers have
shown the power of Mourre’s commutator theory to study the point and continuous
spectra of a quite wide class of self-adjoint operators. Among others, we refer to
[BaFrSi, BoCaHdMi, CaGrHu, DeJa, FrHe, GeGéMg, GeGo, HuSi, JeMoPe, Sa
and to the book [AmBoGe| and more recently [GoJe, Gé]. One can also find
parameter dependent versions of the theory (a semi-classical one for instance) in
[RoTa, Wa, WaZh]. Recently, it has been extended to (non self-adjoint) dissipative
operators (eg., [BoGo, Roy]).

Let us Now, briefly recall Mourre’s commutator theory. We consider two self-
adjoint (unbounded) operators H and A acting in some complex Hilbert space H.
Let || - || denote the norm of bounded operators on H.

With the help of A, we study spectral properties of H, the spectrum o(H) of
which is included in R. Let Z be open interval of R. Given k € N, we say that
H € CF(A) if for all f € H, the map R > t s e*A(H +1i)"te *4f € H has the usual
C* regularity. We say that H € C1%(A) if the map R > t — ™A He A ¢ B(H)) is
of class C1(R, B(H)), with B(H) endowed with the norm operator topology.

Theorem 2.1. Let A and H be two self-adjoint operators in the Hilbert space H.
The following points are equivalent:

(1) H € C*(A).

(2) For one (then for all) z & o(H), there is a finite ¢ such that

(3) [(Af, R(2)f) = (R(Z), Af)| < ¢l fII?, for all f € D(A).
(8) a. There is a finite ¢ such that for oll f € D(A) ND(H):
(4) [(Af Hf) = (H A< c([HFIP + [1FIP)-

b. For some (then for all) z & o(H), the set
{f €D(A);R(2)f € D(A) and R(Z)f € D(A)}is a core for A.

Note that (3) yields that the commutator [A, R(z)] extends to a bounded opera-
tor, in the form sense. We shall denote the extension by [A, R(z)],. In the same way,
from (4), the commutator [H, A] extends to a unique element of B(D(H ), D(H)*)
denoted by [H, A],. Moreover, if H € C*(A) and z ¢ o(H),

[A,(H-2)""] = (H—2z)" [H, A], (H—2)"".
~—_——— —— ~—_———
H«D(H)*  D(H)*<D(H)  D(H)«H
Here, we use the Riesz lemma to identify H with its anti-dual H*.

Note that, in practice, the condition (3.b) could be delicate to check. This is

addressed in the next lemma.

Lemma 2.2. ([AmBoGe, p.258]) Let D be a subspace of H such that D C D(H)N
D(A), D is a core for A and HD C D. Let (Xn)nen be a family of bounded operators
such that
(1) xnD C D, xn tends strongly to 1 as n — oo, and sup,, || xnl|aom)) < oo
(2) Axnf — f, for all f € D, as n — oo.
(3) There is z ¢ o(H), such that x,R(2)D C D and x,R(Z)D C D.
Suppose also that for all f € D

li_>m A[H, xn|R(2)f =0 and li_>m AlH, x,|RZ)f = 0.



SPECTRAL ANALYSIS OF THE DISCRETE LAPLACIAN 5

Finally, suppose that there is a finite ¢ such that
(AFHf) = (HF AP < c(IHFI?+(1£1%), for all f € D.
Then, one has H € C1(A).

We define another class of regularity called the C*! regularity: we say that
H e CHY(A), if

' a1 itdy itay dt
; ITIH +1)77, e, ™l 5 < o0
Thanks to [AmBoGe, p. 205], it turns out that
C*(A) c cHH(A) c ch(A) c CH(A).

Denote by Ez(H) the spectral measure of H above Z. We say that the Mourre
estimate holds true for H on Z if there exist ¢ > 0 and a compact operator K such
that

(5) Er(H)[H,iA].Ez(H) > Ez(H) (c + K)Ez(H).

The aim of Mourre’s commutator theory is to show a limiting absorption principle
(LAP).

Theorem 2.3. Let H be a self-adjoint operator, with o(H) # R. Assume that
H € CY(A) and a strict Mourre estimate holds true for H on Z. Then
(1) If K =0, then H has no eigenvalues in .
(2) The eigenvalues of H are of finite multiplicity on T.
(3) If H € CY1(A), s > 1/2 and I' a compact sub-interval of I, then
sup (A" (H — 2)" (A)"*|| exists and finite.
R(z)eZ’,3(z)#0
Moreover, in the norm topology of bounded operators, the boundary values of the
resolvent:
I'3A— lirgli (A)"5(H — X\ —ip) " (A)~* eists and continuous.
=
For more details, see [AmBoGe, Proposition 7.2.10, Corollary 7.2.11, Theorem
7.5.2].

3. THE FREE MODEL

3.1. Construction of the graph. Given Gy := (€1, V1, m1) and Gy := (&, Vo, ma),
the Cartesian product of G1 by Gs is defined by G° := (£°,V°, m®), where V° :=
Vl X Vg,

{ me(x,y) = ma(x) x ma(y),

&e ((Ia y)v :E/, y/)) & (Ia II) X 5y,y’m2(y) +my (I)(SI,I’ X gQ(ya y/)'

We denote by G® := G X Go. This definition generalizes the unweighted Cartesian
product, e.g., [Ha]. It is used in several places in the literature, e.g., [Ch, Section
2.6] and in [BoKeGoLiMij| for a generalization.

The terminology is motivated by the following decomposition:

Ago:Agl®1+1®Ag2,

where (2(V,m) >~ (2(V1,m1) @ £?(V2,ma). We refer to [ReSi, Section VIIL.10] for
an introduction to the tensor product of self-adjoint operators. To analyze the
Laplacian on this product one separates the variables and obtains a decomposition
which is not of the type of a Cartesian product, e.g., [GoMo, Eq. (5.22)] for some
details.

We aim at mimicking this situation and introducing the product G := (£,V, m) :=
G1 Xy, Ga, see Graph 2. Under the representation

CV,m) = Vi, m1) @ (2(V2, ma),
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the Laplacian obtained with our product is given by
1 1
Ag=A7g @ —+ ——= @ Ag,.
ma  ma(:)

A hyperbolic manifold of finite volume is the union of a compact part, of a cusp, and
a funnel, e.g., [Th, Theorem 4.5.7]. In this article we study a discrete analogous.

The graph G := (£,V, m) is divided into three parts: A cusp part, a funnel part,
and a compact part. Set G* := (£*,V*,m*) be the induced graph of G over V*
where x € {c,f,0}.

We consider Gf := (€7, V5, m7), where

V=N, mj(n):=exp(—n), and & (n,n + 1) := exp(—(2n + 1)/2),

for all n € N and G§ := (£5,V5,m2) a simple connected finite graph such that
[Vs| =n. Set G° := Gf xyg G5. This is a cusp part.

We consider Gi := (&5, Vi, m!), where

V=N, mi(n):=exp(n), and & (n,n + 1) := exp((2n +1)/2),

for all n € N and G := (&, V5, my) a simple connected finite graph such that
Vi =n. Set Gt .= Gt Xyt GS. This is a funnel part.

For the compact part, we ask that for all x € V', supp (£(z,-)) is finite and
m®(z) > 0.

We Now, take advantage of

2(G) = (G & (G°) & (G,
We have that
Ag = Agf @O@Agc + K,

with K is an operator of finite rank.

3.2. Mourre estimate on N. We denote by 1x the indicatrice of the set X. We
denote by N the set of non-negative integers. We define by @ the operator of
multiplication by n.

Given f € ?(N), we set ¥n € N* Uf(n) = f(n — 1) and U f(0) = 0. Note that
U*f(n) = f(n+ 1),Vn € N. The operator U is an isometry and not unitary: we
have UU* = id and U*U = 11 [(Q).

Given f € (3(Z), we set (Qf)(n) = nf(n) for all n € N. It is essentially self-
adjoint on ¢2(Z). Note that

6) QU=U@Q+1), U'Q=(Q+1)U* and UQU =U*(Q +1) on D(Q).
The operator Ay is defined by (1), where N ~ (N, &y, m), with Ey(n,n+1) =1 and
m(n) =1 for all n € N. Explicity, we have
Anf(n):=2f(n) = f(n—1) = f(n+1).
We can express it with the help of U. Namely, we have:
Ay=2—-(U+U").

We denote by 1}1 o[(Q), the operator of multiplication by 1 o[- We construct the
conjugate operator in £2(N, 1). On the space ¢2(N, 1), we define
U-U"

2i

Ay = % (SQ+QS), where S :=

(v(era) v (e+2))

i

M) =1 (%(U*+U)+Q(U*—U)>.

NN
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The operator is essentially self-adjoint, see [GeGo] and [Mic, Lemma 5.7]. We
continue to denote by Ay its closure. We have that

D(Ar) = D(QS) := {f € *(N),Sf € D(Q)}.
see [GeGo, Lemma 3.1].

Lemma 3.1. On (3(N), we have
1
(U™ +U) AN = —3 ((U2* UH)Q —1- 5Ly + U? + U*Q)) :
i 1
An(U* +U) = % <(U2 U*Q + = (U2 +U*?) —1- —1{0}>

Proof. First,

UAy = —% (UU Q-U2Q— - UU* ;U )
%<1NQ UQ — —1 )
%<1N—U2 Q—— 1N+U2>
We also have
U* AN_—% (U*2Q UrUQ — 2—%U*U>
i _ *2_1
2 (U Q- 3u-3)
1 1 *2_l
5( @-3W 2>>'
Then,
i 1 1
W+ 0y = =3 (- U0 - Jan+ U9+ @ - Q- 507 - 1)
_ 1 e . 1 2 w2 1
= 2((1N U2+U*-1)Q 2(1N+U +U 2))
i 1
— %<(U2* UQ)Q—1—§(1{0}+U2+U*2)>,
and
i 1
ANU* +U) = 5 <Q(U2 —U*?)—1- 5(1{0} +U2+U2*)>
i 2% 3 2 *2 1
This gives the proof. 0

Lemma 3.2. The operator Ay is C*(An) and we have:
. 1
(8) [An, iAn]o = 5AN(4 — An),

This lemma is essentially given in [GeGo], see also [AlFr] for another type of
presentation.
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Proof. We work in the form sense and by density. Let f € £2(N). Since Ay f € ¢2(N)
and using Lemma 3.1, we obtain:

(f, [An, IAN]f) == (Anf,iANS) — (—iANS, AnS)
=i{f,AN(U"+U) — (U*+U)Axf)

= SUf2+ 1y — (U2 4 U)) = 207, Anld = A,

Since (%(N) is a core for A and since Ay(4 — Ay) is a bounded operator, there is

a constant ¢ such that [(Anf,iAnf) — (—iANf, Anf)| < ¢ fI|?, for all f € D(A).

Hence, it is C*(A). By density, we also obtain (8). O
By induction, one easily obtains that:

Corollary 3.3. Ay € C*(A).
3.3. The funnel side. Recall that

PV m) = 2 (N, mb) @ (Vi ma).
We have

1
(9) Agf = Ag{@m—2+m®Ag§.

The first remark is that

Lemma 3.4.

1 .
——— ® Ag € K (2(V1)).
i) @ e €2 E0)
1
Proof. Note that Agg is of finite rank since V? is finite and that ﬁ is a compact
my (-
operator since m}(n) — oo, as n — oo. O
Let

T:2(N,mb) — (2(N,1)

It is a unitary map.
Lemma 3.5. We have Age € B ((2(VF), m').
We Now, introduce the conjugate operator. Recalling (7), we set
Age =T " ANT @ 1.
We turn to the regularity. We have:
Lemma 3.6. We have Agr € CH(AY) and

. 1 1 .
(10) [Age,iAg], = w(Aq) & m—2 + {m & Agg,IAgf] . +K,

e (e2(vi,mt))

(11) = w(Agt) + K

where K, K' are compact operators,

and
cp=e24e V292 and ey i=e/?4e V242

Note that o denotes the closure of the commutator which is originally defined on

D(A) x D(A).
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Proof. We prove that [Age,iAg]o € B(H). We set é:= e~ /2 — 1. We have that

w(Ag) = 72 (Agf—;—j (;—Z—Agf>

A straightforward computation leads to

. 1 1
[Agf,lAgf]o = Q(Agg — Cl)(Cg - Agg) & m—2
1/, N _ 1
+ 5 (060(02 — Agg) — (Ag{ — 01)060 — 0250) ® m—2

1
— ¢l 3 o
C[ 0 m2,1Agf]

+ | — ® Age, 1A f:|
[mm e

o

in the form sense on ¢2(Vf) ® ¢2(V%). Since Ag: is bounded, ms is a constant, and
dg is a finite rank operator then the second line of the r.h.s. is compact. Moreover,
since 8y = |do){do| and since 5y € D(T*ANT), Lemma 3.12 ensures that the third
line is also compact operator. We turn to the last line. We have:

R

mi (")

in the form sense on £2(Vi) ® ¢2(V}). The operator is a compact in ¢2(N, 1) since U
is bounded and lim,, o e "(n — 1/2) = 0. By conjugating back with 7" and 71!,
we infer that the fourth line is a compact operator. This implies that [Age,1Age]o €
B(2(VE,mb)) and (10).

Note that (11) follows from (10) and the fact that Ag: is bounded and Lemma
3.4.

Next, as in the proof of Lemma 3.2, as ¢2(V!) ® £2(VY) is a core for A, we deduce
that Agf S Cl(Agf) ]

Lemma 3.7. We have Ag: € C*(A).
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Proof. We prove that [[Age,iAgt]o,1Agt]o € B(H). A straightforward computation
leads to

1 1
[[Agf,i.Agf], i.Agf] = |:§(Ag{ — Cl)(CQ — Ag{) X —,iAgf:|
m2

(1 /. - - 1 .
+ 5 (C50(62 — Ag{) - (Ag{ - 61)050 - 0250) ® m—2,1Agf:| (10)

1
— 2lldo ® —,iAgr], idgi]
ma

T 1
+ [ f( ®Agf 1Agf:| ,i.Agf],

ma ()
in the form sense on £2(V) @ £2(V). For the first two terms, we have

1 1 . 1 o 1
|:§(Ag§ - Cl)(CQ — Ag{) X m—2, IAgf:| = — |:Ag§,lT 1ANT:| (CQ - Agf) X m—2
1 1
§(Agf — Cl)[Agf irT- ANT] ® m—2
and
1 /. R 9 1 .
5 (@ole2 = Agy) = (Agy — e1)ido — &0) @ A
1 1
= ——50[Agf iT— .ANT] ® — + [(50,1T ANT](CQ — Agf) ® oo,
2

1 &2 1
— —[Age, iT ' ANT] @ — — =[50, iT ' ANT] @ —.
2[ gt 1 N]®m2 2[0,1 N]®m2
Since 6y € D((T'AnT)?), Lemma 3.12 ensures that the third line extends to a
compact operator. Moreover, since Agg is bounded, ng is a constant, and Jg is a
finite rank operator then the second line of the r.h.s. is compact. We turn to the last

line. We have || ®Ag§,iAgf}o,iAgf]o = [T 1ANT} 1T*1ANTL ®

Agg,where
1{ 1 AT~ 1ANT} T rANT
ml()
I R e —1/2 w12l
_2[—m§(-)’lT ANT} (e (Q—i— )U +e 2 QU
e—1/2

= (e—1)e @ <Q — 1) (QUU* —-UU* + 1UU*)

o e-0e (@ 3P - e -1 (- 3 Y vaw,

and

T~ 1ANT[ 1() T~ 1ANT}
1

(e ore o (3-0)) e

— e—iﬂ (e — 1)U*Qe™ (Q - —) U-— e_;/2 (e—1)U*e @ (Q - %) U
el/2 el/2 1
—I—T(e—l)Ue (Q——)U—T(e—l)UQe (Q—§>U

Using the proof of the Lemma (3.6) and the dictionary (6), then the fourth line is
a compact operator.
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Next, as in the proof of Lemma 3.2, as £2(Vi) ® £2(V1) is a core for A!, we infer
that Agf S C2 (Agf). O
we pass to Mourre estimate.

Proposition 3.8. We have Ag: € C*(Agt). Moreover, there are ¢ > 0, a compact
interval T C (c1,¢2), a compact operator K such that

(12) Ez(Age)[Agr,iAgiloEz(Age) > cEz(Agr) + K,
in the form sense.
Proof. The Lemma 3.7 gives that Agr € C?(Agt). By (11), we obtain
Ez(Age)[Agr,iAgi|o Bz(Age) = Ex(Age)w(Age ) Ez(Agr) + K
> cEz(Agr) + K,

where K is a compact operator and
m c c
c:= —2 inf (:C——l> (—2—96) > 0.
2 zel mo mo

3.4. The cusps side.

3.4.1. The model and the low/high energy decomposition. In the spirit of [GoMo,
GoTr], we denote by P' the projection on ker(Ag,) and by P" is the projection
on ker(Ag,)*. Here, le stands for low energy and he for high energy.

We Now, take advantage of

Ve, m) == H'* @ H"e
(13) = 2(N,m1) ® ker(Az) @ £2(N,m1) ® ker(An)*.
We have that Age := AL?C &) Agﬁ, where

1
14 AL = Age @ —P'°
( ) g gy Y ms ’
on (1 ® P*)¢2(Ve,m), and
1 1
15 AR = Age @ — PP+ —— @ PP Age
( ) g G{ ® Mo + ml() ® Gs»

on (1® Ph)2(Ve, m).
Let

T : *(N,m§) — (*(N, 1)

It is a unitary map. We see that:
TAg:T™" = Ay — (Y2 = 1)+ e/? + 7Y% =2 in (3(N).

By using for instance some Jacobi matrices techniques, it is well-known that the
essential spectrum of AL?C is purely absolutely continuous and equal to

Tac(A) = [e/2 +e7V2 =212 4 o712 1 9],

with multiplicity one, e.g., [We]. It has a unique eigenvalue.
We turn to the high energy part. Denote by {\;}i=1...n, with A\; < A;iyq, the
eigenvalues of Age. Recall that \; = 0. Using [GoTr, Equation (10)],

® Ag, P' < Age(1® P'®) < 2M + ® Ag, P

ma () ma(-)

Hence, Ag-(1 ® P"®) has a compact resolvent.
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3.4.2. The conjugate operator. We Now, go back to £2(N,m1) @ ker(Az). We set:
(16) AGe := T ANT ® Prex(ay)-

Straightforwardly we get

s 1\ ., 1
.Algec = —5 (6 1/2 (Q+ 5) U +€1/2 (5 — Q) U) ®Pker(A2)
on ¢2(N,m1) ® ker(Az). Hence, we obtain from (8):
le : gle 1 le le
(17) [Ag(‘,7lAgc]o = §Agc (4. — Agc).
With respect to (13), we set
Age 1= A @ A%,

where Agi := 0. We obtain:
Lemma 3.9. We have Age € C1(Ag:) and
(18) [Age,iAge]o = [Af:, 1AL ] @0 = w(Ag:) ® 0+ K,

with respect to (13) and where K € K(£?(V°), m®),

ma C1 C2

w(z) = —=(r - —)(— — =),

2 mo’ Mo
and
ci=e?4e V22 and ey i=el/? eV 42
In particular, [Age,iAge]o € B(2(V,m)).

Proof. We prove that [AL. iAK.], € B(H'®). We set ¢ :=e~1/2 — 1. A straightfor-
ward computation leads to

e : gle ma e C1 C2 e
[AGe 1A ] = (A — 52— A
1, s L ple
+ B (050(02 — Ag;) — (Ag; — 61)050 — 0250) ® m—2Pl

1
_ 5[60 ® —Plc,i.Alc]o,
m2

in the form sense on (Z(Vf) ® P'°(*(V5). Since Age is bounded, P is of finite
rank, and Jp is a finite rank operator then the second line of the r.h.s. is compact.
Moreover, since 0y = |do)(do| and since dp € D(T ' AnT), Lemma 3.12 ensures that
the last term is also compact operator. This implies that [A.,1AS.]o € B(H') and
(18).

Next, let {X, }nen be a family of functions defined as follows:

X (z1,20) := <<1 — _7;7:31:1) \/0> A,

where supp (X,,) = [n,n* + n + 1] x V5 and for all z € [0,n], X,(z1,72) = 1. We
denote by X, (Q) the operator of multiplication by X,.

1) We have [|X,|lc = 1 then [|X,(Q)[|B(2(ve,mey) = 1. Moreover, &,,(Q) tends
strongly to 1 as n — +o00. Now, we shall show that sup,, [|X,(Q)|[pa) < oo. For
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all f € C.(V°), we have

n2+n+1

1% @FI7 =D D Xz, 22) P f (21, 72)
T1=n xz2€V>
n +n+1 7’L+.’II1 2
< D 2 mlenm) || )l
T1=Nn xzo2€V>
n2+n+1 2 n +n+1
7127_’_1 Z Z :171,:172 |f $1,$2)| < 00.
T1=n x9€V>2
Since
[Ags & — + — © Mg, X, (Q)] = [Ags © ——, X(Q)] + [ © A, X (Q)]
[ Mo my 2, n = 26§ My’ n ™ 2, n
1 1
= [Age, X, — [, X, As,
Ao, 2@ © =+ [, Au(@)] 80
uniformly bounded =0

then there is ¢ > 0 such that, for all f € £2(V¢,m¢) and n € N,

1(Age + )X (Q)(Age +1) 7 fII* < cll I
Since, Age is essencially self-adjoint then for all f € £2(V¢, m®), [[(Age+i) X, (Q) fI|* <

cl[(Age +1)f||>. Then the result follows.
2) For all f € C.(V°), we have

n +n+1

I[Age, Xa@IFI2 = Y- Y mlwr,22)[(Age X (Q) ) (w1, 2)

T1=n x2€V>

— (X (Q)Age f) (w1, 2) .
Since f € C.(V°) then [[[Age, X (Q)]f]| — 0, as n — 0o. So Age X (Q)f — Age f,

as n — o0o.
3) We have [Age, X,(Q)] = [Ags, X, (Q)] ® 7z and for all f € C.(V°),

n +n+1

1 1
Mg Ue L X @IfIF =5 D> D mlanaa)lle”*(Q+5)U

T1=n x2EV2

- eW(% QU] Puan(ag,) (U DXa(Q) — Xa(Q)(U © 1)) f(1, 1)

ln +n+ 1
= 5 Z ; 1171;172 —-1/2 (:El + 5) ®Pker(Agz)Xn(:EhfEQ)f(iZTl,ZEQ)

r1=n

1
_ 61/2(5 —r1)® Pkcr(Ag2)Xn($1 —2,29)f(z1 — 2,22)
_ 1
—e 1/2(:51 + 5) ® Pkcr(Ag2)Xn($1 +1,29)f (21, 22)

1
+ 61/2(5 — 21) @ Prer(agy)Xn (@1 — 1,22) f (21 — 2,22)[?

+n+1

1
Z Z m(zy, o) (e (21 + = )®Pkcr(Ag2)

T1=n x2€V>

X | X (1, w2) — X (1 + 1, z2)| f (21, 22)

| /\

1 2
+ 61/2(5 — ;L'l) X Pkcr(Ag2)|Xn(xl — 1,$2) — Xn(l'l — 2,$Q)|f($1 - 2,1’2)) .

In the same way, we prove that [ Age[U* ® 1, X,,(Q)]|| < oo.
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4) Since (Age—2)~1 € £2(V°), for all z € o(Age) then (Age—2)1C.(VC) C £2(V°)
and since X,, has a compact support, we have X,,(Q)(Age — 2)~1C.(V°) C C.(V°),
and as £2(V§) ® P02(VS) is a core for A'°. So, by appling [GoMo, Lemma A.2],
we obtain that Af. € C!(AgS.).

Finally, it is enough to prove that R := (Age + i)' € C!'(Age). Note now,
that R = (A& +1)7' @ (A + i)~ with respect to (13). Since Age := Ag. @ 0
(Ag +1)7! € CHAE.), and trivially (A + 1)~ € C*(0), we obtain that R €
C'(Age). This concludes the Lemma. O
Lemma 3.10. We have Age € C?>(Age) and
(19) [Age,idgelo, iAgeo = [[AL., iAo, iASJ, 0.

Proof. We shall show that [AL.,iAS]o,1A4%.]c € B(H'). A straightforward com-
putation leads to

[0 15 1] = [ B2ab - (2 - )i
1 1
+ |:§ (560(02 — Agf{) — (Agf — 01)560 - 5250) & m—zple,iAlgec:|
—¢[[do ® Ple Ao, 1AL,

in the form sense on £2(V{) ®@ P'¢%(V5). First we have,
ma e c1 ., C2 C2 e
[2 (Al — CLy(C2 Al il ] (Al Ak }(m_z_algc>

m e C
- (Al - L) b idg).

1 1
= (550(02 - Agf) - (Agf - 01)550 - 5260) & —Ple, i.Algec:|
2 ma

on the other hand,

¢ [Age, iT " ANT] 6o ® —Ple ;6 (c2 — Age) [00,iT " ANT] ® miple

1

c (Agc — Cl) [50, iT_lANT] & iple — [Agc iT— ANT} do ® P

.
mo 2
& [60,iT " ANT]| ® iple

wl»—twly—l l\DI}—‘

Since &y € D((T~'AnT)?), Lemma 3.12 ensures that the last term extends to a
compact operator. Moreover, since P'€ is of finite rank, [Age, iT ' AnT], is bounded

and Jp is a finite rank operator then the first and the second lines of the r.h.s. are
bounded.

Next, as in the proof of Lemma 3.2, as ¢2(V$) ®@ P(2(V5) is a core for A%, we
deduce that Al € C2(A%L.). O

Concerning the Mourre estimate, we prove the follows result:

Proposition 3.11. We have Age € C?(Age). Moreover, there are ¢ > 0, a compact
interval T C (c1,¢2), a compact operator K such that

(20) EI(Agc)[Agc , iAgc]oEz(Agc) > CEI(Agc) + K,

in the form sense.
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Proof. The Lemma 3.10 gives that Age € C*(Age). On H™, Ez(Ag) is compact
since Agi is with compact resolvent and with respect to (13), we have

E1(Age)[Age,iAge]o Br(Age) = Bz (AL )[Ag.,1AS: |0 Bz (Ag:) ® 0
> cB7(A) ® 0> cEr(Age) + K,

where K is a compact operator and

0
3.5. The compact part. We define the conjugate operator on ¢2(V) = 2(V!) @
2OV @ 2(Ve) as
A= Ag @0 Age.

It is clearly essentially self-adjoint on C.(V). We introduce the class of operators
with kernel with compact support. Define the meaning of bra-ket notation.

Lemma 3.12. If ¢, € D(A) then |¢)(v)| € CL(A). Moreover, if p,1) € D(A?)
then |) (4] € C2(A).

Definition 3.13. We say S € K¢ if there a : V xV — R such that a(i, j) = a(j, )
for alli,j €V, such that suppa(-,-) is finite, and
S= Y ali,§)|6:) (5]
i,jEV

Remark 3.14. Clearly (Ag — Agr ® 08 Agr) € Ko. In particular, the difference
is a finite rank operator.

Lemma 3.15. We have Ko C C2(A).
Proof. Apply Lemma 3.12. O

3.6. The whole graph. In this section, we give the Mourre estimate in the whole
graph.

Proposition 3.16. We have Ag € C%(A). Moreover, there are ¢ > 0, a compact
interval T C (c1,¢2), a compact operator K such that

(21) EI(AQ)[Ag,iA]OEI(Ag) Z CEI(AQ) + K.

Proof. First Ag € C%(A) because Agr & 0 & Age € C*(A) by the Lemma 3.10, the
Lemma 3.7, the Remark 3.14, and by Lemma 3.15. In particular, we have that the
two operators are in C(A), see [AmBoGe]
Then by collecting (20) and (12), we obtain
E7(Agi ®0® Age)[Agr @ 0@ Age, 1Al E7(Agr &0 ® Age)
Z CEI(Agf © 0 &b Agc) + K.

Since the two operators are in C.(A) and by Theorem [AmBoGe, Theorem 7.2.9],
we obtain (21). O

4. THE PERTURBED MODEL

In this section, we perturb the metrics of the previous case which will be small
to infinity. We obtain similar results however the proof is more involved because
we rely on the optimal class C**(A) of the Mourre theory.
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4.1. Perturbation of the metric. Let Ag/ be the closure of
Agr : C.(V,m) = C.(V,m)
fre Ag f(x) = ZS' (@, 9)(f(x) = f®));
y~;E

with m/(z) := (1 + e(x))m(x), and &' (x,y) := (1 + 0(z,y))E(z,y), where e(z) — 0
if |z] = oo and 6(z,y) — 0 if |x|,|y| — oco. The operator Ag: is self-adjoint. In fact
it is a compact perturbation of A, see Proposition 4.4 for a precise statement.

We set m/, := miv* and ¢/, ;= siv*w*. More precisely:

lim (g),,. (z)m*(z)) =0 and lim  (0),. . (z,y)E(x,y)) =0,

|z]—0 ], |y|—0

with x € {c,f}. We note that | ,, :=¢* and 0, = 0*.

XV*

4.2. Unitary transformation. The problem here is that when we do the pertur-
bation, we do not fall on the same Hilbert spaces. To avoid this problem, we will
use the following transformation:

Proposition 4.1. Let
Tyt - C2(V,m) — 2(V,m)

m'(z,y)

= Toomf(zy) = m(x,y)

f(x,y).

The transformation Ty, —sp, s unitary.

Proof. Let f € (2(V,m’),

|‘Tm’—>mf||%2(v,m) = Z m(x,y)|Tm/_)mf(x,y)|2

(z,y)€V
m'(z,y
= % mlealy Y s
(z.y)EV ’
= > w@ylf@y)l = 1w
(z,y)€V
Then, the operator T is unitary. 0

We can now, send Ag in KQ(V m) with the help of this unitary transformation.
Namely, let A= T —smAg T We have the following result:

m~>m

Proposition 4.2. Let f € (2(V,m). Then for all x € V
(22) Af(x) == W)+ A f(2),

where

W f Zé" (x,2) :1:) ZE T, 2) (z)m/(:v) f(x)

:LZ e(z) —e(x)
m(x) 4 (1+e(@)/1+e()(V1+e(z) +/1+e(x))
(1+9(w72)) (z,2) f ()
and

B (0 i= s 3 €02y | 2 (1(0) — 12

et
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Proof. Let f € (2(V,m) and z € V, we have

zf(x) = Ty mAgr T; _>m

ﬁ;m( CEERNCETE)

)
ZE (z,2) 25/ z,2))4 ggii:gxz)f@)
i 25 7 25
W@
;f N ey g @~ F@)
= Wf( )+ A f ().
and
Wf ZE x, 2) ZE' x,z) (z)m(x) ————f(x)

T e

1 1 1 )
_M;<1+6( )_\/(14—5(90))(14—8(2)))5(I’Z)f(x)
:LZ(H@(“ <\/1+EZ _\/1+8($)>8(:c,z)f(a?)

m(z) (1+e(x)y/1+¢(z)

z~T

_ 1 - e(z) —e(z)
-~ m(x) ;(1+9( '?) < 1+e(@)y/1+e@)(y/1+e(z)+ \/1—1—6(90)))
x E(x, 2) f(x).

After a straightforward calculus, we have the following Lemma:

Lemma 4.3. For all f € ﬂQ(V m), we have

— 0z, 2) T,z z)— f(z
B = B0)1(0) 1= 5 37— e s (1) 1)
R FERV (R ) [ ) A W
(23) +m<r>;< e >s< ) (@)= 1),

Proposition 4.4. Let V : V — R be a function, obeying V(z) — 0 if |x| — oco. We
assume that 6(x,z) — 0 if |z|,|2| — oo and £(x) — 0 if |z| — oo then A — Ag €
K(2(V), m), where A is the transformation of Ag: in £2(V, m). In particular

(1) D(Agr +V(Q)) = D(Ap).

(2) Ag +V(Q) is self-adjoint.

(3) Oess(Agr + V(Q)) = 0ess(Ag).

Proof. First, we suppose that 6(z,z) — 0 if |z|,|z] = oo and e(z) — 0 if |z| — oo,
then by using the Propositions 4.6 and 4.14 we have that A — Ag € K(€2(V), m).
In particular, since Ag is self-adjoint and since V(Q) is compact then by using
Theorem [ReSi, Theorem XIII.14], we have that Ag/ + V(Q) is self-adjoint and

UCSS(AQ/ + V(Q)) = UCSS(AQ)' 0
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4.3. Main result. The main result of this section is the following theorem:

Theorem 4.5. Let A := Af, © 0@ AS,, with respect to (25) and (38) , be a self-

adjoint operator. Let V : V — R be a function. We assume that
sup ST (e(w — 1,20) — (21, 22)) < 00,
(z1,22)EV

sup xi+1(9((a:1,3:2), (21,22)) — 0((x1 — 1, 22), (21, 22))) < 00

(z1,@2)~(21,22)

and
[V, UNQ)" | < oo,

where 0(z,z) — 0 if |x|,|z| = o0, e(x) — 0 if |x| = 00 and V(z) — 0 if |z| — oco.
Then Agr + V(Q) € CHY(A), Ag is given in Subsection 4.1. Moreover, for all
compact interval T C (c1,¢2), there are ¢ > 0 and a compact operator K such that

Ez(Ag +V(Q))[Ag +V(Q),iAlc Ez(Ag +V(Q))
(24) > cEr(Ag + V(Q)) + K.

in the form sense, with c¢1 := e V2 4 eV/2 92 and ey := e 1/2 4 e1/2 4 2.

Proof. First Ag:+V(Q) € CH'(A) because AL, @00AE, + VgV € CH(A) by the
Lemma 4.12, the Lemma 4.19, the Remark 3.14, the Lemma 4.20, the Lemma 4.13
and by Lemma 3.15. In particular, we have that the two operators are in C.(A),
see [AmBoGe].

Then, collecting (26) and (39), we obtain

Er(AL @0 AL +V(Q)AL @ 02AY, +V(Q),iAlEr(AL @0 AL +V(Q))
> cEr(AL @ 0@ AL +V(Q)) + K.

Since the two operators are in CL(A), A — Ag € K(€2(V),m), A is given by (22),
V(@) is a compact perturbation and by [AmBoGe, Theorem 7.2.9], we obtain (24).
|

We now prove the result given in the introduction.

Proof of Theorem 1.1. First, Proposition 4.16 and Proposition 4.8 give that Ag/ €
CH1(A) and that there are ¢ > 0 a compact interval Z C (c1,¢2), and a compact
operator K such that

EI(AQ/)[AQ/,iA]OEI(Ag/) Z CEI(Ag/> + K.
By Lemma 4.13 and Lemma 4.20, we prove that V € CL1(A). And by using
Proposition 4.6 and Proposition 4.14, we have that (A 4+ i)~1 — (Ag + i)~} €
KV, m)), A is given by (22). Finally, by applying [AmBoGe, Proposition 7.5.6]
we have the Limiting Absorption Principle lim,, ¢ [|(A)"S(H — X — ip) "1 {(A) 7%,
exists and finite. Now, since for all f € D(Q), there is a > 0 such that

(A FIl < al (@) F1I,
then lim,,_,o [[{(Q)*(H — X — iu) "1 (Q)*|| exists and finite. |

4.4. The funnel side. We first deal with the question of the essential spectrum.

Proposition 4.6. Let A be the transformation of AL, on 2(VE,mf), as in (22) and
VEVE 5 R be a function obeying Vi(z) — 0 if |z| — co. We assume 6" (z,2) — 0
if |z],]z] = oo and £'(z) — 0 if |z| — oo then Af — Agr € K2V, mb). In
particular, oess(Af, + VH(Q)) = 0ess(Agr).
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Proof. We recall that Af := &fn/ + W, First, we shall show that &ﬁn, — Age €
K2V, mb), as in (23).

[ (A = D) ezemn] = | D m'(@)(Al, = Agi) f(2)f (@)

zeVf
. Z Z ff(x ) f £z, 2)
eVt zZ~T \/ 1 +€ 1+E (2))
x (f(x) = f(2)) f(2)
1— /(1 +ef(2)(1 +€f(2))5f v
| S s & ey o)

x (f(z) = f(2)) F(x)

H(x,2)

o f.rZ I—ZC
2 & T T

mf (x 1 f(x, 2) £ () VT
+ m;f mf(iv ;\/1+5f )1+l (z)) (z,2)f(2)f(2)
m () — L= U+ @O+ TCD ooy i
mf 1 1- \/(1 +ef(z))(1+ Ef(z))gf VT
+ 1;f ( )mf(x) o \/(1+€f('r))(1+5t(z)) ( ) )f( )f( )
Then
’<f7 (ﬁfn/ - Agf)f>g2(vf mf)‘
0 (x, 2 X ,
- vamf ;N; JaAte ( 1)+5f( ))Et(:c,Z)lf(:cﬂ
of(x Z) s

x (| f(z )|2+|f( >| )
£ @)= Y

1— /(1 +ef(2) (1 +e'(2))

& (x, 2)| f(2)?

zeVf z~T \/(1 + Ef(,ib))(l + Ef(Z))
172 5™ mf () — L= VOF TN F T | i,
H12 2 e 2| e |°
% (1f () + £ @))
< 2((f, (deg, + deg,) f),
where
0t (z, 2) f
dega(@ z;:’ V(1 +€f( 1+€f(2))g 2
and

NP 1— /(I + @)+ ()| o
degy(w) : mi (z) z;f V(I + ()1 +£0(2)) ‘

(z,2),for all x = (z1,29) € V'
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We have

| deg, (z)| = ;f J/a +5f = 21)—|— gf(z))gf(%Z)
1 0' (x, 2) fio o
=) Zv: V= ey =rei M
0 (z, 2)
Silwllfx) \/(1+€f(x))(1+af(z)) degg: ()

0" ((21,22),(21,22))
Vet (w1,2)) (14 (21,22))
oo and since degg:(Q) is bounded then deg; (Q) is compact. In the same way, using
1—/(1+ef (z1,22)) (1+€f (21,22))

VT (@1,22) (14 (21,22))
compactness of deg,(Q), then (Af , — Agr) is a compact operator.
Now, we will show that W e K(¢2(VE, m'). For all x € V!, we have

Since V5 is a finite set and for all x5 € Vs, — 0if 1,21 —

that Vg, 20 € Vs, — 0 if z1,27 — o0, we proof the

W () SO+ 6 (2, 2)E (@, 2)

~mi(x) ~

) () - ) |
(1+ef(2)/1+eM(2) (V1 + & (2) + /1 + el ()

< me(x) SO |1+ 6@, 2)E (2, 2)

T

. () - () ’
(1 +ef(2) /1 + e (2) (V1 + e (2) + /1 + £l ()

(1+9f($ Z)) Ef(z)_gf(x)
’ (14 ef(2)) /1 +ef(2) (/1 + () + /1 + el (z))
x deggt ().

< sup

et

Since Vs is a finite set and (1 4 6"(z, 2)) (e'(2) — ef(z)) — 0 when |z, |z] = oo,
degge(Q) is bounded and since V(Q) is a compact perturbation then we find the
result. g

In order to go into the Mourre theory, we construct the conjugate operator in

2V mb.

Proposition 4.7. Let f € (2(N,m1), Am, f(n) = TlﬁmlANTl__l)mlf(n), then

= 0 ).
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Proof. Let f € (2(N,my),

'Aml f(n) = T1—>m1 'ANTl_—1>m1 f(n)

i 1 N " -1
=37 (5 U+U+QU —U)) Ty, f(n)
Wmnd ) ooy Wme-D .
4\/mi(n) 4y/mi(n)

2 T e Y

() R () B

= % (e1/2 (n— %) Uf(n)—e '/ (n+ %) U*f(n)) :

The operator Ay is essentially self-adjoint [GeGo]. On £2(V,m), we set

(25) ALy = Ay @ 1y

The operator is essentially self-adjoint. We continue to denote the closure by the
same symbol.
Now, we turn to Mourre estimate.

Proposition 4.8. Let VI : V! — R be a function. We assume that

sup TN (T — 1, 20) — £f (21, 22)) < o0,
(z1,22)EVE

sup x‘i"'l(@f((xl,xg), (21,22)) — Gf((:zrl —1,29),(21,22))) < 00

(z1,22)~(21,22)

and
IV UNQ) || < oo,

where 0% (z,z) — 0 if |z|,|z| — oo, el(x) — 0 if |7 — oo and Vi(z) — 0 if |z| — .
Then AL, + VH(Q) € CH(AL,). Moreover, there are ¢ > 0, a compact interval
Z C (c1,¢2), a compact operator K such that

(26)
Er(Ag +VHQ)AG + VI(Q), 1AL Bz (AG + V(Q)) > cEr(AG + VI(Q)) + K,

in the form sense.

We shall give the proof at the end of the section. We turn to series of Lemmata.
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Lemma 4.9. Let f € (2(V!,m!), we have

1
mf(x)

WAL () = 22 ((Q - 1/2) @ 1yy)

(27)

> (146" (2, 2))E" (z,2)U f ()

T

" ( ef(z) — €l () )
(1 +f (@)1 +ef(2) (V1 +ef(2) + /1 +£f(z))

- %el/z((Q ~1/2) ©1yy) m SO0+ 0 (21 — 1,2), (21 — 1, 22))

T

% Ef(Zl - 1, ZQ) - Ef(Il - 1,562)
(1 + Ef(.fcl - 1,562))\/1 + Ef(Zl — 1, 22)(\/1 + Ef(Zl — 1, ZQ) + \/1 + Ef(Il - 1,562))
x EN(xy — 1,20), (21 — 1,22)) U f ()

+ ie*W((Q +1/2)® 1V§) — S (46 (01 + 1,2a), (21 + 1, 22)

2 (Il —+ 1,562) o
" ef(z1 + 1, 29) — el (w1 + 1, 29)
(L+ef(@r +122) /T +ef(z + 1, 22) (V1 +€f(z1 + 1, 22) + /1 +€f (a1 + 1, 22))

X Sf((:vl +1,29), (21 +1,22))U" f(x)
e Q@+ 1/2) 1) me(I) SO+ 6 (2, 2)E (@, 2)U” f ()

T

y < £'(x) - ') ) |
(1 +f (@)1 +ef(2) (V1 + e (2) + /1 +£l(z))

Proof. Let f € £2(V!, m!), we have

i

AL W) = 5 (81/2((Q — 12U ® 1vg) _ 6—1/2((Q 12U @ 11;5)) W (2)
- %el/z ((Q -1/2)® 1V£) 1 Z(l O (1 — 1, 39), (21 — 1, 22))

mf(zy — 1, 22) —

% < Ef(Zl - 1,22) - Ef(Il — 1,172)
(V1+el(z1 — 1, 20) + /1 +f (21 — 1,32))

X ! flzr —1,22)
(+ef(z — Laa)/Itele—Laa) -

1 —1/2( );
2°¢ (@+1/2)@ 1y mf(xy +1,22)

" ef(z1 + 1, 29) — f (w1 + 1, 29)
(\/1 +ef(z14+1,22) + \/1 +el(zy + 1,22))
1
X , .
(1 —+ Et(Il —+ 1,562))\/1 —+ Et(Zl —+ 1, ZQ)

) £ (01— 1,2, (51 — 1, 22))

> (1467 ((21 + Laa), (21 + 1, 22))

e

) EN(zy +1,22), (21 + 1, 22))

f(xl + 17:62)-
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and
Wf_Ainf(x) = mfl(x) Z(l + ef(x, Z))gf(x7 z)Afnf(.’L')
) ()~ £l(w)
(14 (@) /1 + ) (V1 +EM(2) + /1 +£(2))
— %ew ((Q -1/2)® 1V5) m%@ ;(1 + 0 (z, 2))E (z, 2)U f (2)
) ()~ @)
(14" (@) V1 + ) (V1 +eM(2) + /146 (2))
_ %efl/z ((Q +1/2)® 1v§) m%@ ZNZz(l + 08 (2, 2)E (, 2)U* f(2)
" el(z) — ef(x)
(14 ef(2) /1 + e (2) (V1 +el(z) + /1 +f(x) )
Then the result follows. 0

To be able to apply the Proposition 7.5.7 in [AmBoGe|, we have to check this
technical points.

Proposition 4.10. Let A' := (Q + 1/2) ® 1y, then A' satisfies the following
assertions:

(1) eiAftD(Agf) C D(Agr) and there exists a finite constant ¢, such that

||eiAftH (Ag)) S¢ forall teR.

(2) D(AT) C D(A,,).
(3) (AH)72(AL )2 extends to a continuous operator in D(Age).

Note that Ag: is bounded then D(Agr) = H!.

Proof. (1) Since Ags is bounded it is verified by a functional calculus.
(2) Let f € 2(VE,mf) ,

A 2 vt ey = D m (@) AL f(2)]

zeVf

mEVf

Z ‘ 1/2 . 1/2)U®1§2f(x)‘2+ ’6_1/2(624_1/2)U*®1§,2f($)‘2
evs

2

i ( 1/2( _ 1/2)U® 152 _ 671/2(Q + 1/2)U* ® 1%2) f(:E)

<e Z ml () [(Q +1/2) ® 14, f(2)[”

zeVf
< A FIIZ e -

Since, Af is essentially self-adjoint. On what, the result follows.
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(3) For all f € £2(Vf, m!), and by using the relations of Subsection 6, we have

L () = 5 (@ = 1/2U — e AQ+1/2)U") A £ ()
- _261/2(71 ~1/2) (61/2@ —1/2)U — e V2(Q + 1/2)U*) fln—1)
1+ 1/2) (2@~ 12U — Q- 1/2)0%) f(n+ 1)

N

(2n? +1/2)f(n) — %e(n —1/2)(n—3/2)f(n —2)
- %eil(n +1/2)(n+3/2)f(n+2).

Then for all f € £2(Vf, mf).

IAD2AL A2 = Y mf (@, 22)[AT2(AL)? f (2, 9)|

(z1,22)€EVE

i((@+127ee 1) o1i,) flo, )

= mf(xl,:zrg)

(z1,z2)€VE

e((Q+1272@-1/2@Q-3/2) ©11,) fa1 - 2.22)

S

(@4 1D Q4 1D(Q+3/2) ©15,) for +2.02)]

Then, there exists C' > 0 such that for all f € 2(VE,mb), ||[(AD)=2(AL)2f|% <
C||f|I?. By density, we find the result. O

Proposition 4.11. We assume that

(28) sup ZC}+€|€{($1,$2) — sf(yl,yg)| < 00
(z1,22),(y1,92) €V (z1,82)~(y1,92)

then (W AL |, € COY(AL). In particular, WE e CLL(AL).

Proof. We suppose that (28) is true then

AN, AL Lo Flleeormey = D mf @) (AW AL Lo f ()],

zeVf
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we treat the first term of [[(AT)*[W*, AL To fllo2(v¢ ey With respect to the decompo-
sition of (27).

@)|(@+1/2+ e 152)% S (146 (2, 2)

2

Al ORdalC) fla, 2 x
(1+ef(z)/1+£l(z (\/1+Ef(2)+\/1+5f($))>5( ,2)U f(2)

— 3 | /2 6 1) s S+ )

zeVt

el(z) — el(x) )
) ( 1+ef(z)/1+€l(z \/1+5f +\/1+Ef(x))> (&1(x1,21) 002,

+ 55(:172’ 22)511:Z1)Uf( )

(@+ 12 o18,) 1 3 (146 (.2)

2

#i(z) — (@) o i
X(Hsf WI+e(e (\/1+6f(2)+\/1+5f(x))>51( B )

z ((Q+1/2)1+5®1§,2)m%(x) Y (1+6(2,2)

Z2~VT2

. (o) < (x) ES(wa, 20)60,= Uf(x)2
1+ef(@)/1+e(2)(VI+te(z)+/1+e(@)) ° 2,22)00y =2 ,

First, we treat (29) and in the same way, we deduce that (30) is bounded. There
exists an integer ¢ > 0, such that

1
mf(x)

Z (1 + of(x’ Z))gf(xla Z1)6x2:z2

zZ1~VT1

( Q+1/2)* w1l )

g

2

ef(z) — el(x)
X<1+€f W1+el(2) (/1 +€f(z +\/1+sf(x))>Uf(x)

1
<e? Z m(x) ( Q+1/2)'® 1§}2)mf—(:v) <1 + 0" (x, (21 + 1,172))>81 x1,21 + 1)
zeVf

(I1+1 xz)—ff( )
X
(1+ef(@)/1+el(mr + 1, 20) (/1 4+l (@1 + 1,22) + /1 + el ()

+e > mi(@)|(( ( +1/2)1+6®11;2) 1( )(1+9f( (21 -1 xz)))g (z1,21 — 1)
zeVf

Y R )oseo|
(14 ef(2) /1 + ef(z1 — 1, 20)(\/T + (21 — 1, 22) + /1 +€f(2)) '
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Then

e

( Q+1/2)* w1 )7

mo (,Tg)

et m

zeVf

(2z1+1)/2 (1 + ef( ($1 + 1, IQ)))

2

ef(zy +1,20) — el (z)
X<(1+5f W1+ ef(@r 4+ 1,22) (/1T +ef(z1 + 1, 22) + /1 +l( )))Uf(x)

Y mf ( Q+1/2)'** w1, )eie@ﬂ“—l)/? <1 + 0 (x, (21 — 1,332)))

eVt m2 (1[,‘2)

2

ef(w) — 1,10) — £f(2)
. <(1 +ef() /14 el (21 — 1,22) (/1 +ef(z1 — 1, 22) + /1 + af(:c))> Vi)

<e '/ ; ml(@)| (@ +1/2) @1, L ism (1 + 0 (@, (21 + 1, :vz>>)
| o 4 1) Josof
(1+ef(@)/1+el(mr + 1, 20) (/1 4+l (@1 + 1,22) + /1 + el ()
re ng mt(iﬂ) ((Q + 1/2)1+5 ® 1§2) mgzm) (1 + Hf(x, (1 =1, CC2))>
ef(xy — 1,29) — l(a) 2
X<(1—|—€f \/1—|—Ef$1—1 xg \/1+€f$1_1x2 +\/1+€f )))Uf(x)

Then, there exists ¢ > 0, such that

KA 2 W, Ao Fllezv ey < el fllez ot me)-

Using the Propositon 4.10, then by applying [AmBoGe, Proposition 7.5.7], we find
the result. 0

Proposition 4.12. We assume that

(31) ( sug) fx‘i“(s (21— 1,29) — e (21, 22)) < 00
x1,22)EV
and
(32) sup 250" (2, 2) — 0 (w1 — 1,22), 2)) < oo.

(z1,22),(21,22)€VE; (z1,22)~(21,22)

Then [Efn,,Afn]o € COY(AL ). In particular, Z:n, echi(AL).



SPECTRAL ANALYSIS OF THE DISCRETE LAPLACIAN 27

Proof. Let f € 2(V',mb),

At f T —i 81/2 f 1+6‘fo)
[Am’aAm]Of( )_ 2( ( 1/2 ®1V2) ; \/ 1+€f 1+€f(2’))
x EXw,2) (f(x1 = 1,22) — f21 — 1, 22))
1+ 6%z, 2)

_2( “12(Q +1/2) ®1§,2) I)Z\/l

T

+ef(2)) (1 +£1(2))
X 5f(:1c,z)(f(:v1 +1,20) — (Zl +1 22))
14+ 60f((z1 — 1,22), 2)

_5(61/2(Q—1/2)®1§;2) :171—1 22) Z it - L)+ e)
x EN(xy — 1, z2), 2)(f(z —1 xz) f(z1 —1,2))

—1/2 f 140" ((21 + 1,22), 2)
( (Q+1/2)®1V2) :E1+1 ) Z\/1+sf (w1 + Laz)(1 +£'(2))

Xgt((Il+1,I2),Z)(f($1+1,£62) f(zl—i-l,zQ)).

+

NN

Now, we assume that (31) and (32) are true then

ADE AL, AL Lo fllizemey = > mE (@) (ADFIAL, AL | f ()]

zeVf

(@12 ey,

1 s 1+ 6%z, 2) o — 11
X(muEE:g(’) 1+a(»u+a@»ﬂl bz
1

Ty = (@ L) i 1,2)

" L+ 65 ((21 — 1,22), 2) )
\/(1 + sf(:vl —1,22)(1 + £l(2))

+ Z ( 1/2 1/2)1+s®1§}2)

zeVf
1 (@ - 1o L+ 0% ((21 — 1L23) 2)
x (mf(arl—l 2) ZE 1= L)z )\/(1+5f(a:1—1,:02)(1+5f(z))

zZ~T

2

f(2)
1 tp 1+ 6%z, 2) 2
m"<x>;5( ’ )¢<1+e'< N +el(2))
( 1/2(62+1/2)1+5<g>1§,2)

+ > m
zeVf

| (o1 + Lo L4 6/ + L), )
(mf(:vl—i—l T2) ZE 1 1),z )\/(1+6f(:101+1,$2)(1+5f(2))

et

e 120)

1+ 6 (z,2) 2

L o U T
mf(x) ZE (=, )\/(1 +ef(2))(1 + £f(2))

z~T

>f(a:1 +1,22)
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. m

zeVf

( 1/2(62 +1/2)* @ 1;2)

1 b 1+ 6% (z,2) B B
g <mf(w) 2.8 )\/(1+€f(:v))(1+€f(z))f( 1+ 1Lz)

1+ 0" ((z1 4+ 1,22),2)
VI +ef(zr + 1, 32) (1 + £1(2))

1 ng((xl—i-l,:cg),z)

Comi(ay + 1,3,) &~ f(zl’zz)) '

We treat the first term of H<Af>g[zfn/,Aﬁn]of||g2(yfﬂmf) in (33).

Y mi(z)

eVt

i R Ef(x, 2)(1 + 6% (x, 2))
5 (61/2(Q - 1/2)1+ X 11;}2) ; <mf(x)\/(1 ¥ Ef(ZC))(l n Ef(Z))
EN((z1 — 1,22), 2) (1 + ' (1 — 1, 22), 2)) 2

a m(zy — 1 1‘2)\/(1 +el(zy — 1,m2)(1 + af(z)))f(xl ~ L)
<2y mf

( 1/2 1/2)1+a ® 11;2)
eVt

51 (‘Tlvzl)(l + ef(x, Z))
3 2 e ( 2V +e @)1 +2(2)

_ 5{(,@1 — 1,2’1)(1 + ef((l'l - 1,1’2),2’))
mf(zy —1 :102)\/(1 +ef(zy — 1, 22)(1 + £1(2))
+2 " mi@)|5 (e Q- 1/2) " @1,

zeVf

52(:172, z9) (1 + Gf(:zr, 2))
B ; e ( (2)y/(T+ e (@))(1 +'(2))

E(ra, 22) (1 4+ 05 (1 — 1,22),2))
mi (21 — Dma(w2)y/(1 + (21 — 1, 22) (1 + £7(2))

2

)f(:vl —1,29)

2

Jotes 1.

We bound (34) as follows:

(34) <2Z

zeVf
( ENzr,x1 + 1)(1 + 0%z, (z1 + 1, 22))
my(x1)ma(z2)/ (1 +el(z))(1 + ef (21 + 1, 22))
ENy — 1, 21) (1 + 601 ((2y — 1, 29), (21, 22)))
mi(z1 — Vma(w2)y/(1+ el (21 — 1, 29) (1 + &' (2))
Elxy, x1 — 1)(1 + 0% (z, (1 — 1,29)))
mi (z1)ma(z2)y/(1+el(2)) (1 + el (21 — 1,22))
Efxy — 1,21 — 2)(1 + 0 (1 — 1, 22), (21 — 2,22))) 2

T (@ — Uma(za)y/(Lf el - Laa)(L+ af(arl,— z,xQ)))f(xl ~ L))

( 1/2 1/2)1+s®11;2)




SPECTRAL ANALYSIS OF THE DISCRETE LAPLACIAN 29

Then
i (2 i Q1200 1te o 4f 1 e 2(1 40" (x, (w1 + 1, 29))
(34) < 2I§f () 2( (Q—-1/2)""® 1v2) ma(z2) (\/(1 T @)1 + e (z1 + 1, 22))
P40 ((x1 — 1, a), (1, wz))) e 21+ 0%, (21 — 1,9)))
VI +ef(z — 1La)(1 + &l VI +ef(2)(1 +ef(zy — 1,29))
- e V201 + 05 (21 — 1, 22), (:1:1 —2,19))) ) (01— 1,23) 2
VI +ef (21 — 1) (1 +ef(zy — 2,20))
<4 3 wjg(@- et oy
(36)
" < V1+el(@ —1,29)(1 + 0% (z, (21 + 1,22))
VI +el(@) (1 + el (21 +1,22)) (1 + f(a1 — 1, 22))
_ Vel + Lan)(1+ 0 (21 — 1,22), (21, 22))) )f(:c1 —1,22) 2
VL +ef(z1 — L) (1 +ef(z)(1 + ef (21 + 1,22)) ’
i - 1
+4m§f m () 5((Q 1)t e 152)7%@2)
(37)
( V14 ef(r = 2,20) (1 + 608 (z, (21 — 1,22)))
X = -
VI +el(@) (1 + el (21 —1,22)) (1 + f(w1 — 2, 22))
_ \/1 + Ef(xl B 15172)(1 + ef((xl B 155172)7 (xl — 27x2))) )f(l'l -1 £C2) 2
VA F (@ — Lag)(1 +ef(zy — 2,20))(1 + el (21 — 1, 22)) ’ ’

and in the same way, we deal with (35).
Now, we concentrate on (36), since the assertions (31) and (32) hold true then
there exists an integer ¢, such that

4> m

eVt

5( —1/2)* 152)

1 ( V1+el(z —1,29) (1 + 6% (z, (21 + 1,22))
ma(@2) \ /(1 + &l (@) (1 + ef(z1 + 1, 22))(1 + T (21 — 1, 22))
V(@ L) (40 ((21 = 1,22), (21, 22))) >f(a:1 )

VI +ef(zy — 1) (1 + ()1 + ef(z1 + 1, 20)) ’
=4y mi(a) —( —1/2)1+5®1§,2) !

zeVf ma(22)
y ((\/1 +ef(r1 — 1,22) — /1 +el(m1 + 1,22))0 (2, (z1 + 1, 22))
VA +ef(2) 1 +ef(z + 1,22)) (1 +ef (21 — 1, 20))
V14el(@y +1,20) (05 (2, (21 + 1,22)) — 0F (21 — 1, 22), 2)
VI +ef (@) +el(my +1,29)) (1 + el (z1 — 1, 22))

V1tel(m —1,m) — 1+l +1,29) >f(a: —1,22)
VI +el(@) (A +ef(@r +1,22)) (1 + £f (21 — 1, 22)) o

2

2
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=4 Z m!(x)

zeVt
" <(€f(x1 —1,m0) —ef(x) + 1,22))08 (2, (21 + 1, 22))
(V1+ef(zy — 1,m2) + /1 +ef (21 + 1,22))
1
. VA +ef(@) 1 +ef(zr +1,22)) (1 +ef (21 — 1, 22))
V14el(@r +1,29) (08 (2, (1 + 1,22)) — 0F (21 — 1, 22), 2)
VA +ef(@) 1+ ez + 1,22)) (1 +ef (21 — 1, 22))
ef(my — 1,29) — ¥ (w1 + 1, 20)
(V1+el(z1 — 1,22) + /14l (21 +1,22))
o 1
VA +ef(@) 1 +ef(zr + 1,22)) (1 +ef (21 — 1, 20))
< C||f||§2(vf,mf)7

1

mao (.IQ)

%(e(Q —1/2)* ® 11;2)

2

>f(:z:1 —1,29)

and in the same way, we treat (37). By density, we have proven that there exists
¢ > 0 such that H<At>5[Afn/,Aﬁn]ofH?z(Wmf) < c|\f|\?2(vf7mf). Finally, by applying

[AmBoGe, Proposition 7.5.7] where the hypotheses are verified in Proposition 4.10,
we find the result. O
We turn to the regularity of V(Q).

Lemma 4.13. Let V' : V! — R be a function, obeying ||[VF, UN(Q +1/2)1*¢|| < oo,
then [VH(Q), Age] € COY(AD). In particular, VI(Q) € C11(A").

Proof. First, we have

IV UKQ +1/2)* ) = (@ + 1/2) <[V, U]
= (@ +1/2)* (ViU* — UV ||
= (@ +1/2) ViU —(Q + 1/2) U™V
— ||VfU*<Q _ 1>1+€ _ U*Vf<Q _ 1>1+8H
= IV, U (@ — 1)+,

Now, we shall show that
[{Q +1/2)° @ 11, [V(Q),iAgi]|| < o0.

We recall that

e—1/2 el/2

[VHQ),idg] = — (Q + %) ViU @1y + —- (% — Q) (Vi U] @1y
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For all f € (2(Vf, mf), we obtain

—1/2
.€

@+ 17207 & 10 [Vi(@)iorlf | = (@ + 1275~ (@4 3 ) [VF.07]

el/2
+(Q+1/2) (l —Q) [Vi.U]) @ 1|

c€

<[(@+1/2"—;
o1/2
+ | ((@+ 1/2>€T

e—1/2 i e—1/2
< ——ll@+1/2Q ViU ]) @1y fl+ ——[I((Q+1/2)° [V, U"]) ® Ly f|

(1) (2)

el/2 X el/2 .
+ - l(@+1/2Q [Vi,U]) @ 1y fl|+ ——[[({Q + 1/2)* [V5, U] ) @ 1y f]| -
(3) @

For all f € (2(VE, m!), we have

(1)
e 1/2 e—1/2
s—l@+1/2°Q VEU*]) @1y f|| = — I VEUT(Q+1/2)°Q) @ 1y f|
e—1/2
= —— (VU] @+1/2" Q) @ 1y /]|
e—1/2
= (V.U @+ 1/2) (Q+ 1/2)7'Q) @ 1y /]|
bounded
(2)
e~ 1/2 . o—1/2
4 H(<Q + 1/2>5 [Vf7U*] ) (%] lvé'fH — TH( [Vf,U} <Q + 1/2>5) ® ]-VéfH
o—1/2
= — IV Ul @+1/2 ) e 1y /]
o—1/2
= 4 H([Vf’U} <Q+1/2>1+E <Q+1/2>71)®1V£f||.
—_— —
bounded
(3)

el/2 . el/2 .
@+ 12 VU]) @ g = S (VEUT (@ + 1/2°Q) @ 1y

61/2 £ % 1+e—1
= (VR U@+ 1/2)*1Q) @ 1y /]|

2
1/2
= (VL0 @+1/2* (Q+1/2)7'Q) @ 1y f]|.
——————

bounded
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(4)

el/2 . el/2 f o

Col(@+ 12 [V U] @ 1y = Sl (V0] (@ +1/2)7) © 1]

el/2

= (V' Ul @+1/2 ) e 1y /|

el/2

= IV l@+1/2* @+1/2) ) o1, /.

bounded
So, we can apply [AmBoGe, Proposition 7.5.7] where the hypotheses are verified in

Proposition 4.10, the result follows. O
We end this section by proving the Theorem 4.8.

Proof of Theorem 4.8. The Proposition 4.12, Proposition 4.11 and Lemma 4.13 give
that AL +VH(Q) € CH1(AL). Since A, —Agt is a compact operator by Proposition
4.6, thanks to (12) and by [AmBoGe, Theorem 7.2.9], we obtain (26). O

4.5. The cusp side: Radial metric perturbation. We recall that, for all f €
2(ve,me),

ACf(2) = Torsm DG Tty f (&) = WO (@) + A7 f(2),

e°(z) —e°(x)

T

x Ex, 2) f(x)

WoF@) = e Z(lw(x’z))( 14 e(x))/T+ &< ><¢1+EC<2>+\/1+€C<»"C>>>

and

Ry f(0) 1= s 30 €2y [ 1 (w) = ().

We also remember that

z)
o )0+ ()

1+ec >><1+sc< D e o ) Fla) — 7o

(AL, — Age) f(

&z, 2)(f(x) = f(2))

We first deal with the question of the essential spectrum.

Proposition 4.14. Let A° be the transformation of Ag, on 2(Ve,mE), as in (22)
and V° : V° = R be a function obeying V°(z) — 0 if |z| — oo. We assume that
for all xa,2z0 € Vo, 0°((x1,22), (21,22)) = 0 if x1,21 — o0 and for all xa € Vs,
(1, m2) — 0 if 21 — 00 then A° — Age € K(£2(V°, m°).

In particular, oess(AG + V(Q)) = Oess(Age).
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Proof. Let f € £2(V°,m®), we have

[(f, (DS, = Dge) ez veme| = | D me o = Age) f () f ()]
zeVe
0°(x, z) —
<| m®(x ENx, 2)(f(x) — f(2)) f(z)]
; () ;z\/lw )1 +e(2))
o( 1— /(1 +e(2)(A +£°(2))
+|z;cm “’); V(L +ec(@))(1+e%(2))

x &, 2)(f(£v) — f(2)f(@)|
<> m(a :v) > NG —1—50( (21, 72) Ef (1, 21) f () f ()]

CEGVC' 21~VIT1 (‘T)) 1+€C(Zl 1'2))

Y ) S e e i, 201 a2 TO)

mc(iﬂ (1+e°(z1,22))

zZ1~VT1 (

c 1 (@) + (21, m2) + e°(x)e(21, 72)
! |m;°m @ me(z) zgl V(I +e(@)) (1 4 &°(z1,72))

El (1, 21) f(z) f ()]

8 V14ec(z) +/1+¢e(z1,22)
<(y 1 e(x) + (21, x2) + €%(x)e(21, x2)
i |z;“ ( )mc(:v) zlwzzl \/(1 + EC(‘T))(]" + EC(ZlaxQ))
1 . _
g \/1 +e°(z) + /1 +¢e(z1, x2)51(x1721)f(217x2) @)
me (@ 0°(z, (21 2))
= I;e Zl;xl V(L + () (1 + e%(21, 72))
x &7 (w1, 21)|f( )|
+1/2)  me Z b (z, (Zl z2))
VI +eo(z

1 + EC(Zl, ZCQ))

reVe Z1~T
x &z, Z)(|f( )|2+|f( %)
e(x) + (21, 22) + &%(x)e(21, x2)
fa >; VT =@ +=Cr22)
1

Ef (a1, 20)|f (@)

* T @) + /Lt (e, 22)

<(y 1 e(x) + e°(21,x2) + €¢(x)e(21, x2)
" 1/2 x;cm ( )mc(x) zlwle \/(1 + EC(.I'))(:[ + EC(Zlu (EQ))

1
Tt e (@) + /It (o m)

¢(p 1 e(x) + (21, x2) + &°(x)e(21, x2)
+1/2w%;m ( )mC(x) Zgl \/(l—i-sc(x))(l—i-ac(zl,:zrg))

& (w1, 21)| f (21, m2)[?

1
8 V14ec(z) +/1+¢e(z1,22)
< 2(f, (degz + degy) f),

E (w1, 21)|f (2)|?
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where
(217902)) c
degg( z;“ \/ 1+ EC 1 + EC(Zlva))& ($1,Zl)
and
_ 1 () + &%(21, m2) + ()€ (21, 22)
deg, () := me(z) zgf \/(1 + (@) (1 + e°(z1, 22)) \/1 +e°(z) + \/1 +e%(z1,22))
X Ef(:cl,zl).
We have
_ GC( (Zlva)) (o1 2
|deg3($)|— z;}l SOl @) 0t ee ))51( 1,21)
1 ec(xv (Zlva)) c
< 5 T, 21
— me(x) zg}f V(I A+ (@)1 + (21, 22)) it :
su 6@, (21, 22)) degcc ().
= z1~€1 ma(22)y/(1+ () (1 + (21, 22)) 8 (7)

0°((z1,72),(21,22))
V(1+ee(z1,32)) (1+e°(21,72))
oo and since deggg (Q) is bounded then degs(Q) is compact. In the same way, using
that V e (x)+e(z1,22)+e(x)e (21,22) 0 if
e Y (L TK (= e OV = PRV = ey A
we prove the compactness of deg,(Q). Then, AS , — Age is a compact operator.
Now, we will show that W¢ € K(£2(V¢,m®). For all z € V°, we have

Since V5 is a finite set and for all x5 € Vs, — 0ifx1,21 —

el — L e°(z) — ()
|W ( )| - ’mc(ib) ;( 1+€c \/1—|—<€C )(\/1+€c(z)+\/1+gc(x))>
x (146w, 2))E(z, 2)|
1 (21, ) — °(2)
= me(x) Zl;ﬁ (1 +e(x))y/1+e(21,22) (/1 + &°(21, 22) \/1+5C($))|
X (14 6%z, (21, 22)))E7 (21, 21)

€%(z1,x2) — ()

< sup (140, (21,72)))

zZ1~T1

(1+e(@)y/1+e(z1, 22) (/1 + (21, 22) + /1 + ()

x degge ().
Since Vs is a finite set and Vxo € Vo, 6°((x1, x2), (21, 22))(e(21, 2) —(21, 22)) — 0
when 1,21 — oo, and since degg:(Q) is bounded and since V(Q) is a compact
perturbation, then we find the result. 0

In order to go into the Mourre theory, we construct the conjugate operator. On
2(Vve,me), we set
(38) A = Am, ® ijér(Az)’
with

Ay =T, ANT 0,

= % (61/2(71 —1/2)U — e V2 (n + 1/2)U*) .

The operator Ay is essentially self-adjoint, see [GeGo|, then the operator AZ is
essentially self-adjoint. We continue to denote the closure by the same symbol.
Because of the projection in (38), we restrict to ourself radial perturbations.
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Definition 4.15. The perturbations V°, € and 0 are called radial if they do not
depend on the second variable, i.e For all (x1,x2), (#1,22) € V, we have V°(x1,x2) =
Ve(x1,22), (@1, 22) = e(21, 22) and 0((z1,22), (21, 22)) = O((21, 22), (21, 72)).

Now, we turn to Mourre estimate.

Proposition 4.16. Let V¢ : V¢ — R be a function, which does not depend on the
second variable. We assume that

sup x‘i“(ac(:zrl —1,29) — %1, 22)) < 00,
(z1,22)EVE
sup :vi“ (0°((x1, 22), (21, 22)) — 0°((x1 — 1,22), (21,22))) < 00

(z1,22)EVE, T1~21
and
IV, UNQ + 1/2)1¢]| < o0

where 0°(x,z) — 0 if |z|,|z] = oo, e%(z) — 0 if |z| = oo and V(z) — 0 if
|z| = 0o. Then AG, + V(Q) € CV1(AS,). Moreover, there are ¢ > 0, a compact
interval T C (c1,¢2), a compact operator K such that

(39)
Ez(Ag + V(Q)[AG + VHQ), 1AL . Bz (AG + VE(Q)) = cEz(Ag +V(Q)) + K,

in the form sense.

We shall give the proof at the end of the section. We turn to series of Lemmata.
To be able to apply the [AmBoGe, Proposition 7.5.7], we have to check this point.

Proposition 4.17. Let A° := (Q 4 1/2) ® 1y, then A° satisfies the following
assertions:

(1) éMD(Age) C D(Age) and there exists a finite constant c, such that
1€ p(agey < ¢, forall teR.

(2) D(A%) C D(A,).
(3) (A°)72(AS,)? extends to a continuous operator in D(Age).

Proof. (1) We have

Ac Ac 1 1 e
[AgcaelA t] = [AgfvelA t] ® — + [_7€1A t] ® Aa.
mo mq

Since mil and €*“* commute and since [Age, ¢2°!] is uniformly bounded, then there

exists ¢ > 0 such that for all f € £2(V°, m®)
1(Age +1)e™*(Age +1) ]| < cllf].
Hence, there exists ¢ > 0 such that for all f € £2(V°¢, m®)
I(Age +1)e ™ ]| < cfl(Age + DIl

Since Age is essentially self-adjoint on £2(V¢, m¢) then we find the result.
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(2) Let f € £2(V°,m®), by using the relations of Subsection 6, we have

A FllZ2 (e mey = D mE(@)] A5, £(z)[?

reye
. 2
1 — *
=Y m(a) B (61/2(Q —1/2)U @ Pgya,y — € 2 (Q+1/2)U" ® PkLcr(M))f(x)
reye
1 f 1/2 1 2
<5 2 m@) [e2Q ~ 1/2)U & Byay (@)
zeVt
2
+ e 2@+ 1/2)U" @ Riyay (@)

<e Y @) |[(Q+1/2)® Fray /(@)

zeVf
< A F 1T (vt ey -

‘ 2

Since, A° is essensially self-adjoint on £2(V¢, m®). we find the result.
(3) For all f € £2(V°,m°), we have

IA)T2ALP IR = D0 mC(an,22) A2 (A5 f (2, )

(z1,22)EVE

= > mC(:cl,:cz)E(((Q+1/2)—2(2Q2+1/2))®P¢r(A2))f(x1,x2)

(z1,22)EVE
2 ((Q+1/2)72(@Q = 1/2(@Q - 3/2)) ® Pyan)) Flar — 2,22)

— 27 ((Q+1/272@+1/2(@Q+3/2) ® Rbyan) Fan + 2,2

Then there exists C' > 0 such that for all f € £2(V¢,m°), [|[(A®)72(AS,)%f]1? <
C||f|I?. By density, we find the result. O

Proposition 4.18. We assume that

(40) sup 21|y, w0) — %(y1, x2)| < 00
(z1,22),(y1,22) EVS; 1~y

then [W¢, AS,] € COY(AS,). In particular, W¢ € CH1(AS,).

Proof. We suppose that (40) is true then

AW AL fllezvemey = D me(@)[(A)T WV, A5 ] f (@),

reYe
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we treat the first term of |[(A°)*[W¢, A5, ] f|l¢2(ve,me) with respect to the decompo-
sition of (27).

6_1
e > om@)(Q+1/2)' @ PkJ;r(Ag))m%(I) > 146z, 2))
reVe

T

e(z) — e°(x) . )
<1+EC W1+e(z)(v/1+e(z +\/1+aCa:))>g(x’Z)Uf(I)|

= Y m @@+ /2@ Pay)—ame 31 +05(2. )

reye ) z

~

8

(glc(xh 21)512222

N———

e(z) —e°(x)
< 1+ e%())y/1+e(2)(v/1+e(2) +/1+¢e(z))

+ 52(172’ 22)511:Z1)Uf(:17)|2

671

< Y M @IQ 41/ ® Pibyan)—

reye m x)

(]

(14 6%z, z))

2

z 1

EC(z)—E (ZC) S5 e
< Lt eo(@) /1 +e°(2)(V/1 +e(2 +\/1+6C(:17))>51( 1221)02,=2,U f(2)]

e S me@)(Q +1/2)F @ PEya,) 1( (14 6%z, (a1 + 1,22))
rEeYe

X( (@1 + 1,2) — £°(2) )
(1+ec(@)y/1+e(z1 + 1, 22) (/1 + (21 + 1,22) + /1 +e(z))
x & (z1, 1 + 1)U f(2)|?

- Z (@ + 1/2)1+5®Pker(A2)) 1(£C) (1+ 6%z, (1 — 1,22)))
TEVC

X( (@) — 1,2) — () )
(1+e(x)y/1+e(z1 — 1,22) (/1 +e(21 — 1,22) + /1 +e(z))
x ES(x1, 1 — DU f(2))?

e "1
-1 Z Q + 1/2)1+5 ® Pker(Az))m (I )e(2x1+1)/2(1 4 HC(.’L', (xl + 171,2)))
reye EAN
o e(x1 + 1,22) — e(a) U f(a)?
(1+e(x)y/1+e(z1 + 1, 22) (/1 + (21 + 1,22) + /1 +e%(z))
671:1 xr1— C
-1 Z Q + 1/2)1+5 ® Pker(Az))m2(£E2)e(2 1 1)/2(1 +0 (ZC, ($1 _ 17552)))
reye

e%(x1 — 1,29) — e%(x) 22
8 <(1 +e¢(z))y/1+ (w1 — 1, z9) (/1 +e(z1 — 1,22) + /1 +5C(~T))> oI

<123 @)@ + 1/2)1 @ Piyan))——— (1 + 6%

z,(r1 +1,22)))
TEVC mQ('rQ) ! 2

e(z1 + 1, z2) — () )
- <(1+5C \/1+5C x4 1,22) (/1 +e<( 561+1,az:2)+\/1—1—5C(:c))>Uf(x)|

4 e 3/2 Z (Q +1/2)t*e ®Pker(A2))%2)(1 +6°(x, (r1 — 1,22)))
zeV®
(a1 — 1,25) — () e
- <(1 +eo(2))y/ T+ (a1 — Lao)(y/1+ (a1 — 1,22) +4/1 —i—sc(x))) U@l
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Then, there exists an integer ¢ > 0, such that

1

e Z Q+1/2)1+6®Pker(Ag)) ) Z(1+0C(xvz))
reVYe F1%

G () E(x, 2)U f(2)|?
< 1+e°(z \/1+5C )(\/1+Ec(2)+\/1+gc($))> (z,2)U f ()]

< CHfHe2(VC,mc)~

So, we can apply [AmBoGe, Proposition 7.5.7] where the hypotheses are verified
in Proposition 4.17, the result follows. O

Proposition 4.19. We assume that

(41) ( sug) , 25T (e (21 — 1, 22) — (21, 22)) < 00
T1,T2)€EVC
and
(42) sup 250 (w, 2) — 0°((w1 — 1,2),2)) < o0.

(z1,22),(21,22)EVS; (z1,22)~(21,22)

Then AS,, € CH1(AS).

Proof. Let f € £2(V¢, m°),

[AC,, A ]f(z) = % (eW( —1/2>®Pkerm2>) Zf z,2)

T

1+ 6%z, 2) (f(z1 —1,29) — f(21 — 1, 20))

.X V(1 +ec(@)) (1 +e(2))
_ ; ( Q+1/2) ®Pker<Az>) ZEC "

. 1+ 6, 2)

S V@) )
B % (61/2@ -1/2)® Pkir(m))

14+60°((x1 — 1,22), 2)
. \/(1 +ec(xr — 1, 29)(1 4+ £°(2))

+5 (7@ + 1/2) @ Pibay)

" 14+60°((x1 + 1,22), 2)
\/(1 +eo(z1 + 1, 22)(1 +e°(2))

(f(z1+1,22) = f(21 +1,22))

! S (@1 — 1,22), 2)

me(z1 — 1,22) £~

(f(z1 = Lm2) = f(21 — 1, 22))

L S (@1 +1,22), 2)

me(xy + 1, z2) —

(f(x1+ L22) = f(21 +1,22)) .




We treat the first term of || (A€)¢[AC
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39
Now, we assume that (41) and (42) are true then

A [AS, AL fllezvemey = Y mE(@)[(A)° (A5, A7 ] f ()

reYe

= 3 @IS 2(Q ~ 1/2) © Plyan)

zeVe

1 . 1+ 6%z, 2)
- Ex, z
G 2 e e
(43)

_; C r1 — 1,2 1+96((I1_17x2),z>
e T 25 (0 ) e S ey

X f(acl -1 1‘2)|2

+ Z 1/2 1/2)1+E ® Pktr(Az))
zEV®

1 (o — 1,2 1460°((x1 — 1,22),2) B
x(—(xl_lb);e 1 —1,22),2 )\/(1+6C(:c1—1,:172)(1+6C(z))f()
_—1 (z, 2z 146 2) 21— 1,29)) 2

mc<x>§5( AT e ey )
+ > m@)5(e7V(Q +1/2)'F @ Pyay)

reVe

1 ((x . 1460°((x1 +1,22),2)
x ( me(z + 1,22) ;5 1+ 1, 29),2 )\/(1+EC(ZC1+1;I2)(1+EC(Z))

L g LHEG2)
mc(x)zg( ’ )\/(

zZ~T 1+€C( ))(1+€C( )))f(x1+17$2)|
+ 37 mé(@)]5 (e VHQ + 1/2)' @ Blya,)
TEV®
RN o P 02 o
y (mC(I) ;8 (, )\/(1+€c(x))(1+gc(z))f( 1+1,29)
1

- <((x z > 1+9C((I1+1,x2),z) . 9
mc(wl"'lax?);g (s ), )\/(1+€C(£C1+1,:C2)(1+€C(Z))f( 122))l

m”Agn]pr(Vc,mC) in (43)
> m)] (/2@ - 1/2)* @ Pis,)
TeV®
Ex,2)(1 4+ 6°%(x, 2))
) ZN; (mC(w)\/(l +ec(@)) (1 +e%(2))
(w1 = L we), 2) (14 0°((z1 — 1, 22), 2)) -1 2
me(w1 — 1,22)/(T+ (1 — 1,a2)(1 +gc(2)))f( 1= La)|

<9 Z mc(x)’; ( 1/2( 1/2)1+8 ® Pktr(Ag))

zeVe

Ex(wr 2) (140, 2))
02— x2 1
) zg;cl iv)\/(l +e¢(z))(1 +e(2))
Ef(xr —1,21) (1 + 6°((w1 — 1, 22), 2)) Lo
me(zy — 1 x2)\/(1 +e%(x1 — 1,29)(1 +5c(2)))f( 1= 1,29)|
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19 Z l ( 1/2 1/2)1+6 ®Pktr(A2))

reVe
Ex(xa, 22)(1 4 6°(x, 2))
45 0zy= wl
) >Z§; m@) /1 + =@ + ()
52(1‘2, 22)(1 + HC((?L‘l - 1,1‘2), z )

_ )
mS(z1 — )ma(x2) /(1 + (21 — 1 a2)(1 +€°(2))

)f(:vl — 1,1‘2)|2.

We treat (44).

2 Z 1 ( 12(Q —1/2)1+¢ ®Pkler(A2))

reYe

ES(x1,21)(1 + 60%(z, 2))
622:12
>Z§i G ma(ea) VT =T =0
51(:(1'1 -1 21)(1 + ec(($1 -1 ,TQ) Z))

a — z1— 1L,z 2
ms(x1 — 1)ma(w2)y/(1 +e°(z1 — 1, 22)(1 + aC(z)))f( ! 2)|

<2 mc(a:)|% (e2(Q - 1/2)"* @ By
cve
( (1,21 + 1)(1 4 0%, (21 + 1, 22))
xl)mz(@)\/(l +e(z))(1 +e(z1 + 1, 22))
R (x1 — 1,21)(1 4+ 0°((z1 — 1, 22), (21, 22)))

m§ (1 — V)ma(w2)/(1 + (1 — 1,22) (1 + ()
Ei(zy, 1 — 1)1 +6°(, (21 — 1,32)))
m1(x1)ma(m2)y/ (1 +e¢(2))(1 + (21 — 1, 32))

Ei(zr — Loy —2)(1 4+ 60°((z1 — 1, 22), (21 — 2,22)))

_ 1 — 1,20 ?
ma(x1 — 1)ma(z2)y/(1 +e°(z1 — 1,29)(1 + (21 — 2a172)))f( )

i
Z ( 20 -1/2) Pktr(m))

eve
" 1 e 2(1 4 6°(x, (1 + 1, 22))
ma(x2) /(1 +e(2))(1 + e(z1 + 1,22))
e 21+ 6°((xy — 1,29), (z1,22))) 671/2(1 +0°(x, (r1 — 1,22)))
VI +ee(er — L)l +e(@) /(1 +e(2) (1 +e(z1 — L a2))
3 e V2(1+6°((x1 — 1,22), (21 — 2,22))) EPING
VAt e (@ — Lag)(1+e(z; — 2,1:2)))f( 1= L)l
<4y mi@); (@~ 1/2) @ P,

reVe
(46)

1 ( V1+ec(zr — L) (1 + 6z, (21 + 1,22))

ma(z2) " /(1 +e¢(2))(1 + e(z1 + 1,22)) (1 + e(z1 — 1,22))

V(L m) (14 6%((21 — 1, 22), (21, 72))) ) fla1 — 1,22
VAt - Lo +e@)d+e(ar + Lao)
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+4Y mc(:c)‘% ((@-1/2"* @ PLay)
TEVC
1 ( V14ec(zr —2,22) (1 + 0%z, (21 — 1,22)))
ma(z2) " /(14 e¢(2))(1 + e(z1 — 1,22))(1 + e(z1 — 2, 22))
3 V1+et(zr — Lao)(1+60°((x1 — 1,22), (21 — 2,22)))
\/(1 + EC(ZCl — 1,562)(1 + EC(ZCl — 2, IQ))(l + EC(ZCl — 1, IQ))
X f(.fCl — 1,172)‘2,

and in the same way, we deal with (45).
Now, we concentrate on (46), since the assertions (41) and (42) hold true then

there exist an integer ¢, such that

4y mc(x)‘% (e(Q -1/2)'** @ PkLcr(M))

zeVe

(47)

x 1 ( VI14e(zy — 1)1 +0%(x, (21 4+ 1, 32))
ma(22) " /(T + (@) (1 + (21 + 1, 22)) (1 + (21 — 1, 22))
B \/1 +€C(ZC1 + 1,562)(1 +9C((ZC1 - 17552), (IlaIQ))) )f(I 1.z )‘2
VIre@ - Lot e@)i @ Loy
=4 Y )y (4@ - 1/2)4 @ Phya,)

reVe

" 1 ((\/1—1-50(:61 —1,20) — \/1+¢%(z1 + 1,22))0%(z, (21 + 1, 22))
ma(x2) V(L + (@) (1 +ec(x1 + 1,29)) (1 + (21 — 1,32))
\/1 +e(z1 + 1, 22)(0%(, (x1 + 1,22)) — 0°((x1 — 1, 22), 2)
V= @)+ =1 + L)1+ (e — 1,22))
V14eo(zr —1,aa) — /1 +e%(z1 + 1, 29) ) F (o — 1,0)?
O+ @)+ (o1 + L)1+ (a1 — 1,22)) |
((ac(xl —1,29) —e(z1 + 1,22))0(z, (x1 + 1, 22))
(\/1 +ec(xy —1,20) + \/1 +e¢(x1 + 1, 22))
« 1
V@ +ec(@) (1 +e(z1 + 1,22)) (1 + (21 — 1, 22))
V14ec(z1 + 1,22)(0(2, (1 + 1,22)) — 0°((w1 — 1,22),2)
V@ +ec(@) (1 +e(z1 + 1,22)) (1 +e(z1 — 1, 22))
n e(z1 — 1, 22) —e%(x1 + 1, x2)
(V1+e(xr — 1,29) + /1 +e%(a1 + 1,22))
y 1
V@ +ec(@) (1 +e(z1 + 1,22)) (1 + (21 — 1, 22))

< || F 12 e mes

) f (2 —17582)’2

and in the same way, we treat (47). By density, we have proven that there exists
¢ > 0 such that ||<AC)E[Afn,,Afn]fH?g(vcymc) < chHﬁz(Vc_,mc). Finally, by applying
[AmBoGe, Proposition 7.5.7] where the hypotheses are verified in Proposition 4.10,

we find the result. O
We turn to the regularity of V¢(Q).
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Lemma 4.20. Let V¢ : V° — R be a function, obeying V° does not depend on the
second variable and ||[VC,UNQ + 1/2)'7¢|| < oo, then [V¢(Q), Age] € CO1(A°). In

particular, V¢(Q) € Ct1(A°).

Proof. We note that V¢ := V°® 1ye.
First, we have

IV, UKQ +1/2)*¢|| = [{Q + 1/2)*=[ve, U”]|
= [(Q+1/2)" = (VU - UV |

= [{Q+1/2) VU — (Q+1/2)" U Ve

= [VUHQ -1 UV - 1)
= IV, U )@ — 1)"*I.

Now, we shall show that
(Q +1/2)7 ® 1e[VE(Q), iAG|| < oo.

We recall that

—1/2 1/2
[V(Q). 5] = 5~ (Q+ ) VU] @ Py + 5 (% - Q) ve

2

For all f € ¢2(V°,m®), we obtain

1@ +1/2)° @ 1ye[V(Q), i Ak = || (@ +1/2)°°

81/2 1 1
FlQe2 s (— —Q) ve.U)) @ Pluan /|
1
>

(0r3) 1

+H (Q+1/2)"— ( Q> 1) ® Peeran /|

< (1@ +1/2)°% ) ® Prer(an) - f||

(<Q +1/2)°Q[VE,U*]) @ Biyan) /]|
(1)

((Q+1/2°[VS,U"]) ® Pesyan £l

e—1/2

+

(2)
1/2

—[|((Q +1/2)°Q[V°,U]) ® Prgyan /||

(3)

1/2

— (@ +1/2)* [V, U]) ® Pgyian £ -
(4)

For all f € ¢2(V°,m¢), we have

Ul ® Pisy(ay)-

<Q+ )[ U]
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(1)
671/2 € c * 1
2 H(<Q+ 1/2> Q[V 7U ]) ®Pker(A2)fH
671/2 c € L
= ——II([V*, U@ + 1/2)°Q) ® Pioya /1|
—1/2
= (Ve U@+ /24 (@ +1/2)71Q) @ By /]I
bounded
(2)
e—1/2
(@ +1/27 Ve, U") © Py fl
e—1/2
= — IV UHQ +1/2)%) @ Pgyan /|
—1/2
= S (Ve U1Q + /2 (Q + 1/2)7") @ Piyay |
bounded
(3)
el/2 N
T H (<Q =+ 1/2>EQ [VC? U] ) ® Pker(Ag)fH
el/2
= TH (Ve,U(Q +1/2)°Q) ® Pkler(Ag)fH
1/2
= (Ve U@+ /27 (@ +1/271Q) @ P ay f]I-
bounded
(4)
el/2
TH (Q+1/2)°[Ve,U]) ® PkJ(_:r(Az)fH
el/2
= (V.U 1@ +1/2)%) ® Byan fl
el/2
= (Ve U@+ 12 @+ /27" ) ® Bgyap I
bounded
So, we can apply [AmBoGe, Proposition 7.5.7] where the hypotheses are verified in
Proposition 4.17, the result follows. O

We end this section by proving the result 4.16.

Proof of Theorem 4.16. The Proposition 4.19, Proposition 4.18 and Lemma 4.20
gives that Ag, € CHL(AS,). Since AS, — Age is a compact operator by Proposition

4.14, thanks to (20) and by [AmBoGe, Theorem 7.2.9] we obtain (39). O
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