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SPECTRAL ANALYSIS OF THE LAPLACIAN ACTING ON
DISCRETE CUSPS AND FUNNELS

NASSIM ATHMOUNI, MARWA ENNACEUR, AND SYLVAIN GOLENIA

ABSTRACT. We study perturbations of the discrete Laplacian associated to dis-
crete analogs of cusps and funnels. We perturb the metric and the potential in
a long-range way. We establish a propagation estimate and a Limiting Absorp-
tion Principle away from the possible embedded eigenvalues. The approach is
based on a positive commutator technique.

CONTENTS
1. Introduction 1
2.  The Mourre theory 4
3. The free model 6
3.1. Construction of the graph 6
3.2. Mourre estimate on N 8
3.3. The funnel side 9
3.3.1. A first step into the analysis 9
3.3.2. Construction of the conjugate operator 10
3.4. The cusps side 11
3.4.1. The model and the low/high energy decomposition 12
3.4.2. The conjugate operator 13
3.5. The compact part 14
3.6. The whole graph 15
4. The perturbed model 15
4.1. Perturbation of the metric 15
4.2. Main result 16
4.3. The funnel side 17
4.4. The cusp side: Radial metric perturbation 23
References 29

1. INTRODUCTION

The spectral theory of discrete Laplacians on graphs has drawn a lot of attention
for decades as they are discrete analogs of manifolds. We are especially interested in
the nature of the essential spectrum. Without trying to be exhaustive, using positive
commutator techniques, [Sa, BoSa] treat the case of Z¢, [AlFr, GeGo] study the case
of binary trees, [MaRiTi] investigate some general graphs, and [PaRi] focused on
a periodic setting. Some other techniques have been used successfully, e.g., [HiNo]
with some geometric approach and [BrKe].

In the context of some manifolds of finite volume, [MoTr, GoMo| prove that
the essential spectrum of the (continuous) Laplacian becomes empty under the
presence of a magnetic field with compact support. Besides, they establish some

2010 Mathematics Subject Classification. 81Q10, 47B25, 47A10, 05C63.
Key words and phrases. commutator, Mourre estimate, limiting absorption principle, discrete
Laplacian, locally finite graphs.
1



2 NASSIM ATHMOUNI, MARWA ENNACEUR, AND SYLVAIN GOLENIA

Weyl asymptotic. Analogously, for some discrete cusps, [GoTr| classify magnetic
potentials that lead to the absence of the essential spectrum and compute a kind
of Weyl asymptotic for the magnetic discrete Laplacian. Back to [GoMo], one also
obtains a refined analysis of the spectral measure (propagation estimate, limiting
absorption principle) for long-range perturbation of the metric when the essential
spectrum occurs relying on a positive commutator technique. We refer to [GoMo]
for further comments and references therein. This part of the analysis was not
carried out in [GoTr]. This is the main aim of this article.

To start off, we recall some standard definitions of graph theory. A (non-oriented)
graph is a triple G := (£,V, m), where V is a finite or countable set (the vertices),
E:V xV — Ry is symmetric, and m : V — (0,00) is a weight. We say that G is
simple it m=1and £:V xV — {0,1}.

Given z,y € V, we say that (z,y) is an edge and that « and y are neighbors if
E(x,y) > 0. Note that in this case, since £ is symmetric, (y, ) is also an edge and y
and z are neighbors. We denote this relationship by « ~ y and the set of neighbors
of x by Mg(z). The space of complex-valued functions acting on the set of vertices
V is denoted by C(V) := {f : V¥ — C}. Moreover, C.(V) is the subspace of C(V) of
functions with finite support. We consider the Hilbert space

PV, m) = {f eCV), Y m()|f(x) < oo}
TeY

endowed with the scalar product, (f,g) := > .\, m(z)f(z)g(z). We define the
Laplacian operator

(L1) Agf(@) = —— 3" (e )(f(x) — F(v)),

m(x) =
for all f € C.(V). Ag is a positive operator since we have (f, Ag f) e .m) = Qg(f),
with )
Qo(f) =5 D E@y)If(@) — fWI,
z,yeV

for all f € C.(V). To simplify, we denote its Friedrichs’extension with the same
symbol. We define the degree of z € V by

degg(x) := %) Z E(z,y)

m( yeY

We present a simple version of our model: We consider Gy := (&1, V1, m1), where
Vi =7, mi(n) == e ™, and E(n,n + 1) :== e~ *D/2 for all n € N and Gy :=
(E2,Va,ms) a connected finite graph such that [Va| = p, p > 3, where [V is the
cardinal of the set V5 with mg constant. Let G := (€, V, m) be the twisted cartesian
product G1 X, Gy given by

{ m(x,y) := my(z) x ma(y),
E((z,y), (2, y)) == &i(x,2") X 8y,y + 0z.0r X E2(y,Y),
for all z,2’ € V1 and y,y" € Vo, If n > 0, this is a cups side and if n < 0, this is a
funnel side. We refer to Section 3.1 for more details.

The (twisted cartesian) Laplacian Ag is essentially self-adjoint on C.(V), see
Proposition 3.14. Moreover, it has no singularly continuous spectrum and

a B
Uac(Ag) = |:7 :| )
meo Mo
with

(1.2) a:=e24e V22 and B:=e24e V242
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funnel side cusp side
FIGURE 1. Representation of a discrete cusp and funnel side
We turn into perturbation theory. First, we perturb the weights, we consider G’ :=

(&',V,m’), where
m'(z) := (14 p(z))m(z) and &'(z,y) == (1 +e(2,9))E(z,y),

max [V ((z1,22))] =0, if |21| = oo,

T2 EV;
(Ho) Jnax |p((z1,22))| = 0, if |21| = o0,
max le((w1,22),y)| = 0, if [z1] = oo.

2 €V2,y~(x1,22)

This ensures that Ag: + V(-) is also essentially self-adjoint on C.(V). Here V()
denotes the operator of multiplication by V. Moreover, (Hp) guarantees the stability
of the essential spectrum, see Proposition 4.2. Namely,

Tess(Agr) = [a 6] .

mg’ mo

In order to obtain the absence of singularly continuous spectrum for Ag/, we require
some additional decay. Let € > 0 and ask:

(H)  sup (m)Vin=1y) - Viny)| <o,

neZ,ycVa

(Hy)  sup (n)'"|u(n—1,y) — p(n,y)| < oo
nez,ycVs

(H3) sup (n)H'e le((n, k), (n+ 1,k)) —e((n — 1,k), (n, k)| < oo,
n€Z,kEVy

where () := /142

Our main result is the following:

Theorem 1.1. Let H := Ag +V(-) as above. Suppose that (Hy) holds true. Then,
we have the following assertions:

(1) UeSS(H) = JGSS(AQ)'
Assume furthermore that (Hy),(Hsz), and (Hs) hold true. Set k(H) := o,(H) U

{a/ma, B/ma} with o, B are given in (1.2) and where o, denotes the pure point
spectrum. Take s > 1/2 and [a,b] C R\ k(H). We obtain:

(2) The eigenvalues of H distinct from a/mso and 8/mqg are of finite multiplicity
and can accumulate only toward a/mo and B/ms.

(8) The singular continuous spectrum of H is empty.

(4) The following limit exists and finite:

lim sup [[(A)"*(H — X —ip) " (A)~%|| < oo,
p—0 A€la,b]

(5) There exists ¢ > 0 such that for all f € (*(V,m’), we have:

/R 1AY== By iy (H) 122y < €l £
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Our approach is based on a positive commutator technique, namely we establish
a Mourre estimate. The proof of this theorem is given in Subsection 4.2. We refer
to Section 2 for historical references and for an introduction on the subject.

‘We now describe the structure of the paper. In Section 2, we present the Mourre’s
theory. The next section is devoted to study the free model. In Subsection 3.1, we
present the context and introduce the notion of cusp and funnel. In Subsection
3.2, we start with the Mourre estimate on N. In Subsections 3.3, and 3.4, we prove
the Mourre estimate for the unperturbed Laplacian that acts on a funnel and on a
cusp, respectively. Then, in Subsection 3.6, we conclude the Mourre estimate for
the whole graph. In Section 4, we perturb the metrics and add a potential. The
proofs are more involved than in Section 3.1 as we rely on the optimal class C**(A)
of the Mourre theory. This yields the main result.

Notation: We denote by N the set of non-negative integers. In particular 0 € N.
Set [a,b] := [a,b] N Z. We denote by 1x the indicator of the set X.
Acknowledgements: We would like to anonymous referees for their comments
on the script.

2. THE MOURRE THEORY

In [Pu], C.R. Putnam used a positive commutator estimate to insure that the
spectrum of an operator is purely absolutely continuous. His method was un-
fortunately not very flexible and did not allow the presence of eigenvalue. In
[Mol, Mo2], E. Mourre had the idea to localise in energy the positive commu-
tator estimate. Thanks to some hypothesis of regularity, he proved that the em-
bedded eigenvalues can accumulated only at some thresholds, that the singularly
continuous spectrum is empty and also established a limiting absorption principle,
away from the eigenvalues and from the thresholds. Many papers have shown the
power of Mourre’s commutator theory for a wide class of self-adjoint operators, e.g.,
[BaFrSi, BoCaHaMi, CaGrHu, DeJa, FrHe, GeGéMg, GeGo, HuSi, JeMoPe, Sal.
We refer to [AmBoGe] for the optimised theory and to [GoJel, GoJe2, Gé] for
recent developments.

Let us now, briefly recall Mourre’s commutator theory. The aim is to establish
some spectral properties of a given (unbounded) self-adjoint operator H acting in
some complex and separable Hilbert space H with the help of an external unbounded
and self-adjoint operator A. Let ||-|| denote the norm of bounded operators on H and
o(H) the spectrum of H. Recall that the latter is real. We endow D(H ), the domain
of H, with its graph norm We denote by R(z) := (H —z)~! the resolvent of H in z.
Take an other Hilbert space K such that there is a dense and injective embedding
from K to H, by identifying H with its antidual H*, we have: K — H ~ H* — K*,
with dense and injective embeddings.

We introduce some regularity classes with respect to A and follow [AmBoGe,
Chapter 6]. Given k € N, we say that H € C*(A) if for all f € H, the map
R >t (H 4+ i)~ le ™Af € H has the usual C* regularity. We say that
H € CF(A) if the map R 2 t > e*(H +1i)e™™ € B(H) is of class C*(R, B(H)),
where B(H) is endowed with the norm operator topology.

We start with an example, e.g., [GoJel, Proposition 2.1].

Lemma 2.1. For ¢,p € D(A), the rank one operator |¢p){(p| : ¥ — (@, V)¢ is of
class C1(A) and

[} (e, Al = [6)(Ap| — [Ad)(pl-
By induction, given n € N and ¢, € D(A™), |§) (| is of class C"(A).

We turn to a criterion in term of commutator.

Theorem 2.2 ([AmBoGe, p.258)). Let A and H be two self-adjoint operators in
the Hilbert space H. The following points are equivalent:
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(1) H € C*(A).
(2) For one (then for all) z & o(H), there is a finite ¢ such that
[(Af, R(2) f) = (RZ)f, Af)| < el fI1?, for all f € D(A).
(3) (a) There is a finite ¢ such that for all f € D(A) ND(H):
[(CAf H ) = (HF, AP < c(IHFI? + [1F17)-
(b) For some (then for all) z & o(H), the set
{f €D(A),R(z)f € D(A) and R(Z)f € D(A)}is a core for A.

Note that (2) yields that the commutator [A, R(z)] extends to a bounded operator
in the form sense. We shall denote the extension by [A, R(2)]o. In the same way,
from (3a), the commutator [H,.A] extends to a unique element of B(D(H ), D(H)*)
denoted by [H, A],. Note that D(H) is endowed with the graph norm of H and
that D(H)* denotes its anti-dual. Moreover, if H € C*(A) and z ¢ o(H),

[AJ(H-2)"'] = (H-2)"' [HA, (H-2)".
— N—— —
HeD(H)*  D(H)*«D(H)  D(H)«H
Here, we use the Riesz lemma to identify H with its anti-dual H*.

Note that, in practice, the condition (3.b) could be delicate to check. This is
addressed by the next lemma.

Lemma 2.3 ([GoMo, Lemma A.2]). Let  be a subspace of H such that 9 C
D(H)ND(A), Z is a core for A and HZ C 9. Let (Xn)nen be a family of bounded
operators such that

(1) xnZ C D, xn tends strongly to 1 as n — oo, and sup,, ||xnllB>(H)) < 00-
(2) Axnf — Af, for all f € 2, as n — 0.
(3) There is z & o(H), such that x,R(2)2 C 2 and x,R(Z)9 C 2.

Suppose also that for all f € 9
ILm A[H, xn]R(2)f =0 and ILm A[H, xn]R(Z)f = 0.
Finally, suppose that there is a finite ¢ such that

(CAf HE) = (HF, AP < c(IHFIP + £I7), for all f € 2.
Then, one has H € C1(A).

We define other refined classes of regularity:

1
We say that H ¢ CO,I(A) if / ’H(HjLi)*l’eitA]H % < 00.
0

1
We say that H € C''(A) if / |l[(H + i)_l,eitALeitA]H % < 00.
0

Thanks to [AmBoGe, p. 205], it turns out that

Given an interval open interval Z, we denote by Ez(H) the spectral projection
of H above Z. We say that the Mourre estimate holds true for H on Z if there exist
¢ > 0 and a compact operator K such that

(2.1) Ex(H)[H,iAlBr(H) > Ez(H) (c + K) Ez(H),

when the inequality is understood in the form sense. We say that we have a strict
Mourre estimate holds for H on the open interval Z' when there exists ¢/ > 0 such
that

(2.2) Bz (H)[H,iAl.Ez (H) > /Eg (H).

Assuming H € C(A), (2.1), and X € Z is not an eigenvalue, therefore there exists
an open interval 7' that contains A and ¢’ > 0 such that (2.2). The aim of Mourre’s
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commutator theory is to show a limiting absorption principle (LAP), see [AmBoGe,
Theorem 7.6.8].

Theorem 2.4. Let H be a self-adjoint operator, with o(H) # R. Assume that
H € C*(A) and the Mourre estimate (2.1) holds true for H on Z. Then
(1) The number of eigenvalues (counted with multiplicity) of H, that are in I,
18 finite.
Assuming furthermore that K =0 in (2.1), it yields:
(2) H has no eigenvalues in T.
(3) If H € CY1(A) and K = 0, s > 1/2 and I’ a compact sub-interval of Z,
then
sup (A" (H — 2) " {A)"%| exists and finite.
R(2)ET,S(2)£0
Moreover, in the norm topology of bounded operators, the boundary values of the
resolvent:
T' > A lim (A)"(H — X\ —ip) 1 {A) ™% ezists and continuous.

p—0%E

For more details and deeper results, see [AmBoGe, Proposition 7.2.10, Corollary
7.2.11, Theorem 7.5.2].

3. THE FREE MODEL

3.1. Construction of the graph. We discuss two different product of graphs. To
start off, given Gy := (€1, V1, m1) and Go := (€2, Vo, ma), the Cartesian product of
Gy by Go is defined by G° := (£°,V°, m®), where V° :=V; X Vy,

{ me(xz,y) = ma(x) x ma(y),

£ ((x,y), (2",y) i= &ulw,a) X byyma(y) + ma(2)0ea X Ea(y,y)-

We denote it by G1 x Go := G°. This definition generalises the unweighted Cartesian
product, e.g., [Ha]. It is used in several places in the literature, e.g., see [Ch, Section
2.6] and see [BoKeGoLiMii] for a generalisation.

The terminology is motivated by the following decomposition:

Ago :Agl ®1—|—1®Ag2,
where (2(V,m) ~ (2(V1,m1) ® £2(Va, mz). Note that
eitAgo _ eitAgl ® eitAg2’ Vvt € R.

We refer to [ReSi, Section VIIL.10] for an introduction to the tensor product of
self-adjoint operators.

We now introduce a twisted Cartesian product. We refer to [GoTr, Section 2.2
for motivations, its link with hyperbolic geometry and generalisations. Given G; :=
(E1,V1,m1) and Go := (€3, V2, ms2), we define the product of Gi by Go by G =
(€,V,m), where V :=V; x V5 and

{ m(z,y) == mi(z) x ma(y),
£ ((JJ, y)7 (1'/711/)) = 51(%, ml) X 6y,y’ + 69:,:1:’ X 52(y7yl)>
for all z,2’ € V; and y,y’ € Vo. We denote G by G; X, Go. If m = 1, note that

G1 X7 G2 = G1 X Ga.
Under the representation £2(V,m) ~ ¢2(Vy,my) @ £2(Va, ms),

1 1
3.1 de -) =de )R ——+ —— ®de .
( ) gglegg( ) ggl( ) m2() ml() ggz( )
and
1 1
(32) Ag1><rg2 = A91 ® + ® Agz'

ma(-)  ma(-)
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If m is non-trivial, we stress that the Laplacian obtained with our product is usually
not unitarily equivalent to the Laplacian obtained with the Cartesian product.

A hyperbolic manifold of finite volume is the union of a compact part, of a cusp,
and a funnel, e.g., [Th, Theorem 4.5.7]. In this article we study a discrete analog.

In the sequel, we take ms constant on Vs.

The graph G := (£,V,m) is divided into three parts: A cusp part, a funnel part,
and a finite part. Set G* := (£*,V*, m*) be the induced graph of G over V* where
x € {c,f,0} and V is a disjoint reunion of V¢, Vf, and 1°.
We consider Gf := (€7, V§,m$), where
Vi:=N, mj(n):=exp(—n), and E7(n,n+ 1) := exp(—(2n + 1)/2),
for all n € N and G5 := (5, VS, my) a possibly disconnected connected finite graph.
Set G¢ := Gf x, G5. This is a cusp part. Note it is of finite volume as:

Z mge(z,y) < oo.
(z,y)EVEXVS
We consider Gi := (&5, Vi, m!), where
V=N, mi(n):=exp(n), and & (n,n + 1) := exp((2n +1)/2),
for all n € N and Gf := (&5, V!, my) a connected finite graph. Set Gf := Gi x, G§.
This is a funnel part.
For the compact part, we ask that for all x € V', supp ((z,-)) is finite and
m®(z) > 0.
We now, take advantage of
2(G) = *(G") @ £(G°) & £2(6°).
We have that
Ag = Agf @O@Agc + Ko,
where K is an operator of finite rank with support in C¢(V).
To analyse the perturbations of operator we shall rely on the following gauge

transformation, e.g., [Go, CoToTr, HaKe]. See also [BoGo] for some historical
references.

Proposition 3.1. Let G := (V,&,m) be a weighted graph and m : V — (0,00) be a
weight. The following map is unitary:

T | 2 (V,m) — £2(V,m)

(3.3) fe (x = ::(x) f(x)> :

We have:
(3.4) AL = T (D5 = W) T s
where G' == (V,&',m’), G := (V,E,m) and,
SR )
o) = SN\ )
e LSt (1 [0
W)= oy L Eew) (1 m(y)mf(z>> |

Here we emphasised the choice Friedrichs extension with the symbol F.
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3.2. Mourre estimate on N. In this section we make a preliminary work on the
half axis. We construct a conjugate operator, prove a Mourre estimate for Ay
and check the regularity conditions. This is a known result, e.g., [AlFr], see also
[GeGo, Mic].
Given f € 2(N,1), we set
Yn e N*, Uf(n):= f(n—1) and Uf(0) :=0.

Note that U*f(n) = f(n +1),¥n € N. The operator U is an isometry and is not
unitary: we have U*U = id and UU* = 1 o[(*).

We define by @ the operator of multiplication by n in £2(N, 1). Namely, it is the
closure of the operator given by (Qf)(n) = nf(n) for all n € N and f € C.(N). It
is essentially self-adjoint on C.(N). In [GeGo], one finds the following elementary
relations:

(3.5) QU=UQ+1), U"Q=(Q+1)U* and UQU = U?*(Q +1) on D(Q).
The operator Ay is defined by (1.1), where N ~ (N, £y, m), with Ey(n,n+1) =1
and m(n) =1 for all n € N. Explicity, we have
_J2fn)=fln=1) = fn+1) ifn=1, 2
Anf(n) .—{ F(n) — fin+1) i =0, Vfel*(N1).

We can express it with the help of U. Namely, we have:

Ay=2-(U+U") - 1{0}(-).
A standard result is :

Oess(An) = [0,4]  and  ox.(An) = 0.
We construct the conjugate operator in ¢2(N,1). On the space C.(N), we define
U-U*
2i

1
Anle. v = 5 (SQ+QS), whereS:=

Leferd)-rie-d)

(3.6) :—% (;(U*+U)+Q(U*—U)>.

We denote by Ay its closure.
Lemma 3.2. The operator Ay is essentially self-adjoint on C.(N) and
D(Ay) = D(QS) = {f € (N), Sf € D(Q)}.
We refer to [GeGo] and [Mic, Lemma 5.7] for the essential self-adjointness and

[GeGo, Lemma 3.1] for the domain.
We give a first technical lemma.

Lemma 3.3. On C.(N), we have
i

(U*+U)Ax = 5

((U2* - U2)Q —-1- %(1{0}() + U2 + U*2)> ’
An(U* +U) = % ((U2 -U*)Q - %(UQ +U?) —1— ;1{0}(')>

Proof. We compute on C.(N). The statement follows easily from

Udy =1 ((1N ~UAQ - (1 + U2>,> .

2
U Ay =~ ((U* _1)Q- % )) .

by taking the adjoint. |
We can compute the first comutator.

(U*2 _

N | =
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Lemma 3.4. The operator Ay is C*(Ay) and we have:

. 1
(3.7) [AN,I.AN}O = §AN(4 — AN) —+ Kl,
with K1 a finite rank operator belonging to C*(A).

This lemma is essentially given in [GeGo]|, see also [AlFr] for another type of
presentation. For the convenience of the reader we reproduce it.
Proof. First, since d;oy € D(A") for all n € N, d50y and K := [d{0y,iAn]o belong
to C1(Ay) by Lemma 2.1. Next, we turn to the other part and work in the form

sense and by density. Let f € C.(N). Since Axf € C.(N) and using Lemma 3.3, we
obtain:

(f, [An,iAN]f) Anf,iAnf) — (=iAnf, Anf)

=
=i(f, An(U" +U) = (U" + U)Axf) + ([, 610}, 1AN] )

= S0 Al — D)) + {7, 50y, iAo ).

Since An(4 — Ay) and [d40y,iAn]o are bounded operators and since C.(N) is a core
for Ay, there is a constant ¢ such that

(AN, iAnf) = (—iAnf, Anf)] < el f]?, for all f € D(A).

Hence, it is C*(Ay). By density, we also obtain (3.7). O
By induction, we infer:

Corollary 3.5. Ay € C*(Ay).
We mention [Mic] for an anisotropic use on Z based on the Mourre theory of Ay.

3.3. The funnel side. In this section we construct a conjugate operator for Age
and establish a Mourre estimate.

3.3.1. A first step into the analysis. As seen above, under the identification

(3.8) GV m) = C(N,mb) @ 2 (V§,m).
We have
1 1
(3.9) Act i=Agt @ — + ——— Q@ Agr.
TR mE Tmi() T

Recall here that ms is a constant. The first remark is that

Lemma 3.6. )
—— @ Agr € K (V).

mf (-)
1
Proof. Note that Agi is of finite rank since Vs is finite and that ﬁ is a compact
my (-
operator since mﬁ(n) — 00, as N — 00. O

Since my is constant and degg§ is bounded, we obtain:

Proposition 3.7. We have Agr € B ((2(V'),mf).
Recalling the Proposition 3.1, we obtain:

T AgeTy e = An + (e'/? - )10y + el/? pet/2 9

1—>m§
Recalling Lemma 3.6, we infer immediately

Oess(Agt) = {77?2’ ﬂi} and  0yc(Agr) = 0,

with o and § are given in (1.2).
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3.3.2. Construction of the conjugate operator. In order to get also os.(Agt) = 0, we
rely on the Mourre theory and construct a conjugate operator for Ag:. Recalling
(3.6) and with respect to (3.8), we set

(3.10) Age = Apr @ Ly = Tyt ANTfimg ® 1ys.

It is essentially self-adjoint on C.(V!) and on C.(N) ® ¢2(Vf) by Lemma 3.2. Tt
acts as follows:

Proposition 3.8. On C.(N), we have

Ay =3 (2Q - 1/2U — 2@+ 1/2)U7)
Proof. Let f € C.(N),
_ 1 1 * * —1
A1) =~ s (W 074 QU 1)) T )

;((n;> mir(g(r_z)l)f(nl) (n+;) %f(nﬂ))

= (o (o= 2wt - (e B) 0 s0m).

This concludes the proof. O
We turn to the regularity. In order to lighten the computation, given a graph
G = (&,V,m), we write

Ty ~ Tj if there is K : C.(V) — C.(V) of finite rank such that T3 = T» + K
Thanks to Lemma 2.1 and Proposition 3.8, we obtain immediately:
Lemma 3.9. Assume that Ty ~Ty. Then for alln € N,
Ty € D(AG:) & Tz € D(AG).
We have:
Lemma 3.10. We have Agr € C*(Agr) and
(3.11) [Ag,1Ag], = w(Agr) + K,

o= (-2) (%),

with a and B as in (1.2) and K is a compact operator.

where

Proof. We prove that [Age,idge]o € B(£2(VE,m!)). As in Lemma 3.4 and working
in the form sense on C.(N) ® ¢2(V}), a straightforward computation leads to

1

mo

1 3 1 1
~wf(Ag) — 22— @A — —A — - ——®A
w(Agr) 2 m1(~)® 9 ) \my g§®m2 ml(-)® o

312+ (Agg @1—0‘> (b@Agg).

ma ma
= ’lUf(Agf) + K/

1 . 1
[Agi ® mZlegf] ~ S(Agr —a)(B—Agr) ®
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where K’ is a compact operator coming from Lemma 3.6 and Lemma 2.1. We turn
to the second part of Ag:.

. B 1, .
|:m§()71Amf1:| ® Agg = Tl—)mi |:77],§(.)71AN:| Tl%mfl X Ag£

1 1
(3.13) =Tyt (2(6 —1)e @ (Q - 2) U) T @A,

1

in the form sense on C.(N) ® £2(V1). The operator is a compact since U is bounded
and lim,, o, e ™(n —1/2) = 0.

This implies that [Agr,1Age]o € B(£2(V!, m!)) and that (3.11) holds true. Finally,
since C.(N) ® (2(VY) is a core for Agr, we deduce that Agr € CH(Agr). O

Lemma 3.11. We have Agr € C%(Agr).

Proof. As above, since C.(N) ® £2(V%) is a core for Age it is enough to prove that
[[Agr,iAgt]o, 1Ag:], defined initially in the form sense on C.(N) ® £2(V5), extends to
an element of B(¢2(Vf, mt)).

We prove that the right hand side of (3.11) belongs to C!(Ag,). It composed of
w(Ag,) which is C'(Ag,) (as product of bounded operators belonging to C!(Ag,)),
terms with finite support that are also in C!(Ag,) by Lemma 2.1 and terms similar

to (3.13). Therefore HAQ{ ® m%z,iAgf] ,iAgfi| extends to a bounded operator.

We turn to the second part. It remains to show that the left hand side of (3.13)
belongs to C'(Ag,). Repeating the computation done in (3.13), we see that since

lim,, 0 €7 (n)? = 0, Hﬁ, i.Amg] . 7./4mf1:| extends to a compact operator. O
Remark 3.12. By induction, we can prove that Ag: € C*(Agr).
Finally, we establish the Mourre estimate.

Proposition 3.13. We have Agi € C*(Age). Given a compact interval T C
(a/ma, B/ma), there are ¢ > 0, a compact operator K such that

(3.14) Ez7(Agr)[Agr,iAgiloEr(Agr) > cEz(Agr) + K,
in the form sense. In particular, os(Age) = 0.
Proof. Lemma 3.11 gives that Agr € C%(Agr). By (3.11), we obtain
Ez(Age)[Agr,iAgilo Br(Age) = Ex(Age)w(Age) Er(Agr) + K
> cEz(Agr) + K,

where K is a compact operator and

c::@inf (m—a> (6—33) > 0.
2 zel mo mao

The absence of singular continuous spectrum follows from the general theory. O
To lighten the text we did not expand more consequences of the Mourre theory
in this case and refer to Theorem 4.3 for them.

3.4. The cusps side. In this section we construct a conjugate operator for Age
and establish a Mourre estimate. By contrast with the funnel side, we shall refine
the tensor product decomposition.
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3.4.1. The model and the low/high energy decomposition. Again we rely on the
decomposition

(3.15) (Ve m) = (N, mS) @ £2(VS,ma).
We have

1
3.16 Age :=Age ® — + ——— ® Age.
( ) g o ma m%() g3

Recall that mo is a constant. Unlike with the treatment of Ag:, we refine the
tensor product decomposition. In the spirit of [GoMo, GoTr], we denote by P'® the
projection on ker(Ag,) and by P" is the projection on ker(Ag,)*. Here, le stands
for low energy and he for high energy. We shall take advantage of

C(Ve,m) = H' @ H*
(3.17) = 2(N,m$) ®@ ker(Ay) @ 2(N,m$) @ ker(Ay)*.

The main idea is the continuous spectrum comes from the low energy part of the
space whereas the discrete spectrum arises from the high energy part.
We have that Age := Algec &) Alg“i, where

1
3.18 A, .= Age @ —P'®
( ) G g7 & M 3
on (1® P)2(Ve,m), and
1 1
3.19 A .= Age ® — Phe P Age
( ) g g1 ® mo + m%() ® Ggs»

on (1 ® P")2(Ve,m®). We stress that my is constant.
Unlike Agt, Age is unbounded. More precisely we have:

Proposition 3.14. The operator Age is essentially self-adjoint on C.(N) @ £2(Vy)
and on C.(V°). Its domain is given by D (L ® Ag;).

mg(+)
Proof. First m{(-) is essentially self-adjoint of C.(N). Since Agg is bounded, we
infer that ﬁ ® Agg is essentially self-adjoint on C.(N) ® ¢2(V,). Next, since
Age ® 77% is bounded, Age is essentially self-adjoint on C.(N) ® £2(V,) by the Kato-
Rellich Theorem, e.g., [ReSi, Theorem X.12]. The statement with C.(V°) follows by

standard approximations. O
Using the notation given in (3.3), we see that:

Tmi*}lAngn;%*)I = AN — (6_1/2 — 1)1{0}() + 61/2 + 6_1/2 —2in ZQ(N)

By using for instance some Jacobi matrices techniques, it is well-known that the
essential spectrum of Algec is purely absolutely continuous and

O—EC(AIQEC) - [O[, BL

with multiplicity one, e.g., [We]. Recall that « and g are defined in (1.2).
We turn to the high energy part. Using [GoTr, Equation (10)],

1 1
——~ ® Age P" < Age(1® P"™) < 2M + ——~ ® Agg P™.
ms () : ms () :
Using the min-max Theorem and since m$(n) — 0 as n — oo, Age(1 ® P") has a
compact resolvent. We infer that
a B
Oac(Age) = |:’ ] and osc(Age) = 0.

ma M2
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3.4.2. The conjugate operator. We pursue the analysis of Age in order to apply the
Mourre theory to it. We go back to £2(N,m§) @ ker(Ay). We set:

(3.20) AGe = T 1 AT 1 @ P,
It is self-adjoint. Straightforwardly we get

i 1 1
A = - (61/2 (Q + ) U* +el/? ( - Q) U> ® P'®
2 2 2
on C.(N) @ ker(Az). With respect to (3.17), we set
Age == A§. & Ag, where A% := 0.

By Lemma 3.2, it is essentially self-adjoint on C.(N)® ¢2(VS,ms) and also on C.(V°)
by standard approximation. Keeping the notation of Lemma 3.9, we obtain:

Lemma 3.15. We have Age € C'(Age) and
(3.21) [Age,iAge]o ~ wC(AL.) &0,
with respect to (3.17), with K € K(£2(V¢,m°)) and

w(zx) = 2 (a: — a) (B —x) .
2 mo mo
In particular, [Age,iAge]o € B(£2(VE, m®)).

Proof. As in Lemma 3.4, using Lemma 2.1, and working in the form sense on
C.(N) ® £2(VS§), a straightforward computation leads to

1 . 1 1 le
[Agg ® mgalv‘lgc} ~ 5 (Ag; —a)(B — Ag) ® p
(3.22) ~ w(Ag) & 0.
We turn to the second part of Age.
1 1
3.23 C7®A f7iAgc:| = |:C,Agc:| ®0=0
52 i e 2 ()

This implies that [Age,iAge]o € B(£2(V¢,m®)) and (3.21).
It remains to prove that Age € C!(Ag:). We check the hypotheses of Lemma
2.3. Let {X, }nen be a family of functions defined on V§ x V§ as follows:

X (z1,20) := ((1 — i;_}_?) \/0) Al

Note that supp (X,,) = [0,n? + n] x V2 and V(z1,x2) € [0,n] x VS5, X, (z1,22) = 1.
We set 2 := C.(V°).

1) We have [[X, [l = 1 then [[&X,(-)||B(2(ve,mey) = 1. Moreover, X, () tends
strongly to 1 as n — +o00. Now, we shall show that sup,, |[4,(-)||lp(a,) < 0. Since

1 1 1 1
Age @ — + —— @ Age, X ()| = [Age, ()] @ — —, X ()| ®Aq,
R oL T 0] R A AD P P S A AC) Y
bounded by 2||Age||/m2 =0
then there is ¢ > 0 such that, for all f € C.(V°) such that f € (Age +1)C.(V°) and
n €N,

1(Age +1) X (Q)(Age +1) T fIl < cllf]]-
Since Age is essentially self-adjoint on C.(V°) and since —i ¢ o(Age), it holds for all
f € 2(Ve,m®). In particular, we derive that |[(Age +1)X,(Q)f| < cl[(Age +1)f]|,
for all f € £2(V¢,m®). In particular, sup,, [ ()l Dagye < oo
2) Given f € C.(V°), note that for n large enough X,,(-)f = f. In particular, for
all f€Ce(V°), AgeXn()f — Agef, as n — oo.
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3) Noticing that [Age, X ()] = [Ags, Xn ()] ® m%p a straightforward computation
ensures that there exists ¢ such that

c
Agc Agc,Xn M S el
oelAge, 20l < 75
Finally for all z € C\R, the condition X,,(-)(Age—2)1C.(V°) C C.(V°) is immediate
as X, is with finite support. [GoMo, Lemma A.2] gives that A. € C'(A.). O

Lemma 3.16. We have e*A9°D(Age) C D(Age) for all t € R.

Proof. We have Age € C!'(Age) and [Age,iAge]o is bounded. Therefore [GeGé]
gives the result. 0

Lemma 3.17. We have Age € C*(Age) and
(3.24) ([Age,iAgelo,idgelo = [[AL., iAS]o, 1AE]o @ 0.

Proof. Recalling (3.21) and Lemma 2.1, the result follows from noticing that w®(Af.)

is in C'(Ag.) as product of bounded elements of C'(Ag.). O
Concerning the Mourre estimate, we prove the following result:

Proposition 3.18. We have Age € C*(Ag:). Given a compact interval T C

( a B ), there are ¢ > 0, a compact operator K such that

(325) EI(Agc)[Agc R i.Agc]OEI(Agc) > CEI(Agc) + K,
in the form sense.

Proof. The Lemma 3.17 provides that Age € C*(Age). On 1", Ez(AL) is compact
since A}g“i is with compact resolvent and Z is with compact support. With respect
to (3.17), we have Bz(Age) = Ez(Ag.) & Ez(A%) and
Er(Age)[Age,iAgeloBr(Age) = Br(A:)[Al, iAo Bz (Al:) @0
> cEr(AS:) ® 0> cEr(Age) + K,

in the form sense, where K is a compact operator and

c::@inf (ma> (ﬁx) > 0.
2 zel mo ma

This concludes the proof. O
To lighten the text we did not expand more consequences of the Mourre theory
in this case and refer to Theorem 4.3 for them.

3.5. The compact part. We define the conjugate operator on (2(V) = 2(Vf) @
V) @ 2(Ve) as
CE) =20 e 0% e )
A = Agf @O@Agc

Since VY is finite, we have a finite rank perturbation and we conclude that A is
self-adjoint and essentially self-adjoint on C.(V).

Lemma 3.19. We have Ag € C%(A).

Proof. We have (Ag —Agr ®0@ Age) that are with finite support. Hence it belongs
to C2(A) by Lemma 2.1. Next recalling Lemma 3.11 and Lemma 3.17 we obtain
the result. ]
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3.6. The whole graph. In this section, we give the Mourre estimate in the whole
graph.

Proposition 3.20. We have Ag € C*(A). Given a compact interval Z C (s n%)
Moreover, there are ¢ > 0, a compact operator K such that
(3.26) EI(AQ)[AQ,LA]OEI(AQ) > CEI(Ag> + K.
Proof. First Ag € C?(A) by Lemma 3.19. Then by collecting (3.25) and (3.14), we
obtain

EI(Agf ®0D Agc)[Agf ®0d Agc, iA]oEI(Agf ®0d Agc)

> cEr(Agr @ 0® Age) + K.

Since the operators Ag and Agr 0@ Age are in Cl(A) (as in C%(A), see [AmBoGe),
[AmBoGe, Theorem 7.2.9] implies (3.26). O

4. THE PERTURBED MODEL

In this section, we perturb the metrics of the previous case which will be small
to infinity. We obtain similar results however the proof is more involved because
we rely on the optimal class C1!(A) of the Mourre theory.

4.1. Perturbation of the metric. Let G, , := (V,&.,m,) where

(@) = (1+ p(a))m(z) and E(z,y) == (1 +£(a,9))E (2, ),
where © > —1, ¢ > —1, and

(4.1) w(x) = 0if || = oo and e(z,y) — 0 if |z, |y| — oc.
We set

m, = £2 = Elye v,
p* = p*ye, and € =g, ., with * € {c,f}.

To analyse the spectral properties of Ag, ,, we compare it to Ag. As they do
not act in the same spaces, we rely on Proposition 3.1. and send Ag, , in 2(V,m)
with the help of the unitary transformation. Namely, supposing (4.1). Let

Aga,u = Tmu%mAga uTrz‘L%m

A straightforward calculus ensures:

Lemma 4.1. For all f € C.(V), we have

(Re., — Ag)f(x) = — §:< c(z,9)

m(x) £\ /(1T + p(@)) (1 + p(y))
(4.2)
3 ) + ply) + ple )u(y) Sz ) (F(z) —
N CEED) CERTE) TR 1+uum> (2 ) =)
1 o NE (x> w(z) — p(w) .
m(x);(lJrs( 2D, ) (1+ (@) /1T + p(2) (V1 + p(z) + /1 + i ))f()

Proposition 4.2. Let V : V — R be a function, obeying V(z) — 0 if |z| — co. We
assume that (4.1) holds true, then Ag, , — Ag € K((*(V),m). In particular

(1) ID(AGE,;L + V()) 'D(T,; —>mAQTmH—>m)f

(2) Ag., + V() is essentzally self-adjoint on C.(V),

(3) UeSS(AQs,M + V()) = UESS(AQ)'

Proof. Use Propositions 4.4 and 4.9 and note that the contribution arising from }°
is a finite rank perturbation. O
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4.2. Main result. The main result of this section is the following theorem:
Theorem 4.3. Let G, ,, a graph satisfies a condition (4.1) and
Ag&“ = Ag;“ S5 0 S5 ./‘lggyH

be a self-adjoint operator, where Ag: = Tnji*ﬁmAg*Tm“*ﬁm with x € {f,c}. Let

V iV — R be a function such that V, e, and p are radial on V¢ (see Definition 4.10).
We assume that:

(H1) sup {(x)"|V(zy —1,20) — V(21,22)| < 00,

(;cl,acg)EV*
(H2) sup (w) (21 — 1, 09) — p* (21, 22)| < o0,
(z1,22)EV*
(H3) sup (x1)e* (21, 22), (z1 + 1, 22)) — " (21 — 1, 22), (21, 22))] < 00,
(z1,22)EV*
where V(z) — 0 if |#] — oo. Then Ag_, + V(-) € CY*(Ag. ). Moreover, for all
compact interval I C (w%, W%), with a, B are given in (1.2), there are ¢ > 0 and a

compact operator K such that

Er(Ag. , +V()IAg. ,, +V()idg. JoEr(Ag. , + V()
(4.3) > CE[(AgEW + V()) + K.

in the form sense. Set k(Ag., + V() = op(Ag., + V() U{;= B where o,

denotes the pure point spectrum. Take s > 1/2 and [a,b] C R\H(A;M Y V(). We
obtain:

(2) The eigenvalues of Ag, , + V(-) distinct from o and B are of finite multi-
plicity and can accumulate only toward o and 3.

(3) The singular continuous spectrum of Ag, , + V(-) is empty.

(4) The following limit exists and finite:

lim sup [[(A)"*(Ag., +V(:) = A—ip) " {(A)*|| < o0,
P=0 x¢[a,b]

(5) There exists ¢ > 0 such that for all f € (*(V,m,), we have:
/]R I(A) e Bt VD By 4y (Ag. , + VO)FIPdE < el f%,

with A := Af @ 0@ A°.

Proof. First Ag, , +V(-) € CY(Ag, ) because Ag: 0D Age € CH'(Ag. ) by

the Lemma 4.8, the Lemma 4.14, the Lemma 4.13, the Lemma 4.7 and by Lemma

3.19. In particular, we have that the two operators are in C,(Ag. , ), see [AmBoGe].
Then, using the Proposition 4.5 and the Proposition 4.11 we obtain

Er(Age  ®0& Age , +V(-)[Agr & 0BAge  +V(),iAg, ]o
E](Agg)“ ©0d Agg’u + V()
> cE(Age ®0®Age  +V () + K.
Since Agr ®0®Age | € Cal(Ag. ). Ag: ®00Age —Ag,, € K(2(V,m,)), and
V(-) € Ci(Ag. ) and by [AmBoGe, Theorem 7.2.9], we obtain (4.3). By Lemma 4.7
and Lemma 4.13, V() € C**(Ag_ ). And by using Proposition 4.4 and Proposition
4.9, we have that (Agt ®0®Age +1)7' —(Ag, , +1)7! € K(¢*(V,m,,)). Finally,

we turn to points (4). It is enough to obtain them with s € (1/2,1). We apply
[AmBoGe, Proposition 7.5.6] and obtain

T [(4) (A, , + V() = A—ip) " (4],
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exists and finite. Using Propositions 4.6 b) and 4.12 b)

1{(Ag. . ) fII < all{A) fII,
for all f € D(A). By Riesz-Thorin interpolation, there is a; > 0 such that

I{Ag. )" fII < as[[{(A)° £,

for all f € D(A®). We conclude that lim, ¢ [[(A)"5(Ag, , + V(-) =X —ip) " {A) 75|
exists and finite. The point (5) is an immediate consequence of (4). O
4.3. The funnel side. We first deal with the question of the essential spectrum.
Proposition 4.4. Let VI : V! — R be a function obeying Vi(z) — 0 if |z| — oo.
We assume that (4.1) holds true then Ags — Age € K2 (VY mb), where Ag, , :=
Tn, —»mAg.. “Tmlﬂm In particular,

(1) D(Age , + V() = D(T5, mAGTm, —m);

(2) Age Lt V(-) is essentially self-adjoint on C.(V),

(3) ‘7<ESS(AQ§,M + V() = 0ess(Ag)-

Proof. We shall show that ﬁg;u — Age € K(C2(VE,mb)), as in (4.2). Let f € C.(V),

(£, B, = Ag)Npwim| = | S mi(@) (Bar, — Ag)f) @) (@)

xEVf
(z,2) Efx, 2
: gﬁ ;\/Hﬂ ey
x (f(z) = f(2))f(x)
VI @)+ E) r
| e Y ey
x (f(x) = () F@)| + (£ WO f)
2(f. (degy () + degy () + WO F),
with )
de (@, 2 Elx, 2
Bl ZV¢ T e 7
and
1 1— /O 5 @)1+ 4 (2)) | o
deg, E(x,2),
Ty 2 S aey |0
for all z = (z1,22) € V. We have
(z,2) f
de E(x,z
el ;mlw ey
sf(x’z) degge (x
S T @ ey e
e (21.25).(21,22)) — 0 when

+uf (21,22)) (144f (21,22))

x1,21 — oo and since degg:(-) is bounded then deg,(-) is compact. In the same

L/ (el (1,22)) (Lt (21,22))
VO pf (21,22)) A+ pf (21,22))

obtain the compactness of deg,().

Since Vs is a finite set and for all zo € Vs, NG

way, using that Vs, zo € Vs, — 0 if z1,21 — o0, we
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Now, we will show that W € K(£2(Vf, mf)). For all z € V!, we have

W@ = |y S0+ o))

T

X( pf(z) — pt(z) )‘
(14 pf(2)) /1 + pf () (V1 + il (2) + /1 + pf ()

. pf(2) — pt(z)
(1+6($,2’))<1+u NV + @ (2) (V1 + pf(2) + /1 + pi(z >|

x deggs ().

< sup

z~T

Since V; is a finite set and (1 + &' (x,2)) (1 (2) — pf(z)) — 0 when |z|,|2| — oo,

degg:(-) is bounded and since V(-) is a compact perturbation, we conclude that

ﬁgg —Agr is compact. The points (1) and (2) follow from Theorem [ReSi, Theorem

XIIfM] and (3) from the Weyl’s Theorem. O
We turn to the Mourre estimate.

Proposition 4.5. Let V! : V! — R be a function. We assume that (H1), (H2),
and (H3) hold true, where e'(z,2) — 0 if |z, |z| — oo, pf(x) — 0 if |z| — oo and
VEi(z) = 0 if|2| — co. Then Agt +Vf(~) € Cl'l(Agf ) Moreover, for all compact

interval I C (%= v ) there are ¢ > 0, a compact opemtor K such that

Er(Ag:  +VI(DAg, +VI(),iAg JoBr(Ag  + V()
(4.4) > cEr(Ag: , + V() + K,
in the form sense.

Proof. The Proposition 4.8 and Lemma 4.7 give that Ag: s Vi) e Cl,l(Ag£ “).
Since Agf — Agr is a compact operator by Proposition 4.4, thanks to (3.14) and
by [AmBoGe Theorem 7.2.9], we obtain (4.4). O
We start with a technical lemma so as to apply [AmBoGe, Proposition 7.5.7].
Proposition 4.6. Let Af := (Q 4+ 1/2) ® 1yx. It satisfies the following assertions:

(1) eih' "D(Age ) CD(Ag: ) and there exists a finite constant ¢, such that
A f
||€1A t”B(D(Agg)u)) <c, foral teR.

(2) D(AF) D(Agt )
(3) (Af)_2(Ag£ M)2 extends to a continuous operator in D(Ags ).

Note that Ags  is bounded then D(Agﬁ,u) = EQ(Vf,me).

Proof. With the help of the unitary transformation T, m, it is enough to prove
the result with e =0 and pu = 0.
(1) Since Ag: is bounded it is verified by a functional calculus.

(2) Let f € C.(V") |
HAgff”??(Vf,mf)

. 2
% (61/2@ —1/2U 1y — e V2(Q +1/2)U" ® 1V5) ()

<o Y m@) [Q+1/2)@ 1y f@)| < clA e ey

Since Af is essentially self-adjoint, the result follows.



SPECTRAL ANALYSIS OF THE DISCRETE LAPLACIAN 19

(3) For all f € C.(V'), and by using the relations of Subsection 3.5, we have

A, () = 1% 4 1/2) () — Je(n—1/2)(n ~ 3/2)f(n —2)

iefl(nwL 1/2)(n+3/2)f(n + 2).
Then for all f € C.(V!).
I(A) 72 (Age)* fII* =

Z mt(z1,z2)|~

(z1,22)€VE

1((@+1/27200* +172) @ 1) f(a1,22)
)
(@ 1272@Q-1/2/@Q - 3/2) ©1y;) fl1 ~ 2.22)

2

(@+1/272Q+1/2(Q+3/2) © 1yy) flar +2,22)

Then, there exists C' > 0 such that for all f € C.(V!), [|[(A)=2(Age)2f|? < O f||%.
By density, we find the result. |

The proof of Proposition 4.8 will be long and technical. For the sake of the reader,
we have separated the treatment of the potential V¥ to present the technical steps.

Lemma 4.7. Let VI : V! — R be a function. We assume that (H1) holds true,
then VI(-) € Cl(.Aggu) and [V(-), Ag: o € Co*l(Ag;u). In particular, Vi(-) €
Ch(Ag: ).

Proof. First, recalhng { £, 1Ag: } = Tml*_>m [VE(-),1Agt] | T, —m, it is enough
to deal with € = 4 = 0. Next, we recall that

e—1/2

[VE(),idg ], = <Q+ ) [VE,U*] @1y + 12/2 (; _ Q) VU] @ 1.

By using (H1) at the last step, there is C' such that, for all f € C.(V),
@ +1/2)° © L [V (), iAge]o f|

712
||( +1/2)¢ Q+1/2)[Vf,U*])®1v§f||

+ 172||( Q+1/2)(Q+1/2) [VI,U]) ® 1y, f]|

1/2
|| VU @ g f + S (VU] @ 1) ]| < CIIL

Finally thanks to Proposition 4.6, we can apply [AmBoGe, Proposition 7.5.7] and
the result follows. O

We conclude this section with the most technical part.

Proposition 4.8. Assuming (H2) and (H3) hold true, we have Ag: € CH(Age #).
Moreover [Ags , Ags | € COM (Ag: )+ In particular, Ags € Cl’l(Agg“),

Proof. We work in ¢2(Vf, m7). First, using the computation below with ¢ = 0 and
recalling that Ag:C.(V!) C C.(V!), we get there is ¢ > 0 such that

I[Ag: s Agelfllezvemey < el fllezve,me),
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for all f € C.(V!). By density, we obtain that ﬁgg . € C'(Agr). Next take € > 0
and f € C.(V'). We aim at proving that [ﬁgg L Agio is COM(Age).

IAY Bgr  Aglflenmy = 3 m' @A) [Bgr  Agil f(2)[*

zeVt
<2

zeVf
(4.5)

f 1+€f(x7z) rx1 — Lx
( @) ;g VeI ) M

1 L+ef((m —1,29), 2)

( 1/2 1/2>1+e ® 1V§)

- £ B B
mf($1—1 Z2) ZS ((z1 = 1,22),2) f(21 — 1, 22) X

2 m

zeVf

e V@t i (@1 = Laa)(1+ pf(2))

( 12(Q —1/2)* ® 1V§>

[ S PN B R R
. (mf(xl—l ZUZ)ZE 1= L),z )\/(1+pf(1’171,x2)(1+uf(z))f()

z~T
2

1+ el(x, 2) o —1 2
2 EED e a ey )
+Z ( TVHQ+1/2) @ 1)
zeVf
1 f(( o). 1+ef((m +1,29), 2)
(mf(xl +71,x2);5 ((z1 + 1, 22), )\/(1+uf(x1+1,x2)(1+uf(z))

2

1 1+ &f(z, 2)
— EEf:r,z z1+ 1,29
mf<fv>m ( )\/(1+u())(1+u())>f( +Le)

+ > mf ( “2Q41/2) @1y, )

zeVf

L Y, 2 Lte (o) z z
" <mf<x> 2 ) ey
1+et (@ +1,22), 2)

VA + pf (1 4+ 1, 22) (1 + 18 (2))

1 2

[
S — 1
mi(zy + 1, 22) ZS (1 +1,22),2)

+ (AW ()7Agf]f||e2 (VE,mf)s

f(21’22)>

with

W) Agel () = 562((Q=1/2) @ Lyg) s 31+ X (0. 2)E (@, 2)U S )

zZ~T

« () — p' (@)
(1 + pf (2))/1+ pf(2) (/1 + pf(2) + /1 + pf(2))

2
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- %@1/2((Q -1/2)® 1vg>m Z(l +ef (w1 — 1, 22), (21 — 1, 22))

" < ph(zr — 1, 20) — pf(z1 — 1, 20) )
(Lt (21 = 1,22))/ 1+ pf (21 = Lz2) (V1 + il (21 — 1, 22) + /1 + pf (21 — 1, 22))

X Ef((xl —1,29),(21 — 1, 22))U f ()

L Z(l + Ef((xl +1, 1‘2), (Zl +1, 22))

i —1/2( 1/9 1 - -
e Q+1/2e V§>mf($1+17$2) po

2

« iz 41, 20) — pf(z1 + 1, 20)
(1 =+ ,uf(xl + 1,.1‘2))\/1 + /Lf(Zl +1, 22)(\/1 + /j,f(Zl +1, 22) + \/1 + uf(xl +1, Z‘Q))
x EN(z1 +1,22), (21 + 1, 22))U* f ()
= 3¢ 2@ 1D L) s (14 (w2 E @ U (0)

z~T

" pi(z) — pf(z)
(1+ pf(x \/1+u \/1+u \/1+u '

We treat the first term of ||<Af>€[ﬁg§ ’L,Agf]fHEQ(]ﬂ’mf) in (4.5).

Y mi(x)

zeVf

i 6 Ef(z, 2)(1 + £ (z, 2))
: (61/2<Q -1/ @ 1v;> Z; (mf(x)\/( (;;)(1 + pi(2))

2

_ gf((ml - 1,562),2)(1 + €f((x1 — 1,1’2) )) o N
m(wy = 1,o)/(1+ pf (w1 — 1 ao) (1 + (2 )>>f( 1= L)

<2 Z mf(x)
zeVf
(w1, 20) (1 + (2, 2))
o : ; e <m<x>¢<1 + (@) (1 + 4 (=)
Elxy — 1,20) (1 + et (w1 — 1,22), 2))

- mi(zy — 1 xz)\/(l + pl (2 — 1, 20) (1 + uf(z)))f(xl ~ L)

+2> m'

zeVt

£ (2, 22)(1 + (., 2))
48 I
4 > (m(w)\/(1+uf(w))(1 Th )
ES(xa, 20) (1 + e (21 — 1,22), 2)) 2

- ’ =2 21 —1,20)| .
mi(x1 — Dma/(1+ pf (1 — 1, 29) (1 + uf(Z))>f( )

5( V210 —1/2)H< g 1v§)

2

( V210~ 1/2) g 11,5)
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We bound (4.7) as follows:

(47 <4 Y mi() %(e(Q — 12 @1y m%

zeVf

(4.9)

x ( V14 pf (e —1,20) (1 + (2, (21 + 1, 22))
VI pf (@) (1 + pf (21 + 12)) (1 + pf (21 — 1, 22))

VI pf (@ La) (L4 e ((21 — 1, 22), (21, 22))) >f(931 —1,19) 2

V(U pf (@ = L) (14 pf(2)) (1 + pf (1 + 1, 22)) ’
+4 ; mf(z) %(@ —1/2)* g 1,,5)%2
(4.10)
X ( V14 pf (@ = 2,20) (1 + (2, (21 — 1, 22)))
VI pf (@) (1 + pf (21 = 1w2)) (1 + pf (21— 2,22))

VI (e = 1 w) (L (a1 — 1), (1 — 2, 29))) )f(x1 . 2

VO Fpf (e =1, 20) (1 + pf (21— 2,20)) (1 + pf (21 — 1, 22)) ’ ’

Now, we concentrate on (4.9) and in the same way, we deal with (4.10). Since the
assertions (H2) and (H3) hold true then there exists an integer ¢, such that

4 Z m!(z)

zeVf

s(c@-121 ey,

1( \/1+Mf(xl —1,x2)(1+€f($7(m1+1,x2))

m2 \ /(L4 pf (@) (1 + pf (21 + 1, 22)) (1 + pf (1 — 1, 22))

_ \/1 + :U'f(ml + 17%2)(1 + Ef((xl — 1,1’2), (m17$2))) )f(xl -1 SUQ)
VO + i — L) (L1 @ @)L+ (e + 1,2)) ’

2

s(c@-1/2M 1)

2 ms

=4 Z m!(z)

zeVf
x ((Mf(l“l —1,29) — pf (21 + 1, 29))e" (2, (21 + 1, 20))

(V1+pf (21— 1,2) + /14 pf (21 + 1, 22))
1

O @)1+ o + L) (Lt i1 — 1, 22))
V1 pf(zy 4+ 1,20) (€8 (2, (21 + 1,22)) — e (21 — 1, 32), @)
VO pf (@) (4 pf (2 + 1,22)) (1 + pf (21 — 1,22))
phzy — 1,20) — pf(zy + 1, 20)
(V1 +pf(zr = Laz) + /14 pf (21 + 1, 20))
y 1
VI pf @)+ pf (21 + L)) (1 + pf (21 — 1,22))
< el fII2 e ey -

2

)f(xl —1,z)

In the same way, we treat (4.8) and |[(Af)<[WE(.), Agt]f 1% (vt ey~ By density, there
exists ¢ > 0 such that H(Af>5[£g§’“,Agf]f||?2(vf’mf) < c||f||32(vf’mf). Finally, by ap-

plying [AmBoGe, Proposition 7.5.7] where the hypotheses are verified in Proposition
4.6, we find the result. O
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4.4. The cusp side: Radial metric perturbation. We recall that
Egg,“f(l') = Tm“_”nAgc T_l f(.’L‘), forall f S CC(VC)

EuT My —m
We first deal with the question of the essential spectrum.
Proposition 4.9. Let V¢ : V¢ — R be a function obeying V°¢(x) — 0 if |z| — oo.
We assume that (4.1) holds true then Age =~ — Age € K(€2(ve,m®)). In particular,
(1) D(Age , + V() =D(T;,, ﬁmAng —m);
(2) Age, + V() is essentzally self-adjoint on C.(V),
(3) Ue%@(AQ“ + V() = 0ess(Ag).

Proof. Let f € C.(V°), we have
1(f, (Age, — Age) e vemey] = | Z m®(@)(Age , — Age) f(z) f ()|

IEVC
(ZlaZQ))
< me(x)
m;" z;l \/ 1 +:u +MC(Z1,332))
X 5f($1a21)|f )|2

(Zla@))
+1/2 Z Z \/1+u

zEV® Z1~T1 1 + MC(ZD $2))
X 5C($7Z)(|f(2)|2 +1f(@)?)
() 4+ po(z1, w2) + pf(@)pc (21, 22)
+w§“ zlwzzl \/(1+M0(m))(1+uc(zl,x2))

! (1, 2 z)|?
g \/1+uc(x)+\/1+uc(zl,x2)gl( 12l ()]

i 1 () 4+ po(z1, w2) + pf (@) pc (21, 22)
1/2 m-(x
o 2\; ”mc(w)z;l VI (@) (1 + pe (1, 72))
1

SV @ L e Gr)
c 1 pl(x) + p (21, x2) + pc(z)pc (21, 2)
1/2 m-(x
H12 2 Ty 2 | T e e G
1
VT @ + I o)
2(f, (degs () + degy () + W) ),

()

&S (21, 21)| f (21, 32) 2

Ef (1, 21)|f (2)?

where

degs(z Z (Zl’xQ)) (w1, 21)

) SV 1+u )L+ (21, 72))
and
1 pé(x) + pc(z1, x2) + pé(x)pc(21, x2)
degy(z) == mc(z)zg}f VA (@) (1 + p (21, 22)) (V14 p(2) + /1 + (21, 22))
x E7(x1,21)-

We have

gc(:c’ (2’1,1‘2»

may/(1+ () (L + pé(z1, 72))

| degy(z)| < sup

zZ1~Iy

degge ().




24 NASSIM ATHMOUNI, MARWA ENNACEUR, AND SYLVAIN GOLENIA

e°((z1,22),(21,22))
Va0 @1,@2)) (144 (21,22))
21,71 — oo and since degge(-) is bounded then degs(-) is compact. In the same
ing that V. (i (@) 4+ (21,2) +p (@) (21,2) L 0if
way, using that ¥z € Vs, e e Ut G (W@ TG 0
x1,21 — 00, we obtain the compactness of deg,(+).
Now, we will show that W¢(-) € K(£2(V¢, m®). For all x € V¢, we have

Since V5 is a finite set and for all o € Vs, — 0 when

c _ 1 :LLC(Z) 7:LLC(I)
T/V($)|—|mc($)z:<1+,u NI+ e (2) (/1 + pe( )+\/1+uc(x))>
X (14 (2, 2)E%(x, 2)|
< sup (14 ¢€(=, (21, 22))) degge (2)

p (21, 2) — pf(x)
(14 po(2)) /1 + pe (21, 22) (V1 + (21, 22) + /1 + p(2)

Since Vs is a finite set and Voo € Vs, €°((21, x2), (21, 22)) (1 (21, x2) —pc(x1, 22)) — 0
when z1,21 — oo, and since degge(-) is bounded and since V°(-) is a compact

perturbation. Then, Agc — Age is a compact operator. The points (1) and (2)
follow from Theorem [ReSl Theorem XII1.14] and (3) from the Weyl’s Theorem. [
In order to go into the Mourre theory, we construct the conjugate operator:
(4.11) Age := A, @ P,
with
Aml = T1—>m1-AN 1~>m1

= % (61/2(62 —1/2)U — e Y2(Q + 1/2)U*) )

It is self-adjoint and essentially self-adjoint on C¢(V°) by Lemma 3.2. Because of
the projection in (4.11), we restrict to radial perturbations.

Definition 4.10. The perturbations V°, u and ¢ are called radial if they do not de-
pend on the second variable, i.e., For all (x1,22), (21, 22) € V¢, we have V¢(x1,x2) =
Ve(w1,22), (@1, w2) = (@1, 22) and e((z1, 22), (21, 22)) = £((@1, 22), (21, 32)).

We turn to Mourre estimate.
Proposition 4.11. Let G, a graph satisfies a condition (4.1). Suppose that V© :

V¢ — R, € and p are radial and assume (H1), (H2), and (H3) and V°(x) — 0 if
|z| = 0o. Then Age + V() € € CH(Age ). Moreover, for all compact interval

IC (mQ, r— L) there are ¢ > 0, a compact opemtor K such that
Er(Age, +V()[Age, +VC(),1Age JoEr(Age , + V()
(4.12) > cEr(Age, + V() + K,

in the form sense.

Proof. The Proposition 4.14 and Lemma 4.13 gives that Ag: € CHY(Age). Since

&gc — Age is a compact operator by Proposition 4.9, thanks to (3.25) and by
[AmBoGe Theorem 7.2.9] we obtain (4.12). O

We turn to series of Lemmata. To be able to apply the [AmBoGe, Proposition
7.5.7], we check the next point.

Proposition 4.12. Let A° := (Q + 1/2) ® 1y, then A° satisfies the following
assertions:
iA°t ; ;
(1) € 'D(Age ) C D(Age ) and there exists a finite constant ¢, such that

TAC

||elA t

B(D(Age ) <c, forall teR.
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(2) D(A°) C D(Age )
(3) (AC)_Z(.AQ;M)2 extends to a continuous operator in D(Age ).

Proof. With the help of the unitary transformation T,,, m, it is enough to prove
the result with e =0 and pu = 0.
(1) We have
1 1

[Age, e = [Age, e @ — +

76iACt} ® As.
my  ma(-)

Since #() and €t commute and since [Agf,emct] is uniformly bounded, then

there exists ¢ > 0 such that for all f € C.(V°)
[(Age +1)e™  (Age +1) 7 ||z (ve me) < cf|E]lez(ve me)-
Hence, there exists ¢ > 0 such that for all f € C.(V°¢)
[(Age +1)e™ |2 (ve mey < ¢l (Age + Dflle2(veme)-

Since Age is essentially self-adjoint on C.(V°) then we find the result.
(2) Let f € C.(V°), by using the relations of Subsection 3.5, we have

1 2
| Age FI e ey < 5 D (@) [e2(Q = 1/2)U & Pf(a)|

rzeVf
+ e V2 Q+1/2)U* @ Plef(:c)‘z
<e S mi@) [(Q+1/2) @ Pef(@)]” < el AL |2t -
reVf

Since, A° is essentially self-adjoint on C.(V°). we find the result.
(3) First for all f € C.(V), we have

IA) T2 (Age ) P e mey = D mC(an,22) A2 (Age)* fa, )|

(z1,2)EVS
c 1 B .
- (ml,gevcm (Il,SE?)}Z (((Q +1/2) 2(2Q2 + 1/2)) ® P! )f(fﬁ,xg)
- ie (((Q+1/2)7(Q - 1/2)(Q - 3/2)) @ P*) f(x1 — 2,2)

2 (Q+1/2)72(Q+1/2)(Q +3/2)) ® P) (a1 +2.2,)]"

By density, we get (A°)~2(Ag:)? is a bounded operator. Since A€ is a radial operator
and Ag: is bounded then there exists C' > 0 such that, for all f € C.(V°),

[1Age, (A°)7*(Age )] f ez ve,me

= ([Ag; ® L7 (A2 (Age)®] + [; ® Ags, (AC)_Q(Agc)Q])f||e2(ve,mc)
mo mi(-)
1 B oy 1
= ([Agg ® (A9) 72 (Age)®] + (A°) Q[W ® Ags, (Agc)z])fllez(vamc)
1
= [|[Age ® o (A®) 2 (Age)1 fllez (e mey < Cll flezve mey-

We have used [#() ® Agg, (Age)?] = 0 by construction. Conclude by density. [
The proof of Proposition 4.14 is long and technical. For the sake of the reader,
we have separated the treatment of the potential V¢ to present the technical steps.

Lemma 4.13. Let V¢ : V¢ — R be a radial function and (H1) holds true, then
[Ve(), Age lo € Co’l(Aggyu). In particular, V°(-) € Cl’l(AggYM).
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Proof. Since V¢ is radial, by a slight abuse of notation, we have V¢ := V° ® 1y,.
We compute the commutator on C¢(V°) and get

{VC(.),iAg;“] = < e 12 <Q+ ) [Ve,U"] + %/2 (; —Q) [V",U]) ® P,

By density, we infer that [VC(-),i,Ag;J extends to a bounded operator and that
Ve() e Cl<Ag§,“). Next, there exists C' > 0 so that, for all f € C.(V°),

e—1/2
Hmr®W%mM%JJHs——4KQ+me@+vmW2wn®PwM

+ 7||( Q+1/2(Q+1/2)[ve,U]) ® P*f|

( 5+1 Vc *]) ®PICfH

+7WMWWHWMmemw,wmu

Finally, the result follow by applying [AmBoGe, Proposition 7.5.7] where the hy-
potheses are verified in Proposition 4.12. O
Here is the most technical part:

Proposition 4.14. Assuming (H2) and (H3), we have Ag: € Cl(.Ag;,“). More-
over [Age , Age o € Co’l(Aggyu), In particular, Ag: € Cl’l(Agg)H).

&,

Proof. We work in ¢2(V¢, m¢). We first prove that Eggﬁu € CY(Ag:). By the com-
putation below (with € = 0), we obtain that there is ¢ > 0 such that

1A

e’

JAgel fllezve,mey < cllfllezve,mey,  Vf € Ce(V6).

Using Lemma 3.16 and [AmBoGe, Theorem 6.3.4], this implies that Eg;yﬂ € C(Age).
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We turn to the C%! property. We assume that (H2) and (H3) are true then

1A Baz , AgrloFlleveme < 3 me(@) g (e42(Q — 1/ & P

reVe

ch 1+ ¢e%(x, 2)

o VA pe(@)) (1 + pe(2))

(4. 13)
1 1+€C((I1 71,1’2),2)

7—@;1_11'2 Zé‘ 93171582) )\/(

o L4 pe(er — 1) (1 + pe(2))
X f(.’I,‘l -1 £L‘2)|2

+ Z 1/2 1/2>1+6 ® Ple)
TeVS

)

x ( 1
me(xy — 1,23)

1 . 14¢e(z, 2)
- g Ex, 2z
mc(ff)z p ( )\/(1+u( DA+ pe(2))

+ Y mi@)l5 (e 2Q+ 1/2) 0 P

zeVe

x

1+e°((x1 —1,22), 2)
VA pe(zy = 1,29) (14 pc(2))

flzr =1, 2))

f(2)

ZEC((xl —1,29), 2)

1
me(x; + 1, 29)

1+e°((x1 +1,22), 2)
VA pe (e + 1) (1 + po(2))

Vf(@1+1,22))?

ZEC $1+1 .Z‘Q) )

1 . 1+ ¢e%(x, 2)
—72 Ex, 2z
mc(x)zz ( )\/(1+u())(1+u())

+ Z 1/2<Q+1/2>1+ ®Ple>

reye
1 c 1+e%(x, 2)
“ G Z;g o T oy
IR L+ (o + L))
me(xy + 1, 2) ZE (1 +1,29), 2 )\/(1+,LLC($1—|—1,JU2)(1+,LLC(2'))

zZ~T

+ (A WS, Agelo fllez(ve me) -

We treat the first term of [[(A)[Age , Ageloflle2(ve,me) in (4.13)

> me@)ly (2@ ~1/2)+ @ P)
reye
Ex,2)(1 4 &%z, 2))
VT e )
E((x1 — Lyma),2) (1 +e((x1 — 1,22), 2))

- me(x; — 1 302)\/(1 + pc(zr — 1,29)(1 4+ MC(Z)))f(Jh - 17$2)|

Z i ( 1/2 1/2>1+e ®P1e)
eve

Ef(x1,21)(1 + €%(x, 2))
1y : Z: Peam m(@) /(1 + pe(2)) (1 + p°(2))
Ef(zr —1,21)(1 +e%((z1 — 1, 22), 2))

me(ey — Lag)y/(L+ po(zr — L) (L + uc(z)))f(m1 — L)l

flz1,22)) )7
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+2 Z i ( 1/2 1/2>1+6®P1e)
xeVe
&g, 22)(1 + &%(x, 2))
4.15 -
(1) " EN: (/0T )+ )
gg(l‘g,ZQ)(l +€C((l‘1 — 1,.1‘2),2))

- 1 — 1,29)%
m%(-Tl_].)mz\/(]_—}—NC(xl_1’$2)<1+Hc(z)))f< 1 2)|

We focus on (4.14).

(414) <4y me —1/2)!*c @ P')
reVe
(4.16)

L( V1+pe(ey — L) (1 +5(x, (21 + 1, 22))
2 V(4 pe(@) (1 + p(@r + 1,22)) (1 + p(a1 — 1,22))
Vet L ae)(+ (w1 — 1, 2), (w1, 22))) ) flas —1,22)|
Voo =1 22) (14 pe (@) (A + (e + 1,22)) 7
+4Y) mc(x)|% ((Q — 1/2)1+ @ P'°)

reVe

" i( VI e (e = 2,22) (14 %(x, (21 — 1, 22)))
ma /(14 pc(@)) (1 + po(zr — 1,22)) (1 + po(21 — 2, 22))

(4.17)

VIt = Lan) (1 +e((e1 — Lan), (21 — 2,22))) )
VO Fpe(en = L) (1 + pc(ry — 2,22)) (1 + po(z1 — 1, 22))
x f(x1 — 1,$2)|2-

Now, we concentrate on (4.16). (4.17) can be done in the same way. Since the
assertions (H2) and (H3) hold true then there exists an integer ¢, such that

4 Z 1/2)1+€ ® Plc)

zeV°

v b \/1+N°($1 — Lwy)(1 4 &%(x, (21 4 1,29))
m2 /(L pe (@) (1 pe(n + 1, 22)) (1 + pe (21 — 1, 22))
Vet + L we) (1 + (w1 = 1,2), (w1, 22))) )fla1 — L)

V(+ pe(en = Lwo) (L4 pe(2))(1+ pe(er +1,2))
=4 Z mc(a?)‘% (e(@ — 1/2)' ¢ ® P'°) mig
TEV®
(u(x1 — 1, 29) — po(21 + 1, 29))e%(z, (21 + 1, 75))

(V1+pc(wr — 1,a0) + /14 p(z1 + 1, 32))
1
X )

VT pe @) (14 p (1 + 12)) (T + po(21 — 1, 22))




+4) mC(x)}% (elQ —1/2)"* @ P°) —

reVe
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ma

o (VI T Loy (o 4 Lra)) — (o — L) 2)

V@ pe (@) (1 + pe (e + Laz))(1+ pf (21 — 1,22))
pe(xn — 1, @o) — pf(z1 + 1, 2)

(V14 pe(xr — 1x9) + /14 pe(zy + 1, 22))
1

X
VF @)1+ g T L)L+ fo@r - Law)

< |l fli7

) Flar — 1,20)[

(Ve,me)

and in the same way, we deal with (4.15) and [[(A°)“[W¢, Ageloflle2(ve,me). By
density, we have proven that there exists ¢ > 0 such that

I(A) [Age s Agelo f 172 (ve mey < €l FllZve,me):

Finally, by applying [AmBoGe, Proposition 7.5.7] with G := D(Ag. ) where the

hypotheses are verified in Proposition 4.6, we find the result. O
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