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Sparse direct methods using low-rank compression
Nested dissection (ND) [George, 1973]
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Sparse direct methods using low-rank compression
Symbolic Factorization

Quotient Graph Matrix
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Sparse direct methods using low-rank compression

o Multifrontal methods
- Dense frontal matrices
[Ghysels et al., 2016, Xia, 2013,
Xia et al., 2009,

Amestoy et al., 2015,
Aminfar et al., 2016, Mary, 2017]
» Supernodal methods

- Dense (supernodal)
sub-matrices
[Pichon et al., 2017a]

Sparse methods towards H

« Advantages
- Orderings
- Symbolic factorization

» Hierarchical compression used locally on sub-matrices
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Hierarchical methods for dense linear systems

/\

» Many Formats:
- H-Matrix, H2-matrix, HSS,
HODLR, BLR

 Clustering method
- Bisection
[Hackbusch, 1999,
Hackbusch, 2015]
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Hierarchical methods exploiting sparsity

» Many Formats:
- H-Matrix, H2-matrix, HSS,
HODLR, BLR

 Clustering method
- Bisection
[Hackbusch, 1999,
Hackbusch, 2015]
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Hierarchical methods exploiting sparsity

« Many Formats:
- H-Matrix, H2-matrix, HSS,
HODLR, BLR

 Clustering method —
- Nested dissection
[Le Borne et al., 2007,
Grasedyck et al., 2008,
Grasedyck et al., 2009,
Kriemann, 2013]

‘H-Matrices towards sparse

» Advantages
- Global hierarchical structure
- Compression

» How to manage and locate fill-in?
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Problem formulation

Sparse methods towards H

» Advantages

- Orderings lead to less fill-in
- Symbolic factorization

e Current limits?
- Hierarchical compression used locally on sub-matrices

‘H-Matrices towards sparse

» Advantages

- Global hierarchical structure
- Compression

e Current limits?
- How to manage and locate fill-in?
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Objectives

Combine hierarchical and sparse techniques
» Number of non-zeros as low as sparse direct methods
« A global hierarchical structure

— Hierarchical Symbolic Factorization
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Nested dissection clustering [George, 1973]

SLa0,

[Le Borne et al., 2007, Grasedyck et al., 2008,
Grasedyck et al., 2009, Kriemann, 2013]
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Nested dissection clustering [George, 1973]

[Le Borne et al., 2007, Grasedyck et al., 2008,
Grasedyck et al., 2009, Kriemann, 2013]
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Nested dissection clustering [George, 1973]
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[Le Borne et al., 2007, Grasedyck et al., 2008,
Grasedyck et al., 2009, Kriemann, 2013]
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Nested dissection clustering [George, 1973]

[Le Borne et al., 2007, Grasedyck et al., 2008,
Grasedyck et al., 2009, Kriemann, 2013]
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Hierarchical Block Symbolic Factorization (TD-HBSF)

Quotient Graph
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Hierarchical Block Symbolic Factorization (TD-HBSF)
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Hierarchical Block Symbolic Factorization (BU-HBSF)
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Separator Division
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Separator Division

T 1l 1
Minimizing extra-diagonal blocks is NP-hard
[Pichon et al., 2017b]
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Interactions-Oblivious Separator Bisection
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[Le Borne et al., 2007, Grasedyck et al., 2008,
Grasedyck et al., 2009, Kriemann, 2013]
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Interactions-Aware Flat Separator Division (IA-FSD)
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Interactions-Aware Flat Separator Division (IA-FSD)
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Related to T4 supernodes [Demmel et al., 1999] but too rare and
therefore usually rejected
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Interactions-Aware Hierarchical Separator Division
(IA-HSD)
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Interactions-Aware Hierarchical Separator Division
(IA-HSD)
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Interactions-Aware Leaf Separator Division (IA-LSD)
Using Block Column Symbolic Factorization (BCSF) Information
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TD-HBSF Memory Profile N=1ef

TD-HBSF
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BU-HBSF Memory Profile N=1ef
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Conclusions

» Performing a (bottom-up) hierarchical symbolic factorization
is nearly costless
 Possible divisions of separators

- Bisection

- Interactions-Aware Flat Separator Division (IA-FSD)

- Interactions-Aware Hierarchical Separator Division (IA-HSD)
- Interactions-Aware Leaf Separator Division (IA-LSD)

Perspectives & Work in Progress
» Extensive comparison between separator division methods

 Study the impact of each algorithm on numerical
factorization

» Parallel implementation
» Extensive comparison with reference sparse solvers
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Thank you for your attention! J

I &L’u’af— Airbus / Inria — Hierarchical Symbolic Factorization for Sparse Matrices




Bibliographie |

@ Amestoy, P, Ashcraft, C., Boiteau, O., Buttari, A., LExcellent,
J.-Y., and Weisbecker, C. (2015).
Improving multifrontal methods by means of block low-rank
representations.
SIAM Journal on Scientific Computing, 37(3):A1451-A1474.

@ Aminfar, A., Ambikasaran, S., and Darve, E. (2016).
A fast block low-rank dense solver with applications to
finite-element matrices.

Journal of Computational Physics, 304:170—188.

[ Demmel, J. W., Eisenstat, S. C., Gilbert, J. R., Li, X. S., and
Liu, J. W. H. (1999).
A supernodal approach to sparse partial pivoting.
SIAM J. Matrix Analysis and Applications, 20(3):720—755.



Bibliographie Il

[ George, A. (1973).
Nested dissection of a regular finite element mesh.
SIAM Journal on Numerical Analysis, 10(2):345-363.

El Ghysels, P, Li, X. S., Rouet, F.-H., Williams, S., and Napov,
A. (2016).
An efficient multicore implementation of a novel
HSS-structured multifrontal solver using randomized
sampling.
SIAM Journal on Scientific Computing, 38(5):S358—S384.



Bibliographie Ill

ﬁ Grasedyck, L., Kriemann, R., and Le Borne, S. (2008).
Parallel black box #-LU preconditioning for elliptic boundary
value problems.

Computing and Visualization in Science, 11:273-291.
10.1007/s00791-008-0098-9.

ﬁ Grasedyck, L., Kriemann, R., and Le Borne, S. (2009).
Domain decomposition based H-LU preconditioning.
Numerische Mathematik, 112:565—600.

[ Hackbusch, W. (1999).
A sparse matrix arithmetic based on #H-matrices. part I
Introduction to #H-matrices.
Computing, 62:89-108.
10.1007/s006070050015.



Bibliographie IV

@ Hackbusch, W. (2015).
Hierarchical matrices: Algorithms and analysis, volume 49.
Springer.

@ Kriemann, R. (2013).
H-LU factorization on many-core systems.
Computing and Visualization in Science, 16(3):105—-117.

@ Le Borne, S., Grasedyck, L., and Kriemann, R. (2007).
Domain-decomposition Based #-LU Preconditioners.
In Domain decomposition methods in science and
engineering XVI, pages 667—674. Springer.



Bibliographie V

@ Mary, T. (2017).
Block Low-Rank multifrontal solvers:complexity, performance,
and scalability.
PhD thesis, Université de Toulouse.

[@ Pichon, G., Darve, E., Faverge, M., Ramet, P., and Roman, J.
(2017a).
Sparse Supernodal Solver Using Block Low-Rank
Compression.
In PDSEC’2017 workshop of IPDPS, Orlando, United States.



Bibliographie VI

@ Pichon, G., Faverge, M., Ramet, P., and Roman, J. (2017b).
Reordering strategy for blocking optimization in sparse linear
solvers.

SIAM Journal on Matrix Analysis and Applications,
38(1):226—248.

@ Xia, J. (2013).
Randomized sparse direct solvers.
SIAM Journal on Matrix Analysis and Applications,
34(1):197-227.



Bibliographie VII

@ Xia, J., Chandrasekaran, S., Gu, M., and Li, X. S. (2009).
Superfast multifrontal method for large structured linear
systems of equations.

SIAM Journal on Matrix Analysis and Applications,
31(3):1382—-1411.



	Background
	Conclusion

