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PASSAGE TIME OF THE FROG MODEL HAS A SUBLINEAR VARIANCE

VAN HAO CAN AND SHUTA NAKAJIMA

ABSTRACT. In this paper, we show that the passage time in the frog model on Z% with d > 2
has a sublinear variance. The proof is based on the method introduced in [8] combining with
tessellation arguments to estimate the martingale difference. We also apply this method to get
the linearity of the lengths of optimal paths.

1. INTRODUCTION

Frog models are simple but well-known models in the study of the spread of infection. In these
models, individuals (also called frogs) move on the integer lattice Z?, which have one of two states
infected (active) and healthy (passive). We assume that at the beginning, there is only one in-
fected frog at the origin, and there are healthy frogs at other sites of Z¢. When a healthy frog
encounters with an infected one, it becomes infected forever. While the healthy frogs do not move,
the infected ones perform independent simple random walks once they get infected. The object we
are interested in is the long time behavior of the infected individuals.

To the best of our knowledge, the first result on frog models is due to Tecls and Wormald [19],
where they proved the recurrence of the model (more precisely, they showed that the origin is
visited infinitely often a.s.). Since then, there are numerous results on the behavior of the model
under various settings of initial configurations, mechanism of walks, or underlying graphs, see
[1, 3, 5, 10, 11, 12, 13, 14]. In particular, Popov and some authors study the phase transition of
the recurrence vs transience for the model with Bernoulli initial configurations and for the model
with drift, see [2, 9, 11, 18]. Another interesting feature in the frog model is that it can be described
in the first passage percolation contexts, which is explained below. In fact, Alves, Machado and
Popov used this property to prove a shape theorem [1]. Moreover, the large deviation estimates
for the passage time are derived in [7, 16] recently.

The frog model can be defined formally as follows. Let d > 2 and {(57)jen,z € 7%} be
independent SRWs such that S¥ = z for any x € Z%. For z,y € Z4, let

t(z,y) =inf{j: 57 = y}.
The first passage time from x to y is defined by

k
T(x,y) = inf { Zt(mi,l,xi) i x = xg,...,2T, =y for some k}

i=1
The quantity T'(z,y) can be seen as the first time when the frog at y becomes infected assuming

that the frog at x was the only infected one at the beginning. For the simplicity of notation, we
write T'(z) instead of T'(0, x).

It has been shown in [1] that the passage time is subadditive, i.e. for any x,y,z € Z¢

(1.1) T(x,z) <T(z,y)+T(y,z2).

The authors of [1] also show that the sequence {T'((k — 1)z, kz)}x>1 is stationary and ergodic for
any z € Z%. As a consequence of Kingman’s subadditive ergodic theorem (see [15] or [1, Theorem
3.1]), one has

T
(1.2) im L0 o,

n—oo n
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with
K, = inf M
n>1 n

Furthermore, a shape theorem for the set of active frogs has been also proved, see [1, Theorem 1.1].
The convergence (1.2), which can be seen as a law of large numbers, implies that for any x € Z¢
the passage time T'(x) grows linearly in |z|;. A natural question is whether the standard central
limit theorem hold for T'(x). The first task is to understand the behavior of variance of T'(z). In
[16], the author proves some large deviation estimates for T'(x), see in particular Lemma 2.2 below.
As a consequence, one can show that Var(T(z)) = O(|z|(1 + log|x|1)?4), for some constant A,
see Corollary 2.3. However, this result is not enough to answer the question on standard central
limit theorem.

Our main result is to show that the passage time has sublinear variance and thus the standard
central limit theorem is not true.

Theorem 1.1. There exists a positive constant C = C(d), such that for any x € 74,

C|33|1
Var(T'(x)) < .
(T(@) < log [z

The sublinearity of variance as in Theorem 1.1, which is also called the superconcentration
[6], was first discovered in the classical first passage percolation by Benjamini, Kali and Schram
[4]. Hence, this result is sometimes called BKS-inequality. Chatterjee found the connection of
superconcentration with chaos and multiple valleys in the gaussian polymer and SK model. This
relation is expected to hold in general models. Therefore, the superconcentration is not only an
interesting property itself but also an important object to study the structure of optimal paths
and the energy landscape.

The superconcentration has been proved for several models such as the classical first passage
percolation and the gaussian polymer model. In these proofs, one usually has to estimate the
martingale difference carefully, which needs the model-dependent arguments. In the frog model,
the correlation between passage times is problematic for this kind of estimate. A key observation
to pass this difficulty is that the passage times are locally-dependent. Indeed, by large deviation
estimates (see Lemma 2.1), T'(z,y) < Clx — y|; for some C > 0 with very high probability. Thus
T'(x,y) mainly depends on SRWs (S?) with |z — z|; < C|z —y|;. Therefore, if the two pairs (x,y)
and (u,v) are far enough from each other, the passage times T'(x,y) and T'(u, v) are weakly depen-
dent. From this observation, using tessellation arguments, we decompose the martingale difference
to some groups of the independent passage times. After that, we apply the percolation estimate
to get the desired bound. This approach seems to be useful for other problems. Indeed, we also
prove the linearity of the length of optimal path by using a similar method.

Given z,y € Z4, let us denote by Q(z,y) the set of all optimal paths from x to y. We simply
write Q(z) for Q(0,x). For any path v = (y;)¢_, C Z%, we denote I() = £ the number of vertices
in this path, and call it the length of v. We will prove that the length of optimal paths from 0 to
x grows linearly in |x|;.

Proposition 1.2. There exist positive constants €, ¢ and C, such that for any v € Z°

P <c|:L'|1 < min I(y) < max I(y) < C|x|1) >1—e 7N,
v€0(z) Y€0(z)

1.1. Notation.
o If v = (21,...,74) € Z% we denote |z|y = |z1| + ... + |z4l-
e For any n > 1, we denote by B(n) = [-n,n]%.
e For any ¢ > 1, we call a sequence of ¢ distinct vertices v = (yi)f=1 in Z¢ a path of length
£, we denote |y|1 = |y2 —va1l1 4+ -« + |ye — ye—1l1-
e Given y = y; € v, we define § = y;+1 the next point of y in v with the convention that
Ye = Ye.
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We write y ~ g € v if  is the next point of y in ~.
For L > 1, we write

Pr={y = (y:)i=1 € B(L), |yl < L}.
If f and g are two functions, we write f = O(g) if there exists a positive constant C' = C(d),
such that f(z) < Cg(z) for any =.
We use C' > 0 for a large constant and e for a small constant. Note that they may change
from line to line.

1.2. Organization of this paper. The paper is organized as follows. In Section 2, we present
some preliminary results including large deviation estimates on the passage time, a lemma to
control the tail distribution of maximal weight of paths in site-percolation, the introduction and
properties of entropy. In Sections 3 and 4, we prove the main theorem 1.1 and Proposition 1.2.

2. PRELIMINARIES

2.1. Large deviation estimates on passage time. We present here some useful estimates on
the deviation of passage time.

Lemma 2.1. [1, Lemma 4.2] There exist a positive integer number Cy and a positive constant 1,
such that for any x,y € Z¢ and k > 0,

P(T(z,y) > Cilz — y|i + k) < e”(@rlzmvhtn™

Notice that in [1], the authors only prove Lemma 2.1 for the case k = 0. However, we can easily
generalize their arguments to all £ > 1. We safely leave the proof of this lemma to the reader. It
follows from Lemma 2.1 that there exists C' > 0 such that for any = € Z,

(2.1) ET(x) < Clz|;.
The following concentration inequality is derived in [16].

Lemma 2.2. [16, Theorem 1.4] For any C > 0, there exist positive constants a,b and A, such that
for any x € Z¢ and (2 +log|z|1)? <t < C/]x|1,

P(|T(x) — ET(z)| > t\/]z]1) < ™",
As a direct consequence of Lemmas 2.1 and 2.2, we have
Corollary 2.3. There exists positive constant A, such that
Var(T(z)) = O(|z|1(1 + log |z|1)?4).

Proof. We take a positive constant C sufficiently large such that Lemma 2.1 and (2.1) hold. By
using the fact E(X?) = fooo 2tP(X > t)dt for any non-negative random variable X, we get

Var(T(z)) = /OOOQtIP’(|T(x)—ET(x)|2t)dt
(2+log |z[1)* /I=]1 2C|z, 0o
(2.2) _ (/0 +/<2+logz|l>A\/7|l+/zcm> 2UP(|IT(x) — ET ()| > t)dt.

The first term of the right hand side (2.2) can be bounded from above by
/(2+10g1|1)A\/ B4R

0

2tdt < (2 + log|z|1)?A|zl;.
By Lemma 2.2, the second term is bounded from above by

2C\x|1/ 2te” " dt = O(|z|y).
0
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Finally, by (2.1) and Lemma 2.1, the third term is bounded from above by
o0 (oo} .
/ 2AUP(T () > t/2)dt < / ote” /D dt = O(1).
2C|z|1 2Cz|1

Combining these estimates, we get the conclusion. O

Lemma 2.4. There exists a positive constant o, such that for any x,y € Z%, and M > 1
P(T(z,y) = t(z,y) = M) < e M7

Proof. If |z — y|; < M?/3, then the result follows from Lemma 2.1. Assume that |z —y|, > M?/3,
Then a well-known estimate for the trajectory of random walk (see [17, Proposition 2.1.2]) shows
that for some positive constants ¢ and C,

(2.3) P < max |57 —x|; > T> < Ceer’/k,
0<j<k

Therefore,

_ < z _ > 123 < cp—eM?
Plt(o.5) = M) < P ma, 55 ol > M%) < Cee”,

for some ¢,C > 0. O

2.2. A result on the maximal weight of paths in site-percolation. Let P be the set of
self-avoiding nearest-neighbor paths in B(L) whose length is bounded by L, i.e.,

Pr={()ie, CBIL)NZYL<L, |yi—yiai=1for 2<i<t, yi#y;ifi#5}.

Let {Xy},eze be a collection of independent and identical distribution random variables such
that P(X, = 1) = 1 = P(X, = 0) = p with a parameter p € [0,1]. For any path -, we define
X(7) = X,e, Xo the weight of 7. The maximal weight of paths in Pr, and P, are defined
respectively as

X1 = max X(v), Xr = max X (7).
YEPL v€PL

Note that for any v € P, there exists 7 € Py, such that v C 7. This implies X < X;.

The tail distribution and expectation of X, can be controlled as in the following lemma.

Lemma 2.5. [8, Lemma 6.8] There exist positive constants Ay and Ag, such that for any p € (0,1)
and L > 1, the following statements hold.

(i) For any s > Ay,
P (XL > stl/d> < exp (—stl/d/2> .
(ii) We have
E (XL) < Ay Lp'/?,
In particular, the above estimates hold if we replace X, by Xr.

We notice that in [8], the authors prove these results for the edge-percolation, i.e. for the setting
where (X.).cea (with £4 the edge set of Z?) are the edge-indexed i.i.d. Bernoulli random variables
and Qy is the set of edge-paths in B(L). However, their proof can be easily adapted to the case
of site-percolation as in Lemma 2.5. We also remark that in Lemma 6.8 of [8], the authors only
stated Part (ii), but in fact, they have proved (i) and derived (ii) from (i).
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2.3. Entropy. We first recall the definition of entropy with respect to a probability measure. Let
(92, F, 1) be a probability space and X € L*(€, 1) be a non-negative. Then
Ent,(X) =E,(XlogX) —E,(X)logE,(X).

Note that by Jensen’s inequality, Ent,, (X) > 0. The following tensorization property of entropy is
proved in [8].

Lemma 2.6. [8, Theorem 2.3] Let X be a nonnegative L? random variable on a product space

(HQ“F,,U = H/J'Z) ’
i=1 i=1
where F = \/5=, Gi, and each triple (Q;,Gi, j1;) is a probability space. Then
(o]
Ent,(X) <Y E,Ent;(X),
i=1
where Ent;(X) is the entropy of X(w) = X((w1,...,w;,...)) with respect to p;, as a function of

the i-th coordinate (with all other values fized).

In the following lemma, we prove a generalization of Bonami inequality for simple random
variables.

Lemma 2.7. Assume that k > 2. Let f : {1,...,k} — R be a function and v be the uniform
distribution on {1,...,k}. Then

Ent, (f2) < kE((f(U) — f(0))?),

where E is the expectation with respect to two independent random variables U, U, which have the
same distribution v.

Proof. Let us denote a; = f(¢). Then
Ent, (f?) = B(f*(U)log f(U)) — E(f*(U))log E(f*(U))

k k k 2
1 1 D14
= 1 ;:1 a?loga? — z ;:1 a? log <]k7>

ko2 k 2 2
L a? : ka:

- Zj_l ’ Z k‘az 2 10g< kal 2)
& >j—10 2j-14

i=1 J J=1"3

S (N~ kal
< =5 1°g<z<z’“ >>

i=1 j=1aj

where we have used Jensen’s inequality in the last inequatliy. Moreover,

b /ﬂz;l Zi<_j(a12 B a?)z
8 (2 <z§_1a§>2> - (” (Ch, a2y )
ZK]‘(Q? - a?)Q

(3h_1a2)2

since log(1 + ) < z for any = > 0. Therefore,
Ent, (f?) <

On the other hand,
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Hence,

Ent, (f?) — kE((f(U) — f(U))?) < kalQ > (ai —a;)? ((ai +a;)? - 2Za?>
j=19% |i<j

1 4
- k E (ai - aj)
kzj:l a? i<j
0,

which proves Lemma 2.7. O

IN

3. PROOF OF THEOREM 1.1

3.1. Spatial average of the passage time. We consider a spatial average of T'(x) defined by

Fo

where
m = [Jz];
Proposition 3.1. For any ¢ > 0, it holds that
[Var(T(z)) — Var(Fy)| = O(|f;"*).
Proof. For any variables X and Y, by writing X = X — E(X) and || X||; = (E(X2))!/2 and using
Cauchy-Schwartz inequality, we get
[Var(X) = Var(Y)| = [E(X* = Y?)| < [|X + V]| X = Y2
(3.1) < (X2 + IV H2)[1X = Y2
We aim to apply (3.1) for T(x) and F,,. Observe that
Z 1T (2 + 2)l2 = |70, )|,

z2€Bm

(32) 1Bolle < s

by translation invariance. By Corollary 2.3,
(3.3) 170, 2|2 = v/Var(T(x)) = O(lz]}*(1 + log |z]1)*).
Using the subadditivity (1.1),

170, 2) = Fwnllo = [|T(2) = Full2

1

“H |, T :
1

=70 | g, T,

Using Cauchy-Shwartz inequality and the translation invariance, this is further bounded from
above by

#B;(m) Z T(2)|| + Z T(x,z+ 2)

2 z€B(m)

2

2
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Using Lemma 2.1 and the union bound, we have
1/4 €
IP’( mz%x)T(z) > Oyl + k> < (#B(m))e~ (Crleh+R)™
zeEB(m

Therefore, by a similar argument as in Corollary 2.3, we have

E( max T(2)2) < C3ali/? + (#B(m) Y (Cilaly/* + k) (Cileh+0 7
z€B(m) =
(3.4) = O(lz)/?).
Combining (3.1)—(3.4), we get the desired result. O

3.2. Martingale decomposition of F,, and the proof of Theorem 1.1. Enumerate the
vertices of Z% as x1,xs,.... We consider the martingale decomposition of F,,, as follows

0o
Fm _E(Fm) = ZAka
k=1

where

Ag :E(Fm | fk)_E(Fm | -Fk—l)a
with Fj, the sigma-algebra generated by SRWs {(Sj")jen,i = 1,...,k} and Fo the trivial sigma-
algebra. In [8], using Falik-Samorodnitsky lemma, the authors give an upper bound for variance
of F,, in term of Ent(A?), and E(|Ag|).

Lemma 3.2. [8, Lemma 3.3] We have
Var(Fy,)
2kz1 (E(1AR]))?

Now, our main task is to estimate Ent(A2) and E(|Ag]).

Z Ent(A?) > Var(F,,) log
k>1

Proposition 3.3. As |z|; tends to infinity,
(i)
> Ent(Af) = O(lal).

k>1

ST (E(AD)? = 0 (|xd ).

k>1

3.2.1. Proof of Theorem 1.1 assuming Proposition 38.3. Since d > 2, Proposition 3.3 (ii) implies
that >, o (E(]Ag)? =0 (|x|‘;’/4>. Therefore, using Propositions 3.1, 3.3 and Lemma 3.2, for any
€ > 0, there exists a positive constant C, such that

-1

Var(F,,)

(35) Var(T(x)) < Var(Fy) + Clafy/*** < C [ [a}/*** + |y FRE
Li1

log

If Var(F,,) < |3c|1/8 then Var(T'(z)) = O(\xﬁ/s) and Theorem 1.1 follows. Otherwise, if Var(F,,) >
|m|1/8, using (3.5) we get that Var(T'(z)) = O(|x|1/log |z]1) and Theorem 1.1 follows. O

3.2.2. Proof of Proposition 3.3. By the definition of A, we have

1

Bel = = [E| 3 TGzra) | B —E| S T(z40) | Fea |
# (m) z€B(m) z€B(m)
1
(3.6) ) 3 ]E[T(Z,Hx)\fk]—E[T(z,z”)mk,l]’,

z€B(m)
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We precise the dependence of passage time on trajectories of SRWs by writing
T(u,v) = T(u,v, (5%)en).

For any k, let us define
Xi(u,v) = E(T(u,v) | F)-

Then Xy (u,v) is a function of trajectories of (S%¢);<k, so we write

Xi(u, v) = X (u, 0) (ST )<k, (57%))-

Let (5%),cza be an independent copy of (S%),cza. We observe that
(3.7) E(| X (u,v) — E*(Xi(u,0))]) < ESPEME* (| X (u, 0) — Xi(u, v)]),
where
Xie(u,v) = X (u, 0) ((S™)icr, (57)),
and E<¥ EF and E* denote the expectations with respect to SRWs (5%¢);<x, (S7*) and (S%*)
respectively. Then the inequality (3.7) becomes
(38) E|E[T(z,z+x) | Fx]) —E[T(2,2 + ) | Fr—1] ‘ < ]EfEk’T(z,z +z) = Ty, (2,2 + 2)|,

where for u,v € Z% and k > 1

Ty (u,0) = T(u, ) ((S™ )ik (S7%), (S)ink)-

By symmetry,
EEk)T(z, 24 a) =Ty, (2,2 + )
(3.9 = 2EE* ([ka (z,z+2) = T(2, 2+ 2)|I(Ty, (2,2 + ) > T(2,2 + x))) .

For any u,v € Z%, we choose an optimal path for 7'(u, v) with a deterministic rule breaking ties and
denote it by vy,,. We observe that if xy, & v, then Ty, (u,v) < T(u,v). Otherwise, if T € V40,
then

(3.10) T(u,v) =T(u,zr) + T (zk, ) + T(Tk, v),

with Zj, the next point of xj, in v, (recall also that we denote by y ~ 3 € 7 if § is the next point
of y in ). Due to the subadditivity,

(3.11) Txk(u,’@ < ka(u,xk)—I—ka(xk,j:k)—i—fwk(fck,v).

It is clear that the optimal path for T'(u,z)) does not use the simple random walk (S?+). Hence,

(3.12) Ty, (u, zx) < T(u, ).

In addition, since Zj, is the next point of xy in v, ., the optimal path for T'(Zj, v) does not use the
simple random walk (S7*). Thus

(313) Tﬂk(i‘k,v) < T(:fk,v).
It follows from (3.10)—(3.13) that

Ty, (u,v) — T(u,v) < Ty, (2, Tp)-

Therefore, we have

(Ty, (224 2) —T(z, 2+ 2)(Ty, (2, 2+ ) > T(2,2+ 2))
(3.14) < T (2, T0) 1Tk € Varota)-
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Combining (3.6), (3.8), (3.9) and (3.14), we get

2 ~ _
E(JAx) < #B(m) E®? Z Ty (or, Te)l(@h € V2 242)
z€B(m)
= 2 E®? Z Ta: —z(xk — 2Tk — Z)H(J?k —Z€% 1)
#B(m) i ’ ’
z€B(m)
= 2 Y L9l
#B(m) 7 ’
yEzr—B(m)
2 ~
(3.15) = T 2 BT Y Ty € vx)lEr) |
#B(m)
L>0 yEx—B(m)

where E®? is the expectation with respect to two independent collections of SRWs (S%i);cy and
(SII)Z&_N and let

Er,L = Z ly—yh =1L

YEY0,2NxK —B(m)

Notice that for the second equation, we have used the invariant translation. Let us define

k
T[Z] (u,v) mf{Zt Yi—1,Y1) : U =Yo,---, Y =0,y # zV1 > 1, for some k},
1=1

as the passage time from u to v not using the frog at z, and set

Ti(u,v) = max TM(z0)+ 1.

z: |z—ul1=1
Then, it holds that
(3.16) Ty (u,v) < Ty (u,v).

Using (3.16), we obtain

-1
Z Ty(y,gj)ﬂ(y € 'YO,x)]I(gk,L) < max 5 ZT, (Yi> yir 1)1 (gk L)
yExp—B(m) = (yl)l|ryl|c<zfl: (m)i=1
-1
< max ZT1 (Yi> Yir1)1(Ek,1)-
Y=(yi)i—1 Cor—B(m) =}
[v1 <L
Therefore,
2dC1m
Z E®2 Z Ty(y,ﬂ)ﬂ(yE'YO,x)]I(gk,L) < E max 5 ZTI yuyz-‘rl
=0 yEzp—B(m) W (y|17)|71<12cdzck1m i
= E max Ty (Yis Yit1)
v=(yi)i=1 CB(m) ;
lv]y <2dCym
-1
(3.17) < E max T1(yi, yiv1) | 5
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and
>, E® > T 0y € v0.)1(Er, L)
L>2dCim+1 yExp—B(m)
-1
< Z E max ZTl Yi, Yiv1)1 (gk L)
L>2dCrm+1 ¥=(¥:)izy Cxu—B(m) ;=]
2 A<t
_ 2o 1/2
< 3 E max ZTl Yis Yit1) P(E.1)"/?
i)i—1 CTr—B(m
Leadtiman | \1m00in B
r 27 1/2
(3.18) < X E( mgx ZT1 ir i ) P(€x2)'/?,
L>2dCim+1 | (Wi)iz €Pr i

where we have used the Cauchy-Schwartz inequality in the second inequality.

These yield that

E|Ay <E ( max ZTl Yir Yir1 )

y=(y:)¢_ 1€P2a01m 5

(3.19) 271/2

+ Z E( max ZTl (Yi Yit1 ) ]P(gk,L)l/Q'

L>2dCym+1 =) €PL i

Using similar arguments for (3.15), (3.17) and (3.18), we can show that

9 &S]
ZE(|Ak|) S Z E®2Txk (mka‘fk)ﬂ(xk € ’YZ,ZJrZL’)

IN

2E max Tl Yis Yi 1
(7 (v)§ Z "

i= 1epc1\w\1l 1

2 1/2

(3.20) 2 Y E( max Zﬂ yy+> P(Er)'/?,

L>Ch|z|1+1 7=(i)i=1 €Pr =1
with
&L = {|’Yo,z|1 = L}~

Lemma 3.4. There exists a positive constant C, such that for all L > 1,

E( max ZT1 (3> Vit ) < CL.

(ya)i 1€PLZ- 1

2
E( max ZTl Yis Yit1 ) < CL*.

y=(v:)i 1€PL

We postpone the proof of this lemma for a while.
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Lemma 3.5. Given a path v = (y;)¢_, C Z¢, we define the mazimal jump

M(y) = 1;?3}_1 Vi — Yisi]1-

Then, for any L > m = |x|1/4,

P(M(y0,0) > L) < e,
with some € > 0.

Proof. We write vy, = (yi)le. If lyi — yir1lr > L, then T(y;,yit1) = t(yi, yir1) > L. By the
union bound, Lemma 2.1 and Lemma 2.4, we have
P(M(v0,2) > L) <P(Ju,v € B(Cy|z]1) s.t. T(u,v) =t(u,v) > L) +P(|70,4|1 > C1lz1])
(3.21) < [#B(Chlz[1)]PP(T(u, v) = t(u,v) > L) +P(T(0,2) > Cy|z1])
<e

for some constant € > 0. O

Proof of Proposition 3.3 (ii). Fix k > 1. We first estimate P(€ ). Assume that & ;, occurs and
0,0 N (z — B(m)) = (yi)i—;- Then

~

-1

L= > ly — gl < >t yirr) + tye, 5e) = Tyr, Ge)-
YEY0,o Nz —B(m) =1

Moreover, gy € x — B(m + M(7y0,1)), since |ye — Gel1 < M(7y0,2) and y¢ € x, — B(m). Therefore,
using the union bound, Lemma 2.1 and Lemma 3.5,

P(&kr) < P(Ju,v €z — B(m+ M(v,5)) such that T'(u,v) > L)
P (Ju,v € B(m + L) such that T'(u,v) > L) +P(M(y0,) > L)
(2(m + L))?%e " 4 e < (4(m+ L))*e ",

Combining this inequality with (3.15), (3.17), (3.18) and Lemma 3.4, we obtain that there exists
C > 0 such that for any k£ > 1

<
<

BA) < s | mt T Dy
(3.22) = O(m'~) = O(|a[{" ).
Since T'(x) > |70,]1, by using Lemma 2.1, for any L > C4x|q
(3.23) P(EL) < P(T(x) > L) < e

Using this inequality, (3.20) and Lemma 3.4, we get

SE(AK) < Cflah+ Y L F/?
k>1 L>Cylx)s
(3.24) — O(jal).
Now, Proposition 3.3 (ii) follows from (3.22) and (3.24). O

We now turn to prove Proposition 3.3 (i). To estimate Ent(Ay), we decompose the simple random
walks (S%¢) into the sum of i.i.d. random variables. More precisely, for any z; € Z% and j > 1, we
write

J
-
Sf=ai+ Y winr,
r=1

where (w; )i r>1 is an array of i.i.d. uniform random variables taking value in the set of canonical
coordinates in Z¢, denoted by
Bd = {61, [N ,egd}.
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Therefore, we can view T'(u,v) and F,, as a function of (w;,), and hence we sometimes write
T(u,v) = T(u,v,w) to precise the dependence of T'(u,v) on w. We define

Q=T 2
i,jEN
where €Q; ; is a copy of Bg. The measure on ) is 7 = Hi,jeN m; 5, where m; ; is the uniform measure

on €; ;. Then we can consider F, as a random variable on the probability space (2,7). Given
we Qee By and i,j € N, we define a new configuration w*7¢ as

We define
(3.25) Aisf = [B(I9Y) - fs D)),

where the expectation runs over two independent random variables U and U, with the same law
as the uniform distribution on By.

Lemma 3.6. We have

ZEnt A?) <2dZZE )2

=1 j=1
Proof. We recall that Ay = E(F,, | Fi), where
Fr. = a((Sfi),i <k j>1)=o0(wi;,i<k,j>1).

Notice that A? € L?) since T'(z) € L* by Lemma 2.1. Hence, using the tensorization of entropy
(Lemma 2.6), we have for k > 1,

Ent(A}) = Ent-(A) <E. > > Entr, A},

i=1j=1
By Lemma 2.7,
Iltm’j Ai S 2d(Ai7jAk)2.
Thus
oo oo oo
(3.26) ZEnt (A7) <24 Y Y EL[(A A
k=1 j=1i=1 k=1

Now using the same arguments as in Lemma 6.3 in [8], we can show that
> Ea[(Ai;AK)?] = Ex[(AiFm)?),

for any 4,j. Combining this equation with (3.26), we get the desired result. g

Proof of Proposition 3.3 (i). Using Lemma 3.6 and the Cauchy-Schwartz inequality, we get

(3.27) ZZE (AijFn) # Z ZZE (A ;T(2,2 +2))2.

i=1 j=1 zEB m) i=1 j=1
On the other hand,
Ex[(Ai;T(z 2 + 2))%] = Ex[(E|T(2, 2 + 2,0"7V) = T(z, z + 2,7 7)|)?]
< EE[|T(z, 2+ z,0"Y) —T (2,2 + z,w ’J’U)|2]
= E.E[T(z,2+z,0"Y) = T(z,2 4+ z)|*]

= 2E.E[(T(z, 2+ z,w"Y) = T(2,2 + 2))°I(T(z, 2 + z,w™Y) > T(z, z + ))].
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We observe that if z; € v .44, OF & € V5 244 but T(z;,Z;) < j, then
T(z, 2+ 2,0V < T(z,2 + ).
Otherwise, assume that z; € v, ;4o and T'(z;,Z;) > j. Then for any e € By,
T(x;, %) > T(x;, T; —e+ wi,j,wi’j’e)7

since if we only replace w; ; by e, after t(z;,Z;) (also equals to T'(x;, Z;), as &; ~ T; € Yo,2) Steps,
the simple random walk (S5%) arrives at Z; — e + w; j. Moreover,

T(z,z5,w"%) = T(z,2;), T(%, 2+ x,w"®) < T(Z;, 2 + ),
and
T(z,z+xz) = T(z,x;)+T(xi, %) + T(Z4s,2 + x)
T(z, 2z + x,w"7¢) T(z, 25, w""®) + T(2i, T — € + wj j,w"°)

+T(Zi — €+ wi j, Ti, W) + T(T4, 2 + 2, 0"°).

IN

Hence, we reach
T(z,2 + 2,0 Y —T(2, 24+ 2) < T(% — U +w; j, T, w"V) < Imax‘ T(y, Z;, w™Y).
yily—T4|<2

Furthermore, since w differs from w®7Y only in the trajectory of (5%¢), for any u,v € Z<,

(3.28) T(u,v, V) < T, v) < Ty(u,v),

where we define

Ty(u,v) = sup TH (u,v).
z€Z?

Therefore, we have

E.[(A; ;T (2,2 + )% < QE[ max  To(y, 2:)*L(z; ~ % € Voo, T, T3) > j)]7

yily—a]<2
and thus
D B (A T(z, 2+ x))
j=1
S QE[ max TQ(yv j7,)2]1(‘%1 ~Z; € Yz, z4x5 T(.’E“ :Ez) 2 J):|
= yily—7:|<2
= 2E |:T‘(£L’Z7 i’l) max Tg(y, fi)zﬂ(ml ~ I; € ")/z,z+z)i|
yily—7:|<2
< E|:(T(.Z‘i,.fi)2 + max  Ty(y,z))(z; ~ 75 € ’yz7z+w)]
yily—z|<2
This yields that
(o) [e.]
Z Z E‘/\'(Ai,jT(z7 z+ x))Q
i=1 j=1
< B[ (T w)’ +  max_ To(y, 2 (s ~ i € 72nse)]
Pt yily—2i| <
= E[ (T(zs,2;)* + max  To(y,z;)")(z; ~ 7 € Wo,x)}
= yily—z;]<2
(3.29) = E T(y,9)* | +E[ Y max Ty(u,y)*

wlu—y|1 <2
YEY0,2 YEY0,z lu=yl
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Now using the same arguments for (3.18) and (3.20), we get

(3.30) E( Y max Th(u,y)*

u— <2
= \ yli<

¢
< E max max Th(u,y;
('v(yq) Z 2( ) )

)i=1€Pcy a1, i=1 lu—yil1<2

97 1/2

(3.31) + Z E( » max Z max To(u, y;) > P(EL)Y/2.

=(y;)?¢ P u— <2
L>Cilz|1+1 =Wz € Li=1 lu=yih<

Lemma 3.7. As |z|1 tends to infinity,

| Y 7.9 | =0l

YEY0,

Lemma 3.8. There exists a positive constant C, such that for any L > 1,

(i)

¢
E max max  To(u, DY) < CL.
(v( Z HJu—yi|1<2 2( y))

- yi)leepL i=1 u

2

£—1
E max max  Th(u,y;)* | < CL'.
(7_(yi)f1€7’L ; wlu—y;[1<2 ( i)

We postpone the proofs of the above two lemmas for a while and first complete the proof of
Proposition 3.3. Combining (3.23), (3.29), (3.30) and Lemmas 3.7 and 3.8, we get

SN Ed (A T(zz+2)? = 00) [ leh + Y L2 72| = 0(ah).

i=1 j=1 L>Cy|x)s

This estimate holds with all z € B(m), so we can conclude the proof of Proposition 3.3 by using
(3.27) and Lemma 3.6. O

3.3. Tessellation estimates. In this section, we will prove Lemmas 3.4, 3.7 and 3.8. We first
observe that the simple union bound is not sharp enough to prove the lemmas and that the
main difficulty comes from the correlations of passage times. To overcome this, we establish new
techniques combining tessellation arguments and percolation estimates (Lemma 2.5).

Proof of Lemma 38.7. For any v = (y;)¢_,, we define

Ay = {vi€v:TWi,yis1) = M}
Then, we can express
-1
(3.32) D T(yiyin)® =Y M*#A],
i=1 E>1
We decompose
E( Y Twy?| = E| Y Ty?* T) <Clzh | +E| Y T(y,9)* T(x) > Clah

YEY0,2 YEY0,z YEY0,z
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By a similar argument as in Lemma 2.2, the second term can be bounded from above by

o\ 1/2

El{ Y 775> P(1v0,011 > Cla|1)'/?
(3.33) yET0,2
< (E[T()])* P(T(z) > Cla|1|)*/?
§O|x|feflfr\i/27

which goes to 0 as |z]|; — oo.

To estimate the first term, under the condition T'(x) < C|z|;, we will show that for any M > 1,
(3.34) E(#A]7") < Cla|y M Hte=M/d

with some constants € > 0 and C' > 0. Then it follows from (3.32) that the first term can be
bounded from above by
Clz|y Z M¥3e=M/d — O(|z|,).
M>1
which proves Lemma 3.7.

Now it remains to prove (3.34). The general idea is to cover Z¢ by groups of boxes such that
in each group the numbers of two consecutive points in the optimal path having distance M in
different boxes are dominated by independent random variables. Then we will apply Lemma 2.5
to get the desired estimate.

We note that
(a) if T(u,v) = M then |u—v|; < M,
(b) if dy({u, v}, {x,y}) > 2M, then the two events {T'(u,v) = M} and {T'(z,y) = M} are
independent.

In fact, (a) follows from the fact that T'(u,v) > |u —v|; and (b) holds since the event T'(u,v) = M
depends only on simple random walks (S*) with |w —u|; < M.

To each M, we divide Z? to 4¢ groups of boxes of size 2M, noted by {(B%)zezd77; =1,...,49},
satisfying the following conditions:
(c) For any u,v € Z% with |u — v|; < M, there exists a boxes B%
(d) For any i = 1,...,4% the boxes in the i-th group, (B}) are totally disjoint, i.e. the
distance between two arbitrary boxes is larger than 2M.

containining u and v.

In fact, there are many covers satisfying (c) and (d), and here we choose a simple one defined as
follows. To each z € MZ®, we define

BM =z +[0,2M)%.

We enumerate {0,1,2,3} by {w;}4*,. Given i€ {1,---,4%} and z € Z¢, we denote
Bi]\é = B%(wiﬂzy

Lemma 3.9. The groups of boxes that we have constructed above satisfy (c) and (d).

Proof. The condition (d) is trivial by construction. We will prove that (c) holds. Assume that
u,v € Z% and |u—v|; < M. We consider x = (z1,...,24), with z; = min {M[u;/M], M[v;/M]} for
j=1,...,d. Since |u;—v;| < M, it holds that |u; —z;| < 2M and |v; —z;| < 2M. Thus u,v € BM.
In addition, since all the coordinates of  are multiple of M, there exists (w;, z) € {0,1,2,3}% x Z4,
such that z = M (w; + 42), so u,v € BM. O

Given i =1,...,4% we define
Y0,z __ A70,z M
AM,i,z - AM N Bzz
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Then by (a) and (c),

4(1
(355 #AL <D0 D #AIL

=1 z€Z4d
Notice that if y ~ § € 702, then T'(y, §) = t(y,y). Thus for any (3, z),
(3.36) #ANG . < @M)TYII(AYS ., #0),
where

Y} =1( 3u,v € BM such that T'(u,v) = t(u,v) = M).

z 2

Thus for each i = 1,. .., 49,
(3.37) S #AY <Mt > Y

z€Z4 26776”2/]

where 776’71;4 is the projected path of 7 , defined by
i, M . @
M. ={z€2%: A5, # 0}
Since we assume that T'(z) < C1|z|;, we have yo,» € Pc,||,, which implies

i,M
Mz € Poulal/m-

Hence,
(3.38) Y vi< max S Y= X e
S » ’
e, n€Peyaly/M o

Combining this inequality with (3.36) and (3.37) yields that
4d 4d
(3.39) DD #ANT. < @MY X
i=1 zezd i=1
By (b) and (d), (Y}),eza are i.i.d. Bernoulli random variables. Let py; = E(Y}). Then, it follows
from the union bound and Lemma 2.4 that
py =P3u,v e B% : T(u,v) = t(u,v) = M)

3.40 .
( ) < (2M)2d6_M ,

with some € > 0. Now applying Lemma 2.5 to the set of random variables (Y).cz¢ and the set of
paths Pe, |z, /0, We get

(3.41) E(XGjen) < C(Cilah/Mpyf"
Combining (3.35), (3.39) (3.40) and (3.41) gives that
(3.42) E(#A)") < C8(Cilel) M py)
< C8TY(Cy |al ) MM/
which proves (3.34). O

Before going into the rest of the proofs, we will prove the same estimates as in Lemma 2.1 for
T; and T». By repeating the arguments of the proof of Lemma 2.1 ([1, Lemma 4.2]), we can show
that there exist positive constants C' and &, such that for any y, z € Z%, and k > Cly|,

(3.43) P (T1(0,9) > k) <.
By the union bound, for k¥ > Cs|y|; with Co = 2C', we have

P(Ty0,y) > k)< > PTU(zy) > k1)
(344) 2€Z%:|z]1=1
< 2de= D" < o7k

€2
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with some €2 > 0, where we have used (3.43) for k —1 > 2C|y|; — 1 > C|z — y|1.

We observe also that if T'(y) < k then T*1(0,) = T(y) for z ¢ B(k). Therefore, for k > Cs|y|,
with C3 = max{C1, Cs},

P (T2(0,y) = k)

IA
=
=
S

> k) + (()</€T2(0y) k)

>k)+ Y P (T[Z 0, 7) )
z€B(k)

e 4 (2."€)de*k€2 <e k7

IN
=
H
@

(3.45)

with some €3 > 0. From now on, for simplicity of notation we use C for all C,C5, C3, and £ for
all £1,¢e9,e3. It means that for k > C1|yl1,

(3.46) max{P(T(0,y) > k),P(T1(0,y) > k), P(Tx(0,y) > k)} < e *".

IN

Proof of Lemma 3.4. We begin with Part (ii), which is easier than (i). Observe that
max T (yi, yi <L max Ti(u,v
Y=(¥i)i=, €PL ; 1(y Y +1) u,v€B(L) 1( )

Using the union bound and (3.46), for any k& > 2dC4 L,

P T > k| < (2L)%%F.
(o3, Tw 2 8) < @0

The last two inequalities yield that

2
IE< max ZTl (Yi> Yit1) > < CL*|1+@2L)* Z ke k!

y=(:)¢_,E€EPL Py

k>2dCy L
= O(LY).
We now prove (i). For any v = (y;){_; € Pr, we define
Al = {vien: |y —yiprh = M},
Ao = {wi € Ay 1 iy, yiva) < C1M},
A;\Ymk = {yi € A}, : T\ (yi, yit1) = C1M + k},
with Cy as in (3.46). Then
(3.47) #AN = Z#A]M ko Z M#Ay =yl < L.
£>0 M>1
Therefore,
-1
ZTl(yi7yi+1) < Z CiM#AY, +Z CLM + k)y# A%,
i=1 M>1 E>1
(3.48) < CilL+ Y > k#AY,
M>1k>1

We shall apply the same arguments as in the proof of Lemma 3.7 to deal with the sum above.
For each M, k we tessellate Z? to groups of boxes whose size equals 2(C; M + k). Using analogous
arguments to prove (3.41) and (3.42), we can show that

(3.49) E <£Ié%)§ #[lyw’k) < CL(CiM + k)d 1 Jl\//ldka
where
vk = P(3u,ve B(CiM +k): |u—v|; <M, Ti(u,v) =C1M + k)
< (2ACLM + k))Pem (AR,
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by using the union bound and (3.46). Combining (3.48) and (3.49), we have

E < max ZTl (Yi, Yi+1) ) CiL + Z Zk]E (max #AM k)

cPp
(wi)i_1 €Pr ] M>1k>1 v

IA

IN

cL|1+ Z Z(C1M+k)d+267(01]w+k)€1/d
M>1k>1

which proves (i). O
Proof of Lemma 3.8. To show (ii), we notice that
-1
(350) ’Y=(yIiI)1§fi€77L ; u\u@gﬂi <2 T2 (U7 yi)4 = L u,ver%%%ﬁLQ) T2 (U, IU)4.
Now part (ii) follows from (3.46) and (3.50) by using the same arguments as in Lemma 3.4 (ii).

The proof of (i) is similar to that of Lemma 3.7. For any M > 1, using (3.46) and the union
bound,

phy =P <3y € B(M), max Ty(u,y)*= M) < (2M)P (max Ty (u,0)* M)

wiu—yl1 <2 lul1 <2
(3.51) < e M
for some £ > 0 small. As in Lemma 3.7, we define for v € Pp, and M > 1
AV = {yeqy: max Tu(u,y)* = M}.
wiu—yl1 <2

We also cover Z% by groups of boxes whose size equals to 2M as in the proof of Lemma 3.7 to
verify conditions (c) and (d). Repeating the arguments as in the proof of Lemma 3.7, with A’ Y
replacing A}, par, we can show that

¢
E max max To(u,y:)* | = O(L Mé&e=MY/d | — O(L),
(v—(yi)flePL;u:u—yz-hQ 2(u, ) ) ( ) MZ>1 ( )

which proves (i). O

4. PROOF OF PROPOSITION 1.2

Proof. The upper bound on the length of optimal paths is a consequence of Lemma 2.1. Indeed,
if v € O(z), then I(y) < T(z). Hence, by Lemma 2.1,

4.1 P l C
(@) (max 1) > Culels

(4.2) < el

IN

]P(T(ZL’) > Cl |1’|1)

with €; and C7 positive constants as in Lemma 2.1. To show the lower bound, we first recall the
definition of A}, as in the proof of Lemma 3.7:

Ay ={yi € v T(yi, yir1) = (Y yir1) = M}.
Then since I(y) = 35,5, #A)y, for any v € O(x), and K > 1

K
2y < T(x) = Y M#Aj, KDY #A + ) M#AY,

M>1 M=1 M>K

KI(y)+ Y M#A},.

M>K

IN

(4.3)

IN
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Rearranging it, we obtain that for any K > 1,

1

min I(y) > —||z|;1 — max Z M#A3,
yEO(z) K yEO(z) NSk
1
4.4 > — — M A’Y
(4.4) 2 % |l=h > max #AL,

M>K

Note that if 7'(x) < Ci|z[y, then v € Pg, |y, for any v € O(z), and thus

(4.5) > M max #A), < > M max #A],.
ox  E0@) sk VEPeilsn

We define
d
M, = [|z|y/ 2]

and
E={VM > M,,Vy e 'Pcl|x|1, #A’J@ =0}.
Then, by using the union bound and Lemma 2.4, we get
P& < P(Ju,v € B(Cy|x|1) such that T'(u,v) = t(u,v) > M)

(4.6) < (20 ]z)y)* Z e M < Cemleln
M>M,

for some positive constants C and €. We recall the tessellation as in the proof of Lemma 3.7. Based
on the groups of boxes {(B}),cza,i=1,...,4%} whose size equals to 2M, we have defined

n _ pM n
AM,z’,z - Bi,z n AM'
Moreover,

1=1 z€7Z4

Using Lemma 2.5 (i) and the same arguments as in Lemma 3.7, we can show that for any i =
1,...,44 K < M < M,, and s > A; (with A; as in Lemma 2.5 (i)),

Pl a3 #ag Lz s (G) o | < e (-5 (C) pi2).

YEPC |4
1lely sezd

with pas as in (3.40). Let s = sy = py, ~1/dpr—(d+1) Then

e Z Z # ANz 2 Calz|y M~ | < 4%exp (—(Cylz[1)/(2M*?)),

Y€PCy el send

with Cy = 22972C}. Notice that by (3.40), sps — o0 as M — oo, so the condition sp; > A; holds
for any M > K with K large enough. It follows from (4.7) that

IP’( M max #A}, > Cylz|; Z M_2> < 44 Z M exp (—ﬁ}lﬂg)
M=K

EPcy 4
M=K S7cilen M=K

Therefore,

M,
(4.8) P M max #A), > 705‘]'(””‘1 < 4dM2 exp ( Cl‘gjll ) < eIl
v—x Y€Pcuen M
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for some € > 0. We now only need to take K large enough such that Cy/K < 1/2 and sy > A
for any M > K. Then by (4.4), (4.5), (4.6) and (4.8), if we take ¢ > 0 sufficiently small so that
1—cK > Cy/K, we get

M,
P < min I(y) < c|x|1> <P(T(z) > Ci|zlh) +P(E°) +P M max #A}, > (1-cK)|z|
V€0(z) vk Y€Pcuen
< Ce*\rli
which completes the proof of Proposition 1.2. O
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