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APPROXIMATE MATRIX AND TENSOR DIAGONALIZATION
BY UNITARY TRANSFORMATIONS:
CONVERGENCE OF JACOBI-TYPE ALGORITHMS*

KONSTANTIN USEVICH', JIANZE LI}, AND PIERRE COMONS

Abstract. We propose a gradient-based Jacobi algorithm for a class of maximization problems
on the unitary group, with a focus on approximate diagonalization of complex matrices and tensors
by unitary transformations. We provide weak convergence results, and prove local linear convergence
of this algorithm. The convergence results also apply to the case of real-valued tensors.

Key words. optimization on manifolds, unitary group, Givens rotations, approximate tensor
diagonalization, Lojasiewicz gradient inequality, local convergence
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1. Introduction. In this paper, we consider the following optimization problem

(1.1) U, = arg max f(U),

n

where U,, € C™*"™ is the unitary group and
(1.2) f: U, - Rt

is a real differentiable function. An important class of such optimization problems
stems from approximate matrix and tensor diagonalization problems in numerical
linear and multilinear algebra, that are relevant in signal processing [17] and machine
learning [5].

Jacobi-type algorithms are widely used for maximization of these cost functions.
Inspired by the classic Jacobi algorithm [22] for the symmetric eigenvalue problem,
these algorithms proceed by successive Givens transformations that update only a pair
of columns of U. The popularity of these approaches is explained by simplicity of the
updates, which in many cases are very cheap. Although the Jacobi-type algorithms
are similar in spirit to block-coordinate descent, they enjoy quadratic convergence for
the classic matrix case [22] and the case of a pair of commuting matrices [12].

Despite their popularity, the convergence of these algorithms has not yet been
studied thoroughly, except the cases listed above. For the real-valued case (orthog-
onal group), a gradient-based Jacobi-type algorithm (which we call Jacobi-G) was
proposed in [26] and its weak convergence was proved. Global (single-point) conver-
gence of this algorithm was proved for simultaneous real third-order tensor or matrix
diagonalization in [30]; the proof in [30] based on the Lojasiewicz gradient inequality,
that became a very popular tool for studying convergence properties of nonlinear op-
timization algorithms [2, 29, 36, 6], including various tensor approximation problems
[37, 25].
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In this paper, we address the complex-valued (the unitary group), and focus on
a number of tensor and matrix approximate diagonalization problems [17] (although
the results are applicable to other instances of problem (1.1) ). Unlike the real case,
where the Givens transformations are univariate (“line-search” type), in the complex
case the updates correspond to maximization on a sphere (similar in spirit to subspace
methods). The main contributions of the paper are: (i) we generalize the Jacobi-G
algorithm to the complex case, namely to the unitary group, and prove its weak con-
vergence (to stationary points) and global rates of convergence based on the results
of [9]; (ii) for the case of matrix and tensor diagonalization, we show that the local
convergence can be studied by combining the tools of Lojasiewicz gradient inequality,
geodesic convexity and recent results on Lojasiewicz exponent for Morse-Bott func-
tions. In particular, local linear convergence takes place for local maxima satisfying
second order regularity conditions. One of the motivations for this work was that the
case of the unitary group is not common in the optimization literature, unlike the
case of orthogonal group and other matrix manifolds [3].

The structure of the paper is as follows. In section 2, we recall the cost func-
tions of main interest, the principle of Jacobi-type algorithms, and expressions for
the updates in these algorithms. In section 3, we recall all the necessary facts for
differentiation on the unitary group, formulate the abstract Jacobi-G algorithm and
prove its correctness. Section 4 contains the expressions of the first- and second-order
derivatives of various cost functions listed in section 2. In section 5, we present the
result on weak convergence (to stationary points) and global convergence rates for the
Jacobi-G algorithm. The general results of [9] are summmarized in the same section.
In section 6, we recall general results on convergence of descent algorithms on mani-
folds that are based on the Lojasiewicz gradient inequality, we also recall the notions
of geodesic convexity and Morse-Bott functions, that will be used later on. Section 7
contains main results. While subsection 7.1 is devoted to checking the decrease con-
ditions, subsection 7.2 contains the results on local linear convergence of Jacobi-G
algorithm to local maxima satisfying the Morse-Bott property. We eventually provide
in subsection 7.3 some examples of tensor and matrix diagonalization problems where
these properties are satisfied.

2. Background and problem statement.

2.1. Main notation. For a matrix X € C™*™ we denote by X7 its transpose,
by X™ its elementwise conjugate, and by X H the Hermitian transpose, respectively.
We will also frequently use the notation X = X R 10X for the real and imaginary
parts of X, and R(a), S(a) for the real and imaginary part of a € C. Moreover, U,
and 8U,, denote the unitary and special unitary groups in C™*", whereas O,, and 80,,
denote the orthogonal and special orthogonal groups in R™*™ respectively.

In this paper, we make no distinction between tensors and multi-way arrays; for
simplicity, we consider only fully contravariant tensors [32]. For a tensor or a matrix
A e C*x" we denote by diag{.A} € C" the vector containing all the diagonal
elements A;;...; We denote by || - || the Frobenius norm of a tensor or a matrix, or the
Euclidean norm of a vector. By A e, v we denote the contraction on the kth index of
A with vector v. By writing multiple contractions A e, vy ... ey, vy we assume that
they are performed simultaneously, i.e. the indexing of the tensor does not change
before contractions are complete.

For a pair i # j we introduce the projection operator P; ; : C**™ — C?*? that
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extracts the submatrix of X € C"*" as follows:

2.1 P (X)) = |H w]_
(2.1) 0= [

Its adjoint operator is PiTJ- :C2X2 5 C™X" e

i J
0 0
. a ¢ _i e a c
o ()
Gl b d
0 0

2.2. Cost functions under consideration. In this paper, we mainly consider
the following three cost functions from U,, to RT. But, whenever possible, we formu-
late our results in full generality

(i) Approximate diagonalization of a set of matrices. Let AY = AR A6 ¢
Cr*n 1 < /¢ < L, be Hermitian matrices. The cost function is defined as

L
(2.3) FU) =3 || diag{w 3%,

{=1

where W = Ut AU
(ii) Approxzimate diagonalization of a partially symmetric 8rd order tensor. Let A €
Cn*mX" he a tensor satisfying the partial symmetry condition:

(2.4) Aije = Aikj
for any 1 < 4,7,k < n. The cost function is defined as:
(2.5) f(U) = || diag{W}|]?,

where Wijk = ZP%T .qur U;qujUrk.
(iii) Approzimate diagonalization of a 4th order tensor. Let B € CPX"*"X" he a
tensor satisfying the following partial symmetry conditions

(2.6) Bijri = Bjir and Bijin = By

for any 1 < 4,7, k,I < mn. The cost function is defined as

(2.7) ) = vapppv

where Vij]qé = Ep,qﬂ‘,s qu'rs U*'U*'UTICUSK'

pi-aqj

Remark 2.1. As in (2.3), the simultaneous diagonalization problem of several 3rd
and 4th order tensors can be considered. In this paper however, we prefer to consider
the single tensor case in (2.5) and (2.7) for simplicity of presentation.

The motivation behind these cost functions comes from blind source separation.
(i) The cost function (2.3) is used for diagonalization of covariance matrices [13, 14].
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(ii) An example of the 3rd order tensor satisfying property (2.4) is the cumulant
tensor with A;jx = Cum(v;, v}, v;), where v is a complex random vector [18].

(iii) An example of the 4th order tensor satisfying property (2.6) is the cumulant
tensor A = Cum(v;,v,,v5,v]), of a complex random vector v [15], which
may itself stem from a Fourier transform [20].

Remark 2.2. Some symmetries in problems considered above can be dropped.
(i) The matrices A in (2.3) do not need to be Hermitian (as shown in [14]).
Indeed, for W = U"AU
A+ A"
Araty,

H
W] = fulf A, | = fulf Ay = ulf (55

i.e., we can always substitute A®) with their Hermitian symmetrizations in (2.3).
(ii) For the same reason, the tensor in (2.5) does not need to be symmetric, because
for any third-order tensor A € C™**nxn

|A.1 u* oo U 03 U| = |B.1 u* oo U 03 'U/|7

where B € C™*™*" is defined as By, = 4“41%;“4%1
(iii) Similarly, in (2.7) almost all symmetries required in (2.6) can be dropped, except

Bijkl = BZliju
which is needed to ensure that the cost function f(U) is real-valued.

2.3. Jacobi-type methods. Fix an index pair (7, j) that satisfies 1 <i < j < n.
Then, for a matrix ¥ € Uy, we define the complexr Givens transformation in U,, as:

i J
- _
0
i LAY LS
1,7, ¥
GH3¥) — 7
j Wy Wy o
0
L 1]

i.e., the matrix with the same elements as I,, except that
pi)j(G(i,j,‘I')) =,

The set of matrices GU7%) is a subgroup of U,, that is canonically isomorphic to Us.
In addition, any matrix in U,, is a product of at most @ Givens transformations.
Jacobi-type methods aim at maximizing the functional by applying successive

Givens transformations. The sequence of iterations {U}} is generated multiplicatively
U, = Uk_lG(ika,‘I’k),

where the pair (i, jx) is chosen according to a certain rule, and ¥y is chosen to
4



maximize the restriction h(;, j,)u,_, of (1.2) defined as

h(i,j),U . ug — ]RJF
(2.8) U — fF(UGHID)),

An advantage of the Jacobi-type methods is that in many cases the maximizers of
h(iy,jr),Ur_, can be found in a closed form, and the updates are very cheap.
A typical choice of pairs (i, ji) is cyclic, e.g.,

(1,2) = (1,3) == (1,n)—(2,3) == (2,n)=>---=(n—1,n) —
(1,2) - (1,3) = -- -,

which appears in the classic Jacobi algorithm for the symmetric eigenvalue problem,
and is used for maximizing the cost functions in Subsection 2.2 .

The convergence of the iterations for cyclic algorithms is unknown, except in the
single matrix case [22]. Recently, a gradient-based Jacobi algorithm (Jacobi-G) [26]
was proposed in a context of optimization on orthogonal group for low multilinear rank
approximation. Weak convergence was shown in [26] and global convergence for real
matrix and 3rd order tensor case was proved in [30]. In this paper, we extend Jacobi-G
to the case of the unitary group, but we postpone its formulation to Section 3.

2.4. Jacobi rotations for scale-invariant functions. First of all, consider
the cost functions in (1.1) that are invariant under permutations of columns of U and
multiplications of columns of U by complex scalars of modulus 1, i.e.

(2.9) fU) = fUS)

R 0 ‘|
0 eton

In this case, we see that the restriction (2.8) satisfies

for any matrix of the form

(2.10) S =

(2.11) hiig o (®) = hayo (2[5 2])
for any |21] = |22| = 1. Hence, to maximize h; ;) v (¥), we can set
U= W(e, 51, 5) = c —s| c —(s1 +is2)
o L) T e T sy — ise c
cos 6 — sin fe’® 1 1 -z
(2.12) B [sin@e_w cos 6 ] o m [z* 1 ] € Sz,

where ¢ € RY, s = 51 +isy = sinfe’® € C satisfy ¢ + |s|?> = 1. We also denote

h(c,s1,82) = hgjule si,s2) = hayo ([ S7°])-

Similarly to the single matrix case [22], we will refer to the maximizers of h(; j) v as
Jacobi rotations.



2.5. Jacobi rotations for matrix/tensor diagonalization. In this subsec-
tion, we consider the cost functions in subsection 2.2, which obviously satisfy the
satisfy the invariance property (2.9). We recall how Jacobi rotations can be com-
puted by finding an eigenvector of a 3 x 3 real matrix.

LEMMA 2.3. For all U € U, the cost functions in Subsection 2.2 have the form

(2.13) hii (e st s2) =r DI p 4 O

def
where , r =r(c, 81, 82) =

(2.14) oef (cos 260, — sin 20 sin ¢, — sin 20 cos ¢) T = (2¢* — 1, —2cs1, —2¢s0) T,

the constant C' does not depend on (c,s1,82), and r@it) ¢ R3x3 45 ¢ symmetric
matriz defined as follows:

I
(i) for the cost function (2.3), we have C =1 3 (Wj(f) + VVi(f))2 and
{=1
0 (0
PGaU) _ EZL: (Wgw?e,g)” ! (W0 — Wiy 2w aw &)
= « WO —w®y aw £9)]

37 i iJ

[\

(i) for the cost function (2.5), we have C = 0 and T' = T4V (see [18, (9.29)] and
[17, Section 5.3.2]) is:

' =a1, To=wvs—R(v3), I'sz =wg+ RN(v3),
T2 = S(v1) + S(v2), Tiz =R(v1) — R(va), Taz = S(vs3),
a1 = Wi > + [Wasal?, a2 = Wie]? + Waial?, as = [Wani]® + [Wiza]?,
ag = WinitWhiz, as = WinitWaii, as = WaaaWh2z, a7 = WaaWaia,
ag = Wi11Waiz2 + WaooWiia, ag = Wi11Wise + WaaaWai,
ajo = Wa11 Wiz + WisaWaia,
as a6 ar +as

a
01:a7—7, 02:a4—7, 03:794-&10, Vg = 1 + az + RN(ag).

(iii) for the cost function (2.7), we have C =0 and T = L&Y [15] s

—Vi, Tis=V3, -V, Tu=V.

gii — Viiig g5

Uiy = Viiii + Vijjj, Tz =V)

©jjg

Py = %(Vz‘iz‘i +Vijsi) + 2Vijij + Viig;, Tas = %(Vn‘u' +Vijsi) + 2Vijis — Vi

Remark 2.4. (i) By Lemma 2.3, the maximization of h; jy u(c, 51, 2) is equivalent

to maximization of the quadratic form r 7Ty on the unit sphere ||| = 1. Thus,

the maximizer W of h(; j) u can be obtained from an eigenvector corresponding to the
maximal eigenvalue of 'Y denoted by w.

(ii) Even if the maximal eigenvalue is simple, w is defined up to a sign change. We

choose the sign such that w; = cos20 = 2¢ —1 > 0 in (2.14). Hence, we can take

6 € [0,2] and ¢ > ¥2 (by setting § = XMW ¢ [0 7] 5 = W2 gy = W)

2cos 0’ " 2cos0

3. Jacobi-G algorithm for U,. Before formulating the Jacobi-G algorithm,
we recall some facts on complex derivatives and functions on manifolds.
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3.1. Wirtinger calculus. First, we introduce the following real-valued inner
product on C™*". For X = X® +iX°Y = Y® +iY" € C™*", we introduce

(3.1) (X, V), &

(X® YR 4 (XY YY) =R (trace{XHY}) .

Since a nonconstant function f : C™*™ — R is never holomorphic, we use a shorthand
notation £(—f%, % € R™*" for the matrix derivatives with respect to the real and
imaginary parts of X € C™*". The Wirtinger derivatives [1, 11, 28] aa—)f(, 88% e cmxn
are standardly defined as

of _1( af . of of L[ af . of
8_X'_§(8X§R_28X%>7 (8X§R+28X3)'

AX* ' 2

The matrix Euclidean gradient of f with respect to (3.1) becomes

of . 9f _,0f

(X).

3.2. Riemannian gradient. Recall that U, C C"*" can be viewed as an em-
bedded real submanifold of C"*™ with the inner product induced by (3.1). By [3,
Section 3.5.7], the tangent space to U, can be associated with an n?-dimensional
R-linear subspace of C™*":

Tyl, = {X eC”": X"U+U"X =0}.
Alternatively, it is the transformed set of skew-Hermitian matrices:
Ty, ={X cCV": X =UZ, Z+2Z"=0}.

Then for f : C"*™ — R differentiable in a neighborhood of U, the Riemannian
gradient is just the orthogonal projection of the Euclidean gradient V f(U) on TyWU,,:

(3.2) grad f(U) =UAU) € TylU,,
where

_UWIU) - (VIO)U o Of of H
(33) AU) = . = UM 2L (U) (o (U)U,
Note that A(U) is a skew-Hermitian matrix, i.e.,
(34) A(U)i)j = —(A(U)j)i)*, 1< i,j <n.

In what follows, we will use the exponential map [3, p.102] Expy; : TuU, — Uy,
which maps 1-dimensional lines in the tangent space to geodesics and is given by

(3.5) Expy (UQ) = U exp(Q),

where exp(+) is the matrix exponential. We will frequently use the following relation
between Expy; and the Riemannian gradient. For any A € Ty U, we have

(35 (A ad fO)) = (1 Bxpa)))
7
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3.3. Riemannian Hessian and stationary points. This subsection is not
mandatory to formulate the Jacobi-G algorithm, but we keep it here for convenience.
For a Riemannian manifold M and a C? function f : M — R, the Riemannian
Hessian at x € M is either defined as a linear map T, M — T, M or as a bilinear
form on T, M; the usual definition is based on the Riemannian connection [3, p.105].

For our purposes, for simplicity, we assume that the exponential map Exp, :
T, M — M is given, and adopt the following definition based on [3, Proposition
5.5.4]. The Riemannian Hessian Hess, f is the linear map T, M — T, M defined by

Hess, f = Hessog, (f o Exp,,),

where 0, is the origin in the tangent space, and Hessg, g is the Euclidean Hessian of
g : T, M — R. Hence, similarly to (3.6), there is the following expression for the
values of Riemannian Hessian as a quadratic form at A € T, M:

2

(3.7 (tes. /18] ) = (G Exv. (1))

t=0

The Riemannian Hessian gives well-known necessary and sufficient conditions of
local extrema (see, for example, [35, Theorem 4.1]).
e If 2 is a local maximum of f on M, then Hess, f < 0 (negative semidefinite);
o If grad f(z) = 0 and Hess, f <1, O (i.e., Hess, f < 0 and rank{Hess, f} =
dim(M)), then f has a strict local maximum at .
Finally, we distinguish stationary points with nonsingular Riemannian Hessian.

DEFINITION 3.1. A stationary point (v € M, grad f(x) = 0) is called non-
degenerate if Hess, f is nonsingular on Tz M.

3.4. Jacobi-G algorithm. We are now in a position to formulate a general-
purpose Jacobi-G algorithm, which is a generalization of the algorithm proposed in
[26]. The main ideas behind the algorithm are:

e optimize the cost function by successive Givens transformations;
e choose a gradient based order of pairs (well-aligned with grad f(-)).

Algorithm 3.1 General Jacobi-G algorithm

Input: A differentiable function f : U, — RT defined in a neighorhood of U,, a
positive constant 0 < § < \/i/n, a starting point Uy.
Output: Sequence of iterations Uy.

e For k£ =1,2,... until a stopping criterion is satisfied do

e  Choose an index pair (ix, jx) satisfying

(3.8) | grad hgiy, i), Ue_y (I2)]] > 3 grad f(Ug-1)]-

e Find ¥, that maximizgs hk(\:[l) def h(ik,jk),Uk,l(‘I’)-
e Update Uy = Uj_1 G0 ¥x),
e End for

Now we show that it is always possible to choose the index pair such that the
inequality (3.8) is satisfied. For this, we first show how to compute the Riemannian
gradient of h(; ;) ry based on that of f.



LEMMA 3.2. The Riemannian gradient of h¢; jyu al the identity matriz I is a
submatriz of the matriz A(U) defined in (3.3):

(3.9) grad i j)u (I2) = Pi; (AU)) = mgi ﬁégiﬂ

Proof. Denote h = h(; jy,u for simplicity. For any A € Tr,Us, by (3.6)

(@A gmadn(t), = (grEwnea))| = (5

<d f(UG J;EXPIQ(A??))))
t=0

t=0

= (UP];(A),grad f(U))y, = (A, P (AU))),

t=0

~ (G e L)

which completes the proof. ad
COROLLARY 3.3. Let f and h(; j)u be as in Lemma 3.2. Then

/3
max || grad h ), (Iz)||>—|\gradf( |-

1<i<j<n
Proof. By (3.2) and Lemma 3.2, we see that

n2

| grad f(U)|* = |AU)|* = ZIA wl2_71<max lgrad g ), (I2)|%. O
3,7=1

4. Finding Jacobi rotations and derivatives.

4.1. Derivatives for scale-invariant functions. In this section, we consider
the functions f : U,, — R that are invariant with respect to scaling of columns of U.

LEMMA 4.1. For f satisfying (2.9) and oll U the main diagonal of A(U) is zero.

Proof. For the matrix

(4.1) Q= k... 4

we have that

(0 AV = (U grad SO = (10™)| =0,

t=0

Since A(U) is skew-Hermitian, the proof is complete. O

Next we show that the Riemannian Hessian of functions satisfying invariance
property (2.9) (with matrix S given in (2.10)) is rank-deficient at stationary points.

LEMMA 4.2. Assume that f: U, — R satifies the invariance property (2.9).
(i) For any U, A = A(U) and

(4.2) Zy=[0 -+ 0 iu, 0 --- 0] =UQ; € Tyl,,



we have that

r o 0 Avg 0 o 0 7
U 0 0 Akil,k 0 w0
HessUf[Zk] = 7 —Ag1 o = Ak k1 0 —Akkt1 o A |
0 0  Agsixr O - 0
S TP S

(i) If, in addition, U is a stationary point of f, then rank{Hessyy f} < n(n — 1),
and Hessy f[Z k] = 0 i.e., all the matrices Zy, are in the kernel of Hessy f .

Proof. (i) Recall that the parallel transport on U, along the geodesic in the
direction Z = UQ € TyU, is given [19, (2.18)]!, [23, Chap. 2, Ex. A.6] by

Q2
2

tQ
7z, Tully = Trypy ez Un, Tz(Y)=Ue? U'Ye,
and its inverse is then given by
—i2

A (V)=Ue T U Ve

From the link between parallel transport [3, (8.1)] and Riemannian connection,

Hossu 124] = ( 75 (sned f (Bxpus(120) )

t=0
= % (—QxA(U) + AU .

Qp

= <%UemTk U" grad f(Ue't )etT)

=0
(ii) Since U is a stationary point A(U) = 0, and Hessy f[Z] = 0. Finally, since
{Z}}_,, are linearly independent, rank{Hessy f} < n(n — 1). O

Finally, we show that the Riemannian Hessian for the Givens transformations can
be computed as a submatrix of the Riemannian Hessian.

PROPOSITION 4.3. Let h; jyu be as in (2.8), the projection operator P;; be as
n (2.1), and ng be its adjoint operator. Then

Hessz, h; jyu = Pij o (I, @ UM Hessy f(I, @ U)) o P}

Proof. We denote h = h; j) y for simplicity. We need to check the equation only
for the elements of the form (3.7). Similarly to the proof of Lemma 3.2, we have

d2 d? -
Hessp,h[A], A)y = ( —=h(Expy, (tA = (= (6.5, Expr, (At))
(s, ) A)y = (Gh(Esprca))| - = (fzrwe ),
2
= <dt2 f(Epr(UPiTJ(A)t))> = (UP[;(A),Hessy fIUP](A)])y; ,
which completes the proof. a

INote that [19, (2.18)] was given for O, but it is straighforward to show that the same expression
is valid for U,,, following [23, Chap. 2, Ex. A.6].
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4.2. Derivatives for cost functions expressed via quadratic forms. In
this subsection, we find the directional derivatives of the cost functions expressed via
quadratic forms (2.13), as well as the cost functions in Subsection 2.2.

LEMMA 4.4. Let h(; jyu be as in (2.13) and satisfy (2.11). Then

grad h(; j),u(I2) = 2

I s s v
e SR Ml 0

Proof. Denote h = h(; jyu and T' = @), By (3.4) and Lemma 4.1, we see
that grad h(I3) is skew-Hermitian, i.e., it can be decomposed as

grad h(IQ) = 2W1A1 + 2&)2A2,
where {A}+_, is the following orthogonal basis of T, Us:

1 0 -i i 0 0 0
B e N O P N

= O

(4.3) A= [

Since ||A1||? = ||Az2||? = 1/2 and ||As]| = ||A4]| = 1, we have

on = {Argradh(Lz))g = (0

t=0

for 1 <k < 4. On the other hand, we have

t _gipt ~
h(et™) = h <[C°S% Smﬂ]) = h(cost, —sint, 0),

sin = CoS =

2 2
t i t .
h(etA2):h<[ C-OS~2t 281112]> = h(cost,0, —sint),
—ising  cos g

where h(v) = v"T'w. Since Vh(v) = 2T'v, we have

oh oh
=-—(1,0,0) = —2T =—-—(1,0,0) = —2T
w1 8’1}2( s Yy ) 21, w2 (91)3( ) ) 31,
which completes the proof. a

Next, we find the expressions of the Riemannian Hessians in the case of Jacobi
rotations. For each pair of indices (4, ), we define a 2 x 2 matrix as follows:

i i I I
ou) =2( 122 2% ~Til).
v I's2 I'ss Lis2

LEMMA 4.5. Let h; jyu and T’ = LY be as in (2.13) satisfying (2.11). Take
the basis in Tr,Us as in (4.3). Then
(i) The 2 x 2 leading principal submatriz of the Riemannian Hessian of h; j) v is

(Hessr, hij),u)i:2,1:2 = D),

(ii) If, in addition gradh; ;) u(I2) = 0, then the Riemannian Hessian becomes

(1,5)
Hesslzh(i7j)7U = [QI(J) 8] .
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Proof. (i) We denote h = h; ;) u for simplicity. Take 2 = a1 Ay + a2ls,
where a1, s € R satisfy of + a3 = 1. By [3, (5.32)], we have that

(2, Hessy, h[])y = (j—;h(em)) .
Note that
(4.4) h(e'?) = h(cost, —aq sint, —ao sint).
It follows that
d. , .0 . . AT
ah(e )= -2 [smt a1 cost g cos t] r [cost —apsint  —agsin t] ,
and thus

= [041 042} @g’j) [Z;] ;

()

which completes the proof.
(ii) Follows from (i) and Lemma 4.2, since Hessy,h(; j),u[Ax] = 0 for k = 3,4. 0

t=0

COROLLARY 4.6. If I3 is a local mazimizer of h(; j) v, then Qg’j) =< 0.

Remark 4.7. The matrix ’DSJ ) s negative definite if and only if

oo T2z
I'11 > Amax .
H < [F23 1—‘33] >
If, in addition, gradh; ;) u(I2) = 0, this is equivalent to saying that A;(T") > Ao(T)
(i.e., the first two eigenvalues are separated) and I'y; = A1 (T).

4.3. Riemannian gradients for cost functions of interest. Lemma 2.3 and
Lemma 3.2 allow us to find immediately the Riemannian gradients of all the cost
functions in Subsection 2.2.

COROLLARY 4.8. (i) For the cost function in (2.3), we have that

£ 4 l £ £
. 0 wig (Wi -wD) - Wi w ) -wip)
Wi (Wi -wiy) 0 e W (WS —wiD))
(45) AU) =2 E "
=1 © e 0) © e oy '
Wt (W'r(L737W11 ) —Woo (W7(7.'r27W22 ) 0

(i) For the cost function in (2.5), we have that for 1 <i,j5 <mn

(4.6) AU)ig = 20W355Wjgi + 5WijiWiis = WiWiaig — 5WiiWiia)-

Jji Jij
(111) For the cost function in (2.7), we have that

* *
0 V1222—V2111 Vlnnn_vnlll

* *
Va111— V1509 0 “+ Vannn—V5 000

(4.7) A(U) =2

V111 —Vipnn Yn222=—Vopppn 0

12



In fact, the form of the Riemannian gradient can be also derived for other cost
functions, which can also be called contrast functions [15, 16], and that have the form

(4.8) FO) = (),

where v(u) are real-valued.

Remark 4.9. For constrast-like functions, if
(4.9) v(zu) = y(u) for any w € C*,z € C, |z| = 1,

then f satisfies the property (2.9) and A(U) has zeros on its diagonal by Lemma 4.1.

Next, we show how to find Riemannian gradients for contrast-like functions. Since

(4.10) aij'[* U) = (8‘93* (w1),- - ,%(un)) :

we just need to compute derivatives for v, which is easy to do for multilinear forms.
PROPOSITION 4.10. Let A € C** %™ be of order d, and consider the form
(4_11) gA(u):A.lu*”'.d1U*.d1+lu”..du'

Then it holds that

dy
0 " *
831?(“):2*1'11! e EEE e, U@ U iu,
k=1
dg.4 &
8—u(u):ZA.lu* ............ .dlu*.d1+lu...M....du'
k=1
Proof. The result follows by product differentiation and identities [24, Table IV]
d
BuHa(u) B oula a ou'a a ou'a _o
ou 7 w7 Ouw T Our
PROPOSITION 4.11. For v(u) = |g.a(w)|?, with ga as in (4.11), it holds that
oy il
W:(gA(u))*ZA.lu*"'M"'.dlu*.lerlu ............ o U
k=1
do
+(9A(u))ZA*.1u ............. .dlu.dl-‘rl’u’*”'M”'.dU*'
k=1
Proof. The result follows? from Proposition 4.10 and the fact that
d

.
Y(u)=(AA ) e u" 05 u eg 1 u---0; 4 U g1 U - equ”.

2An alternative proof can be derived by combining Proposition 4.10, the rule of differentiation
of composition [24, Theorem 1], and the fact that d|z|? = z*dz + zdz*.
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Remark 4.12. Proposition 4.11 can be used as an alternative (and simpler) way to
derive the gradients in Corollary 4.8. For example, cost function (2.5) is a contrast-like
function (4.8) for y(u) = [Ae; u* e uwe3u|?. By Proposition 4.11, we have that

Oy

ou*

Then by (4.10), we get

(u) =2(Ae;u"esuesu)A e uesu” + (Ao u“esuesu) ' Ae;u* esu.

0 ) . . )
<UH al_j,f* (U)> - = 'U,:j' a/';y* (’U,J) = 2(A.1 U; 02 U; 03 u])(A.l u; ez u; @3 ul)
)
+ (A.l ’U,; (D)) 'U,J o3 uj)*Aol ’u,; (D) uj o3 U;.
= 2VijjVV>§< + W3 Wi

Jji Jij
Finally, from the definition (3.3) of A(U) we get the expression in (4.6).
The same reasoning applies to cost functions (2.3) and (2.7).
L
e The cost function (2.3) corresponds to v(u) = 3 |uM ADwu|2, for which
=1

Oy
ou*

. L

of 01y

(u) = E 2|uHA(€)u|A(€)u7 and (UH U (U)) . = E 2”1‘(1')”1‘(3‘)=
—1 v t=1

by Proposition 4.11, which agrees with (4.5).
e The function (2.7) corresponds to y(u) = B e u* e3 u* o5 u o4 u, for which

v
ou*

ou*

0
(U) =28 [ 3} u* o3 UL U and (UH f (U)) = Wijjj
ij
by Proposition 4.10, which agrees with Equation (4.7).
5. Weak convergence results.

5.1. Global rates of convergence of descent algorithms on manifolds.
We first recall the result presented in [9] on convergence of descent algorithms. Al-
though stated initially for retraction-based algorithms, it is valid for any descent
algorithms (we provide the sketch of the proof for completeness).

THEOREM 5.1 ( [9, Theorem 2.5]). Let f : M — R be bounded from below by
f*. Suppose that, for a sequence of® xy, there exists ¢ > 0 such that
(5.1) flar—1) = f(zx) = cf grad f (zx)||.

Then
(i) || erad f(zk)||| = 0 as k — oo;
(i) We can find an xj with || grad f(zk)|| < e and f(xg) < f(xo) in at most

K. — {f(l’o)—f*i]

c g2
iterations; i.e., there exists k < K. such that || grad f(zg)||| < .

3Note that in the original formulation of [9, Theorem 2.5] &), were chosen as retractions of some
vectors in Ty, _,. However, it is easy to see that this condition is not needed in the proof.
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Sketch of the proof. The proof follows from an inequality for telescopic sums

K
f(xo) = f* = flx0) = flax) =Y flan—1) = flzr) > K min | grad f(zx)[|*.

k=1

In order to check the descent condition (5.1), the following lemma about retrac-
tions is often useful (we will also use it in this paper).

DEFINITION 5.2. ([3, Definition 4.4.1]) A retraction on a manifold M is a smooth
mapping Retr from the tangent bundle TM to M with the following properties. Let
Retr, : T, M — M denote the restriction of Retr to the tangent vector space T, M.
(i) Retr;(0,) = x, where 0, is the zero vector in TpM;

(i) The differential of Retr, at 0,, DRetr;(0;), is the identity map.

LEMMA 5.3 ([9, Lemma 2.7]). Let M C R™ be a compact Riemannian sub-
manifold. Let Retr be a retraction on M. Suppose that f : M — R has Lipschitz
continuous gradient in the convex hull of M. Then there exists L > 0 such that for
all v € M and n € T, M, it holds that

(52) [ F(Retra (n)) — (£() + (. grad £ ()| < 5 Il

i.e., f(Retry(n)) is uniformly well approzimated by its first order approximation.

5.2. Convergence of Jacobi-G algorithm to stationary points. We will
show in this subsection that the iterations in Algorithm 3.1 are a special case of the
iterations in Theorem 5.1, and the convergence results of Theorem 5.1 apply.

PROPOSITION 5.4. Let f : U, — R have Lipschitz continuous gradient in the
convez hull of U,,. and L > 0 is such that (5.2) holds. For Algorithm 3.1, we have:
(i) |lgrad f(Ug)|| = 0 in Algorithm 3.1; in particular, every accumulation point in
Algorithm 3.1 is a stationary point.
(i) For § as in (3.8), Algorithm 3.1 needs at most

2L(f" — f(xo)) 1
52 =
iterations to reach an e-optimal solution (|| grad f(Uyg)|| < e).
In order to prove Proposition 5.4, we show that the descent conditions are satisfied.

LEMMA 5.5. Let f : U,, — RT have Lipschitz continuous gradient in the convex
hull of W,,. Then there exists L > 0 such that (5.2) holds by Lemma 5.3. Let h(; jyu
be as in (2.8) and Wopy be its mazimizer. Then

| gradh(i,j),U(I2)||2
2L '

higyu(®opt) — hiijyu(l2) >

Proof. Denote h = h; ;) v for simplicity. We set

A =UP]Pi;(AU)) € Tul,.
15



Then

{ J
0 0
AU " AU)i  AU)i; 7
J AU)ji AU);;
0 0

which is a projection of grad f(U) onto the tangent space to the submanifold of the
matrices of type UG»Y),

Next, note that the exponential map (3.5) is a retraction (see [3, Proposition
5.4.1]). Denote Wy = Expy, (1 grad h(I2)). Then, by Lemma 5.3, we have that

) =112 = f (Boo (2 ) - 1)

2 |lgradh(Io)|?

A LA
> (Taaso)) 5|7 7

Since h(Wopt) — h(I2) > h(¥1) — h(I2), the proof is complete. O

Proof of Proposition 5.4. We apply Theorem 5.1 to the function —f(U) (since
we are interested in the maximization of f(U)). By Lemma 5.5, we have that

2
fWUk) = f(Ug-1) = hi(¥y) — hp(I2) > %H grad hy(I)[|* > S—LH grad f(Up—1)|?,

and thus the descent condition (5.1) holds with the constant %. |
COROLLARY 5.6. Proposition 5.4 applies to cost functions from Subsection 2.2.

6. Lojasiewicz inequality and geodesic convexity. In this section, we recall
known results and preliminaries that are needed for the main results in Section 7.

6.1. Lojasiewicz gradient inequality and speed of convergence. Here we
recall the results on convergence of descent algorithms on analytic submanifolds that
use Lojasiewicz gradient inequality [31], as presented in [37]. These results were used
in [30] to prove the global convergence of Jacobi-G on the orthogonal group.

DEFINITION 6.1 (Lojasiewicz gradient inequality, [36, Definition 2.1]). Let M C
R™ be a Riemannian submanifold of R™. The function f : M — R satisfies a
Lojasiewicz gradient inquality at a point x € M, if there exist § > 0, o > 0 and
¢ €(0,1] such that for all y € M with ||y — z|| < 8, it holds that

(6.1) [f(z) = fy)I'~¢ < ol grad ()]

The following lemma guarantees that (6.1) is satisfied for the real analytic func-
tions defined on an analytic manifold.

LEMMA 6.2 ([36, Proposition 2.2 and Remark 1 ]). Let M CR™ be an analytic
submanifold* and f : M — R be a real analytic function. Then for any x € M, f
satisfies a Lojasiewicz gradient inequality (6.1) for some® §,0 > 0 and ¢ € (0, 3].

4See [27, Definition 2.7.1] or [30, Definition 5.1] for a definition of an analytic submanifold.
5The values of 6,0, ¢ depend on a specific point.

16



Lojasiewicz gradient inequality allows for proving convergence of optimization
algorithms to a single limit point.

THEOREM 6.3 ([36, Theorem 2.3]). Let M C R" be an analytic submanifold and
{zy, : k € N} C M. Suppose that f is real analytic and, for large enough k,
(i) there exists o > 0 such that

(6.2) |f (@rt1) = flan)| = ol grad f(ze) [ |21 — zxl;

(i) grad f(zx) = 0 implies that 41 = xk.
Then any accumulation point x. of {xy : k € N} C M is the only limit point.
If, in addition, for some k > 0 and for large enough n it holds that

(6.3) [@ki1 = zkll = £ grad f(z)]),
then the following convergence rates apply

ek, if (= % (for some ¢ > 0),
ETTE, if0< (<L,

g — ™| < C{

where ¢ is the parameter in (6.1).

Remark 6.4. We can relax the conditions of Theorem 6.3 as follows. We can
require just that (6.2) holds for all k such that ||z — z.|| < e, where z, is an ac-
cumulation point of the sequence and € > 0 is some radius. This can be verified by
inspecting the proof of Theorem 6.3 (see also the proof of [2, Theorem 3.2])

In the case ¢ = %, according to Theorem 6.3, the convergence is linear (simi-
larly to the classic results on local convergence of the gradient descent [34, 10]). In
the optimization literature, the inequality (6.1) with ¢ = % is often called Polyak-
Lojasiewicz® inequality. In the next subsection, we recall some sufficient conditions
for Polyak-Lojasiewicz inequality to hold.

6.2. Lojasiewicz inequality at stationary points. It is known, and widely
used in optimization (especially in the Euclidean case), that around a strong local
maximum the function satisfies the Polyak-Lojasiewicz inequality. In fact, it is also
valid for non-degenerate stationary points, as shown in [25]. Here we recall the most
general recent result on possibly degenerate stationary points that satisfy the so-called
Morse-Bott property (see also [8, p.248]).

DEFINITION 6.5 ([21, Definition 1.5]). Let M be a C*° submanifold and f :
M — R be a C? function. Denote the set of stationary points as

Critf = {z € M : grad f(z) = 0}.

The function f is said to be Morse-Bott at xg € M if there exists an open neighborhood
U C M of xg such that

(i) € =UNCritf is a relatively open, smooth submanifold of M;

(i1) T3, C = Ker Hess,, f.

Remark 6.6. (i) If zyp € M is a non-degenerate stationary point, then f is Morse-
Bott at zg, since {x¢} is a zero-dimensional manifold in this case.

6The inequality (6.1) with ¢ = % goes back to Polyak [34], who used it for proving linear
convergence of the gradient descent.
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(ii) If zop € M is a degenerate stationary point, then condition (ii) in Definition 6.5
can be rephrased’ as

(6.4) rank{Hess,, f} = dim M — dim C.

For the functions that satisfy the Morse-Bott property, it was recently shown that
the Polyak-Lojasiewicz inequality holds true.

THEOREM 6.7 ([21, Theorem 3, Corollary 5]). If U C R™ is an open subset and
f:U— R is Morse-Bott at a stationary point x, then there exist ,0 > 0 such that

1f(y) = F@)] < o V)P,

for any y € U satisfying ||y — x| < 4.
We can also easily deduce the same result on a smooth manifold M.

PROPOSITION 6.8. If U C M is an open subset and a C? function f : U — R is
Morse-Bott at a stationary point x, then there exist an open neighborhood V C U of
x and o > 0 such that for all y € V it holds that

[f(y) = f(2)] < ol grad f(y)]>.

Proof. Consider the exponential map Exp, : T, M — M, which is a local dif-
feomorphism. Let W C T,M be an open subset such that Exp, (W) = U. Let

f: f o Exp, be the composite map from W to R. Then

(6.5) VW) = Thp, (v') grad f(y),

where y' € W and y = Exp, (v'). It follows that Exp,, gives a diffeomorphism between
Critf and Critf. Since Hess,f = HJ?(O) by [3, Proposition 5.5.5], we have that fis
Morse-Bott at 0. Therefore, by Theorem 6.7, there exist ¢/ > 0, ¢ > 0 and an open
neighborhood V C U of x such that

1F(y) = F@) = () = FO)] < IVF)II? < ol grad f(y)]%,

for any y € V, where the last inequality holds because Jgxp is nonsingular in a
neighborhood of z. |

Remark 6.9. For the case of non-degenerate stationary points and C'*° functions,
Proposition 6.8 is proved in [25, Lemma 4.1], which is a simple corollary of Morse
Lemma [33, Lemma 2.2]. For C*° functions and Morse-Bott functions, Proposition 6.8
(as noted in [21]) is also a simple corollary of Morse-Bott Lemma [7].

6.3. Geodesic convexity. We recall the notion of a geodesic convexity [35],
which is a generalization of the notion of convexity of sets and functions. In particular,
we relate the definiteness of Riemannian Hessians with local convexity/concavity. In
this subsection, we assume that M C R" is a connected Riemannian manifold.

DEFINITION 6.10 ([35, Definition 2.1]). A set A C M is called geodesically con-

vex, if any two points x,y € A are joined by a geodesic lying in A.

7due to the fact that T+,C C Ker Hessz f.
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DEFINITION 6.11 ([35, Definition 2.2]). Let A C M be geodesically convexr. A
function f : A — R is called geodesically convex (resp. concave) on A, if it is
conve® (resp. concave) when restricted to geodesics.

We will later on use a lemma that ensures the geodesic convexity of sublevel sets.

LEMMA 6.12 ([35, Lemma 2.1]). Let A C M and f : A — R be geodesically
convex. Then for any xo € A, the level set

{z[f(2) < f(x0),2 € A}

is geodesically conver.

The following two characterizations of geodesic convexity/concavity will be useful
for analysis of the convergence properties in Section 7.

PROPOSITION 6.13 ([35, Corollary 4.1]).  For any C? function f : M — R, if
grad f(x) = 0 and Hess, f =1, 0 (resp. <1, m 0), then there exists a neighorhood
U of z, such that f is geodesically convex (resp. concave) on U.

7. Convergence results based on Lojasiewicz inequality.

7.1. Preliminary lemmas: checking the decrease conditions. In this sub-
section, we are going to find some sufficient conditions for (6.2) and (6.3) to hold in
Algorithm 3.1, which will allow us to use Theorem 6.3.

Let Uy, = Uj,_ G7%¥x) be the iterations in Algorithm 3.1. Obviously,

Uk = Uga|| = ¥, — Lo

Assume that ¥y is obtained as in Subsection 2.5, i.e., by taking w as the leading
eigenvector of T'"9xUs-1) (normalized so that w; = cos20 = 2¢2 — 1 > 0 in (2.14))
as in Remark 2.4, and retrieving ¥, from w according to (2.12) and (2.14). We first
express || ¥y — I2|| through w.

LEMMA 7.1. For the iterations Wy, obtained as in Subsection 2.5, it holds that

(7.1) 2| ¥y — Io|| > (/1 —w? > 0.65| ¥ — I

Proof. Note that

@), — I2) = /2(1 — )2+ 2|s]2 =2V1 —c.

By (2.14) and Remark 2.4, we see that

\V1—w?=2c/1—-¢?>13V1—cand 2¢cy/1—¢2<2-2V/1—c.
Since we are looking at Algorithm 3.1, we can replace in both inequalities of (7.1)
grad f(Ug—1) with grad h(; j),u(I2) . Next, we prove a result for condition (6.3).
LEMMA 7.2. Let f : U, — RT be a C3 function. Then there exists a universal

constant k > 0 such that

W) — I|| > k|l grad hy(I2)]|-

8with respect to the arc length parameters.
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Proof. We denote I' = T'#+7+Us=1) a5 in (2.13). By Lemma 4.4, we have that

| grad hu(I2) | = 2v2, /T2, + T2,
By Lemma 7.1, it is sufficient to prove that
1—w? > (T, +T)

for a universal constant k' > 0. Let A\; > A2 > A3 be the eigenvalues of I'. Without
loss of generality, we set IV =T' — A\3I3, u1 = A1 — A3 and po = Ay — A3. Then

(7.2) I = ppww' + povo’,
where v is the second eigenvector of I'. It follows that
[y 4+ T = (T12)? + (T13)° = (mwiwz + poviv9)? + (mwiws + povivs)®

= pfwi(l — wi) = 2ppowivf + p3vi (1 —v7).

(7.3)

Since v < 1 —w? (due to orthonormality of v and w) and pa, 1 < 2||T||, we get that
Iy + Ty < (1 —wi)4||T)>.

By Lemma 4.4, Lemma 4.5 and C? smoothness of f, I' continuously depends on
U € U,. Therefore, |T|| is bounded from above, and thus the proof is completed. O
We are ready to check the sufficient decrease condition (6.2).
LEMMA 7.3. Let T' = D030Us=1) pe g5 in (2.13). Let Ay > Ay > Ag be the

eigenvalues of T', and n = ﬁ Suppose that 1 —n > € for some € > 0. Then

€
[P (Wk) = hi(T2)] = [l grad g (T2)][\/1 - wi.
Proof. Define the ratio

(wTI‘w — 1—‘11)2
(F%Q + Fig)(l - w2)'

(7.4) q(T', w) =

It is sufficient to prove that ¢(T',w) > /2. Denote

,UZ

pzl_wfv T:_le[ovl]v
0

where v is as in the proof of Lemma 7.2. From (7.2) and (7.3) we immediately have

(7.5) wTw — Ty = 1 — (pwi + p2oi) = mp(l =),
Tl + T = ppd (1= 7) +7(1 = n)% = p(1 = m0)?).

By substituting (7.5) and (7.6) into (7.4), we get

L _p2w@-ntrd-n?—p(-m)?) 1-2mt+m? . m? 2
q(T, w) 1ip*(1 - )2 O ) L C /) B
The proof is complete. a
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7.2. Main results.

THEOREM 7.4. Suppose that f : U, — R has Lipschitz continuous gradient in
the convex hull of Uy, and U is an accumulation point of Algorithm 3.1, where the
restrictions to Givens transformations are given by (2.13) (and grad f(U) = 0 by
Proposition 5.4). Assume that all ’D%j) are negative definite for all pairs (i,5). Then

(i) U s the only limit point and convergence rates in Theorem 6.3 apply.

(ii) If the rank of Riemannian Hessian is mazimal at U (i.e., rank{Hessg [} =

n? —n), then the speed of convergence is linear.

Proof. (i) Since @g’j ) is negative definite for any i # j, the two top eigenvalues
of T(3Y) are separated by Remark 4.7. Therefore, there exists € > 0 such that
)\2(1‘(1',]}5)) _ )\3(1‘(1',]}5))

Al(F(i’j’U)) _ )\3(1‘(@3’76))

<l-—e.

By the continuity of rU) with respect to U, the conditions of Lemma 7.3 are
satisfied in a neighborhood of U. Therefore, there exists ¢ > 0 such that
d
[f(Uk) = f(Uk-1)| = cl| grad hi(I2)[[|[Uy = U,

in a neighborhood of U. By Remark 6.4, it is enough to use Theorem 6.3, hence
U is the only limit point. Moreover, by Lemma 7.2, the convergence rates apply.

(ii) Due to the scaling invariance, U belongs to an n-dimensional submanifold of
stationary points defined by US, where S is as in (2.10). Since rank{Hessgf} =
n? —n, f is Morse-Bott at U by Remark 6.6. Therefore, by Proposition 6.8,
¢ =1/2in (6.1) at U, and thus the convergence is linear by Theorem 6.3.

THEOREM 7.5. Let U, be a semi-strict local mazimum of f (i.e. rank{Hessy, f} =|}
n? —n). Then there exists a neighborhood W of U, such that for any Uy € W, Al-
gorithm 3.1 converges linearly to U .S, where S is of the form (2.10).

Proof. Let T be the unit circle in C. Consider the action of T" on U,, defined as
ty 0
U-(t1,...,t,)=U i
0 tn
Since the action of T™ on U, is free and proper, the quotient manifold ﬁ; =U,/T"is

well-defined. In order to define the gradient and Hessians on U,,, we use the standard
splitting into horizontal and vertical space

where HyyU,, contains the skew-symmetric matrices with zero diagonal:
Holl, ={X eC™": X =UZ, Z+2zZ"=0, diag{Z}=0}.

In this case, an element U e ﬁ; can be represented as its representative U and the
tangent space T U, is identified with HyUy, see [3, Section 3.5.8]. Moreover, the
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Riemannian metric on U,, can be defined as

&M, = (€ Mo,

because the inner product is invariant with respect to the choice of representative U,
see [3, Section 3.6.2]. This makes ﬁ; a Riemannian manifold; the natural projection
7: U + U then becomes a Riemannian submersion.

Due to the invariance property (2.9), the function f is, in fact, defined on ﬁ; (we
will denote the corresponding function ]7: ﬁ; — R). Obviously, grad f(U) € HyU,;
moreover, the Riemannian Hessian is given by

Hessg f[Z] = Puyu, Hessy f[Z],

see [3, Section 5.3.4].
By Lemma 4.2 have that rank{Hess; f} = rank{Hessy, f} = n(n — 1), and
therefore it is negative definite. Hence, by Proposition 6.13 there exists an open

neighorhood U of U, where ]7 is geodesically concave. For simplicity assume that
f(UL) = 0. Without loss of generality, by Lemma 6.12 we can take W such that its

boundary 6(W) is a level set for a < 0, i.e.
f(O)=a, YU € 5(W).
Moreover, for any a < b < 0 we have that the level set
Wy = {f(U) > b,U € W}

is a geodesically convex neigbourhood of f]: N
Next, assume that Ug_1 € W, and consider the Uy, = Uj_1 G%) with W given
as the maximizer of (2.13). Define b = f(U_1). In what follows, we are going to

prove that Ujy_1 € Wy, so that the sequence U never leaves the set 'W.
Recall that ¥ is computed as follows (see (2.4)): take the vector w as in (2.14).

Take a; = —wa/y/1 —wi, as = —ws/y/1—w? (we can assume w; # 1 because

otherwise ¥ = I, and this case is trivial), and consider the following geodesic in U,,:

Y(t) = Up—1 P ([( cos 3 —(a1 +iag) sin %}) |

a1 — o) sin % cos %

which starts at v(0) = Ug—1. Note that at each point ¢, %’y(tl) € Vy(t1)Un, hence

the corresponding curve 7 is a geodesic in the quotient manifold U,,.
Next, as in (4.4), we have that

f(y(t)) = [cost —aysint —apsint] T [cost —aqsint —ag sint]T +C,

hence

F(v(®)) = Acos(2(t - t.)) + C,

™

where ¢, = arccos(wi) € [0,%] and y(t.) = Uj. Note that by geodesic concavity
of f at Uy_1 we have 7% f(7(0)) = —4Acos(—2t,) < 0 and therefore cos(2t,) > 0
and ¢, € [0,Z]. Hence we have that % f(v(t)) = —4Asin(2(t —t.)) > 0 for any
22



t € [0,t.), the cost function is decreasing; note that % f(y(t.)) = 0 and there are no
other stationary points in ¢ € [0, ,).

Next, by continuity and because W is open, there exist a small € > 0 such that
7(e) is in the interior of W;. By periodicity of f(y(t)) and continuity, we have that
there exists ¢, such that v(t2) € 6W, and F(t) € W, for all ¢ € [0,¢5]. By Rolle’s
theorem, there exists a local maximum of f(~(¢)) in [0, ¢2]. Note that by construction,
the closest positive local maximum to 0 is at t,, therefore U, = F(ts) € Wy, hence

we stay in the same neigbourhood w. _
Finally, as a neigborhood of U, € U,, we can take the preimage W = 7~ }(W);
also linear convergence rate follows from Theorem 7.4. d

7.3. Examples of cost functions satisfying regularity conditions. In this
subsection, that the regularity conditions are satisfied for diagonalizable tensors and
matrices. Recall that A € C"* " *" ig a diagonal tensor if all the elements are zero
except the ones on the diagonal (A; ;).

PROPOSITION 7.6. (i) For a set of jointly orthogonally diagonalisable matrices
Hy 0
AY =y, - Uy,
0 ' u)

such that for any pair i # j

S = ul?? >0
/=1

the matriz Ug is a semi-strict local mazimum (as in conditions of Theorem 7.5).
(i) For an orthogonally diagonalizable 3rd order tensor

A=De Uje, U 03 Uy,

where D is a diagonal tensor with at most one zero element on the diagonal, the
matriz Uy is a semi-strict local maxzimum of f (as in Theorem 7.5).
(iii) For an orthogonally diagonalizable tensor

A: D.l U0.2U0.3U5'04U5',
where the values on the diagonals are either (a) all positive or (b) there is at
most one i with Dy < 0, for which Dy + Djjj5 > 0 for all j # .
For proving Proposition 7.6, we need a lemma about Hessians of multilinear forms.

LEMMA 7.7. Let v(u) be a real-valued function that is either y(u) = ga(u) or
y(u) = |ga(u)|?, where A is a d-th order diagonal tensor and ga is defined as in
(4.11). Then for any distinct indices 1 < i # j # k < n it holds that

0%y 0%y
e; (8u*8u* (ek)> e; =0, e (8u*8u (ek)) e; =0.

Proof. Consider the case y(u) = ga(u) and the derivative %.
23
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the differentiation as in (4.10), we get that

82
el <Wg’u*(65)) ej = ; (Ao e;0.e5)p 1 =0,
1<st<dy
82")/ dy d
el < (es)) ej = Z Z (Aese;e ej), =0,
Ou*du s=1t=d;+1

because the offdiagonal elements are zero. Similarly, for v(u) = |g.a(u)|?, we get

0%y
T - .
€ (8u*8u* (ek)> €

d dy
= (9a(u))” Z (Aeseio e i+ ( Z (Ao 6j)k...k> Z(AOS €:i)k.. ks

s#t t=d1+1 s=1
1<s.t<d;
dy d
+ (9.4(u)) Z (Ao e;0€5)p. 1) + (Z(A% 6j)k...k> Z (A os€i)k. .k,
s#t t=1 s=di+1
di+1<s,t<d

by Proposition 4.11, where each term is equal to zero, because there are at least two
different indices, hence the off-diagonal elements are taken. d

Proof of Proposition 7.6. Without loss of generality, we can consider only the
case Uy = I, so that all the matrices/tensors are diagonal. Due to diagonality of
matrices/tensors (the off-diagonal elements are zero) from Remark 4.12 we have that
Euclidean gradients vanish, .e., %(I n) = 0. Hence I, is a stationary point (see also
Corollary 4.8), and moreover, by [4, Eq. (7)] (see also [35]) the Riemannian Hessian

is just the projection of the Euclidean Hessian on the tangent space
(77) HeSSInf[n] = HTIn uan(In)[n],

where f(U) is the Euclidean extension of f (which has vanishing gradient at I,,).

Next, we show that the Hessian does not contain off-diagonal blocks. From (7.7),
we just need to look at the Euclidean Hessian. Take two pairs of indices (i, k) and
(4,1) and look at the Hessian terms

O*f O*f
- and -
6U17kan)l 8U11kaU%l

Since by (4.10), (a%f* )ik is a function of wy only, the Hessian terms can only be
nonzero if j = k or [ = k. Let us choose [ = k. In that case,

o*f 9%y T 9%
AU, 00,5 1) = uru, &) = € (Furgarten)) e =0

by Lemma 7.7. Similarly, the second Hessian term is also equal to zero. Thus the
Hessian is block-diagonal with the terms given in Lemma 4.5.
Finally, we apply Lemma 2.3 and get that for each cost function
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() 057 = 1> 3. (" — ")
=1
(i) DY = —3I2(1Diiil> + Dy );

(i) DG? = —Io(Diiss + Djj5);
which are negative definite if and only if the conditions of the proposition are satisfied.l]
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