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Abstract

In this paper, we propose a gradient-based Jacobi algorithm for approximate diag-
onalization of complex matrices and tensors by unitary transformations. We provide
global and local convergence results for this algorithm. The convergence results also
apply to the case of real-valued tensors.

1 Introduction

In this paper, we consider the following optimization problem
U, = U 1
arg max f(U), (1)
where U,, € C™" is the unitary group and
f:u, - R (2)

is a differentiable function. In particular, we focus on several cost functions that are motivated
by blind source separation problems. Jacobi-type algorithms are widely used for maximization
of these cost functions, due to the simplicity of Jacobi rotations. Nevertheless, the convergence
of these algorithms was not well-studied so far.

In the real-valued case (for the orthogonal group), a gradient-based Jacobi-type algorithm
(which we call Jacobi-G) was proposed in [22], and the global/local convergence of this algo-
rithm was proved [22, 25]. In this paper, we show that it is possible to extend the Jacobi-G
algorithm to the case of U,, for any differentiable function (2), and prove convergence properties
similar to those in [22, 25] under some conditions.

The main contributions of the paper are:

o We generalize the Jacobi-G algorithm to the complex case, namely to the unitary group,
and prove its convergence to stationary points and global rates of convergence.

e For the case of matrix and tensor diagonalization, we obtain local linear convergence to
local maxima satisfying second order regularity conditions. These results also apply to
the real-valued case (orthogonal diagonalization) considered in [25].



The structure of the paper is as follows. In Section 2, we recall the basic cyclic Jacobi
method, and several cost functions that we will be mostly interested in: for joint diagonaliza-
tion of matrices, diagonalization of 3rd order and 4th order tensors. Section 2 also contains
the closed-form solutions for Jacobi updates for these cost functions (see also [15, Chapter 5]).
In Section 3, we introduce the abstract Jacobi-G algorithm for optimization on the unitary
group, which generalizes the algorithm introduced in [22, 25], and is applicable to arbitrary
cost functions. Section 4 contains the expressions for the derivatives of the cost functions
listed in Section 2; Section 4 also contains expressions for finding the gradient of functions
given by arbitrary multilinear forms. In section 5, we present the result on weak convergence
(convergence of gradient to 0) of Jacobi-G. This is a corollary of the general results on conver-
gence of [8] for descent algorithms on manifolds, which are summmarized in the same section.
In section 6, we recall general results on convergence of descent algorithms on manifolds that
are based on the Lojasiewicz gradient inequality, we also recall the notions of geodesic con-
vexity, Riemannian Hessian and Morse-Bott functions, that will be used later on. Section 7
contains main results. While the beginning of Section 7 is devoted to preliminary lemmas,
Section 7.4 contains the results on local linear convergence of Jacobi-G algorithm to local
maxima satisfying the Morse-Bott property.

Main notation. For a matrix X € C™*", we denote by X' its transpose, by X* its ele-
mentwise conjugate, and by X" the Hermitian transpose, respectively. We will also frequently
use the notation X = X® 4+ iX for the real and imaginary parts of X. Moreover, U,, and
8U,, denote the unitary and special unitary groups in C"*", whereas O, and 80, denote
the orthogonal and special orthogonal groups in R™*"™, respectively. We denote by || - || the
Frobenius norm of a tensor or a matrix, or the Euclidean norm of a vector.

2 Jacobi-C algorithm and matrix/tensor diagonaliza-
tion

2.1 Complex Givens rotation and Jacobi-C algorithm

Fix an index pair (4, 7) that satisfies 1 < i < j < n. We first introduce the projection operator
P C™" — C?*? that extracts the submatrix of X € C"*" as follows:

el 8

PistX) = [Xﬂ Xjj

Then, for a matrix ¥ € U,, we define the complex Givens rotation in U,, as:

— Il j -
1
0
i Uy Uy o
G3®) — :
J Uy Uy
0
1




i.e., the matrix with the same elements as I,, except that
P(GIY) = w.

It is obvious that the set of matrices G%%) is canonically isomorphic to Uy, and it defines a
subgroup of U,. Now, for a fixed unitary matrix U € U,,, we define the restriction of (2) to
rotations in the (7, j)-th plane as:
h(i,j),U : UQ — R+
U —s [(UGHY), (4)

The classic Jacobi-C algorithm can be formulated as follows.

Algorithm 1. (General Jacobi-C algorithm)

Input: A differentiable function f : U, — RT defined in a neighorhood of U,,, a starting point
U,.

Output: Sequence of iterations Uy,.

e For k =1,2,... until a stopping criterion is satisfied do

e Choose an index pair (ix, jr) in the following cyclic order:

o Find Wy, that mazimizes hy(¥) def Mo jyUe s (P).
e End for

2.2 Cost functions under consideration

In this paper, we mainly consider the following three cost functions from U,, to RT.

(i) Approzimate diagonalization of a set of matrices. Let AO = AR L AES) ¢ onxn 1 <
¢ < L, be a set of Hermitian! matrices. The cost function is defined as

fU) =) || diag{W}|?, (6)
(=1

where W = U AU .

n fact, it is easy to consider also non-Hermitian matrices, as shown in [12].




(ii) Approzimate diagonalization of a partially symmetric 3rd order tensor. Let A € C"*"*"
be a tensor satisfying the partial symmetry condition:

Aijie = A (7)
for any 1 <4, 75,k < n. The cost function is defined as:

F(U) = || diag{W} 2, (8)
where Wl‘jk = ZZMLT -qur U;iUQJUTk'

(iii) Approximate diagonalization of a partially symmetric 4th order tensor. Let B € Cn*nxnxn
be a tensor satisfying

Bijkl = szlk and Bz]kl = BZZU (9)
for any 1 < 1,7, k,l < mn. The cost function is defined as

fU) = Z Vovwp» (10)

where Vijkg = Z qurs UxUx UrkUsg.

Dsq,TS P~ qj

Remark 2.1. As in (6), the simultaneous diagonalization problem can be also considered for

3rd and 4th order tensors. In this paper however, we prefer to consider the single tensor case
in (8) and (10) (for simplicity).

The motivation behind these cost functions comes from blind source separation.
(i) The cost function (6) is used for joint diagonalization of covariance matrices [11, 12].

(ii) An example of the 3rd order tensor satisfying property (7) is the cumulant tensor with
Aije = Cum(v;, v}, vf), where v is a complex random vector [16].

(iii) An example of the 4th order tensor satisfying property (9) is the cumulant tensor with
Aijiw = Cum(v;, vj, vj, vf), where v is a complex random vector [13].

Note that many other differentiable functions may be used in this framework [14].

Remark 2.2. For simplicity, we consider in this paper only fully contravariant tensors [27].

2.3 Elementary rotations

In this paper, we assume that the cost function (1) satisfies that f(U) is invariant under
permutations of columns of U and multiplications of columns of U by complex scalars of
modulus 1. It can be seen that the cost functions in Section 2.2 satisfy this condition. In this
case, we see that the restriction (4) satisfies

hijo(®) = hapyo (P[5 2]) (11)



for any |z1| = |22| = 1. Hence, to maximize hy(¥) in Algorithm 1, we can set

¢ —s c —(s81 + 18
U ="¥(c,s1,5) = [s* c} - [81 — 189 ( 1c 2)]
cos 6 — sin fet® 1 1 —z
e |:Slneew§ COSH 1 - /—1 + ’Z|2 |:Z* 1 :| E SuQ? (12)

with ¢ € RT and s = s; + isy = sinfe’® € C satisfying ¢? + [s|*> = 1. In this sense, we will
often use the notations

h(C; 51, 52) = h(i,j),U(Ca 51, 82) = h(i,j),U ([sc _cs]) )

alternatively. Also denote
r =1(c, $1,S2) o (cos 26, — sin 20 sin ¢, — sin 20 cos @) = (2¢* — 1, —2csy, —2cs5)". (13)

Now, we show that, for the cost functions in Section 2.2, the Jacobi rotations can be computed
in a unified way, by finding an eigenvector of a 3 x 3 real matrix.

Lemma 2.3. Let U € U,,. Then all the cost functions in Section 2.2 have the form
higyu(c, si,se) = TEHDpe 4 C (14)

where the constant C' does not depend on (c, s1, s2), and r@U) s g symmetric matriz in R3*3
defined as follows:

L
(i) for the cost function (6), we have C' = %;(VVJ(]E) + VVi(f))Q and
¢ ¢ ) O\ (6
| s - wae i - Wit wi - wilwi
. ¢ ¢ LR LR e,
reav) 3 W = w2 (Wl )) 2 Py 69
(W( W(‘}))W .3) 2W (ER) 117 (69) ( (3 )

vj

J7 n

L ..

1 3J ii
_ = (&,R) ) (0) (6,R) €s)] .
=3 E oW [(W., - W) QWU 2Wij },

(ii) for the cost function (8), we have C = 0 and T = T@Y) (see [16, (9.29)] and [15,
Section 5.3.2]) is:

Iy =a1, Tio=S)+ (), Tz =%Rw) —R(ve), Tao = vy — R(vy),
Fog = S(vs), T'sz = vy + R(vy),

a1 = Wi |> + Wasal?, as = [Wina]* + Waial’,  az = [Wani|> + [Win|?,
ay = WiniWiie, as = WiniWaii, as = WaaWiaa, a7 = WaaWa,

ag = Wi1itWaia + WaaWiia,  ag = Wi11Wiza + Waa W,

a1g = Watt Wiz + WiaWaaa,

v =ay —as/2, vy =ay—ag/2, v3=ag/2+ a,

vy = (a1 + a3)/4 + az + R(as).



(iii) for the cost function (10), we have C' = 0 and T' = TWU) [13] js

P = Vi + Vigzg, Do =V — Vs?ij’ s =V,

155J Jii

y3

iiig>

Lo = V;\Ejja
1 5 1

Loy = 5 Vi + Visig) + WVigig + Vit Tas = 5 Visi + Vigig) + DVigis — Vit
Remark 2.4. (i) By Lemma 2.8, the mazimization of hq jyu(c, s1,52) is equivalent to mazxi-
mization of the quadratic form "LV y on the unit sphere ||| = 1. Thus, in the iteration
of Algorithm 2, v can be taken as the eigenvector corresponding to the mazimal eigenvalue of
O (or an eigenvector if the two leading eigenvalues are equal), in which case, we denote
this eigenvector by w.
(i) Even if the eigenvector is unique, it is defined up to a sign change. We choose the sign
such that wy = cos20 = 2¢2 —1 > 0 in (13). Hence, we can guarantee that 6 € [O, ﬂ and

V2 ' — T —__wa o _ug
¢ > X2, More precisely, we set § = arccos(w;)/2 € [0,Z] and s; = — 5225, 5 = — 5%

3 Jacobi-G algorithm for unitary matrices U,

Before we formulate the Jacobi-G algorithm, it is necessary to recall some facts about deriva-
tives of functions defined on manifolds and complex derivatives.

3.1 Riemannian gradient for embedded submanifolds of RV

We recall some basics on real manifolds that are submanifolds of an Euclidean space (the
reader is invited to consult [6] if needed). Consider an m-dimensional submanifold M C &
of the N-dimensional Euclidean space £ ~ R” (in what follows we will assume & = RY for
simplicity). Then the tangent space on the manifold can be associated with an m-dimensional
subspace T, M C £. We will assume that T,M is equipped with the Riemannian metric
induced by the ambient space, i.e.,

<777 £> = <777 §>57

i.e., it is just the inner product of vectors in £. o

Consider the function f : M — R that admits a differentiable extension® f : M — R,
where M is a neighborhood of M. Then the Riemannian (or projected) gradient simply
becomes the orthogonal projection onto T, M:

def

grad f(z) =

In what follows we will often use f instead of f, when it doesn’t lead to any confusion.

e, MV . (15)

3.2 Wirtinger calculus and Riemannian gradient

First, we introduce the following real-valued inner product on C"™*". For two matrices X,Y €
C™m™*™ we introduce

(X, Y )y & (X® YR + (X%, Y) = R (trace{ X"Y}) (16)

2i.e., f is a restriction of f on M.



where X® Y and X7, Y™ are the real and imaginary parts, respectively.

Since a nonconstant function f : C™*"™ — R is never holomorphic, we use a shorthand
notation 822;3, 8‘253 € R™*" for the matrix derivatives with respect to the real and imaginary
parts of X = X® +iX™ € C™*". Then the Wirtinger derivatives [1, 10, 24] %, ;;g* e Cmxn
are standardly defined as

af._1(af ,8f> af __1(af +,8f>

ox 2\aox® 'exS ) axr T 2\ox® " 'axs

The matrix Euclidean gradient of f with respect to (16) becomes

_ oI +¢af _ o 91
Xt 9xS ToxT

V(X) (X).

Recall that the unitary group U, C C™*" can be considered as an embedded real subman-
ifold of C™*™ with the inner product induced by (16). By [3, Section 3.5.7], the tangent space
to U, can be associated with an n?-dimensional R-linear subspace of C"*™:

TylU, = {X cC™": X"U +U"X = 0}.
Alternatively, it is the rotated set of skew-Hermitian matrices:
Ty, ={XcC” . X=UZ, Z+Z"=0}.

Then for a function f : C™™ — R, that is differentiable in a neighborhood of U,, C C™*", by
(15), the Riemannian gradient of f becomes.

grad f(U) =UA(U), (17)

where
B 2 ou~ ou”
Note that A(U) is a skew-Hermitian matrix, i.e.,

AU) 0)"U. (18)

3.3 Jacobi rotations and directional derivatives

Let f be as in (17) and h(ju : Uz — R be as in (4). Now we compute a “directional
derivative” of f corresponding to a Givens transformation.

Lemma 3.1. The Riemannian gradient of h(; jyu at the identity matriz I is a submatriz of

the matriz A(U) defined in (18):

(20)

grad hi; o (I2) = Piy(A(U)) = [A(U)n’ A(U)i]} |

AU);i AU)y;

Proof. We denote h = h(; jy v for simplicity. Assume (7, 5) = (1,2) such that
v
(12,%) _
R

7



for ¥ € Uy. Define g(Z) = f(UZ) for Z € U,,. By the composition rule, we have

99 of
0z U

(Z)=U" UZ2).

Note that the matrix complex differential [20, Section II] is the first-order approximation, i.e.,

h(Iy + AW) = h(I,) + <§—$(Iz),A\P> + <%(Ig),mp*> + o(AW, AT,
R R

On the other hand, for AG"*Y) | we get that

Iy + A®) = g(I, + {A‘I’ OH_J ) =

_ 99 1y |AY 99 oy (AT (129) (AGI29)r
~on)+ (G |2 o )+ (o [P ]) o(acimagtany).

from the first-order expansion of g. Hence,

Oh py_p (99 _p (g9
W(IQ) - 7)2,] (8Z* (In)) - Pz,J <U oU* (U)) :

Then, it follows by (17) that

e 1) = (1)~ (5gel12)) =Py (A@)),

which completes the proof. O]

3.4 Jacobi-G algorithm

We are now in a position to formulate a general-purpose Jacobi-G algorithm, which is a
generalization of the algorithm proposed in [22]. The main ideas behind the algorithm are:

e optimize the cost function by successive Jacobi rotations;

e choose the Jacobi rotations according to a gradient based order (well-aligned with the
Riemannian gradient).

Algorithm 2. (General Jacobi-G algorithm)

Input: A differentiable function f : U, — RT defined in a neighorhood of U,, a positive
constant 0 < § < \/§/n, a starting point U.

Output: Sequence of iterations Uy.

e For k=1,2,... until a stopping criterion is satisfied do

e Choose an index pair (ig, ji) satisfying

| grad b, g0, (1) > 8] grad f(U1)]|. (21)

o Find Wy, that mazimizes hy(¥) def Pig i) Upr ().

8



L4 Update Uk = Uk,lG(ik’jk’lIlk).
e End for

Now we show that it is always possible to choose the index pair such that the inequality
(21) is satisfied.

Corollary 3.2. Let f and hy ;v be as in Lemma 3.1. Then
V2
(max || grad heijo(T2)|| = <[l grad fU)]]

Proof. By (17) and Lemma 3.1, we see that

lgrad fU)II* = |A)[* = D [MU)s,l° <
i,j=1
2

n
< > ||gradh(i,j),U(I2)H2§7 max || grad h 5 v (I2)].

1<i<j<n
1<i<j<n

The proof is complete. O

4 Derivatives of the cost functions

In this section, we find the concrete derivatives of the cost functions of interest, which can be
used to implement the Jacobi-G algorithm.

4.1 Derivatives for scale-invariant functions

In this section, we consider the functions f : U, — R that are invariant with respect to
multiplication of columns by numbers on the complex unit circle, i.e.,

fU)=fUS) (22)
for any matrix of the form
e 0
S = . (23)
0 elon

For example, the functions in Section 2.2 satisfy (22).

Lemma 4.1. For a function f satisfying (22) the matriz A(U) has zeros on the diagonal for
any U.

Proof. For the matrix

k
0O : 0
Qp= k|- 1 . (24)
0 0
we have that
d
(Q, AU ) = (U, grad f(U))g, = (Ef(Uemk)) = 0.
=0
Since A(U) is skew-Hermitian, the proof is complete. O

9



4.2 Derivatives for cost functions expressed via quadratic forms

In this subsection, we find the directional derivatives of the cost functions expressed via
quadratic forms (14), as well as the cost functions in Section 2.2.

Lemma 4.2. Let h; jyu be as in (14) and satisfy (11). Then

I

rad h o (L) =2 ” .
g (7])vU< 2) _I‘gg%U) + Z.l—‘gz?;],U) 0

Proof. Denote h = h; ;v and I' = @) for simplicity. By (19) and Lemma 4.1, we see that
grad h(I5) is skew-Hermitian, i.e., it can be decomposed as

grad h(Iy) = 2w Aq + 2wa Ao,
where {A}1_, is the following orthogonal basis of Tr,Us:
0o -1 0 -1 0 00
e E il R B R B
Since ||A{]]? = [|As]|? = 1/2 and ||A3]| = ||A4| = 1, we have

wn = (A, grad h(L))y = (%h@mk))

t=0
for 1 <k < 4. On the other hand, we have

t _gint ~
h(eml) —h ([COS% St 2}) = h(cost,—sint,0),

: t
Sin 3 COS 2
t

t _
h(etA2) _ ({ Cos 3 ¢sin 2}) = h(cost,0, —sint),

. . t t
781N 3 COS 3

where h(v) = v"Tw. Since Vh(v) = 2I'v, we have

oh oh
=—-——(1,0,0) = =2 =—-——(1,0,0) = =2
w1 81)2(’ ,0) 21, W2 01)3(’ ,0) 31,
which completes the proof. O]

Now Lemma 2.3 and Lemma 3.1 allow us to find the Riemannian gradients of all the cost
functions in Section 2.2.

Corollary 4.3. (i) For the cost function in (6), we have that

¢ ¢ 4 ¢ ¢ 4
o [ oty TEOVE S W - W
AU) = 22 Wy (W22 - Wiy) 0 Wan ( nn - Wyy)
— : : . :
¢ ¢ 4 4 ¢ ¢
—W W) =Wy =W —wy)) 0

10



(i1) For the cost function in (8), we have that

AU); = 2(Wjjjwjji + §Wjjjwijj — WiiWiij — §W1“Wj’n>7 l<u,5<n

(111) For the cost function in (10), we have that

ES
0 V1222 - V;111 T Vlnnn - V 111

n
Vo111 — Viggo 0 o Vannn — Viooo

AU) =2 (26)

anll - Viknnn Vn222 - V;nnn T 0

4.3 Derivatives of other contrast functions

In fact, the form of the Riemannian gradient can be also derived for other cost functions,
which can also be called contrast functions [13] [14], and that have the form

FO)=> (w), (27)

where y(u) are real-valued.
Remark 4.4. For constrast-like functions, if
v(zu) = y(u) for anyu € C",z € C,|z| =1, (28)

then the function f satisfies the invariance property (22) and the matriz A(U) has zeros on
its diagonal by Lemma 4.1.

Next, we give some hints on how to compute Riemannian gradients for general contrast
functions. Note that
af Oy Oy

S U) = (G (), £ ).

Therefore, we just need to compute the derivatives for v(u). Now we show how to do that for
multilinear forms.

Proposition 4.5. Let A € C""*™ be an dth order tensor (not necessarily symmetric), and
consider the following multilinear form

ga(u)=Ae u"-- -0y uey  u---0u, (29)

where d = dy + dy and where A e, v denotes the contraction on the kth index of A with vector
v. Then the gradients are given by

dy

0
82;3('“’):ZA.IU*'“M“'.d1U*.d1+1U’ ......... i,

k=1

0
%(U)ZZA%U* ............ .dlu*.d1+1u"'M"“dU.

11



Proof. The result follows from the product differentiation rule and the following identities (see
20, Table IV])

outa outa ou'a ou'a
=0 = = =0. O]
ou (w) " 0w Y T ou Y o
Proposition 4.6. For a function
7(u) = |ga(u)l,
with ga as in (29), the matriz gradient can be computed as:
0y i
au*:(gA(u))*ZA.lu*”'M..'.dlu*.dl+1u ............ .du
k=1
d2
+(gA<u>>ZA*.1u ............. .dlu.dl—l-IU*"'M"'.du*‘
k=1

Proof. The result follows® from Proposition 4.5 and the fact that + is also a multilinear form:

V(U) = (A® A*) o u”- 0, u” O +1U O UG LU 0514 UGG g 1] u e ut. [

5 Weak convergence results

5.1 Global rates of convergence of descent algorithms on Rieman-
nian manifolds

We first recall the result presented in [8] on convergence of descent algorithms. Although stated
initially for retraction-based algorithms, it is valid for any descent algorithms (we provide the
sketch of the proof for completeness).

Theorem 5.1 ( [8, Theorem 2.5]). Let f: M — R be a function bounded from below by f*.
Suppose that, for a sequence of iterations* xy,, there exists ¢ > 0 such that the following descent
condition holds:

fxroa) = fz) > el grad f(z) | (30)
Then

(1) |lgrad f(zp)||| = 0 as k — oo;

(11) We can find an x) with || grad f(zg)|| < e and f(xr) < f(xo) in at most

K. = [f(l“o)—f*iw

c g2

iterations; i.e., there exists k < K. such that || grad f(zx)|]| < €.

3 An alternative proof can be derived by combining Proposition 4.5, the rule of differentiation of composition
[20, Theorem 1], and the fact that d|z|? = z*dz + 2dz*.

“Note that in the original formulation of [8, Theorem 2.5] it was required that x;, are chosen as retractions
of some vectors in T, ,. However, it is easy to see that this condition is not needed in the proof.

12



Sketch of the proof. The proof follows from the standard inequality for telescopic sums

K
flwo) = " = flxo) — fzk) = ;f(l“k—l) — f(zx) 2 cK min |[grad Flan)l?. H

In order to check the descent condition (30), the following lemma about retractions is often
useful (we will also use it in this paper).

Definition 5.2. ([3, Definition 4.4.1]) A retraction on a manifold M is a smooth mapping
Retr from the tangent bundle TM to M with the following properties. Let Retr, : T, M — M
denote the restriction of Retr to the tangent vector space T, M.

(i) Retr,(0,) = x, where 0, is the zero vector in T, M;

(ii) The differential of Retr, at 0,, DRetr,(0,), is the identity map.

Lemma 5.3 ([8, Lemma 2.7]). Let M C R" be a compact Riemannian submanifold. Let Retr
be a retraction on M. Suppose that f : M — R has Lipschiltz continuous gradient in the
convez hull of M. Then there exists L > 0 such that for all x € M and allp € T, M, it holds
that

|f(Retra(n)) — (f(x) + (n,grad f(2)))| < gIIHIIQ- (31)

In other words, f(Retr,(n)) is uniformly well approzimated by its first order Taylor expansion.

5.2 Convergence of Jacobi-G algorithm to stationary points and
global convergence rates
As we will show in this subsection, the iterations in Algorithm 2 can be viewed as a special

case of the iterations in Theorem 5.1. Therefore, Theorem 5.1 can be applied and the following
proposition on convergence of Jacobi-G algorithm holds true.

Proposition 5.4. Let [ : U, — R* have Lipschitz continuous gradient in the convex hull of
W,,. Then there exists L > 0 such that (31) holds by Lemma 5.53. For Algorithm 2, we have
that:

(1) |lgrad f(Uy)|| — 0 in Algorithm 2; in particular, every accumulation point in Algorithm
2 1s a Stationary point.

(ii) In order to reach an e-optimal solution (i.e., || grad f(Uy)|| <€), the algorithm needs at

ot 2 =St 1]

02 82

iterations, where § is from (21).

In order to prove Proposition 5.4, we show that the descent conditions are satisfied using
Lemma 5.3.

Lemma 5.5. Let f : U, — RT have Lipschitz continuous gradient in the convex hull of U,.
Then there exists L > 0 such that (31) holds by Lemma 5.8. Let h(; ;v be as in (4) and W
be its maximizer. Then

| grad hi o (L2)|I°
2L '

Ry (®opt) — hiigyu(l2) >

13



Proof. Denote h = h; j)u for simplicity. We set
A =UP]P;;(AU)) € Tyl,,

where P, : C>*? — C™" is the adjoint operator of P; ;. Then

i J
0 : 0
1 A(U)“ A(U)U
A=U ,
J AU);i AU);;
0 0

which is a projection of grad f (U) onto the tangent space to the submanifold of the matrices
of type UG""¥) . Take the usual exponential map

Expy (UQ) = U exp(9),

which is a retraction (see [3, Proposition 5.4.1]). Denote ¥, = Expy, (7 grad h(I5)). Then, by
Lemma 5.3, we have that

)~ (1) = 1 (v () ) - 1@

A LA
> (Tmarn) -2

Since h(Wopt) — h(I2) > h(¥1) — h(I3), the proof is completed. O

> |l grad h(L)]?
2L ’

Proof of Proposition 5.4. We would like to apply Theorem 5.1 to the function —f(U) (since
we are interested in the maximization of f(U)). By Lemma 5.5, we have that

2
FU) = FU 1) = () — (L) = 5 gmad (D) > o [ gvad f(U )

and thus the descent condition (30) holds with the constant %. O

Corollary 5.6. Proposition 5.4 applies to the cost functions introduced in Section 2.2.

6 Convergence of iterations, Lojasiewicz gradient in-
equality and geodesic convexity

In this section, we gather some known results and preliminaries that will be helpful for the
proof of our main results in Section 7.
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6.1 Lojasiewicz gradient inequality and speed of convergence

Here we recall the results on convergence of descent algorithms on analytic submanifolds that
use Lojasiewicz gradient inequality [26], as presented in [32]. These results were used in [25]
to prove the global convergence of Jacobi-G on the orthogonal group.

Definition 6.1 (Lojasiewicz gradient inequality, [31, Definition 2.1]). Let M C R™ be a
Riemannian submanifold of R™. The function f : M — R satisfies a Lojasiewicz gradient
inquality at a point x € M, if there exist 6 > 0, 0 > 0 and ¢ € (0, %] such that for all y € M
with ||y — x|| < &, it holds that

[f(z) = f)|'™¢ < ollgrad f(2)]. (32)

The following lemma guarantees that (32) is satisfied for the real analytic functions defined
on an analytic manifold.

Lemma 6.2 ([31, Proposition 2.2 and Remark 1]). Let M C R" be an analytic submanifold®
and f : M — R be a real analytic function. Then for any point v € M, the function f
satisfies a Lojasiewicz gradient inequality (32) for some® § >0, 0 >0 and ¢ € (0, 3].

Lojasiewicz gradient inequality allows for proving convergence of optimization algorithms
to a single limit point.

Theorem 6.3 ([31, Theorem 2.3]). Let M C R™ be an analytic submanifold and {xy : k €
N} C M be a sequence. Suppose that f is real analytic and, for large enough k,

(i) there exists o > 0 such that

|f(@rsr) = fzi)| = ol grad f(ze) ||| 2xe — zill; (33)

(i) grad f(xy) = 0 implies that 1 = .
Then any accumulation point x. of {zy : k € N} C M is the only limit point.
If, in addition, for some k > 0 and for large enough n it holds that

[k 1 =zl = £l grad f(z) (34)

then the following convergence rates apply

e~k if ¢ =35 (for some c>0),
TR, if0< (< 3,

[ — 27| < C{

where ( is the parameter in (32).

Remark 6.4. We can relax the conditions of Theorem 6.3 as follows. We can require just
that (33) holds for all k such that ||z — x.|| < €, where x, is one of the accumulation points of
the sequence and € is some radius of the neighborhood of x,.. This can be verified by inspecting
the proof of Theorem 6.3 (see also the proof of [2, Theorem 3.2])

In the case ¢ = %, according to Theorem 6.3, the convergence is linear (similarly to

the classic results on local convergence of the gradient descent [29, 9]). In the optimization
literature, the inequality (32) with { = % is often called Polyak-Lojasiewicz” inequality. In the
next subsection, we recall some sufficient conditions for Polyak-Lojasiewicz inequality to hold.

5See [23, Definition 2.7.1] or [25, Definition 5.1] for a definition of an analytic submanifold.

5The values of §, 0, ¢ depend on a specific point.

"The inequality (32) with ( = 3 goes back to Polyak [29], who used it for proving linear convergence of the
gradient descent.
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6.2 Riemannian Hessian and stationary points

For a Riemannian manifold M and a C? function f : M — R, the Riemannian Hessian at
x € M is a bilinear form on T, M that is classically defined as Hess, f[n] = V,, grad f(z) for
n € T, M, where V is the Riemannian connection [3, p.105] on M. Since we are interested
in Euclidean submanifolds in this paper, we use the following simpler expression from [4] via
the Weingarten operator.

Lemma 6.5 ([4, (8)-(10)]). For a function f defined in a neighborhood of M C R™. The
Riemannian Hessian of f at v € M 1is the map T, M — T, M defined as

Hess, f[n] = M, mH () [1n] + A (0, Mr, 1), VS (), (35)

where n € T, M, Hf(a:) is the Euclidean Hessian of f at x, Vf is the Fuclidean gradient,

Hrp,m (resp. i, pmy, ) denotes the orthogonal projector onto the tangent space T, M (resp.

its orthogonal complement), and A is the Weingarten operator®
A, T, Mx (T,M), - T, M,

36
(212) > T, Dz, ) 0
where D, is the differential with respect to z.

Note that the Riemannian Hessian (35) contains two terms: one is the projection of the
Euclidean Hessian onto the tangent space, and the other is related to the second fundamental
form of the manifold, which is computed via the Weingarten operator (some examples for
Weigarten operators are given in [4]). We also note that the second term can be also easily
interpreted? for the submanifolds given by equality constraints.

Remark 6.6 (see [30, Lemma 5.1]). Let M C R" be a k-dimensional submanifold defined
locally around x by n — k equations

h(z) =0, where h(z) = [hy(z) --- hn_k(x)f, z eR",
such that rank{Jp(z)} = n — k. Note that the projector on T, M in this case is given by
HTZM = In — (Jh(x))TJh(ZU)

Then (35) can be found as (an n x n matriz)
n—=k
Hess, f = I, o <Hf(ac) — Z ,uth].(m)> I, i,
j=1

where the vector u € R"% is defined as p = (J;)TV]?(a?) Note that at a stationary point,
1s nothing but the vector of Lagrange multipliers.

The Riemannian Hessian gives well-known necessary and sufficient conditions of local ex-

trema'® (see, for example, [30, Theorem 4.1]).

8We take the expression in [4, eqn. (8)] as a definition of Weingarten operator.

9This interpretation will not be used in the paper.

10Usually, these conditions are formulated for local minima and positive definite Hessians, but we formulate
them here for local maxima.
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e If x is a local maximum of f, then the matrix Hess, f < 0 (negative semidefinite);

o If grad f(z) = 0 and Hess, f <1,0m 0 (negative definite on T, M, i.e., Hess,f < 0 and
rank{Hess, f} = dim(M)), then f has a strict local maximum at x.

Finally, we distinguish stationary points with nonsingular Riemannian Hessian matrices.

Definition 6.7. A stationary point (x € M, grad f(x) = 0) is called non-degenerate if Hess, f
s monsingular on T M.

6.3 Geodesic convexity

We recall the notion of a geodesic convexity [30] on manifolds, which is a generalization
of the notion of convexity of sets and functions. In particular, we relate the definiteness
of Riemannian Hessians with local convexity/concavity. In this subsection, we assume that
M C R" is a connected Riemannian manifold.

Definition 6.8 ([30, Definition 2.1]). A set A C M is called geodesically convex, if any two
points x,y € A are joined by a geodesic lying in A.

Definition 6.9 ([30, Definition 2.2]). Let A C M be geodesically conver. A function f : A —
R is called geodesically convex (resp. concave) on A, if it is convex' (resp. concave) when
restricted to geodesics.

We will later on use the following lemma that guarantees the geodesic convexity of sublevel
sets.

Lemma 6.10 ([30, Lemma 2.1]). Let A C M and f : A — R be geodesically convex. Then
for any xy € A, the level set

{z|f(z) < f(xo),x € A}

15 geodesically convex.

The following two characterizations of geodesic convexity/concavity will be useful for anal-
ysis of the convergence properties in Section 7.

Proposition 6.11 ([30, Corollary 4.1]). For any C? function f : M — R, if grad f(z) = 0
and Hess, f =1 ,m 0 (resp. <1, am 0), then there exists a neighorhood U of x, such that f is
geodesically convex (resp. concave) on U.

6.4 Lojasiewicz inequality at stationary points

It is known, and widely used in optimization (especially in the Euclidean case), that around a
strong local maximum the function satisfies the Polyak-Lojasiewicz inequality. In fact, it is also
valid for non-degenerate stationary points, as shown in [21]. Here we recall the most general
recent result on possibly degenerate stationary points that satisfy the so-called Morse-Bott
property (see also [7, p.248]).

with respect to the arc length parameters.
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Definition 6.12 (Local Morse-Bott, [18, Definition 1.5]). Let M be a C*° submanifold and
f: M =R be aC? function. Denote the set of stationary points as

Critf = {z € M : grad f(x) = 0}.

The function f is said to be Morse-Bott at xo € M if there exists an open neighborhood
U C M of xy such that

(i) € =UNCritf is a relatively open, smooth submanifold of M;
(11) T,,C = Ker Hess,, f.

Remark 6.13. (i) If o € M is a non-degenerate stationary point, then f is Morse-Bott at
xg, since {xo} is a zero-dimensional manifold in this case.

(i1) If xo € M is a degenerate stationary point, then condition (ii) in Definition 6.12 can be
rephrased™? as

rank{Hess,, f} = dim M — dim C. (37)

For the functions that satisfy the Morse-Bott property, it was recently shown that the
Polyak-Lojasiewicz inequality holds true.

Theorem 6.14 ([18, Theorem 3, Corollary 5]). If W C R" is an open subset and f: U — R
is Morse-Bott at a stationary point x, then there exist § > 0 and o > 0 such that

[f(y) = f(@)] < oIV,
for any y € U satisfying ||y — z|| < 0.
We can also easily deduce the same result on a smooth manifold M.

Proposition 6.15. If U C M is an open subset and a C* function f : U — R is Morse-Bott
at a stationary point x, then there exist an open neighborhood V C U of x and o > 0 such that

[f(y) — f(@)] < ol grad f(y)]I*,
forally e V.

Proof. Consider the exponential map Exp, : T,M — M, which is a local diffeomorphism.
Let W C T, M be an open subset such that Exp,(W) = U. Let f = foExp, be the composite
map from W to R. Then

~

Vi) = i, (v) grad f(y), (38)
where y' € W and y = Exp,(y/). It follows that Exp, gives a diffeomorphism between Crit f
and Critf. Since Hess,f = H7(0) by [3, Proposition 5.5.5], we have that f is Morse-Bott at
0. Therefore, by Theorem 6.14, there exist ¢’ > 0, ¢ > 0 and an open neighborhood V C U of
x such that

1f(y) = f@)| = |f(y) = FO)] < o' |VF)? < ol grad £ ()|,

for any y € V, where the last inequality holds because Jgy,;, is nonsingular in a neighborhood
of x. O

Remark 6.16. For the case of non-degenerate stationary points and C* functions, Propo-
sition 6.15 is proved in [21, Lemma 4.1], which is a simple corollary of Morse Lemma [28,
Lemma 2.2]. For C* functions and Morse-Bott functions, Proposition 6.15 (as noted in [18])
is also a simple corollary of Morse-Bott Lemma [5].

2due to the fact that T,,C C Ker Hess,, f.
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7 Convergence results based on Lojasiewicz inequality

Here we consider only the cost functions that are given by

7.1 Weingarten operator and the Riemannian Hessian

We first find the Weingarten map for U,, (compared with the case of O,, given in [4]).

Lemma 7.1. The Weingarten map for U, is given by
1
W (Z,V)=Us (z"'v-viz).
Proof. We mainly follow the approach of [4]. The projection onto TyWU, is given by

M, (V) == (V-UV"U).

N | —

By computing the differential of the projector, we have
1
Dz(Ilryu,) = -5 (zviu+UVv"z).
Since Z € TyU, and V € (TyW,) ., we have ZU" = UZ" U"V = — VMU, and hence

Dz(Irpy,) = = (ZU"V —UV"Z) = U% (z"v -viz).

DO | —

Finally, since U% (ZHV — VHZ) € TyU,, the proof is complete. O

Now we show that the Riemannian Hessian for the elementary rotations can be also com-
puted as a submatrix of the Riemannian Hessian.

Proposition 7.2. Let h(;j v be as in (4), the projection operator P;; be as in (3), and P}
be its adjoint operator. Then

Proof. We denote h = h(; ;v for simplicity. Define g(Z) = f(UZ) for Z € U,. It follows
from the proof of Lemma 3.1 that

HTIHun =I,® UH)HTUun (I, 2U).
Therefore, for the first term in (35) we have

o, Ha(T2)ry o, = Pl w0, Ho (1) r, 10, P
= Pijo (I ® UMy, Hy (U)o, (I, @ U)) o P
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For the second term in (35), we use the expression of Weingarten operator computed in
Lemma 7.1. Denote Vy = (7, 1,), VA(I2) and V' = l(,1,,), Vf(U). Then

(Y, %1,(Z, V) = <7’T (¥). P (% (Z7V2 - VQZ)>>3?

- (P13 (PL@"PLVS) - PLVa)PL(2)) )
~(PL). m(zwqu ~V'rlz)

= (UPL(Y), % (P(Z),V))

R
which completes the proof. O]

7.2 Riemannian Hessian for the contrast-like functions

Now we show that the Riemannian Hessian of functions satisfying invariance property (22)
(with matrix S given in ) is rank-deficient at stationary points.

Lemma 7.3. Assume that f : U, — R satifies the invariance property (22).

(i) If U is a stationary point of f, then rank{Hessy f} < n(n—1), and Hessy f[Z] = 0 for
each matriz

Z,=1[0 -+ 0 iuy 0 --- 0] € TylU,, (39)

i.e., all the matrices Zy are in the kernel of Hessy f.

(ii) In general, we have that

-0 0 A 0 0 7
B o T R VTP SRR
HeSSUf[Zk] = > —Apa o —Agk—1 0 —Apggr o Mg |
0 « 0 Apgrr O 0
L o 0 An 0 0

where A = A(U).

Proof. (i) Note that Z; = U2, where 2 = €, is defined in (24). Recall that the parallel

transport on U, along the geodesic in the direction Z, = UQ € TyU, is given [17,
(2.18)]!3, [19, Chap. 2, Ex. A.6] by

71z Toll, = Togy ez, 7z(Y) =Ue?UNY ™

9

and its inverse is then given by

1, (V)=Ue 2 U"Ve s,

13Note that [17, (2.18)] was given for Oy, but it is straighforward to show that the same expression is valid
for Uy, following [19, Chap. 2, Ex. A.6].
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From the link between parallel transport [3, (8.1)] and Riemannian connection , we get

Hessy f[Z)] = Vg, grad f(U) = (%T{Zl (grad f(Epr(tZk))))

t=0

d t t
= (%UeyUH grad f(Uem)e?)

t=0

Now recall that due to (22), we have V f(Ue*?) = V f(U)e', hence

Vf(Ue) — UV f(Ue)U e
2

grad f(Ue™) = = grad f(U)e? = 0,

when the last equality holds because U is a stationary point, hence Hessy f[Zy] = 0.

Since dim TyU,, = n? and n vectors Z, are linearly independent, we get that rank{Hessy f} <
n(n —1).

(ii) In the general case, we get

d ¢ ¢ U
Hessy f[Zk] = (EUe_yUH grad f(U)ey) =5 (—QAU)+ A(U)Q),
t=0
which completes the proof. O

Next, we find the expressions of the Riemannian Hessians in the case of Jacobi rotations.
For each pair of indices (i, 7), we define a 2 X 2 matrix as follows:

D) —o (|12 23| 1\ 1,).
v I'so I'ss L1t

Lemma 7.4. Let h;jyu and I' = T be as in (14) satisfying (11). Take the basis in
T, Uy as in (25). Then

(i) The 2 x 2 leading principal submatriz of the Riemannian Hessian of h; ) u s
(Hessp,hij)u)i2,1:2 = ©§§’j).

(ii) If, in addition grad h(; ;) u(I2) = 0, then the Riemannian Hessian of h( ;) u becomes

HeSSIQh(i,j),U:|: 8 0|

Proof.  (ii) Follows from (i) and Lemma 7.3, since Hessy,h(; ;) u[Ax] = 0 for k = 3,4.

(i) We denote h = h o for simplicity. Take £ = a1 Ay + as Ay, where oy, as € R satisfy
al + a3 = 1. By [3, (5.32)], we have that

(2, Hessr, h[92), = (j—;h<etn))

t=0

21



Note that

t _ ; int ~
h(e"t) = h ([( €O573 (a1 +iag) sin 2}) = h(cost, —aysint, —ay sint).

oy — Qo) sin § cos &
(40)

It follows that

d

Eh(em) = -2 [Sint apcost ay cost] T [cost —apsint —ay sint]T,
and thus »

a0 _ (i.3) |1
(Gne)| = o aaop? [1].

which completes the proof. O

Corollary 7.5. If I, is a local mazimum of h; v, then the matriz @8,3‘) is negative semidef-
mnate.

Remark 7.6. The matriz @g’j) 1s negative definite if and only if

[aa Ta3
I'1 > Amax .
)
If, in addition, grad h(; ;) u(I2) = 0, this is equivalent to saying that A;(I') > Xo(T') (i.e., the
first two eigenvalues are separated) and I'yy = A (T).

7.3 Preliminary lemmas: checking the decrease conditions

In this subsection, we are going to find some sufficient conditions for (33) and (34) to hold in
Algorithm 2, which will allow us to use Theorem 6.3.
Let Uy = U1 G+ %) he the iterations in Algorithm 2. Then it is obvious that

Uk = Upa|| = [ @5 — L]

Assume that ¥ is obtained as in Section 2.3, i.e., by taking w as the leading eigenvector of
[(edeUk-1) (normalized so that w; = cos20 = 2¢2 — 1 > 0 in (13)) as in Remark 2.4, and
retrieving W, from w according to (12) and (13). We first express ||¥; — I5|| through w;.

Lemma 7.7. For the iterations Wy, obtained as in Section 2.3, it holds that
2| Wy, — Io|| > /1 —w? > 0.65|| ¥, — I, (41)

W), — L] = v/2(1 — )2 +2|s]2=2V1 —c.
By (13) and Remark 2.4, we see that

\V1—w?=2cv1—¢2>13V1—c

Proof. Note that

and

2cvV1 — 2 <2-2¢/1 —c.
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Since we are looking at Algorithm 2, we can replace grad f(Uj_1) with grad h(; j)u(I2) in
both inequalities of (41).
Now we prove a result for condition (34).

Lemma 7.8. Let f: U, — RT be a C? function. Then there exists a universal constant k > 0
such that
[k — L[| > k| grad by (I2)]].

Proof. We denote T' = D7xUs-1) a9 in (14). By Lemma 4.2, we have that

| grad b (L) | = 2v/2,/T%, + %,

By Lemma 7.7, it is sufficient to prove that
1— w% > “/(F%Q + F%s)

for a universal constant " > 0. Let Ay > Ay > A3 be the eigenvalues of I'. Without loss of
generality, we set IV = I' — A\sI3, i1 = Ay — A3 and o = Ay — A3. Then

I = mww' + povo’, (42)
where v is the second eigenvector of I'. It follows that

Il +T1 = (M) + (T3)° = (wiws + pav1v2)? + (pawiws + povivs)?
= pjwi(wj + w3) + 24 pow vy (wavs + w3vs) + p507 (V5 + v3)
= piwi(l — wi) — 2ppewivi + p3vi(l — o).

(43)

Since v < 1 — w? (the first elements of the orthogonal eigenvectors) and ps, 1 < 2||T|, we
get that
[y + T < (1L —wp4|T|

By Lemma 4.2, Lemma 7.4 and C® smoothness of f, we see that I' continuously depends on
U € U,. Therefore, |T'|| is bounded from above, and thus the proof is completed. O

We are ready to check the sufficient decrease condition (33).

Lemma 7.9. Let T' = D0inUs=1) pe g5 in (14). Let Ay > X > A3 be the eigenvalues of T,
and n = :\\f%i‘f; Suppose that there exists € > 0 such that 1 —n > ¢. Then

19
P (W) — hi(L2)| > ZH grad hy,(I2)||y/1 — wi.

Proof. Define the ratio

(’LUTFU) — F11)2
(T + T'13) (1 — wi)’
It is sufficient to prove that ¢(I', w) > /2. Now we use the same notations as in the proof of
Lemma 7.8. Denote

q(T',w) = (44)

2 vt
p=1—uwy, 7':?6[0,1].
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From (42), we have that

w'Tw — Ty = — (puwi + povi) = mp(l — 7). (45)

Then, from (43), we have that

D3+ T3y = ppi (1 —7) +7(1 —n)* = p(1 — m0)?). (46)
By (44), (45) and (46), we see that
2 2 2 2
17 1—m 1—mn
q<:[\7w) — — lp ( 2) - Z ( ) .
Pri((l=7) +7(1=n)* = p(1 —7m)?) — 1 =20+ 11
Note that ) ) )
1—2777—|—§77 :1+(1—T)T772 <14 TN Sg-
(L—7n) (1—7n) (1-m) ~ ¢
The proof is complete. n
7.4 Main results

First, we prove a global convergence result using Theorem 6.3.

Theorem 7.10. Suppose that f : U, — R has Lipschitz continuous gradient in the convex
hull of U, and U is an accumulation point of Algorithm 2, where the elementary rotations
for f are given by (14) (which is a stationary point by Proposition 5.4). Assume that all @8’”
are negative definite for all pairs (i,j) at U. Then

(i) U is the only limit point.

(ii) If the rank of Riemannian Hessian is mazimal at U (i.e., rank{Hessgf} = n?—n), then

the speed of convergence is linear.

Moreover, the convergence rates in Theorem 6.3 apply.

Proof. (i) Due to the fact that @87j) is negative definite for any pair (7, 7j), the two top

eigenvalues of @0 are separated by Remark 7.6. Therefore, there exists ¢ > 0 such
that

Ao (T@0)y )\ (D @50)
2 .,—) 3 .,—)<1—€.
Al(F(l’J’U)) _ )\3(F(1’3’U))

By the continuity of I‘L ) with respect to U, the conditions of Lemma 7.9 are satisfied
in a neighborhood of U. Therefore, there exists ¢ > 0 such that

[f(Ux) = [(Ur)| = cf grad hie(L) [[Uy = Upal;

i’j’U

in a neighborhood of U. By Remark 6.4, it is enough to use Theorem 6.3, and thus U
is the only limit point. Moreover, by Lemma 7.8, the convergence rates apply.

Due to the invariance by scaling of the columns, U belongs to an n-dimensional subman-
ifold of stationary points defined by U S, where S is as in (23). Since rank{Hessgf} =
n? —n, f is Morse-Bott at U by Remark 6.13. Therefore, by Proposition 6.15, the
Lojasiewicz constant ¢ = 1/2 in (32) at U, and thus the convergence is linear by Theo-
rem 6.3. 0
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Theorem 7.11. Let U, be a semi-strict local mazimum of f (i.e. such that rank{Hessy, [} =
n? —n). Then there exists a neighborhood W of U, such that for any Uy € W, Algorithm 2
converges to U, S, where S is of the form (23); the speed of convergence is linear.

Proof. Let T be the unit circle in the complex plane and consider the action of the group T"
on U, defined as
tl 0
U-(ty,....t,) =U ..
0 tn
Since the action of T™ on U, is free and proper, we can consider the quotient manifold ﬂ; =
u, /T,
In order to define the gradient and Hessians on uNn, we use the standard splitting into

horizontal and vertical space
TUun = VUun % HUuna

where Hy WU, can be found as adding the constraint that the skew-symmetric matrix has zero
diagonal:

In this case, an element U e QTn can be represented as its representative U and the tangent
space T5U, is identified with HyU,, see [3, Section 3.5.8]. Moreover, the Riemannian metric
on U,, can be defined as

<g7 mTf]ﬁ; - <§7 T]>TUUn7

because the inner product is invariant with respect to the choice of representative U, see [3,
Section 3.6.2]. This makes uNn a Riemannian manifold; the natural projection 7w : U — U
then becomes a Riemannian submersion. .

Due to the invariance property (22), the function f is, in fact, defined on U, (we will

denote the corresponding function f : U,, — R). Obviously, grad f(U) € HyU,; moreover,
the Riemannian Hessian is given by

Hessg f|Z] = Puyu, Hessy f[Z],

see [3, Section 5.3.4].
By Lemma 7.3 have that rank{Hessg f} = rank{Hessy, f} = n(n — 1), and therefore it is

negative definite. Hence, by Proposition 6.11 there exists an open neigborhood U of U, where
f is geodesically concave. For simplicity assume that f(U,) = 0. Without loss of generality
(and by Lemma 6.10) we can take W such that its boundary §(W) is a level set for a value
a <0, ie. B B B

f(U)=a, YU €(W).

Moreover, for any a < b < 0 we have that the level set
W, ={f(U) > b,U € W}

is a geodesically convex neigbourhood of ID’:
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Next, assume that ﬁk,l € \7\7, and consider the U, = Uk,lG(i’j"I') with W given as
the maximizer of (14). Define b = f(Ug_1). In what follows, we are going to prove that

Ui_1 € Wy, so that the sequence U, never leaves the set W.
Recall that ¥ is computed as follows (see (2.4)): take the vector w as in (13). Take

a; = —wy/+/1 —w?, ag = —ws/+/1 — w? (we can assume w; # 1 because otherwise ¥ = I,

and this case is trivial), and consider the following geodesic in U,:

t . a b
B T Cos 5 — (a1 +iap) sin 5
V(t) = U1 Py <{(a1 — i) sin% cos% ’
which starts at 7(0) = Uj_;. Note that at each point t1, £v(t1) € Vi) Uy, hence the

corresponding curve 7 is a geodesic in the quotient manifold U,.
Next, as in (40), we have that

f(y(t)) = [cost —aysint —agsint| T [cost —aysint —ay sint]T +C,

hence
f(v(t) = Acos(2(t — ) + C,

where ¢, = arccos(w) € [0, ] and y(t,) = Uj. Note that by geodesic concavity of f at Uj_;
we have =& f(7(0)) = —4A cos(—2t.) < 0 and therefore cos(2t,) > 0 and ¢, € [0, Z]. Hence we
have that < f(vy(t)) = —4Asin(2(t —t,)) > 0 for any ¢ € [0,,), the cost function is decreasing;

note that Citf( (t.)) = 0 and there are no other stationary points in t € [0, t,).

Next, by continuity and because W is open, there exist a small € > 0 such that 7(e) is in
the interior of Ws. By periodicity of f(v(¢)) and continuity, we have that there exists ¢ such
that y(t2) € 6W, and 5(t) € W, for all ¢ € [0,t,]. By Rolle’s theorem, there exists a local
maximum of f(7(¢)) in [0,%s]. Note that by construction, the closest positive local maximum
to 0 is at t,, therefore Uy, = 7(t,) € W,, hence we stay in the same neigbourhood W.

Finally, as a neighorhood of U, € U,,, we can take the preimage W = 71~ (\X?)7 also linear
convergence rate follows from Theorem 7.10. O
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