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APPROXIMATE MATRIX AND TENSOR DIAGONALIZATION
BY UNITARY TRANSFORMATIONS:
CONVERGENCE OF JACOBI-TYPE ALGORITHMS*

KONSTANTIN USEVICH', JIANZE LI}, AND PIERRE COMONS

Abstract. We propose a gradient-based Jacobi algorithm for a class of maximization problems
on the unitary group, with a focus on approximate diagonalization of complex matrices and tensors
by unitary transformations. We provide weak convergence results, and prove local linear convergence
of this algorithm. The convergence results also apply to the case of real-valued tensors.
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1. Introduction. In this paper, we consider the following optimization problem

(1.1) U, = arg max F(U),

where U,, is the unitary group and f : U, — R is real differentiable. An important
class of such problems stems from approximate matrix and tensor diagonalization in
numerical linear algebra [13], signal processing [18] and machine learning [5].
Jacobi-type algorithms are widely used for maximization of these cost functions.
Inspired by the classic Jacobi algorithm [24] for the symmetric eigenvalue problem,
they proceed by successive Givens rotations that update only a pair of columns of
U. The popularity of these approaches is explained by low computational complexity
of the updates. Despite their popularity, their convergence has not yet been studied
thoroughly, except the case of matrices [24] and a pair of commuting matrices [13].
For tensor problems in the real-valued case (orthogonal group), a gradient-based
Jacobi-type algorithm was proposed in [32], and its weak convergence' was proved?
In [38], its global (single-point) convergence® for joint real 3rd order tensor or matrix
diagonalization was proved. The proof in [38] based on the Lojasiewicz gradient in-
equality, a popular tool for studying convergence properties of nonlinear optimization
algorithms [2, 37, 47, 6], including various tensor approximation problems [48, 31].
In this paper, we address the complex-valued case (1.1), and focus on tensor and
matrix approximate diagonalization problems. Unlike the real case, where the Givens
rotations are univariate (“line-search” type), in the complex case the updates corre-
spond to maximization on a sphere (similar in spirit to subspace methods). The main
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2The algorithm [32] was proposed for a particular problem of Tucker approximation, but the
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contributions of the paper are: (i) we generalize the algorithm of [32] to the complex
case, prove its weak convergence, and find global rates of convergence based on the
results of [9]; (ii) we show that the local convergence can be studied by combining
the tools of Lojasiewicz gradient inequality, geodesic convexity and recent results on
Lojasiewicz exponent for Morse-Bott functions. In particular, local linear convergence
holds for local maxima satisfying second order regularity conditions. One of the mo-
tivations for this work was that the case of the unitary group is not common in the
optimization literature, unlike the orthogonal group or other matrix manifolds [3].

The structure of the paper is as follows. In Section 2, we recall the cost func-
tions of interest, the principle of Jacobi-type algorithms, present the gradient-based
algorithm and a summary of main results. Section 3, contains all necessary facts for
differentiation on the unitary group. Section 4 contains expressions for the first- and
second-order derivatives, as well as expressions for Jacobi rotations for cost functions
of interest. In Section 5, we present the results on weak convergence and global con-
vergence rates. The results of [9] are summarized in the same section. In Section 6,
we recall results based on Lojasiewicz gradient inequality, and facts on Morse-Bott
functions. Section 7 contains main results and lemmas.

2. Background, problem statement, and summary of results.

2.1. Main notation. For an X € C™*"™ we denote by X ™ its elementwise con-
jugate, and by X T X" its transpose and Hermitian transpose. We use the following
notation for the real and imaginary parts X = X + iX° of matrices, and R(2),
$(z) for z € C. Let T C C be the unit circle, and U,, € C™*™ be the unitary group.

In this paper, we make no distinction between tensors and multi-way arrays; for
simplicity, we consider only fully contravariant tensors [42]. For a tensor or a matrix
A € C"**" we denote by diag{. A} € C™ the vector of all the diagonal elements
Aj;...; and by tr{.A} the sum of the diagonal elements. We denote by ||-|| the Frobenius
norm of a tensor/matrix, or the Euclidean norm of a vector. For a d-th order tensor
A € C**™ its contraction on the kth index with v € C™ (resp. M € C™*") is

n n
def def
(A.k v)il.%.id = Z‘A’i1~~ik—ljik+lnidvj7 (A.k M)i1~~id = ZA’i1~~ik—ljik+l~~idMik;j'

j=1 j=1

By writing multiple contractions A e, vy ... ex, vy we assume that they are performed
simultaneously, i.e., the indexing of the tensor does not change before contractions
are complete. For a matrix S € C"*", we will also denote the double contraction as

n,n
def
(A.kl S)n}{ Tdg T Z A’L-l---ik—ljik+1»»»il—15i@+1»~idsj15

je=1
For a matrix U € C"*"™, we will denote its columns as U = [ul “ee un}

2.2. Motivation. This paper is motivated by following maximization problems:
(i) joint approzimate Hermitian diagonalization of matrices AY) € C"*m 1<¢<L:

L L n
(2.1) FU) =) || diag{UT AU =D fup A, %

/=1 =1 p=1

(ii) approzimate diagonalization of a 3rd order tensor A € C*"*™:

(22)  f(U) = || diag{.Ae, U" e, UT 03U }||* = Z |Aeiu)esu,e;u,l*;
p=1
2



(i) approximate diagonalization of a 4th order tensor B € C"*™*"*™ gatisfying a
Hermitian symmetry condition B;;x; = B;:Mj forany 1 <4,5,k, [ <n:

(23) f(U) = tr{B o UH o UH o3 UT (] UT} = Z B.l ’U,; [ 3} ’LL; o3 Uy 04 Up.

p=1

Such maximization problems appear in blind source separation [18] in the context of:
(i) joint diagonalization of covariance matrices [14, 15];
(ii) diagonalization of the cumulant tensor [19] with A;j, = Cum(v;, v}, vy);
(iii) diagonalization of the cumulant tensor [16] A;jr = Cum(v;, v;, v5, v)) of a com-
plex random vector v, which may itself stem from a Fourier transform [22].
Remark 2.1. Due to invariance of || - || to unitary transformations, maximizing
(2.1) or (2.2) is equivalent to minimizing sums of squares of the off-diagonal elements
of the rotated tensors/matrices, hence the name “approximate diagonalization”. For
example, in the single matrix case (i.e., (2.1) and L = 1), we can equivalently minimize
the squared norm of the off-diagonal elements (so called off-norm)

(2.4) loff(UMAU)|* = || A|* — || diag{U" AU }||?,

which is typically done in the numerical linear algebra community [24].

In this paper, we consider a class of functions that generalizes® (2.1)—(2.3). For a
set of tensors AM ..., AF) of orders di,...,dy (potentially different), integers ty,
0 <ty <dy, and ay € R (possibly negative), we define the cost function as

L
(25)  fU) =) a diag{A e U" - 0, U" e, ;U - 0, UT}|?,
=1
i.e., a conjugate transformation is applied ¢, times and a non-conjugate dy — t, times.
If all oy, > 0, maximization of (2.5) can be viewed as joint diagonalization of several

tensors (as in Remark 2.1); the general case of negative ay, allows for more flexibility.
Also, (2.5) includes symmetric diagonalization problems (without conjugations), e.g.,

L
fU) =" ||diag{UTAVU}?, or f(U) = | diag{.Ae; U e, U 03U }|*;
=1

It can be shown that f admits representation (2.5) (with d = max(dy,...,dr)) if and
only if there exists a 2d-th order tensor B that is Hermitian [44], i.e.,

(26) Bil"'idjl"'jd = B

Jl"'jdil"'id
such that f has a representation which generalizes (2.3):
(2.7) FU)=tr{Be U™ 0,U ey 1 U - 0qU"}.

The equivalence between (2.5) and (2.7) is analogous to the spectral theorem for
Hermitian matrices; a proof can be found in Section 4 (see also [33, Prop. 3.5]).

41t is easy to see that (2.5) generalizes (2.1) (for dy = -+ =dp = 2,t; = --- =ty = 1) and (2.2)
(for L=1,d1 =3,t1 = 1).



2.3. Jacobi-type methods. Fix an index pair (i, j) that satisfies 1 <i < j < n.
Then, for a matrix ¥ € Uy, we define the plane transformation in U,, as:

i J
- ;
0
i Ui LS
(2.8) G = :
j Wy WUy o
0
L 1]

which coincides with I,, except the positions (¢,4), (i,7), (4,7), (4,4). The set of ma-
trices G s a subgroup of U,, that is canonically isomorphic to Us.

Jacobi-type methods aim at maximizing the cost function by applying successive
plane transformations. The iterations {U}} are generated multiplicatively

Uy = UkilG(ikJ—ky‘I’k),

where (i, ji) is chosen according to a certain rule, and ¥, maximizes the restriction
h(iy i) U, Of f defined as

h(i,j),U : ug — R

(29) T — f(UGHY)).

When maximizing h(; ;) 7, we can only consider rotations, i.e., ¥ = ¥(c, s1, S2) =

c

(2.10) W(c,s1,82) = Li _S] — {

c —(s1+1is2)] [ cosb — gin fet®
51 — 189 c ~ |sinfe~ @ cos @

where ¢ € R, s = 51 +isy € C, ¢® + |s|> = 1. This is due to the fact that (2.5) and
(2.7) are invariant under multiplications of columns of U by scalars from T, i.e.,

Z1 0
(2.11) f(U) = f(US), forall §= , zeT,1<i<n.

0 Zn

As in the matrix case [24], we refer to GU7"%) with W of the form (2.10) as Givens
rotations, and to maximizers of h; ;) as Jacobi rotations. As shown in Section 4,
for any cost function (2.5) or (2.7) with d < 3, maximization of h(; ;) is equivalent®
to finding the leading eigenvalue/eigenvector pair of a 3 x 3 symmetric matrix; hence
updates are very cheap. Therefore, in this paper, we mostly focus on the case d < 3.
A typical choice of pairs (ix, ji) (used in [14, 15, 19, 16]) is, e.g., cyclic-by-row,

(L,2)=»(1,3) == (1,n)—>(2,3) > = (2,n)—>---—>(n—1,n) =

(2.12) (1,2) = (1,3) — -+~

5This fact is known for special cases (2.1)-(2.3). For d > 3, a closed form solution does not exist
in general in the complex case, as shown in Section 4, where a form of h(; ;) 7 is derived for any d.
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The convergence of the iterations for cyclic Jacobi algorithms is unknown, except
in the single matrix case® [24]. Most of the results for the matrix case are on the
convergence of f(Uy) to ||A||? (or the off-norm (2.4) to zero). The rate is linear and
asymptotically quadratic, for the cyclic strategies of choice of pairs and a class of
other strategies, see [24, §8.4.3] and [26, 27] for an overview. Moreover, the result [40]
guarantees that in this case U?AU;c converges to a diagonal matrix. However, this
implies convergence of Uy to a limit point only if the eigenvalues of A are distinct
(for multiple eigenvalues, convergence of subspaces is proved [20]). All these results
are specific to matrices, and cannot be directly applied to our case. Finally, note that
an extension of the Jacobi algorithm to compact Lie groups was proposed in [34], but
their setup is different: it is the notion of diagonality of a matrix that is generalized
to Lie groups in [34], while we consider higher-order cost functions.

2.4. Jacobi-G algorithm and an overview of results. Recently, a gradient-
based Jacobi algorithm (Jacobi-G) was proposed [32] in a context of optimization on
orthogonal group. Its weak convergence was shown in [32] and global convergence
for real matrix and 3rd order tensor case was proved in [38]. In this subsection, we
introduce a complex generalization of the Jacobi-G algorithm (Algorithm 2.1). The
main idea behind the algorithm is to choose Givens transformations that are well
aligned with the Riemannian gradient” of f denoted by grad f(-).

Algorithm 2.1 General Jacobi-G algorithm

Input: A differentiable f : U,, — R, constant 0 < § < v/2/n, starting point Uy.
Output: Sequence of iterations Uyk.

e For k£ =1,2,... until a stopping criterion is satisfied do

e  Choose an index pair (i, jx) satisfying

(2.13) ' grad hi, ji),Uwy (L2)|| = 8[| grad f(Ug-1)]-

e Find ¥, that maximizgs hk(\Il) def i) U (F).
e Update Uy = Uy G ¥r)
e End for

It is shown in Section 4 that it is always possible to find (i, ji) satisfying (2.13),
provided § < v/2/n (the meaning of § will be also explained). Next, we summarize
main results on convergence of Algorithm 2.1 for (2.5) and (2.7), d < 3.

e Proposition 5.5: we show that, similarly to the algorithm of [32], the weak
convergence takes place (grad f(Uj) — 0), which implies that every accumu-
lation point U of the sequence {U}} is a stationary point; moreover, we are
able to retrieve global convergence rates along the lines of [9].

e Theorem 7.4: if an accumulation point U satisfies regularity conditions (i.e.,
restrictions h(i) O for all ¢ < j, have semi-strict local maxima at Is), then

U is the only limit point of {Uy}; if in addition, the rank of the Hessian at U
is maximal (i.e., equal to n(n — 1)), then the speed of convergence is linear.
e Theorem 7.5: if U, is a semi-strict local maximum of f, then Algorithm 2.1
converges linearly to U, (or an equivalent point) when started at any point

Sor a similar case of a pair of commuting matrices [13]. These cases are special because, the

matrices can be always diagonalized (the minimal value of the off-norm is zero).
"The definition of Riemannian gradient is postponed to Section 3.
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in a neighborhood of U,.

We eventually provide in Subsection 7.3 examples of tensor and matrix diagonal-
ization problems where the regularity conditions are satisfied. In the results listed
above, we use the notion of semi-strict local maximum due to invariance of the cost
function with respect to (2.11). This makes the Riemannian Hessian rank-deficient
(rank at most n(n — 1)) at any stationary point, hence the maxima cannot be strict.
We use the following tools to overcome this issue:

e Morse-Bott property that generalizes Morse property at a stationary point;
e quotient manifold U,,: factorizing U,, by the equivalence relation in (2.11).

3. Unitary group as a real manifold. This section contains all necessary
facts about the unitary group, derivatives of the cost functions, geodesics, etc.

3.1. Wirtinger calculus. First, we introduce the following real-valued inner
product® on C™*". For X = X® +iX°, Y = Y® +iY" € C™*", we denote

(3.1) (X, V) (X y? 4 (X% Y =R (tr{XHY}) .

This makes C™*™ a real Euclidean space of dimension 2mn.

Note that a function f : C™*™ — R is never holomorphic unless it is constant;
therefore we do not require f to be complex differentiable, but differentiable with
respect to the real and imaginary parts. We use a shorthand notation V= f,Vxs f €
R™*"™ for matrix derivatives with respect to real and imaginary parts of X € C™*™,
The Wirtinger derivatives Vx f, Vx«f € C™*™ are standardly defined [1, 12, 36] as

1 . 1 .
Vxf:= 3 (Vxnf—iVxsf), Vx-f:= B (Vxnf+iVxsf).
The matrix Euclidean gradient of f with respect to the inner product (3.1) becomes

VR F(X) =Vxnf+iVxsf=2Vx-f(X).

3.2. Riemannian gradient. U, can be viewed as an embedded real submani-
fold of C™*"™ (see also [25, Appendix C.2.6]). By [3, §3.5.7], the tangent space to U,
is associated with an n2-dimensional R-linear subspace of C™*™:

Tyl, ={X cCV": X"U4U"X =0} = {X eCV": X =UZ, Z+Z"=0}.

Recall that U,, is a matrix Lie group, with the Lie algebra of skew-Hermitian matrices
u(n) = {Z e C"" : Z + Z" = 0} (which coincides with Ty, U, in our notation).
Then for f : C**™ — R differentiable in a neighborhood of U,,, the Riemannian
gradient is just the orthogonal projection of V(%)f(U) on TyU,:

(3.2) grad f(U)=UA(U) € TyU,, where

UMV ) - (YW f)PU
o 2

(3:3) A(U) =U"Vy- f(U) - (Vu- f(U)"U.

Note that A(U) is a skew-Hermitian matrix, i.e.,
(3-4) A (U) = =(A;u(U))", 1<i,j<n

81n some literature [1], a different inner product %§R (tr{XHY}) is adopted. We prefer a definition
that is compatible with the Frobenius norm (X, X)g = || X2
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In what follows, we will use the exponential map [3, p.102] Expy : TuW, — Uy,
which maps 1-dimensional lines in the tangent space to geodesics and is given by

(3.5) Expy (UQ) = U exp(Q),
where exp(+) is the matrix exponential. We will frequently use the following relation

between Expy; and the Riemannian gradient. For any A € Ty U, we have

35 (Ao f(U)g = ( 7 Ervo(eA))

t=0
We also need the following fact about the case of scale-invariant functions.

LEMMA 3.1. Assume that f : U, — R satisfies the invariance property (2.11).
Then for any U € U,, and S as in (2.11) it holds that

grad f(US) = grad f(U)S.
Proof. By the chain rule, we have Vi« f(US) = (Vy-f(U)) S. Therefore,

grad f(US) = US (SHUHVU* FU)S - (Vy- f(U)S)HUs) = UAU)S,

where the last equality follows from SS" = I. ad

3.3. Derivatives for elementary rotations. This section contains general
facts about derivatives of h(; ;. First, for i # j we introduce a useful projection
operator P; j : C"*™ — C?*? that extracts a submatrix of X € C™*" as follows:

_ | X Xy
(3.7) Pii(X) = |:in X,

Its adjoint operator is PiTj 1 C2X2 5 C™X™ e,

i g
0 0
. a ¢ 72' e a c
(3.8) pi,j<[b dD_
gl--- b d
0 0

Note that for the Givens transformation in (2.8) we have
Pii(GHIY) = w,

which makes it easy to express the Riemannian gradient of h(; ;) i through that of f.

LEMMA 3.2. The Riemannian gradient of h(; jyu defined in (2.9) at the identity
matriz Is is a submatriz of the matriz A(U) defined in (3.3):

(3.9) gradhi g u(I2) = Pij(AU)) = /Q]Eg')) ﬁgjgg '

7



Proof. Denote h = h(; ;) for simplicity. For any A € Tr,Us, by (3.6)

d

_ <E FUGUIExr, (AD) )>
t=0

(A, grad h(Is))q = (%h(Eprz(tA))> o

- (%f(Epr(UPL(A)t)))

which completes the proof. ad

70 = <UPZJ(A)7 gradf(U»% = <A7Pi,j(A(U))>%a

3.4. Quotient manifold. In order to handle scale invariance, it is often conve-
nient to work on the quotient manifold. We define the action of T" on U,, as

zZ1 0
U-(z21,...,2n)=U

0 Zn

Since the action of T™ on U,, is free and proper, the quotient manifold ﬁn =W, /T is
well-defined. In order to define the gradient and Hessians on U,,, we use the standard
splitting into vertical and horizontal space

TUun - VUun S¥ %Uunu

where HyyU,, contains the skew-symmetric matrices with zero diagonal:

Hol, ={X eC" . X =UZ, Z+2Z"=0, diag{Z}=0}.
Anelement U € ﬁn is then represented by U and the tangent space Tﬁﬁn is identified

with HyUWU,, see [3, §3.5.8]. Moreover, the Riemannian metric on ?Nln is defined as

<€7 ﬁ)Taﬁn = <€7 77>TUun7

because the inner product is invariant with respect to the choice of representative U,
see [3, Section 3.6.2]. This makes U,, a Riemannian manifold; the natural projection
7w : U +— U then becomes a Riemannian submersion. _

Due to the invariance property (2.11), the function f is, in fact, defined on U,
(we will denote the corresponding function by f: U, — R).

Remark 3.3. As shown in [3, eqn. (3.39)], for any f satisfying the scale invariance
property, we have (2.11), grad f(U) € HyWU,, (which naturally represents the gradient
of fin U,). Therefore, in particular, the main diagonal of A(U) is zero.

Remark 3.4. Note that as in [41, Thm. A.15], for any Z € HyU,, the geodesic
(3.10) 7(t) = Expy (21)
is horizontal (i.e. its derivative stays in the horizontal space §(t) € H~U,). Thus
the exponential map in the quotient manifold U,, is also defined by (3.10).

Finally, we make remarks about the two-dimensional manifold of 2 x 2 rotations ﬁg.
Remark 3.5. The matrices ¥(c, s1, s2) defined in (2.10), in fact, parametrize Us.

Remark 3.6. Since all the elements on the diagonals are zero, the tangent space
T#UWU, to the n(n—1)-dimensional manifold U,, can be decomposed as a direct sum of
@ copies of T:,;Ug (spaces of 2 x 2 skew-symmetric matrices with zero diagonal

corresponding to different pairs (4, 7)); this can be also seen from Lemma 3.2.
8



3.5. Riemannian Hessian and stationary points. For a Riemannian man-
ifold M and a C? function f : M — R, the Riemannian Hessian at x € M is either
defined as a linear map T, M — T, M or as a bilinear form on T, M; the usual
definition is based on the Riemannian connection [3, p.105].

For our purposes, for simplicity, we assume that the exponential map Exp,, :
T, M — M is given, and adopt the following definition based on [3, Proposition
5.5.4]. The Riemannian Hessian Hess, f is the linear map T, M — T, M defined by

Hess, f = Hesso, (f o Exp,),

where 0, is the origin in the tangent space, and Hessg, g is the Euclidean Hessian of
g : T, M — R. Hence, similarly to (3.6), there is the following expression for the
values of Riemannian Hessian as a quadratic form at A € T, M:

2

(3.11) (Hess, f[A], A)gy = (%f(EXPz(tA)O

t=0

The Riemannian Hessian gives necessary and sufficient conditions of local extrema
(see, for example, [46, Theorem 4.1]).
e If 2 is a local maximum of f on M, then Hess, f < 0 (negative semidefinite);
o If grad f(z) = 0 and Hess, f <1, m 0 (i.e., Hess, f < 0 and rank{Hess, f} =
dim(M)), then f has a strict local maximum at .
Finally, we distinguish stationary points with nonsingular Riemannian Hessian.

DEFINITION 3.7. A stationary point (x € M, grad f(z) = 0) is called non-
degenerate if Hess, f is nonsingular on Tz M.

In our case, a stationary point is never non-degenerate, as shown below.

LEMMA 3.8. Assume that f : U, — R satisfies the invariance property (2.11).
Let U be a stationary point (grad f(U) =0) and
(3.12) Zy=[0 -+ 0 iuy 0 --- 0] =UQ € Tyl,,
where Q, = ieye] (where ey, is the k-th unit vector). Then Hessy f[Zy] = 0 (i.e., all
Zy, are in the kernel of Hessy f). In particular, rank{Hessy f} < n(n —1).

Proof. Let v: R — U, be a curve defined as v(t) = Expy; (tZ}), with v(0) = U,
~'(0) = Zj. By [3, Def. 5.5.1], [3, (5.15)] and Lemma 3.1, we obtain
t—O)

Note that U is a stationary point. Then A(U) = 0, and thus Hessy f[Z)] = 0. Since
{Z}}_,, are linearly independent, rank{Hessy f} < n(n — 1). O

Hessy f[Zk] = Pu <% grad f(v(t))

> _py <%grad F(U) exp(t)
t=0

= P (grad [(U)0) = 5 (AU) ~ QUAD))

4. Finding Jacobi rotations and derivatives for complex forms.
4.1. On correctness of Jacobi-G. The following fact follows from Lemma 3.2.
COROLLARY 4.1. Let f and h(; j) v be as in Lemma 3.2. Then

V2
max || gradhg; ;) v (L2)]] > 7” grad f(U)].

1<i<j<n
9



Proof. By (3.2) and Lemma 3.2, we see that

2
lgrad f(U)]* = | AU)||* = ZIA J|2_71<Ip<ax | grad h; 5,0 (T2)|%.
1,7=1

Remark 4.2. Corollary 4.1 implies that for any differentiable f it is always possi-
ble to find (i, jx) satisfying the inequality (2.13), provided § < v/2/n.
In fact, it gives an explicit way to find such a pair, as shown by the following remark.

Remark 4.3. From Lemma 3.2 and Remark 3.3, the condition (2.13) becomes
(4.1) V2[Aiy g | = S|IA],

where A = A(Uj_1) = U, grad f(U_1) is as in (3.3). Thus the pair can be selected
by looking at the elements of A, for example, according to one of the strategies: (a)
choose the maximal modulus element of A; or (b) choose the first pair (e.g., in cyclic
order) that satisfies (4.1); if § is small, then (4.1) is most of the time satisfied.

4.2. Elementary rotations. First of all, our cost functions that satisfy the
invariance property (2.11); hence the restriction (2.9) is also scale-invariant

(4.2) hipu(®) =hepno (®[5 2]), forallzi, 2 €eT.

022

Hence, we can restrict to matrices ¥ = ¥(c, s1, $2) defined in (2.10), and maximize

def c —(s1+1is
higyu(c,s1,82) = by o ((c,s1,82)) = hijyu ([sﬁm (o1 F 2)D ;

next, we show how to maximize h(; j) v (c, s1, s2) for cost functions (2.5) and (2.7).

PROPOSITION 4.4. For a cost function f of the form (2.5) and (2.7) with d < 3,
its restriction for any pair (i,7) and U € U,, can be expressed as a quadratic form

. i c,81,82) =T r+ C, where
4.3)  hupu T 40 wh
(44) rT= ’l"(C, S1, 52) déf [202—1 —2c¢s1 —2052]1— = [cos 20 —sin20cos¢ —sin260 sinqb]T7

riU) ¢ R3%3 s ¢ symmetric matriz and C' is a constant, whose entries depend
polynomially on the real and imaginary parts of U and of tensors B or A

In fact, Proposition 4.4 was already known for special cases of problems (2.1)—(2.3)
(see [18, Ch. 5] for an overview); in its general form, Proposition 4.4 is a special
case of a general result (Theorem 4.16 in subsection 4.6) that establishes the form of
h j),u for any order d.

To illustrate the idea, we give an example for joint matrix diagonalization.

Ezample 4.5. For the function (2.1), denote W© = UNAWVU, so that f(U) =
L
S || diag{W ®}||2. Then it is known [15] that?
=1

L
D) = ST (W + WEOPL 40 (2(W )W) ) where
=1

def . T
Z(W) £ [WJJ Wi Wi + Wy —Z(Wij —Wji)]

9Note that these expressions can be simplified for Hermitian matrices W(Z)7 because in this case
. I
[/[/ij =+ [/[/j’L = 2[/[/5}; and _Z(w/ij - [/[/j’L) = 2[/[/1‘;

1,
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Similar expressions exist for the cost functions (2.2) (see [19, (9.29)] and [18, Section
5.3.2]) and (2.3) (see [16]), but we omit them due to space limitations, and also
because Proposition 4.4 supersedes all these results.

Remark 4.6. By Proposition 4.4, the maximization of h; ;) (¢, s1,s2) is equiv-
alent to maximization of r"I'®»Y)r subject to ||r| = 1. Thus a maximizer of
h j),u(c, 51, 82) can be obtained from an eigenvector of I‘(i’j’U)7 which we summarize

in Algorithm 4.1. Note that we can choose the maximizer such that ¢ > @

Algorithm 4.1 Finding Jacobi rotations

Input: Point U, pair (4, ).
Output: A maximizer (c,s1, s2) of h(; ;) u(c, s1,52).
e Build I = 1(3:0) according to Proposition 4.4.
e Find a leading eigenvector w corresponding to the maximal eigenvalue of T'

(with normalization ||w|| = 1, wy > 0).
e Choose 6 € [O, ﬂ and s1, S92 by setting 0 = %b(wl) € [O, ﬂ, ¢ = cos(f) =
w1+12\/_,51:_%,82 7;03

4.3. Riemannian derivatives for the cost functions. In this subsection, we

link the Riemannian derivatives of h(; ;) ry with the entries of the matrix r@av),

LEMMA 4.7. Let h(; ju satisfy (4.2) and be expressed as in (4.3). Then

0 I‘(lJU)-i- I‘\(ZJU)

rad h(; 5y u(l2) =2 i i
grad h; j) v (12) _p(iU) |l v) 0

hence, in particular, A;;(U) = 2(1‘5127 U4 ’LI‘(l 7 U)) by Lemma 3.2.

Proof. Denote h = h; jyy and T = r@iv, By (3.4) and Remark 3.3, we see that
grad h(I9) is skew-Hermitian, and is decomposable as grad h(I3) = 2wi A + 2waAg,

0o -1 0 —i
(4.5) where A = [1 02] . Ay = { ; 02} )
2 2

Note that {A1, Ay} is an orthogonal basis of Ty, Us. Since [|Aq]2 = [|Ay]|2 = 1/2

on = {Argradh(Lz))g = (0

t=0
for k =1, 2. On the other hand, we have
t _gipnt t t —
h(etA1) = h ({C.OS% smtﬂ) =h <cos 3 sin 5 O) h(cost, —sint,0),

sin 5 COS 5

t t t t -
h(e!A2) = h ({ €os 2, zsﬂl }) =h (cos 5 O,sin—) h(cost,0, —sint),

[\

—17 81 3 COS 5 2

where h(r) = »'I'r. Since Vh(r) = 2T'r, we have

Oh Oh
=—-——(1,0,0) = —2I' =—-——(1,0,0) = —=2T"
w1 87’2( y Uy ) 21, w2 87"3( y Iy ) 31,
which completes the proof. a

11



LEMMA 4.8. For h(; jyu as in Lemma 4.7, and the basis of leﬁg as in (4.5),

the Riemannian Hessian of h (h(; jyu on Uy) is
(0.5,U)  p(i4,U)
7 i,5) def r r 04U
an) ool o (T T ren)
3,2 3,3
Proof. We denote h = h; jyuy and T = r@»U) for simplicity, and take
(4.7) Q=1 A1 +aA,, where ag,as € R, ozf + oz% =1,
and {A1, Ay} are as in (4.5). Then h(e!*?) and its derivative can be expressed as
(4.8) h(etn) =h ([(oq —(;(;Sjsin L _(al—;ﬁ:? i ]) = E(COS t,—aisint, —agsint),

d
Eh(em) = -2 [sint o cost g Ccos t} r [cost —apsint —ag sint}T,

and thus by [3, (5.32)]

49) @B hl@), = (Fhe®)| <o a2l 2],

Q2

t=0

Finally, note that the geodesic is horizontal (its derivative stays in the horizontal

space), hence (4.9) is valid for the Hessian of h. 0
COROLLARY 4.9. If I is a local mazimizer of h(; j) v, then Qg’j) =<0.

Remark 4.10. Denote T' = T'»3Y) Then Qg’j) is negative definite if and only if

oo TI'ag
I'11 > Amax .
H < [F23 1—‘33] >
If, in addition, gradh; ;) u(I2) = 0, this is equivalent to saying that A;(I") > Ao(T")
(i.e., the first two eigenvalues are separated) and I'y; = A1 (T).

4.4. Complex conjugate forms and equivalence of the cost functions.
For A € C™"**™ of order d and an integer ¢, 0 < ¢t < d, we define the corresponding
homogeneous conjugate form [33] (a generalization of a homogeneous polynomial) as

(4.10) gar(u) =Ae;u" o, u"eju---o u,

i.e., the tensor contracted ¢ times with u* and the remaining d —t times with w. Then
it is easy to see that the cost functions (2.5) and (2.7) can be written as'®

n

(4.11) FU) =3 Au),

k=1

where v(u) is one of the following options depending on the cost function:

L
(4.12) y(u) = Z arlg a0 4, (w)]?,  or
=1

(4.13) v(u) = gg,a(u), where B is Hermitian in the sense of (2.6).

Note that we call forms of type (4.13) Hermitian forms. The equivalence of (2.5) and
(2.7) is established by the following result.

0similarly to contrast functions [16, 17]

12



LEMMA 4.11. When restricted to norm-one vectors u, ||u| =1, a function vy(u)
is a Hermitian form (4.13) of order 2d if and only if it can be represented as (4.12)
for tensors AL AL of orders dy,...,dr <d.

Lemma 4.11 is a rather straightforward generalization of the results of [33, Proposition
3.5]; still, we provide a proof in Appendix A for completeness, and also because our
notation is slightly different from that of [33].

We conclude this subsection by showing how to find Wirtinger derivatives for
forms (4.10).

LEMMA 4.12. For a form g(u) = ga(u) defined in (4.10), it holds that

t

Vu*g(U)ZZAHU*---M---%W%HU ............ o, u,
k=1
d—t

vug(u):ZA.lu* ............ .tU*.t-‘rlu"'M"'.duu
k=1

Vaurlg(w)? = (9(u))* Varg(u) + (9(w)) (Vug(w))".

Proof. The first two equations follow by the rule of product differentiation and
the following identities [30, Table IV]

Vu(ula)(u) = V- (u'a)(u) =0, V- (ua)(u) = Vi(u'a)(u) = a.

The last equation follows!! from the rule of differentiation of composition [30, Theorem
1], and the fact that d|z|? = 2*dz + zdz*. 0

4.5. Riemannian gradients for cost functions of interest. Before com-
puting derivatives for (2.5) and (2.7), we make a remark about symmetries in these
functions.

Remark 4.13. For any form g4,.(u) (4.10) we can assume without loss of gener-
ality that the tensor A is t-semi-symmetric, i.e., satisfies the following symmetries:
Ail...itit+1...id = Aﬂ'l(il...it)ﬂ'g(it+1...id)

for any index (i1 . ..44041 - - - iq) and any pair of permutations 71 (+) and 7o (+) of indices
corresponding to the same group of contractions in (4.10). For example,
o for any A € C"*"™*" we can define T, = % such that

Aeiu*esuesu="Te u" e;uesu;
Bijri+Bijik+Bjini+Bjiik
4

o similarly, for any B € C**"*™*™ and S = we have

Beiu“esu"esue,u=8Se;u“ e u" e3ue,u.
Thus the tensors can be assumed to be semi-symmetric in (2.5) and (2.7).

Next, we are going to find Riemannian gradients for cost functions (2.5) and (2.7).
Since the cost functions can be written as (4.11), we have

(4.14) Vu-f(U) = [vu*V(ul) T vu*W(un)} )
hence Lemma 4.12 can be used to prove the following result.

1 An alternative proof can be derived by using the representation of |g(u)|? as a Hermitian form,
contained in the proof of Lemma 4.12.
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PROPOSITION 4.14. (i) Let B be a Hermitian d-semi-symmetric (as in Re-
mark 4.13) tensor. Then for the cost function (2.7),

(4.15) (UHVU*f(U)> =V, AUy =dVijj — Vi),

4.16 where Y =Be U™ - 0, UMN 0y 1 U - 00U
+

1s the rotated Hermitian tensor.
1) Le e a t-semi-symmetric tensor and y(u) = |ga(uw)|*. For efined as
i) Let A be at ‘ tric ¢ d +(uw)? F defined
(4.11) the gradients can be expressed as

(4.17) (UHVU*f(U))ij = tWE Wijj + ([d— OW, Wi s
Aij(U) =tW] Wijoj = WiiWyi ) +(d =)W W] i = Wi Wi ij),

where W = Ao U™ ..o, UM ® U e U is the rotated tensor.
Proof. (i) By (4.14) and Lemma 4.12, we get
(UMY FU)) = ul V()

)
d
- * * *
= E Bejuj - pa - oqujeiiiuj - equ;epu; =dV. j,
k=1

where the last equality is due to symmetries. The form of A follows from (3.3).
(ii) The proof is similar'? to (i), and follows from Lemma 4.12 and the equalities

9(us) = gai(uy) = W5, w' Vaueg(u;) = Wij._j, ui' (Vag(u)" =W5, ;0O

Remark 4.15. Part ii of Proposition 4.14 also allows us to find the Riemannian
gradient for all functions of the form (2.5), by summing individual gradients for each
A®) | For example, the Riemannian gradient of the cost function (2.1) simplifies to

L
4 0)y % 4 14 14 )\ %
(4.18) A (U) = Z(WO —wOyw® +(WJ§j> — WO WOy,

i Ji
=1

where W) is as in Example 4.5. Note that (4.18) agrees with Lemma 4.7.

4.6. Elementary update for Hermitian forms. In this subsection, for sim-
plicity, we only consider Hermitian tensors (2.6) of order 2d which we assume to be
d-semi-symmetric; we also take V as in (4.16). Then h(; j) 7 (¥) has the form

h(i,j),U(‘I’) = tI’{v L1 GH R Vi GH .d+l GT cc @99 GT}

where G = G"W*¥) ig the Givens transformation. Note that the Givens transforma-
tions change only elements of V with at least one of indices equal to i or j, hence

(4.19) i) u () = § Vi +tr{T o, T" .. .0, WMe; U7 ... 0); ¥}
k4,5
-

constant

where T = V(; j,....(i,5) 1S the 2 x -~ x 2 subtensor of V corresponding to indices 4, j.
Then the following result characterizes the elementary rotations.

12The proof can be also directly obtained from (A.2) and (i); the tensor needs to be semi-
symmetrized before applying (i), hence the second term appears in (4.15) compared with (4.17).
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THEOREM 4.16. Let T be a Hermitian 2d-order d-semi-symmetric 2 X --- X 2
tensor. Then there exists a 3 X --- X 3 real symmetric tensor F of order 2m for
m = 2] such that

ﬁ(c,sl,SQ) def tr{T oy \IIH---od\IIH i1 \IIT---ogd‘I’T} =Fer -0, T

where ¥ = (e, s1,82) and r = r(c, s1,52) are as in (2.10) and (4.4).
The proof of Theorem 4.16 is contained in Appendix A.
Remark 4.17. Theorem 4.16 implies that:
e m =1 for d < 3, ie., F is a symmetric 3 x 3 matrix (called I in Proposi-
tion 4.4). Thus, Theorem 4.16 provides a proof for Proposition 4.4.
e m = 2 for d = 4, in particular, the elementary update for the 4-th order
complex tensor diagonalization requires maximizing a 4-th order ternary form
(which was established in [19] for this particular case).
e For d > 3 (unlike d < 3), the update cannot be computed in a closed form.

Remark 4.18. The proof of Theorem 4.16 gives a systematic way to find the coefli-
cients of F for any instance of (2.5) or (2.7), and thus generalizes existing expressions
derived for special cases (see [18, Ch. 5]).

5. Weak convergence results.

5.1. Global rates of convergence of descent algorithms on manifolds.
We first recall a simplified version of result presented in [9, Thm. 2.5] on convergence
of ascent algorithms (originally proposed in [9] for retraction-based algorithms).

LEMMA 5.1 (]9, Theorem 2.5]). Let f : M — R be bounded from above by f*.
Suppose that, for a sequence'® of xy, there exists ¢ > 0 such that
(5.1) fl@rsr) = flar) > cf grad f(zp)|*.

Then
(i) || erad f(zk)||| = 0 as k — oo;
(i) We can find an xj with || grad f(zk)|| < e and f(xg) > f(xo) in at most

*— 1
K. = {f (o) _2—‘
c 5
iterations; i.e., there exists k < K. such that || grad f(z)|| < €.

Proof. (1) We use the classic telescopic sums argument to obtain

K-1 K—-1
fr=fo) = flzx) = flxo) = > (Fl@er) — flzn) = ¢ Y | grad f(a)]|*.
k=0 k=0

Then we have that Z | grad f(zx)||? is convergent, thus || grad f(zx)|| — 0.

(ii) Assume that || grad f (xk)|| > ¢ for all K — 1 iterations. Then, in a similar way,

= flzo) > cK <]£n1n | grad f(zx)||* > cKe?,

which can only hold if K < K. d

13Note that in the original formulation of [9, Theorem 2.5] , were chosen as retractions of some
vectors in Ty, _,. However, it is easy to see that this condition is not needed in the proof.
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For checking the ascent condition (5.1), we recall a lemma on retractions.

DEFINITION 5.2. ([3, Definition 4.4.1]) A retraction on a manifold M is a smooth
mapping Retr from the tangent bundle TM to M with the following properties. Let
Retr, : T, M — M denote the restriction of Retr to the tangent vector space T, M.
(i) Retr,(0,) = x, where 0, is the zero vector in TpM;

(i) The differential of Retr, at 0,, DRetr;(0;), is the identity map.

LEMMA 5.3 ([9, Lemma 2.7]). Let M C R™ be a compact Riemannian sub-
manifold. Let Retr be a retraction on M. Suppose that f : M — R has Lipschitz
continuous gradient in the convex hull of M. Then there exists L > 0 such that for
all v € M and n € T, M, it holds that

(52) [ (Retra(n) — (F(@) + o grad £2)| < 5l

i.e., f(Retry(n)) is uniformly well approximated by its first order approzimation.

COROLLARY 5.4. Let f be any of the functions (2.5) or (2.7). Then there exists
a constant L > 0 such that the uniform (on U, ) approrimation bound holds true.

Proof. Note that we can view U,, as a real submanifold of C"*"  and its convex
hull is compact. The cost functions (2.5) and (2.7) are defined on C"*™ and are
polynomial in the real and imaginary parts of U. This implies Lipschitz continuity of
f on the convex hull of U,,, hence Lemma 5.3 can be applied. a

5.2. Convergence of Jacobi-G algorithm to stationary points. We will
show in this subsection that the iterations in Algorithm 2.1 are a special case of the
iterations in Lemma 5.1, and the convergence results of Lemma 5.1 apply.

PROPOSITION 5.5. Let f : U, — R be one of the functions (2.5) or (2.7), and
L >0 be from Corollary 5.4. For Algorithm 2.1, we have:
(i) |lgrad f(Ug)|| — 0 in Algorithm 2.1; in particular, every accumulation point in
Algorithm 2.1 is a stationary point.
(i) For & as in (2.13), Algorithm 2.1 needs at most

2L(f" — f(x)) 1
5?2 e?
iterations to reach an e-optimal solution (|| grad f(Uyg)|| < e).

Proof. We need to show that the ascent conditions are satisfied. Let h = h; ;) .r
be as in (2.9) and ¥, be its maximizer. We set

A =UP;P;;(AU)) € TylU,,

which is a projection of grad f(U) onto the tangent space to the submanifold of
the matrices of type UG"¥). Next, denote ¥; = Expy, (1 grad h(I3)). Then, by
Lemma 5.3 and Corollary 5.4, we have'? that

B(Wops) — H(T2) = 1(82) ~ 1(12) = f (B0 (T ) ) = 5O

2 |lgradh(Iy)|?

A LA
> (2 orad 2=
_<L,gra f(U)>% 2HL 5 ,

14 Note that the exponential map (3.5) is a retraction (see [3, Proposition 5.4.1]).
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where the last equality is from (3.2) and (3.9). Finally, we note that

2
fWUk) = f(Uk-1) = hi(¥y) — hp(I2) > %H grad hy(I2)[|* > S—LH grad f(Up—1)|?,

and thus the descent condition (5.1) holds with the constant %. O

6. Lojasiewicz inequality. In this section, we recall known results and prelim-
inaries that are needed for the main results in Section 7.

6.1. Lojasiewicz gradient inequality and speed of convergence. Here we
recall the results on convergence of descent algorithms on analytic submanifolds that
use Lojasiewicz gradient inequality [39], as presented in [48]. These results were used
in [38] to prove the global convergence of Jacobi-G on the orthogonal group.

DEFINITION 6.1 (Lojasiewicz gradient inequality, [47, Definition 2.1]). Let M C
R™ be a Riemannian submanifold of R™. The function f : M — R satisfies a
Lojasiewicz gradient inequality at a point x € M, if there exist 6 > 0, 0 > 0 and
¢ €(0,1] such that for all y € M with ||y — z|| < 8, it holds that

(6.1) [f(x) = F)I'™¢ < ol grad f(y)ll.

The following lemma guarantees that (6.1) is satisfied for the real analytic func-
tions defined on an analytic manifold.

LEMMA 6.2 ([47, Proposition 2.2 and Remark 1]). Let M C R™ be an analytic
submanifold® and f : M — R be a real analytic function. Then for any * € M, f

satisfies a Lojasiewicz gradient inequality (6.1) for some'® 6,0 > 0 and ¢ € (0, %]
Lojasiewicz gradient inequality allows for proving convergence of optimization

algorithms to a single limit point.

THEOREM 6.3 ([47, Theorem 2.3]). Let M C R™ be an analytic submanifold and
{zy : k € N} C M. Suppose that f is real analytic and, for large enough k,
(i) there exists o > 0 such that

(6.2) |f(zrt1) = f(ox)] > ol grad f(2n)||[|vh+1 — 25

(i) grad f(zx) = 0 implies that xx+1 = Tk.
Then any accumulation point x,. of {xy : k € N} C M is the only limit point.
If, in addition, for some k > 0 and for large enough k it holds that

(6.3) k41 — x> & grad f(zx)|,

then the following convergence rates apply

e ¢k, if ¢ =3 (for some ¢ >0),
kT if0< (<3,

s — 2| < C{

where C is the parameter in (6.1) at the limit point x..

Remark 6.4. We can relax the conditions of Theorem 6.3 as follows. We can
require just that (6.2) holds for all k such that ||z — z.|| < &, where z, is an ac-
cumulation point of the sequence and € > 0 is some radius. This can be verified by
inspecting the proof of Theorem 6.3 (see also the proof of [2, Theorem 3.2])

158ee [35, Definition 2.7.1] or [38, Definition 5.1] for a definition of an analytic submanifold.
16The values of §,0,¢ depend on a specific point.
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In the case ( = %, according to Theorem 6.3, the convergence is linear (similarly
to the classic results on local convergence of the gradient descent algorithm [45, 11]).
In the optimization literature, the inequality (6.1) with ¢ = % is often called Polyak-
Lojasiewicz inequality'”. In the next subsection, we recall some sufficient conditions
for Polyak-Lojasiewicz inequality to hold.

6.2. Lojasiewicz inequality at stationary points. It is known, and widely
used in optimization (especially in the Euclidean case), that around a strong local
maximum the function satisfies the Polyak-Lojasiewicz inequality. In fact, it is also
valid for non-degenerate stationary points, as shown in [31]. Here we recall the most
general recent result on possibly degenerate stationary points that satisfy the so-called
Morse-Bott property (see also [8, p.248]).

DEFINITION 6.5 ([23, Definition 1.5]). Let M be a C*° submanifold and f :
M — R be a C? function. Denote the set of stationary points as

Critf = {z € M : grad f(z) = 0}.

The function f is said to be Morse-Bott at x¢o € M if there exists an open neighborhood
U C M of xg such that

(i) € =UNCritf is a relatively open, smooth submanifold of M;

(i) T.,C = Ker Hess,, f.

Remark 6.6. (i) If g € M is a non-degenerate stationary point, then f is Morse-
Bott at xg, since {x¢} is a zero-dimensional manifold in this case.
(i) If o € M is a degenerate stationary point, then condition (ii) in Definition 6.5
can be rephrased'® as

(6.4) rank{Hess,, f} = dim M — dim C.
For the functions that satisfy the Morse-Bott property, it was recently shown that the
Polyak-Lojasiewicz inequality holds true.

THEOREM 6.7 ([23, Theorem 3, Corollary 5]). If U C R™ is an open subset and
f:U— R is Morse-Bott at a stationary point x, then there exist §,0 > 0 such that

[f(y) = f(@)] <oV,
for any y € U satisfying ||y — z|| < 6.

We can also easily deduce the same result on a smooth manifold M.

PROPOSITION 6.8. If U C M is an open subset and a C? function f : U — R is
Morse-Bott at a stationary point x, then there exist an open neighborhood V C U of
x and o > 0 such that for all y € V it holds that

[f(y) — f(@)] < ol grad f(y)|1*.
Proof. Consider the exponential map Exp, : T, M — M, which is a local dif-
feomorphism. Let W C T,M be an open subset such that Exp, (W) = U. Let
f = f o Exp, be the composite map from W to R. Then

(6.5) VW) = Iy, (v') grad f(y),

"The inequality (6.1) with ¢ = % goes back to Polyak [45], who used it for proving linear
convergence of the gradient descent algorithm.
18due to the fact that T+,C C Ker Hessz, f.

18



where y' € W and y = Exp, (v'). It follows that Exp,, gives a diffeomorphism between
Critf and Critf. Since Hess,f = HJ?(O) by [3, Proposition 5.5.5], we have that fis
Morse-Bott at 0. Therefore, by Theorem 6.7, there exist ¢/ > 0, ¢ > 0 and an open
neighborhood V C U of x such that

~ ~

1f(y) = F@) = () = FO)] < IVF)II? < ol grad f(y)]%,

for any y € 'V, where the last inequality holds because Jgxp_ is nonsingular in a
neighborhood of z. d

Remark 6.9. For the case of non-degenerate stationary points and C'*° functions,
Proposition 6.8 is proved in [31, Lemma 4.1], which is a simple corollary of Morse
Lemma [43, Lemma 2.2]. For C* functions and Morse-Bott functions, Proposition 6.8
(as noted in [23]) is also a simple corollary of Morse-Bott Lemma [7].

Remark 6.10. Morse-Bott property is known to be useful for studying convergence
properties. For example, it is shown in [29, Appendix C] that if the cost function is
(globally) Morse-Bott, i.e., satisfies the Morse-Bott property at all the stationary
point, then the continuous gradient flow converges to a single point.

Finally, we recall an important property of non-degenerate local maxima, which
follows from the classic Morse Lemma [43].

LEMMA 6.11. Let = be a non-degenerate local mazximum (according to Defini-
tion 3.7) of a smooth function f such that f(x) = c¢. Then there exists a simply
connected open neighborhood W of x such that

e x is the only critical point in 'W;

o its boundary is a level curve (i.e f(y) =a <c, for all y € 6(W);

o the superlevel sets Wy, = {x € W, f(z) > b > a} are simply connected and
nested.

Remark 6.12. In Lemma 6.11, we can also select the neighborhood in such a way
that Hessian is negative definite at each point y, which implies that for any geodesic'”
~(t) passing through y, v(0) = y, the second derivative of f(y(t)) at 0 is negative.

7. Convergence results based on Lojasiewicz inequality.

7.1. Preliminary lemmas: checking the decrease conditions. In this sub-
section, we are going to find some sufficient conditions for (6.2) and (6.3) to hold in
Algorithm 2.1, which will allow us to use Theorem 6.3.

Let Uy, = Uy, GU*7%¥%) he the iterations in Algorithm 2.1. Obviously,

Uk = Uga| = [[¥5 — La||.

Assume that W is obtained as in Proposition 4.4, i.e., by taking w as the leading
eigenvector of L& Ur=1) (normalized so that w; = cos20 = 2¢2 — 1 > 0 in (4.4))
as in Remark 4.6, and retrieving ¥}, from w according to (2.10) and (4.4). We first
express || ¥y — Is|| through w.

LEMMA 7.1. For the iterations Wy, obtained as in Proposition 4.4, it holds that

VV2+2
(7.1) \/§||‘I’k—I2||Z\/l_w%ZTH‘I’k—IZH

19A related discussion on geodesic convexity of functions can be found in [46].
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Proof. Note that

TA —\

[ |-

Next, we note that /1 — w? = 2¢v/1 — ¢2 and

1—wi  2cV/1—¢2
[, — Lo 2yT—c

By Remark 4.6, we have ¢ € [%, 1], hence the ratio can be bounded from above by

cvl1l+e.

its values at the endpoints of the interval. ad

Since we are looking at Algorithm 2.1, we can replace in both inequalities of (7.1)
grad f(Ug—1) with grad h(; ;) (I2) . Next, we prove a result for condition (6.3).

LEMMA 7.2. Let f : U, — R be as in Proposition 4.4. Then there exists a
unwversal constant kK > 0 such that

W) — I|| > || grad hy(I2)]|-

Proof. We denote I' = D030 Ur-1) 45 in (4.3). By Lemma 4.7, we have that

| grad hy,(I)]] = 2v/24/T2, + I'2,.
By Lemma 7.1, it is sufficient to prove that
1—w? > (7, +TT;)

for a universal constant k' > 0. Let A\; > A2 > A3 be the eigenvalues of I'. Without
loss of generality, we set IV = T' — A\3I'3, i1 = A\; — A3 and pio = Ay — A3. Then

(7.2) I = pww' + pavv’,
where v is the second eigenvector of I". It follows that

I, +T1 = (T)? + (T3)? = (pwiwa + povive)® + (piwiws + ppvivs)?

) = R+ ud) + 2pypnva v -+ wses) + B3 +03)
| = (L~ ) 2l + e (1 — o)

< (1 —w)(pf + p3),

where the last equality and inequality is due to orthonormality of v and w (which
implies v} < 1 — w?). By expanding p; and pug, it is not difficult to verify that
u3 + p3 < 2||T||2. Finally, by Theorem 4.16, the elements of I' continuously depend

on U € U,. Therefore, ||T'|| is bounded from above, and thus the proof is completed.0
We are ready to check the sufficient decrease condition (6.2).

LEMMA 7.3. Let T = T0dnUs-1) pe g5 in (4.3). Let Ay > Ay > A3 be the

eigenvalues of T', and n = if:ig . Suppose that 1 —n > e for some e > 0. Then

9
A (@) = hie(L2)| = Il grad hne(L2)[y/1 — wi.
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Proof. Define the ratio

(wTI‘w — 1—‘11)2
(F%Q + ng)(l - w%)

(7:4) (T, w) =
It is sufficient to prove that ¢(T',w) > &2/2. Denote p ey w? > v}, where v is as
in the proof of Lemma 7.2. From (7.2) and (7.3) we immediately have

(7.5) w'Tw — Ty = py — (mwi + pev}) = w(p —nof) > pp(l —n),
(7.6) I, + T3 < ppi(1+17%).

Using (7.5) and (7.6), we get

1 (M2 +T35)p Pri(l+n?) _ 2
= < <.
qTyw)  (w'Tw—T11)2 = p2u3(l—mn)2 — &2
The proof is complete. |

7.2. Main results.

THEOREM 7.4. Let f: U, — R be as in Proposition 4.4, and U be an accumu-
lation point of Algorithm 2.1 (and grad f(U) = 0 by Proposition 5.5). Assume that

’D%j) defined in (4.6) is negative definite for all i < j. Then
(i) U s the only limit point and convergence rates in Theorem 6.3 apply.
(ii) If the rank of Riemannian Hessian is mazimal at U (i.e., rank{Hessgf} =
n(n — 1)), then the speed of convergence is linear.

Proof. (i) Since @%j ) is negative definite for any i # j, the two top eigenvalues

of T30 are separated by Remark 4.10. Therefore, there exists € > 0 such that

A (DGIT)Y — 7y (D30

—= ——> <1-e.
A (DEID)Y 2\ (r(B30))

By the continuity of TV with respect to U, the conditions of Lemma 7.3 are

satisfied in a neighborhood of U. Therefore, there exists ¢ > 0 such that

[f(Uk) = f(Ur-1)| = c| grad hy(L2)[[[|[Uk — Up—1]|
> cb|| grad f(Up—1)[|[Ux = Uk-1]l, O

in a neighborhood of U by Lemma 7.3, Lemma 7.1 and (2.13). By Remark 6.4,
it is enough to use Theorem 6.3, hence U is the only limit point. Moreover, by
Lemma 7.2 and (2.13), the convergence rates apply.

(ii) Due to the scaling invariance, U belongs to an n-dimensional submanifold of
stationary points defined by US, where S is as in (2.11). Since rank{Hessgf} =
n(n — 1), f is Morse-Bott at U by Remark 6.6. Therefore, by Proposition 6.8,
¢ =1/2in (6.1) at U, and thus the convergence is linear by Theorem 6.3.

THEOREM 7.5. Let f be as in Theorem 7.4, and U, be a semi-strict local maxi-
mum point of f (i.e., rank{Hessy, f} = n(n —1)). Then there exists a neighborhood
W of U, such that for any starting point Uy € W, Algorithm 2.1 converges linearly
to U.S, where S is of the form (2.11).
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Proof. Let ﬁn be the quotient manifold defined in subsection 3.4. By Lemma 3.8
we have that rank{Hessg; f} = rank{Hessy, f} = n(n—1), and therefore it is negative

definite. Let us take the open neighborhood W of T}* asin Lemma 6.11. For simplicity
assume that f(U.,) = 0.

Next, assume that ﬁk,l S \/NV, and consider the Uy = Uk,lG(i’“’j’“"I"‘) with ¥,
given as the maximizer of (4.3). Let b = f(Ug—1). In what follows, we are going
to prove that ﬁk S Wb (defined as in Lemma 6.11), so that the sequence ﬁk never
leaves the set W.

Recall that Wy, is computed as follows (see Remark 4.6): take the vector w as in

(4.4). Take a1 = —wz/\/1 —w?, az = —w3//1 — w? (We can assume w; # 1 because

otherwise ¥y, = Iy and this case is trivial), and consider the following geodesic in U,,:
A(t) = EXpUk,l (Uk—lp;l:j(ﬂt)) _ Uk_lG(ik,jk,cxp(ﬂt)),

where € T12?~l2 is defined as in (4.7). The geodesic starts at v(0) = Uj_1, and
reaches (t.) = Uy at t. = arccos(wi) € (0,%] . Note that by Remark 3.4, the
corresponding curve 7 is a geodesic in the quotient manifold U,

Next, from (4.3) (applied to I' = D7x:Ur=1)) we have that

f(y(t)) = h(et) = [cost —aisint —agsint] T [cost —aisint —agsin t}T +C,
hence f(vy(t)) can be represented (for some constants A, C1) as

F(y(#)) = Acos(2(t — t.)) + Cu;

note that A > 0 since ¢, > 0 is the maximizer.

Next, by Remark 6.12, we should have -% f(v(0)) = —4A cos(—2t,) < 0, which
implies cos(2t,) > 0. Thus, we can further reduce the domain where ¢, is located to
t. € (0,%]. Hence we have that 2 f(y(t)) = —4Asin(2(t —t.)) > 0 for any ¢ € [0,¢.),
and thus the cost function is increasing; note that % f(v(t.)) = 0 and there are no
other stationary points in ¢ € [0, t.).

Next, by continuity and because W is open, there exists a small € > 0 such that
7(g) is in the interior of W;. By periodicity of f(y(t)) and continuity, we have that
there exists ty such that J(t2) € §(Wy) and F(t) € W, for all ¢ € [0,t]. By Rolle’s
theorem, there exists a local maximum of f((¢)) in [0, ¢2]. Note that by construction,
the closest positive local maximum to O is at ¢,. Therefore Uy = (ts) € Wb, hence
we stay in the same neighborhood w. _

Finally, as a neighborhood of U, € U,,, we can take the preimage W = 7~ }(W);
also linear convergence rate follows from Theorem 7.4. The proof is complete.

7.3. Examples of cost functions satisfying regularity conditions. In this
subsection, we provide examples when the regularity conditions of Theorems 7.4
and 7.5 are satisfied for diagonalizable tensors and matrices at the diagonalizing rota-
tion. Recall that A € C™*""*™ is a diagonal tensor if all the elements are zero except

diag{.A}.
PROPOSITION 7.6. (i) For a set of jointly orthogonally diagonalizable matrices
Hy 0
AV =U, - U,
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such that for any pair i # j,

L
S - )2 >0,

(=1

the matriz U is a semi-strict (as in Theorem 7.5) local mazimum point of the
cost function (2.1).
(i) For an orthogonally diagonalizable 3rd order tensor

A:D.l U* .QUI LR} U:,

where D is a diagonal tensor with at most one zero element on the diagonal, the
matriz U, is a semi-strict local mazimum point of the cost function (2.2).
(i11) For an orthogonally diagonalizable Jth order tensor

A:D.lU*.2U*.3UI.4UI’

where D is a diagonal tensor, the values on the diagonal are either (a) all positive
or (b) there is at most one i with Dy < 0, for which Dy + Djji5 > 0 for all

J # 1, the matriz U, is a semi-strict local maximum point of the function (2.3).
For proving Proposition 7.6, we need a lemma about Hessians of multilinear forms.
LEMMA 7.7. Let v(u) be a Hermitian form of order 2d y(u) = gn(u), where B
is diagonal tensor. Then for any distinct indices 1 < i # j # k < n it holds that
0%y 0%y
W(ek> - OufOu;

(ek) =0.

Proof. By continuing differentiation as in Lemma 4.12, we get that

T(_ 9
(m@w) = Y (Beseioe)i =0,

s#p
1<s,p<d
T 0y
€ ou *8u Z Z (Bese;o,ej)k. k=0,
s=1p=d+1
which completes the proof. ]

Proof of Proposition 7.6. Without loss of generality, we can consider only the
case U, = I, so that all the matrices/tensors are diagonal. Due to diagonality of
matrices/tensors (the off-diagonal elements are zero) from Proposition 4.14 we have
that I,, is a stationary point and the Euclidean gradient V® f(I,,) is a diagonal
matrix that contains 2d diag{B} on its diagonal. Moreover, by [4, Eq. (8)—(10)] the
Riemannian Hessian is a sum of the projection of the Euclidean Hessian on the tangent
space and a second term given by the Weingarten operator

(7.7) Hessy, f[n] = O, w, Hy(In) ] + Az, (0, ez, a0,y V()

where Hy is the Euclidean Hessian of f, and the Weingarten operator for U,, (similarly
to the case of orthogonal group [4]) is given by

Ay (Z,V) = U% (Z”V - VHz) .
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First, we show that the Euclidean Hessian does not contain off-diagonal blocks. From
(7.7), we just need to look at the Euclidean Hessian. Take two pairs of indices (i, k)
and (4,1) and look at the second-order Wirtinger derivatives

2 f 82 f
e —— and e ———
U} ,dU;, U, oU?,

Since by (4.14), (Vu=f)ir is a function of wj only, these terms can only be nonzero
if j=korl==k. Let us choose | = k (and i # j). In that case, by Lemma 7.7,

0 f 0%y

- % f 0%y
U OU " Qufduy

aU; U, () = du; o

(ek) = 0,

(ek) =0.

Similarly, we can show that off-diagonal blocks in the second Hessian term is also equal

to zero. Indeed, take Z = P;':k(\Ill), were ¥ is a 2 x 2 skew-Hermitian matrix. Recall
that V = Iy, w,), V® f(I,) = VO f(I,) is diagonal, hence A = 7ZHV;VHZ =
PiT,k(‘I’2) for some 2 x 2 skew-Hermitian matrix ¥o. In this case, if (j,1) # (4, k), then

<A, P;—l(‘llg)> = 0 for any 2 x 2 skew-Hermitian ¥3. Thus the Riemannian Hessian
: R

is block-diagonal with the terms given in Lemma 4.8.
Finally, we apply Proposition 4.4 and get that

N () g s (O (D)2 , .
(i) Op- I Y (i p;)? for the cost function (2.1);
=1

(11) Q(I:J) e —%I2(|D111|2 + |Djjj|2) for the cost function (22),

(iii) E)(Ii;j) = —I5(Dy;ii + Djj;;) for the cost function (2.3).
It is easy to check that, in all three cases, Q(Ii;j ) is negative definite for any i # j if
and only if the conditions of the proposition are satisfied. The proof is complete. 0O

8. Implementation details and experiments. In this section, we comment
on implementation details for Algorithm 2.1 and Jacobi-type methods in general.
Note that implementations of Jacobi-type methods [14, 15, 19, 16] for the cyclic order
of pairs are widely available, but they are often tailored to source separation problems
and use implicit calculations. The codes reproducing experiments in this section are
publicly available at https://github.com/kdu/jacobi- G-unitary-matlab (implemented
in MATLAB, version R2019b). Note that some experiments for the orthogonal group
are available in [38].

8.1. Implementation and computational complexity. Consider the general
problem of maximizing (2.5) (for d < 3). Note that the Givens rotations (from Theo-
rem 4.16), as well as the Riemannian gradient (from Proposition 4.14), are expressed
in terms of the rotated tensors. This leads to the following practical modification
of Algorithm 2.1: instead of updating Uy = Uj_1GU7:%5) e can transform the
tensors themselves. We summarize this idea in Algorithm 8.1 for the case d = 2
(simultaneous diagonalization of matrices), and the cost function (2.1).

Let us comment on the complexities of the steps (in what follows, we only count
numbers of complex multiplications). Some basic comments first:

e We can assume that the complexity of step 4 is constant O(1): indeed, by
Theorem 4.16, an eigenvector of a 3 X 3 matrix needs to be found.

e In step 5, only a “cross” inside each of the matrices is updated (the elements
with the one of the indices ¢ or j. This gives a total complexity (for naive
implementation) of 8 Ln multiplications per update.
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Algorithm 8.1 Jacobi-type algorithm by rotating the tensors
Input: Matrices A(e), 1 < /¢ < L, starting point Uy.
Output: Sequence of iterations Uy, rotated matrices ng).
1. initialize W = UM AU, for all ¢.
2. For k =1,2,... until a stopping criterion is satisfied do
3. Choose an index pair (i, jx)
4 Find ¥, = ¥y (c, s1, s2) that minimizes

e(8) = 3 || ding{ (G0 4w, G20y 2
J4

ot

Update W) = (GUrik ¥ (D) Glindn k)
. End For

(=2}

Thus, if a cyclic strategy (2.12) is adopted (the whole gradient is not computed), then
the cycle of @ plane rotations (often called sweep) has the complexity O(Ln?).

Algorithm 2.1 requires more care, since we need to have access to the Riemannian
gradient (or the matrix A(U)). According to Proposition 4.14, O(Ln?) multiplications
are needed to compute the matrix A(U) in the Riemannian gradient. On the other
hand, a plane rotation affects also only a part of the Riemannian gradient (also a
cross) hence updating the matrix A(U) after each rotation has complexity O(Ln).
Thus, the complexity of one sweep is again O(Ln?).

Now let us compare with the computational complexity of a first-order method
from [3] (e.g., gradient descent). At each iteration, we need at least to compute the
Riemannian gradient O(Ln?), and then compute the retraction, which has complexity
O(n?) for typical choices (QR or polar decomposition). Note that at each step we
also need to rotate the matrices, which requires additional O(Ln?) multiplications.

Remark 8.1. For 3rd order tensors, the complexity of the Jacobi-based methods
does not increase, because we again update the cross, which has O(Ln) elements.

8.2. Numerical experiments. In the experiments, we again consider, for sim-
plicity, simultaneous matrix diagonalization (2.1). The general setup is as follows:
we generate L matrices AW ¢ C™*" and compare several versions of Algorithm 2.1,
as well as first-order Riemannian optimization methods implemented in the manopt
package [10] (using stiefelcomplexfactory ). We compare the following methods:

1. Jacobi-G-maz: at each step of Algorithm 2.1, we select the pair (i,7) that

maximizes the absolute value A; ;(Uk_1) (see Remark 4.3).

2. Jacobi 0.1: we select the pairs in a cyclic-by-row order (2.12), but perform
the rotations only if (2.13) is satisfied for § = 0.1v/2/n.
Jacobi-cyclic: we use the cyclic-by-row order (2.12), without (2.13).
SD: steepest descent from [10].
CG: conjugate gradients from [10].
. BFGS: Riemannian version of BFGS from [10].
In all comparisons, Uy = I,,. We also plot 3" A2 — f(U) instead of f(U).

¢

S Gt

We first consider a difficult example. L = 5 matrices of size 10 x 10 were gener-
ated randomly, such that the real and imaginary part are sampled from the uniform
distribution on [0;1]. We plot the results in Figure 1.

We do not expect this example to be easy for all of methods: this example is
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Cost function value s Norm of the gradient
10

jacobi-G-max

jacobi-G 0.1 k\ ﬁ\\\m
Jsagobu-cychc 100 o Wwwmﬁwmwpwwm
CG
BFGS
10°
jacobi-G-max
jacobi-G 0.1
10,10 jacobi-cyclic
o \
BFGS
10715 .
0 0.5 1 15 0 0.5 1 15
time [s] time [s]

Fic. 1. Cost function value (left) and norm of the gradient (right), Example 1

far from a diagonalizable, and we are not likely to be in a small neighborhood of a
local extremum. We see that the Jacobi-type methods converge very fast, and for the
versions of Algorithm 2.1 the gradient seems to converge to zero. We also see that the
Jacobi-G-max version is the best compared to Jacobi-G with cyclic order and fixed ¢
(we tried different values of 9).

We also consider a nearly diagonalizable case, n = L = 20. We take AY =
QHD(@Q + E® | where Q is a random unitary matrix, elements of EY are iid.
realizations of Gaussian random variable with standard deviation 10~%, and DY isa
diagonal matrix, whose diagonal elements are equal to 1, except the element D% =2
(note that such matrices, without noise, satisfy Proposition 7.6).

Cost function value Norm of the gradient

—&— jacobi-G-max
jacobi-G 0.1
—+— jacobi-cyclic 107%
—#—SD

—8—CG
BFGS

10710 [| —&— jacobi-G-max
jacobi-G 0.1
—+— jacobi-cyclic
10718 H{—*—sD
—=—CG

BFGS

10'10 L L L L 10'20 L
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

time [s] time [s]

Fi1c. 2. Cost function value (left) and norm of the gradient (right), Example 2

We plot the results in Figure 2. We see that the convergence of general-purpose
Riemannian algorithms is much better in this case. Still, Jacobi algorithms converge
in a few sweeps.

Note that in the current implementation (used to produce Figure 1 and Figure 2),
we do not use the O(Ln) update of A(U) as suggested in subsection 8.1 (i.e., the
matrix A(U) is recalculated at each step). This can be observed in Figure 2, where
each marker for the Jacobi-type methods corresponds to one sweep. Thus, a further
speedup of Jacobi-type methods is possible.

9. Discussion. In this paper, we showed that for a class of optimization prob-
lems on the unitary group (corresponding to approximate matrix and tensor diago-
nalization), convergence of Jacobi-type algorithms to stationary points can be proved
(together with convergence rates). A gradient-based order of Givens rotations is
adopted (which extends the approach of [32] for the real-valued case). By using the
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tools based on Lojasiewicz gradient inequality, we can ensure single-point convergence,
under regularity conditions on one of the accumulation points; the speed of conver-
gence is linear for the non-degenerate case, and local convergence can be proved. We
also provided a characterization of Jacobi rotations for tensors of arbitrary orders.

Still, we believe that stronger results can be obtained. For the matrix case,
although the Jacobi-type algorithms are similar in spirit to block-coordinate descent,
they enjoy quadratic convergence (of the cost function value) for the classic matrix
case [24] and the case of a pair of commuting matrices [13].

Also, in the matrix case, many results are available for cyclic strategies (at least
weak convergence is known, see [24]). It would be interesting to see if similar re-
sults can be proved for tensor and joint matrix diagonalization cases; in fact, the
convergence for the pure cyclic strategy is often observed in practice (see [38] for a
comparison in the case of orthogonal group), but there is no convergence proof.

Note that we were not able to prove global single-point convergence, as in [38]
(proved for 3rd order tensors or matrices). It seems that in the complex case, not
only the order of rotations matters (which makes it similar to the higher-order case
[38]). One possible track is to modify of a way to find the Jacobi rotation itself (i.e.
adopt proximal-like steps if needed, see also [38]).

Another interesting question is whether we can relax the definition of single-
point convergence. Indeed, if the critical point is degenerate (even in the quotient
manifold), then a natural question is whether the potentially different accumulation
points, belong the same critical manifold. This is, in fact, what is typically proved?’
for the matrix case [20]: if there are multiple eigenvalues, then the convergence of
invariant subspaces is guaranteed (which corresponds to the same critical manifold).

Appendix A. Multilinear algebra proofs.
Proof of Lemma 4.11. The “only if” part follows from the fact that if B is Her-

mitian, there exist tensors A(l), ceey A of order d and real numbers ay, such that
L L
‘ . ¢ w42
(A1) B=3 a(A) @AY, ie. By i = D el AL )T AT
=1 =1

This is nothing but the spectral theorem for Hermitian matrices applied to a matri-
cization of B, see also [33, Propositions 3.5 and 3.9]. Then (A.1) implies that

L
98,d(u) = Z lg a0 ,o(u) |2~
(=1

In order to prove the “if” part, we make the following remarks.
(a) When restricted to ||u| = 1, the order of the form can be always increased,;
Indeed, suppose that T is 2(d — 1)-order Hermitian, then for all ||u| =1

9T da-1(u) = (T @I,)e1u" - -0 1u” egu-- ey, _1)uey 1u" eu,

where I, is the identity; the expression on the right-hand side is a Hermitian form
(4.13), where the 2d-order tensor B can be defined by permuting the indices:

Bil---idjl»»»jd = (T® I'n«)’il»»»id—ljl---jd—lidjd = ﬁl»»»id—ljl---jd—l(I'n«>idjd'

201n fact, it seems that [38] is the first paper explicitly showing single-point convergence for the
single real-valued matrix case, as the result of [38] also apply to the eigenvalue problems.
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(b) Note that for any ¢, the function |g.a.+(w)]* = g.a.:(u)gi ,(u) is also a 2d-form:
(A.2) |9A,t(u)|2 =(ARA ) e u" e, u" e U0 ue U ey U,
which can be written®! as gg 4(u) for a tensor B obtained by permuting indices:

Bi1~~~idj1~~jd = (A® A*)il~~~itjt+1~~~jdj1~~~jtit+1~~~id = Ail~~~itjt+1~~~jd~A;‘<1...jtiHl...id'
Finally, sums of Hermitian tensors are Hermitian, which completes the proof. 0O

Proof of Theorem 4.16. Since the cost function has the form (4.11), we have

h(c,s1,82) = g1.a([ 5+ 1) + 97.a([ °])

Let us rewrite the first term using the double contraction:

91.d([]) =T ®1,441 ([SC*]* [c 5*}) R PR ([SC*T e S*D

1
(A.3) = ﬁT°1,d+l(I2 +R)esgio(Iz+ R)---0424(I2+ R),

def [2¢2 —1  2cs* cl” . 2 cs 1
where R = [ 9es 1 _202] , so that [s*} [c s*] = [cs |s|2] = 5([2 + R).

Similarly, by noting that

EGRE A E

c —CS C

we can rewrite the second term
1
(A.4) gra([ ] = ﬁT.l,d+1(I2 —R)ey g9l — R)---0524(I2 — R).

When summing (A.3) and (A.4), we note that the odd powers of R cancel, and the
even powers have positive signs; therefore, due to symmetries we get

1 - /d
h(c,s1,52) = 9d—1 Z <2j) Teragr1R---03q0;Re 11 gr0j4112- 02410,
j=o

where the binomial coefficient appears when we sum over all possible locations of R.
Next, we remark that R can be expressed in the following orthogonal basis

(A5) R:T1 [(1)701]4—1"2[_01701]4—7”3[_01»6},
where r = [T1 T9 rg]T = [202 —1 —2c¢s1 —2682]T is defined in (4.4). Then by
the multilinearity of the contractions, we can rewrite the expression for h(c, s1, $2) as

h(c,s1,89) = Z.’F(j) o T -0y,
=0

21 An alternative shorter proof of part (b) follows from the fact that a 2d-order form 98,d(u) is
real-valued if and only if it is Hermitian, see [33, Proposition 3.6]
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where each F9) is a symmetric complex 2j-order 3 x - - - x 3 tensor, whose entries are
obtained by contractions of T~ with basis matrices in (A.5) or I5.

It is only left to show that all the elements in each of the tensors F @) are real.

This is indeed the case, because for a Hermitian tensor 7 contraction with one of the
basis matrices keeps it Hermitian:

(T o1 441 [_Oi H)@...id,jz...jd = —i(T2ip.ig. 142 ju — Tin...ig,252..5a)

= i(7§§2...jd,1i2...id - 7?;'2...3'0;,21'2...1'0;) = ((T’l,dH [Bi g)})j%»»]‘dﬂé---id)*?

and similarly for contractions with [§ % |, [_01 731] and I5.

Finally, we note that, since ||7|| = 1, all the tensors F) can be combined in one

tensor F of order 2m, as in the proof of Lemma 4.11 (see part (a) of the proof). O
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