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SPECTRAL THEORY FOR THE WEAK DECAY OF MUONS IN
A UNIFORM MAGNETIC FIELD

JEAN-CLAUDE GUILLOT

In memory of Raymond Stora

ABSTRACT. In this article we consider a mathematical model for the weak
decay of muons in a uniform magnetic field according to the Fermi theory of
weak interactions with V-A coupling. With this model we associate a Hamil-
tonian with cutoffs in an appropriate Fock space. No infrared regularization
is assumed. The Hamiltonian is self-adjoint and has a unique ground state.
‘We specify the essential spectrum and prove the existence of asymptotic fields
from which we determine the absolutely continuous spectrum. The coupling
constant is supposed sufficiently small.
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1. INTRODUCTION.

In this paper we consider a mathematical model for the weak decay of muons
into electrons, neutrinos and antineutrinos in a uniform magnetic field according to
the Fermi theory with V-A (Vector-Axial Vector)coupling,

(1.1) pe = e +Te+u,

(1.2) py e +v.+7,

(1.2) is the charge conjugation of (1.1).

This is a part of a program devoted to the study of mathematical models for
the weak interactions as patterned according to the Fermi theory and the Standard
model in Quantum Field Theory. See [21].
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In this paper we restrict ourselves to the study of the decay of the muon p_
whose electric charge is the charge of the electron (1.1). The study of the decay of
the antiparticle u4, whose charge is positive, (1.2) is quite similar and we omit it.

In [23] we have studied the spectral theory of the Hamiltonian associated to the
inverse [ decay in a uniform magnetic field. We proved the existence and uniqueness
of a ground state and we specify the essential spectrum and the spectrum for a small
coupling constant and without any low-energy regularization.

In this paper we consider the weak decay of muons into electrons, neutrinos
associated with muons and antineutrinos associated with electrons in a uniform
magnetic field according to the Fermi theory with V-A coupling. Hence we neglect
the small mass of neutrinos and antineutrinos and we define a total Hamiltonian H
acting in an appropriate Fock space involving three fermionic massive particles-the
electrons, the muons and the antimuons - and two fermionic massless particles-
the neutrinos and the antineutrinos associated to the muons and the electrons re-
spectively.In order to obtain a well-defined operator, we approximate the physical
kernels of the interaction Hamiltonian by square integrable functions and we intro-
duce high-energy cutoffs. We do not need to impose any low-energy regularization
in this work but the coupling constant is supposed sufficiently small.

We give a precise definition of the Hamiltonian as a self-adjoint operator in the
appropriate Fock space and by adapting the methods used in [23]we first state that
H has a unique ground state and we specify the essential spectrum for sufficiently
small values of the coupling constant.

In this paper, our main result is the location of the absolutely continuous spec-
trum of H. For that we follow the first step of the approach to scattering theory in
establishing, for each involved particle,the existence and basic properties of the as-
ymptotic creation and annihilation operators for time ¢ going to +c0. We then have
a natural definition of unitary wave operators with the right intertwining property
from which we deduce the absolutely continuous spectrum of H. Scattering theory
for models in Quantum Field Theory without any external field has been considered
by many authors. See, among others, [1, 3, 16, 17, 19, 26, 27, 28, 29, 30, 31, 32, 33,
34, 35, 36, 37] and references therein. A part of the techniques used in this paper
are adapted from the ones developed in these references. Note that the asymptotic
completeness of the wave operators is an open problem in the case of the weak
interactions in the background of a uniform magnetic field. See (1.1) for a study of
scattering theory for a mathematical model of the weak interactions without any
external field.

In some parts of our presentation we will only give the statement of theorems
referring otherwise to some references.

The paper is organized as follows. In the second section we define the regularized
self-adjoint Hamiltonian associated to (1.1). In the third section we consider the
existence of a unique ground state and we specify the essential spectrum of H. In
the fourth section we carefully prove the existence of asymptotic limits, when time t
goes to o0, of the creation and annihilation operators of each involved particle, we
define a unitary wave operator and we prove that it satisfies the right intertwining
property with the hamiltonian and we deduce the absolutely continuous spectrum
of H. In Appendices A and B we recall the Dirac quantized fields associated to the
muon and the electron in a uniform magnetic external field together with the Dirac
quantized free fields associated to the neutrino and the antineutrino.

2. THE HAMILTONIAN.
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In the Fermi theory the decay of the muon p is described by the following four
fermions effective Hamiltonian for the interaction in the Schrédinger representation
('see [21], [24] and [41]):

Hint =

2.1) \f & (T, (2)7* (1 = 75) 0, (7)) (Ve (@)7a (1 — 5) T, (2))

+ ﬁ &% (Ty, (2)7a(1 = 75) e (2)) (Tpu(2)y* (1 = 75) Vo, (2))

Here v, a = 0, 1, 2, 3 and 5 are the Dirac matrices in the standard representation.
U()(z) and W )(x) are the quantized Dirac fields for e, p, v, and ve. ¥()(z) =
W (y(2)T". Gp is the Fermi coupling constant with Gp ~ 1.16639(2) x 10~°GeV ~2.
See [12].

We recall that m, < m,. v, and v, are massless particles.

1. The free Hamiltonian.
Throughout this work notations are introduced in appendices A and B.
Let

(22) S:Se®8p®gu®guu®836

w(€) =B (%) for &= (s,n.p"p")
w(é?) = E’gﬂ)(pg) fOT 52 = (Svnaplapg)

2 wl&s) = bl for & = (p.3)
w(E) =Ipl for &= (p,—)

Let H](:,e) ( resp.HgL’),Hg”), and Hg/) ) be the Dirac Hamiltonian for the elec-
tron (resp.the muon, the antimuon and the neutrino )

The quantization of H, (e) , denoted by H (e ) and acting on §,, is given by
(2.9 1) = [ wei €bs(edés

Likewise the quantization of Hg"),Hg”),HgE) and Hg/“), denoted by Hé“[),,

HY"s) and H{"j) respectively, acting on ., §», and §,, respectively, is given by
1) = [wlen e @
1 = [wen @)
13 = [wlen @b-(e)d
HSTB) = /w(£4)bi(§4)b+(§4)d§4.

(2.5)

We set H"), = Hy') @ 1 +1@ H'3). B is defined on §, ® §,.
For each Fock space §. let D) denote the set of vectors ® € F) for which
each component ®) is smooth and has a compact support and ®() = 0 for all

but finitely many r. Then H(();)D is well-defined on the dense subset ©() and it is
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essentially self-adjoint on ®() . The self-adjoint extension will be denoted by the
same symbol Hé;zj with domain D(HO(})))
The spectrum of Hé% in §(c) is given by

(2.6) spec(HO(%) = {0} U [me, )

{0} is a simple eigenvalue whose the associated eigenvector is the vacuum in F¢)
denoted by (€. [me, c0) is the absolutely continuous spectrum of Hé%.

Likewise the spectra of Héf‘[),, Hé?f,) and Hé'jf,) in §oy @ T S and Fu,)
respectively are given by
spec(Héf‘L),) = {0} U [my, o)
(2.7) spec(Héf’_E)) = [0, 00)
spec(Hy'5)) = [0,00).

QW QW) and Q@) are the associated vacua in () © () Swr) and F(y,) re-

spectively and are the associated eigenvectors of Hé“ g,Hé?f,) and Héf’f,) respectively
for the eigenvalue {0}.
The vacuum in §, denoted by €2, is then given by

(28) 0= ® Q) ® Qe ® Qwe)

The free Hamiltonian for the model, denoted by Hy and acting in §, is now given
by

09) Hy=H)p®lolelel+loH))olelel
' +1010lo Yy ©1+101e 110 HYp.

Hy is essentially self-adjoint on ® = D@D @D )0 M),

Here ® is the algebraic tensor product.

spec(Hy) = [0,00) and € is the eigenvector associated with the simple eigenvalue
{0} of H().

Let S(®) be the set of the thresholds of Hé%:

s = (sgf);n eN)

with sﬁf) = /m? + 2neB.

Likewise let S(*) be the set of the thresholds of Héfg:

S — (s%”);n c N)

with s%“) = ,/mﬁ + 2neB.

Then
(2.10) S =5 uyusw

is the set of the thresholds of Hy.

Throughout this work any finite tensor product of annihilation or creation op-
erators associated with the involved particles will be denoted for shortness by the
usual product of the operators (see e.g (2.13) and (2.14)).
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2.2. The Interaction.

Similarly to [8] [5], [9], [10] [11],[22]and [23], in order to get well-defined operators
on §, we have to substitute smoother kernels F(&3,&) and G(&1,&3) for the §-
distribution associated with (2.1)( conservation of momenta) and for introducing
ultraviolet cutoffs.

Let
(2.11) I =P3+Py
We get a new operator denoted by H; and defined as follows
(2.12) Hr=Hj+ (H})*+ H} + (H})*
Here
" = [ deidadgadg ( [ aures
G T gy (1 - U (02,) 00 €)1 - 1)U ()
F(&2,84) G(&1, §3)b5 (§4)b4 (§1)bZ (§3)b+(&2)-
and
1 = [ dgdgadadg ( [ aute
(2.14)

(T (€1 = 35)W 9 (0%, £)) (T (@2, &0)7° (1 = 25) W (&)) )
F(&2,84) G(&1,8&3)b7 (§4)b (£2)b7 (€1)b (€3)-

H}l) describes the decay of the muon and HI(Q) is responsible for the fact that
the bare vacuum will not be an eigenvector of the total Hamiltonian as expected
from physics.

We now introduce the following assumptions on the kernels F'(£2,&4) and G(&1,&3)
in order to get well-defined Hamiltonians in §.

Hypothesis 2.1.
F(&2,&) € L* (' x RY)

2.15
(219 Gl&,&) € LAy x R?)

These assumptions will be needed throughout the paper.

By (2.12)-(2.15) Hy is well defined as a sesquilinear form on © and one can
construct a closed operator associated with this form.

The total Hamiltonian is thus

(2.16) H=Hy+gHr, g>0.

g is the coupling constant that we suppose non-negative for simplicity. The con-
clusions below are not affected if g € R.

The self-adjointness of H is established by the next theorem.

Let

C =7"7a(l = ¥)llca[v*7* (1 = ¥5) lca-
(2.17) 111

M me my

For ¢ € D(H,) we have
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I1H1o||

2
S2CYF (s Mzwaxes) |GG pas<es) (371 Hodll + [1€]])-

(2.18) follows from standard estimates of creation and annihilation operators in
Fock space (the N estimates, see [20]). Details can be found in [7, proposition 3.7].

Theorem 2.2. (Self-adjointness). Let go > 0 be such that

(2.18)

C
(219) 4g0M||F(, ')||L2(F1><R3)HG(‘) .)HLZ(FIXRS) < 1.

Then for any g such that g < go H is self-adjoint in § with domain D(H) = D(Hy).
Moreover any core for Hy is a core for H.

By (2.18) and (2.19) the proof of the self-adjointness of H follows from the
Kato-Rellich theorem.

o(H) stands for the spectrum and o.ss(H) denotes the essential spectrum. We
have

Theorem 2.3. (The essential spectrum and the spectrum,) Setting
E=info(H)

we have for every g < go

with £ <0 .

In order to prove the theorem 2.3 we easily adapt to our case the proof given
in [11] (see also [4], [38] and [23]) . The mathematical model considered in [11]
involves also one neutrino and one antineutrino. We omit the details.

3. EXISTENCE OF A UNIQUE GROUND STATE.

In the sequel we shall make some of the following additional assumptions on the
kernels F'(&2,&4) and G(&1,&3).

Hypothesis 3.1. There exists a constant K(F,G) > 0 such that for o >0

(Z) |F(§2,§4)|2d€1d€4 < OO(ZZ) |G(§17§3)|2

‘ 5 ‘ 5 dé1dés < .
'y xR3 |P4| 'y xR3 |P3|

(iii) / |F(&,€64)%dEadey | < K(F,G)o.
Ty x{|py|<o}

(NI

N

(iv) / Gl6, &)Pdads; | < K(F,G)o.
Ty x{|ps|<o}

We then have

Theorem 3.2. Assume that the kernels F(.,.) and G(.,.) satisfy Hypothesis 2.1
and 3.1. Then there exists g1 € (0,go] such that H has a unique ground state for

g=<g1.

In order to prove theorem 3.1 it suffices to mimick the proofs given in [5], [11]
and [23]. We omit the details.

In [2] fermionic hamiltonian models are considered without any external field.
Without any restriction on the strengh of the interaction a self-adjoint hamiltonian
is defined for which the existence of a ground state is proved. Such a result is an
open problem in the case of magnetic fermionic models.
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4. THE ABSOLUTELY CONTINUOUS SPECTRUM.

As stated in the introduction , in order to specify the absolutely continuous
spectrum of H, we follow the first step of the approach to scattering theory in
establishing, for each involved particle, the existence and basic properties of the
asymptotic creation and annihilation operators for time ¢ going to £o00. The exis-
tence of a ground state is quite fundamental in order to get a Fock subrepresentation
of the asymptotic canonical anticommutation relations from which we localize the
absolutely continuous spectrum of H.

4.1. Asymptotic fields. Let

b§,+,t(f1) =¢'tfe _”Hobﬂ (fa)eitHoeitH
(4.1) by o o (f2) = e e Mo | (fy)eitHoemitH
Bl ) = e (feth

(f1) )

e’LtH[) —itH )

where, for i = 1,2, f; € L*(T'1) and, for j = 3, 4 f; € L*(R3).

The strong limits of bﬁt() when the time t goes to oo for models in Quantum
Field Theory have been considered for fermions and bosons by [33]-[35] and [27]-[31]
and , more recently, by [17], [3], [26], [36], [37] and [6] and references therein.

In the sequel we shall make some of the following additional assumptions on the
kernels F(§25 54) and G(&lv 53)

Hypothesis 4.1.

(i) /\ (62.61)

w [ (%)QF@Q,@)

Hypothesis 4.2.
(i) /‘Vqu(§27§4)‘2d§2d§4 < o0 7/|VPEG(§17§3)|2d§1d§3 <00 .

W |5

We then have

Theorem 4.3. Suppose Hypothesis 2.1-Hypothesis 4.2 and g < go. Let fi1, fo €
L2(T'y) and f3, f1 € L2(R3) . Then the following asymptotic fields

By s (1) 1= sim B (1)

2
dé1dés < oo .

d§2d§4 < o0 /‘ (£1,€3)

2
dfldgg < 00 .

2
désdes < oo /|(a%,) (1, 6)

2
dédés < oo .

d§1d€2 < o0 /’ (61)63))

apl a 3 52364))

2 4+, tool(f2) == tS hm bz 4+, +(f2)
(4.2) 4

b37:|:oo(f3) = ili%lob t(f3>

Vit too(fa) = slim b, (fa).
exist.

Proof. The norms of the b__,(f.)’s are uniformly bounded with respect to t. Hence,
in order to prove theorem 4.1 it suffices to prove the existence of the strong limits
on D(H) = D(Hy) with smooth f..
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Strong limits of b} , ,(f1) and b5 ,(f2) .
Let

(4.3) D ={fcl*()|f(s,n,.,.) € Cg°(R*\ {0}) for all s and n ,and
f(,n,.,.) =0 for all but finitely many n}.
Let f1, fo € ® . According to [27, lemmal] we have
(4.4) b . (f)D(H) C D(H) and b, (f>)D(H) C D(H).
Moreover we have
(4 5) eitHUb§7+(f1)€7itHU\I/ :b§7+(eitEe fl)\p;
eitHObgﬁi(fQ)e—itHO\I] Zbgyi(eitE“fQ)‘I’-

where ¥ € D(H).

Let us first prove the existence of b§,+,:too(f1>'

Let U, ® € D(H) and f1.(¢&1) = (e ™" f1)(&1). By (4.4),(4.5) and the strong
differentiability of e™H we get

(@,b1,4,7(f1)¥) = (@,b1,41,(f1)¥)

4.6 T T ) )
o :9/ jt(‘l’ bi+,(f1)¥) = ig/ (@, e [Hy, by 4 (f10)]e” W) dt

To To

By using the usual canpnicol anticommutation relations (CAR) (see(A.4)) we
easily get for all ¥ € D(H)

[0 (0] v = [ d6rdéadgadea ([ arte=

WD @ €)ra(l = 15U @2, 6)) (T (@2, 6077 (1 = 35)W ) (€)) )
J1.4(E1) F (2, 64)G (€1, E3)b7 (§a)D7 (€3)by (§2) P

1 b1 (1) @ = - / dé1d62dgadéa ( / da%e """

(48) (@ )y (1 - 1) WP (2, £)) (T (02, €171 — 75)W T (&)
FLl€F (&2, £0)G 61, €) )3 6V (€2)07 (€)W

(4.9) |:(HI(1))*ab1,+(fl,t):| U= |:(H§2))*7b1,+(fl,t):| =0
where U = UTA?

Similarly we get

( 1+T(f1) ) ( 1+T[)(f1) )

(4.10) T 4 o ) * »
:g/TU dt (@0 4 (f)¥) = ’g/TU (@, "M [Hy, b} (fr)]e "7 W) dt

with
(4.11) [H(l b* (f1t)} [H(Q b* (flt)}

and
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[(H§1))*abi,+(f1,t)} U= —/d£1d§2d§3d§4 (/d$2€iz2r2

12) (T () (1 = 3)U 9 (02, 60) ([T (2%, )7 (1 = 35)U ) (€0)) )
F(£2,84) G(&1,83) f1,6(§1)b7 (§2)b—(€3)b 4 (€4) 0.

[(H§2))*7bi+(f1,t)} U = /d§1d§2d§3d§4 (/szeiz2T2

WI8) (7 ()7 (1 = 95)U 9 (02,60)) (W9 (0%, &2)7 (1 = 35)U ) (60)))
F(&2,84) G(€1,63) [1,6(0)b— (£3)b—(§2)b+ (€4) 0.

By (4.6) and (4.10), in order to prove the existence of b§7+,im(f1), we have to
estimate

e Hp by 4 (fre))e” "W
and
MHL b L (fr)]e ™o

for large |¢|.
By (B.5), the N, estimates (see [20] and [7, Proposition 3.7]), (A.8), (A.11) and
(A.13) we get

eitH[HI(l), bl,-}-(fl,t)]eiitH\I]H <

(4.14) C(/de(/d& /dflU(e)(CUQ,El)fl,t(El)m

L i
I (o ey ey 1(Nuz +1)2e™ 0.

W=

)

and

eitH[HI(Q),b17+(f17t)]e—itH\I]H <

(4.15) C(/de(/d& /dflU(e)(iﬂQ,El)fl,t(El)m

L i
IE°Co ) o ry xroy Ny +1)2e™ 0
By (2.18)and (2.19) we have
(4.16) [Hr¥|| < al Hog|| + bl| W]

> \\ 4
(C4

with
C
a= 4MHF(-, Mz xz3) |G )l L2 (0, xr3)

and
b=2C|F(, Mz, xr) |G L2, xrs)

Hence we obtain
(4.17) | HoW|| < all HP[| + b ®||
with
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Therefore we have

) 1
[(Ne + 1)z p| <
m

(4.18) . 1 i )
[(Nue +1)2e™ 50 < —= (@[ H || + (b +m,) [ ¥])).
i

@) H¥|l + (b+me)||¥])

where m,, is the mass of the muon.
Hence we get

e [Hy byt (fre)]e "0 <

(4.19) 20(/dw2</d§s

1 ~
1EC o, ey —— @IEE] + B+ m,) 2]
i

2 \\ 3
Cc4

/ 46,0 (52, 1) f1.4(61) G Er, &)

Moreover we have

fuo( [
5 foo(

Jj=1

2

/ A6 U (22, 1) fr.4(61) TE &)

Cc4
2

/ A6 UL (a2, &)e B0 ) <§1>G(§1,§3>>

where (U?:1 U](e) (22,&1)) are the four components of the vectors (A.8) and (A.11)
eCt
Note that
(4.21) —itBO @) _ L Mieww@
it pi  dp?
By (4.20) and(4.21), by a two-fold partial integration with respect to p2 and by
Hypothesis 4.1 one can show that there exits for every j a function, denoted by

HJ(-e) (&1,&3), such that

2o

=1

Z % /dz2</d§3 ‘/dglUJ(e) (z2,§1)H§e) (51,53)6“E$)(PS>

Jj=1

2

/ A6 U (@2, &)e B0 @D £y <§1>G(§1,§3)>

<

2

(4.22)

o~

IN

4
Cfltl‘*zl (/dfld&Xfl (€)1} (€1,6)P°) < oo
=

Here x, (.) is the characteristic function of the support of f1(.) and (A.13) is used.
By (4.6) and (4.19)- (4.22) the strong limits of by 1 ,(f1) on § when t goes to
+o0o and for all f; € L?(T'y) exist for every g < go.
By (4.11)-(4.13) and by mimicking the proof of (4.14) and (4.15) we get

(4.23)

Sup

eitH[(H;l))*’ biJr(fl,t)]e_itH\I]H ,

<ol ([

1 ~
X NEC M pa (e xwey 7 (@HH ]|+ (b + my) [ 2]).
o

)8 (Rl o)

)

/ A6 U (22, €0) fr.4(6) TEr &)
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It follows from (4.10) and (4.20)-(4.23) that the strong limits of b | ,(f1) exist
when t goes to 400, for all f; € L?(I';) and for every g < go.
We now consider the existence of bg,e, Loo(f2)

Let U, ® € D(H) and fo (&) = (7" f2)(&) with fo € ©. By (4.4), (4.5) and
the strong differentiability of e we get

(@,b2,47(/®) = (P, b2,4.7,(f2) )
4.24 T g T . )
L @b ()0 =g [ (b (ol )
with

(4:25)  [H[" o (fa)| € = [(HP),bo (fo)| € = [(HP) bos ()| W =0

and

[(H§1))*ab2,+(f2,t)} U= —/d£1d§2d§3d§4 (/d$2em%2

(A26) (W7 (€)92 (1 = 35)U ) (2, 60)) (T (0%, &2)ral1 = 35)U ) 1)) )
F(§2,64) G(81,83) f2,:(€2)b—(§3)b4(€1)b+(§4) W

Similarly we obtain

e [Hy, ba 1 (f2,)]e” || <

(4.27) C< / dz2< [ [aer® @ e Fa ) fastr)

IGC, 2 ey xeey I(Ne + 1) e 0.
It follows from (4.16)-(4.18) that

2 3
X
(C4

_ 1 _
(4.28) |(Ne +1)ze™ 0 < — (@[ HY + (b +me)|[¥].

Hence

HeitH[H[, b27+(f27t)]€_itH‘IfH <

(4.29) C(/de(/d&

1 -
NG G M2y xes) - @I+ (04 me) [P

> \\ 4
(C4

/d§2U(”) (22, &) F(&2,&4) fo,0(&2)

Moreover we have

e
;/dﬁ(/d&

where (U?Zl U;“) (22,&5)) are the four components of the vectors (A.8) and (A.11)
€ C* for a = p.

2

/ A6U W (22, 6) fors (62)F (€2, 1)

Cc4
2

/ d&U™) (x2,§2)e“Ei‘”@fz(sz)F(&z,§4>>
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By(4.30), by a two-fold partial integration with respect to pi and by Hypothesis
4.1 one can show that there exits for every j a function, denoted by H j(-“ ) (&2,&4)

such that
4 2
Z/d$2(/d€4 /d€2U](#)($2,52)e_itE’(#)(pi)f2(§2)F(€2,54))
=1
2
(4.31) =Zti4 / de( / dg; / d«slU;”(:cQ,«52)H§“’<£2,54)6‘“’52“)“’?)’
=1

IN

4
C’fzt14 Zl (/d§2d§4sz (52)|H§M)(§2,§4)|2) < 0.
=

Here x4, (.) is the characteristic function of the support of f(.) and (A.13) is used.
Similarly we have

(2,054 7 (f2)¥) = (2,55 1 1,(f2)¥)
(4.32) T q T _ By
g/TU dt (@ b2+t(f2) ) ZQ/TU ((I),G”H[H],b;#(fz,f)]e ”H\I;) dt
with

(433) [(H}")" b5 4 ()| @ = [HP 03 4 (Fo)| W = [(HF) 05 1 (o) | 9 =0

and

(4.34)
()05, (fa)]| 0 = - / de; ddesde, / de?esr?

(T (@267 (1 = 35)W T (€)) G610, &) (T (€0)ra(1 = 35)U ) (22, 62)) )
F(&2,84)G(&1,83) f2,6(&2)D% (£4)b7 (§1)b7 (3) 0.

Similarly we obtain

HeitH[H[, b§7+(f27t)]€_itH‘IfH S

(4.35) C(/de(/d&

1 -
NG G M2, xes) - @I+ (0 4 me) [P

/d§2U(”) (22, &) F(&2,&4) fa,e (1)

2 3
X
(C4

It follows from (4.29),(4.31) and (4.35) that the strong limits of b%(2, +,)(f2)
exist when t goes to oo, for all fo € L?(I'; x R?) and for every g < go.

Let us now consider the strong limits of b*(2, —, t)(f2).

We have for all fo € ©

(®,b2,— 7(f)¥) — (D, b2, 1,(f2)¥)

4.36 T T . .
9 [ ) =i [ o)

To To
with

(437) [HP b (fo)| W = [(HV) bo (fo)| @ = [(H[P)" o, (fo)| W = 0
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(4.38)
()2 ()| 0 = [ dadadades [ aste ™

(T @2, €77 (1 = 25)W ) (€)) G(61, &) (T (€)1 (1 = 1) W P (22, 62))
F(&2,84)G (&1, €3) f2,6 (§2)b7 (E4)b7 (€)DZ (€3) V.

By mimicking the proofs given above we get

e [Hr, bo,— (fau)le 0| <

(4.39) C ( / dw2< / dés

1 . ~
GG M2, xrey @I P[] + (b + me) L]

2 3
X
(C4

/ A& W) (22, 6)F (€2, 64) Foa (€1)

and

2

Jo( [
=3 fae( [

where (szl Wj(“) (22,&2)) are the four components of the vectors (A.14) - (A.16)
€ C* for a = p.
By(4.40), by a two-fold partial integration with respect to pi and by Hypothesis

/ A6 W) (22, €9) Fog(€2) F (2. €4)

Cc4

(4.40)

2

/ de " (w%&)e“Ei’”(pi)h(&z)F(sz,@))

4.1 one can show that there exits for every j a function, denoted by H j(-“ ) (&2,&4)
such that

4

;/dﬁ(/d@

4

Yo [ [

j=1

2

/ SIS <:c2,«52>e“Ei’”@ﬁﬁ(sg)F(@,@J)

(4.41)

/ de; W (22, &) H (&2, &4)e “”i))

~

IN

4
sztl‘1 z; (/d‘f2d§4><fz (E)H (€2.60)) < .
e

Here x,(.) is the characteristic function of the support of f(.) and (A.17) is used.
It follows from (4.36),(4.39)-(4.41) that the strong limits of b(2, —,¢)(f2) exist
when t goes to +oo, for all fo € L%(I'; x R?) and for every g < go.
We now have for all fo € ©

(@,05,_ p(f2)¥) — (®,b5 _ 7, (f2)P)
4.42 T T . .
(442) :g/ i((l),b;it(fg)\ll):ig/ (@, e [Hp, b5 _(foe)]e” W) dt
To To

with

(443)  [H"55 _(fo)| W = [(H) 05 (o) | @ = [H[P 55 _(fo)| W =0
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[(H§2))*7b§17(f21t)] U = */d§1d§2d§3d§4 (/dx2em2r2

4D (7 ()72 (1 = 99)U 9 (02,6)) (T (0%, )7 (1 = 35)U ) (€0)))

F(&2,64) G(61,83) f2,6(£2)b—(£3) by (£1)b4 (64) 0.
Similarly to (4.39) we get

HeitH [HI; b;_(fQ,t)]eiitHlI/H S

(4.45) C(/de(/d&

1 -
1GCs M p2(r, xre) E(GIIH‘I’H + (b +me)[ ¥

2 3
X
(C4

It follows from (4.43),(4.45),(4.40) and (4.41) that the strong limits of b(2, —, t)*(f2)
exist when t goes to oo, for all fo € L?(I'; x R?) and for every g < go.
Strong limits of b} _,(f;) and b} ,(f1) .

/d§2W(”) (2%, &) F(&2,&4) fa,e(&1)

Let
(4.46) D' ={f() € C*(R>\ {(0,0,p°)});p* € R}.
Let f1, fo € ®' . According to [27, lemmal] we have
(4.47) by (f4)D(H) C D(H) and b} _(fs)D(H) C D(H).

Moreover we have
s MHopE (fy)e "o =bh _(¢MIPsl )W,
' etHoby | (fa)e How =bf (P4l f;) D

where ¥ € D(H).
Let U, ® € D(H) and f;,(&) = (e7*Pil f;)(&;) where j = 3,4.. By (4.4),(4.5)
and the strong differentiability of e®*# we get

(@, b3, 7(f3)¥) — (@, b3, 1, (f1)¥)

4.49 T T . .
Iy [ b =g [ @bl ) a

By using the usual anticommutation relations (CAR)(see (A.4) and (B.4)) we
easily get for all ¥ € D(H)

[H}”,bg,_( f3,t)} U= / A€, déxdEsde, ( / dz2e= "
(450) @ (€1)a(l = 1)U (0%, £2)) (T (22, 607" (1 = 75)W ) (3)) )

f3.6(83) (&2, €4) G (&1, €3)0% (§4)7 (£1)b 1 (€2) .

[H}Q),bgﬁ(fgyt)} U= /d§1d§2d§3d§4</dz2e_iz27«2

(T (€™ (1 =)W (02, 6)) (T2, €0)ra(l = 35)W ) (&)

f3.6(3)F (&2, 64) G (&1, &3)b7 (£4)bT (£2)b7 (£1) 0.

(4.51)

and
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(452) (DY b (f)] @ = [(H) b, (f3.0)] @ =0
By (B.5) we get
(4.53)

[, ] ] <

1
2)2

/ dz2< / dg }(U(e) (2%, €)7" (1 = 7) / dgse™ 5 W) (&) G (61, &) f3.4(&3))

H/d&d&;eiﬁ‘ﬁ (U(V”)(&l)%(l —95) UM (2%, &)) b} (E4)b+(§2)‘I’H -

and

(4.54)
1[0 ] <

1
2)5

/ d;ﬁ(/ dg; ‘(U“)(ﬁ,&)v“u —75) / dese™ T W) ()G 6, 63) For (&)

H [ deadese o (W) (a1 — 2500 02, €0 600 (WH .

Moreover we have

/ dé,
4
;/%

where (U?Zl WJKZ) (&3)) are the four components of the vector (B.12) € C*.
By a two-fold partial integration with respect to p* and p* and by Hypothesis

2

/ Az P W) (&) 1 (€)G (€1, &)
(C4

(4.55) 2

/ dgze™ i WJ@) (3)(e"MPl f3(E3)G (&1, &)

4.2 one can show that there exits for every j a function , denoted by H j(-UE)(El, &),
such that
2

i/dél
ws) -3 [

/d§3efipgx2wg‘(7€)(fs)eit‘pg"fs(&)G(fl,53)

2

/dggefipgﬁ ngu_e) (fg)H](E) (&1, gg)eiﬂps\

IN

4
1 ; e
Y. [dadexn (@)™ HT 6,6 < o
j=1

Here xy,(.) is the characteristic function of the support of f3(.).
By the N, estimates and by (4.18),(A.13), (A.17) and (B.14) it follows from
(4.52)-(4.56) that, for every U € D(H),
HeitH [HI, b3 —(f3 t)] _itH\I/H <
1
3

(4.57) CCrz <Z / déidgsx, (&) H™ >(§1,§3>|> x

1
1€ Mz oy xre) (IIH‘I’IH(beru)H‘I’II)
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Furthermore we have

(®.55_ () ) = (.55, (f2)7)
4.58 T T ) .
) o [ 5 @b W) g [ (@ (o)l ) de

with

[(H}l))*,b;,(fs,t)} U= / A€ déxdesdey ( / dz?ei®’r?
59) (W7 (€92 (1 = 35)U9 (02,60)) (T (0%, £2)7al1 = 35)U ) 1)) )
F(&2,84) G(&1,83) f3,4(£2)b% (€2)b4 (€1)b 4 (€4) V.

[(H?))*,b;,_(fs,t)} U= / dé1déadésdéy ( / da2eir?
W60 (W (g™ (1 = 35)U ) (2%,€0)) (W (22, £2) a1 = 75)U ) (€1)) )
F((&2,84) G(&1,83) f3,6b4 (§1)b—(§2)b 4 (E4) 0.

and

(4.61) ((HD), 65 (Fa)| @ = [(HP), 55 _(fa0)| w =0
By adapting the proof of(4.53)-(4.57) to (4.58)-(4.61) we obtain

HeitH[HI’ bg,_(fg,t)]eiitH‘I’H

2

4
(4.62) < CCfStiZ(Z/dfldeXf3(§3)|HJ(’je)(§1753)|2) X
=

1 . ~
< NEC Mz xmey o (@IHH ]|+ (b + m) [ 2]
“w

Here xy,(.) is the characteristic function of the support of f3(.).
It follows from (4.49),(4.47),(4.58) and (4.62) that the strong limits of bg,_’t(fS)
exist when t goes to 400, for all f3 € L?(R?) and for every g < go.

(@, ba,+,7(f1)V) = (P, ba,+,1,(f1) V)

(4.63) Ta T _ y
= g/ p (P, b4 4+,4(f2)T) = zg/ ((I), eZtH[HI, bat(fre)le th\I/) di
To T,

By using the usual canonical anticommutation relations (CAR)(see (A.4) and
(B.4)) we easily get for all U € D(H)

(B ()] v = - [ derdgadgadsa ([ dutem =

(4.64) (U(V“)(&)%(l — ) UM (22,&5)) (U(e) (2%, &)y (1 - 75)W(§e)(§3)))

J1.4(€a) F (&2, €4)G (€1, €3)0% (§1)07 (€3)04 (2) .
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[P by (f10)| @ = = / d&d@d@d@( / da?e™

O @) ()91 - a0 0, 60) 0 @, 6071 — 20 WP (60) )
Ja,0(§4)F(&2,64)G (&1, &3)07 (§2)b7 (£1)b7 (&3) 0.
and
(4.66) () bas ()] @ = [P bas ()] @ =0
By (B.5) we get
(4.67)

100

o

| [ derdesem " (01902, 6009001 = )W )G €00 B 0 (€0

</d§4U(V”)(f4)f4,t(€4)€ipiz2F(€2a54)a707a(1 - 75)U(“)(9U2a§2)>

where (.,.) is the scalar product in C*.
and

(4.68)
H [HEQ)’ b4v+(f4,t):| ] H <

[

| [ acrdgaem 3" (000 6092000 - )W )G e 600 3 0 ()0

< / AEU W) (&4) a4 (€4)eP 17 F (€5, €4), /0™ (1 — 75) W) <x2,§2>>

)

o
\_/
ol

By adapting the proof of (4.57) to (4.67) and (4.68) one can show that there

exists for every j a function, denoted by H"»(£2,&4), such that

et (7, 1 (Fa) e ]| <

2

(4.69) C’szx <Z/d§2d§4Xf4(§4)|H( M)(52754)| > x

1,
IGC M 2, xrey (@l HP]| + (b+me)|¥]))
with

4
> [ dadins (€I €60 < 0
j=1

Here xy, (.) is the characteristic function of the support of f4(.).
Similarly we have

(@01 4.0 (f)T) = (@67 4 1,(f4)P)

4.70 T T . .
O [ i o) =i [ @ e

with
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()" b ()] @ = / dé1dadésdey < / da?ei®™”

A7) o —w), y
AT @9 ey = 26U a2, 60) T (0, 0701~ 250 (€4)))
F(&2,84) G(&1,83) f4,6(£a)b7 (€2)b—(€3)b 1 (€1) V.
[(H§2))*’bj;, N f47t)} U= / A6, déxdésde, < / duein®r?
4.72 (T — (1), o v
BT () €)1 )0 a2, €0)) (7 (2, €071 — 250 ()
F((€2,84) G(£1,83) fa,eb—(&3)b1(€1)b—(&2) .
and
(4.73) 11703 ()] = [, 05 1 (Fa)] = 0
By (B.5) we get
(4.74)

H [(H}1)>*7 bZ,+(f4,t)] \PH <

[

| [ asiduemss=* (WD g 4P10(1 = 26)07) 0, GG €T e (€)1

)

<U<“> (22, £2),7°7 (1 — 7) / d@UW(54>f4,t(§4)eipi“F(52,54)>

where (.,.) is the scalar product in C*.
and

(4.75)
H [(H§2))*7b2,+(f4,t)] ‘PH <

fo

H/dfldfseipgzz <W(Z) (&), 7" va(l —75)U) ($2a€1)G(€1a§3)> by (&1)b- ('53)‘1’H -

By adapting the proof of (4.57) and (4.67) to (4.74) and (4.75) one gets

)

<U<“> (22, £2),7°7 (1 — 75) / d@UW(54)f4,t(§4)eipi“F(52,54)>

e [H1, 03 1 (faa)] 70| <

2

4
(4.76) Ccf4t12<2/d§2d§4Xf4(§4)|H§V”)(§2754)|2> X
j=1

1 _
IGC M2, xrey o (@IHP[| + (b + me) [ ¥]])

It follows from (4.63),(4.69),(4.70) and (4.76) that the strong limits of bg,+7t(f4)
exist when t goes to 400, for all f4 € L?(R?) and for every g < go.

This concludes the proof of theorem 4.3.
O

=

=
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4.2. Existence of a Fock space subrepresentation of the asymptotic CAR.

From now on we only consider the case where the time t goes to +o00. The
following proposition is an easy consequence of theorem 4.1.

Proposition 4.4.

Suppose Hypothesis 2.1-Hypothesis 4.2 and g < g1. We have

i)Let f1,q1, fa,92 € L?(T1) and f3,93, f1,94 € L?(R3). The following anticom-
mutation relations hold in the sense of quadratic form.

{61,4,00(f1), b7 1 00 (91)} =(f1,91) L2(r))1
{b2,6,00(f2)s 03,1 00(92)} =(f2, 92) L2(ry)0ee 1
163, 00(f3), 05 _ oo (93)} =(f3,93)L2(r3)1
{b4,4,00(f4), b3 1 o0 (94) } =(f1, 94) L2(r3)1
{b1,4,00(f1): b1,4,00(91) } ={b7 4 o (f1)s bT +.o00lg1)} =0
{b14+00(f1), U5 o oo (f2)} {b1 Foo(f1),05 o (f3)} =0
{b14+.00(f1) b+ oo (f2)
2, )
)
)
)
)

(fa)}
{b2,e,00(f2)s b2,er,00(92) } {bQEOO(fQ) b3 00(92)} =
{b2c.o0(f2), b oo (f2)} ={b2coo(f2), by oo(f1)} =0
{b3,—,00(f3),b3,— 00 (93) } ={b3 _ o (f3), 03 _ c(93)} =0
(b3~ o0 (f), b 1 oo (f1)} =0

( (

{64,400 (f4)5 04,4 00(94) } ={b] 4 0o (f1), 04 4 50 (94)} = 0.

Here e = +.
e"h 1 + wo(f1) = 1 -+, (e w(&l)tﬁ)e”H,
thbﬁ’ wol(f2) = Qioo(elw(£2)tf2)eltH_
UK (fs) = B _ oo (M€ f)eith
zmﬂ+mﬁﬁ—ﬂ+m(w&wmw@

and the following pulltrough formulae are satisfied:

[H, b7 4 oo (f1)] = 07 4 oo (W(&1) f1), [H,b1,4,00(f1)] = =b1 4 00(w(&1) f1)
[H, 05 4 oo(f2)] =05 1 oo (W(82)f2), [H, b2+ ,00(f2)] = —b2 £ 00 (w(E2) f2)
[H, b3 _ o (f3)] = b3 _ o(W(€3)f3), [H,b3,— 00 (f3)] = —b3,— 0o(w(&3) f3)
[H, 0] 400 (fa)] = b 1 oo (W(&a) fa)s [H, ba4,00(f1)] = —ba,— oo(w(Ea) fa)-

b1 4.00 (f1)8g = b2,2 00 (f2)Qg = b3, — 00 (f3) g = ba 4 ,00(f4)2g = 0
Here Qg is the ground state of H.
Our main result is the following theorem
Theorem 4.5. Suppose Hypothesis 2.1-Hypothesis 4.2 and g < g1. Then we have
Oac = [E,0).
Proof. By (2.2) we have, for all sets of integers (p, q,q,r,s) in N°,
(4.77) = P sroern,

(p,9,G,75)
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with
(4.78)
FPoIrD) = (£2L7(0)) @ (R4L2(T) © (SIL2(1) ® (9 L2(RY) @ (23L7(RY))

Here p is the number of electrons, ¢ (resp. ¢) is the number of muons (resp.
antimuons), r is the number of antineutrinos 7 and s is the number of neutrinos
vy

Let {ej|i = 1,2,..},{€3]j = 1,2,..} and { f{|k = 1,2, ..} be tree orthonormal basis
of L3(Ty). Let {€}|l = 1,2,..} and {e},|m = 1,2,..} be two orthonormal basis of
L3(R3).

Consider the following vectors of §

(4.79)
[T il T1 5ol T 5502 TT et TT iateh)
1<a<p 1<a<q 1<a<q 1<a<r 1<a<s

The indices are assumed ordered, iy < ... < ip, j1 < ... < Jg, k1 < ... < kg,
1 <..<l,and my < ... < mg.
The set, for (p,q,q,7,s) given in N°,

DPaams) — {§ e FPT3) | B is a finite linear combination of basis vectors

of the form (4.79)}

is a dense domain in FP¢77). The set of vectors of the form (4.79) is an orthonor-
mal basis of FP4475) (see [39, Chapter 10]). Hence the vectors obtained in this
way for p,q,q,r,s,=0,1,2,... form an orthonormal basis of § and the set

D= {¥ € F | VU is a finite linear combination of basis vectors
of the form (4.79) for p,q,q,7,s =0,1,2,---}

is a dense domain in §.
On the other hand we now introduce the following vectors of §

(480) H bl—i—oo T H b2+oo(_?) H b;,—,oo(flga)

1<a<p 1<a<q 1<a<qg
* 3 * 4
H b3,—,oo(ela> H b4,+,oo(ema)Qg
1<a<r 1<a<s

Let §&%%"%) denote the closed linear hull of vectors of the form (4.80). It follows
from proposition 4.4 that the set of vectors of the form (4.80) is an orthonormal
basis of §LTS),

The set, for (p,q,q,7,s) given in N°,

DP@T75) = [$ € Foo | @ is a finite linear combination of basis vectors
of the form (4.80)}.

3;(177%6%8)
s .

is a dense domain in
The asymptotic outgoing Fock pace denoted by §o is then defined by

(4.81) Foo = @ gPaars),

P:q,q,7,5
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The vectors of the form (4.80) obtained for p,q,q,r,s,= 0,1,2,... form an or-
thonormal basis of § and the set

Do = {P € Foo | D is a finite linear combination of basis vectors
of the form (4.80) for p,q,q,r,s =0,1,2,---}

is a dense domain in Feo.

We now introduce the following linear operators, denoted by WiZ'?%"*  and

defined on DP4:3:7:5) Ty

P,q,q,75)
I I | | +( I I -
( by, b5 b, fk | | b1+ el

1<a<p 1<a<q 1<a<q 1<a<r
* 4
H b4,+(ema)Q
1<a<
(4.82) o= \
b1+oo [ b2+oo b27oofk b37ooel
= 11 ) 11
1<a<p 1<a<q 1§aSq 1<a<r
* 4
H b4,+,oo(ema)Qg'
1<a<s
éé”““’ can be uniquely extended to linear operators from D®®%75) to
DPSE™) Tt then follows from prposition 4.4. that the operators W2 %%™*) can

be uniquely extended to unitary operators from D®@@75) to DELTTS)
Let

(4.83) Wy = @ WP adrs)

P,q,4,7,5

Hence W, is a unitary operator from § to § .

The operators b1+ 00 (f1),07 1 0 (91):02,4,00(f2), 05 1 o(92),02,— 00 (f2), b3 _ o (92),03,— 00 (f3),
b3 _ 0(93), b4 1 oo(fa) and b) | . (94) defined on o generate a Fock representation

of the ACR (see Proposition 4.4 1)).
By proposition 4.4 ii) we have

(4.84)
I 3
elt H b1+oo Ta H b2+oo H b2700 fk H b37ooel
1<a<p 1<a<q 1<a<q 1<a<r
4
H bz,—‘,—,oo(ema)Qg
1<a<s
T bl @el) TT 0l @el) TT 85wl s2)
1<a<p 1<a<q 1<a<g
H bS—oo Zw(§3 )t 3 H b4, 7oo Zw (Cayt fna)Qg'
1<a<r 1<a<s

Hence et leaves o invariant and H is both reduced by Foo and SOLO Thus
T~ Foo B ¥

In view of (4.5), (4.48) and (4.84) we get
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thu H b H b2+ H b2, fk H b;,—(e?a)

1<a<p 1<a<q 1<a<qg 1<a<r
H bZ,+(€an)Q
<a<s
(4.85) e
=R T visel) T v T 05-(f2)
1<a<p 1<a<q 1<a<q
H by _ el H by + ma
1<a<r 1<a<s
This yields
(4.86) Wiaoe ot E) —= ¢ty
Hence the reduction of H to § is unitarily equivalent to Ho+ E. Thus o4.(H) =
[E,00) . This concludes the proof of theorem 4.5. O
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APPENDIX A. THE DIRAC QUANTIZED FIELDS FOR THE ELECTRONS AND THE
MUONS.

The appendices are based on the section 2 and section 3 of [23]. See also [13],
[14], [15] and [25].

(s,m, pl, p3) are quantum variables of the electrons,the positrons, the muons and
the antimuons in a uniform magnetic field. Here s = £1, n > 0, p' € R, p? € R.

Let & = (s,n,pl,p3) be the quantum variables of a electron and let & =
(s,m,p},p},) be the quantum variables of a muon and of an antimuon.

We set 'y = {—1,1} x N x R? for the configuration space for the electrons, the
muons and the antimuons. L?(I';) is the Hilbert space associated to each species
of fermions.

(A1) L*(Iy) = I*(L*(R?)) @ 1*(L*(R?)

Let §. and §, denote the Fock spaces for the electrons and the muons respec-
tively. Remark that §,, is also the Fock space for the antimuons.
We have

(A.2) Fe=3%u= ééﬁ(rl).

n=0 a

. L?(I'1) is the antisymmetric n-th tensor power of L*(T'y).
0, =(1,0,0,0,...) is the vacuum state in §, for a = e, .
We shall use the notations

/F1 g = Z/ dpedp?
[ =2 % [ arhard

s=+1n>0
by (&1) (resp.b’ (&1) is the annihilation (resp.creation)operator for the electron.
Let e = £.

(A.3)
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be(&2) (resp.bf(&2)) are the annihilation (resp.creation)operators for the muon
when € = + and for the antimuon when € = — .

The operators by (£1), b%(&1), be(&2) and bf(§2) fulfil the usual anticommuta-
tion relations (CAR)(see [40] and [23]). Therefore the following anticommutation
relations hold

{by (&), 05 (&)} =0(6 — &)
(A4) {be(€2), b5 (€h)} = Beerd(E2 — &)
{bh (1), b5, (&2)} = 0.

where {b,b'} = bb’ + b'b and b* = b or b*.

In addition, following the convention described in [40, Section 4.1] and [40, Sec-
tion 4.2], we assume that the fermionic creation and annihilation operators of dif-
ferent species of particles anticommute ( see [8] arXiv for explicit definitions). In
our case this property will be verified by the creation and annihilation operators
for the electrons, the muons, the antimuons, the antineutrinos associated to the
electron and the neutrinos associated to the muons..

Recall that for ¢ € L?(I';), the operators

b1,+(90):/F b(&1)p(€1)dé: .

L) = [ r@ea)s.
(A.5) o

bae(p) = / bo(€2) P (6 ).

b3 (p) = / b (62) 0 (€2) s

are bounded operators on §(.) and §,) respectively satisfying

165 ()| = lill 2
15, (P)Il = el e

Set a = e, u. The Dirac quantized fields for the electron and the muon, denoted
by ¥ (4)(x), are given by

(A.6)

1 sl 1 3 .3
¥y (0 =5 [ a6 (0RO 2 b )

(A7) 2
W (@2, € )b () )-

+ o~ ilpazl+pia®
where & = & and &, = &. See [17].
For & = (s,m,ph, p}) we have U™ (22, €2)=Us" (¢2, n,p},, p3).
Fors=1andn>1 Ul(a) (22, n,pt, p?) is given by

In71(§>
(@) 3 i 0
En’(p?) + ma 2
AS) U9 npl ) = (—Q) I
A Uy ) = (= ) B Gy )
V2neB I (5)

B (p8)ma "

where
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¢ =VeB(a? - i)

eB
(A.9) |
1(© =(ez) exp(-€/2)H(e).

Here H, (&) is the Hermite polynomial of order n and we define
(A.10) I_1(¢)=0
For n =0 and s = 1 we set
ULy (22,0,p',p%) = 0

Fors=—-1landn >0 Ug)(x2,n,p1,p3) is given by

0
(@)(, 3 3 1n(€)
(ALl U2 nppY) = (W)t e (p)era) __VEeB (e
265 (p?) B (o) dma !

In(€)

B (p3)+ma

Through out this work e will be the positive unit of charge taken to be equal to
the proton charge.

B (p3), n >0, is given by

(A.12) By (p°) = V/m2 + (p°)? + 2neB
Note that
(A.13) / dz?U (2, pt, p) UL (22, n,pt, p%) = G

where T is the adjoint in C*.
In order to study the spectral theory of our Hamiltonian it is not necessary to
know W) (22, &) in (A.6). We have to know W) (22, &) explicitly.
For & = (s, n,p}t,pi) with n > 0 we have
W (22, &) = VI (2% n, —pl, —p%)  for & = (1,n,pl.p5),n > 0.
(A14) W(“)($2a§2) = V-i(-l;)(lzana _p;lu_pi) fOT €2 = (_Lnapiapi)an > 1.
W(M) (1'2752) =0 fOT 51 = (717 Oapiapi)

Fors=1andn>1 V_&f) (x2,n,pt,p?) is given by

3
(1) "By, 1)
! 3 2 ne
(A15) V2 Py = (B ) M B, ()
+1 IRASD A 2E(M)( 3) o (p3)+my
v In-1(§)
0
and for n = 0 we set
V—l(flt)(anOaplapg) - 0

For s=—1andn >0 Vf’f)(xQ,n,pl,zﬁ) is given by
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ET(ILL) (szjfm# In—l (5)

N

(1), 3
W) p2 o1 o3y _ (B (P7) +my — T, (€)
(A.16) V2 (2% n,pt,pY) = < 250 () B (p)+m,,
L,(¢)
Note that
(A.17) /szVs(“) (@2, n,p" ) VI (22,0, pt,pP) = B

where T is the adjoint in C*.

APPENDIX B. THE DIRAC QUANTIZED FIELDS FOR V,, AND 7.

We suppose that neutrinos and antineutrinos are massless as in the Standard
Model.

The quantum variables of the neutrinos and antineutrinos are the momenta and
the helicities.

Let P = (P!, P2,P3) be the generators of space-translations. H? is the helicity

operator 152 where |[P| = (/37 (P")?) and & = (21,52, £°) with for j = 1,2,3

(B.1) Ej<%j gj)

The helicity of the neutrino associated to the muon is f%. v, is left-handed.

The helicity of the antineutrino associated to the electron is %ﬁe is right-handed.
Let & = (p, %) be the quantum variables of the antineutrino 7, where p € R3 is
the momentum and % is the helicity.Let {4 = (p, f%) be the quantum variables of
the neutrino v, where p € R? is the momentum and —% is the helicity.
L?*(R?) is the Hilbert space of the states of the neutrinos v, and of the an-
tineutrinos v..Let §(,,) and §(5,) denote the Fock spaces for the neutrinos and the
antineutrinos respectively.

We have

(B.2) v, = v, = PR L*(R?)

n=0 a

Qs =(1,0,0,0,...) is the vacuum state in Fg for f = ¢, .
In the sequel we shall use the notations

/ dés = / d’p
R3 R3
/ déy = / d’p
R3 R3

b_(&3) and b* (£3)) are the annihilation and creation operators for the antineu-
trino associated to the electron respectively . b4 (&) and b% (&4)) are the annihilation
and creation operators for the neutrino associated to the muon respectively. The
operators b (£3) and bﬂr (&4), fulfil the usual anticommutation relations (CAR) and

(B.3)

they anticommute with bﬂr (&1) and bf(&) according to the convention described in
[40, Section 4.1]. See [8] arXiv for explicit definitions.
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Therefore the following anticommutation relations hold
{b-(£3),07(&3)} = 0(&3 — &)
{04 (&), b4 (€1)} = (64 — &4)
(B.4) {b2(&5), b (&)} =0
{t". (&), bi(&2)} = (V. (&), L. (60)} = 0.
{4 (60),bE(&2)) = {Ph (&), L (&)} = 0.
Recall that, for ¢ € L?(R?), the operators

ba+(p) = /}R3 b (E4)p(Ea)dEs.

bs_(¢) = / b_(€3)p(E)dés.
(B.5) =

b = [ W (Ee(Ed
b0 = [ ¥ (@)e(E@e.

are bounded operators on §(,,,) and § ;) respectively satisfying

(B.6) i)l = 65l = llollze-

The Dirac quantized fields for the neutrinos and antineutrinos associated to the
electron and the muon respectively are denoted by ¥(, )(x) and \Il(l,#)(x).
We have

1 s ~ ~ ~
W) =50 ([ BP0 @b @)

(B.7)
+ [ dgaem PRWEI G ().
and
W () () ([ dtae P00 €0)bi )
(B.8)

+ [ e R e @),

where Eg, = (p, —%) and 51 = (p, %) with, for g = 3,4,

/ dég = / d’p
R3 R3

/}Rs dés = /Rd d’p
See [17].

For the purpose of this paper one only needs to know W (*) (&3) and U(”M)(E4)
explicitly. U")(&3) and W7k (&) are given in [23].
By [23, (3.6), (3.7), (3.24), (3.32)]and [39] we have

(B.9)

v e — e Ly o1 [ h_(p)
(B.10) U(&) = U (p, 2>>ﬂ<—h_<p>>
with

_ 1 pi—p|
(B.11) h-(p) = TR (pl +ip2)
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and for |p| = p3 we set

Moreover we have

W) (o) — e _g Ly L (—h+(—p))
with
1 —p' + ip2)

B.13 hi(=p)= —
o 0= e
and for |p| = —p?® we set

hi ( P)::(é)

Note that

(B.14) U Ea)lles = W (&) ler = 1
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