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SPECTRAL THEORY FOR THE WEAK DECAY OF MUONS IN

A UNIFORM MAGNETIC FIELD

JEAN-CLAUDE GUILLOT

In memory of Raymond Stora

Abstract. In this article we consider a mathematical model for the weak
decay of muons in a uniform magnetic field according to the Fermi theory of
weak interactions with V-A coupling. With this model we associate a Hamil-
tonian with cutoffs in an appropriate Fock space. No infrared regularization
is assumed. The Hamiltonian is self-adjoint and has a unique ground state.
We specify the essential spectrum and prove the existence of asymptotic fields
from which we determine the absolutely continuous spectrum. The coupling
constant is supposed sufficiently small.
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1. Introduction.

In this paper we consider a mathematical model for the weak decay of muons
into electrons, neutrinos and antineutrinos in a uniform magnetic field according to
the Fermi theory with V-A (Vector-Axial Vector)coupling,

(1.1) µ− → e− + νe + νµ

(1.2) µ+ → e+ + νe + νµ

(1.2) is the charge conjugation of (1.1).
This is a part of a program devoted to the study of mathematical models for

the weak interactions as patterned according to the Fermi theory and the Standard
model in Quantum Field Theory. See [21].
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In this paper we restrict ourselves to the study of the decay of the muon µ−
whose electric charge is the charge of the electron (1.1). The study of the decay of
the antiparticle µ+, whose charge is positive, (1.2) is quite similar and we omit it.

In [23] we have studied the spectral theory of the Hamiltonian associated to the
inverse β decay in a uniform magnetic field. We proved the existence and uniqueness
of a ground state and we specify the essential spectrum and the spectrum for a small
coupling constant and without any low-energy regularization.

In this paper we consider the weak decay of muons into electrons, neutrinos
associated with muons and antineutrinos associated with electrons in a uniform
magnetic field according to the Fermi theory with V-A coupling. Hence we neglect
the small mass of neutrinos and antineutrinos and we define a total Hamiltonian H
acting in an appropriate Fock space involving three fermionic massive particles-the
electrons, the muons and the antimuons - and two fermionic massless particles-
the neutrinos and the antineutrinos associated to the muons and the electrons re-
spectively.In order to obtain a well-defined operator, we approximate the physical
kernels of the interaction Hamiltonian by square integrable functions and we intro-
duce high-energy cutoffs. We do not need to impose any low-energy regularization
in this work but the coupling constant is supposed sufficiently small.

We give a precise definition of the Hamiltonian as a self-adjoint operator in the
appropriate Fock space and by adapting the methods used in [23]we first state that
H has a unique ground state and we specify the essential spectrum for sufficiently
small values of the coupling constant.

In this paper, our main result is the location of the absolutely continuous spec-
trum of H. For that we follow the first step of the approach to scattering theory in
establishing, for each involved particle,the existence and basic properties of the as-
ymptotic creation and annihilation operators for time t going to ±∞. We then have
a natural definition of unitary wave operators with the right intertwining property
from which we deduce the absolutely continuous spectrum of H. Scattering theory
for models in Quantum Field Theory without any external field has been considered
by many authors. See, among others, [1, 3, 16, 17, 19, 26, 27, 28, 29, 30, 31, 32, 33,
34, 35, 36, 37] and references therein. A part of the techniques used in this paper
are adapted from the ones developed in these references. Note that the asymptotic
completeness of the wave operators is an open problem in the case of the weak
interactions in the background of a uniform magnetic field. See (1.1) for a study of
scattering theory for a mathematical model of the weak interactions without any
external field.

In some parts of our presentation we will only give the statement of theorems
referring otherwise to some references.

The paper is organized as follows. In the second section we define the regularized
self-adjoint Hamiltonian associated to (1.1). In the third section we consider the
existence of a unique ground state and we specify the essential spectrum of H. In
the fourth section we carefully prove the existence of asymptotic limits, when time t
goes to ±∞, of the creation and annihilation operators of each involved particle, we
define a unitary wave operator and we prove that it satisfies the right intertwining
property with the hamiltonian and we deduce the absolutely continuous spectrum
of H. In Appendices A and B we recall the Dirac quantized fields associated to the
muon and the electron in a uniform magnetic external field together with the Dirac
quantized free fields associated to the neutrino and the antineutrino.

2. The Hamiltonian.
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In the Fermi theory the decay of the muon µ is described by the following four
fermions effective Hamiltonian for the interaction in the Schrödinger representation
( see [21], [24] and [41]):

Hint =

GF√
2

∫
d3x
(
Ψνµ(x)γ

α(1− γ5)Ψµ(x)
)(
Ψe(x)γα(1− γ5)Ψνe(x)

)

+
GF√
2

∫
d3x
(
Ψνe(x)γα(1− γ5)Ψe(x)

)(
Ψµ(x)γ

α(1− γ5)Ψνµ(x)
)

(2.1)

Here γα, α = 0, 1, 2, 3 and γ5 are the Dirac matrices in the standard representation.
Ψ(.)(x) and Ψ(.)(x) are the quantized Dirac fields for e, µ, νµ and νe. Ψ(.)(x) =

Ψ(.)(x)
†γ0. GF is the Fermi coupling constant with GF ≃ 1.16639(2)×10−5GeV −2.

See [12].
We recall that me < mµ. νµ and νe are massless particles.

2.1. The free Hamiltonian.

Throughout this work notations are introduced in appendices A and B.
Let

F = Fe ⊗ Fµ ⊗ Fµ ⊗ Fνµ ⊗ Fνe(2.2)

Let

ω(ξ1) = E(e)
n (p3) for ξ1 = (s, n, p1, p3)

ω(ξ2) = E(µ)
n (p3) for ξ2 = (s, n, p1, p3)

ω(ξ3) = |p| for ξ3 = (p,
1

2
)

ω(ξ4) = |p| for ξ4 = (p,−1

2
).

(2.3)

Let H
(e)
D

(
resp.H

(µ−)
D ,H

(µ+)
D , and H

(ν)
D

)
be the Dirac Hamiltonian for the elec-

tron
(
resp.the muon, the antimuon and the neutrino

)
.

The quantization of H
(e)
D , denoted by H

(e)
0,D and acting on Fe, is given by

(2.4) H
(e)
0,D ==

∫
ω(ξ1)b

∗
+(ξ1)b+(ξ1)dξ1

Likewise the quantization of H
(µ−)
D ,H

(µ+)
D ,H

(νe)
D and H

(νµ)
D , denoted by H

(µ)
0,D,

H
(νe)
0,D and H

(νµ)
0,D respectively, acting on Fµ, Fνe

and Fνµ respectively, is given by

H
(µ−)
0,D =

∫
ω(ξ2)b

∗
+(ξ2)b+(ξ2)dξ2

H
(µ+)
0,D =

∫
ω(ξ2)b

∗
−(ξ2)b−(ξ2)dξ2

H
(νe)
0,D =

∫
ω(ξ3)b

∗
−(ξ3)b−(ξ3)dξ3

H
(νµ)
0,D =

∫
ω(ξ4)b

∗
+(ξ4)b+(ξ4)dξ4.

(2.5)

We set H
(µ)
0,D = H

(µ−)
0,D ⊗ 1l +1l⊗H

(µ+)
0,D . H

(µ)
0,D is defined on Fµ ⊗ Fµ.

For each Fock space F. let D(.) denote the set of vectors Φ ∈ F(.) for which
each component Φ(r) is smooth and has a compact support and Φ(r) = 0 for all

but finitely many r. Then H
(.)
0,D is well-defined on the dense subset D(.) and it is
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essentially self-adjoint on D(.) . The self-adjoint extension will be denoted by the

same symbol H
(.)
0,D with domain D(H

(.)
0,D)).

The spectrum of H
(e)
0,D in F(e) is given by

(2.6) spec(H
(e)
0,D) = {0} ∪ [me,∞)

{0} is a simple eigenvalue whose the associated eigenvector is the vacuum in F(e)

denoted by Ω(e). [me,∞) is the absolutely continuous spectrum of H
(e)
0,D.

Likewise the spectra of H
(µ)
0,D, H

(νe)
0,D and H

(νµ)
0,D in F(µ) ⊗ F(µ), F(νe) and F(νµ)

respectively are given by

spec(H
(µ)
0,D) = {0} ∪ [mµ,∞)

spec(H
(νe)
0,D ) = [0,∞)

spec(H
(νµ)
0,D ) = [0,∞).

(2.7)

Ω(µ), Ω(νe) and Ω(νµ) are the associated vacua in F(µ) ⊗ F(µ), F(νe) and F(νµ) re-

spectively and are the associated eigenvectors of H
(µ)
0,D,H

(νe)
0,D and H

(νµ)
0,D respectively

for the eigenvalue {0}.
The vacuum in F, denoted by Ω, is then given by

(2.8) Ω = Ω(e) ⊗ Ω(µ) ⊗ Ω(νe) ⊗ Ω(νµ)

The free Hamiltonian for the model, denoted by H0 and acting in F, is now given
by

H0 = H
(e)
0,D ⊗ 1l⊗ 1l⊗ 1l⊗ 1l + 1l⊗H

(µ)
0,D ⊗ 1l⊗ 1l⊗ 1

+ 1l⊗ 1l⊗ 1l⊗H
(νe)
0,D ⊗ 1l + 1l⊗ 1l⊗ 1l⊗ 1l⊗H

(νµ)
0,D .

(2.9)

H0 is essentially self-adjoint on D = D(e)⊗̂D(µ)⊗̂D(νe)⊗̂D(νµ).
Here ⊗̂ is the algebraic tensor product.
spec(H0) = [0,∞) and Ω is the eigenvector associated with the simple eigenvalue

{0} of H0.

Let S(e) be the set of the thresholds of H
(e)
0,D:

S(e) =
(
s(e)n ;n ∈ N

)

with s
(e)
n =

√
m2

e + 2neB.

Likewise let S(µ) be the set of the thresholds of H
(µ)
0,D:

S(µ) =
(
s(µ)n ;n ∈ N

)

with s
(µ)
n =

√
m2

µ + 2neB.

Then

(2.10) S = S(e) ∪ S(µ)

is the set of the thresholds of H0.
Throughout this work any finite tensor product of annihilation or creation op-

erators associated with the involved particles will be denoted for shortness by the
usual product of the operators (see e.g (2.13) and (2.14)).
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2.2. The Interaction.

Similarly to [8] [5], [9], [10] [11],[22]and [23], in order to get well-defined operators
on F, we have to substitute smoother kernels F (ξ2, ξ4) and G(ξ1, ξ3) for the δ-
distribution associated with (2.1)( conservation of momenta) and for introducing
ultraviolet cutoffs.

Let

(2.11) r = p3 + p4

We get a new operator denoted by HI and defined as follows

(2.12) HI = H1
I + (H1

I )
∗ +H2

I + (H2
I )

∗

Here

H
(1)
I =

∫
dξ1dξ2dξ3dξ4

(∫
dx2e−ix2r2

(
U

(νµ)
(ξ4)γ

α(1 − γ5)U
(µ)(x2, ξ2)

)(
U

(e)
(x2, ξ1)γα(1 − γ5)U

(ν)(ξ4)
))

F (ξ2, ξ4)G(ξ1, ξ3)b
∗
+(ξ4)b

∗
+(ξ1)b

∗
−(ξ3)b+(ξ2).

(2.13)

and

H
(2)
I =

∫
dξ1dξ2dξ3dξ4

( ∫
dx2e−ix2r2

(
U

(νµ)
(ξ4)γα(1 − γ5)W

(µ)(x2, ξ2)
)(
U

(e)
(x2, ξ1)γ

α(1 − γ5)W
(νe)(ξ3)

))

F (ξ2, ξ4)G(ξ1, ξ3)b
∗
+(ξ4)b

∗
−(ξ2)b

∗
+(ξ1)b

∗
−(ξ3).

(2.14)

H
(1)
I describes the decay of the muon and H

(2)
I is responsible for the fact that

the bare vacuum will not be an eigenvector of the total Hamiltonian as expected
from physics.

We now introduce the following assumptions on the kernels F (ξ2, ξ4) andG(ξ1, ξ3)
in order to get well-defined Hamiltonians in F.

Hypothesis 2.1.

F (ξ2, ξ4) ∈ L2(Γ1 × R
3)

G(ξ1, ξ3) ∈ L2(Γ1 × R
3)

(2.15)

These assumptions will be needed throughout the paper.
By (2.12)-(2.15) HI is well defined as a sesquilinear form on D and one can

construct a closed operator associated with this form.
The total Hamiltonian is thus

(2.16) H = H0 + gHI , g > 0.

g is the coupling constant that we suppose non-negative for simplicity. The con-
clusions below are not affected if g ∈ R.

The self-adjointness of H is established by the next theorem.
Let

C =‖γ0γα(1− γ5)‖C4‖γ0γα(1 − γ5)‖C4 .

1

M
=

1

me

+
1

mµ

(2.17)

For φ ∈ D(H0) we have
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‖HIφ‖

≤2C‖F (., .)‖L2(Γ1×R3)‖G(., .)‖L2(Γ1×R3)

( 2

M
‖H0φ‖+ ‖φ‖

)
.

(2.18)

(2.18) follows from standard estimates of creation and annihilation operators in
Fock space (the Nτ estimates, see [20]). Details can be found in [7, proposition 3.7].

Theorem 2.2. (Self-adjointness). Let g0 > 0 be such that

(2.19) 4g0
C

M
‖F (., .)‖L2(Γ1×R3)‖G(., .)‖L2(Γ1×R3) < 1.

Then for any g such that g ≤ g0 H is self-adjoint in F with domain D(H) = D(H0).
Moreover any core for H0 is a core for H.

By (2.18) and (2.19) the proof of the self-adjointness of H follows from the
Kato-Rellich theorem.

σ(H) stands for the spectrum and σess(H) denotes the essential spectrum. We
have

Theorem 2.3. (The essential spectrum and the spectrum) Setting

E = inf σ(H)

we have for every g ≤ g0

σ(H) = σess(H) = [E,∞)

with E ≤ 0 .

In order to prove the theorem 2.3 we easily adapt to our case the proof given
in [11] (see also [4], [38] and [23]) . The mathematical model considered in [11]
involves also one neutrino and one antineutrino. We omit the details.

3. Existence of a unique ground state.

In the sequel we shall make some of the following additional assumptions on the
kernels F (ξ2, ξ4) and G(ξ1, ξ3).

Hypothesis 3.1. There exists a constant K(F,G) > 0 such that for σ > 0

(i)

∫

Γ1×R3

|F (ξ2, ξ4)|2
|p4|2

dξ1dξ4 < ∞.(ii)

∫

Γ1×R3

|G(ξ1, ξ3)|2
|p3|2

dξ1dξ3 < ∞.

(iii)

(∫

Γ1×{|p4|≤σ}
|F (ξ2, ξ4)|2dξ2dξ4

) 1
2

≤ K(F,G)σ.

(iv)

(∫

Γ1×{|p3|≤σ}
|G(ξ1, ξ3)|2dξ1dξ3

) 1
2

≤ K(F,G)σ.

We then have

Theorem 3.2. Assume that the kernels F (., .) and G(., .) satisfy Hypothesis 2.1
and 3.1. Then there exists g1 ∈ (0, g0] such that H has a unique ground state for
g ≤ g1.

In order to prove theorem 3.1 it suffices to mimick the proofs given in [5], [11]
and [23]. We omit the details.

In [2] fermionic hamiltonian models are considered without any external field.
Without any restriction on the strengh of the interaction a self-adjoint hamiltonian
is defined for which the existence of a ground state is proved. Such a result is an
open problem in the case of magnetic fermionic models.
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4. The absolutely continuous spectrum.

As stated in the introduction , in order to specify the absolutely continuous
spectrum of H, we follow the first step of the approach to scattering theory in
establishing, for each involved particle, the existence and basic properties of the
asymptotic creation and annihilation operators for time t going to ±∞. The exis-
tence of a ground state is quite fundamental in order to get a Fock subrepresentation
of the asymptotic canonical anticommutation relations from which we localize the
absolutely continuous spectrum of H.

4.1. Asymptotic fields. Let

b♯1,+,t(f1) = eitHe−itH0b♯1,+(f1)e
itH0e−itH

b♯2,±,t(f2) = eitHe−itH0b♯2,±(f2)e
itH0e−itH

b♯3,−,t(f3) = eitHe−itH0b♯3,−(f3)e
itH0e−itH

b♯4,+,t(f4) = eitHe−itH0b♯4,+(f4)e
itH0e−itH .

(4.1)

where, for i = 1, 2, fi ∈ L2(Γ1) and, for j = 3, 4, fj ∈ L2(R3).

The strong limits of b♯.,t(.) when the time t goes to ±∞ for models in Quantum
Field Theory have been considered for fermions and bosons by [33]-[35] and [27]-[31]
and , more recently, by [17], [3], [26], [36], [37] and [6] and references therein.

In the sequel we shall make some of the following additional assumptions on the
kernels F (ξ2, ξ4) and G(ξ1, ξ3).

Hypothesis 4.1.

(i)

∫ ∣∣∣∣
∂F

∂p3µ
(ξ2, ξ4)

∣∣∣∣
2

dξ2dξ4 < ∞ ,

∫ ∣∣∣∣
∂G

∂p3e
(ξ1, ξ3)

∣∣∣∣
2

dξ1dξ3 < ∞ .

(ii)

∫ ∣∣∣∣∣

(
∂

∂p3µ

)2

F (ξ2, ξ4)

∣∣∣∣∣

2

dξ2dξ4 < ∞ ,

∫ ∣∣∣∣∣

(
∂

∂p3e

)2

G(ξ1, ξ3)

∣∣∣∣∣

2

dξ1dξ3 < ∞ .

Hypothesis 4.2.

(i)

∫ ∣∣∇pµ
F (ξ2, ξ4)

∣∣2 dξ2dξ4 < ∞ ,

∫
|∇pe

G(ξ1, ξ3)|2 dξ1dξ3 < ∞ .

(ii)

∫ ∣∣∣∣∣
∂2F

∂p1νµ∂p
3
νµ

(ξ2, ξ4, )

∣∣∣∣∣

2

dξ1dξ2 < ∞ ,

∫ ∣∣∣∣
∂2G

∂p1νe
∂p3νe

(ξ1, ξ3, )

∣∣∣∣
2

dξ1dξ3 < ∞ .

We then have

Theorem 4.3. Suppose Hypothesis 2.1-Hypothesis 4.2 and g ≤ g0. Let f1, f2 ∈
L2(Γ1) and f3, f4 ∈ L2(R3) . Then the following asymptotic fields

b♯1,+,±∞(f1) := s-lim
t→±∞

b♯1,+,t(f1)

b♯2,±,±∞(f2) := s-lim
t→±∞

b♯2,±,t(f2)

b♯3,−,±∞(f3) := s-lim
t→±∞

b♯3,−,t(f3)

b♯4,+,±∞(f+) := s-lim
t→±∞

b♯4,+,t(f4).

(4.2)

exist.

Proof. The norms of the b.,.,t(f.)
′s are uniformly bounded with respect to t. Hence,

in order to prove theorem 4.1 it suffices to prove the existence of the strong limits
on D(H) = D(H0) with smooth f..
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Strong limits of b♯1,+,t(f1) and b♯2,±,t(f2) .
Let

(4.3) D = {f ∈ l2(Γ1)|f(s, n, ., .) ∈ C∞
0 (R2 \ {0}) for all s and n , and

f(., n, ., .) = 0 for all but finitely many n}.

Let f1, f2 ∈ D . According to [27, lemma1] we have

(4.4) b♯1,+(f1)D(H) ⊂ D(H) and b♯2,±(f2)D(H) ⊂ D(H).

Moreover we have

eitH0b♯1,+(f1)e
−itH0Ψ =b♯1,+(e

itEe

f1)Ψ,

eitH0b♯2,±(f2)e
−itH0Ψ =b♯2,±(e

itEµ

f2)Ψ.
(4.5)

where Ψ ∈ D(H).

Let us first prove the existence of b♯1,+,±∞(f1).

Let Ψ,Φ ∈ D(H) and f1,t(ξ1) = (e−itEe

f1)(ξ1). By (4.4),(4.5) and the strong
differentiability of eitH we get

(Φ, b1,+,T (f1)Ψ)− (Φ, b1,+,T0(f1)Ψ)

= g

∫ T

T0

d

dt
(Φ, b1,+,t(f1)Ψ) = ig

∫ T

T0

(
Φ, eitH [HI , b1,+(f1,t)]e

−itHΨ
)
dt

(4.6)

By using the usual canpnicol anticommutation relations (CAR) (see(A.4)) we
easily get for all Ψ ∈ D(H)

[
H

(1)
I , b1,+(f1,t)

]
Ψ =

∫
dξ1dξ2dξ3dξ4

( ∫
dx2e−ix2r2

(
U

(νµ)
(ξ4)γα(1− γ5)U

(µ)(x2, ξ2)
)(
U

(e)
(x2, ξ1)γ

α(1 − γ5)W
(νe)(ξ3)

))

f1,t(ξ1)F (ξ2, ξ4)G(ξ1, ξ3)b
∗
+(ξ4)b

∗
−(ξ3)b+(ξ2)Ψ.

(4.7)

[
H

(2)
I , b1,+(f1,t)

]
Ψ = −

∫
dξ1dξ2dξ3dξ4

(∫
dx2e−ix2r2

(
U

(νµ)
(ξ4)γ

α(1− γ5)W
(µ)(x2, ξ2)

)(
U

(e)
(x2, ξ1)γα(1 − γ5)W

(νe)(ξ3)
)

f1,t(ξ1)F (ξ2, ξ4)G(ξ1, ξ3)
)
b∗+(ξ4)b

∗
−(ξ2)b

∗
−(ξ3)Ψ.

(4.8)

(4.9)
[
(H

(1)
I )∗, b1,+(f1,t)

]
Ψ =

[
(H

(2)
I )∗, b1,+(f1,t)

]
Ψ = 0

where U = U †γ0.
Similarly we get

(
Φ, b∗1,+,T (f1)Ψ

)
−
(
Φ, b∗1,+,T0

(f1)Ψ
)

= g

∫ T

T0

d

dt

(
Φ, b∗1,+,t(f1)Ψ

)
= ig

∫ T

T0

(
Φ, eitH [HI , b

∗
1,+(f1,t)]e

−itHΨ
)
dt

(4.10)

with

(4.11)
[
H

(1)
I , b∗1,+(f1,t)

]
Ψ =

[
H

(2)
I , b∗1,+(f1,t)

]
Ψ = 0

and
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[
(H

(1)
I )∗, b∗1,+(f1,t)

]
Ψ = −

∫
dξ1dξ2dξ3dξ4

( ∫
dx2eix

2r2

(
W

(νe)
(ξ3)γ

α(1− γ5)U
(e)(x2, ξ1)

)(
U

(µ)
(x2, ξ2)γα(1− γ5)U

(νµ)(ξ4)
))

F (ξ2, ξ4)G(ξ1, ξ3)f1,t(ξ1)b
∗
+(ξ2)b−(ξ3)b+(ξ4)Ψ.

(4.12)

[
(H

(2)
I )∗, b∗1,+(f1,t)

]
Ψ =

∫
dξ1dξ2dξ3dξ4

(∫
dx2eix

2r2

(
W

(νe)
(ξ3)γ

α(1− γ5)U
(e)(x2, ξ1)

)(
W (µ)(x2, ξ2)γα(1 − γ5)U

(νµ)(ξ4)
))

F (ξ2, ξ4)G(ξ1, ξ3)f1,t(ξ1)b−(ξ3)b−(ξ2)b+(ξ4)Ψ.

(4.13)

By (4.6) and (4.10), in order to prove the existence of b♯1,+,±∞(f1), we have to
estimate

eitH [HI , b1,+(f1,t)]e
−itHΨ

and

eitH [HI , b
∗
1,+(f1,t)]e

−itHΨ

for large |t|.
By (B.5), the Nτ estimates (see [20] and [7, Proposition 3.7]), (A.8), (A.11) and

(A.13) we get
∥∥∥eitH [H

(1)
I , b1,+(f1,t)]e

−itHΨ
∥∥∥ ≤

C

(∫
dx2

(∫
dξ3

∥∥∥∥
∫

dξ1U
(e)(x2, ξ1)f1,t(ξ1)G(ξ1, ξ3)

∥∥∥∥
2

C4

)) 1
2

×

‖F (., .)‖L2(Γ1×R3) ‖(Nµ−
+ 1)

1
2 e−itHΨ‖.

(4.14)

and

∥∥∥eitH [H
(2)
I , b1,+(f1,t)]e

−itHΨ
∥∥∥ ≤

C

(∫
dx2

(∫
dξ3

∥∥∥∥
∫

dξ1U
(e)(x2, ξ1)f1,t(ξ1)G(ξ1, ξ3)

∥∥∥∥
2

C4

)) 1
2

×

‖F (., .)‖L2(Γ1×R3) ‖(Nµ+ + 1)
1
2 e−itHΨ‖.

(4.15)

By (2.18)and (2.19) we have

(4.16) ‖HIΨ‖ ≤ a‖H0φ‖+ b‖Ψ‖
with

a = 4
C

M
‖F (., .)‖L2(Γ1×R3)‖G(., .)‖L2(Γ1×R3)

and

b = 2C‖F (., .)‖L2(Γ1×R3)‖G(., .)‖L2(Γ1×R3)

.
Hence we obtain

(4.17) ‖H0Ψ‖ ≤ ã‖HΨ‖+ b̃‖Ψ‖
with

ã =
1

1− g0a
and b̃ =

g0b

1− g0a
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Therefore we have

‖(Ne + 1)
1
2 e−itHΨ‖ ≤ 1

me

(ã‖HΨ‖+ (b̃+me)‖Ψ‖)

‖(Nµ±
+ 1)

1
2 e−itHΨ‖ ≤ 1

mµ

(ã‖HΨ‖+ (b̃+mµ)‖Ψ‖).
(4.18)

where mµ is the mass of the muon.
Hence we get

∥∥eitH [HI , b1,+(f1,t)]e
−itHΨ

∥∥ ≤

2C

(∫
dx2

(∫
dξ3

∥∥∥∥
∫

dξ1U
(e)(x2, ξ1)f1,t(ξ1)G(ξ1, ξ3)

∥∥∥∥
2

C4

)) 1
2

×

‖F (., .)‖L2(Γ1×R3)

1

mµ

(ã‖HΨ‖+ (b̃ +mµ)‖Ψ‖.

(4.19)

Moreover we have
∫

dx2

(∫
dξ3

∥∥∥∥
∫

dξ1U
(e)(x2, ξ1)f1,t(ξ1)G(ξ1, ξ3)

∥∥∥∥
2

C4

=

4∑

j=1

∫
dx2

(∫
dξ3

∣∣∣∣
∫

dξ1U
(e)
j (x2, ξ1)e

−itE(
ne)(p

3
e)f1(ξ1)G(ξ1, ξ3)

)∣∣∣∣
2(4.20)

where
(⋃4

j=1 U
(e)
j (x2, ξ1)

)
are the four components of the vectors (A.8) and (A.11)

∈ C4.
Note that

(4.21) e−itE(e)
n (p3

e) =
1

it

E
(e)
n (p3e)

p3e

d

dp3e
e−itE(e)

n (p3
e).

By (4.20) and(4.21), by a two-fold partial integration with respect to p3e and by
Hypothesis 4.1 one can show that there exits for every j a function, denoted by

H
(e)
j (ξ1, ξ3), such that

4∑

j=1

∫
dx2

(∫
dξ3

∣∣∣∣
∫

dξ1U
(e)
j (x2, ξ1)e

−itE(e)
n (p3

e)f1(ξ1)G(ξ1, ξ3)

)∣∣∣∣
2

=

4∑

j=1

1

t4

∫
dx2

(∫
dξ3

∣∣∣∣
∫

dξ1U
(e)
j (x2, ξ1)H

(e)
j (ξ1, ξ3)e

−itE(e)
n (p3

e

)∣∣∣∣
2

≤ Cf1

1

t4

4∑

j=1

( ∫
dξ1dξ3χf1(ξ1)|H

(e)
j (ξ1, ξ3)|2

)
< ∞.

(4.22)

Here χf1(.) is the characteristic function of the support of f1(.) and (A.13) is used.
By (4.6) and (4.19)- (4.22) the strong limits of b1,+,t(f1) on F when t goes to

±∞ and for all f1 ∈ L2(Γ1) exist for every g ≤ g0.
By (4.11)-(4.13) and by mimicking the proof of (4.14) and (4.15) we get

Sup

(∥∥∥eitH [(H
(1)
I )∗, b∗1,+(f1,t)]e

−itHΨ
∥∥∥ ,
∥∥∥eitH [(H

(2)
I )∗, b∗1,+(f1,t)]e

−itHΨ
∥∥∥
)

≤ C

(∫
dx2

(∫
dξ3

∥∥∥∥
∫

dξ1U
(e)(x2, ξ1)f1,t(ξ1)G(ξ1, ξ3)

∥∥∥∥
2

C4

)) 1
2

× ‖F (., .)‖L2(Γ1×R3)

1

mµ

(ã‖HΨ‖+ (b̃+mµ)‖Ψ‖).

(4.23)
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It follows from (4.10) and (4.20)-(4.23) that the strong limits of b∗1,+,t(f1) exist

when t goes to ±∞, for all f1 ∈ L2(Γ1) and for every g ≤ g0.

We now consider the existence of b♯2,ǫ,±∞(f2)

Let Ψ,Φ ∈ D(H) and f2,t(ξ2) = (e−itEµ

f2)(ξ2) with f2 ∈ D. By (4.4), (4.5) and
the strong differentiability of eitH we get

(
Φ, b2,+,T (f)Ψ

)
− (Φ, b2,+,T0(f2)Ψ)

= g

∫ T

T0

d

dt
(Φ, b2,+,t(f2)Ψ) = ig

∫ T

T0

(
Φ, eitH [HI , b2,+(f2,t)]e

−itHΨ
)
dt

(4.24)

with

(4.25)
[
H

(1)
I , b2,+(f2,t)

]
Ψ =

[
(H

(2)
I ), b2,+(f2,t)

]
Ψ =

[
(H

(2)
I )∗, b2,+(f2,t)

]
Ψ = 0

and

[
(H

(1)
I )∗, b2,+(f2,t)

]
Ψ = −

∫
dξ1dξ2dξ3dξ4

( ∫
dx2eix

2r2

(
W

(νe)
(ξ3)γ

α(1− γ5)U
(e)(x2, ξ1)

)(
U

(µ)
(x2, ξ2)γα(1− γ5)U

(νµ)(ξ4)
))

F (ξ2, ξ4)G(ξ1, ξ3) f2,t(ξ2)b−(ξ3)b+(ξ1)b+(ξ4)Ψ.

(4.26)

Similarly we obtain

∥∥eitH [HI , b2,+(f2,t)]e
−itHΨ

∥∥ ≤

C

(∫
dx2

(∫
dξ4

∥∥∥∥
∫

dξ2U
(µ)(x2, ξ2)F (ξ2, ξ4)f2,t(ξ1)

∥∥∥∥
2

C4

)) 1
2

×

‖G(., .)‖L2(Γ1×R3) ‖(Ne + 1)
1
2 e−itHΨ‖.

(4.27)

It follows from (4.16)-(4.18) that

(4.28) ‖(Ne + 1)
1
2 e−itHΨ‖ ≤ 1

me

(ã‖HΨ‖+ (b̃+me)‖Ψ‖.

Hence

∥∥eitH [HI , b2,+(f2,t)]e
−itHΨ

∥∥ ≤

C

(∫
dx2

(∫
dξ4

∥∥∥∥
∫

dξ2U
(µ)(x2, ξ2)F (ξ2, ξ4)f2,t(ξ2)

∥∥∥∥
2

C4

)) 1
2

×

‖G(., .)‖L2(Γ1×R3)

1

me

(ã‖HΨ‖+ (b̃ +me)‖Ψ‖.

(4.29)

Moreover we have
∫

dx2

(∫
dξ4

∥∥∥∥
∫

dξ2U
(µ)(x2, ξ2)f2,t(ξ2)F (ξ2, ξ4)

∥∥∥∥
2

C4

=

4∑

j=1

∫
dx2

(∫
dξ4

∣∣∣∣
∫

dξ2U
(µ)
j (x2, ξ2)e

−itE(µ)
n (p3

µ)f2(ξ2)F (ξ2, ξ4)

)∣∣∣∣
2

.

(4.30)

where
(⋃4

j=1 U
(µ)
j (x2, ξ2)

)
are the four components of the vectors (A.8) and (A.11)

∈ C4 for α = µ.



12 J.-C. GUILLOT

By(4.30), by a two-fold partial integration with respect to p3µ and by Hypothesis

4.1 one can show that there exits for every j a function, denoted by H
(µ)
j (ξ2, ξ4) ,

such that
4∑

j=1

∫
dx2

(∫
dξ4

∣∣∣∣
∫

dξ2U
(µ)
j (x2, ξ2)e

−itE(µ)
n (p3

µ)f2(ξ2)F (ξ2, ξ4)

)∣∣∣∣
2

=
4∑

j=1

1

t4

∫
dx2

(∫
dξ4

∣∣∣∣
∫

dξ1U
(µ)
j (x2, ξ2)H

(µ)
j (ξ2, ξ4)e

−itE(µ)
n (p3

µ)

)∣∣∣∣
2

≤ Cf2

1

t4

4∑

j=1

( ∫
dξ2dξ4χf2(ξ2)|H

(µ)
j (ξ2, ξ4)|2

)
< ∞.

(4.31)

Here χf2(.) is the characteristic function of the support of f2(.) and (A.13) is used.
Similarly we have

(
Φ, b∗2,+,T (f2)Ψ

)
−
(
Φ, b∗2,+,T0

(f2)Ψ
)

= g

∫ T

T0

d

dt

(
Φ, b∗2,+,t(f2)Ψ

)
= ig

∫ T

T0

(
Φ, eitH [HI , b

∗
2,+(f2,t)]e

−itHΨ
)
dt

(4.32)

with

(4.33)
[
(H

(1)
I )∗, b∗2,+(f2,t)

]
Ψ =

[
H

(2)
I , b∗2,+(f2,t)

]
Ψ =

[
(H

(2)
I )∗, b∗2,+(f2,t)

]
Ψ = 0

and

[
(H

(1)
I ), b∗2,+(f2,t)

]
Ψ = −

∫
dξ1dξ2dξ3dξ4

(∫
dx2e−ix2r2

(
U

(e)
(x2, ξ1)γ

α(1− γ5)W
(νe)(ξ3)

)
G(ξ1, ξ3)

(
U

(νµ)
(ξ4)γα(1− γ5)U

(µ)(x2, ξ2)
))

F (ξ2, ξ4)G(ξ1, ξ3)f2,t(ξ2)b
∗
+(ξ4)b

∗
+(ξ1)b

∗
−(ξ3)Ψ.

(4.34)

Similarly we obtain

∥∥eitH [HI , b
∗
2,+(f2,t)]e

−itHΨ
∥∥ ≤

C

(∫
dx2

(∫
dξ4

∥∥∥∥
∫

dξ2U
(µ)(x2, ξ2)F (ξ2, ξ4)f2,t(ξ1)

∥∥∥∥
2

C4

)) 1
2

×

‖G(., .)‖L2(Γ1×R3)

1

me

(ã‖HΨ‖+ (b̃ +me)‖Ψ‖.

(4.35)

It follows from (4.29),(4.31) and (4.35) that the strong limits of b♯(2,+, t)(f2)
exist when t goes to ±∞, for all f2 ∈ L2(Γ1 × R3) and for every g ≤ g0.

Let us now consider the strong limits of b♯(2,−, t)(f2).
We have for all f2 ∈ D

(
Φ, b2,−,T (f)Ψ

)
− (Φ, b2,−,T0(f2)Ψ)

= g

∫ T

T0

d

dt
(Φ, b2,−,t(f2)Ψ) = ig

∫ T

T0

(
Φ, eitH [HI , b2,−(f2,t)]e

−itHΨ
)
dt

(4.36)

with

(4.37)
[
H

(1)
I , b2,−(f2,t)

]
Ψ =

[
(H

(1)
I )∗, b2,−(f2,t)

]
Ψ =

[
(H

(2)
I )∗, b2,−(f2,t)

]
Ψ = 0
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[
(H

(2)
I ), b2,−(f2,t)

]
Ψ = −

∫
dξ1dξ2dξ3dξ4

(∫
dx2e−ix2r2

(
U

(e)
(x2, ξ1)γ

α(1 − γ5)W
(νe)(ξ3)

)
G(ξ1, ξ3)

(
U

(νµ)
(ξ4)γα(1− γ5)W

(µ)(x2, ξ2)
))

F (ξ2, ξ4)G(ξ1, ξ3)f2,t(ξ2)b
∗
+(ξ4)b

∗
+(ξ1)b

∗
−(ξ3)Ψ.

(4.38)

By mimicking the proofs given above we get

∥∥eitH [HI , b2,−(f2,t)]e
−itHΨ

∥∥ ≤

C

(∫
dx2

(∫
dξ4

∥∥∥∥
∫

dξ2W
(µ)(x2, ξ2)F (ξ2, ξ4)f2,t(ξ1)

∥∥∥∥
2

C4

)) 1
2

×

‖G(., .)‖L2(Γ1×R3)

1

me

(ã‖HΨ‖+ (b̃ +me)‖Ψ‖.

(4.39)

and

∫
dx2

(∫
dξ4

∥∥∥∥
∫

dξ2W
(µ)(x2, ξ2)f2,t(ξ2)F (ξ2, ξ4)

∥∥∥∥
2

C4

=

4∑

j=1

∫
dx2

(∫
dξ4

∣∣∣∣
∫

dξ2W
(µ)
j (x2, ξ2)e

−itE(µ)
n (p3

µ)f2(ξ2)F (ξ2, ξ4)

)∣∣∣∣
2

.

(4.40)

where
(⋃4

j=1 W
(µ)
j (x2, ξ2)

)
are the four components of the vectors (A.14) - (A.16)

∈ C4 for α = µ.
By(4.40), by a two-fold partial integration with respect to p3µ and by Hypothesis

4.1 one can show that there exits for every j a function, denoted by H̃
(µ)
j (ξ2, ξ4) ,

such that

4∑

j=1

∫
dx2

(∫
dξ4

∣∣∣∣
∫

dξ2W
(µ)
j (x2, ξ2)e

−itE(µ)
n (p3

µ)f2(ξ2)F (ξ2, ξ4)

)∣∣∣∣
2

=

4∑

j=1

1

t4

∫
dx2

(∫
dξ4

∣∣∣∣
∫

dξ2W
(µ)
j (x2, ξ2)H̃

(µ)
j (ξ2, ξ4)e

−itE(µ)
n (p3

µ)

)∣∣∣∣
2

≤ Cf2

1

t4

4∑

j=1

( ∫
dξ2dξ4χf2(ξ2)|H̃

(µ)
j (ξ2, ξ4)|2

)
< ∞.

(4.41)

Here χf2(.) is the characteristic function of the support of f2(.) and (A.17) is used.
It follows from (4.36),(4.39)-(4.41) that the strong limits of b(2,−, t)(f2) exist

when t goes to ±∞, for all f2 ∈ L2(Γ1 × R3) and for every g ≤ g0.
We now have for all f2 ∈ D

(
Φ, b∗2,−,T (f2)Ψ

)
−
(
Φ, b∗2,−,T0

(f2)Ψ
)

= g

∫ T

T0

d

dt

(
Φ, b∗2,−,t(f2)Ψ

)
= ig

∫ T

T0

(
Φ, eitH [HI , b

∗
2,−(f2,t)]e

−itHΨ
)
dt

(4.42)

with

(4.43)
[
H

(1)
I , b∗2,−(f2,t)

]
Ψ =

[
(H

(1)
I )∗, b∗2,−(f2,t)

]
Ψ =

[
H

(2)
I , b∗2,−(f2,t)

]
Ψ = 0
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[
(H

(2)
I )∗, b∗2,−(f2,t)

]
Ψ = −

∫
dξ1dξ2dξ3dξ4

(∫
dx2eix

2r2

(
W

(νe)
(ξ3)γ

α(1− γ5)U
(e)(x2, ξ1)

)(
W

(µ)
(x2, ξ2)γα(1 − γ5)U

(νµ)(ξ4)
))

F (ξ2, ξ4)G(ξ1, ξ3)f2,t(ξ2)b−(ξ3)b+(ξ1)b+(ξ4)Ψ.

(4.44)

Similarly to (4.39) we get

∥∥eitH [HI , b
∗
2,−(f2,t)]e

−itHΨ
∥∥ ≤

C

(∫
dx2

(∫
dξ4

∥∥∥∥
∫

dξ2W
(µ)(x2, ξ2)F (ξ2, ξ4)f2,t(ξ1)

∥∥∥∥
2

C4

)) 1
2

×

‖G(., .)‖L2(Γ1×R3)

1

me

(ã‖HΨ‖+ (b̃ +me)‖Ψ‖.

(4.45)

It follows from (4.43),(4.45),(4.40) and (4.41) that the strong limits of b(2,−, t)∗(f2)
exist when t goes to ±∞, for all f2 ∈ L2(Γ1 × R3) and for every g ≤ g0.

Strong limits of b♯3,−,t(f3) and b♯4,+,t(f4) .
Let

(4.46) D′ = {f(.) ∈ C∞
0 (R3 \ {(0, 0, p3)}); p3 ∈ R}.

Let f1, f2 ∈ D′ . According to [27, lemma1] we have

(4.47) b♯4,+(f4)D(H) ⊂ D(H) and b♯3,−(f3)D(H) ⊂ D(H).

Moreover we have

eitH0b♯3,−(f3)e
−itH0Ψ =b♯3,−(e

it|p3|f3)Ψ,

eitH0b♯4,+(f4)e
−itH0Ψ =b♯4,+(e

it|p4|f4)Ψ.
(4.48)

where Ψ ∈ D(H).

Let Ψ,Φ ∈ D(H) and fj,t(ξj) = (e−it|pj |fj)(ξj) where j = 3, 4.. By (4.4),(4.5)
and the strong differentiability of eitH we get

(Φ, b3,−,T (f3)Ψ)− (Φ, b3,−,T0(f1)Ψ)

= g

∫ T

T0

d

dt
(Φ, b3,−,t(f3)Ψ) = ig

∫ T

T0

(
Φ, eitH [HI , b3,−(f3,t)]e

−itHΨ
)
dt

(4.49)

By using the usual anticommutation relations (CAR)(see (A.4) and (B.4)) we
easily get for all Ψ ∈ D(H)

[
H

(1)
I , b3,−(f3,t)

]
Ψ = −

∫
dξ1dξ2dξ3dξ4

( ∫
dx2e−ix2r2

(
U

(νµ)
(ξ4)γα(1− γ5)U

(µ)(x2, ξ2)
)(
U

(e)
(x2, ξ1)γ

α(1− γ5)W
(νe)(ξ3)

))

f3,t(ξ3)F (ξ2, ξ4)G(ξ1, ξ3)b
∗
+(ξ4)b

∗
+(ξ1)b+(ξ2)Ψ.

(4.50)

[
H

(2)
I , b3,−(f3,t)

]
Ψ =

∫
dξ1dξ2dξ3dξ4

(∫
dx2e−ix2r2

(
U

(νµ)
(ξ4)γ

α(1− γ5)W
(µ)(x2, ξ2)

)(
U

(e)
(x2, ξ1)γα(1 − γ5)W

(νe)(ξ3)
))

f3,t(ξ3)F (ξ2, ξ4)G(ξ1, ξ3)b
∗
+(ξ4)b

∗
−(ξ2)b

∗
+(ξ1)Ψ.

(4.51)

and
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(4.52)
[
(H

(1)
I )∗, b3,−(f3,t)

]
Ψ =

[
(H

(2)
I )∗, b3,−(f3,t)

]
Ψ = 0

By (B.5) we get

∥∥∥
[
H

(1)
I , b3,−(f3,t)

]
Ψ
∥∥∥ ≤

∫
dx2

(∫
dξ1

∣∣∣∣
(
U

(e)
(x2, ξ1)γ

α(1 − γ5)

∫
dξ3e

−ip2
3x

2

W (νe)(ξ3)G(ξ1, ξ3)f3,t(ξ3)
)∣∣∣∣

2) 1
2

∥∥∥∥
∫

dξ2dξ4e
−ip2

4x
2(
U

(νµ)
(ξ4)γα(1− γ5)U

(µ)(x2, ξ2)
)
b∗+(ξ4)b+(ξ2)Ψ

∥∥∥∥ .

(4.53)

and

∥∥∥
[
H

(2)
I , b3,−(f3,t)

]
Ψ
∥∥∥ ≤

∫
dx2

(∫
dξ1

∣∣∣∣
(
U

(e)
(x2, ξ1)γ

α(1 − γ5)

∫
dξ3e

−ip2
3x

2

W (νe)(ξ3)G(ξ1, ξ3)f3,t(ξ3)
)∣∣∣∣

2) 1
2

∥∥∥∥
∫

dξ2dξ4e
−ip2

4x
2(
W

(νµ)
(ξ4)γα(1 − γ5)U

(µ)(x2, ξ2)
)
b∗+(ξ4)b

∗
−(ξ2)Ψ

∥∥∥∥ .

(4.54)

Moreover we have
∫

dξ1

∥∥∥∥
∫

dξ3e
−ip2

3x
2

W (νe)(ξ3)f1,t(ξ1)G(ξ1, ξ3)

∥∥∥∥
2

C4

=

4∑

j=1

∫
dξ1

∣∣∣∣
∫

dξ3e
−ip2

3x
2

W
(νe)
j (ξ3)(e

it|p3|f3(ξ3)G(ξ1, ξ3)

∣∣∣∣
2

.

(4.55)

where
(⋃4

j=1 W
(νe)
j (ξ3)

)
are the four components of the vector (B.12) ∈ C

4.

By a two-fold partial integration with respect to p3 and p1 and by Hypothesis

4.2 one can show that there exits for every j a function , denoted by H
(νe)
j (ξ1, ξ3),

such that
4∑

j=1

∫
dξ1

∣∣∣∣
∫

dξ3e
−ip2

3x
2

W
(νe)
j (ξ3)e

it|p3|f3(ξ3)G(ξ1, ξ3)

∣∣∣∣
2

=
4∑

j=1

1

t4

∫
dξ1

∣∣∣∣
∫

dξ3e
−ip2

3x
2

W
(νe)
j (ξ3)H

(νe)
j (ξ1, ξ3)e

it|p3|
∣∣∣∣
2

≤ C2
f3

1

t4

4∑

j=1

∫
dξ1dξ3χf3(ξ3)e

it|p3||H(νe)
j (ξ1, ξ3)|2 < ∞.

(4.56)

Here χf3(.) is the characteristic function of the support of f3(.).
By the Nτ estimates and by (4.18),(A.13), (A.17) and (B.14) it follows from

(4.52)-(4.56) that, for every Ψ ∈ D(H),
∥∥eitH [HI , b3,−(f3,t)] e

−itHΨ
∥∥ ≤

CCf3

1

t2

( 4∑

j=1

∫
dξ1dξ3χf3(ξ3)|H

(νe)
j (ξ1, ξ3)|2

) 1
2

×

‖F (., .)‖L2(Γ1×R3)

1

mµ

(ã‖HΨ‖+ (b̃+mµ)‖Ψ‖)

(4.57)
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Furthermore we have

(
Φ, b∗3,−,T (f3)Ψ

)
−
(
Φ, b∗3,−,T0

(f3)Ψ
)

= g

∫ T

T0

d

dt

(
Φ, b∗3,−,t(f3)Ψ

)
= ig

∫ T

T0

(
Φ, eitH [HI , b

∗
3,−(f3,t)]e

−itHΨ
)
dt

(4.58)

with

[
(H

(1)
I )∗, b∗3,−(f3,t)

]
Ψ = −

∫
dξ1dξ2dξ3dξ4

( ∫
dx2eix

2r2

(
W

(νe)
(ξ3)γ

α(1− γ5)U
(e)(x2, ξ1)

)(
U

(µ)
(x2, ξ2)γα(1− γ5)U

(νµ)(ξ4)
))

F (ξ2, ξ4)G(ξ1, ξ3)f3,t(ξ2)b
∗
+(ξ2)b+(ξ1)b+(ξ4)Ψ.

(4.59)

[
(H

(2)
I )∗, b∗3,−(f3,t)

]
Ψ =

∫
dξ1dξ2dξ3dξ4

(∫
dx2eix

2r2

(
W

(νe)
(ξ3)γ

α(1− γ5)U
(e)(x2, ξ1)

)(
W (µ)(x2, ξ2)γα(1 − γ5)U

(νµ)(ξ4)
))

F ((ξ2, ξ4)G(ξ1, ξ3)f3,tb+(ξ1)b−(ξ2)b+(ξ4)Ψ.

(4.60)

and

(4.61)
[
(H

(1)
I ), b∗3,−(f3,t)

]
Ψ =

[
(H

(2)
I ), b∗3,−(f3,t)

]
Ψ = 0

By adapting the proof of(4.53)-(4.57) to (4.58)-(4.61) we obtain
∥∥eitH [HI , b

∗
3,−(f3,t)]e

−itHΨ
∥∥

≤ CCf3

1

t2

( 4∑

j=1

∫
dξ1dξ3χf3(ξ3)|H

(νe)
j (ξ1, ξ3)|2

) 1
2

×

× ‖F (., .)‖L2(Γ1×R3)

1

mµ

(ã‖HΨ‖+ (b̃+mµ)‖Ψ‖).

(4.62)

Here χf3(.) is the characteristic function of the support of f3(.).

It follows from (4.49),(4.47),(4.58) and (4.62) that the strong limits of b♯3,−,t(f3)

exist when t goes to ±∞, for all f3 ∈ L2(R3) and for every g ≤ g0.

(Φ, b4,+,T (f1)Ψ)− (Φ, b4,+,T0(f1)Ψ)

= g

∫ T

T0

d

dt
(Φ, b4,+,t(f4)Ψ) = ig

∫ T

T0

(
Φ, eitH [HI , b4,+(f4,t)]e

−itHΨ
)
dt

(4.63)

By using the usual canonical anticommutation relations (CAR)(see (A.4) and
(B.4)) we easily get for all Ψ ∈ D(H)

[
H

(1)
I , b4,+(f4,t)

]
Ψ = −

∫
dξ1dξ2dξ3dξ4

(∫
dx2e−ix2r2

(
U

(νµ)
(ξ4)γα(1− γ5)U

(µ)(x2, ξ2)
)(
U

(e)
(x2, ξ1)γ

α(1− γ5)W
(νe)(ξ3)

))

f4,t(ξ4)F (ξ2, ξ4)G(ξ1, ξ3)b
∗
+(ξ1)b

∗
−(ξ3)b+(ξ2)Ψ.

(4.64)
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[
H

(2)
I , b4,+(f4,t)

]
Ψ = −

∫
dξ1dξ2dξ3dξ4

(∫
dx2e−ix2r2

(
U

(νµ)
(ξ4)γ

α(1− γ5)W
(µ)(x2, ξ2)

)(
U

(e)
(x2, ξ1)γα(1 − γ5)W

(νe)(ξ3)
))

f4,t(ξ4)F (ξ2, ξ4)G(ξ1, ξ3)b
∗
−(ξ2)b

∗
+(ξ1)b

∗
−(ξ3)Ψ.

(4.65)

and

(4.66)
[
(H

(1)
I )∗, b4,+(f4,t)

]
Ψ =

[
(H

(2)
I )∗, b4,+(f4,t)

]
Ψ = 0

By (B.5) we get

∥∥∥
[
H

(1)
I , b4,+(f4,t)

]
Ψ
∥∥∥ ≤

∫
dx2

(∫
dξ2

∣∣∣∣
〈∫

dξ4U
(νµ)(ξ4)f4,t(ξ4)e

ip2
4x

2

F (ξ2, ξ4), γ
0γα(1− γ5)U

(µ)(x2, ξ2)

〉∣∣∣∣
2) 1

2

∥∥∥∥
∫

dξ1dξ3e
−ip2

3x
2
〈
U (e)(x2, ξ1), γ

0γα(1− γ5)W
(νe)(ξ3)G(ξ1, ξ3)

〉
b∗+(ξ1)b

∗
−(ξ3)Ψ

∥∥∥∥ .

(4.67)

where 〈., .〉 is the scalar product in C4.
and

∥∥∥
[
H

(2)
I , b4,+(f4,t)

]
Ψ
∥∥∥ ≤

∫
dx2

(∫
dξ2

∣∣∣∣
〈∫

dξ4U
(νµ)(ξ4)f4,t(ξ4)e

ip2
4x

2

F (ξ2, ξ4), γ
0γα(1− γ5)W

(µ)(x2, ξ2)

〉∣∣∣∣
2) 1

2

∥∥∥∥
∫

dξ1dξ3e
−ip2

3x
2
〈
U (e)(x2, ξ1), γ

0γα(1− γ5)W
(νe)(ξ3)G(ξ1, ξ3)

〉
b∗+(ξ1)b

∗
−(ξ3)Ψ

∥∥∥∥ .

(4.68)

By adapting the proof of (4.57) to (4.67) and (4.68) one can show that there
exists for every j a function, denoted by Hνµ(ξ2, ξ4), such that

∥∥eitH [HI , b4,+(f4,t)] e
−itHΨ

∥∥ ≤

CCf4

1

t2

( 4∑

j=1

∫
dξ2dξ4χf4(ξ4)|H

(νµ)
j (ξ2, ξ4)|2

) 1
2

×

‖G(., .)‖L2(Γ1×R3)

1

me

(ã‖HΨ‖+ (b̃ +me)‖Ψ‖)

(4.69)

with
4∑

j=1

∫
dξ2dξ4χf4(ξ4)|H

(νµ)
j (ξ2, ξ4)|2 < ∞

Here χf4(.) is the characteristic function of the support of f4(.).
Similarly we have

(
Φ, b∗4,+,T (f4)Ψ

)
−
(
Φ, b∗4,+,T0

(f4)Ψ
)

= g

∫ T

T0

d

dt

(
Φ, b∗4,+,t(f4)Ψ

)
= ig

∫ T

T0

(
Φ, eitH [HI , b

∗
4,+(f4,t)]e

−itHΨ
)
dt

(4.70)

with



18 J.-C. GUILLOT

[
(H

(1)
I )∗, b∗4,+(f4,t)

]
Ψ =

∫
dξ1dξ2dξ3dξ4

(∫
dx2eix

2r2

(
W

(νe)
(ξ3)γ

α(1− γ5)U
(e)(x2, ξ1)

)(
U

(µ)
(x2, ξ2)γα(1− γ5)U

(νµ)(ξ4)
))

F (ξ2, ξ4)G(ξ1, ξ3)f4,t(ξ4)b
∗
+(ξ2)b−(ξ3)b+(ξ1)Ψ.

(4.71)

[
(H

(2)
I )∗, b∗4,+(f4,t)

]
Ψ =

∫
dξ1dξ2dξ3dξ4

(∫
dx2eix

2r2

(
W

(νe)
(ξ3)γ

α(1− γ5)U
(e)(x2, ξ1)

)(
W

(µ)
(x2, ξ2)γα(1 − γ5)U

(νµ)(ξ4)
))

F ((ξ2, ξ4)G(ξ1, ξ3)f4,tb−(ξ3)b+(ξ1)b−(ξ2)Ψ.

(4.72)

and

(4.73)
[
H

(1)
I , b∗4,+(f4,t)

]
=
[
(H

(2)
I , b∗4,+(f4,t)

]
= 0

By (B.5) we get

∥∥∥
[
(H

(1)
I )∗, b∗4,+(f4,t)

]
Ψ
∥∥∥ ≤

∫
dx2

(∫
dξ2

∣∣∣∣
〈
U (µ)(x2, ξ2), γ

0γα(1− γ5)

∫
dξ4U

(νµ)(ξ4)f4,t(ξ4)e
ip2

4x
2

F (ξ2, ξ4)

〉∣∣∣∣
2) 1

2

∥∥∥∥
∫

dξ1dξ3e
−ip2

3x
2
〈
W (νe)(ξ3), γ

0γα(1 − γ5)U
(e)(x2, ξ1)G(ξ1, ξ3)

〉
b+(ξ1)b−(ξ3)Ψ

∥∥∥∥ .

(4.74)

where 〈., .〉 is the scalar product in C4.
and

∥∥∥
[
(H

(2)
I )∗, b∗4,+(f4,t)

]
Ψ
∥∥∥ ≤

∫
dx2

(∫
dξ2

∣∣∣∣
〈
U (µ)(x2, ξ2), γ

0γα(1− γ5)

∫
dξ4U

(νµ)(ξ4)f4,t(ξ4)e
ip2

4x
2

F (ξ2, ξ4)

〉∣∣∣∣
2) 1

2

∥∥∥∥
∫

dξ1dξ3e
−ip2

3x
2
〈
W (νe)(ξ3), γ

0γα(1 − γ5)U
(e)(x2, ξ1)G(ξ1, ξ3)

〉
b+(ξ1)b−(ξ3)Ψ

∥∥∥∥ .

(4.75)

By adapting the proof of (4.57) and (4.67) to (4.74) and (4.75) one gets

∥∥eitH
[
HI , b

∗
4,+(f4,t)

]
e−itHΨ

∥∥ ≤

CCf4

1

t2

( 4∑

j=1

∫
dξ2dξ4χf4(ξ4)|H

(νµ)
j (ξ2, ξ4)|2

) 1
2

×

‖G(., .)‖L2(Γ1×R3)

1

me

(ã‖HΨ‖+ (b̃ +me)‖Ψ‖)

(4.76)

It follows from (4.63),(4.69),(4.70) and (4.76) that the strong limits of b♯4,+,t(f4)

exist when t goes to ±∞, for all f4 ∈ L2(R3) and for every g ≤ g0.
This concludes the proof of theorem 4.3.

�
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4.2. Existence of a Fock space subrepresentation of the asymptotic CAR.

From now on we only consider the case where the time t goes to +∞. The
following proposition is an easy consequence of theorem 4.1.

Proposition 4.4.

Suppose Hypothesis 2.1-Hypothesis 4.2 and g ≤ g1. We have
i)Let f1, g1, f2, g2 ∈ L2(Γ1) and f3, g3, f4, g4 ∈ L2(R3). The following anticom-

mutation relations hold in the sense of quadratic form.

{b1,+,∞(f1), b
∗
1,+,∞(g1)} =〈f1, g1〉L2(Γ1)1

{b2,ǫ,∞(f2), b
∗
2,ǫ′,∞(g2)} =〈f2, g2〉L2(Γ1)δǫǫ′1

{b3,−,∞(f3), b
∗
3,−,∞(g3)} =〈f3, g3〉L2(R3)1

{b4,+,∞(f4), b
∗
4,+,∞(g4)} =〈f4, g4〉L2(R3)1

{b1,+,∞(f1), b1,+,∞(g1)} ={b∗1,+,∞(f1), b
∗
1,+,∞(g1)} = 0

{b1,+,∞(f1), b
♯
2,ǫ,∞(f2)} ={b1,+,∞(f1), b

♯
3,−,∞(f3)} = 0

{b1,+,∞(f1), b
♯
4,+,∞(f4)} =0.

{b2,ǫ,∞(f2), b2,ǫ′,∞(g2)} ={b∗2,ǫ,∞(f2), b
∗
2,ǫ′,∞(g2)} = 0

{b2,ǫ,∞(f2), b
♯
3,−,∞(f2)} ={b2,ǫ,∞(f2), b

♯
4,+,∞(f4)} = 0

{b3,−,∞(f3), b3,−,∞(g3)} ={b∗3,−,∞(f3), b
∗
3,−,∞(g3)} = 0

{b3,−,∞(f3), b
♯
4,+,∞(f4)} =0

{b4,+,∞(f4), b4,+,∞(g4)} ={b∗4,+,∞(f4), b
∗
4,+,∞(g4)} = 0.

Here ǫ = ±.
ii)

eitHb♯1,+,∞(f1) = b♯1,+,∞(eiω(ξ1)tf1)e
itH .

eitHb♯2,±,∞(f2) = b♯2,±,∞(eiω(ξ2)tf2)e
itH .

eitHb♯3,−,∞(f3) = b♯3,−,∞(eiω(ξ3)tf3)e
itH .

eitHb♯4,+,∞(f4) = b♯4,+,∞(eiω(ξ4)tf4)e
itH .

and the following pulltrough formulae are satisfied:

[H, b∗1,+,∞(f1)] = b∗1,+,∞(ω(ξ1)f1), [H, b1,+,∞(f1)] = −b1,+,∞(ω(ξ1)f1)

[H, b∗2,±,∞(f2)] = b∗2,±,∞(ω(ξ2)f2), [H, b2,±,∞(f2)] = −b2,±,∞(ω(ξ2)f2)

[H, b∗3,−,∞(f3)] = b∗3,−,∞(ω(ξ3)f3), [H, b3,−,∞(f3)] = −b3,−,∞(ω(ξ3)f3)

[H, b∗4,+,∞(f4)] = b∗4,+,∞(ω(ξ4)f4), [H, b4,+,∞(f4)] = −b4,−,∞(ω(ξ4)f4).

iii)

b1,+,∞(f1)Ωg = b2,±,∞(f2)Ωg = b3,−,∞(f3)Ωg = b4,+,∞(f4)Ωg = 0

Here Ωg is the ground state of H.

Our main result is the following theorem

Theorem 4.5. Suppose Hypothesis 2.1-Hypothesis 4.2 and g ≤ g1. Then we have

σac = [E,∞).

Proof. By (2.2) we have, for all sets of integers (p, q, q̄, r, s) in N5,

(4.77) F =
⊕

(p,q,q̄,r,s)

F(p,q,q̄,r,s).
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with
(4.78)

F(p,q,q̄,r,s) = (⊗p
aL

2(Γ1))⊗ (⊗q
aL

2(Γ1))⊗ (⊗q̄
aL

2(Γ1))⊗ (⊗r
aL

2(R3))⊗ (⊗s
aL

2(R3)) .

Here p is the number of electrons, q (resp. q̄) is the number of muons (resp.
antimuons), r is the number of antineutrinos νe and s is the number of neutrinos
νµ.

Let {e1i |i = 1, 2, ..},{e2j |j = 1, 2, ..} and {f2
k |k = 1, 2, ..} be tree orthonormal basis

of L2(Γ1). Let {e3l |l = 1, 2, ..} and {e4m|m = 1, 2, ..} be two orthonormal basis of
L2(R3).

Consider the following vectors of F

(4.79)∏

1≤α≤p

b∗1,+(e
1
iα
)
∏

1≤α≤q

b∗2,+(e
2
jα
)
∏

1≤α≤q̄

b∗2,−(f
2
kα
)
∏

1≤α≤r

b∗1,+(e
3
lα
)
∏

1≤α≤s

b∗4,+(e
4
mα

)Ω

The indices are assumed ordered, i1 < ... < ip, j1 < ... < jq, k1 < ... < kq̄,
l1 < ... < lr and m1 < ... < ms.

The set, for (p, q, q̄, r, s) given in N5,

D
(p,q,q̄,r,s) = {Φ ∈ F(p,q,q̄,r,s) | Φ is a finite linear combination of basis vectors

of the form (4.79)}

is a dense domain in F(p,q,q̄,r,s). The set of vectors of the form (4.79) is an orthonor-
mal basis of F(p,q,q̄,r,s) (see [39, Chapter 10]). Hence the vectors obtained in this
way for p, q, q̄, r, s,= 0, 1, 2, ... form an orthonormal basis of F and the set

D = {Ψ ∈ F | Ψ is a finite linear combination of basis vectors

of the form (4.79) for p, q, q̄, r, s = 0, 1, 2, · · · }

is a dense domain in F.
On the other hand we now introduce the following vectors of F

(4.80)
∏

1≤α≤p

b∗1,+,∞(e1iα)
∏

1≤α≤q

b∗2,+,∞(e2jα)
∏

1≤α≤q̄

b∗2,−,∞(f2
kα
)

∏

1≤α≤r

b∗3,−,∞(e3lα)
∏

1≤α≤s

b∗4,+,∞(e4mα
)Ωg

Let F
(p,q,q̄,r,s)
∞ denote the closed linear hull of vectors of the form (4.80). It follows

from proposition 4.4 that the set of vectors of the form (4.80) is an orthonormal

basis of F
(p,q,q̄,r,s)
∞ .

The set, for (p, q, q̄, r, s) given in N5,

D
(p,q,q̄,r,s)
∞ = {Φ ∈ F∞ | Φ is a finite linear combination of basis vectors

of the form (4.80)}.

is a dense domain in F
(p,q,q̄,r,s)
∞ .

The asymptotic outgoing Fock pace denoted by F∞ is then defined by

(4.81) F∞ =
⊕

p,q,q̄,r,s

F(p,q,q̄,r,s)
∞ .
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The vectors of the form (4.80) obtained for p, q, q̄, r, s,= 0, 1, 2, ... form an or-
thonormal basis of F and the set

D∞ = {Φ ∈ F∞ | Φ is a finite linear combination of basis vectors

of the form (4.80) for p, q, q̄, r, s = 0, 1, 2, · · · }

is a dense domain in F∞.

We now introduce the following linear operators, denoted by W
(p,q,q̄,r,s)
∞ , and

defined on D(p,q,q̄,r,s) by

W (p,q,q̄,r,s)
∞

∏

1≤α≤p

b∗1,+(e
1
iα
)
∏

1≤α≤q

b∗2,+(e
2
jα
)
∏

1≤α≤q̄

b∗2,−(f
2
kα
)
∏

1≤α≤r

b∗1,+(e
3
lα
)

∏

1≤α≤s

b∗4,+(e
4
mα

)Ω

=
∏

1≤α≤p

b∗1,+,∞(e1iα)
∏

1≤α≤q

b∗2,+,∞(e2jα)
∏

1≤α≤q̄

b∗2,−,∞(f2
kα
)
∏

1≤α≤r

b∗3,−,∞(e3lα)

∏

1≤α≤s

b∗4,+,∞(e4mα
)Ωg.

(4.82)

W
(p,q,q̄,r,s)
∞ can be uniquely extended to linear operators from D

(p,q,q̄,r,s) to

D
(p,q,q̄,r,s)
∞ . It then follows from prposition 4.4. that the operators W

(p,q,q̄,r,s)
∞ can

be uniquely extended to unitary operators from D(p,q,q̄,r,s) to D
(p,q,q̄,r,s)
∞

Let

(4.83) W∞ =
⊕

p,q,q̄,r,s

W (p,q,q̄,r,s)
∞ .

Hence W∞ is a unitary operator from F to F∞.
The operators b1,+,∞(f1),b

∗
1,+,∞(g1),b2,+,∞(f2), b

∗
2,+,∞(g2),b2,−,∞(f2), b

∗
2,−,∞(g2),b3,−,∞(f3),

b∗3,−,∞(g3), b4,+,∞(f4) and b∗4,+,∞(g4) defined on F∞ generate a Fock representation
of the ACR (see Proposition 4.4 i)).

By proposition 4.4 ii) we have

eitH
∏

1≤α≤p

b∗1,+,∞(e1iα)
∏

1≤α≤q

b∗2,+,∞(e2jα)
∏

1≤α≤q̄

b∗2,−,∞(f2
kα
)
∏

1≤α≤r

b∗3,−,∞(e3lα)

∏

1≤α≤s

b∗4,+,∞(e4mα
)Ωg

= eiEt
∏

1≤α≤p

b∗1,+,∞(eiω(ξ1)te1iα)
∏

1≤α≤q

b∗2,+,∞(eiω(ξ2)te2jα)
∏

1≤α≤q̄

b∗2,−,∞(eiω(ξ2)tf2
kα
)

∏

1≤α≤r

b∗3,−,∞(eiω(ξ3)te3lα)
∏

1≤α≤s

b∗4,+,∞(eiω(ξ4)te4mα
)Ωg.

(4.84)

Hence eiHt leaves F∞ invariant and H is both reduced by F∞ and F⊥
∞. Thus

F ≃ F∞ ⊕ F⊥
∞

In view of (4.5), (4.48) and (4.84) we get
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W∞eitH0

∏

1≤α≤p

b∗1,+(e
1
iα
)
∏

1≤α≤q

b∗2,+(e
2
jα
)
∏

1≤α≤q̄

b∗2,−(f
2
kα
)
∏

1≤α≤r

b∗3,−(e
3
lα
)

∏

1≤α≤s

b∗4,+(e
4
mα

)Ω

= ei(H−E)tW∞
∏

1≤α≤p

b∗1,+(e
1
iα
)
∏

1≤α≤q

b∗2,+,(e
2
jα
)
∏

1≤α≤q̄

b∗2,−(f
2
kα
)

∏

1≤α≤r

b∗3,−(e
3
lα
)
∏

1≤α≤s

b∗4,+(e
4
mα

)Ω.

(4.85)

This yields

(4.86) W∞eit(H0+E) == eiHtW∞

Hence the reduction of H to F∞ is unitarily equivalent to H0 +E. Thus σac(H) =
[E,∞) . This concludes the proof of theorem 4.5. �
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Appendix A. The Dirac quantized fields for the electrons and the

muons.

The appendices are based on the section 2 and section 3 of [23]. See also [13],
[14], [15] and [25].

(s, n, p1, p3) are quantum variables of the electrons,the positrons, the muons and
the antimuons in a uniform magnetic field. Here s = ±1, n ≥ 0, p1 ∈ R, p3 ∈ R.

Let ξ1 = (s, n, p1e, p
3
e) be the quantum variables of a electron and let ξ2 =

(s, n, p1µ, p
3
µ) be the quantum variables of a muon and of an antimuon.

We set Γ1 = {−1, 1} × N× R
2 for the configuration space for the electrons, the

muons and the antimuons. L2(Γ1) is the Hilbert space associated to each species
of fermions.

(A.1) L2(Γ1) = l2(L2(R2))⊕ l2(L2(R2)

Let Fe and Fµ denote the Fock spaces for the electrons and the muons respec-
tively. Remark that Fµ is also the Fock space for the antimuons.

We have

(A.2) Fe = Fµ =

∞⊕

n=0

n⊗

a

L2(Γ1).

⊗n
a L

2(Γ1) is the antisymmetric n-th tensor power of L2(Γ1).
Ωα = (1, 0, 0, 0, ...) is the vacuum state in Fα for α = e, µ.
We shall use the notations∫

Γ1

dξ1 =
∑

n≥0

∫

R2

dp1edp
3
e

∫

Γ1

dξ2 =
∑

s=±1

∑

n≥0

∫

R2

dp1µdp
3
µ.

(A.3)

b+(ξ1) (resp.b
∗
+(ξ1) is the annihilation (resp.creation)operator for the electron.

Let ǫ = ±.
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bǫ(ξ2) (resp.b∗ǫ(ξ2)) are the annihilation (resp.creation)operators for the muon
when ǫ = + and for the antimuon when ǫ = − .

The operators b+(ξ1), b∗+(ξ1), bǫ(ξ2) and b∗ǫ (ξ2) fulfil the usual anticommuta-
tion relations (CAR)(see [40] and [23]). Therefore the following anticommutation
relations hold

{b+(ξ1), b∗+(ξ′1)} = δ(ξ1 − ξ′1) ,

{bǫ(ξ2), b∗ǫ′(ξ′2)} = δǫǫ′δ(ξ2 − ξ′2) ,

{b♯+(ξ1), b♯ǫ′(ξ2)} = 0.

(A.4)

where {b, b′} = bb′ + b′b and b♯ = b or b∗.
In addition, following the convention described in [40, Section 4.1] and [40, Sec-

tion 4.2], we assume that the fermionic creation and annihilation operators of dif-
ferent species of particles anticommute ( see [8] arXiv for explicit definitions). In
our case this property will be verified by the creation and annihilation operators
for the electrons, the muons, the antimuons, the antineutrinos associated to the
electron and the neutrinos associated to the muons..

Recall that for ϕ ∈ L2(Γ1), the operators

b1,+(ϕ) =

∫

Γ1

b(ξ1)ϕ(ξ1)dξ1.

b∗1,+(ϕ) =

∫

Γ1

b∗(ξ1)ϕ(ξ1)dξ1.

b2,ǫ(ϕ) =

∫

Γ1

bǫ(ξ2)ϕ(ξ2)dξ2.

b∗2,ǫ(ϕ) =

∫

Γ1

b∗ǫ (ξ2)ϕ(ξ2)dξ2.

(A.5)

are bounded operators on F(e) and F(µ) respectively satisfying

‖b♯1,+(ϕ)‖ = ‖ϕ‖L2

‖b♯2,ǫ(ϕ)‖ = ‖ϕ‖L2

(A.6)

Set α = e, µ. The Dirac quantized fields for the electron and the muon, denoted
by Ψ(α)(x), are given by

Ψ(α)(x) =
1

2π

∫
dξ1

(
ei(p

1
αx1+p3

αx3)U (α)(x2, ξα)b+(ξα)

+ e−i(p1
αx1+p3

αx3)W (α)(x2, ξα)b
∗
−(ξα)

)
.

(A.7)

where ξe = ξ1 and ξµ = ξ2. See [17].

For ξα = (s, n, p1α, p
3
α) we have U (α)(x2, ξα)=U

(α)
s (x2, n, p1α, p

3
α).

For s = 1 and n ≥ 1 U
(α)
1 (x2, n, p1, p3) is given by

(A.8) U
(α)
+1 (x

2, n, p1, p3) =

(
E

(α)
n (p3) +mα

2E
(α)
n (p3)

) 1
2




In−1(ξ)
0

p3

E
(α)
n (p3)+mα

In−1(ξ)

−
√
2neB

E
(α)
n (p3)+mα

In(ξ)




where
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ξ =
√
eB(x2 − p1

eB
)

In(ξ) =

( √
eB

n!2n
√
π

) 1
2

exp(−ξ2/2)Hn(ξ).

(A.9)

Here Hn(ξ) is the Hermite polynomial of order n and we define

(A.10) I−1(ξ) = 0

For n = 0 and s = 1 we set

U
(α)
+1 (x

2, 0, p1, p3) = 0

For s = −1 and n ≥ 0 U
(α)
−1 (x

2, n, p1, p3) is given by

(A.11) U
(α)
−1 (x

2, n, p1, p3) =

(
E

(α)
n (p3) +mα

2E
(α)
n (p3)

) 1
2




0
In(ξ)

−
√
2neB

E
(α)
n (p3)+mα

In−1(ξ)

− p3

E
(α)
n (p3)+mα

In(ξ)




Through out this work e will be the positive unit of charge taken to be equal to
the proton charge.

E
(α)
n (p3), n ≥ 0, is given by

(A.12) Eα
n (p

3) =
√
m2

α + (p3)2 + 2neB

Note that

(A.13)

∫
dx2U (α)

s (x2, n, p1, p3)†U (α)
s′ (x2, n, p1, p3) = δss′

where † is the adjoint in C
4.

In order to study the spectral theory of our Hamiltonian it is not necessary to
know W (e)(x2, ξ1) in (A.6). We have to know W (µ)(x2, ξ2) explicitly.

For ξ2 = (s, n, p1µ, p
3
µ) with n > 0 we have

W (µ)(x2, ξ2) = V
(µ)
−1 (x2, n,−p1µ,−p3µ) for ξ2 = (1, n, p1µ, p

3
µ), n ≥ 0.

W (µ)(x2, ξ2) = V
(µ)
+1 (x2, n,−p1µ,−p3µ) for ξ2 = (−1, n, p1µ, p

3
µ), n ≥ 1.

W (µ)(x2, ξ2) = 0 for ξ1 = (−1, 0, p1µ, p
3
µ).

(A.14)

For s = 1 and n ≥ 1 V
(µ)
+1 (x2, n, p1, p3) is given by

(A.15) V
(µ)
+1 (x2, n, p1, p3) =

(
E

(µ)
n (p3) +mµ

2E
(µ)
n (p3)

) 1
2




− p3

E
(µ)
n (p3)+mµ

In−1(ξ)
√
2neB

E
(µ)
n (p3)+mµ

In(ξ)

In−1(ξ)
0




and for n = 0 we set

V
(µ)
+1 (x2, 0, p1, p3) = 0

For s = −1 and n ≥ 0 V
(µ)
−1 (x2, n, p1, p3) is given by
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(A.16) V
(µ)
−1 (x2, n, p1, p3) =

(
E

(µ)
n (p3) +mµ

2E
(µ)
n (p3)

) 1
2




√
2neB

E
(µ)
n (p3)+mµ

In−1(ξ)

p3

E
(µ)
n (p3)+mµ

In(ξ)

0
In(ξ)




Note that

(A.17)

∫
dx2V (µ)

s (x2, n, p1, p3)†V (µ)
s′ (x2, n, p1, p3) = δss′

where † is the adjoint in C
4.

Appendix B. The Dirac quantized fields for νµ and νe.

We suppose that neutrinos and antineutrinos are massless as in the Standard
Model.

The quantum variables of the neutrinos and antineutrinos are the momenta and
the helicities.

Let P = (P1,P2,P3) be the generators of space-translations. H3 is the helicity

operator 1
2
P.Σ
|P| where |P| =

(√∑3
i=1(P

i)2
)
andΣ = (Σ1,Σ2,Σ3) with for j = 1, 2, 3

(B.1) Σj =

(
σj 0
0 σj

)

The helicity of the neutrino associated to the muon is − 1
2 . νµ is left-handed.

The helicity of the antineutrino associated to the electron is 1
2 .νe is right-handed.

Let ξ3 = (p, 1
2 ) be the quantum variables of the antineutrino νe where p ∈ R3 is

the momentum and 1
2 is the helicity.Let ξ4 = (p,− 1

2 ) be the quantum variables of

the neutrino νµ where p ∈ R
3 is the momentum and − 1

2 is the helicity.

L2(R3) is the Hilbert space of the states of the neutrinos νµ and of the an-
tineutrinos νe.Let F(νµ) and F(νe) denote the Fock spaces for the neutrinos and the
antineutrinos respectively.

We have

(B.2) Fνµ = Fνe
=

∞⊕

n=0

n⊗

a

L2(R3)

Ωβ = (1, 0, 0, 0, ...) is the vacuum state in Fβ for β = νe, µµ.
In the sequel we shall use the notations

∫

R3

dξ3 =

∫

R3

d3p

∫

R3

dξ4 =

∫

R3

d3p

(B.3)

b−(ξ3) and b∗−(ξ3)) are the annihilation and creation operators for the antineu-
trino associated to the electron respectively . b+(ξ4) and b∗+(ξ4)) are the annihilation
and creation operators for the neutrino associated to the muon respectively. The

operators b♯−(ξ3) and b♯+(ξ4), fulfil the usual anticommutation relations (CAR) and

they anticommute with b♯+(ξ1) and b♯ǫ(ξ2) according to the convention described in
[40, Section 4.1]. See [8] arXiv for explicit definitions.
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Therefore the following anticommutation relations hold

{b−(ξ3), b∗−(ξ′3)} = δ(ξ3 − ξ′3) ,

{b+(ξ4), b+(ξ′4)} = δ(ξ4 − ξ′4) ,

{b♯−(ξ3), b♯+(ξ4)} = 0

{b♯−(ξ3), b♯ǫ(ξ2)} = {b♯−(ξ3), b♯+(ξ1)} = 0.

{b♯+(ξ4), b♯ǫ(ξ2)} = {b♯+(ξ4), b♯+(ξ1)} = 0.

(B.4)

Recall that, for ϕ ∈ L2(R3), the operators

b4,+(ϕ) =

∫

R3

b+(ξ4)ϕ(ξ4)dξ4.

b3,−(ϕ) =

∫

R3

b−(ξ3)ϕ(ξ3)dξ3.

b∗4,+(ϕ) =

∫

R3

b∗+(ξ4)ϕ(ξ4)dξ4.

b∗3,−(ϕ) =

∫

R3

b∗−(ξ3)ϕ(ξ3)dξ3.

(B.5)

are bounded operators on F(νµ) and F(νe) respectively satisfying

(B.6) ‖b♯4(ϕ)‖ = ‖b♯3(ϕ)‖ = ‖ϕ‖L2.

The Dirac quantized fields for the neutrinos and antineutrinos associated to the
electron and the muon respectively are denoted by Ψ(νe)(x) and Ψ(νµ)(x).

We have

Ψ(νe)(x) =(
1

2π
)

3
2

(∫
dξ̃3e

i(p.x)U (νe)(ξ̃3)b+(ξ̃3)

+

∫
dξ3e

−i(p.x)W (νe)(ξ3)b
∗
−(ξ3)

)
.

(B.7)

and

Ψ(νµ)(x) =(
1

2π
)

3
2

(∫
dξ4e

i(p.x)U (νµ)(ξ4)b+(ξ4)

+

∫
dξ̃4e

−i(p.x)W (νµ)(ξ̃4)b
∗
−(ξ̃4)

)
.

(B.8)

where ξ̃3 = (p,− 1
2 ) and ξ̃4 = (p, 1

2 ) with, for β = 3, 4,
∫

R3

dξβ =

∫

R3

d3p

∫

R3

dξ̃β =

∫

R3

d3p

(B.9)

See [17].
For the purpose of this paper one only needs to know W (νe)(ξ3) and U (νµ)(ξ4)

explicitly. U (νe)(ξ̃3) and W (νµ)(ξ̃4) are given in [23].
By [23, (3.6), (3.7), (3.24), (3.32)]and [39] we have

(B.10) U (νµ)(ξ4) = U (νµ)(p,−1

2
) =) =

1√
2

(
h−(p)
−h−(p)

)

with

(B.11) h−(p) =
1√

2|p|(|p| − p3)

(
p3 − |p|
p1 + ip2

)
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and for |p| = p3 we set

h−(p) =

(
0
1

)

Moreover we have

(B.12) W (νe)(ξ3) = V (νe)(−p,
1

2
) =

1√
2

(
−h+(−p)
h+(−p)

)

with

(B.13) h+(−p) =
1√

2|p|(|p|+ p3)

(
−p1 + ip2

|p|+ p3

)

and for |p| = −p3 we set

h+(−p) =

(
1
0

)

Note that

(B.14) ‖U (νµ)(ξ4)‖C4 = ‖W (νe)(ξ3)‖C4 = 1
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[17] J. Dereziński and C. Gérard. Asymptotic completeness in quantum field theory. Massive

Pauli-Fierz Hamiltonians. Rev. Math. Phys., 11(4) , (1999), 383–450.
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