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RENORMALIZATION OF DETERMINANTS LINES IN QUANTUM
FIELD THEORY.

NGUYEN VIET DANG

ABSTRACT. On a compact manifold M, we consider the affine space A of non self-adjoint
perturbations of some invertible elliptic operator acting on sections of some Hermitian bun-
dle, by some differential operator of lower order.

We construct and classify all complex analytic functions on the Fréchet space A van-
ishing exactly over non invertible elements, having minimal order and which are obtained
by local renormalizations, a concept coming from quantum field theory, called renormalized
determinants. The additive group of local polynomial functionals of finite degrees acts freely
and transitively on the space of renormalized determinants. We provide different represen-
tations of the renormalized determinants in terms of spectral zeta determinants, Gaussian
Free Fields, infinite product and renormalized Feynman amplitudes in perturbation theory
in position space a la Epstein—Glaser.

Specializing to the case of Dirac operators coupled to vector potentials and reformulating
our results in terms of determinant line bundles, we prove our renormalized determinants
define some complex analytic trivializations of some holomorphic line bundle over A relating
our results to a conjectural picture from some unpublished notes by Quillen [52] from April
1989.

1. INTRODUCTION.

Let (M,g) be a smooth, closed, compact Riemannian manifold. The aim of the present
paper is to study the analytical properties and the renormalization of a class of functional
determinants defined on some affine space A of non self adjoint perturbations A+ V of some
given invertible self adjoint generalized Laplacian A acting on some fixed Hermitian bundle
E — M where V € C*°(End(FE)) is a smooth potential, or perturbations of the form D + A
of some invertible twisted Dirac operator D : C*°(E) — C*°(E_) acting between Hermitian
bundles Ey by some term A € C*°(Hom(E,E_)). We consider lower order perturbations
since A and V are local operators of order 0.

1.0.1. Quantum field theory interacting with some external potential. Let us briefly give the
physical motivations underlying our results which are stated in purely mathematical terms.
The reader uninterested by the physics can safely skip this part. Inspired by recent works in
mathematical physics [15, 16, 17, 18, 27, 26] and classical works of Schwinger [57] [39, Chapter
4 p. 163], our original purpose is to understand the problem of renormalization of some
Fuclidean quantum field ¢ defined on M interacting with a classical external field which is not
quantized !. For instance, consider the Laplace-Beltrami operator A : C®°(M) + C*(M)

lsometimes called background field in the physical litterature
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2 NGUYEN VIET DANG

defined from the metric g on M, corresponding to the Dirichlet action functional :

5(¢) = /M HAGdv(z) (11)

and their perturbations by some external potential V' € C°°(M,R() which corresponds to
the perturbed Dirichlet action functional

S(¢) = /M PAG + V2 du(). (1.2)

A classical problem in quantum field theory is to define the partition function of a theory,
usually represented by some ill-defined functional integral,

2= [slexo (=5 [ ono+ve?) (1)

in the bosonic case where V' € C°°(M,R+) plays the role of a position dependent mass
which is viewed as an external field coupled to the Gaussian Free Field ¢ to be quantized.
The external field can also be the metric g [1] in the study of gravitational anomalies in the
physics litterature or gauge fields, which is the physical terminology for connection 1-forms,
in the study of chiral anomalies.

In fact, according to Stora [65, 48], the physics of chiral anomalies [23, 48, 1] can be
understood in the case where we have a fermion field which is quantized interacting with
some gauge field which is treated as an external field. Consider the quadratic Lagrangian
U_DuV, where Wy are chiral fermions, D, is a twisted half-Dirac operator acting from
sections of positive spinors Sy, to negative spinors S_, see example 1 below for a precise
definition of D 4. In this case, the corresponding ill-defined functional integral reads

Z[A] = / (DU_DU, ] exp <— /M qz_Dqu+>

where we are interested on the dependence in the gauge field A.

1.0.2. Functional determinants in geometric analysis. The above two problems can be formu-
lated as the mathematical problem of constructing functional determinants V' — det (A 4+ V')
and A — det (D* (D + A)) with nice functional properties where we are interested in the de-
pendence in the external potentials V and A. In global analysis, functional determinants also
appear in the study of the analytic torsion by Ray—Singer [54] and more generally as metrics of
determinant line bundles as initiated by Quillen [53, 3] where he considered some affine space
A of Cauchy-Riemann operators D+w acting on some fixed vector bundle F — X over a com-
pact Riemann surface X where D is fixed and the perturbation w lives in the linear space of
(0, 1)-forms on X with values in the bundle End(E). The metrics on X and in E induce a met-
ric in the determinant (holomorphic line) bundle det (Ind(D)) = AP ker(D)* ® A"Pcoker(D)
over A. As Quillen showed in [53], if this metric in the bundle det(Ind(D)) is divided by
the function det¢ (D*D) (here det, is the zeta regularized determinant the Laplacian D*D),
then the canonical curvature form of this metric, the first Chern form, coincides with the
symplectic form of the natural Kéahler metric on 4. An important consequence of the above
observation, stated as a [53, Corollary p. 33], is that if one multiplies the Hermitian metric
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on det (Ind(D)) by e? where ¢ is the natural Kédhler metric on A, then the corresponding
Chern connection is flat. From the contractibility of 4, one deduces the existence of a global
holomorphic trivialization of det (Ind(D)) +— A and the image of the canonical section of
det (Ind(D)) by this trivialization is an analytic function on A vanishing over non—invertible
elements.

Building on some ideas from the work of Perrot [48, 50, 49] and some unpublished notes
from Quillen’s notebook [52] 2, we attempt to relate the problem of constructing renormalized
determinants with the construction of holomorphic trivializations of determinant line bundles
over some affine space A of perturbations of some fixed operator by some differential operator
of lower order which plays the role of the external potential.

1.0.3. Quillen’s conjectural picture. In some notes on the 30th of April 1989 [52, p. 282], with
the motivation to make sense of the technique of adding local counterterms to the Lagrangian
used in renormalized perturbation theory, Quillen proposed to give an interpretation of QFT
partition functions in terms of determinant line bundles over the space of Dirac operator
coupled to a gauge potential drawing a direct connection between the two subjects. The ap-
proach he outlined insists on constructing complex analytic trivializations of the determinant
line bundle without mentioning any construction of Hermitian metrics on the line bundle
which seems different from the original approach he pioneered [53] and the Bismut—Freed [3]
definition of determinant line bundle for families of Dirac operators.

To explain this connection, we recall that for a pair Hg, H1 of complex Hilbert spaces, there
is a canonical holomorphic line bundle Det — Fredy (Ho, H1) where Fredg (Ho, H1) is
the space of Fredholm operators of index 0 with fiber Detg ~ AP ker (B)* ® A*Pcoker (B)
and canonical section o [53, p. 32] [60, p. 137-138]. Consider the complex affine space A =
D+ C>®(Hom(E4, E_)) of perturbations of some fixed invertible Dirac operator D by some
differential operator A € C*(Hom(Ey,E_)) of order 0. We denote by L?(E.) the space
of L? sections of Ey. Then the map ¢ : D+ A € A Id+ D 1A € Fredy (L*(E4), L*(E4))
allows to pull-back the holomorphic line bundle Det as a holomorphic line bundle £ =
t*Det — A over the affine space A with canonical section det = t*o. We insist that we view
C>*(Hom(E+,E_)) as a C—vector space, elements in C*°(Hom(E,, E_)) need not preserve
Hermitian structures. According to Quillen [52, p. 282], the relation with QFT goes as
follows, one gives a meaning to the functional integrals

A /D\II+D\II_e_fM<‘I”DA‘I’+>, (1.4)

3 by trivializing the determinant line . In other words, denoting by O(L) (resp O (A)) the
holomorphic sections (resp functions) of £ (resp on A), we aim at constructing a holomor-
phic trivialization of the line bundle 7 : O (L) — O (A) so that the image 7(det) of
the canonical section det by this trivialization is an entire function f(P + V) on A vanishing
exactly over the set Z of non invertible elements of A. In some sense, this should generalize
the original construction of Quillen of the holomorphic trivialization of the determinant line

2made available by the Clay foundation at http://www.claymath.org/publications/quillen-notebooks
3D 4 is the Dirac operator coupled to the gauge potential A as described in [63, section 3 p. 325]
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bundle over the space of Cauchy—Riemann operators [53]. Furthermore, Quillen [52, p. 284]
writes :

These considerations lead to the following conjectural picture. Over the
space A of gauge fields there should be a principal bundle for the additive
group of polynomial functions of degree < d where d bounds the trace which
have to be regularized. The idea is that near each A € A we should have a
well-defined trivialization of £ up to exp of such a polynomial. Moreover,
we should have a flat connection on this bundle.

To address this conjectural picture, we follow a backward path compared to [53]. Instead of
constructing some Hermitian metric then a flat connection on £ — A to trivialize the bundle,
we prove in Theorem 2 an infinite dimensional analog of the classical Hadamard factorization
Theorem 4 in complex analysis. We classify all determinant like functions such that :

e They are entire functions on A with minimal growth at infinity, a concept with
is defined below as the order of the entire function, vanishing over non invertible
elements in A.

e Their derivatives should satisfy some simple identities reminiscent of the situation
for the usual determinant in finite dimension.

e They are obtained from a renormalization by subtraction of local counterterms, a
concept coming from quantum field theory which will be explained below in para-
graph 2.0.8.

Trivializations of £ are simply obtained by dividing the canonical section of £ by the con-
structed determinant like functions as showed in Theorem 3. A nice consequence of our in-
vestigation is a new factorization for zeta regularized determinant 2.6 in terms of Gohberg—
Krein’s regularized determinants. We show that our renormalized determinants are not
canonical and there are some ambiguities involved in their construction of the form exp (P)
where P is a local polynomial functional of A. Then we show that the additive group of local
polynomial functionals of A, sometimes called the renormalization group of Stiieckelberg—
Petermann in the physics litterature, acts freely and transitively on the space of renormalized
determinants we construct.

2. MAIN RESULTS.

2.0.4. Geometric setting. In the present paragraph, we fix once and for all the assumptions
and the general geometric framework of the main Theorems (1),(2),(3) and that we shall
use in the sequel. For E +— M some smooth Hermitian vector bundle over the compact
manifold M, we denote by C*°(E) smooth sections of E. An operator A : C®(E) — C*>(E)
is called generalized Laplacian if the principal part of A is positive definite, symmetric (i.e.
formally self-adjoint) and diagonal with symbol g, (2)&#£” @ Idg, in local coordinates at
(z;€) € T*M where g is the Riemannian metric on M. We are interested in the following
two geometric situations :
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Definition 2.1 (Bosonic case). Let (M, g) be a smooth, closed, compact Riemannian man-
ifold and E some Hermitian bundle on M. We consider the complex affine space A of
perturbations of the form A+V where V is a smooth endomorphism V- € C* (End(E)), and
A : C®(E) — C®(E) is an invertible generalized Laplacian. The elementV € C*°(End(E))
18 treated as external potential.

Definition 2.2 (Fermionic case). Let (M,g) be a smooth, closed, compact Riemannian
manifold. Slightly generalizing the framework described in [63, section 3 p. 325-327] in
the spirit of [2, def 3.36 p. 116], we are given some pair of isomorphic Hermitian vec-
tor bundles (E4,E_) of finite rank over M and an invertible, elliptic first order differen-
tial operator D : C®(E}) — C™(E_) such that both DD* : C*®(E_) — C*(E_) and
D*D : C*®(E4) — C*®(E;) are generalized Laplacians where D* is the adjoint of D in-
duced by the metric g on M and the Hermitian metrics on the bundles (E4,E_). We
consider the complex affine space A of perturbations D + A : C®(EL) — C®(E_) where
Ae C®(Hom(E+,E_)).

Recall that in both cases, we perturb some fixed operator by a local operator of order
0. In the sequel, for a pair (F, F') of bundles over M, we always identify an element V €
C*(Hom(E, F)), which is a C* section of the bundle Hom(E, F') with the corresponding
linear operator V : C*°(E) — C*°(F), in the scalar case this boils down to identifying a
function V' € C°°(M) with the multiplication operator ¢ € C*®°(M) — Vo € C*°(M). To
avoid repetitions and to stress the similarities between bosons and fermions, we will often
denote in the sequel A = P+ C*(Hom(E, F)) for the affine space of perturbations of P = A
of degree 2, E = F' in the bosonic case and of P = D of degree 1, F = E,,F = E_ in the
fermionic case.

We next give an important example from the physics litterature which fits exactly in the
fermionic situation :

Example 1 (Quantized Spinor fields interacting with gauge fields). Assume (M, g) is spin
of even dimension whose scalar curvature is nonnegative and positive at some point on M.
For example M = S*™ with metric g close to the round metric. Then it is well-known that the
complex spinor bundle S — M splits as a direct sum S = S & S_ of isomorphic hermitian
vector bundles, the classical Dirac operator D : C*°(S) — C(S) is a formally self-adjoint,
elliptic operator which is invertible by the positivity of the scalar curvature thanks to the
Lichnerowicz formula [42, Cor 8.9 p. 160].

Consider an external hermitian bundle F +— M which is coupled to S by tensoring
(S ®S_)® F =E;®E_. For any Hermitian connection V> on F, we define the twisted
Dirac operator Dg : C®°(S® F) — C°(S ® F), which is a first order differential operator of
degree 1 w.r.t. the Zo grading, Dr = c(e;) (Vi @ Id+Id® Vé) near x € M where (e;); is
a local orthonormal frame of TM near x, c(e;) is the Clifford action of the local orthonormal
frame (e;); of TM on S. In the study of chiral anomalies, one is interested by the half-Dirac
operator D : C®(S4 @ F) — C®(S_® F). If (M,g) has positive scalar curvature and
the curvature of V7 is small enough then dimker (D) = 0 and Ind (D) = 0 [42, prop 6.4
p. 315]. Two connections on F differ by an element A € QY (M, End(F)). So we may define
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perturbations D + A of our half-Dirac operator D induced by perturbations of V7 as

D+A=c(e) (VE @Id+1d® (VI +U(e))). (2.1)

2.0.5. An analytic reformulation of Quillen’s conjectural picture. In our setting, we attempt
to reformulate Quillen’s question as a problem of constructing an entire function with pre-
scribed zeros in infinite dimension generalizing the Fredholm determinant. A naive approach
discussed in [52] would be to consider the Fredholm determinant dety (I + D~'A) where
for small A, we expect that logdetp (I + D7'A) = 377, (_1]):+1T7“ ((D71A)*). However
the operator D™ A is a pseudodifferential operator of order —1, hence for k > d the power
(D1A)* is trace class hence the traces Tr ((D~'A)*) are well-defined whereas for k < d
these traces are ill-defined and often divergent as usual in QFT. We will later see how to

deal with these divergent traces in Theorem 2.

The usual method to construct functional determinants is the zeta regularization pio-
neered by Ray—Singer [54] in their seminal work on analytic torsion and rely on spectral or
pseudodifferential methods [30, 59], see also [47, 58] for some nice recent reviews of various
methods to regularize traces and determinants. Let us recall the definition of such analytic
regularization (see [5, section 3 p. 203] for a very nice summary on the main results on zeta
determinants) :

Definition 2.3 (Spectral zeta regularization). Let M be a smooth, closed compact manifold
and E +— M some Hermitian bundle. For every perturbation of the form A+V : C*(E)
C™(FE) of an invertible symmetric generalized Laplacian A by some differential operator V of
order 1, we denote by o (A + V') C C its spectrum which is known to be discrete by ellipticity.
If o(A 4+ V)NRgy = 0 then using the classical determination of the logarithm on C\ R,
the spectral zeta function is defined as Ca+v (s) = X oyeoarv) A ° =TT (A +V)~*) * which
has meromorphic continuation to the whole complex plane by the work of Seeley [30, 59]
and is holomorphic near s = 0. The zeta determinant det¢ is defined as : dete(A+ V) =

€xp (_C/A+V(0))'

Let us comment the above definition. For the moment, the definition of det, restricts to
operators whose spectrum does not meet the negative reals R<y which forms an open subset
in A°. Then our factorization formula 2.6 will imply that the zeta determinant defined above

extends to all operators in A, even to some non smooth perturbations of order 0 of a given
A.

We next give the particular definitions of the zeta functions in the bosonic and fermionic
cases :

Definition 2.4 (Zeta determinants for bosons and fermions.). We use the geometric setting
for bosons and fermions defined in paragraph 2.0.4. For bosons, we define the corresponding

AThe equality with the trace follows from Lidskii’s Theorem

5In fact, the leading symbol of A is nonnegative, self-adjoint hence its spectrum except finite number of
eigenvalues is contained in angular sectors of the form {pe‘?,0 < p < +00,6 € [—¢,¢]} [5, p. 206][59] but we
impose a stronger condition for the moment
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zeta determinant as a map
Ve C*(End(E)) — det:(A+V). (2.2)
For fermions, following [63, p. 329], we define the corresponding zeta determinant as a map
Ae C¥(Hom(Ey,E_)) — det; (D*(D + A)). (2.3)

Finally before we state our first result, we define formal products of Schwartz kernels of
the operators involved in our problem which will play an important role in our Theorem :

Definition 2.5 (Polygon Feynman amplitudes). Under the geometric setting from para-
graph 2.0.4, we set G € D' (M x M, EX F*) to be the Schwartz kernel of P~% and A =
P+ C>®(Hom(E,F)), where P = Ajk = 2, E = F in the bosonic case and P = D,k =
1,E=FE, F=FE_in the fermionic case. For everyn > 2, we formally set

tn = G(z1,25) ... G(wn1,70)G (T, 71) | (2.4)

which is well-defined in C*° (M™ \ Diagonals, Hom(F, E)®").

There is a natural fiberwise pairing (t, ) between distributions t in D'(M™, Hom(F, E)®")
with elements ¢ in C*° (M™, Hom(E,F)®") to get an element (t,) € D'(M™) and to
get a number, we need to integrate this distribution against a density dv € |AYP|M™ as

S (t, @) dv.

2.0.6. Structure of zeta determinants. Our first main result concerns the mathematical struc-
ture of zeta determinants. In the sequel, we denote by d, C M", the deepest diagonal
{(z,...,2) € M™" s.t. z € M} C M™ and by N* (d,, C M"™) the conormal bundle of d,,. We
use the notion of wave front set WF(¢) of a distribution ¢ to describe singularities of ¢ in
cotangent space and refer to [38, chapter 8] for the precise definitions. For a € R, we denote
by [a] = supyez k<, k- The bundle of densities on a manifold X will be denoted by [A"P|X.

Theorem 1. The zeta determinants from definition 2.4 extend uniquely as entire functions
on A satisfying the factorization formula for |V ca-s(pnacry) (resp |Allca1(mom(r,ry)) small
enough :

(-1

detc (A+V) = e?Wexp (Z

d
n>s

Trie ((A1V)")) , in bosonic case  (2.5)

_1\n+1
dete(D*(D + A)) = e®Mexp (Z( D Trye ((DUI)”)), in fermionic case (2.6)
n>d
where

_1\n+1

av) = [ vy EV Rt vy d, 2.1)
M 2<neld] n Mn

(_1 n+1

Q4) — /M Ay Y S / (Rt A7) (2.8)
2<n<d

o for £ € C®(End(E)) in bosonic case and { € C*°(Hom(E, E_)) in fermionic case,
dv € |AP|M, dv,, € |AYP|M™ are the canonical Riemannian densities
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o Rty is a distribution of order m on M" extending the distributional product ty,
which is well-defined on M™ \ d,, m = d — 3 in the bosonic case and m = d — 1 in
the fermionic case,

o the wave front set of Rt, satisfies the bound

WF (Rt,) N T3 M™ C N*(d,, C M™).

There are several consequences of the above result. The definition of Gohberg—Krein’s
regularized determinants det,,p € N, which are natural generalizations of Fredholm deter-
minants for operators in the Schatten class, is recalled in subsection 3.3. In the following
corollary, we use the notion of order of an entire function and discuss its zeroes. An an-
alytic function F' : A = P 4+ C®(Hom(FE,F)) — C is said to vanish on the subset of
noninvertible elements in the sense that for every V € C*> (Hom(E, F')), the entire function
z — F (P + zV) has divisor {(z,m,)| ker (P + zV) # {0}, m, = dimker (P + zV)} and the
order of V € C*® (Hom(E,F)) — F (P +V) equals p(F) in the sense the following bound is
satisfied : |F'(P+ V)| < CeKIVIER for some continuous norm I|l.|lcm on C* (Hom(E, F))
and C, K > 0 independent of V.

Corollary 2.6 (Zeta determinant for non smooth, non selfadjoint perturbations). In the
notations of the above Theorem, zeta determinants are entire functions of finite order
p= [g] + 1 in the bosonic case and p = d + 1 in the fermionic case on A vanishing ezxactly
over non invertible elements.

They extend as entire functions on non smooth, non self-adjoint perturbations

e of A of reqularity C¥—3(End(E)) N L®(End(E)) in the bosonic case,
e of D of regularity C*'(Hom(E,, E_)) in the fermionic case.

They are related to Gohberg—Krein’s reqularized determinants by the following factorization
formulas :

dete (A+V) = QV)det, (I+A7'V),p= [g] + 1 in bosonic case (2.9)
dete(D*(D + A)) = @A) det, (I + D 'A),p=d+1 in fermionic case  (2.10)

where () are the polynomials defined in Theorem 1.

2.0.7. Finding good determinants. We next formulate the general problem of finding renor-
malized determinants with functional properties closed to zeta determinants :

Problem 2.7 (Renormalized determinants). Under the geometric setting from paragraph 2.0.4,
set A= P+C>®(Hom(E, F)),p = deg(P) where P = A,p =2, E = F in the bosonic case and
P=D,p=1,FE=FE, F = E_ in the fermionic case. An analytic function Rdet : A+— C
will be called renormalized determinant if

(1) R det vanishes exactly on the subset of noninvertible elements and the order of V €
C*>® (Hom(E,F)) — Rdet (P +V) equals [%] +1, in particular it satisfies the bound :

41+
IRdet (P + V)| < CeKIVIcm (2.11)
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for the continuous norm ||.||cm on C*°(Hom(E, F)) where m = d — 3 in the bosonic
case, m = d — 1 in the fermionic case and C, K > 0 independent of V.
(2) Forn > [g],

(!

d\" .
1 (dZ> log R det(P + 2V)|.—0 = Trpz ((P7'V)"). (2.12)

(3) We further impose a condition of microlocal nature on the second derivative of R det :

8y, 8y, log R det (P + V) = T <(P V)P VQ) (2.13)

if supp(V1) N supp(Va) = O where the L? trace is well-defined.
Under the identification of the second derivative 62log R det with distributions in
D'(M?,Hom(E, F)X Hom(E, F)) for ||[V|cm small enough :

WF (6°logRdet (P +V)) T3 M> C N* (dy C M?). (2.14)

Let us motivate the axioms from definition 2.7. Theorem 2 will show that these conditions
are optimal to describe all renormalized determinants which can be obtained by local renor-
malization. It is natural to require our determinants to vanish on noninvertible elements
since they generalize the usual Fredholm determinant. We want to minimize the complexity
of the entire function z — R det(P + zV) hence its order. We will see in corollary 3.1 that
our condition on the order of R det is optimal and this is in some sense responsible for the
polynomial ambiguity conjectured by Quillen.

Gohberg-Krein’s determinants det, vanish exactly on non invertible elements and have
smallest possible order, but they fail to satisfy the conditions on the second derivative of
definition 2.7, hence by our main Theorem 2 they cannot be obtained from renormalization
by subtraction of local counterterms. Equations (2.12) and (2.13) are very natural since they
are reminiscent of the finite dimensional case. In the seminal work of Kontsevich—Vishik [41,
equation (1.4) p. 4], they attribute to Witten the observation that for the zeta determinant,
the following identity 6102 logdety (A) = Trp2 (51AA*152AA*1) holds true where 614, 52 A
are pseudodifferential deformations with disjoint support. This is not surprising provided
we want our determinants to give rigorous meaning to QFT functional integrals. © We want
to subtract only smooth local counterterms in )V, this smoothness is imposed by the
conditions on the wave front set. The bound on m is also optimal, locality forces renormalized
determinants to depend on m-jets of the external potential V.

2.0.8. Determinants renormalized by subtraction of local counterterms. In order to give a
precise definition of locality, we recall the definition of smooth local functionals.

Definition 2.8 (Local polynomial functionals). A map P:V € C*°(Hom(E,F))— P(V) €
C is called local polynomial functional if P is smooth in the Fréchet sense and there exists

k€N, A:V e C®Hom(E,F)) — A(j*V) € C®°(M) Qcooqury |NP|M s.t. for all

6In the present paper, we take this as axiom of our renormalized determinants and the identity 2.13 follows
from a formal applications of Feynman rules.
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z € M, A(j*V)(z) depends polynomially on k-jets of V at x and P(V) = [,, A(j*V). The
vector space of local polynomial functionals of degree d depending on the k-jets is denoted by
Oloc,d (JkHom(E, F)) .

We denote by (C[Efé,log(s)] the ring of polynomials in log(e) and inverse powers e 3.
With the above notion of local functionals one could try to renormalize determinants as
follows. If we perturbed the elliptic operator P by a smoothing operator V € W~ then
the Fredholm determinant V + detp (I + P~'V) is a natural entire function on A vanishing
over non invertible elements. However, V € C*(M,Hom(E, F)) has only order 0 hence
we would like to consider some family (V). of smoothing operators approximating ) and
find some family of local polynomial functionals P, = [}, Ac (1) € Ojoed (J kHom(E, F)) Qc
C[a_%,log(s)] such that the limit lim. o+ exp (— [,; A-(i*V(2))) detp (I + P71V.) makes
sense where detg (I + P_lVE) is well defined for € > 0 since P~'V, € ¥~°°. This operation
is called renormalization by subtraction of local counterterms.

2.0.9. Solution of problem 2.7. We now state the main Theorem of the present paper an-
swering Problem 2.7, the assumptions are from paragraph 2.0.4 and the distributions ¢, are
from definition 2.5 :

Theorem 2 (Solution of the analytical problem). A map Rdet : A — C is a solution of
problem 2.7 if and only if the following equivalent conditions are satisfied :

(1) there exists Q € O, . (4] (J"Hom(E, F)) such that
P

Vi Rdet(A+V) = exp(Q(V))dete (A+V),p=2,m=d—3 for bosons (2.15)
A= Rdet(D+A) = exp(Q(A))dete (D*(D+ A)),p=1,m=d—1 for fermions. (2.16)
(2) for V small enough, Rdet (P + V) admits the following representation :
(_1)n+1 Xn
Rdet (P+V) = Cexp(| (£,V)dv+ Y — (R, VI duy,
M n
2<n< 4
p

HBLMITW (P~'V)™), (2.17)

3

d
-<n
p<

such that £ € C*(Hom(E,F)), dv € |A"P|M,dv, € |AP|M™ the canonical Rie-
mannian densities, the distributional product t, is well-defined on M™\ d,, and Rt,
1s a distribution of order m on M" extending t, whose wave front set satisfies
the bound

WF (Rt,) NTy3 M" C N*(d, C M").

(3) R det is renormalized by subtraction of local counterterms. There exists a generalized

Laplacian A with heat operator e ** and a family Q. € O | (J"Hom(E, F)) @c

loc,[%
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C[E*%,log(a)} such that "
Vo Rdet (P +V) = lim exp (Q=(V)) dety (I +e 22P71V). (2.18)
e—

As immediate corollary of the above, we get that the group O, (4 14 (J"Hom(E, F)) of local

polynomial functionals acts freely and transitively on the set of renormahzed determinants
solutions to 2.7 :

Q € Oy ) (J" Hom(E, F)) = exp (Q(V)) Rdet (P + V). (2.19)

loc,|

Equation 2.17 shows that zeta regularized determinants, defined by purely spectral condi-
tion, admit a position space representation in terms of Feynman amplitudes and that zeta
determinants are just a particular case of some infinite dimensional family of renormalized
determinants obtained by subtraction of local counterterms.

Corollary 2.9. In particular under the assumptions of Theorem 2 and using the same no-
tations, p = deg(P) any function R det (A + V') can be represented as :

n+1
Rdet (A+V) = exp / (€, V)dv+ E / <Rtn,Vg">dvn det[g]_i_1 (I + P_IV)
n p

2<n<d

n+1 00 1
= exp / E V dv + Zd /n<Rtn7V®n>dvn l_‘[lE[z} <)\n>
\ 5 n=

22 Zk
where detga),, is Gohberg-Krein’s determinant, Ep(z) = 1 —2)*T2 T T% k> 0isa
P
Weierstrass factor and the infinite product is over the sequence {\| dimker (A + AV') # 0}.
2.0.10. Renormalized determinants and holomorphic trivializations of Quillen’s line bundle.

Under the notations from paragraph 1.0.3, we denote by O(L) the holomorphic sections from
L and by O(.A) holomorphic functions on .A.

Theorem 3 (Holomorphic trivializations and flat connection). There is a bijection be-
tween the set of renormalized R det from Theorem 2 and global holomorphic trivialization
7:0(L) — O(A) of the line bundle L — A such that

T e Ars 7 (*det(T)) = R det(T). (2.20)

The image of the canonical section 1*det(T') under this trivialization being ezxactly the entire
function R det vanishing over non invertible elements in A.

For every pair (11, 72), there exists an element A of the additive group (Oloc (4 —I-) s.t.
Lp

71 (P +V) = exp </M A(ij(x))> (P + V), (2.21)

Tthe choice of mollifier e 2° is consistent with the GFF interpretation since the covariance of the heat

regularized GFF ¢ 2¢ is e 22A 7!
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form = d—3 (resp m = d — 1) in the bosonic (resp fermionic) case. For every choice
of renormalized R det, the section o = Rdet™! *det defines a nowhere vanishing global
holomorphic section with canonical holomorphic flat connection V s.t. Vo = 0.

The ambiguity group that relates all solutions of problem 2.7 is the renormalization group
of Stiieckelberg—Petermann as described by Bogoliubov—Shirkov [4] and is interpreted here
as a gauge group of the line bundle £ +— A. Our result is a particular case of the so called
main Theorem of renormalization by Popineau—Stora [51] and studied under several aspects
by Brunetti-Fredenhagen [7] and Hollands—Wald [36, 37].

Relation with other works. The way we treat the problem of subtraction of local coun-
terterms is strongly inspired by Costello’s work [11].

Perrot’s notes [48] and Singer’s paper [63] on quantum anomalies, which played an impor-
tant role in our understanding of the topic, are in the real setting. The gauge potential A
which is used to perturb the half-Dirac operator preserves the Hermitian structure whereas
we do not impose this requirement and view our perturbations as a complex space instead.
Actually, our motivation to consider holomorphic determinants in some complexified setting
bears strong inspiration from the work of Burghelea—Haller [8, 9] and Braverman—Kappeler [5]
on finding some complex valued holomorphic version of the Ray—Singer analytic torsion.

Finally, in a nice recent paper [22], Friedlander generalized the classical multiplicative
formula dets (A( + 7)) = det; (A)detp (I +7T) when T is smoothing, in [22, Theorem
p. 4] connecting zeta determinants, Gohberg-Krein’s determinants and Wodzicki residues.
This bears a strong similarity with our Corollary 2.6 although our point of view stresses

8 in configuration

the relation with distributional extensions of products of Green functions
space. Another difference with his work is that we bound the wave front of the functional
derivatives of zeta determinants which is important from the QFT viewpoint and is related

to the plocal spectrum condition used in QFT.

Acknowledgements. We warmly thank C. Brouder, Y. Chaubet, Y. Colin de Verdiére, J. Derezin-
ski, K. Gawedzski, C. Guillarmou, A. Karlsson, J. Kellendonk, M. Puchol, G. Riviere, S. Paycha,
K. Rejzner, M. Wrochna, B. Zhang for many interesting discussions, questions, advices, remarks that
helped me improve my work. We particularly thank D. Perrot for many discussions on anomalies,
determinants and Epstein—Glaser renormalization and the Clay foundation for making available the
scanned notes of Quillen’s notebook where we could find an incredible source of inspiration. I also
would like to thank my wife Tho for excellent working conditions at home and a lot of positive

motivation for me.

2.1. Notations. dv is used for a smooth density |AP|M on M. In the sequel, for every
pair (B, B2) of Banach spaces, B(Bj, B2) denotes the Banach space of bounded operators
from By + Bg endowed with the norm |.|[gp, B,)- For any vector bundle E on M, we
denote by WU*(M, E) the algebra of pseudodifferential operators on the manifold M acting
on sections of the bundle £ and when there is no ambiguity we will sometimes use the short

8called Feynman amplitudes in physics litterature
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notation W(M), C*(E), k € N denotes continuous sections of E of regularity C*, H*(E),s € R
denotes Sobolev sections of £/ endowed with the norm ||.|| s (g) that we shall sometimes write
HS,||.|lgs for simplicity” and finally LP(E),1 < p < +oo denotes LP sections of E endowed
with the norm ||.||z»(g). C°(U, E) are smooth sections of E' compactly supported on U.

For any pair (E, F) of bundles over M, for C™ Schwartz kernels K of operators from
C™(E) — C™(F) which are elements of C" (M x M, F'® E*), we denote by || K|[cm (arxar)
their C™ norm which is not to be confused with the operator norm || K||gcm(g),cm(r))-

For any Hilbert space H, we denote by Z, C B(H,H) the Schatten ideal of compact
operators whose p-th power is trace class endowed with the norm ||.||, defined as ||A|l, =
>_xeo(a) |AIP where the sum runs over the singular values of A.

3. FUNCTIONAL DETERMINANTS AS ENTIRE FUNCTIONS WITH GIVEN ZEROS.

3.1. Measures of complexity of entire functions. In this paragraph, we recall some
classical invariants of the complexity of entire functions. The order p(f) > 0 of an entire
function f is the infimum of all the real numbers p such that for some A, K > 0, for all z € C
|f(2)] < AeXI#”. The critical exponents of a sequence |a,| — +o0, is the infimum of all
a > 0 such that ) ﬁ < +o0o. Finally the genus of f is the order of vanishing of f at
z = 0. The divisor of an entire function f is the set of zeros of f counted with multiplicity.
We recall a classical Theorem due to Hadamard on the structure of entire functions with
given zeros [55, p. 78-81], [64, Thm 5.1 p. 147] (see also [46, p. 60]):

Theorem 4 (Hadamard’s factorization Theorem). Let (ap)nen be some sequence such that
S lan) "D < 400 but 3, Jan| P = co. Then any entire function f whose divisor Z(f) =
{an|n € N} has order p(f) > p, and any entire function s.t. Z(f) = {an|n € N} and p(f) =p
has a unique representation as :

F(z) = 2meP® ijl E, (azn) (3.1)

22 Zp
2)e TS

where P is a polynomial of degree p, Ey(z) = (1 — is a Weierstrass factor of

order p and m is the genus of f.

The lower bound on the order of f follows from Jensen’s formula. We give a direct
application of the above Theorem :

Corollary 3.1. Under the setting of paragraph 2.0.4, recall P € W*(M; E, F) is an invertible
elliptic differential operator of order k > 0. There exists V. € C*°(Hom(E, F)) such that
for any entire function f whose divisor Z(f) corresponds with {z|ker(I + 2P~*V) # {0}},
p(f) = [%] + 1 which proves the bound from problem 2.7 is optimal.

Proof. Since (E, F') are isomorphic bundles, we may choose V' € C*°(Hom(E, F)) to be a
bundle isomorphism hence the corresponding operator is elliptic of order 0. Note that

9 when s < 0 these are distributional sections
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f(z) =0 = —z7! € o(P'V) where P71V € UF(M,E) by composition hence
P~V is a compact operator. Set B = V~*P*PV~l By the results of Seeley [59],
the powers |P~1V|P = B™% are elliptic pseudodifferential operators in \I/kp(M, E). By
Hormander’s version of Weyl’s law for spectral functions of positive, elliptic pseudodiffer-
ential operators [29, Thm 2.1 p. 825, the number of eigenvalues nr(B) of B less than L

grows like a symplectic volume || (o(B)( M dzd®¢ ~7 i oo CL3. The spectral map-

z;E)<LyCT™
ping theorem implies eigenvalues of B are of the form |z|72 for z € Z(f) i.e. eigenvalues

of P71V, this implies for p = [¢] + 1 that Trp. (|[P~IV|P) = 2zez(p AT < oo and

Tria (|P7YVPTY) =Trps <B1%p> =2 .ez(f) 2| 7P = 400 hence p(f) > [£] + 1 by Theo-
rem 4. O

Both results show that the solution to the problem of finding entire functions with pre-
scribed zeros is not unique, the non unicity is due to the critical exponents of zeros which
forces the entire function to have non zero order. So there is an ambiguity relating all possible
solutions of the problem which is of the form of exp(Polynomial) by Hadamard’s factorization
Theorem.

3.2. An infinite dimensional generalization : Fredholm determinants. Now we
would like to consider the problem of finding entire functions with given zeros in the in-
finite dimensional setting. But before that, we need to introduce preliminary definitions to
deal with entire and analytic functions in infinite dimensional spaces.

3.2.1. Recollection on holomorphic functions on Fréchet spaces. In the present paper, we
always work with Fréchet spaces of smooth sections of finite rank vector bundles over some
compact manifold M. First, let us define what we mean by an entire function on a Fréchet
space. For this we start by recalling the definition of finitely analytic (also called Géateau—
holomorphic) functions which is the weakest notion of holomorphicity in co-dimension [19,
p. 54 def 2.2] :

Definition 3.2 (Finitely analytic functions). Let Q open in some Fréchet space E over C.
A function f : E — C is said to be finitely analytic on Q if for all A € Q, every B € E,
z € Cr f(A+ zB) is a holomorphic germ at z = 0.

Beware that finitely analytic maps are not necessarily continuous since any C-linear map
F : E — C which is not even continuous is always finitely analytic. In the present paper,
smooth functions on Fréchet spaces will be understood in the sense of Bastiani [6, Def I11.12]
as popularized by Hamilton [35] in the context of Fréchet spaces and Milnor [66] which means
smooth functions are infinitely differentiable in the sense of Fréchet and all the derivatives
D"F : U x E™ — C are jointly continuous on U x E™. We recall the notions of functional
derivatives since these will play a central role in our approach :

Definition 3.3 (Functional derivatives). Let B — M be some Hermitian vector bundle of
finite rank on some smooth closed compact manifold M. For a smooth function f :V €



RENORMALIZATION OF DETERMINANT LINES IN QFT. 15

C>®(M,B) — f(V) € C where C*°(M, B) is the Fréchet space of smooth sections, the n-th
functional derivatives

“d
GO, S V) = [T GV o taha -t =0 (3.2)
is multilinear continuous in (hi, ..., hy), hence it can be identified by the multilinear Schwartz
kernel Theorem [6, lemm II1.6] with some distribution 6™ f(V) in D'(M™, B¥") s.t
O"f(V),hi®---®hyp) =p, ...0n, f(V) (3.3)

is jointly continuous in (V;hy,. .., h,) € C®°(M, B)"*! [6, Thm IIL.10].

So we may give a definition of analytic functions as follows

Definition 3.4 (Analytic functions on Fréchet spaces). Let Q C E be some open subset in
a Fréchet space E. A function F : Q C E — C is analytic if it is smooth in the Fréchet
sense and for every Vi € Q, the Taylor series of F' converges in some neighborhood of Vi *°
and F coincides with its Taylor series : F(Vo+h) = 7, F‘(/n)(h, ..., h).

This notion of analyticity is the strongest possible and Fréchet analytic functions are
automatically smooth hence C° unlike finitely analytic functions. Our goal in this part is to
recall the proof that finitely analytic maps near A which are locally bounded are analytic
near A.

Definition 3.5 (Local boundedness). A map f is locally bounded near A if there is an open
neighborhood U C E of A and 0 < M < +o00o such that |f|y] < M
The proof is inspired from the thesis of Douady [20, Prop 2 p. 9] and also [19, p. 57-58].

Proposition 3.6. Let E be a Fréchet space and F : E — C finitely analytic on QQ C E. If
F is locally bounded at A, in particular if on a ball B(A,r) = {B s.t. |B — Al < r} for a
continuous norm ||| on E, suppa . |[F| < M < 400, then F' is Fréchet differentiable at A
at any order and can be identified with its Taylor series near a :

F(A+ H) = ZP

where each P, is a contmuous polynomial map homogeneous of degree n, the P, are uniquely
determined by P, (h) = f F(A+ \h)4 /\n w21 and Y || Pu||7™ < 400 for every 0 < 7 < r.

In particular F' smooth in some neighborhood of A.

217r

Proof. This proposition is well-known when B has finite dimension and the expansion F'(a+
h) =3, Pa(h) is given by the formula P, (h) = &= 027T F(a+ €eh)e™™0df where |h| < r and
then we keep this formula in the infinite dimensional case. The integral is that of a continuous
function (by finite analyticity) hence is well-defined. If F' is bounded by M on a ball of radius
r > 0 for the continuous norm ||.|| then so is P,. To show that P, is a homogeneous monomial,

we follow Douady’s approach by setting P, (hi, ..., hn) = Ahl ... Ap, P, where Ay, is the

10for the Fréchet topology
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finite difference operator A, P(z) = 1 (P(z 4+ h) — P(z — h)). In the finite dimensional case
P, is multilinear and it is the same in the infinite dimensional case since it only depends on
the restriction of P, to some finite dimensional subspace of E. Hence P, (h) = P,(h, ..., h)
for some symmetric multilinear map P,. From Cauchy’s integral formula, we know that every

P, is bounded by M when ||h| < 7 which implies that |Py(hi, ..., hs)| < S || ... [|7n]
hence P, is continuous. From this it results that the series ) P, has normal convergence
and the proposition is proved. ]

3.2.2. Spectral identities related to Fredholm determinants. We quickly recall some identities
relating the Fredholm determinant dety (I + B) for a trace class operator B : H — H acting
on some separable Hilbert space H and functional traces of powers of B. These identities will
imply that detr is an example of entire function on infinite dimensional space I + trace class
whose zeroes are exactly the non invertible operators. The Fredholm determinant det(I+B)
is defined in [61, equation (3.2) p. 32] as detp(I + 2B) = > 7o, 2*Tr(A*B) where A*B :
A*H +— AFH acting on the fermionic Fock space A¥H is trace class. Using the bound
|A*B|; < % [61, Lemma 3.3 p. 33|, it is immediate that det( 4 zB) is an entire function
in z € C (see also [32, Thm 2.1 p. 26]).

For any compact operator B, we will denote by (Ax(B))y its eigenvalues counted with mul-

tiplicity. By [61, Theorem 3.7], the Fredholm determinant can be identified with a Hadamard
product and is related to the functional traces by the following sequence of identities :

detp (1+2B) = [[ (1 + 2X(B)) = exp (Z (—1)m+1zmTr(Bm)> (3.4)

k m=1

-~

where the term underbraced involving traces is well-defined only when |z|||B|;1 < 1. Note
the important fact that exp (Y pe_; (—1)™ 2™ Tr;2(B™)) which is defined on the disc D =
{Iz]||B]]1 < 1} has analytic continuation as an entire function of z € C and B —
detr (I 4+ B) is an entire function vanishing when I + B is non invertible.

3.3. Gohberg—Krein’s determinants. Set p € N and let A belong to the Schatten ideal
7, C B(H, H). Following [61, chapter 9], we consider the operator

1

3

(=D"

Fyl(A) = (T + A)exp(Y

An)*ﬂ el
1

3
Il

which is trace class by [61, Lemma 9.1 p. 75] since A € Z,,. Then following [61, p. 75], we
define the regularized determinant as det,(/ + zA) = dety (1 + R,(2A)) where detp is the
Fredholm determinant. The quantity det,, is well defined since B = R,,(A) is trace class. We
have the following :

Lemma 3.7 (Gohberg-Krein’s determinants and functional traces). For all A € Z,,, Gohberg—
Krein’s determinant det,(1 + zA) is an entire function in z € C and is related to traces
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Tr(A™) for n = p by the following formulas :

et (_1)n+1zn P~ (—1)"
det,(1+ zA) = —t——Tr(A™) | = 1 A A (A"
ety(1+ zA) = exp (nEP - r(A") |k| (1+ 2A,(A)) exp nE=1 ——Ak(4)
where the infinite product vanishes exactly when z\i(A) = —1 with multiplicity.

The product [ ], [(1 + 2Ak(A)) exp (Zﬁ;ll #)\k(/l)")] reads [ [, Ep—1(—2A;(A)) where
E,_1 is the Weierstrass factor. From the above, we deduce :

Proposition 3.8. Let (M,g) be a closed compact Riemannian manifold of dimension d,
(E, F) a pair of isomorphic Hermitian bundles over M and P : C*° (E) — C* (F') an invert-

ible elliptic operator of degree k. For anyV € C*(Hom(E, F)), the series ), _ a (_IZLHH
k
converges absolutely for || V|| Loo (Hom(E,F)) small enough and

_1\n+1
Visexp | Y. (iTT ((P7V)") | = detiay,, (I +P71V)

d
T'L>E

extends uniquely as an entire function on C*°(Hom(E, F)).

Proof. Introduce some auxiliary bundle isomorphism E +— F which induces an elliptic in-
vertible operator U € WO(M, E, F) : L*(E) — L?(F) and UP~! € U~*(M, E) belongs to the
Schatten ideal Z4), ; hence HUP_1H[4]+1 < +00. The claim then follows from Lemma 3.7
k k
applied to A = P~V € U~*(M, E) which belongs to the Schatten ideal I[Q]+1 and the series
k
converges since the Schatten norm satisfies the estimate :

1P~V ays1 < WU lszem), 2 Vs, 2 IUP )0

which can be made < 1 if ||V|poo(mom(E,F)) < HUP_1||[%}+1HU_1Hl;(lL?(E),L?(F))' O

4. PROOF OF THEOREM 1.

We work under the setting of paragraph 2.0.4 and the zeta determinants are defined
in definitions 2.3 and 2.4. We discuss in great detail the bosonic case for det¢(A + V)
where V € C*°(M, End(E)) and we indicate precisely the differences when we deal with the
fermionic case for det;(A 4 D*A) where A = D*D is a generalized Laplacian, the operator
D : C®(E;) — C®(E_) is a generalized Dirac operator and A € C*°(Hom(E;,E_)).
Both cases consider zeta determinants of a non selfadjoint perturbation of some
generalized Laplacian by some differential operator V' of order 0 in the bosonic
case and V = D*A of order 1 in the fermionic case.

T ((P)')
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4.1. Perturbations with a gap in the spectrum. We need to consider small perturba-
tions A+ V of some generalized Laplacian A s.t. the corresponding heat semigroup e #2+V)
has exponential decay. In the bosonic case, we assume that A is a positive, invertible, sym-
metric generalized Laplacian hence there is § > 0 such that o (A) > 6. Therefore there exists
some open neighborhood U C C*°(End(E)) of 0 such that for all small perturbations V' € U,
A +V is invertible and o (A +V) C {Re(z) > $}. Indeed if IV oo (Bnace)) < ¢ and for
Re(z) < % — &,

(u, (A+V = 2)u) = (u, Au) = (IIV ]| oo (Bnagey) + Re(2)) [[ull72
> (0= VLo (mnamy) — Re(2)) l[ullz > ellul 2
and the same estimate holds true for the adjoint A + V*.

In the fermionic case the discussion is similar. D invertible implies that A = D* D satisfies

o(A) =6 > 0. If [|A]l;e < v and
(A) = | All oo (Hom(E+,B_)) T it i
B( ) B(H™2,L2)

1 1 1
L2,H2 B(H2,H 2)

Re(z) < § — ¢ then :

NS,

Re (u,(A+ D*A— z)u) = Re <A%u, (A% +ATIDAATT — ZA—%) A%u>

1 _1 1
> Vil — a7 prAai) Re(z)5 % ul? |

o ll? ) —
H2 H2) H?2

_1 _1 . Re(z)
> —ul?
where A"1D*AA™1 € UO(M,Ey) is bounded on HY(E,) and |D*|| . 1 1 < +o0o by

B(H2,H™2)
the Calderon—Vaillancourt Theorem. It follows that o (D* (D + A)) C {Re(z) > 3}.

4.2. Analyticity. The results of the present subsection are general enough to apply in both
bosonic and fermionic cases. First, for an analytic family (V,).cc of differential operators
of order 1, let us show the analyticity of the map z —— det; (A +V.). The differential
operator A, = A + V, is elliptic of order 2 whose principal symbol [£ |§(m) is positive definite
for £ # 0 but A, is not necessarily self-adjoint when z € C and depends analytically on z.
Recall we assumed ker (A) = {0}. Set A, = A + V., then the fundamental solution of the
heat operator e~*4= is defined by [30, Lemma 1.5.7 p. 64]. A well - known consequence of
this result is that z ~— Trp2 (AZ%), Re(s) > % [30, Thm 1.12.2] has analytic continuation as
meromorphic function in s without poles at s = 0, it is analytic in z near every zg s.t.
A+ 2V invertible and when s is away from a discrete set of poles, in particular Try2 (A7 ?)

is analytic in z near s = 0.

In particular, the zeta determinant which is defined for invertible A, as z — det¢ (A.) =
exp (%|S:0T7‘ (A7%)) [30, Lemma 1.12.1] is analytic near z = 0. This shows that z
det¢(A + V) is holomorphic for every holomorphic family z — V., € C*(M, End(E)).
Then combining the Hadamard parametrix construction for the heat kernel and Volterra
calculus, we next prove that both V € C*(End(FE)) — det:(A + V) for bosons and A €
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C®(Hom(E4,E_)) — det¢(A + D*A) for fermions are locally bounded near V' = 0 and
A = 0 respectively which implies the Fréchet analyticity near the origin of both maps by
Proposition 3.6.

4.2.1. Local boundedness and Fréchet analyticity for small V. The semigroup e HA+V) ig
well-defined by the resolvent construction [30] or by the construction of [2]. The treatment
of the bosonic and fermionic cases are similar except the perturbation V' has order 0 in
the bosonic case, it is a potential term in C*°(End(EF)) and V = D*A is a differential
operator of order 1 in the fermionic case and we are interested in the dependence in A €

C*(Hom(E4, E_)) in the fermionic case.

Proposition 4.1. For every integer N > d + 1, there exists e, M > 0 such that
|V]cen <€ = |dete(A+ V)| < M in the bosonic case,
|Allgenve1 <& = |dete(A+ D*A)| < M in the fermionic case.

Therefore the maps V +— det¢e (A + V) and A — det¢(A + D*A) are analytic in the Fréchet
sense respectively for V. and A close enough to 0.

Proof. For simplicity we give the proof in the bosonic case, the fermionic situation is al-
most verbatim the same using Lemma 4.2 . By the Hadamard—Schwinger—Fock formula, for
Re(s) > %, we may relate the trace of complex powers T (A™®) to heat traces via the Mellin
transform as follows :
I
Tr (A_s) = / Tr (e_t(A"'V)) 5~ Ldt.
I'(s) Jo

As we recall in Lemma 4.2, the heat kernel has an asymptotic expansion on the diagonal:

(Z tFag (2, 2; V) > + Ry (t,z,x; V)

k=0

—t(A+V) (.%' .%'

(4mt) 3
where each ay(x,z;V) € C*°(End(E;)) is a polynomial homogeneous of degree k on the
(2k — 2)-jets of V and Ry(t,z,2;V) = O(t) for N > ¢ + 1 and depends analytically on
V € C*°(M). The hard part is to control the analyticity of the remainder Ry as a functional
of V which is done in Lemma 4.2. Now recall that we choose V is in some neighborhood U
of V=0st. oc(A+V)C {Re(z) 2> 0},¥V € U. Using the spectral gap property, we
may split the integral f0+oo Tr (e_t(A+V)) t5~Ldt in two parts : f0+°° Tr (Ve_t(A+V)) t57ldt =
fol Tr (e_t(A’LV)) st + f+oo Tr (e_t(A‘W)) t*~1dt. We have the upper bound for t > 1,

e AT (2, 4)] < sup [lemH Ao, |2, e DA 510 1y < 7D sup (e H AV, |2,

zeM zeM

where sup,c,/ |le” A5 |32 is locally bounded in V' as proved in Lemma 4.2. This shows

immediately that the integral f;roo Tr (e="A+V)) ¢5=1dt depends holomorphically on s € C
uniformly in V' € Y. Therefore the heat kernel expansion implies that

+ holomorphic at s =0

—s\ 1 (fzeMak(x :C'V)dv(z:))
A7) = 2 0 (4m)i(s+ k- 9)

0<k<

vl
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where the holomorphic part is uniformly bounded in V € C°°(M) by the bounds from
Lemma 4.2 on the remainder Ry. This implies that log det:(A + V') decomposes as

Z (Juens ak(g,x;Vidv(x)) +/01 </M Rn(t,z. 2 V)dv(x)) tldt+/100 Tr (eft(AqLV)) 1

1<k<N-1k#4 (4m)z(k — 3)

d_m
2

where Ry (t,z,y; V) = O ~272) is bounded when ||V ||coy < M < +o00 for any N > 441,
thus V fol (foy Bn(t,z,2;V)do(z)) t~1dt is locally bounded and V' logdete (A + V) is
Fréchet analytic in V near V' = 0 and its boundedness is controlled by ||[V||cen for all
N>%+1. O

Lemma 4.2. We use the notations from paragraph 2.0.4. Let (M,g) be a Riemannian
manifold of dimension d and p the injectivity radius of (M,g). In the fermionic case V =
D*A and we are interested by the dependence in A. For every N > g+ 1 for m some even
positive integer, the heat kernel satisfies the following identity :

AV . (Z exp (-0 w<d2<x,y>>tkak<x,y;v>) + Ry(t2y.V)
(47Tt )2

where each ag(.,;V) € C®(EX E*) is a polynomial of degree k on the (2k — 2)-jets of V

(resp (2k — 1)-jets of A) in the bosonic (resp fermionic) case, d? is the square Riemannian

distance function, ¥ € C°(Rxo) is a cut—off function satisfying ¥(u) = 1 when u < %

and Y(u) = 0 when u > %. The norm ||Ry(t,.,;V)|lemxnry of the remainder (resp

RN (t, ., s D*A)llom(arxary ) remains bounded when HVH02N (resp ||A||czn+1) is bounded.

In particular, the C™ norm of the heat kernel ||e” 3(A+V) HCm(MXM) 15 locally bounded in
V where the boundedness is controlled by the C*N norm for every N > d“'Tm for m some even
positive integer.

Proof. We use the existence of an approximate heat kernel ky(t,z,y) which is supported
near the diagonal as follows :
d*(z,y)

o OXP <_ at > 2 k

— (A (=, y))ar(z, y; V)t
=0 (4mt)2
where 9 is a cut—off function ¢ = 1 if t < @2 and 1 vanishes when t > ZQ where p is the
injectivity radius of our Riemannian manifold M. We recall the proof that every ax(z,y; V) is

kN(ta xz, y) =

a polynomial functional in finite jets of the perturbation V as in the proof of [2, Lemma 2.49
p. 98]. In fact the a; € C*°(EX E*) solve the following hierarchy of transport equations [56,
p. 102] 1.

r dlog(6)

Vdak—i-(k%-i dar

with ag(x,z) = Idg,, rd% is the radial vector field and every aj smooth when x = y.

Jar = —(A +V)ag_1,k > 1,0 = det(g;;)

Immediately this implies that ag does not depend on V, a; is linear in j°V in the bosonic

Hgee also [2, Thm 2.26 p. 83] where the equations differ since they work with half-densities
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case. In the fermionic case V = D*A, ag does not depend on A, a; is linear in j'A, as is
polynomial of degree 2 in j3A. By induction, aj, k > 2 is a polynomial of degree k on the
(2k — 2)-jets (resp (2k —1)-jets) of V' (resp A) in the bosonic (resp fermionic) case. It follows
that the approximate heat kernel kx (¢, x,y; V') depends polynomially on the (2N — 2)-jets of
V' (resp (2N — 1)-jets of A) of degree N in the bosonic (resp fermionic) case.

By [2, Theorem 2.29 |, kn(t,.,.; V) is an approximation of the identity in the sense that
for every even m € N, set Ky(t)s(x) = fyGM kn(t,z,y; V)s(y)dv(y). Then ||[Kn(t)s —
s|lcm — 0 when t — 0%, There exists Cy,,T > 0 such that V¢ € [0,7], |Kn(t)s]|cm <
Con (14 ||V || c2v—2)" ||s]|¢m in the bosonic case and || Ky (£)s]|cm < Cm (14 ||A]lcen—1)™ ||s]|cm

in the fermionic case.

Following [2, p. 77], set Ry = (4 + A+V)Kx(t) then we know by the proof of [2, Theorem

2.29 | and by construction of ky that ”atht”Cm(MxM) <Cp (1+ ||V||CQN)Nle (N=g—k= 5

the bosonic case and [|0f Rl cm(arxary < Cm (1+ | All anr )V tN=2=k=% in the fermionic
case for some positive even integer m > 2 and some constant C,, which does not depend on
V. Note by construction that R; is a polynomial on the 2N-jets of V' (resp (2N + 1)-jets of

A) of degree N + 1 in the bosonic (resp fermionic) case.

Choose N > ‘”Tm for even m > 2. The definition of the composition x in the Volterra

calculus [33, Def 2.5] reads :

AxB(t,z,y) = /Ot (/ZGM A(t — s,z,2)B(s, z,y)dv(z)) ds.

Using the Volterra calculus, we have the following exact relation between the heat ker-
nel k(t,z,y;V) and the approximate solution ky(t,z,y;V) : k = Y50 ,(=1)*kn x R**.
For every k € N, each term ky * R** is a polynomial in the 2N-jets of V (resp 2N + 1
of A) of degree k(N + 1) + N. Then by [2, Lemma 2.21] we have the following bound
IRt o, lemarxan < CEFL (14 [V ]| g ) VHDEFD 4 DIN=5) =531 (M )R Combin-
ing with the fact that (Kn(t)).ejo,r) is bounded in B (C™ (M), C™(M)) uniformly in ¢ € [0, 7]
for every m € N, we obtain in the bosonic case :

Lt

k-1

K % Rl omnrxary < CnC, (14 [V gan ) N FDEED (V=)= F yiol )k

in the fermionic case :
k—1
1t
k=1

KN * B[l cmarany < CmCE (14 [| Al gan )N DD kN =)= 5] (17)k

and therefore the series defining Ry (t,.,.;V) = Y22 | Ky * R** satisfies :

> . =1
RN (s s V) lemasany <Y G (14 [[V]| an ) VFDEFD k(=3 SEVol(M)
k=1 !
in the bosonic case and
© ~ m tk_l
RN (t, ., D*A)HC’”(MXM) < Z CmCTkn (1+ HA”02N+1)(N+1)(]€+1) tk(Nfg)ff\/Ol(M)k*lik T

k=1
in the fermionic case where both series converge absolutely in their respective norms. ([l
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4.3. Functional derivatives. Inspired by the nice exposition in Chaumard’s thesis [10,
p. 31-32], we calculate the derivatives in z of logdet¢ (A + 2V) near z = 0 and we find
in the bosonic case that for n > %l, the derivatives of order n of logdet:(A 4+ V') equals
(=1)"t(n — ) Trr2 (A7'V)™) where the L*~trace is well-defined, in the fermionic case a

similar result holds true for n > d.

We introduce a method which allows to simultaneously calculate the functional derivatives
of log det; and bound the wave front set of their Schwartz kernels. For any analytic family
(Vi)tern of perturbations, setting Ay = A + V; we know that Tr(A + V;)~* is holomorphic
near s = 0 and depends smoothly on t = (¢1,...,t,) € R", and satisfies the variation
formula [30, d) Thm 1.12.2 p. 108] :

%TT (A;*) = —sTr <ZVA‘S 1) de{l,....n) (4.1)

which is valid away from the poles of the analytic continuation in s of Try2 (At_ s) hence
the above equation holds true near s = 0. The holomorphicity of Tr(A + V;)
the Laurent series expansion Tr(A + V;)™% = 302 ax(V;)s* near s = 0. By definition
log det¢ (A + V) = —%‘SZQTT(A + V;)~* which implies that

d d day (V2)
woTr(A +V, .
Tdtd g ls=oTr(A+ V)™ dt;

—% implies

d
? logdet¢ (A +V;) =

B dakVt o d d v o
- ‘s OZ = ds‘s Odt Tr(A+V,)™* s|5:08T7‘< 'At .

Thus for higher derivatives, using equation (4.1), we immediately deduce that

d d d d d dVi
<. log det¢ (A = s Sy A
diy " diyy e detc AtV 5= (dth G >

d d dVi o4
= FPl_g— ... S A7
=0y T(dtnﬂ t )

where the finite part F'P of a meromorphic germ at s = 0 is defined to be the constant term
in the Laurent series expansion about s = 0.

So specializing the above identity to the family ¢ € R™ — V + V] + -+ 4+ 11 Vip1 we
find a preliminary formula for the functional derivatives of log det; for bosons :

Sv; ... 0v.,,, logdet(A + V) = FP|—oTr (5V1 v (A vy vn+1) , (4.2)

and for fermions

Sa,...04

log det (A + D*Ag) = FP|,—Tr (5,41 .04, (A+ D" Ag) ™! D*An+1> .

n+1

At this level of generality the formulas in both bosonic and fermionic cases are very similar
just replacing V' by D*A gives the fermionic formulas. To calculate more explicitely the
functional derivatives on the r.h.s of equation 4.2, we shall study in more details the analytic
map V +— (A + V)~*~! in both bosonic and fermionic situations.
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4.3.1. From the heat operator e “A+V) to (A + V)51 as analytic functions of V. Assume
A is a generalized Laplacian, not necessarily symmetric, s.t. o (A) C {Re(z) > ¢ > 0}.
By Duhamel formula, the heat operator e HATY)
Volterra series :

can be expressed in terms of e *2 as the

[e.9]

o HATY) Z(_1)k/ e~ Ay et (4.3)
k=0 2k

where the series converges absolutely in B (LQ, LQ) since in the bosonic case, we have the
bound i i
NV 52,12
H e_(t_tk)AV. N Ve_tlA”B(L2,L2) < e—té B‘( ,L?)

tAy k!

In the fermionic case, the convergence is slightly more subtle. We start from the bound

Lemma 4.3. Assume that A = D* (D + Ag) € A is a generalized Laplacian s.t. o (A) C
{Re(z) = 6 > 0}. For any differential operator P of order 1,

le™ "2 P||gp2.12) < Ct 3¢~ 3. (4.4)

Proof. Assume that A = D* (D + Ap) € A is a generalized Laplacian s.t. o (A) C {Re(z) >
d > 0} hence A is not necessarily self-adjoint. As recalled in Lemma 4.2, the asymptotic ex-
tA §1 ap(ay) hd v g

(m,y) =270 Wt 2e” . YPp(di(z,y)) +

R(t,z,y) where || R(t, z,y)|lcr (mx vy = O(t_%). From the observation that He*tAPHB(Lz’Lz) =

pansion of the heat kernel has the form e~

| P*e~ 27| B(r2,12) Where A is also a generalized Laplacian satisfying the same assumptions
as A, it is the same to study e P and Pe *2 for P a first order differential operator.
Note that the kernel of Pe~*® is obtained by differentiating the heat kernel. In the calcu-

d?(z.y)

. -~ _yl 2@y _1 _d%(@y)
lation, we encounter terms of the form 0 e” 4 = 0O %—ty'e 4t > =0t 2e 4 )

using d?(z,y) = gu(z" — y") (2" — y”) + O (lz — y|*) by [14, Lemma 5.2 p. 23]. Hence
Pe % (z,y) = K(t,z,y) has the form

dt

2

K(t,z,y)=t"% A(t,z,y) +t 2 B(t,z,y)
d?(zyy

where sup;cjo 1] [| B(t, -, ) lcoarxary < 400 and [A(t, z,y)| < P(t)e %2 where P is polyno-
mial in ¢. Then the key idea is to note that we can localize the study of K on the diagonal.
If we let x € C°(M x M),0 < x < 1 to be any cut—off function which equals 1 near the
diagonal da C M x M then by the fast decay off-diagonal || K (t,.,.)(1—=x)llcoarxary = O(>)
hence
e B > [ Kltn)( = pl)du(y) € L(E)
S

is bounded uniformly in ¢ € [0,1]. In local coordinates near (p,p) € U x U C M x M, let
P € CP(U x U,Rxp) be a cut—off function where supp (¢0) C {|lz —y| < e,y € U}. By

choosing U small enough near p and by the above discussion, we know that |K (¢, z,y)| <
d+1 _K|ac7y\2

Cit” z e 7+ Mt for all (t,z,y) €[0,1] x U x U for some Cy = sup,c(g 1) P(t), M =
SUP (¢ z,y)ef0,1]x m2) B(t, 2,y) and K = 7 since the Riemannian distance satisfies the following
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lower bound w.r.t. the Euclidean distance a|z —y|? < d?(z,y) for all (z,y) € U x U for some
a > 0 as in the proof of [14, Lemma 5.3]. Note that both :

sup t%/ |K (t,z,9)|(z,y)d%, and sup téf |K(t, 2, y) | (z,y)dY (4.5)
yeR TER? z€R4 yeR

are bounded uniformly in ¢ € [0, 1] since

supté/ t‘%‘[{(tg:,y)h/;(z,y)dd:r
yeU zER?

< sup <M ) (x,y)de +
Rd

Cre K79y (Vi(x — y) + v, y)dd:v) < +00
yelU

zER?
where the r.h.s is bounded uniformly in ¢ € [0, 1]. It follows that for every U C M and ¢ €
CX(UxU,Rs) as above, the inequalities 4.5 imply that the family of operators ¢ € L?(E)
ts Sy Kt ) y)e(y)do(y) € L?(E) is bounded uniformly in ¢ € [0, 1] by Schur’s test [68,
Prop 5.1 p. 573]. Since open subsets of the form U x U cover the diagonal do C M x M, we
may extract a finite subcover U;crU; x U; of do and a partition of unity (v;);e; subordinated
to the subcover. Then the finite sum ¢2 Yicr K(t, ., )¥i(.,.) defines a bounded family of
operators on L?(E) which implies for the moment that sup,cp 1 t2 ||Pe_tA)HB(L2,L2) < Cs.
To conclude use the relation ||e_tA||B(L2,L2 lle~ 3 ||B(L2 2y < < e 29052t for t < 1 and
et B(12,12) < e~ when t > 1 which implies the claim for some constant C' which can be
chosen larger than C3v/2. U

Therefore setting V' = D*A, we find that the series on the r.h.s of identity (4.3) converges
absolutely in B (LQ, LQ) by the bound

tA
i La(/@+1)0ktkl“(%)k+1
= [[Allgr2(e,).026_ )€ 2 r(%3) ’

where C' is the constant of Lemma 4.3 and the r.h.s. is the general term of some convergent

series by the asymptotic behaviour of the Euler I' function 2.

Furthermore using the HadamardfFockachwinger formula, for Re(s) > 0, we find that

(A+V)lv = Z (s+1 / ts/ e tAY Ve 1AV dt for bosons,
k=0 Ak

* —s5—1 % _ = ( 1

(A+D*A)*I1D*A = kZF(H

/ ts/ e~ —t)AD* A D* Ae "2 D* Adt for fermions,
—0 tA

LRewrite [} [t — t| 73 e [t " 2dty ... dty = Jewr - EE— 1w, 2da do measure on the sim-

k+1 Qdo_

plex {u1 + -+ + ug41 = t}. Note that [ Uy

upeFup =t H
thip(Lyk+1 . . . . ..
sz,.) following a beautiful identity due to Dirichlet

2

I k41, —3 —
= @ f{u1+---+uk+1<t} [1i2y w; dui =

4
dt

t 1 to 1
I e UTRAD A D" Ae™ "B | g2 12y < \Aug(Lz(EH,LQ(E))e550’“/ ]t—tk|2.../ It 2dty ..
0 0

.dty,
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where both series converge absolutely in V € B (L*(E), L*(E)) (resp A € B(L*(E4), L*(E-)))
by the above bounds since we have exponential decay in t.

From the above we know that

Lemma 4.4 (Functional derivatives of logdet¢). Following the notations from definitions
(2.4) and (2.3). Let M be a smooth, closed, compact Riemannian manifold of dimension
d, and A (resp A = D*D) some generalized Laplacian acting on E (resp E.) s.t. 0 (A) C
{Re(z) = § > 0} for bosons (resp fermions). The functional derivatives of logdets satisfy
the following identities. For bosons, for every (Vi,...,Vir1) € L®(M, End(E))F1,

k!

(s+1)

1 1 k k+1
v, -« Oy, log dete (A +V)|y—o = FP|S:OF(7) /[ » O ue) Tr (e7" 1 2Vy . em " AViga) [ due.
0,00) 1

For fermions, for every (Ai,..., Aky1) € L°(M,Hom(Ey,E_))

k+1

k! (s+1)

k+1

1 —1)k
04, .04, ., logdets(A+ D*A)|s—o = FP|3:0F(7) /[ k+1( E ue)*Tr (e_"’““AD*Al . e_“lAD*AkJrl) | I due.
0,00) 1

e=1

We want to determine more explicitely the above functional derivatives. Our next task is
to make sense and bound integrals of the form

k+1 k+1

Tr(/ (Z Ue) e W HAY L eT WAy, H due) =1(s,Vi,...,Vikyi1)
[0,00)F 41 5 e=1

for s near 0.

As in [14], the strategy relies on methods from quantum field theory : using the symmetries
of the integrand by permutation of variables, we integrate on a simplex {ug41 > -+ > u3 > 0}
called Hepp’s sector :

kt1 k+1
/ (Z Ue) e WAy | emhAY H due
[0,00)+1 e=1 e=1

- (k+ 1)'/{ . 0}(U1 +---—I—ukﬂ)se_“’““AV...e_ulAVdul...duk+1
Up 122U 2

We will show that the only divergence is in the variable ug41. In the next definition, we cut
the integral in two parts, ug+1 > 1 and ug; < 1.

Definition 4.5 (Decomposition). Under the assumptions of Lemma /.. We set

k+1 k+1
I(s,Vi,...,Vig1) = / O ue)*Tr (e 2Vi. e Vi) [ ] due (4.6)
[0,00)k 41 e=1

that we shall decompose in two pieces

I(s; Vi, ..., Viky1) = S(s5Va, oo o, Vier1) + R(s; VA, oo, Vierr) (4.7)
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where
k+1 k+1
R(s;Vi, ..., Vig1) = (k+1)! / O ue)*Tr (e 2V .. e A Viya) [ ] due,
{412 2u120,up 121} e=1 e=1
(4.8)
and
k41 k+1
S(s; Vi, V1) = (k:+1)!/ (Z ue)*Tr (e*“k“AVl .. efulAVkH) H due. (4.9)

{12up412-2u120} e=1

We use the above decomposition for both bosons and fermions where (V; = D*A4;, A; €
C>(Hom(E, E_)))¥ ! for fermions. The function S (resp R) is the singular (resp regular)
part of I. We will later deal with the singular part S using the heat calculus of Melrose [45,
Chapter 7] [33, 12]. We shall first show that the regular part R has analytic continuation as
holomorphic function in s on the whole complex plane.

Lemma 4.6. Following the notations from definitions (2.4) and (2.3). Let M be a smooth,
closed, compact Riemannian manifold of dimension d, and A (resp A = D*D) some gen-
eralized Laplacian acting on E (resp E1) s.t. o(A) C {Re(z) = 0 > 0} for bosons (resp

fermions). For every (Vi,...,Viy1) € C®(End(E))*" in the bosonic case and for ev-
ery (A1,...,Ag41) € C°(Hom(E4,E_)) where Vi = D*Ay,...,Vky1 = D*Apyq in the
fermionic case, the regular part R(s;Vi,...,Viy1) has analytic continuation as a holomor-

phic function of s € C.

Proof. For p > d and B € B(L? HP), B is trace class and satisfies the simple bound
|Trr2(B)| < C||Blg(z2,mv) [21, Prop B 20]. Hence in the bosonic case,

k1
_ _ _1 _ _1
Trrs (e7 18V e A V) | < lle 28 | gpe,pm e 2)A||B(L27L2)H||ViHB(L2,L2)
-1
) ) k+1
< e 2 lem 28 g ) [T IVillsee, 2
=1

the integrand has exponential decay which ensures the holomorphicity.

In the fermionic case where (V; = D*A;, A; € C®(Hom(E4, E_)))* ], the bound reads :

|Trp2 (e*"’““AVl . .efulAVkH) \

k k+1
1 — — A —u; A
< e 2% sz o lle™ 722D |52 o) [ [ le™ 2 D¥llnre.r2) [ ] IAillsere.z2)
=1 =1
1 Uk4+1 1 k 7lk+1
< V20T lem 2R gz peye T T T 2 I 14ills ez ey
=1 =1

where C' is the constant from Lemma 4.3, ||e_%A||B(L27Hp) < 400 since the heat kernel is
smoothing and the r.h.s has exponential decay in ugy; which ensures holomorphicity. O

It remains to deal with the term S(s; Vi,..., Viky1) involving the integral for uzy;1 € [0, 1].
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4.3.2. The tadpole case when k+1 = 1. In this simple case, for the bosonic case, we directly

use the diagonal asymptotic expansion of the heat kernel [30, Lemma 1.8.2] e7**(z,z) ~

d
P 7‘1’“(90 2) which yields FP|s— OTGTT) s+1 f+oo wTr (e7"AV) du=Tr (e 2A71V)

=0 48

1 (f a ($,$)V(ac)dv) I’(1
+ Jo dt [y rnea(t, @, @)V )dv—i—zk 091 (4Ajr)§(s+1+k—g) =Y (fM ag_l(as :c)V(a:)dv).

This means that F'P|s—o 51y s+1 [ wTr (e7"AV) du = [, (¢, V) dv where £ € C™ (End(E))
and dv € \Awp |M. A similar result holds true in the fermionic case where we find that
FPls—orqrm s+1) [ wTr (e7"AD*A) du = [,; (¢, A)dv where ¢ € C®(Hom(E_, E)) and
dv € |AP|M.

4.3.3. Whenk+1 > % in the bosonic case and k+ 1 > d in the fermionic case. We use the
formalism of the heat calculus of Melrose as exposed in the work of Grieser [33] (see also [67,
p. 62] for related construction) whose notations are adopted. We start from the fact that in

local coordinates, e 2 (z,y) =t~ 2A( \[ Y ) where A € O <[O,oo)1 xR*x U, EX E*>
2

since the heat kernel is an element in ¥ Y(M, E) [33, definition 2.1 p. 6]. Then we note

that for k+1 > %, the k + 1-fold composition K x ---x K belongs to \Illffk_1 (M, E) by the

composition Theorem in the heat calculus [33, Proposition 2.6 p. 8 | and hence this means
for every p € M, there are local coordinates U 3 p s.t. :

o) bz, y) = k) Jop BT ?/’
(t,2,y) (t, ﬁ 0)
where A € C® ([0, 00) 1 X R x U, EX E*) by definition of the elements in the heat calculus
U3, (M, E). Therefore by definition of x, we find :

1 1
S(s; Vi, oo, Vi) = / ts/ Tr (e_(t_tk)AV. . Ve_tlAV) dt = / t° (/ (K*kH) (t,x,m)dv) dt
0 tAg 0 M

d+2

where fol ¢ (K1) (¢, 2, 2)dt = f t5=% T+ A(¢,0,2)dt in local coordinates on M and
the r.h.s is Riemann integrable in ¢ near s = 0. Hence by Fubini, the term S is holomorphic

near s = ( and given by absolutely convergent integrals.

In the fermionic case, we start from the fact that in local coordinates, e **(z,y) =

t~ 2A(t m\[ ,y) where A € C® ([O, oo)% xRIx U, B, X Ei) From the observation that

=S A ETY N R A r—y -4 i rT—y
Dt 8w T y) = =) (Do d) (7 ) + 18 (DpA) (17 ),

_1
we deduce that K = e "AD*A ¢ U, *(M,E,). Then for k41 > d, by composition in the
heat calculus, we find that :

1
S(s;D*Ay,...,D*Apy1) = /t/ Tr e_(t_tk)AD*A...e_tlAD*A) dt
Ay

_ /01 s (/M (K*’““) (t,x,x)dv) dt
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k4l ~

where fol 5 (KR (¢, 2, 2)dt = fol ts_%‘FTA(t, 0,x)dt in local coordinates and the r.h.s
is Riemann integrable in ¢ near s = (0. Hence by Fubini, the term S is holomorphic near
s = 0 and given by absolutely convergent integrals.
In both cases, we find that limg_,o I (s;Vi,..., Viy1) = f[o soyh1 Tr (e*“kHAVl .. .efulAVkH) H];’:ll due
where the right hand side is absolutely convergent.

4.3.4. Functional derivatives with disjoint supports. Assume (Vi,...,Viy1) are such that

supp (V1) N -+~ Nsupp (Vk41) = 0. Observe that the function p; : £ € R — et qe-

fines a family (p;)icfo,+o00) Of symbols in SP(R) such that p = 1 in SV, (R) where
K *) b

p € 87y (R) iff yﬁgp(f)] < C; (1+ €))7 [69, Lemm 1.2 p. 295]. By a result of Strichartz [69,
Thm 1.3 p. 296], ps(VA) = 74 — Id in U9 (M, E) which implies that the family
t—0 ’

(e‘tAVz‘)te[o,l] defines a bounded family of pseudodifferential operators in \Il(l)’O(M E)

whose wave front set is uniformly controlled in Ts*upp(vi )

pair of cut—off functions (x1,x2) € C°(M)?, the family (Xge*tAVin)

M in the sense that for every

te[0,+00) is bounded
in U=°(M, E) '3 if supp(V;) N supp(x1) N supp(x2) = 0, otherwise (X2€_mViX1)te[o,+oo)
is bounded in \II%O(M, E). This implies that the family e~ ¢~%AV, | .. Vhe 112V, for
{0 <t; < ...t <t <1} is bounded in W~°°(M, E) by the condition on the support of

(Vo). Finally, fo Tr (e” WAV, . Vae™12V)) = O(1) and
lim I(s,Vi,oo s Vigp1) = Trpe (A™'WA LA W)

where the L2-trace on the r.h.s is well-defined since A=V ... A7V, € U= (M, E).
Hence, for every (k+1)-uple of open subsets (Ut, ..., Upy1) s.t. UN---NUsy1 = 0, the multi-
linear map (Vi,..., Viy1) € C2(Us, End(E))x- - X C2(Ups1, End(E)) — lim, o {Eepist) —
Tr (A*1V1 e A*1Vk+1) is multilinear continuous and
$;Vi, oo, Vier1)

I(s+1)

(Vi Vis1) € C(Bnd () s FP|yg ™
coincides with the functional derivative (—71!)’%’5‘/1 ... 0y, logdet¢(A+V) of the analytic func-
tion log det; on C*°(End(E)). Observe that M**1\ dj; is covered by open subsets of the
form Uy x - - - x Ug4q s.t. Uin-- ‘NUgs+1 = 0. By the multilinear Schwartz kernel 3.3, the above
multilinear map is represented by a distribution Rtj;1 € D' (M*+, End(E)®*+1) which co-
incides with the product t;, 1 = G(x1,72)...G (zpy1,21) € D' (M*1\ dyy 1, End(E)Xk+1)
since Tr (A4 ... A7 Wiy) = (tigr, ViR -+ R Vi) for supp(Vi) N - -+ Nsupp(Vi1) = 0
and (.,.) is a distributional pairing. In the fermionic case, the discussion is almost identical.

From the above observation, we deduce the following claim which holds true in both
bosonic and fermionic settings which summarizes all above results :

Proposition 4.7. Following the notations from definitions (2.4) and (2.3). Let M be a
smooth, closed, compact Riemannian manifold of dimension d, and A (resp A = D*D) some

131t means the corresponding family of Schwartz kernels are bounded in C*° (M x M, EX E™) for the usual
Fréchet topology
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generalized Laplacian acting on E (resp Ey) s.t. o (A) C {Re(z) = d > 0} for bosons (resp
fermions).

In the bosonic case, for every invertible A +V € A = A+ C*®(End(E)), for every
(Vi,...,V,) € C®(BEnd(E))", ifn > % or supp (Vi) N -+ N supp (V) = 0 then :
Sv, - Oy, log det (A + V) = (=1)" L (n—1)!Tr 2 <(A TV V(A V)T Vn> . (4.10)
For general (Vi,...,V,) € C®(End(E))" :
(=)~
n — 1!

where Rt, is a distributional extension of t, = G(z1,22)...G (zp,21) € D'(M"™\
dp, End(E)®") where G € D'(M x M, EX E*) is the Schwartz kernel of (A + V)™ .

In the fermionic case, for every invertible D + A : C®°(Ey) — C(E-), for every
(A1,...,Ap) € C®°(Hom(E4+, E_))", if n > d or supp (A1) N--- N supp (A,) = 0 then :

04, -..0a,logdete (A+D*A) = (—1)" (n—D)Trpe (D+A)A1...(D+A)4,).

(5\/1 - 6Vn log detc (A + V) = <Rtn, VK- KX Vn> (4.11)

(4.12)
For general (A1, ..., A,) € C®°(Hom(E4+,E_))"
_1\n—1
(1)1'5A1 ... 84, log dete (A + D*A) = (Rt,, Ay K- K A,) (4.13)
n—1!

where Rty is a distributional extension of t, = G(x1,x2)...G (zp,x1) € D'(M"\
dp, Hom(E_, E{)®") where G € D'(M x M, E, X E*) is the Schwartz kernel of (D + A)~".

Proof. In the bosonic case, we proved the claim for all A +V s.t. 0 (A+V) C {Re(z) >
d > 0} since we need the exponential decay of the heat semi-group e UAY) to make the
regular part R from definition 4.5 convergent. However, by analyticity of both sides of the
identity dv, ... oy, log dete (A + V) = (—=1)"L(n— 1)ITr 2 <(A V)YV (A V) Vn>
in Ve C®(M, End(FE)), the claim holds true everywhere on C*°(M, End(E)) by analytic
continuation using the fact that the subset of invertible elements in A is connected '*. The
discussion is identical for the fermionic case. 0

4.3.5. Traces and integrals on configuration space. In the bosonic case, for (uj,...,ugp41) €
(0,1]%+1, we reformulate the trace term Tr (e “*AVj...e "2V, ,1) as an integral over
configuration space

/ . <e*“1A(:v1, x9). .. e*"’““A(ka, x1), X(T1, ..., :z:k+1)> dvgiq
M

where dugy; € |A?P|M*F1 the product e ™2 (21, z3) ... e “+12 (2,1, 1) on the Lh.s is an
element in O (M1, End(E*)¥+1), x = VK- -RV € C®°(M**! End(E)®*+1) is the test
object and the (.,.) denotes the natural fiberwise pairing between elements of End(E)%F+!

14 A 4+ V invertible iff I + A~V invertible which is true for V in a small neighborhood of V' = 0. Then
consider complex rays z € C + I 4+ zA™'V which are non invertible at isolated values of z since A™'V
compact
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and End(E*)¥F*1. Starting from now on in the bosonic case, the test function part x will
be chosen arbitrarily in C(M*+1 End(E)2*+1),

In the fermionic case, we will consider the operator e *AD* : C®(E_) — C>®(E,)
which has smoothing kernel when ¢ > 0 (since ¥~ is an ideal) hence the trace term
Tr (e‘“lAD*Al ces e‘“kHAD*AkH) is reformulated as the integral over configuration space :

/ . <e_“1AD*(:B1, x9)...e W HAD* (g, @), x(21, ... ,:Ek+1)> dvk1 (4.14)
M

where dvgy1 € |[AP|M**1 the product e 12 D*(zy, x3) ... e "+12 D*(xy 1, 1) on the Lh.s

is an element in C°(M**' Hom(E_, E,)®*1), x = AR ..KA € C®° (M, Hom(E,, E_)¥F+1)
and (.,.) denotes the natural fiberwise pairing between elements of Hom(E,, E_)*+!
Hom(E_, B, )®k+1,

In what follows, we will localize the study in some open subset of the form U**! near
an element of the form (z,...,z) € dyyq1 C MF+Y where U € M,z € U is an open
chart that we choose to identify with some bounded open subset U of R? making some
abuse of notations. Recall that a consequence of the heat calculus is that in local coor-

dinates e ' (z,y) = t_%fl(t, %,y),fl e C*>(|o, +oo)% x R? x U, E X E*) for bosons and

e AD*(x,y) = t*%fl(t, x—\;zy, y), A € C> (0, —i—oo)% xR? x U, E, K E*) for fermions. From

this observation on the asymptotics of the kernel e *2D* the proofs in both bosonic and
fermionic cases are uniform. The only changes occur in the numerology since there is a loss

and

of t=3 in powers of ¢ in the expansion of e~ tA D*.

Definition 4.8. We define for (u,x) = ((ue)"], (z:)]) € (0, 1]F+1 x Uk+1

It Tie) — Lj(e
J(UwT;X) :< H A(uea()\/sz()7xj(e))7X>

1<e<k+1
where i(e) = e,j(e) =e+1 whene € {1,...,k} andi(k+1) =k+1,j(k+1) =1, the bracket
(.,.) denotes the appropriate fiberwise pairing defined above, J(.,.,x) € C* ((O, 1]k x UkH)
and J depends linearly on x.

Then we can express S from definition 4.5 in terms of J :

k+1

S(s;x) = /A (D ue) (/Mk+1 J(u, x; x)> Ay =ViR- R’ V.

k+1 e=1

We will next prove that S is a distribution valued in meromorphic functions of the variable
s [14, def 3.5 p. 11] based on the methods of [14] using blow—ups.

4.3.6. Resolving products of heat kernels. The problem in the definition of S is that the

product [[;c.cpi1 A(u,, WL\/;(G), Tj(e)) is not smooth on Ay, x Uk+1. We choose the test

object x supported in UF*t! ¢ M**1. We integrate w.r.t the Riemannian volume dv = pd®x
with smooth density p w.r.t. the Lebesgue measure d%z hence without loss of generality, we
choose to absorb p in the test object x.
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Definition 4.9 (Blow—up). Consider the following change of variables :

k+1
Bz, ha, o hiyty, o tepr) — (21 =, xz—SH-Z ) hy) i ( Ht2 )

U x RF 0,1 — UM x Ay

[14, def 5.3] which resolves the singular product in J. We use the short notation (x,h,t) =
(z, (hiy... hg), (t1, - tkr1)) € U X Rkd % [0, 1]k+1.

Replacing in the integral expression of .S yields,

S(six) = / (- te)? + -+ 1B I (2 by x)t -t 25T dM  ed e d e,
[0,1]k+1 x U xRdk

where the factor tz’_ﬁl comes from £* (dk“u) = oktly, .til_ﬁldkﬂt One of the key results

from [14, Thm 5.2] is that for every e € {1, ..., k}, the pull-back g* (%‘T“e)) by the blow—

down map 3 hence 3*J is a smooth function on the resolved space U x R%. In the bosonic
y _d+l
(resp fermionic) case, the change of variables in [* <Hk+11 Ue ) (resp B* <H’e€i1l Ue 2 ))

4 (resp [Ticicpir(ti- - - te1)™41) and the
Jacobian of the variable change yields a factor (t1 ... trp1)? ... (titpr1)? from which we can
extract the power of {51 to be equal to tk 1 (resp t;. ket d k= 1) Replacing in the integral formula
yields the following identity [14, Proposition 5.2,

brings a factor of the form [, cppq(fr- try1)

S(s;x) :/ (1. tp)2 + -+ 1)5P(ty, ..., 1) (4.15)
[0,1]k+1

X ( / A(t,z, h; X)ddxdkdh> tost2R Aty dty
RA(k+1)

where P is a polynomial function whose explicit expression is irrelevant and A(.;x) =
B*J(.;x) € C®([0,1]F1 x U x R%¥), for fermions we get tij_ﬁk*d in factor under the inte-
gral. Asin [14, Lemma 5.4], A depends linearly on y by the explicit formula 7* (¢, z, h) =
X(z, z + Z;;ll( tep1) )L We find

Lemma 4.10. Under the previous notations, in both bosonic and fermionic case, the quantity

In the following paragraph, we shall prove that both x — S(s;x) and x — I(s;x) are
distributions valued in meromorphic germs at s = 0.

4.3.7. The bad case when 1 < k < % (resp 1 < k: d) for bosons (resp fermions) case and

integration by parts. In the bosonic case, if k < ¢, the factor ¢ k(s+k)+1 d appearing in factor of
A is potentially divergent since near s = 0 the exponent 2(s+k)+1—d > 2k+1—d is no longer

necessary > —1. Then as usual in Riesz regularization, we need to Taylor expand A w.r.t the
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variable ;41 up to order p in such a way that (p+1)+2k+1—d > -1 = p+1 > d—2(k+1).
This yields

/[Ol}kJrl((tl”'tk)2+”'+1)Sp(t1,,,_’tk)

( /R i) A(t, x, h; x)ddxdkdh> ORIy gy

sup(d—2 k+1

X

fRd(k-H) tk+1A(t7 €T, h‘? X) |tk+1=0dd:€dkdh

_ / Ve 1Pt 1) dt ..
0.1

pO st+k+p+1—4

+ holomorphic at s =0

where the holomorphic part depends linearly on the (d — 3)-jet of x.

This implies that in the general case F'P|s—o oy SH)I(S, X) depends linearly on the (d — 3)-
jets of x and when supp(x) does not meet the deepest diagonal dj,; C M**! we already

know that F'Pls—oprmy s+1)I(S, X) = [y <Hk+1 Gy a:j(e)),x> [T54) dv(a;). Altogether,

this proves that (k71!)5k+1 log det¢(A) is a distributional extension of G(x1,22) ... G(2p41,21)
of order at most (d—3). The fermionic case is similar only the numerology differs we need

to expand coefficients of x at order p in ¢ so that p+1 > d—2 therefore F P|s— N +1) I(s,x)
depends linearly on (d — 1)-jets of the coefficients of .

4.3.8. Bounds on the Fourier transform of the singular term S. In this part the bosonic and
fermionic cases are similar and therefore we restrict to the former case for simplicity. Using
the above notations, we should study S(s;x) where the test function part x is of the form
X = ¥(x1)e®18 | ah(xp ) ®RH18+1 where 1) has small support in the coordinate chart U of
M and for large (&1,...,&k+1) in some closed conic set V. After the change of variables of
definition 4.9, the exponential factor becomes

k+1e—1

oxp | im(€ 4+ &hpr) 1YY (L trpa)hyée

e=2 j=1

k
—exp | iw(€ 4+ &) +iY (b)Y &)
Jj=1 Jj+1<e<k+1
k+1
and the term A(t,z, h; x) = A(t, z, h; " 1)e (i 2550 &5+ 2e2s S5m0 (- ties)hs€e) o4 the inter-
esting term in factor of S that we should integrate by parts w.r.t. t;41 reads

léfk_,'_l / (ch;“Jrll £j+i Z§+ Z; i(t wtig1)hy SE)A(t,x, h, w&k+1)ddl’dkdh‘
d(k+1)

k+1 k+1 k+1 k+1

< 1+KZ|§6 )P sup sup [0/A Zfe, oo thy1) Z s ™| < 1+’Zfe

1<j<p telo, 1]k+1 el
uniformly in ¢ € [0,1]*1 for all N by smoothness of A and its derivatives & A in the

x variable. Assume that (£,...,&+1) belongs to some cone V' which does not meet the

. dty
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hyperplane {ZkH & = 0} then there exists a constant C' such that for every (£1,...,&k4+1) €
V' satisfying Zkﬂ &2 > R : |Zfi11 il = ( Zkﬂ |£Z|). Therefore we obtain the
estimate :

k+1
‘afk_‘—l / (21‘ Z§+11 §J+ZZ/€+1 (tj...tk+1)hj§e)A(t z, h: w@k’-ﬁ-l)ddxdk‘dh’ CN€ (1 + Z ’ge’)—N
RA(k+1) —

uniformly in ¢ € [0, 1]**!. Finally, this means that for any (z,...,z;&1, ..., &y1) € WF (FP|s=0S(s,.)),
we must have & + - -+ + €1 = 0 which implies the wave front set bound

(WF (FP’S:()S@, )) N T(;k+1Mk+1) c N* (dk+1 C Mk:-i-l)

over the diagonal d1. In the next paragraph, we will use these bounds on the Fourier trans-
form of S to estimate the wave front set of the Schwartz kernel of the functional derivatives
over the diagonal.

4.3.9. Wawve front bounds. The next step is to use the above methods to bound the wave
front set of the Schwartz kernels of the functional derivatives. An important application of
the blow—up techniques is to estimate the wave front set of the extensions Rt, € D'(M")
over the deep diagonal d,, C M"™ which is proved to be contained in the conormal bundle
N*(d, C M™).

Proposition 4.11. Following the notations from definitions (2.4) and (2.3). Let M be a
smooth, closed, compact Riemannian manifold of dimension d, E — M some Hermitian
bundle over M.
For every invertible generalized Laplacian A +V € A = A+ C*°(End(E)) acting on E
s.t. U(A) C {Re(z) = 6 > 0}, set G € D'(M x M,E X E*) to be the Schwartz kernel of
(A + V)f . The Schwartz kernel of the functional derivative of logdet; defined as Rt, =
(( Dl o Lgn log det¢(A+V) is a distributional extension of the product tn, = [[.c gy G(Ti(e), Tj(e)) €
D'(M™\ dy,, End(E*)*") and satisfies the wave front bound

(WF (Rtn)NTg M™) C N*(dn, € M"™). (4.16)

Proof. We need to show that the distribution Rt,, defined as %% ls=00v; ..oy, Tr ((A + V)_S) =
(Rtn, V1 X --- X V,) satisfies the wave front bound W F(Rt,)NT; M™ C N* (d,, C M™). We

start from the expression

1 n
_— up + e Fuy)’ e" WA et g due.
F(S + 1) /[0,00)"( ! n) Mn < >€gl c

We work on a local chart U*t! where we choose the test section y to be equal to xy =
P(x1)e 18 ah(my,)enén where 1) € C°(U) is supported on some chart U. There is a
competition between :

(1) integration of heat kernels on [1,+00) which yields smoothing operators in the sense

the family (e*“A(a:,y))ue[l too) 18 bounded in C®(M x M,E X E*) since e %A =
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e—%Aef(uf%)A
~—
bounded L
by spectral assumption and both factors e” 12
operators in (z,y) variable,

(2) integration on [0, 1] which yields singular distributions whose wave front set is conor-

e~ 12 where the term in the middle is uniformly bounded in B(L?, L?)

on the left and right are smoothing

mal in the sense that the family (e‘“A(:c, y))u €(0.1] is a bounded family of distribu-
N (da CMQ)(M x M,E X E*) '° which is the space of distributions whose

wave front set is contained in the conormal bundle N* (dg cM 2).

tions in D

Introduce a first decomposition where we sum over permutations S, of {1,...,n} in the
second sum :

/ (ug + -+ un)s/ G H du,

[0 OO)” n

Z Z / (ul + Un)s / <€_UU(I)A L. e_ua(n)A’ X> H due
" e=1

— .(J'GS 01] >< +OO n k

Without loss of generality, we only treat the terms corresponding to the identity permutation
of S,. When k < n, using the hypocontinuity of the product of distributions whose wave
front set is fixed [13, Thm 6.1 p. 219] and the fact that the family e™% (x;, ;4 1), viewed
as distribution on M", is bounded in DN*(d{”H}CMﬂ)(M”) where N* (dg; 41y C M™) is
the conormal of the diagonal dy;; 1) = {z; = 241} € M™, we note that the distributional
“mA ‘eiwA)(ul,...,uk)e[O,l]k is bounded in Df.(M™) for T' = |J; N* (df € M) C
T*M™, where the union runs over the sets I = {i,...,75}, where {i,...,7} contains the

arithmetic progression from i to j, for 1 < ¢ < j < k. Then it follows immediately that for
k <mn,

product (e

WF / (ug + -+ un)S/ (7 e ) [ due | NT5, M™ € N* (d, € M™).
[0,1]% X [1,+o0)n—k n

e=1

For the term where k = n, the result follows simply from the bounds on the Fourier
transform of the singular term (W F(FP|s=0S(s,.)) NT; M") C N*(d, C M™) from para-
graph 4.3.8. O

4.4. Factorization formula relating det; and Gohberg—Krein’s determinants det,,.

We give the proof for bosons and write the factorization formula for fermions for simplic-

ity since the discussion is almost similar in both cases. Lemma 3.7 implies that for z small
WTTLQ ((A*IV)H) converges and equals log det,, (Id + zAflV)
for p = [g] + 1 where det,, is Gohberg-Krein’s determinant whose properties are recalled in
Lemma 3.7 of subsection 3.3. In particular, det, (Id + A~V is analyticin V € C*(End(E))
and vanishes iff A +V is non invertible and z > det,, (I d+ zA_1V) is an entire function.

enough, the series ) di

15in the sense of the seminorms in [13, p. 204]
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It follows from Proposition 4.7 that functional derivatives of logdet,(I + A~'V) and
log det¢(A + V) coincide when k& > ¢ (resp k > d) in the bosonic (resp fermionic) case.
Hence for bosons and for z small enough, we have the identity

log det¢ (A + 2V) = P(2V) + log det,(Id + zA™'V)
where both sides are holomorphic germs and P(zV) is a polynomial in z of degree [g]
Therefore for every fixed V, z — det¢:(A + 2V') extends uniquely as an entire function with
same divisor as det,(Id + zA~'V). Since V + det¢(A + V) is locally bounded near V = 0

by analyticity of V' +— det¢(A + V'), Proposition 3.6 implies that
log det; (A + V) = P(V) + logdet,(Id + A™'V) (4.17)

for V close enough to 0 where P is a continuous polynomial function of V. Equa-
tion (4.17) together with the fact that H +— det,(/ + H) is an entire function on the
Schatten ideal 7, vanishing exactly over noninvertible I + H, proves that V' — det¢(A +
V) =el (V)detp(I d + A~'V) extends uniquely as a complex analytic function on A vanish-
ing exactly over non invertible elements. Then by Proposition 4.7, the functional deriva-

(_nl_)’i?l 0" logdet: (A + V)|y—o are distributional extensions of the distributions

tn = G(z1,22)...G(zp,21). It follows that P(V) = >, 4 (712:“ (Rty, VE") where
)

WF (R (tn)) satisfies the bound WF (R (t,,)) N"'Tj M™ C N*(d,, C M™) by Proposition 4.11.

This concludes the proof that det; admits the representation 2.17. The proof for fermions is

similar and yields the factorization formula det; (A 4+ D*A) = exp (P(A)) det, (I + A™'D*A)

for p=d+ 1 and P a continuous polynomial of degree d on C*°(Hom(E,, E_)).

tives

5. PROOF OF THEOREM 2.

As above, we give the proof for bosons since the fermion case is similar and presents no
extra difficulties.

5.0.1. Any element of the form R det = e!olynomial det¢ solves Problem 2.7. The zeta deter-
minants from definition 2.3 are solutions of problem 2.7 by Theorem 1 and Proposition 4.7
where we found the second functional derivatives of det; to be equal to
51,01, log dete (A + V) = Tra (A + V) 'Vi(A + V)7 1h)
when (V1,V2) € C*®(End(E))? have disjoint supports and o(A + V) C {Re(z) > ¢ > 0}.
Therefore, for any local polynomial functional P € O, , (4] (JTEnd(E)) of degree [g], the
g%

map V — Rdet(A + V) = exp(P(V))detc(A + V) satisfies dy; 6y, log Rdet(A + V) =
dv, 0y, log det (A 4+ V') where 6y, 0y, P(V') = 0 since (Vi, V2) have disjoint support and P is
local [6, Prop V.5 p. 16]. This means

0y, 0y, log Rdet(A+V) = 6y, 6y, logdete (A + V)
=Trr2((A+ V)_lVl(A + V)_lVg) = / ta(x1,22)V (21)V (22)dv(z1)dv(ze)
M xM

and the wave front bound from Proposition 4.11 shows that the kernel of 62log R det(A +
V) = 6%logdet¢ (A + V) + §2P(V) is a distribution Rty satisfying WF (Rt2) N TJQMQ C
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N* (dy C M?) where we used the fact that WF (62P(V)) C N* (d» C M?) by [6, Lemma
VIL.9 p.19]. For the moment, we found R det solves the equations (2.13) and (2.14) and equa-
tion (2.12) is easily satisfied by the factorization formula R det(A+V) = det¢ (A + V) e (V) =
ePTAV) det[%}Jrl (Id + A_IV) ,deg(P + Q) < [%] and the properties of det,. The last step
is to use the factorization formula det¢ (A4 V) = Q) detia 4 (Id+ A™'V) from the pre-
vious section and the bound ’

d
(§1+1 (31

2
[2] < e [2] ©

|deta,, (Id+A7'V) | <e

(5141

which results from [61, b) Thm 9.2 p. 75] for the norm ”'||[4}+1 in the Schatten ideal Z 4,
2 2

and the fact that A~! € U=2(M, E) belongs to Zyay,, since AL e 7y [21, Prop B.20]
2
and Holder’s inequality ||A_1VH[4]+1 < HA_1H[1]+1||V||CO- From the above facts, we deduce
2 2
the bound :

[5]+1
Rdet (A+ V)| < |dete (A+V) le?V)| < CeKIVIdm

for some C, K > 0 independent of V' which proves the bound (2.11). Finally, R det solves
problem 2.7.

5.0.2. Any renormalized determinant is of the form efolnomial det;. Let Rdet be any other
solution of problem 2.7, then for every V, the entire functions z — Rdet (A + zV) and
z > det¢ (A + 2V') have same divisor. It follows that the ratio z — %
function without zeros on C which satisfies the bound
Rdet (A +2V)
| dete (A +2V)

1S an entire

(14118151
| < ceflA= Wiem ™y =g — 3.

By the uniqueness part of Hadamard’s Theorem 4, this implies that for every fixed V,
2 R det(A+zV) P(zV)
dete (A+2V)

map V — log Rdet (A + V) —logdet¢ (A + V) is analytic near V' = 0 hence locally bounded
near V = 0 and also the above shows that for every fixed V, 2z — logR det (A + 2V) —
log det¢ (A + 2V') is a polynomial of degree [%] + 1 in 2. By proposition 3.6, this implies that
the difference log R det (A + V') —logdet¢ (A 4 V) = P(V) where P is actually a continuous
polynomial function in V of degree [%l] + 1. But condition 2.12 imposes the derivatives
(d%)[%]“ log R det(A+2V) and (d%)[%]ﬂ log det¢ (A + V') to coincide at z = 0 hence P is in
fact of order [4]. It remains to show that P is local. But the fact that both log R det (A + V')
and log det¢ (A + V) are solutions of functional equation 2.13 implies that dy; 6y, P(V) = 0 if

supp(V1) Nsupp(Va) = 0. Observe that V + 62 log (%) =82P(V)eD' (M x M) is

polynomial in V valued in distributions on M x M with wave front set in N* (d2 cM 2). To
extract the homogeneous part , we use the finite difference operator Ay defined in the proof

, AT252p . « 9
of 3.6, the element = P,(V,...,V,.,.) has also wave front set in N (d2 cM )

1%

)
thus V' +— P,(V) satisfies the assumptions of lemma 9.1 proved in appendix. Therefore
V= <15n, V®”> is a local functional which equals [;, Ay (™V (2))dv(z) where A, (j*V (z))

depends on the m—jets of V at x for m = d — 3 and is homogeneous of degree n in V. It

=e where P is a polynomial of degree [%] +1in 2. We already know the
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is important to stress that the function A,, is not uniquely defined '° but the functional is
uniquely defined. Then locality of P together with the representation formula for det; from
Theorem 1 implies that any solution of problem 2.7 has the form given by equation 2.17.
The infinite product representation is an easy consequence of the representation of Gohberg—
Krein’s’s determinants det,, as infinite products.

To complete the proof of our Theorem, it remains to show that any R det solution of
Problem 2.7 is obtained by a renormalization with subtraction of local counterterms in the
sense of the third property in 2 which is the goal of the next section.

6. LOCAL RENORMALIZATION AND THEOREM 6 ON (GAUSSIAN FREE FIELD
REPRESENTATION.

We follow the notations from subsubsection 2.0.8 where we explained the notion of sub-
traction of local counterterms. The aim of this section is to show the third claim from
Theorem 2 namely that all R det solutions from problem 2.7 are obtained from renor-
malization by subtraction of local counterterms which concludes the proof from The-
orem 2 : there exists a generalized Laplacian A with heat operator e 4
Q- € Oloc’[g] (J"Hom(E4+,E_)) ®c (C[e_%,log(a)] such that :

and a family

Vi Rdet (P +V) = lim_exp (Q=(V)) detp (I +e *2P71V) . (6.1)
e—

6.1. Extracting singular parts. In this subsection, we shall use the methods of [14] based
on blow—ups to extract the singular parts of regularized traces T2 ((e*ZEAA*1V)n) to
show :

Lemma 6.1. In the bosonic case, for every V.€ C*°(M, End(E)), we have an asymptotic
expansion

Trpe ((6_2EAA_1V)H) =P.(V)+ 0(1)
where P. = [, A (j7"V)dv € Oloc,[g} (J"End(E)) ®c C[e_%,log(s)} and m=d — 3 and
(Viy..oy Vig1) € CX(End(E)FTY s FPleoTre (e ATV e 22 A V)
= lim Trpe ((e_%AA_lV)n) — P.(V)

e—0t

is well-defined and multilinear continuous.

For fermions, for every A € C*°(Hom(E+, E_)) , we have an asymptotic expansion
Trs ((6—26AA—1D*A)") = P.(A) +0O(1)
where P. = [}, A(j"A)dv € Ojoeq (J"End(E)) Qc C[s_%,log(a)] andm=d—1 and
(A1,..., Agp1) € C°(Hom(E4, E_))*™ —  FPl._oTrpe (e #2ATID* Ay .. e 2 AT D Ay 14)
= lim Trpz (722710 4)") = P.(4)

e—0t

16Only up to boundary terms



38 NGUYEN VIET DANG
1s well-defined and multilinear continuous.

Proof. We prove the claim only for bosons, the fermionic case is similar. In this lemma, we
shall use the following notation, for two functions a(e), b(¢), we shall note a ~ bif b—a = O(1)
when ¢ — 0. We start from the identity :

Tre (672€AA71V1 .. 672€AA71V]€+1) ~ /[ e Trye (e’”lAvl - eiu}ﬁlAVk_H) duj . ..dugsq
€

as a direct consequence of e 22AA~1 = f;; e tAdt and since floo e Bdt € U=, Now
without loss of generality and using the symmetry of the integral, we may assume that
we work in the Hepp sector {&¢ < u; < -++ < ugy1 < 1} which is a semialgebraic sub-
set of the unit simplex Agy; = {0 < ug < -+ < wgy1 < 1} So we need to study the
asymptotics of (k + 1)! f{s§u1<---<uk+1§1} Trre (e‘“lAvl e e‘“k+1AVk+1) duy . ..dugy1. Set-
ting x = Vi X+ R Viyy € C°(M*1 End(E)**1') and using the notations and conventions
from paragraphs 4.3.5 and 4.3.6, the blow—up from definition 4.9 yields a blow—down map
k+1

,3:(;L',hl,...,hk,tl,...,thrl) — ((.Z‘l—w $Z—$+Z tk+1 12, Ht2 k+1

UxRMxQ, — UF'x{e<u < - <upp <1}
where €. is the semialgebraic set defined by Q. = {& < (t1...t51)%} N [0,1]*1. Now,
following the calculations of paragraph 4.3.7 we set :

w(x) = < / e AP (b, ) BRI (3, g X)d%d“h) dty A ANty
R

where ti ij 1w is a smooth differential form of top degree on the cube [0, 1]+, To extract the
singular part of fﬂg w, we need to Taylor expand fRd(Hl) A(t,z, h; X)ddmdkdh in the variable

tk+1 .
2k+1—d+j
t .
z : k’+1 d,. kd
/ w =~ / (tlv o 7tk§) (at]k.+1 /Rd(qu) A(t, z, h7 X)d xd h> ‘tk+1:0 dtl VANERIAN dtk+1

where the term underbraced is a conormal distribution of y € C°(U**!, End(E)®F+1) sup-
ported by di,1 by the results of paragraph 4.3.8. So setting xy = V¥F+!
term underbraced as a functional of V :

Ve CX(U,End(E)) — (8{k+1 /Rd<k+1> A(t,z, h; V®k+1)ddxdkdh> s 10

, we can view the

is an element of Oje k41 (JjE).

Then to extract precise asymptotics, set
t2k+1 d+j

k+1 ] . d,. jkd
wj = T (agk'*'lp/ﬂgd(mrl) A(t, x, h; x)d%xd h) ’tk+1:0dt1 A Adlgg.

Then we may slice the semialgebraic set (. by the fibers (t1...t,,1)? = constant of the

map F(t1,...,tk41) = (t1...tk41)? which means we will push-forward the integral of w;
along the fibers of the b-map F : (t1,...,t51) € [0, 1] s F(ty,...,thr1) € R [34, def 2.11
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p. 16] [43, p. 51-52] where [0, 1]¥*1 is viewed as a b-manifold in the sense of Melrose [34, def
2.2 p. 8] [43, p. 51]. Then we will conclude by using the pushforward Theorem of Melrose [43,
Thm 4 p. 58] in the form discussed in the nice survey of Grieser [34, Thm 3.6 p. 25]. We define
the form %4 which is called Gelfand-Leray form [70, Lemma 5.11 p. 123] and the function
Jj(t) = [p_, gp- Then by Fubini’s Theorem [, w; = f; Jj(t)dt and Lemma 6.2 implies
each ¢ — er w; admits an asymptotic expansion of the required form which concludes the
proof. ]

6.1.1. Pushforward Lemma. Here we state the Lemma on asymptotic integrals used in the
previous proposition.

Lemma 6.2 (Pushforward by Jeanquartier, Melrose). Let w € QZ([0,1]™) be a smooth dif-
ferential form of top degree on [0,1]" and F : (t1,...,t,) € R — ¢2...t2 € R. Then the
map
tes J(t) = / f " _ (5(t — F), t;™w)
F—l(t) dF T

has an asymptotic expansion : J(t) ~ >_,  tFlog(t)ayq(w) where p € Z runs over a finite
set of growing arithmetic sequences of rational numbers and a4 is a distribution supported
by the algebraic set {F = 0}.

This implies that the map € — fel J(t)dt also has an asymptotic expansion : f; J(t)dt ~
vaq ePlog(e)by 4(w) where p € % runs over a finite set of growing arithmetic sequences of
rational numbers and by, are distributions supported by F' = {0}.

Proof. The result for smooth forms and real analytic F' is due to Jeanquartier [24] [70,
Theorem 5.54 p. 155]. Here we need the same result for a polyhomogeneous top form
t-™w and F = t2...t2 which is a particular case of the pushforward Theorem of Mel-
rose [34, Thm 3.6 p. 25] [43] by the b-map F which yields an index set contained in %
since the b-map F' vanishes at order 2 on each boundary face of [0,1]". Let us give a
proof based on remarks from Jeanquartier on the Mellin transform [25]. The index set of
the asymptotics of ¢t — (§(t — F'),t,™p) is exactly given by the poles with multiplicity of
the Mellin transform [;°t*J(t)4 = f[o,l]n F3=1t-mpd™t by [25, Prop 4.3 p. 304 and Prop
4.4 p. 306]. By successive Taylor expansion with remainder as follows, start from ¢ then
Taylor expand with remainder at order N in ¢; keeping other variables (ts,...,t,) as pa-
rameters, then Taylor expanding successively in to, ..., t, with remainder at order N yields :
Oty ... ty) = Zogal,...,angNHtiaiCa where ¢, depends on t; iff «; = N. Then plugging
under the integral yields that s — f[o,l}" F=1t.mpd"t has analytic continuation as a mero-

n—1 1

1
=1 23+ai—1) 2s+an—1—m hence

morphic function on C with singular terms of the form <H

poles are in {s € =0} with multiplicity at most n. O

6.2. Every R det solution of problem 2.7 are obtained by local renormalization.
By Lemma 6.1, Vk € N, (Vi,...,Vky1) — FP|.—oTr2 (e_QEAA_lVl .. e_QEAA_leH) is
multilinear continuous hence it can be represented as a distributional pairing

FPleoTre (e #2A W e #2A W) = (R, ViR -+ B Vi)
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by the multilinear Schwartz kernel Theorem. Exactly as in the proof of subsubsection 4.3.4,
we find that for (V4, ..., Vip1) € C°(M, End(E))*+! such that supp(V1)N- - -Nsupp(Vis1) =
0,
FPleoTrre (e 22AT Wi . e E2A W) = Trpe (AW AT W)
where the L? trace on the r.h.s is well-defined since W F(A~1V))N-- - NWF(A™ V4 1) = 0.
Therefore arguing as in subsubsection 4.3.4 we find that for n < %, Rty is a distributional ex-
tension of t,, = G(x1,x2) ... G(xp,x1) and for n > %, the composition e " 22AV, e 2AATV, €
U—2k(M, E) hence of trace class [21, Prop B 20] uniformly in ¢ € (0, 1] hence

FPl—oTrpe (e7#2AT WV . em 2 2AT W) = Trpe (AW AT V)
where the r.h.s. is well-defined as in the case with zeta regularization.
Now let P, . € Ojpe ® C[E_%,log(a)] from Lemma 6.1 s.t.
lim Trpe ((e722A7WV)") — Py o(V) = FPlecoTrp2 (722 A7V

e—0

One should think of P, . as being the singular part of T (e_2EAA_1V1 e e_QEAA_an).
d
Then set P.(V) =72, P,:(V), we have

n=1

d
2
detp (Id + 672€AA71V) e (V) — exp Z_:l Trre ((e*QEAA*IV)") — P, (V) det[ng (Id+ efQEAAAV)

~~

by the factorization properties of Gohberg—Krein’s determinant [61, d) Thm 9.2 p. 75]. The
individual factors underbraced converge as follows :

o lim,_ g+ det[QH_l (Id + e‘zaAA_l\/) = d(—:-t[g]+1 (Id + A_lV) because e 22ATV —
2 2
A7V € U=2(M, F) hence in the Schatten ideal I[ng and Gohberg—Krein’s deter-
2

minant H +— det[%Hl(Id + H) depends continuously on H € I[%]H.

d d
e lim__,4+ exp (25:1 Trps ((e722AV)) — Pn7E(V)> = exp ( 21 (Rty, V®”>> where
Rty is a distributional extension of t, = G(x1,z2) ... G(zy, 1) by construction.

Thus it is immediate that
d

2

Rdet(A+V) = Elir(r)lJr detp (Id + 6—26AA—1V) e (V) = exp z_:l (R, VlXIn> det[ng (Id+ A-1Y)

hence it satisfies the representation formula 2.17 which makes it a solution of problem 2.7.

If we are given any other solution Ry det of problem 2.7, then by the free transitive action

of OZOC[Q], we know that there exists QQ € Oloc[i] s.t. Rodet(A+V) = eQ(V)Rdet(A +
'l L2

V) = lim,_,o+ detp (Id+ e‘Q‘EAA_IV) e@=P)(V) which shows that Ry det is obtained by
renormalization by subtraction of local counterterms.

6.3. Relation with Gaussian Free Fields. In the bosonic case, there is a nice inter-
pretation of the renormalized determinants from Theorem 2 in terms of the Gaussian Free
Field.
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6.3.1. Probabilistic representation. We next briefly recall some probabilistic definition of the
Gaussian Free Field (GFF) associated to our positive elliptic operator A which is represented
as a random distribution on M.

Definition 6.3 (Bundle valued Gaussian Free Field). Under the geometric assumption from
definition 2.1, if A : C®(E) — C*°(FE) is positive, self-adjoint then the Gaussian
free field ¢ associated to A is defined as follows : denote by (ex)r the spectral resolution
associated to A. Consider a sequence (c))x of independent, identically distributed centered
gaussian random variables. Then we define the quantum field ¢ as the random series

b= Z f@\ (6.2)

where the sum runs over the positive ez’gem)alues of A and the series converges almost surely
as distributional section in D'(M, E).

The covariance of the Gaussian free field defined above is the Green function :

Gy = Y ye@Ba)

Ao (A)

where the above series converges in D'(M x M,EX E).

A classical result characterizes the support of the functional measure :

Lemma 6.4 (Regularity of bundle GFF). Using the notations of definition 6.3, the random
section ¢ converges almost surely in the Sobolev space H*(E) for every s < 1 — %l.

In Euclidean quantum field theory, there is an analogy between considering a discrete
GFF on a lattice with spacing /2, whose propagator is a discrete Green function which is
the inverse of the discrete Laplacian and considering the heat regularized GFF ¢, = e ¢%¢
whose covariance reads e 22 A~!. For discrete Laplacians A, on a regular lattice of mesh ¢,
there are beautiful results on the asymptotics of det(A;) [10] (see [40] for related results) :

Theorem 5. On the flat torus T?, for discrete Laplacian A, with mesh ¢ and denote by ¢,
the corresponding discrete GFF, if V. € C®(T?) s.t. [r.V =0 then :

detc (A+V) i det(A: +V) lim E

= = Jr2 V2
detg (A) ELI)% det(AE) e—0t ( o ) ’ (63)

In the bosonic case, replacing lattice regularization by the heat regularized GFF, we prove
an analog of the above Theorem and describe all renormalized determinants from Theorem 2
as coming from the local renormalization of Gaussian free fields partition function as follows :

Theorem 6 (GFF representation). Under the assumptions of definition 6.5. Let ¢ be the
Gaussian free field with covariance G. Denote by ¢. = e 2 ¢ the heat reqularized GFF.

Then a function V +— Rdet (A + V) is a renormalized determinant in the sense of def-

inition 2.7 if and only if there exists a sequence (A : C*(E) — C* (E)).cq) of smooth
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local polynomial functionals of minimal degree such that the following limit exists :

e—0t

Rdet (Id+A7'V) = lim E (exp (—; /M (e, Vo) — Ac (V) (x)dv(:r))) : (6.4)

Furthermore, if V. € C°(End(E)) defines a positive operator on L*(E), we denote by ju the
Gaussian measure of covariance A" then the limit of measures

v = lim exp (—; [ 16.vo) - a.w) <x>dv<x>) b (6.5)

e—0t

exists as a Gaussian measure on D' (M) with covariance (A+ V)1 and v is absolutely
continuous w.r.t. p iff 1 < d < 3 otherwise the measures (v, 1) are mutually singular.

The intuitive idea is very simple, in QFT the renormalization problem arises from the
fact that fields are irregular distributions then a natural idea is to study a regularized
version of the field and see if one can perform an explicit renormalization of the parti-
tion function by subtracting explicit local counterterms in the action functional. The-
orem 6 follows immediately from Theorem 2 once we reformulate the partition function
E(e™ Jar <“’5’V9"5>), where ¢, = e 2 ¢ is the smeared GFF, in terms of Fredholm determinants
detp (I + Afle*EAVe*EA) which is the goal of the next paragraph.

6.3.2. Fredholm determinants and partition functions. The following Lemma relates partition
functions and Fredholm determinants :

Lemma 6.5 (Field regularization.). Under the assumptions of definition 6.3, let ¢. = e 52 ¢
be the mollified GFF. Set : (¢c,Vpe) := (¢, Vo) — E (¢, Ve)).

Then for every € > 0, the following relation holds true :
1
<exp (—2/ e, Vpe) - dv(ac)>> = detp (I + 6_8AA_1€_€AV) .
M

Proof. This is an immediate consequence of [31, Proposition 9.3.1 p. 175] since the operator
1 1

(A)"2 e *AVe 2 (A)72 is positive, self-adjoint and smoothing hence Hilbert-Schmidt on

L? (E). O

6.4. The renormalized functional measure. In the previous part, we have constructed
renormalized functional determinants to rigorously define the partition function. The fol-
lowing Proposition answers some natural questions about the corresponding renormalized
functional measure.

Proposition 6.6. Under the assumptions of definition 6.3, assume V € C*°(End(E))

is Hermitian. Let p denote the GFF measure on D' (M, E) with covariance G which is

the Schwartz kernel of A='. Then there exists P, = fM A (jd*3) € 0, (4] (Jd*?’E) Qc
L2

C[s_%,log(e)] s.t. the limit

v = lim exp (—; [ (s toevon s —ai=v) dv(w)) y

e—0t
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converges to a Gaussian measure on D' (M, E) which is absolutely continuous w.r.t. p if
d = (2,3) and the measure (u,v) are mutually singular when d > 4.

Proof. Define v, = exp (—3 [5, (: (¢, V) : —A(j3V)) dv(z)) p for € > 0. This is a
Gaussian measure whose covariance is (A + e‘aAVe_EA)_1 by [31, Prop 9.3.2 p. 213]. When
e — 0T, this covariance converges to (A + V) ™! as bilinear forms on C>°(M) x C®(M)
€A _ Id in the strong operator topology
when ¢ — 0%. A necessary and sufficient condition for the renormalized measure to be
absolutely continuous w.r.t. the initial measure is given by a Theorem of Shale [62, Thm
1.23 p. 41] is that ATIVA": € U~2(M, E) is Hilbert-Schmidt which holds true only if
dim(M)=4d < 3. O

for the weak topology [31, (iv) p. 172] since e~

7. QUILLEN’S DETERMINANT LINE BUNDLE.

We recall the definition of Quillen’s determinant line bundle which is an adaptation of the
definition of Segal [60, p. 137-138], Furutani [28] and Melrose-Rochon [44] where holomor-
phicity properties are manifest. The reader can also look at [58, section 5.3 p. 642] for a very
nice account of determinant line bundles for families of Wdos.

Definition 7.1 (Quillen’s universal determinant line bundle). Using the notations of subsub-
section 1.0.3. Recall T (H) denotes the ideal of trace class operators on some Hilbert space
H. Let (Ty)pep be a holomorphic family of Fredholm operators from Ho — Hi of index 0,
parametrized by a complex Banach manifold B. Consider the bundle

G = |J To(Id+Ti(H1)) = B x (Id+ Iy (H1))
beB

which fibers over the complex Banach manifold B.

Then we define the determinant line bundle Det — B to be the quotient G x C/ ~ where
(A1 +T),2z1) ~ (A,detp(I + T)z2). The canonical section det(T) is defined to be the
equivalence class T — [T, 1].

This definition is functorial since it works for any holomorphic family (7})sep and holo-
morphicity is checked as in the work of Furutani [28]. Quillen’s line bundle is recovered by
letting B to be the space Fredg (Ho, 1) of Fredholm operators of index 0 as proved by
Furutani [28, section 2 and prop 2.1]. Let use recall that

Lemma 7.2. The canonical section T +— det(T) = [T, 1] vanishes if and only if T non
invertible.

Proof. [T,1] ~ [T, 0] means there exists I+ A, A € T' s.t. T(I+A) = T and detp(I+A) =0
hence I 4+ A is non invertible and so is T. Conversely, if T non invertible there is a finite
rank operator t such that T+ ¢ invertible since T' is Fredholm of index 0. Therefore T =
(T+1t)(I — (T +t)"t) where (I — (T +1t)~'t) is in the determinant class and (I — (T +1t)~t)
non invertible. Finally [T, 1] ~ [T +t,detp((I — (T +t)~t))] = 0. O
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8. PROOF OF THEOREM 3.

We follow the notations from subsubsection 1.0.3. The way Quillen trivializes the line
bundle is by constructing a smooth Hermitian metric on £ named Quillen’s metric and
calculate explicitely the curvature of the corresponding Chern connection which is exactly
the Kéhler form on A. Then he shows that by modifying the Hermitian metric, one can
produce a modified Chern connection V which is flat. It follows from the contractibility of A
that flat sections for V trivialize £ holomorphically. Here the setting is slightly different
and our approach to holomorphic trivialization is more direct and does not use Quillen
metrics. We already know that the canonical section ¢*det has the same divisor on A as any
solution R det of Theorem 2. Hence the ratio g%((g)) is holomorphic without zeros on A. Tt
remains to show that this is locally bounded in order to conclude that this is a holomorphic
section without zeros by proposition 3.6, hence it yields a holomorphic trivialization of L.

Following Segal and Furutani, we define open sets U; indexed by finite rank operators
t such that Uy = {T € Fredo(H) s.t. T + t invertible}. Since elements in Fredy(#) have
Fredholm index 0, the collection (U;); forms an open cover of Fredo(#). Then we trivialize £
over Uy by the never vanishing section 7' € U; +— [T +t, 1] which is holomorphic by the proof
of Furutani. In the local trivialization, the canonical section T +— det(T') = [T, 1] is identified
with the holomorphic function det g (I — (T +t)~1t) since [T, 1] ~ [T +t,detp (I —(T+t)"1t)] =
detp(I — (T +t)71t)[T + ¢, 1].

Now we shall prove a technical

Lemma 8.1. Let Ty be an invertible operator in v (A) such that for all T € v (A), T — Ty is

in the Schatten ideal I[%Hl, k=(1,2).

It follows that for p = [4] + 1, Gohberg-Krein’s determinant det, (I + Ty ' (T —Tp)) is
holomorphic on ¢ (A). Then the section

T € L (A) — det, (I+ Ty (T —Tp)) " det(T) (8.1)

defines a global holomorphic section of Det +— ¢ (A) which never vanishes.

Proof. 1t suffices to prove the claim on each open subset U;N¢ (A) where the canonical section
T — det(T) is identified with T' € U; +— detp(I — (T +t)~'t) by the local trivialization.

Use the identity I + Ty (T — Tp) = Ty 'T and I — (T +t)"' = (T +t)~'T. By the
multiplicativity of Fredholm determinants, for every invertible 7' € Uy N« (A), we find that
detp(I — (T +t) " Mt)det, (I + Ty (T — Tp)) ™
= detp(I — (T +t)" 't)detp (I + R, (T ' (T — Tp)))
= detp (T+t) "To(I + Ty (T — To)) I + Ry(Ty (T — Tp))) ).

For every T € U; Nt (A), the operator (T + t)~!Ty is invertible. By the spectral map-
ping Theorem for entire functions, the singular value \g(I + Ty (T — To))(I + Ry(Ty (T —
— - —1 (=1)7 yj —1 (=1)7 yj
To)) ™t = (1 + )1 + \g) Lexp (— Z?:l %)\fc) = exp (— Z§:1 %Ai) # 0 where
A €0 (To_l(T —Tp)) since T,7NT —Ty) € Zjay; is a compact operator. It follows that
k

1
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0¢ o(l+Ty (T —Ty))(I + Ry(Ty *(T — Tp)))~! and the operator (I + Ty (T — Tp))(I +
Ry(Ty YT — Tp)))~ is invertible.

Finally (T + t) "' To(I + Ty N(T — To))(I + Ry(Ty H(T — Tp))) ™" is invertible for every
T € UsNt(A) and in the determinant class, hence its Fredholm determinant never vanishes.
It follows that 7' € Uy N ¢ (A) Ninvertible — detp(I — (T +¢)~1t)det, (I + Ty ' (T — To))_l
extends uniquely as a never vanishing entire function on U; N ¢ (A). O

Lemma 8.1 says the ratio P+V € A det[%}ﬂ([—l— P~1V)~li*det(P + V) never vanishes
over A. Furthermore Corollary 2.9 states that R det(P + V) = exp(g(V)) det[%Hl(I +P~1Y)
where g is a polynomial function, therefore exp(g(V)) never vanishes and the holomorphic
section o : P+ V € A~ Rdet(P + V) li*det(P + V) never vanishes over A and defines
a holomorphic trivialization of £ : 7 : O (L) — Hol(A) such that the canonical section
t*det(T) is sent to the entire function 7' € A — R det(T'). The second claim follows from the
action of the renormalization group as in Theorem 2. Finally, every non vanishing section o
defines canonically a flat connection V whose flat section is o.

9. APPENDIX.

We give the proof of the following

Lemma 9.1. Let P be a continuous polynomial function on C°(M) such that P is local in
the sense

62P(w;u,v) =0 (9.1)
when (u,v) have disjoint supports and the linear term of P is given by integration against
a smooth function. If WF (6°P(V)) C N*(dy C M?) for all V € C®(M) then P €
Oloc(Coo(M))'

Proof. Equation 9.1 implies that all functional derivatives §"P of P have their Schwartz
kernel supported on the deepest diagonal d,, C M™ by [6, Proposition V.5] and that P is
additive in the sense of [6]. Since P is a polynomial function, it equals its Taylor expansion
P(V)= Zdeg(P) P, (V') where P,, homogeneous of degree n.

n=1

The smoothness condition on the linear term in P together with the microlocal condition
on 62P imply that §P is represented by integration against smooth function.

Therefore by uniqueness of the Taylor expansion each P, satisfies equation 9.1. Let P, be
the multilinear map corresponding to P, that we freely identify with its Schwartz kernel P,
by the kernel Theorem [6]. Now by a Theorem of Laurent Schwartz, the Schwartz kernel P,
which is a distribution carried by the deepest diagonal has an expression in local coordinates
(x1,...,2,) in U™ as

Po=>" fa(@)og2 ... 0200185 (@1 — w2, w1 — 2a)

where the sum is finite and fj,) is a distribution in the variable xq. It follows that the
Schwartz kernel of the second derivative has the representation in local coordinates

FPP(V,2,y) = fia(@)052V (z) ... 09"V (2)05 6"
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which implies P satisfies condition 2 of [6, Lemma VI.9]. By [6, Lemma VI.9], this means
V +— VPy is smooth. To summarize, P is additive, its differential § Py is represented by
integration against a smooth function VP, and V — V Py is smooth hence by [6, Theorem
1.2], P € O (C*(M)). O
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