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Abstract

In this paper we consider Lamé system of equations on a polygonal
domain with mixed boundary conditions of Dirichlet-Neumann type.
An explicit L? norm estimate for the gradient of the solution of this
problem is established. This leads to an explicit bound of the H' norm
of this solution. Note that the obtained upper-bound is not optimal.
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1 Introduction

The static equilibrium of a deformable structure occupying a domain 2
subset of R? is governed by the Lamé linear elasto-static system of equations,
see [4]. In this paper, we restrict the study to a convex domain 2 whose
boundary has a polygonal shape that posses m + 1 edges with m > 2. We
denote by I' = UT; := 09 its boundary and by d(£2) its diameter. This
system is given by

Lu=f ae in £,
o-m,=g; on ([—To)NIy, 1<i<m (1)
u=0 on TIj.

We assume that condition (Hz) of Theorem 2.3 stated in the paper [8]
is satisfied by I'. This condition is formulated in (5) below. The vector
function u = (u',u?) satisfying the system (8) describes a displacement in

the plane. In this model, we impose a Dirichlet homogeneous condition on
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I'p and a Neumann condition on the rest of the boundary. The equality on
the boundary is understood in the sense of the trace. We denote L the Lamé
operator defined by:

Lu := —divo(u) = —div[2ue(u) + A Tre(u)ld] (2)

The data functions f and g at the right hand side satisfy f € [L?(Q)]?

and g € [H %(F)]2 The vector 7; represents the outside normal to I';. We
write u and A the Lamé’s coefficients. We place ourselves in the isotropic
framework, the deformation tensor ¢ is defined by

e(u) = %(Vu + V), (3)

The weak form of problem (8) is (see [2], [4]):
find ueV; YwveV

/QZ,LLeS(u)E(U) + Adivu dive dox = /va dx —|—/F gv do(x)  (4)

Ty

where
V={ve[HQ]?* v=0 on Ty}

The problem of existence and uniqueness in V' of the solution of (4) is classic,
(see [2]).

If we denote 6 the interior angle between I'; and I';, such that fj NLy # 0
and if we denote v the interior angle between the Neumann part of the
boundary I'y and the Dirichlet part of the boundary I'p such that I'yNI'p #
(), then we impose

0 < 2m, v <. (5)
The reason behind this assumption on the boundary is to get a better regu-
larity of the solution of the weak problem (4). Precisely, in that case we have,
following [8], u € [H %+6(Q)]2 for somme positive §, which implies in particu-
lar, using the appropriate Sobolev embedding, see [1], that u € [C’O’%M(ﬁ)]2
i.e. wis (3 + &)—holder continuous. Let us denote

HdunmazzQLeuOdu>ww%, HVquwZQKJVUW2+\VUﬂ2dxﬁ-

By using the second Korn inequality, see [6], the trace and the Poincaré’s
inequalities, one easily get from (4) the following estimate

11
Vaullog < ——
(Vullbo < 5

where ¢, is a constant that depends of Poincaré constant and the con-
stant of trace inequality. ¢ is the constant of the Korn’s inequality. Note

(|l flloge + epellglls p), (6)
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that the value of the constant ¢j and ¢, appearing in (6) are unknown
and can not be explicitly lower-bounded in the general case. We propose to
determine explicitly these constants. The main result of this work is stated
in the following theorem:

Théorém 1. The unique weak solution u of (4) on the polygonal domain
admits the explicit upper bound

3
[IVullo.0 < ;(CprHo,Q +cerllgll1 ) (7)

where ¢, 1= d(Q), ¢t = 24/d(Q2) and d() represent the diameter of €.

The estimate (7) is similar to (6), the constants that are present are
the same. Before demonstrating this theorem, it is useful to go through
some remarks and results. Denote x; the vertices of the polygon. Define
the auxiliary function u. € H'(Q) as the unique solution to the following
Dirichlet problem

Luc=f ae in €
{ ue =ud on ON. (8)

Where u? is the trace of the function

Pie(x)u(z) (9)
on the boundary 92 with
b1 (@) =0 fe-al|<é
biea) =epl[-REEETH, @ <ol <
ic(x) =1, e<|lz—az

The choice of > 0, > 1 will be more clear in the proof of lemma (2)
below. Let us denote

Dic:={x € R? such that ||z — x| < €}.

We easily see that ¢; . € C1(2) C H'(Q2) and thus ue € H'(Q). It is shown,
using Lebesgue’s dominated convergence theorem, that || —1|o,p, .Ar; — 0
i.e. we have convergence in L? along the edge I';. The functions ¢; . are
identically zero on a small neighborhood of the respective vertices of the

polygon.
In the sequel, we denote by u. the vector-valued function u, = (ul,u?).
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2 Weak problem for u. and an approximation re-
sult

First of all, we construct the weak problem verified by the approximating
function u.. With the approximating displacement u. € V is associated the
approximating stress tensor

Oc :=2ue(ue) + A Tre(ue)l, (10)

since Lu, = div o, = f, then o, € [H(div)(£2)]?*2. For a fixed €, by density of
the regular functions in the space H(div)(f2), there exists o7 € [C*°(Q)]>*?
such that o — o, in [H(div)(£2)]>*2. This means

?_UEHO,Q_>O (11)

llo¢ = ocllaivo = [[divas —

when n — co. We put dive = f", then integrating by part against a test
function v € [C*°(Q)]? yields the following

/0?Vu=/f”v—|—/o?~ﬁvda.
Q Q T

Passing to the limit in n using (11), we find Yv € C* ()

_ =4
/Qaew - /va TS T T g oy

where o - W =: g € [H %(Q)]’ is the image of the normal component o
by the trace operator on I'. Since C*°(Q) is a dense subset of V. C H(Q),
then, according to the definition (3) and the expression (10), the function
ue satisfy

Yv eV,

/92;16(1%)5(1)) —{—/Q)\divugdivv = /va + < ge,v >[H%]'(F)><H%(F) .
(12)

Let us recall, (see [7]), that the H 2—norm in one dimension is defined by:

el g = Huuomj / [u@) = u@)P ;03
90 |33—y|

Lemme 2. The function ¢;  admits the following limit

HQZ)Z,G_]-H%’aQ_)O as €—0
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Proof. We write

/89/89 et |5€—j|z;( dmdy)? = Z/ / ol !w—j]z;( )l dady)?.

Remarking that

[ 1O gy g [ [0

We begin by considering the decomposition into four partial double in-
tegrals
€
I:E - yl

_(@at) o (@)
|¢ze gbz e( 1 € |6Xp 5(:132 54) ] €xp [ 55(y2764)% H
/ /2 ]3: — d:ndy )2= / / P dxdy)

Since x — exp(z) is exp(B)—lipschitzian on [—B, B] and the function x —

Jun

[un

=
N

2 2\148 | ) . :
—% is monotonic on [A,e] with A > ¢ then the function 2 —
e (z2—et)1
4 (€2ix2)1+/3 . ( A2)1+[3 (627$2)1+ﬂ
exp*(——————) is ex ~———~—)—lipschitzian on [—*——,0] for
P 65@2,64):1;) p(= (A2 64)1) p [~ D (A2—eh)1 ]
x € [A, €.

2 )1+B (62_y2)1+6

o D57 [ (exp() + exp()) (exp®() + exp®()]

//ﬁx%4 S dudy)t

ez —y?
_ 1+6 _ 2 A\ioo D oNI4B12). 2
// [ e 0 el et ) L et 1 i | Y
(2% — e)5<y2—64>5\m—y!2

e ry 1+[3 MnNE o2 Lo ov14812). 2

g(/2/2()2d;pdyé //L2 (y* — € (90 6)4(6 y) PPl —yl dydz)t

625(:1C2 — 64) (y? — 64) |z —y?

€ ry _ 1+ﬁ 2\1+B12(5 _ 1,12
e Je2 625(1/ —64)2|fv—y|2

1 (x + y 1
/ / d;];dy 2 / / 625 64)% dyd:l}) 2

326

62) -0
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by adequaltly choosing 1 < § < %

o[ [

_(E=a?)th Ik
(z— 52) )(x+e)
dxd
/ / ez —y|? i
1 2 _ $2)1+6
§€/ |ﬁ|eXp[_ ( | Pde
e | — e (x—€2)1 &(x+ €)1

1
1
€ 1 1 (62_x2)1+,3
+8/ngm— : |18 dz
¢ |z — € (z— €)1 d(z+ )t

— 0,

the limit is obtained by choosing adequaltly 8 > 0, § > 1 and using the
property of the exponential function for the first term and adequate ma-
jorizations fot the second term.

2
¢ Gie(w) — Pie( < | exp| E2 +62 Jl
/ / | ]a; — y!2 dxdy = |xy— ;‘2 ) dxdy — 0,

proceed in the same way as for 3).

Using and combining adequatly these integrals on one hand and using
the fact [[ue — ul[s,00 < [[tf|oo,l|die — 1l|o,00 — 0 on the other hand yield
the desired limit. O

Since u is (4 + §)—holder continuous, the result of lemma (2) implies
[lue = ull1 oo = 0 < [[u]oo,00ll¢ic = L1 oo = 0.
One proves the following approximation lemma;:

Lemme 3. The function u. defined by (9) satisfy the following limits

@) |[Vue = Vullog =0, 8) llge = gll 1y, =0

as e —0

Proof. a) Consider the linear operator G that associate, for the fixed f €
L?(Q), to each u? € 2 (T") the corresponding unique solution u of problem

(8).
G:[H2(I)] — Ac HYQ)
ul = K(u?) = u.
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Where A denote the range of H %(F) under GG. The operator G is well
defined. Using the trace inequality on I', there exist ¢ > 0

d
]l p < ellVellog

this implies the continuity of the operator G. By the Banach isomorphism
theorem the operator G~ is continuous, this means that there exist c_; > 0
such that for all u € A we have

IVullo.o < calfully

thus
IV~ Vucllog < el — uells 0, (13)

this proves a).
b) We make the same reasoning as for a). Given g € [H%(F —To)], let
w € V be the unique solution of

1 Vv e V. (14)

/92;15(10)5(1)) + Adivw dive de =< g,v > 3.

choosing v = w we obtain

Vullo < gl 3 (15)

Let K be the operator that associate to each data g € [H%(F —Ty)] the
solution function w of the corresponding problem (14):

K:[H?(T -Ty)' - BCV
g— K(g) =

Where B denote the range of [H %}’ (I' = Typ) under K. Following existence
and uniqueness result for problem (14), K is well defined. An equivalent

formulation of (15) is: there exist a constant ¢ > 0 such that Vg € [H% oy,
we have

1K (9)||zr < ]9l

i.e. K is continuous, furthermore it is linear and bijective. Then, according
to Banach’s isomorphism theorem, we deduce that 3¢’ ; > 0 such that

[HQ](F HgH[H2]17

gl < 4 [[Vwlfo.o. (16)

HED)
Rewriting (4) with g € HE(F) =D C [H%(I‘)]’ then Subtracting (4) and
(12) member-to-member, one find that u — u, satisfy: Yv € V|

/ 2u(e(ue) —e(u))e(v) + A div(ue —u) dive de =< ge—g,v >H_%(F) g -
(9] )
(17)
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Applying (16) to w = ue — u we get:

lge — 9||[H%(F)], < 4|[Vue = Vulfo 0.
Considering (13), we infer b).
O

We take now the idea of decomposition: consider the range of u by a
sobolev extension operator

P:HY(Q) —» HY(R?)

which is always possible for the lipschitz domain €2, this function is still
denoted w. Given € > 0; there exists (€2f);=1m, an overlap of Q and a
C'! partition of unity (¢%); with respect to this overlap such that if M =
supp @5 C €25 the following two conditions are satisfied:

(i) el :Vi=1,m: TI'NOM; € D, in such a way that (supp pfu.)NI' C
Fia

(ii) c2: Vi#j: 2(p+ A)maxp—;; HV(@ZUE)HQQWQ; <,

Put u; := p§u. Since we are looking for explicit estimates, we should
use Poincaré, trace and Korn’s inequalities relatively to suitable geometrical
configuration i.e. for which they are explicitly formulated. The configuration
that best fits our polygonal domain 2 is the half-plane R?>* containing the
domain €2 for Korn’s inequality, the square Sy with edge’s length equal to
d(€2) for the other two inequalities. Thus we determine theses constants
thanks to results available for this type of domains. All this suggests to
extend by zero the functions u.; outside Q2. The definition of the functions
uc,; is adapted to make such an extension.

3 Technical tools

We introduce some useful lemmas, which will play essential roles in proving
theorem (1).

3.1 Extension of the functions u.;

Given € > 0, we consider for 7, 1 <7 < m, the extension by zero of u.; from
Q to the half-plane R** containing 2 such that I'; € OR**. The extended
function is defined by

{ Uej = Ue,i, a.e. x € M N, (18)

te; =0, zeR* — MfNQ.
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We have obviously the following

e = ||0z,ueillo, M0 (19)

X4 )

T )

The inequalities are established for the extended H' regular functions de-
fined on a square containing €.

3.2 Explicit constant in the Poincaré inequality

We show in the following lemma that the function w.; € V; satisfy the
Poincaré inequality for which we determine explicitly the constant.

Lemme 4. For alli, 1 <i <m, the function uc; satisfy:

(20)

[lucillog < d(€2)
the constant d(2) means the diameter of ).

Proof. We establish Poincaré inequality for one of the two components
ul .1 = 1,2, the same estimate hold with the other. Note abed the square

Sd7 such that a = (al,ag) b= (b1,be),c = (01,02) et d = (di,dz) and such
that I'; C S; == [¢,d]; so u =0on 05 —

Since ﬁlm- is absolutely continuous on the lines parallel to the coordinate

axis, then applying the fundamental theorem of calculus to ﬂl” on
Sq for 1 = 1,2 | we have for all (z1,x2) € [a1,d1] X [ag, b2]

i(x1,12) / ey U E,L (s,z2)ds + ﬂlw(al,xg).
Since (a1, x2) € 0S4 — Iy, then Y(z1, z2) € [a1,d1] X [az, be]

(21, m2) / 811 (T (s,xz2)ds.

Using Cauchy-Schwarz inequality V(x1, z2) € [a1,d1] X [ag, ba]

- 1 1
i 4 (o1, 22) sm—aw/ 0l (5, 22) *ds) .

al

Taking the square of the two hand sides of this inequality and using the
fact |x1 — a|] < d(Q): Y(x1,x2) € [a1,d1] X [az, ba] yields

i (o1, 72 <|x1—a|/ Oyl (5, 22) ds<d<ﬂ>/ (5, 22) *ds.

al

Integrating on Sy with respect to the variables z; and xo:
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bo di bo di d1
||u ||0 8= / / H (1,22 | ) *dzrdxs < d(Q2 / / / |0x u” s :Ug)\stdxgdxl
< () / / Bl (s, 22) [Pdsdas.
Sq

According to definition 18 and by considering (19) we get
(DI Vugll50

e,

We infer that

lueilld o = llue illg ot 11ul6 o < d*( Q) (IVue i[5 o H1Vusl[5 o) = d*(D)[Vuesl[§ o-
O

3.3 Explicit constant in the trace inequality

Using mainly the inequality of Poincaré stated in lemma (4), one establishes
a trace inequality on I'; for the function u.; with an explicit constant.

Lemme 5. For all i, the functions ue; satisfy:
[lucillor; < corl|Vueilloq (21)
where ¢ := 24/d(Q) is the trace constant.

Proof. Let tc; be defined on S; such that F C 0S543. We establish trace
inequality for one of the two components uE i+l = 1,2, the same estimate
hold with he other. Applying the inequality of trace on the boundary of a
prallelogram (see lemma 4.2 in [3]) for al”- on S;, yields

Sal
llaeall3r, < llaclld s, <3 ’|| +2\S\ Ve il15.s,
Using estimate (4) we find
o 151 ;2 Sl

llacillfr, <2 1Sl d*(Q)||Viigll3 s, + 275 3] 1V l1E s,

hence by simplifying
~1 ~
llac|l6.r, < 4d(Q)|| Va3 s,-

Using 18 defining @, ; and (19) we have

(Vg I[5 0-

L2
| ’ue,i
Summing over [ = 1,2 we get

(DVueillf o-



Explicit H'-Estimate 11

We need also the following elementary technical lemma:

Lemme 6. Assume v € HY(Q), then
le@)llog < [[Vulloa ,  [[divullog < v2|[Vulloe. (22)

Proof. On one side

8ui ou’
/’&j I dw =5 Z/ oz 83,’% Z/‘ax] 8a:j 8xi)dx
1 2 Lo Ouly 00,
2/{)(!Vu\2+22<\ Pt (g )

i]l

AN

| /\

1
3 | (Vi + 5V + [Vulp)o

IA

/Q Vuldd = [Vl 22 00

1

Therefore  ([q [e(w)]3 dz)2 < ||[Vullo,o. On the other side

/ diviu dz = / |0, ut 4 Oy Pda < /(lﬁmlul\ + |0pyu?])?d
Q Q Q
< 2/ |0, ' [? + O, u? P da
Q

<2 [ [Vulf+ [Vu?f3do = 2|Vl
Q

Therefore (fQ divZu dx)% < \/iHquOQ'

4 Proof of Theorem 1

To prove the estimate of theorem (1), we choose as a test function in (12) the
compactly supported functions ue; and use Korn’s inequality, Poincaré’s and
trace’s inequalities to explicitly upper bound ||Vue;||o.q. This leads, thanks
to the approximation lemma (3), to explicitly upper bound ||Vul|o q.

Proof. Fix € > 0.
Step (i) At first, we establish an upper bound estimate for ||e(uei)||0.0. We
recall that u, verifies:

Yo eV, /§22u5(u6)6(v)+)\ divucdive dr = /Qfev dz+ < ge,v >[H%}/(F)’H%(F),
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this function is expressed ue = Y, uc; = >, ucp;. Choose v = uc,, this
gives

/ 2,&62(106,@') + A div? Ue; dr = — g 2/ pe (e j)e(tes) + Adivaue j divue; d
ME A SAME
i JJF i

+ feue,idl'_'_ < geaue,i >

Me [H2)/(T),H2(T)

Applying Cauchy-Schwarz inequality yields

| 2 + Adiv s do < 3 2pletuclloagoas (e o ons
ME .
i J,J#i

+ 2| div ue

0.men e || div ue if o, arerase

+ [ felloarg l|ue,

0,M¢ + ||g€|’[H%}’,F||u€’i||%’ri

Lemma (6) allows us to write the following

/ 2ue? (ue i) + Adivi ue; do < Z 2,u\|Vue,j|]0,MiemM;||VuE,i
M; G

+ 2|V,

+[Ife

0,M{NM;

0,MENMS | Ve i |0,M;mM;

O,MfHUe,i O,Q+ HgEH[H%]/FHUE,” %I'

Using (20) and (21) we get
2 i 2
/ 20 (tes) + Adiv? ue; do <Y (2 + 20)[[ Ve 3 lo,mrernre [ Vate il o, mrenare
g

JiF

+opllfellore [ [Vueillog + enllgell 3, ([Vueillog

1
H2]T
The condition ¢2 of the definition of the partition of unity gives

. €
/ 2p* (e i) + Adiv: ue; do < S IIVucillo.ars + cpll felloarg [[Vueillo,ar
g

(23)

+ellgell g, Pl Vel

H3Y),
Estimate (23) becomes

2plle(uen)llorg < [[Vucallo (€ + epllfellopr + curllgell g, ) (24)

Step (ii) We give a lower-bound for ||e(ue,i)||o,a¢ in term of |[Vul|o ase for
all 7, 1 <14 < m. Since the deformation is a linear application with respect
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to the first derivatives of uc ;, then with the same notation as in (18) and by
using (19) we have

2ule ()15 per = 2ulle(@ea)lld o = 2ulle(uea)lIg are- (25)

Applying the estimate in corollary 1.2.2 of [5] to . gives

1 5 .
3 % 2u|!Vu€,¢||§,Rz+ < 2,u\|8(ue,i)||37R2+‘

Hence, by using (25), Vi, 1 <i <m+ 1, we get
WVl B = IV 2o < 2@l gor = 2lle(uen)lBg.  (26)

Combining (24) and (26) we get for all 4

MHvue,iH(%,Mf </ 2,U5 (ueq) + Adiv? e do < |[Vueilfo, M5(€+Cp"f6’|0 Mg + ctr||gell )
M¢

K3

[H?
i.e.
(27)

Vil < e+ epllfellog + eurlgell 3, -

Taking the square of the two hand sides of (27) and using Young inequality

P21V ueallg are < 3(€ + el fellf are +cn~\|geH2H2], )-

By summing over ¢ = 1,m

1Y IVucill§.o < 3(me® + g [ fellg ae + Z ngl\Q - (29)
%

[HZ),"

Applying the appropriate identity on the left hand side of (28)

1 HVZUHHO o < 2u? Z/ Vue,iVueyjdx (29)
i#J

+ 3(me* + c%l!feHo,Q + C?ngfu[zH%]/,F)'

Cauchy-Schwarz inequality yields using condition ¢2

2M2/ Ve Ve jde < 200%|[Vue | agnnrs |[Vue gl g < €.
MENMS

Inequality (29) becomes

12| Vuel[§ o < €+ 3(me® + el | fel F o + C?rllge\lfH%], e
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taking the square root of the two hand sides,
1
[Vuelloo < ;(f\/ 3m + 1+ 3cp|felloo + 3Ct7“|geH[H%]/ o)

Letting € — 0 and using the approximation lemma (3)

1
Vullo < (el fllos + 3eirllol 3, ) (30)

)

Since g € L?(T), by continuity of the injection
I:H:(T)=DcC [HT)] — [Hz(T)],

the estimate in Theorem (1) is deduced immediately from (30).
O

Finally, in order to get the explicit H! estimate of u., and so that of u,
we use the poincaré inequality (20) to bound ||uc||o.o at one hand and the
estimate (7) at the other hand.

Conclusion

In the point of view of numerical analysis, estimate of theorem (1) is inter-
esting. Indeed, error estimates in finite element method of the type

[u —unllon < Ch|[Vulloo

involve the quantity ||Vul||o,o. Assuming that the constant C' can be calcu-
lated, then it is possible to explicitly bound ||Vu||gn which implies a better
estimate of ||ul|o,q-

Another interesting fact in the estimation (7) that makes it effective is
that it does not depend on the characteristic parameters of the polygonal
domain §2, namely, the edges’s length, their number as well as the measures
of the angles. The estimate is therefore indifferently applicable to all poly-
gons. All this allows the possibility to generalize this result to a C! class
domain.
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