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Explicit H'-Estimate for the solution of the Lamé
system with mixed boundary conditions.

Djamel AIT AKLI** Abdelkader Merakeb?®

CL2CSP, UM.M.T.O, 15000 Tizi-Ouzou, ALGERIA

Abstract

In this paper we consider Lamé system of equations on a polygonal domain with
mixed boundary conditions of Dirichlet-Neumann type. An explicit L?-estimate
for the gradient of the solution of this problem is established. This leads to an
explicit bound of the H' norm of this solution. Note that the obtained explicit
upper bound is not optimal.

Keywords: Lamé system; Korn’s inequality; Poincaré inequality; inequality of
trace; explicit estimates.
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1. Introduction

The static equilibrium of a deformable structure occupying a domain €2 sub-
set of R? is governed by the Lamé linear elasto-static system of equations, see [1].
In this paper, we restrict the study to a domain €2 whose boundary has a polyg-
onal shape that posses m + 1 edges with m > 2. We denote by I' = Ul'; := 092
its boundary and by d(2) its diameter. This system is given by

Lu=f ae in
cfn_Z:gz on (F*l—‘o)mrz, 1§2§m (1)

u=0 on TIy.
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We assume that condition (Hs) of Theorem 2.3 stated in the paper [2] is
satisfied by I'. This condition is formulated in below. The vector function
u = (u!,u?) satisfying the system describes a displacement in the plane.
In this model, we impose a Dirichlet homogeneous condition on I'y and a Neu-
mann condition on the rest of the boundary. The equality on the boundary is
understood in the sense of the trace. We denote L the Lamé operator defined
by:

Lu = —divo(u) = —div[2ue(u) + A Tre(u)Id] (2)

The data functions f and g at the right hand side satisfy f € [L*(Q)]? and
g € [H2(I')]2. The vector 7] represents the outside normal to I';. We write 1
and A the Lamé’s coefficients. We place ourselves in the isotropic framework,

the deformation tensor ¢ is defined by
1 t
e(u) = g(Vu + Viu), (3)

The weak form of problem is (see [1], [3]):
find ueV;, YwveV
/ 2ue(uw)e(v) + Adivu dive de = / fvdz —|—/ gv do(x) (4)
Q Q i

where
V={ve[H'Q)]* v=0 on Ty}

The problem of existence and uniqueness in V' of the solution of is classic,
(see [3)).

If we denote ¢ the interior angle between I'; and I'y, such that fj NIy # 0
and if we denote  the interior angle between the Neumann part of the boundary
I'y and the Dirichlet part of the boundary I'p such that I'y NT'p # @, then we
impose

6 < 2m, v <. (5)

The reason behind this assumption on the boundary is to get a better regularity

of the solution of the weak problem . Precisely, in that case we have, following



[2], u € [H21¢(Q))2, which implies in particular, using the appropriate Sobolev
embedding, see [], that u € [C%3+¢(Q)]? i.e. u is (1 + ¢)—holder continuous.

Let us denote

Hdunm@::gés@odu>¢w%, HVUWM2?%[JVUH2+|VUﬂ2d@%~

By using the second Korn inequality, see [5], the trace and the Poincaré’s

inequalities, one easily get from the following estimate

11
IVulloo < aﬂ(cpllfllo,ﬂ + epellglly r); (6)

where ¢, ; is a constant that depends of Poincaré constant and the constant
of trace inequality. ¢ is the constant of the Korn’s inequality. Note that the
value of the constant c; and ¢, ; appearing in @ are unknown and can not be
explicitly lower-bounded in the general case. We propose to determine explicitly

these constants. The main result of this work is stated in the following theorem:

Theorem 1.1. The unique weak solution u of on the polygonal domain )

admits the explicit upper bound

L) (7)

where ¢p 1= d(Q), ¢t 1= 24/d(Q) and d(Y) represent the diameter of ).

3
IVullo.o < ;(Cpl\fllo,n + crllg]

The estimate @ is similar to @, the constants that are present are the same.
Before demonstrating this theorem, it is useful to go through some remarks and

results. Consider the auxiliary function u. € V defined by:

uc(w) = po(w)u(c) (8)
with:

pe(2) =0, fo-wmll<E

gele) =1—expl L2l 1 8 g g < e

de(2) =1, Ve<|lz—a



the functions ¢, € C?(R?) are identically zero on a sufficiently small neigh-
borhood of the vertices.

In the sequel, we denote by u. the vector-valued function u, = (ul, u?).

2. Weak problem for u. and an approximation result

First of all, we construct the weak problem verified by the approximating
function u.. With the approximating displacement u. € V is associated the

approximating stress tensor
oc :=2pe(ue) + ATre(u)l, (9)

since Lu, = divo. = f., then o, € [H(div)(Q)]**2. For a fixed ¢, by density
of the regular functions in the space H(div)(£2), there exists o™ € [C>°(Q)]?*?
such that o — o, in [H(div)(Q)]?*2. This means

log = ocllaiv.o = |[divel —divodloo + [lo¢ = oelloo =0 (10)

when n — oo. We put divel = f, then integrating by part against a test

function v € [C>°(Q2)]? yields the following

/GZLVv:/fenv—F/a?-ﬁvda.
Q Q r

Passing to the limit in n using , we find Vv € C(Q)

_ =
/Qoewf/gfev TS Y 2y )

where 0. - W =: g. € [H%(Q)]' is the image of the normal component o, by
the trace operator on I'. Since C*°(Q) is a dense subset of V' C H'(Q), then,

according to the definition and the expression @, the function u. satisfy
Yv eV,
/Q2ps(u6)5(u) —|—/Q)\divuE divw :/Qfev + < ge,v >[H%],(F)XH%(F) . (11)

One proves the following approximation lemma:

Lemma 2.1. The function u. defined by @ satisfy the following limits

@) Vuc = Vullog 0, 8) I1fe = flloo =0, ) llge —oll 13, 1 =0

4



Proof:. a) It is easy to see that ¢. € C1(B(x;, R?)). It is shown using Lebesgue’s
dominated convergence theorem that ||¢.—1||, o — 0 for all p > 1, which implies

that ||¢e — 1||oo,0 — 0. On the other hand

[[Vue — Vaullo,o = [[uVe + ¢ Vu — Vullo.o

< [uVeello,o + [|[(¢e — 1) Vullo,a.
Using the fact that u is (3 + €)—holder continuous we have
IVue = Vaullo,o < [[ullsolVéelloo + [[(¢e = Dllsc,al [ Vulloo-

One time again, the application of the dominated convergence theorem implies
that
IVéello.o =0,

therefore
[|[Vue — Vulloo — 0. (12)

We prove the two remaining points b) and ¢) simultaneously. Rewriting with
ge Hz(I')=D c [Hz(I')] and choosing v = u we obtain

IVl

00 < elllfllo.c + 1191l ;3 )

[N
—~~

—
~—
=

Let K be the operator that associate to each data pair (f,g) € L?(Q) x [H

the solution function u of the corresponding problem :

K:L*Q) x [H2()] —» H'(Q)

(f,9) = K(f,g9) = u.

Following existence and uniqueness result for problem (11]), K is well defined.
An equivalent formulation of is: there exist a constant ¢ > 0 such that
Y(f,g) € L3(Q) x [Hz(T")]’, we have

K9l < el oy = Il + gl 1)



i.e. K is continuous, furthermore it is linear and bijective. Then, according to

Banach’s isomorphism theorem, we deduce that dc_; > 0 such that

1£llo. + 19l 3 o < -1l Tullo (14

]/
Subtracting and member-to-member, one find that u — u, satisfy: Yo €
v,

A?ﬂ(é(ue) —e(u))e(v) + Adiv(ue — u) dive de =< g. — g,v >g- b

(15)
Applying to u. — u we get:
||f€ - f||07Q + ||g6 - gl'[H%(F)]' S C_]-HVUG - VU‘HO;Q'
Considering ([12)), we infer b) and c).
O

We take now the idea of decomposition: we consider the image of u by an
extension operator

P:HY Q) » H'(R?)

which is always possible for the lipschitz domain €. Given € > 0; there exists
(026)i=1,m an overlap of  and a C! partition of unity (¢5); with respect to
this overlap such that if M = supp ¢; C Qf the following two conditions are
satisfied:

(i) el :Vi=1,m: TNIOM; € D. in such a way that (supp pSu.)NI' C T,

(i) e2: Vi#j 2(p+A)maxp—;||V(ejue)lloona:s <€
where
D, :={x € R? such that ||z — ;|| < €}.

Put uc; := ¢§u.. Since we are looking for explicit estimates, we should use
these inequalities relatively to a geometrical configuration for which they are

explicitly formulated. The configuration that best fits our polygonal domain 2



is the half-plane R?* containing the domain €2 for Korn’s inequality, the square
Sq with edge’s length equal to d(Q2) for the other two inequalities. Thus we
determine theses constants thanks to results available for this type of domains.
All this suggests to extend by zero the functions u; outside 2. The definition

of the functions u.; is adapted to make such an extension.

3. Technical tools

We introduce some useful lemmas, which will play essential roles in proving

theorem (1.1)).

3.1. Extension of the functions u;

Given € > 0, we consider for ¢, 1 < ¢ < m, the extension by zero of uc;
from € to the half-plane R?* containing ) such that I'; C OR?*. The extended

function is defined by

Ue,j = Uei, a.e. x € M:fNQ,

’ - (16)
ﬂe,i =0, x € R*T — Mf NnQ.
We have obviously the following
[0, te il o,r2+ = [0, e illo,mene =[]0z, we,illo,are e (17)

The inequalities are established for the extended H' regular functions defined

on a square containing €.

3.2. Ezxplicit constant in the Poincaré inequality

We show in the following lemma that the function u.; € V; satisfy the

Poincaré inequality for which we determine explicitly the constant.

Lemma 3.1. For alli, 1 < i < m, the function u.; satisfy:
[lue.illo.o < d(Q)][Vuello.0; (18)

the constant d(2) means the diameter of 2.



Proof:. We establish Poincaré inequality for one of the two components u€ il =

2, the same estimate hold with the other. Note abed the square Sy such that
a = (ay,a2),b = (b1,b2),¢c = (01702) et d = (di1,dz2) and such that I'; C S; :=
[c,d]; so @l ; =0 on 0Sy —

l

Since 1, ,; is absolutely continuous on the lines parallel to the coordinate

axis, then applying the fundamental theorem of calculus to ﬁl“ on

Sq for 1 =1,2 , we have for all (x1,22) € [a1,d1] X [az, bs]
J(x1,22) / oy The i (s .132)d3+u (a1, z2).

Since (a1, x2) € 0Sq — 'y, then V(z1, 22) € [a1,d;1] X [az, ba]

(@1, x2) / Oz, U ;(5,72)ds.
ay

Using Cauchy-Schwarz inequality V(z1,x2) € [a1, d1] X [az, ba]

- 1 1
|ui7i<x1,x2>|s|x1—a\2</ 100y (s, 22) 2ds) b

al

Taking the square of the two hand sides of this inequality and using the fact
|z1 — a] < d(): V(z1,22) € [a1,d1] X [az, ba] yields

@ (1, 2)] <|w1—a|/ B0y 45, 22) ds<d<m/ B0, (5, 22) ds.

ay

Integrating on Sy with respect to the variables x; and xs:

b2 d1 b2 dl dl
||uHHO S, = / / fc (1, 29)|?dwrdy < d(Q / / / |0 u“(s 19)[2dsdrodr,

< dQ(Q)// |8zﬂl€’i(s7m2)|2dsdx2.
Sa
According to definition [16| and by considering we get

6.0 < d(Q)IVulll5

|ul,
We infer that

0,0) = ()| Vue,[5

= [Jue ll6 o +uZ1I5.0 < a* ()| Vue |6

[lwe.q 113

O



3.3. Fxplicit constant in the trace inequality

Using mainly the inequality of Poincaré stated in lemma (3.1]), one estab-

lishes a trace inequality on I'; for the function u.; with an explicit constant.

Lemma 3.2. For all i, the functions u.; satisfy:

l[ueillo,r: < el [Vueillon (19)

where ¢y := 24/d(Q2) is the trace constant.

Proof:. Let i ; be defined on Sg such that I'; C 05q. We establish trace in-
1

equality for one of the two components u, ;,1 = 1,2, the same estimate hold with
he other. Applying the inequality of trace on the boundary of a prallelogram
(see lemma 4.2 in [6]) for @l ; on S;, yields

S| 1S4

||alel g,ri < Halsz g,si < 2@Hﬂi,illﬁ,sd + 2WHWi,iII3,sd-
Using estimate (3.1]) we find
~1 12 5] 2 ~1 112 |Sd] ~1 12
e illor, < Q@d DIV 4155, + QWHVUW 0,54
hence by simplifying
ladl13.r, < 4d(Q)]|Vig,|l3 s,-
Using defining @ ; and we have
llutil13.r, < 4d(Q)]|Vug|If o
Summing over [ = 1,2 we get
llue,ill3.r, < 4d(Q)]|Vueil[3 o-
O
We need also the following elementary technical lemma:
Lemma 3.3. Assume v € HY(Q), then
le@lloe <[IVulloe »  [ldivulloe < V2|[Vulloo- (20)



Proof:. On one side

3uj Bui ou’
/|€ |2dx—12/ Oz 3:& Jdo =5 Z/' iji?xi)dx

2]1

| /\

1]1

1
<5 [ 0vulE + 3(7uB + [Vu))da
Q

IN

| 19ude = 19l e
Therefore ([, [e(u)|3 dx) 3 < ||Vullo.o. On the other side

/ div?u dr = / |0, ut + Op,u?|?dr < /(|8$1u1| + O, u?|) da
Q Q )

< 2/ 100, w12 + |0, u2[2dz
Q

2/ IVl 2 + V2 2dz = 2/|Vul B e
Q

Therefore ([, divZuda)? < v/2||Vullo.0-

4. Proof of Theorem [1.1]

To prove the estimate of theorem (1.1)), we choose as a test function in
the compactly supported functions u. ; and use Korn’s inequality, Poincaré’s and
trace’s inequalities to explicitly upper bound ||Vu. ;||o,o. This leads, thanks to

the approximation lemma (2.1)), to explicitly upper bound ||Vul|o,q.

Proof:. Fix e > 0.
Step (i) At first, we establish an upper bound estimate for ||e(ue;)|o.0. We

recall that wu, verifies:

Yv €V, /Q2us(u6)£(v)+)\ divue dive doe = /9er dr+ < ge, v >[H%],(F)’H%

10

1 8u2 o’
3 [ (Vul+3 Z(\fl 5

%)) da

T’



this function is expressed u. = Zl Ue,i = ZZ ucp;. Choose v = uc;, this gives
/ 2p62(um-) + A div? Uey dr = — Z 2/ pe(te j)e(tes) + Adivue j divu,; do
M; gai T MINM;

+ féuﬁ,idx+ < geuue,i

" Zdy )b

Applying Cauchy-Schwarz inequality yields

/ 2p” (t1ei) + Adiviuce; da < Y 2ulle(ue ;) lo,mznnas e (te i) o, are s
M¢

JJFi

+ 2A|[ div ue o, argnas | div e ifo,are s
1Al el g + el el
Lemma (3.3)) allows us to write the following
/ 2ue?(ue ;) + Adiviu,; do < Z 20l [Vue jllo,nae nnae | Vte,ilo,nremne
M Gt
+ 2X[|Vue ;] 0,M¢NM¢ Ve i 0,M¢NMS
+ [ fello,azg [[ue,illo.o + ||ge|‘[H%],7F||“67iH%,F~

Using and we get

/ 2ue? () + Adivi ue; do < Z (21 + 20| Vue o, mgnnes [ Vue,il o, v ne
v

JJ#e
+pllfello.e (IVueillog + corllgell 11, [l Vuelloo
The condition ¢2 of the definition of the partition of unity gives
. €
/ 2pe” (uei) + AdivZue,; do < IIVueillo.nes + cpll felloare [ Vueillo,nr;
M
(21)
+erllgell 3y, plVuellor
Estimate becomes
2ulle(ue) 15 aze < Ve illo, g (€ + cpl|fello,are + Corllgell 3y, p)- (22)

11



Step (ii) We give a lower-bound for |[e(uc,i)||o,are in term of [[Vul|o ase for all
1, 1 < i < m. Since the deformation is a linear application with respect to the
first derivatives of u. ;, then with the same notation as in and by using

we have

2ulle ()15 mor = 20lle (eI o = 20lle(ue) 15 are- (23)

Applying the estimate in corollary 1.2.2 of [7] to @, gives

1 N -
5 X 24| |Vie ] 3,R2+ < 2/~L||5(u6,i)||g,R2+'

Hence, by using 7 Vi, 1 <1 <m+1, we get

WIVueilld o = ullViel[§ zor < 20lle(@ei)lg por = 20lle(uei)llf o (24)

Combining and we get for all i

sl Vel are < / 2ue” (ue;i) + Adiviuei da < |[Vueillo,arg (€ + cp|| el
M

i

0,M¢g + Ctr||ge‘|[H%],’F)7
ie.

lIVuelloars < €+ cpllfellors + eerllgell 4, 1 (25)

Taking the square of the two hand sides of and using Young inequality

P2V uell§ are < 3(6* + el felld are + C?rllgellfH%], o)

By summing over 7 = 1, m
2 2 2, 2 2 2 2
w Z ||Vue7i||o,ﬂ < 3(me” + sz ||fe||0,M§ + Cir Z ||9e|\[H%],7F)- (26)
K2 3
Applying the appropriate identity on the left hand side of

w2V ZUG’LH(Q)Q < 2u? Z/M Ve ; Ve jdx (27)

i 7 MM,

+3(me? + I fellf 0+ ehllgel By, )

Cauchy-Schwarz inequality yields using condition ¢2

2M2/ Ve Ve jdor < 2M2||Vue,i||M;mM; Ve jl|menms < .
MEnMs

12



Inequality becomes

);

P2 Vuel|§ o < €+ 3(me® + el felld o + Cfrllge\lfH%],

r
taking the square root of the two hand sides,
1
(Vullon < (eVBmT 1+ 3l flloc + 3eurlloll 3, )

Letting € — 0 and using the approximation lemma (2.1

1
[Vullos < L@l o+ 3ol 1) (29)
Since g € L?(T"), by continuity of the injection
I:H*T)=DcC[H>T)] - [H>(I)],
the estimate in Theorem (L.I]) is deduced immediately from (28).
O

Finally, in order to get the explicit H' estimate of u., and so that of u, we
use the poincaré inequality to bound [|ue||o,o at one hand and the estimate
at the other hand.

Conclusion

The result of this lemma is still valid if the structure occupies a non-convex
domain. Indeed, the convexity of the domain 2 does not affect since the essen-
tial tool used in the proof is the partition of the unity. In the point of view
of numerical analysis, estimate of theorem is interesting. Indeed, error

estimates in finite element method of the type
[lu = unllo,o < Ch||Vullo,o

involve the quantity ||Vul|o,o. Assuming that the constant C' can be calculated,
then it is possible to explicitly bound ||Vul|o,o which implies a better estimate
of | ullo.o-

Another interesting fact in the estimation (]2[) that makes it effective is that

it does not depend on the characteristic parameters of the polygonal domain €2,

13



namely, the edges’s length, their number as well as the measures of the angles.

The estimate is therefore indifferently applicable to all polygons. All this allows

the possibility to generalize this result to a C! class domain.
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