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A DECOMPOSITION THEOREM FOR SINGULAR SPACES WITH TRIVIAL
CANONICAL CLASS OF DIMENSION AT MOST FIVE

STEPHANE DRUEL

ABSTRACT. In this paper we partly extend the Beauville-Bogomolov decomposition theorem to
the singular setting. We show that any complex projective variety of dimension at most five
with canonical singularities and numerically trivial canonical class admits a finite cover, étale in
codimension one, that decomposes as a product of an Abelian variety, and singular analogues of
irreducible Calabi-Yau and irreducible holomorphic symplectic varieties.
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1. INTRODUCTION

The Beauville-Bogomolov decomposition theorem asserts that any compact Kéhler manifold with
numerically trivial canonical bundle admits an étale cover that decomposes into a product of a torus,
and irreducible, simply-connected Calabi-Yau, and holomorphic symplectic manifolds (see [Bea83]).
Moreover, the decomposition of the simply-connected part corresponds to a decomposition of the
tangent bundle into a direct sum whose summands are integrable and stable with respect to any
polarization.

With the development of the minimal model program, it became clear that singularities arise as
an inevitable part of higher dimensional life. If X is any complex projective manifold with Kodaira
dimension k(X) = 0, standard conjectures of the minimal model program predict the existence of
a birational contraction X --+» X’, where X’ has terminal singularities and Ky = 0. This makes
imperative to extend the Beauville-Bogomolov decomposition theorem to the singular setting.

Building on recent extension theorems for differential forms on singular spaces, Greb, Kebekus
and Peternell prove a decomposition theorem for the tangent sheaf of complex projective varieties
with canonical singularities and numerically trivial canonical class.

Theorem 1.1 ([GKP11, Theorem 1.3]). Let X be a normal complex projective variety with canon-
ical singularities. Assume that Kx = 0. Then there exists an abelian variety A as well as a
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2 STEPHANE DRUEL

projective variety X with canonical singularities, a finite cover A x X — X, étale in codimension
one, and a decomposition
- Do

iel
such that the following holds.
(1) The &; are integrable subsheaves of T, with det(&;) = 0.

Further, if g: X = X is any finite cover, étale in codimension one, then the following properties
hold in addition.

(2) The sheaves (g*&;)* are stable with respect to any polarization on X.
(3) The irregularity h' (X, O%) of X is zero.

Based on Theorem 1.1 above, they argue in [GKP11, Section 8] that the natural building blocks
for any structure theory of complex projective varieties with canonical singularities and numerically
trivial canonical class are canonical varieties with strongly stable tangent sheaf (see Definition 2.4 for
this notion). In dimension no more than five, they also show that canonical varieties with strongly
stable tangent sheaf fall into two classes, which naturally generalize the notions of irreducible
Calabi-Yau and irreducible holomorphic-symplectic manifolds, respectively.

The main result of our paper is the following decomposition theorem.

Theorem 1.2. Let X be a normal complex projective variety of dimension at most 5, with kit
singularities. Assume that Kx = 0. Then there exists an abelian variety A as well as a projective
variety X with canonical singularities, a finite cover A X X — X, étale in codimension one, and a

decomposition
x=[[vix[[%
il jeJ
of)? into normal projective varieties with trivial canonical class, such that the following holds.
(1) We have h° (}71, Q[%]) =0 for all numbers 0 < q < dimY; and all finite covers Y; — Y;, étale

in codimension one.
(2) There exists a reflexive 2-form o € H° (Zj, Q[sz]) such that o is everywhere non-degenerate on

the smooth locus of Z;, and such that for all finite covers f: Zj — Zj, €tale in codimension

one, the exterior algebra of global reflexive forms is generated by f*lo € HO (Zj, Qg])
J

Remark 1.3. The decomposition of X induces the decomposition of Ty given by Theorem 1.1
above up to permutation of the summands.

The proof of the Beauville-Bogomolov decomposition theorem heavily uses Kahler-Einstein met-
rics and the solution of the Calabi conjecture. But these results are not yet available in the singular
setting. Instead, the proof of Theorem 1.2 relies on Theorem 1.1 and on sufficient criteria to guar-
antee that a given foliation has algebraic leaves. In [Bos01], Bost proved an arithmetic algebraicity
criterion for leaves of algebraic foliations defined over a number field. Building on his result, we
obtain the following algebraicity criterion.

Theorem 1.4. Let X be a normal complex projective variety of dimension n with terminal singu-
larities, and let H be an ample Cartier divisor. Let

TX:@%‘@éa
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be a decomposition of T'x into involutive subsheaves. Suppose that for any finite cover g: X - X,
étale in codimension one, the sheaf (g*%;)** is g* H-stable. Suppose furthermore that

c1(%)-H 1 =0, and either c1(94)?-H" 240 or c3(%)-H"2+#0
for each i € I. Suppose finally that & is H-polystable with
(&) -H"  =¢1(6)? H'"? = (&) - H 2 =0.

Then there exists an abelian variety A as well as a projective variety X with terminal singularities,
and a finite cover f: A x X — X, étale in codimension one, such that

(fE)" =Ty x/%

as subsheaves of T 5.
Remark 1.5. In the setup of Theorem 1.4, there exists a finite cover f: X — X étale in codi-
mension one such that (f*&)** is a locally free, flat sheaf on X ([GKP16a, Theorem 1.20]). In
particular, if the étale fundamental group ﬂft(Xreg) is finite, then the conclusion of Theorem 1.4
follows easily from the description of the Albanese map of mildly singular varieties whose canonical
divisor is numerically trivial in [Kaw85, Proposition 8.3]. On the other hand, [GKP11, Corollary
3.6] reduces the study of varieties with trivial canonical class to those with zero augmented irreg-
ularity (see Definition 4.1 for this notion), and it is expected that the étale fundamental group of
their smooth locus is finite (see [GKP11, Section 8] and [GKP16a, Theorem 1.5]). This is true if
dim X < 4 by [GKP11, Corollary 8.25], providing an alternative proof of Theorem 1.4 in this case.

The geometric counterpart of Bost’s arithmetic algebraicity criterion, independently obtained by
Bogomolov and McQuillan ([BMO01]), and very recently extended by Campana and Paun ([CP15])
leads to the following algebraicity criterion.

Theorem 1.6. Let X be a normal complex projective variety of dimension n, and let H be an
ample Cartier divisor. Suppose that X is smooth in codimension two. Let

Tx =609

be a decomposition of Tx into involutive subsheaves, where & is H-stable, det(&) = Ox and co(8) -
H" 2 £ 0. Suppose furthermore that & has rank at most 3. Then & has algebraic leaves.

Theorem 1.6 confirms a conjecture of Pereira and Touzet in some special cases (see [PT13, Remark
6.5]). It is one of the main technical contributions of this paper.

This paper is organized as follows.

In section 3, we review basic definitions and results about foliations on normal varieties.

In section 4, we show that algebraic integrability of direct summands in the decomposition of the
tangent bundle given by Theorem 1.1 leads to a decompositon of the variety, perhaps after passing
to a finite cover that is étale in codimension one (see Theorem 4.5 and Proposition 4.10). This
solves [GKP11, Problem 8.4].

Section 5 is devoted to the proof of Theorem 1.4.

In sections 6-8, we prove Theorem 1.6. In the setup of Theorem 1.6, we show that either & sat-
isfies the Bost-Campana-Paun algebraicity criterion in Proposition 8.4, or & admits a holomorphic
Riemannian metric. This is an immediate consequence of our study of stable reflexive sheaves of
rank at most 3 with numerically trivial first Chern class and pseudo-effective tautological line bun-
dle in Section 6. For a precise statement, see Theorem 6.1. If & admits a holomorphic metric, then
it follows from Proposition 7.5 that & admits a holomorphic connection, yielding a contradiction.

In section 9, we finally prove Theorem 1.2.



4 STEPHANE DRUEL

Acknowledgements. We would like to thank Jorge V. PEREIRA and Frédéric TOUZET for helpful
discussions. The author would also like to thank Cinzia CASAGRANDE for important suggestions.
Lemma 4.6 goes back to her. Finally, we would like to thank the referees for their helpful and very
detailed reports, and for pointing out several mistakes in a previous version.

The author was partially supported by the ALKAGE project (ERC grant Nr 670846, 2015—2020).

2. NOTATION, CONVENTIONS, AND BASIC FACTS

2.1 (Global Convention). Throughout the paper a variety is a reduced and irreducible scheme
separated and of finite type over a field.

2.2 (Differentials, reflexive hull). Given a normal variety X, we denote the sheaf of Kéahler differ-

entials by Q. If 0 < p < dim X is any number, write Q[)’? = (Q%)**. The tangent sheaf will be
denoted by Ty := (Q%)*.

Given a normal variety X, m € N, and coherent sheaves & and ¢ on X, write &M = (A
Slmlg .= (§m&) ™, det(&) := (A*KE &) and E R Y := (& @ 4)*™*. Given any morphism f: Y —

X, write fH& = (f*&)**

2.3 (Stability). The word “stable” will always mean “slope-stable with respect to a given polar-
ization”. Ditto for semistability.

Definition 2.4 ([GKP11, Definition 7.2]). Let X be a normal complex projective variety of dimen-
sion n, and let ¢4 be a coherent reflexive sheaf. We call & strongly stable, if for any finite morphism
f: X — X that is étale in codimension one, and for any choice of ample divisors H Tyevnrs fIn_l on
)Z', the reflexive pull-back f*¥ is stable with respect to (ffl, cee ﬁn_l).

2.5 (Nef and pseudo-effective cones). Let X be a complex projective variety and consider the finite
dimensional dual R-vector spaces

Ni(X)r = ({1l —cycles}/ =) @R and N'(X)r = (Pic(X)/ =) ®R,

where = denotes numerical equivalence. Set N'(X)g = (Pic(X)/ =) ® Q. The Mori cone of X is
the closure NE(X) C Ny (X)g of the cone NE(X) spanned by classes of effective curves. Its dual
cone is the nef cone Nef(X) C N*(X)g, which by Kleiman’s criterion is the closure of the cone
spanned by ample classes. The closure of the cone spanned by effective classes in Nl(X )r is the
pseudo-effective cone Eff(X).

2.6 (Projective space bundles). If & is a locally free sheaf of finite rank on a variety X, we denote
by Px (&) the variety Pron(Sym(éa)), and by Op (#)(1) its tautological line bundle.

Lemma 2.7. Let X be a complex projective variety, let H be an ample Cartier divisor, and let &
be a locally free sheaf of finite rank. Then [Op (£)(1)] € Nt (IP’X(éa))R s not pseudo-effective if and
only if there exists ¢ > 0 such that h° (X, SiE® ﬁX(jH)) = 0 for any positive integer j and any
natural number ¢ satisfying ¢ > cj.

Proof. Set Y := Px (&), denote by Oy (1) the tautological line bundle on Y, and by 7: ¥ — X
the natural morphism. If [0y (1)] € N!(Y)g is not pseudo-effective, then Oy (m) @ 7*Ox(H) is
not pseudo-effective either for a sufficiently large positive integer m. Let now ¢ and j be positive
integers such that ¢ > mj. Then Oy (i) ® 7™*Ox (jH) is not pseudo-effective as well, and hence

R(X,5'¢ @ Ox(jH)) = h°(Y, Oy (i) @ 7*Ox (jH)) = 0

by the projection formula.
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Conversely, suppose that [0y (1)] € N'(Y) is pseudo-effective. Pick mg > 0 such that Oy (1) ®
7*Ox (moH) is ample. Then, for each positive integer m, the line bundle Oy (m+1) @ 7*Ox (moH)
is big, and hence there exists a positive integer k such that

W(X, S* ke @ Ox (kmoH)) = h°(Y, Oy (km + k) @ ©* Ox (kmoH)) # 0.
This completes the proof of the lemma. O

2.8 (Chern classes). We will need to consider intersection numbers of line bundles with Chern
classes of reflexive sheaves on singular varieties. We use [Ful98, Chapter 3| as our main reference
for Chern classes on varieties over a field. Given a variety X, we denote by Ay(X) the group of
k-dimensional cycles modulo rational equivalence.

Definition 2.9. Let X be a variety of dimension n, and let ¢ be a coherent sheaf. Let X° C
Xreg be the maximal open set where ¢ is locally free. Assume that the complement of X° in X
has codimension at least k + 1 for some positive integer k. The k-th Chern class ¢x(¥) of ¢ is
the image of cy(%x0) N [X°] € A, (X°) under the isomorphism A, ;(X°) = A, (X), where
Cr(9Yxo): Ae(X®) = Aq_x(X?) is the Chern class operation.

Remark 2.10. Complex varieties with terminal singularities are smooth in codimension two (see
[KM98, Corollary 5.18]). So the first and second Chern classes of coherent sheaves are well-defined
on these varieties.

We will need the following observation. Notice that much of the intersection theory developed in
[Ful98, Chapters 1-10] is valid for schemes, separated and of finite type, over a noetherian regular
scheme (see [Ful98, Chapter 20]). Given a scheme X, separated and of finite type over a noetherian
regular scheme S, we denote by Ag(X/S) the group of relative dimension k cycles modulo rational
equivalence.

Lemma 2.11. Let T be an integral noetherian scheme of dimension m, let X be an integral scheme
of dimension n, and let m: X — T be a dominant proper morphism. Let 4 be a coherent sheaf,
and let H be a Cartier divisor on X. Given t € T, we denote by X; the fiber of w over the point t.
Write 9, == 9x, and Hy == H|x,. Let X° C X be the open set where ¢ is locally free. Assume that
the complement of X° in X has codimension at least k + 1 for some positive integer k. Then there
exists a dense open set T° C T such that the intersection number cy(%) - H' ™ is independent
ofteT°.

Remark 2.12. Let t € T. The scheme X; is viewed as a scheme over the residue field of ¢. If the
complement of X° N X; in X; has codimension at least k + 1, then ¢ (&;) is well-defined.

Proof of Lemma 2.11. Replacing T by a dense open set, we may assume that 7 is flat, and that,
for any point ¢ € T, the complement of X°N X; in X; has codimension at least k+ 1. We will show
that the intersection number ¢k (%) - Hffmfk is independent of ¢ € T. In order to prove our claim,
we may assume without loss of generality that T' = Spec R for some discrete valuation ring R. Let
1 be the generic point of T, and let ¢ be its closed point.

Let now cx(¥) be the image of ci(¥x0) N [X°] € A, £(X°/S) under the isomorphism
Apm—k(X°/S) = Ap_p ik (X/S), where ci(¥xo): Ae(X°/S) — Ae_(X°/S) is the Chern class
operation. The inclusion X, C X induces a pull-back morphism

—n: Ae(X/5) = Ae(Xy),
and the regular embedding X; C X induces a Gysin homomorphism
—¢l A.(X/S) — A.(Xt)
By [Ful98, Chapter 20], there is a specialization map
51 Ae(Xy) = Ae(Xy)
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such that s o —;, = —.

The degree 0 component of s preserves degrees by [Ful98, Proposition 20.3 a)] and, by [Ful98,
Example 20.3.3], we have s(ay, - H) = s(a;) - Hx, for any cycle a € A4(X,) on the generic fiber. It
follows that we have

ex(), B = (), HIG "

Notice that [X]; = [X;] since X is flat over T' and {t} C T is a regular embedding (see [Ful98,
Theorem 6.2 b)]). Using functoriality of Gysin homomorphisms (see [Ful98, Theorem 6.5]) together
with [Ful98, Proposition 6.3], one readily checks that the image of ¢;(¥), under the isomorphism
Ap p(Xy) = Ay 1 (X° N Xy) is cp(Yxonx,). This implies that cx(¥4), = c(4) € Anw(Xy).
Similarly, using functoriality of flat pull-backs together with [Ful98, Theorem 3.2 d)], we see that
ck(9), = cx(9y) € Ap—g(Xy). This completes the proof of the lemma. O

2.13 (Singularities). We refer to [KM98, Section 2.3] for details. Let X be a normal complex
projective variety. Suppose that Ky is Q-Cartier, i.e., some non-zero multiple of it is a Cartier
divisor. Let 8: X — X be a resolution of singularities of X. This means that X is a smooth
projective variety, 8 is a birational projective morphism whose exceptional locus is the union of
prime divisors E;’s, and the divisor ) F; has simple normal crossing support. There are uniquely
defined rational numbers a(E;, X) such that

Kg=p"Kx+ Y a(E;,X)E;

The numbers a(E;, X) do not depend on the resolution (3, but only on the valuations associated
to the divisors E;. We say that X is terminal (respectively, canonical) if, for some resolution of
singularities 8: X — X of X, a(E;, X) > 0 (respectively, a(E;, X) > 0) for every [-exceptional
prime divisor F;. If these conditions hold for some log resolution of X, then they hold for every
log resolution of X.

3. FOLIATIONS
We first recall basic facts concerning foliations.

Definition 3.1. A foliation on a normal variety X over a field k is a coherent subsheaf &4 C Ty
such that

(1) ¢ is closed under the Lie bracket, and
(2) ¢ is saturated in T'x. In other words, the quotient T'x /¥ is torsion-free.

The rank r of ¢ is the generic rank of ¢. The codimension of ¢4 is defined as ¢ := dim X — r.

Suppose that k = C.

Let X° C Xieg be the open set where 9|, , is a subbundle of Tx,,. A leaf of ¢ is a connected,
locally closed holomorphic submanifold L C X° such that T, = 4|1, A leaf is called algebraic if it
is open in its Zariski closure.

The foliation ¢ is said to be algebraically integrable if its leaves are algebraic.

3.2 (Analytic graph of a regular foliation). Let X be a complex manifold, and let ¥4 C Tx be a
regular foliation. Set Z := X x X, and let Y C Z be the diagonal embedding of X =: Y. Denote
by p1,p2: Z = X x X — X the projections onto X. Applying Frobenius’ Theorem to the regular
foliation
¥ CpiTx CpiTx ®poTx =Tz

on Z, we see that there exists a smooth locally closed analytic submanifold V' C Z containing Y
such that p2jy is smooth, and such that its fibers are analytic open subsets of the leaves of the
foliation p1%¥ C Tz passing through points of Y. Notice that 43y = 4. The analytic graph of the
foliation (X, %) is the analytic germ of V along Y (see also [Bos01, Section 2.2.2]).
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3.3 (Foliations defined by g-forms). Let ¢ be a codimension ¢ foliation on an n-dimensional normal
variety X. The normal sheaf of 4 is N := (Tx/¥9)**. The ¢-th wedge product of the inclusion

N Q[)l(} gives rise to a non-zero global section w € H° (X , Q% K det(A )) whose zero locus has
codimension at least two in X. Moreover, w is locally decomposable and integrable. To say that w
is locally decomposable means that, in a neighborhood of a general point of X, w decomposes as
the wedge product of ¢ local 1-forms w = wq A - -+ Awg. To say that it is integrable means that for
this local decomposition one has dw; A w = 0 for every i € {1,...,q}. The integrability condition
for w is equivalent to the condition that ¢ is closed under the Lie bracket.

Conversely, let .Z be a reflexive sheaf of rank 1 on X, and let w € H(X,Q% X &) be a global
section whose zero locus has codimension at least two in X. Suppose that w is locally decomposable
and integrable. Then the kernel of the morphism Tx — Qg(_l X Z given by the contraction with
w defines a foliation of codimension ¢ on X. These constructions are inverse of each other.

3.4 (Foliations described as pull-backs). Let X and Y be normal varieties, and let ¢: X --» Y be
a dominant rational map that restricts to a morphism ¢°: X° — Y°, where X° C X and Y° C Y
are smooth open subsets.

Let 4 be a codimension ¢ foliation on Y. Suppose that the restriction ¥° of 4 to Y° is defined
by a twisted ¢g-form wyo € H° (Yo, QL. ® det(ﬂfgo)). Then wyo induces a non-zero twisted g-form

wxe € HY (XO, Q%o ® (cpo)*(det(/lég)|yo)>, which in turn defines a codimension ¢ foliation &° on
X°. The pull-back o9 of 4 via ¢ is the foliation on X whose restriction to X° is &°.

Definition 3.5. Let ¢: X — Y be an equidimensional dominant morphism of normal varieties,
and let D be a Weil Q-divisor on Y. The pull-back ¥*D of D is defined as follows. We define
¥*D to be the unique Q-divisor on X whose restriction to ¢~ (Y;eg) is (V=1 (Yieg)) (D}¥se,)- This
construction agrees with the usual pull-back if D is Q-Cartier.

We will use the following notation.

Notation 3.6. Let ¥: X — Y be an equidimensional dominant morphism of normal varieties. Write
Kxy := Kx —¢*Ky. We refer to it as the relative canonical divisor of X overY.

Notation 3.7. Let ¢¥: X — Y be an equidimensional dominant morphism of normal varieties. Set

R(y) =) (V"D — (" D), )

D

where D runs through all prime divisors on Y. We refer to it as the ramification divisor of 1.

Definition 3.8. Let 4 be a foliation on a normal projective variety X. The canonical class Ky of
¥ is any Weil divisor on X such that Ox(—Ky) = det(¥).

Example 3.9. Let ¢: X — Y be an equidimensional dominant morphism of normal varieties, and
let ¢4 be the foliation on X induced by 1. A straightforward computation shows that

Ky = Kx;y — R(¥).

3.10 (The family of leaves). Let X be a normal complex projective variety, and let ¢ be an
algebraically integrable foliation on X. We describe the family of leaves of & (see [AD14, Remark
3.12)).

There is a unique normal complex projective variety Y contained in the normalization of the
Chow variety of X whose general point parametrizes the closure of a general leaf of 4 (viewed as
a reduced and irreducible cycle in X). Let Z — Y x X denotes the normalization of the universal
cycle. It comes with morphisms
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7P x

3
Y
where 5: Z — X is birational and, for a general point y € Y, B(wfl(y)) C X is the closure of a
leaf of &. The variety Y is called the family of leaves of ¢.
Suppose furthermore that K¢ is Q-Cartier. There is a canonically defined effective Weil Q-divisor
B on Z such that
(3.1) Kz)y — R(Y) + B ~q 8" Ky,
where R(t)) denotes the ramification divisor of 1.

Remark 3.11. In the setup of 3.10, notice that B is S-exceptional. This is an immediate conse-
quence of Example 3.9.

We will need the following easy observation.

Lemma 3.12. Let X be a normal complex projective variety with Q-factorial terminal singularities,
and let G be an algebraically integrable foliation on X. Suppose that Kx is pseudo-effective and
that Kg ~q 0. Let¢: Z —'Y be the family of leaves, and let 3: Z — X be the natural morphism.
Then ¢ = o L is an almost proper map, and Kg-14 ~q 0.

Proof. Notice that ¢ is induced by ¢ ;== o~ : X --5 Y.
It follows from 3.10 that there is a canonically defined effective Weil Q-divisor B on Z such that
(3.2) Kﬁ—1g + B = KZ/Y — R(I/)) + B ~Q B*sz ~Q 0,

where R(1) denotes the ramification divisor of 1. Recall from Remark 3.11, that B is -exceptional.
Moreover, since X has Q-factorial terminal singularities, there exists an effective Q-divisor £ on X
such that

(3.3) Kz =p"Kx +E and Supp(F) = Exc(f).
From equations (3.2) and (3.3), we obtain
(3.4) R(Y) ~q B"Kx —¢"Ky + B+ E.

Consider a general fiber F' of ¥. Equation (3.4) then shows that
(B*Kx + B+ E)F ~q0.

Since B and FE are both effective divisors, and since K x is pseudo-effective, we must have ENE = ().
The equality Exc(f) = Supp(FE) then shows that ¢ is an almost proper map.

By the adjunction formula, Kr ~z Kz p, and thus K is pseudo-effective. Applying [Drulb,
Corollary 4.5] to 9, we see that Kg-14 = Kz/y — R(3) is pseudo-effective. Equation (3.2) then
shows that

Kg-1g ~90 and B=0.
This finishes the proof of the lemma. O

It is well-known that an algebraically integrable regular foliation on a complex projective manifold
is induced by a morphism onto a normal projective variety (see [HV10, Proposition 2.5]). The next
proposition extends this result to some foliations on mildly singular varieties.

Proposition 3.13. Let X be a normal complex projective variety with Q-factorial terminal sin-
gularities, and let Tx = & &4 be a decomposition of Tx into involutive subsheaves. Suppose that
Kx is pseudo-effective and that det(&) = Ox. Suppose furthermore that & is algebraically inte-
grable. Then there exists an open subset X° C X with complement of codimension at least two and
a projective morphism with irreducible fibers ©°: X° — Y° onto a smooth quasi-projective variety
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such that & is induced by ©°. Moreover, there exists a finite morphism °: Y° 5 Y© satisfying the
following property. Let X° be the normalization of Y° Xyo X°, and denote by ¢° : X° — Y° the
natural morphism. Then @° is a locally trivial analytic fibration for the analytic topology.

Proof. Let ¢v: Z — Y be the family of leaves, and let 5: Z — X be the natural morphism (see
3.10). By [Drul5, Lemma 4.2], there exists a finite surjective morphism v: Y3 — Y with ¥; normal
and connected such that the following holds. Let Z; denotes the normalization of Y7 xy Z. Then
the induced morphism 1 : Z; — Y7 has reduced fibers over codimension one points in Y;. Hence,

we obtain a commutative diagram as follows,
«, finite B

L finite

Claim 3.14. The tangent sheaf Tz, decomposes as a direct sum
=(Boa) '€ (Boa) ¥

Proof of Claim 8.14. Set q := rank &, and let w € H° (X, Q[)q(]) a g-form defining ¢. Then 5*W\Z\Exc(5)
extends across Exc(8) and gives a ¢-form f*w € H°(Z, Q[g}) by [GKKP11, Theorem 1.5]. The ¢-

form o*(5*w) € HY (Zl, Q[Q]) defines the foliation (3o a)~!'% on a dense open set, and induces an
Oz, -linear map (AT, )" — O, such that the composed morphism of reflexive sheaves of rank
one

o: det ((Bo a)_léa) — (A1Tz,)™ — Oy,
is generically non-zero. By Lemma 3.12, we know that K1, ~q 0. A straightforward computation
then shows that

K(ﬁoa)—lé” = Oé*Kﬁ—lg ~Q 0,
and hence ¢ must be an isomorphism. This immediately implies that
Tz, =Boa) 6@ (Boa)'¥,

proving our claim. O

Let Z7 C wl_l(ereg) be the open set where wllwfl(Yl ) is smooth. Notice that Z7 has comple-
reg

ment of codimension at least two since 11 has reduced fibers over codimension one points in Y] ,¢g.
The restriction of the tangent map

Td}lhb ercg) Zl |w1_1(ylrcg (w1‘¢_l(ylrcg)) ereg

to (ﬁoa)_lg‘%—l(ylmg) C TZ1‘¢—1(Y 2 then induces an isomorphism (Boa)_lfﬂzf & (w”Zo) Vireg?
and since (foa)~ %‘ V7 (Vireg) and (¢1| or ereg))*Ty1reg are both reflexive sheaves, we finally obtain
an isomorphism of sheaves of Lie algebras

(B0 i v = (V1 ) i

Set m :=dimY = dimY;. Let y € Yi,¢,, and let U > y be an open neighborhood of y in Y7, with
coordinates y1,...,ymn on U. A classical result of complex analysis says that there exists a unique
local C™-action on Q,Z)fl(U) corresponding to the flat connection (/3 o a)_léﬁwfl( on d’lw} ()"
The local C™-action on 1, }(U) is given by a holomorphic map ®: W — ;' (U), Where W is an
open neighborhood of the neutral section {0} x ¢ (U) in C™ x 4 (U) such that

(1) for all z € 171 (U), the subset {t € C™|(t,2) € W} is connected,
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(2) setting ¢ T2 := ®(t,2), we have 07z = 2z for all z € 1 (U), if (t+1/,2) € W, if (t/,2) € W
and (t,t' 72) € W, then (t+t')T2=1t71 (¢ T2) holds.
Moreover, the above local C"-action on ), L(U) extends the local C™-action on U C C™ given by
yi(tTy) = ti +yi(y) for any t = (t1,...,ty) € C™ and y € U such that t Ty € U. This immediately
implies that wll DT (Vi o) is a locally trivial analytic fibration for the analytic topology.
reg

By Lemma 3.12, v maps any irreducible component of Exc(f) to a codimension one hypersurface.
It follows that

Bxc(8) = v~ (v(Exc(d))).

Set Y° := Yieg \ (w(Exc(ﬁ)) U 'y(Yl \ereg)), X° = ﬁ(w_l(Yo)), ©° := p|xo, and consider 7° :=

Vy-1(ve): v HY°) = Y° = Y°. One readily checks that ¢°, v°, and ©° satisfy the conclusions of
Proposition 3.13. U

4. TOWARDS A DECOMPOSITION THEOREM

The main results of this section assert that algebraic integrability of direct summands in the
infinitesimal analogue of the Beauville-Bogomolov decomposition theorem (Theorem 1.1) leads to
a decomposition of the variety, perhaps after passing to a finite cover that is étale in codimension
one (see Theorem 4.5 and Proposition 4.10). This solves [GKP11, Problem 8.4].

First, we recall structure results for complex varieties with numerically trivial canonical divisor.
The following invariant is relevant in their investigation (see [GKP11, Definition 3.1]).

Definition 4.1. Let X be a normal complex projective variety. We denote the irregularity of X
by ¢(X) := h'(X, Ox) and define the augmented irregularity as

¢(X) := max{q(X X) | X — X a finite cover, étale in codimension one} € NU {oo}.

Remark 4.2. By a result of Elkik ([Elk81]), canonical singularities are rational. It follows that
the irregularity is a birational invariant of complex projective varieties with canonical singularities.

Remark 4.3. If X is a complex projective variety with canonical singularities and numerically
trivial canonical class, [Kaw85, Proposition 8.3] implies that ¢(X) < dim X. If X — X is any
finite cover, étale in codimension one, then X will likewise have canonical singularities (see [Kol97,
Proposition 3.16]), and numerically trivial canonical class. In summary, we see that ¢(X) < dim X.
The augmented irregularity of canonical varieties with numerically trivial canonical class is therefore
finite.

We will need the following easy observation.

Lemma 4.4. Let X and Y be normal complex projective varieties with canonical singularities, and
let 5:Y — X be a birational morphism. Suppose that Ky = 0. Then q(X) > q(Y).

Proof. Notice first that g(Y") is finite by Remark 4.3 above. Let g: Y7 — Y be a finite cover, étale
in codimension one, such that h'(Yy, Oy,) = ¢(Y). Let f: X; — X be the Stein factorization of
the composed map Y1 — Y — X. Then f is obviously étale in codimension one. From [Kol97,
Proposition 3.16], we see that X; has canonical singularities, and hence h'(X1, Ox,) = h'(Y1, Oy,)
by Remark 4.2. This finishes the proof of the lemma. O

The following result often reduces the study of varieties with trivial canonical class to those with
q(X) = 0 (see also [Kaw85, Proposition 8.3]).

Theorem 4.5 ([GKP11, Corollary 3.6]). Let X be a normal complex projective variety with canon-
ical singularities. Assume that Kx is numerically trivial. Then there exist projective varieties A,
X and a morphism f: A X X — X such that the following holds.
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(1) The variety A is Abelian.

(2) The variety X is normal and has canonical singularities.
(3) The canonical class of X is trivNial, wg = ﬁ)z.

(4) The augmented irreqularity of X is zero, q(X) = 0.

(5) The morphism f is finite, surjective and étale in codimension one.

Before we give the proof of Proposition 4.10, we need the following auxiliary results. The author
would like to thank Cinzia Casagrande who explained Lemma 4.6 to him.

Lemma 4.6. Let X1, Xo and Y be complex normal projective varieties. Suppose that there exists
a surjective morphism with connected fibers B: X1 x Xo — Y. Suppose furthermore that ¢(X1) = 0.
Then Y decomposes as a product Y =2 Y1 x Ys, and there exist surjective morphisms with connected

fibers B1: X1 = Y7 and By: Xo — Ys such that 5 = 1 X Bs.

Proof. Let H be an ample Cartier divisor on Y. Note that Pic(X; x X2) = Pic(X1) x Pic(X2)
since ¢(X1) = 0. Thus there exist Cartier divisors G; and Gy on X; and X5 respectively such
that B*H ~z 771G + m5G2, where 7; is the projection onto X;. Let 8;: X; — Y; be the morphism
corresponding to the semiample divisor Gj;, so that m;G; ~z 37 H; for some ample Cartier divisor
H,; on Y; and some positive integer m;.

Let C C X; x X9 be a complete curve contracted by 51 x B2: X1 X Xo — Y7 X Y5, Then
(r¥G;)-C =0, and hence *H - C' = 0. This implies that C' is contracted by /3, and hence /3 factors
through 1 x By by the rigidity lemma. Thus, there exists a morphism v: Y7 X Yo — Y such that
B =~ o(B1 x B2). Denote by p;: Y1 x Yo — Y; the projection onto Y;. We obtain a commutative
diagram as follows,

B
e T
ﬂ'ii lpi
X, Y;.

Bi
Then
(B1 x B2)*(mapyHy + mipsHa) ~z mima(n1G1 + m3Ga) ~z mimefS"H = (81 x P2)* (mimoy H).
This implies that
mopyH1 + mipsHy ~z mimey*H
since the map (1 x 33 is surjective with connected fibers. Because mop]Hi + m1p5Hs is ample, we

conclude that ~ is a finite morphism, and hence an isomorphism since 3 is surjective with connected
fibers. This completes the proof of the lemma. O

4.7 (Terminalization). Let X be a normal complex projective variety with canonical singularities.
Recall that a Q-factorial terminalization of X is a birational crepant morphism g: X — X where

X is a Q-factorial projective variety with terminal singularities. The existence of 3 is established
in [BCHM10, Corollary 1.4.3].

Proposition 4.8. Let X1, Xo and Y be complex projective varieties with canonical singularities
such that Kx,, Kx, and Ky are nef, and let ¢: X1 x X9 --» Y be a birational map. Suppose
that ¢q(X1) = 0. Then'Y decomposes as a product Y = Y] x Ya, and there exist birational maps
p1: X1 --+ Y] and po: Xo -+ Yo such that p = p1 X 2.

Proof. Let 51: )/(\'1 — X1, Ba: )/(:2 — X9 and ~: Y =Y be Q-factorial terminalizati(/)\ns 0£X1, X/g,
and Y respectively. Notice that K)?lx)?2 and Ky are nef. Set ¢ := v lopo(BrxPa): X1 xXg -—» Y.
Hence, we obtain a commutative diagram as follows,



12 STEPHANE DRUEL

5(:1 X )22 >?
51><52l iv
X1 X X2 =Y.

©

Recall from [BGS11, Théoréeme 6.5] that the product of complex Q-factorial algebraic varieties
is Q-factorial. In particular, X 1 X )?2 is Q-factorial.

It follows from Lemma 4.6 applied to v and Remark 4.2 that it suffices to prove Proposition 4.8
for p.

Now, by [Kaw08, Theorem 1], » decomposes into a sequence of flops, and therefore, using
repeatedly Lemma 4.6, it suffices to prove Proposition 4.8 for a flop. Thus, we may assume that
there exists a commutative diagram

Xlx)ACQ

AN

where a and o™ are small elementary birational contractions, K Rix Xy is numerically a-trivial, and
K is numerically at-trivial. By Lemma 4.6 applied to o, Z decomposes as a product Z = Z; x Zs,

and there exist birational morphisms as : )?1 — Z1 and ag: )?2 — Z9 such that & = a1 X ag. Note
that oy or ap is an isomorphism since p(X; X X9/Z) = 1. We may therefore assume without loss
of generality that ao is an isomorphism. Let af: Xf — 71 be the flop of a; whose existence is

established in [BCHM10, Corollary 1.4.1]. Then )A(fr x Xo — 71 X Z is the flop of «, proving the
proposition. O

We end the preparation for the proof of Proposition 4.10 with the following lemma. It reduces
the study of varieties with canonical singularities and trivial canonical class to those with terminal
singularities.

Lemma 4.9. Let X be a normal complex projective variety with canonical singularities, and let
B: X — X be a Q-factorial terminalization of X. Let

x=Pé
el
be a decomposition of Tx into involutive subsheaves with det(&;) = Ox. Then there is a decompo-
sition
Ty =Pé
el
of T into involutive subsheaves with det(g;) = Oy such that & = (ﬁ*é";)**

Proof. Notice that wg = 0. Denote by ¢; the codimension of &;, and consider w; € H 0 (X , Q[)?]) a
gi-form defining &;. By [GKKP11, Theorem 1.5], w; extends to a g;-form &; € H° ()?, Q[)%i}). Then
W; defines a foliation &; C Ty with det(&;) = O¢(E;) where E; is the maximal effective divisor
on X such that @; € HO()A(,Q% X 0(—E;)). The natural map @
injective, we obtain

il é; — T'; being generically

05> Ei+ E) =det(Tg) = 05
el
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for some effective divisor F on X. It follows that E; =0 for every i € I, and that Ty decomposes

as a direct sum
B
iel
of involutive subsheaves with trivial determinants. The sheaves & and (5.4; )** agree outside of

the f-exceptional set, and since both are reflexive, we obtain an isomorphism &; 2 (5.&;)**. This
finishes the proof of Lemma 4.9. U

The following result together with Theorem 4.5 can be seen as a first step towards a decomposition
theorem.

Proposition 4.10. Let X be a normal complex projective variety with canonical singularities, and

let
Tx = @@@z

i€l
be a decomposition of T'x into involutive subsheaves. Suppose that ¢(X) = 0. Suppose furthermore
that the &; are algebraically integrable with det(&;) = Ox. Then there exist a projective variety X
with canonical singularities, a finite cover f: X — X, étale in codimension one, and a decomposi-

tion
x=[]v
i€l
such that the induced decomposition of Ty agree with the decomposition

I =@

el
Proof. For the reader’s convenience, the proof is subdivided into a number of relatively independent
steps.

Step 1. Reduction to X Q-factorial and terminal. Let 8: Z — X be a Q-factorial terminalization
of X. By Lemma 4.9, the tangent sheaf Tz decomposes as a direct sum

) - @

el
of involutive subsheaves with trivial determinants such that & = (8.%;)**. Notice that ¢(Z) = 0
by Lemma 4.4.

Suppose that there exists a finite cover g: Z > Z , étale in codimension one, such that Z
decomposes as a product
7~ H T;

el
such that the induced decomposition of T agree with the decomposition

1 - @5

i€l
From the Kiinneth formula (see [Gro63, Theorem 6.7.8]), we see that ¢(T;) = 0 for any i € I. Let
f: X — X be the Stein factorization of the composed map Z — Z — X. Then f is étale in
codimension one, and thus X has canonical singularities by [Kol97, Proposition 3.16]. Applying
Lemma 4.6 to Z — X we see that X decomposes as a product

X =[[v

el
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such that the induced decomposition of T’y agree with the decomposition

Te = D 9.

el
We can therefore assume without loss of generality that the following holds.

Assumption 4.11. The variety X has Q-factorial terminal singularities.

To prove Proposition 4.10, it is obviously enough to consider the case where I = {1,2}. Set
7(i) =3 —i for each i € I.

Step 2. For i € I, let v;: Z; — Y; be the family of leaves, and let §;: Z; — X be the natural
morphism (see 3.10). Notice that &; is induced by ¢; := 1; o B;lz X --» Y;. By Lemma 3.12,
the rational map (; is almost proper. Moreover, it induces a regular map X,e; — Y; since &; is a
regular foliation on Xeg.

Let F; be a general fiber of ¢,;. Then Fj is a normal projective variety with terminal sin-

gularities, and Kr, ~g 0. Set F} := F; N X,eq, and denote by F? xy; X;eg the normalization of

F? Xy, Xieg. Next, we will prove the following.

Clarm 4.12. The natural map F; Xy, Xieg — Xieg is finite and étale over an open subset contained
in X;eg with complement of codimension at least two.

Proof of Claim 4.12. By Lemma 3.12 and Proposition 3.13, there exists an open subset Y;° C Yo
and a dense open subset X7 C X with complement of codimension at least two in X such that
Pi|xe X; — Y is a projective morphism with irreducible fibers. Let P be a prime divisor on
Y, and write go,-'*XfP = tQ for some positive integer ¢ and some prime divisor () on X. Set
n := dim X, and m; := dimY;. Notice that F; N Q # (). Since & and & are regular foliations at
a general point z in Q and Tx = & P &, there exist local analytic coordinates centered at x and

y = ¢;(z) respectively such that ; is given by (z1,T2,...,2,) — (¥}, 22...,24,,), and such that
F; is given by equation @y,,+1 = - -+ = x5, = 0. The claim then follows from a straightforward local
computation. O

Step 3. End of proof. Let X, denotes the normalization of X in the function field of Fy ;;l/Xreg.
It comes with a finite morphism fi: X1 — X which is étale in codimension one by Claim 4.12. Let
01: X1 --» Fy be the almost proper map induced by the first projection Fy xy; X — F7, and
let G C X 1 be the Zariski closure of the rational section of ¢; given by FY — Yi. Finally, let @
denotes the composed map )~(1 — X --» Y5, and set y2 := p2(G1) = p2(F1). Notice that ps is an
almost proper map.

Claim 4.13. The following holds.

(1) The variety G is a fiber of the Stein factorization @s: X 1 -—» }72 of ps.
(2) The fiber @, '(y2) = f; ' (F1) is reduced along G1.

Proof of Claim 4.13. We have a commutative diagram as follows,

~ Bo ~
Xi==-2-_>V
~ - P2 N
N - N
‘Pl‘ >~ - N
\ NN
F Xooo o Y,
p2
AN |
N
N I p1
\ Y
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Applying [Kol97, Proposition 3.16], we see that X, has terminal singularities. In particular, X;
is Cohen-Macaulay, and hence so is @5 L(yo) by [Eis95, Proposition 18.13]. By the Nagata-Zariski
purity theorem, fi branches only over the singular set of X. This immediately implies that f;- ! (F1)
is smooth in codimension one. Then (2) follows easily. By Hartshorne’s connectedness theorem

(see [Eis95, Theorem 18.12]), we see that irreducible components of @' (y2) are disjoint, proving
(1). O

Let ﬁg be a general fiber of ;. Then ]32 intersects G transversely in a point. From Claim 4.13
(1), it follows that F, intersects a general fiber Fy of 9 transversely in a point. This immediately
implies that the map @1 X ¥a: X 1 --» F] % }72 is birational. But it also implies that F; and }72 are
birationally equivalent to F 1 and ﬁg respectively, and we conclude that there exists a birational map
X, --» Fy x F5. From the Kiinneth formula (see [Gro63, Theorem 6.7.8]) together with Remark
4.2, we see that q(F;) = 0 for any i € {1,2}. The conclusion then follows from Proposition 4.8.
This finishes the proof of Proposition 4.10. O

5. ALGEBRAICITY OF LEAVES, I

In this section we prove Theorem 1.4. The proof relies on an algebraicity criterion for leaves of
algebraic foliations proved in [Bos01, Theorem 2.1], which we recall now.

5.1. Let X be an algebraic variety over some field k of positive characteristic p, and let ¢ C T'x
be a subsheaf. We will denote by F,ps: X — X the absolute Frobenius morphism of X.

The sheaf of derivations Dery(0x) = Tx is endowed with the p-th power operation, which

maps any local k-derivation D of @x to its p-th iterate DP). When ¥ is involutive, the map
" — Tx /9 which sends D to the class in Tx /¥ of D is Ox-linear. The sheaf ¢ is said to
be closed under p-th powers if the map F}, & — Tx /% vanishes.

A connected complex manifold M satisfies the Liouville property when every plurisubharmonic
function on M bounded from above is constant (see [Bos01, Section 2.1.2]). Examples of complex
manifolds satisfying the Liouville property are provided by the affine space C™ and connected
compact complex manifolds.

We will use the following notation.

Notation 5.2. If K is a number field, its ring of integers will be denoted by k. For any non-
zero prime ideal p of Ok, we let k(p) be the finite field Ok /p. We denote by p: Speck(p) — S
a geometric point of S := Spec Ok lying over p with k(p) an algebraic closure of k(p). Given a
scheme X over S, we let Xg := X ® K, X, := X ® k(p), and X5 := X ® k(p). Given a sheaf 4 on
X, welet Yy =9 K, % =9 k(p), and % =9 @ k(p).

Theorem 5.3 ([Bos01, Theorem 2.2]). Let X be a smooth geometrically connected algebraic variety
over a number field K, and let 4 be an involutive subbundle of the tangent bundle T of X (defined
over K). For some sufficiently divisible integer N, let X (resp. 9) be a smooth model of X over
S := Spec Ok[1/N] (resp. a sub-vector bundle of the relative tangent bundle Tx g such that Yx
coincides with 4). Assume that the following two conditions are satisfied.

(1) For almost every non-zero prime ideal p of Ok [1/N], the subbundle %, of Tx, is stable by
p-th power, where p denotes the characteristic of k(p).
(2) There exist a complex manifold M satisfying the Liouville property as well as an embedding
o: K < C, a holomorphic embedding i: X;(C) — M and a holomorphic map j: M —
Xy(C)x X, (C) such that joi coincide with the diagonal embedding X,(C) < X,(C)x X,(C)
and j restricts to an isomorphism from the analytic germ of M along i(Xg((C)) onto the
analytic graph of (Xa,%,).
Then 9, is algebraically integrable.
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It is well-known that in positive characteristic, there exist semistable vector bundles such that
their pull-back under the absolute Frobenius morphism is no longer semistable. The next result says
that this phenomenon does not occur on projective varieties whose tangent bundle is semistable
with zero slope. It partly extends [MR83, Theorem 2.1] to the setting where polarizations are given
by big semiample divisors. The proof of Proposition 5.4 is similar to that of [MR83, Theorem 2.1].

Proposition 5.4. Let X be a smooth projective variety over an algebraically closed field k of
positive characteristic p, and let H be a big semiample divisor on X. Suppose that Tx is H-
semistable and that pu(Tx) > 0. Let & be a coherent locally free sheaf on X . Suppose furthermore
that p > rank & + dim X. If & is H-semistable, then so is F}, &

Proof. Suppose that F}; & is not H-semistable, and let
{0}=&C&H S C & =FL .8

abs

be the Harder-Narasimhan filtration of F}, .&. By [She98, Proposition 17] (see also [Lan04, Corol-

abs
lary 2.4]), the canonical connection on F} & induces a non-zero Ox-linear map

gr—l — éar/gr—l & Q%{

Let C be a smooth complete intersection curve of elements of |m H| for some sufficiently large integer
m. By [Lan04, Corollary 5.4], the sheaves & /&1 and Q%qc are semistable. This implies that

the sheaves (&;/&;-1)|c ®Q§<| o are semistable as well by [IMP03, Remark 3.4] using the assumption
that p > rank & + dim X. It follows that

G (‘gar/grfl ® Q%() <> (éor/grfl)
using the assumption that (%) < 0. The inequality
MIII—}in (éar—l) = UH (éar—l/gr—Q) > WH (gr/gr—l) = Mrﬁax (gr/gr—l)
then shows that the map &,_; — &,/6,1 ® Q& must vanish, yielding a contradiction. O

Remark 5.5. The condition “T’y H-semistable with pugy(Tx) > 0” in Proposition 5.4 can be
weakened to “p¥™(T'x) > 07, but we will not need this stronger statement.

Remark 5.6. We will use Proposition 5.4 together with [Lanl1, Proposition 5.1] to conclude that,
in the setup of Proposition 5.4, a H-semistable vector bundle & is numerically flat if and only if

Cl(@([’) CHL = 01(5)2 CHM?2 — CQ(@({}) CHM 2 — 0,
where n := dim X.

A coherent locally free sheaf & on a smooth projective variety X over an algebraically closed
field k is said to be étale trivializable if there exists a finite étale cover of X on which & becomes
trivial. We will need the following observation.

Lemma 5.7. Let X be a connected smooth projective variety over an algebraically closed field k,
let & be a coherent locally free sheaf on X, and let K be any algebraically closed extension of k. If
&k 1s €Etale trivializable, then so is & .

Proof. Set r := rank &, and let g: Y — Xk be a finite étale cover such that g*&x = ﬁ?r. By
[sga03, Exposé X, Corollaire 1.8], there exists a finite étale cover f: Z — X such that g = fxk.
Since ¢g*&x = ﬁé‘?’", we conclude easily that f*&x = ﬁ?r. O

Examples of étale trivializable vector bundles are provided by the following lemma. We use ideas
from the proof of [PT13, Theorem A].
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Lemma 5.8. Let X be a complex projective manifold, and let Tx = & ® 4 be a decomposition of
Tx into involutive subsheaves. Suppose that & is polystable with respect to some polarization and
that ¢1(&) = 0 and c2(&) = 0. Suppose furthermore that & is algebraically integrable. Then & is
étale trivializable.

Proof. By [Sim92, Corollary 3.10], & is flat. By a result of Uhlenbeck and Yau (see [UY86]), we
conclude that & admits a flat hermitian metric. Let x € X, and let p: m(X,z) — U(&;) be the
corresponding unitary representation. We will show that the image of p is finite.

By [HV10, Proposition 2.5], & is induced by a morphism ¢: X — Y onto a normal projective
variety. Let Y° C Y be a dense open subset such that ¢ restricts to a smooth morphism on
X° = o7 }(Y?°), and set y = p(x). Suppose that y € Y°. As a classical consequence of Yau’s
theorem on the existence of Kéahler-Einstein metrics, the geometric generic fiber of ¢ is covered by
an abelian variety (see [Kob87, Chap. IV Corollary 4.15]). Thus, replacing Y° by a dense open
subset and X° by a finite étale cover, if necessary, we may assume that all fibers of | xo are abelian
varieties. Let F' be a general fiber of ¢. Note that the induced metric on Tr = &jp is constant.
This implies that the representation

(X% z) = m((X,x) = U(&,)

factors through | xo.
Because ¢| xo admits a holomorphic flat connection, H?(X,, &% X, ) € H(X,,C) is invariant under

the monodromy representation 7 (Y°,y) — GL(H'(X,,C)). Moreover, the induced representation
m(Y°,y) = GL(H*(X,. €k,)) = GL(&)

coincides with p since ¢ is transversely flat hermitian (see [PT13, Section 2.4]).
By Lemma 5.9 below, we see that the monodromy representation 71(Y°) — GL(H'(X,,C)) is
finite, and hence so is p. This shows that & is étale trivializable. O

The following result is probably well-known. We include a full proof here for the reader’s conve-
nience.

Lemma 5.9. Let p: X — Y be a smooth projective morphism of quasi-projective complex manifolds
with fibers isomorphic to abelian varieties. Suppose that ¢ is a locally trivial analytic fibration for
the analytic topology. Then there exists an abelian variety as well as a finite étale cover Y Y
such that X Xy Y = AxY as varicties over Y.

Proof. Let y € Y, and denote by X, the fiber ¢ '(y). Let Aut°(X,) = X, denotes the neutral
component of the automorphism group Aut(X,) of X,. Recall from [GP11, Exposé VIg, Théoreme
3.10] that the algebraic groups Aut®(X,) fit together to form an abelian scheme .7 over Y. Since
o/ is locally trivial, there exist an abelian variety A, and a finite étale cover Y7 — Y such that
o Xy'Yr =2 A x Y] as group schemes over Y7. This follows from the fact that there is a fine moduli
scheme for polarized abelian varieties of dimension g, with level N structure and polarization of
degree d provided that N is large enough. In particular, A acts faithfully on X7 := X xy ¥1. By
[Bril0, Theorem 2], there exist a finite étale cover X of X3 equipped with a faithful action of A,
and an A-isomorphism X 2 AxY for some quasi-projective manifold Y where A acts trivially on
Y and diagonally on A x Y. One readily checks that the natural morphism = {04} x Y 5V s
étale, and that X X1 Xy, Y as varieties over Y. The lemma then follows easily. O

We end the preparation for the proof of Theorem 1.4 with the following lemma.

Lemma 5.10. Let X be a normal complex projective variety with canonical singularities, and let
Tx =& ®Y be a decomposition of Tx into sheaves. Suppose that & is locally free. There exists a
resolution of singularities 5: X — X such that the following holds.



18 STEPHANE DRUEL

(1) The morphism f induces an isomorphism over the smooth locus Xyeg of X.
(2) The tangent sheaf Ty decomposes as a direct sum Ty = 3*& © Y of locally free sheaves.

Moreover, we have (8,9)** =2 9.

(3) If X, &, and 9 are defined over a subfield k C C, then )?, B, and G are defined over k as
well.

Proof. Let 3 X — X be a resolution of singularities of X such that 8,Ts = T'x, and such that 3
induces an isomorphism over X.,. The existence of 3 is established in [GKK10, Corollary 4.7]. It
relies on the existence of functorial resolutions of singularities (see [Kol07, Theorem 3.36]). Consider
the generically injective morphism of locally free sheaves

B*E — B Tx = B*(B:T%) — Tk,
where (* (ﬂ*Ti) — T'; is the evaluation map. By [GKKP11, Theorem 1.5], the projection mor-
phism T, , — &jx,,, extends to a morphism
T)A( — ﬁ*@(a .
The composed morphism B*éi — T A f*& must be the identity map, and thus Ty decompcises
as a direct sum T'y = 3*& © ¥, where ¢ is the kernel of the map T'¢ — 3*&. The sheaves (3.%)*"

~

and ¢ agree on X, and since both are reflexive, we obtain an isomorphism (8,%)** = ¢.
Suppose that X, &, and & are defined over a subfield k C C. Then X and 3 are defined over k

as well by [Kol07, Theorem 3.36]. This implies that 4 is also defined over k, completing the proof
of the lemma. 0

Before proving Theorem 1.4 below, we note the following immediate corollary.

Corollary 5.11. Let X be a mormal complex projective variety of dimension n with terminal
singularities, and let

Tx = @% b E
el
be a decomposition of T'x into involutive subsheaves with trivial determinants. Suppose that ¥; is
stable with respect to some ample Cartier divisor H, and that c2(%;) - H" 2 # 0. Suppose also that

for any finite cover g: X - X, étale in codimension one, the sheaf ¢*%9; is g* H-stable. Suppose
furthermore that & is H-polystable, and that co(&) - H" 2 = 0. Then ¢(X) = rank &.

Proof of Theorem 1./. We maintain notation and assumptions of Theorem 1.4. For the reader’s
convenience, the proof is subdivided into a number of relatively independent steps.

Step 1. Reduction step. Set G := @P,;; %. By [GKP16a, Theorem 1.20], there exists a finite cover

fi: X1 — X that is étale in codimension one such that fl[*]é” is a locally free, flat sheaf on Xj.
From [Kol97, Proposition 3.16], we see that X; has terminal singularities. The sheaves T, and

fl[*]g P fl[*]éa agree on f; 1(Xreg), and since both are reflexive, we obtain a decomposition
Ty, = g o e
of Ty, into involutive subsheaves with trivial determinants. The same argument also shows that
iel

Notice that f; branches only over the singular set of X. It follows that ¢ ( fl[*]%) (ffH)" 1 =0
and

either (:1(]“1[*]%)2 (FFH)"2 40 or ey 1[*}%) (fFH)"2 40
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for each 7 € I. Moreover, fl[*]éa is fyH-polystable by [HL97, Lemma 3.2.3]. Therefore, we may
assume without loss of generality that the following holds.

Assumption 5.12. The sheaf & is a locally free, flat sheaf.

By Lemma 5.10, there exists a resolution of singularities 3: X — X such that T 'y decomposes
as
T;=pEDY.
Moreover, we may assume that 8 induces an isomorphism over X,qg. Set & = B*&, and H:= 6 H.

Notice that & and BTy are respectively polystable and semistable with respect to H. Moreover,
T'; is also H-semistable since T’y and j3 Ty agree away from the -exceptional set.

Step 2. Algebraic integrability over number fields. Suppose that X, H, &, and the sheaves ¥; are
defined over a number field K. We will show that & has algebraic leaves. Recall from Lemma 5.10
that X , B, and 4 are also defined over K.

For some sufficiently divisible integer N, let X be a flat projective model of X over T :=
Spec Ok [1/N] with normal (see [Gro66, Théoreme IV.12.2.4]) and regular in codimension 2 geo-
metric fibers. Let & (resp. ¥;) be a locally free (resp. a coherent) subsheaf of T /1 such that &c
(resp. Yic) coincides with & (resp. ¥;). Suppose moreover that the sheaves ¥; are flat over T, and
that

el
Let H be an ample Cartier divisor on X such that H¢ ~ H.

Since semistability and geometric stability with respect to an ample divisor are open conditions
in flat families of sheaves (see proof of [HL97, Proposition 2.3.1]), we may assume that the sheaves
Y5 are stable with respect to Hp, and that & is Hp-polystable for every non-zero prime ideal p of
Ok [1/N]. Suppose furthermore that & is involutive. By Lemma 2.11, we may also assume without
loss of generality that the following holds:

(1) Cl(gﬁ) : Hg_l = Cl(éaﬁ)2 . Hg_z = 02(533) . Hg'_2 = 0;
(2) 01(%5) . Hg_l = 0, and either cl(%ﬁ)Q . Hg—Q 240 or 02(‘51‘;3) -H§_2 £0.

Let X be a smooth projective model of X over T, and let 3: X X bea projective birational
morphism such that B¢ coincides with 5. Suppose moreover that Bg: X3 — Xj is birational,
and that the Bj-exceptional set maps to a closed subset of codimension at least three in Xj. Set

= (3*& and H:= B*H. Notice that % and 6[*] Tx, are semistable with respect to }AI,-,. Moreover,

TS is also Hp -semistable since Tq and ,6' ]TX agree away from the Bj-exceptional set.

X5
Let p be non-zero prime ideal of & K[l /N |, and denote by p the characteristic k(p). We claim
the following.

Claim 5.13. The involutive sub-vector bundle éA”ﬁ of T: X, is closed under p-th power.

Proof. We argue by contradiction and assume that (a% is not closed under p-th power, and so
neither is &. Thus, the map Fabspé”p — Tx;/&p induced by the p-th power operation does not

vanish 1dentlcally By Proposition 5.4 above, the locally free sheaf F éz’p is semistable with

abs,p
abs,p6p 1s semistable with respect to Hy. Since c1(&5) - Hy ™ t=o,
and since the sheaves ¥;; are stable with c1(%;) - Hg 1'— 0 as well, there exists 79 € I such that
the induced morphism F;,, 565 — %5 is surjective in codimension one.

respect to Hp This implies that F

Let Sy be a smooth two dimensional complete intersection of general elements of \mﬁﬁl =
Bg\mHﬁ\ for some positive integer m. Since the Bj-exceptional set maps to a closed subset of
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codimension at least three in X, Sj is contained in 5&,3 \ Exc(B5) = X5\ (B (Exc(ﬂﬁ)), and thus
the restriction of ﬁp to Sp is ample.
By Proposition 5.4 again, the locally free sheaves (F37, p) & are semistable with respect to Hj.

Applying [Lan04, Corollary 5.4] to the locally free sheaves (F;bsp)*é”p, we see that there exists a
positive integer m (that does not depend on k£ > 1) such that the restrictions (Fabsp) é’plsf =
p

(Fabs P)*gﬂsf are semistable with respect to Hﬁ|sﬁ for any positive integer k. From [Lanll, Propo-
P
sition 5.1], we conclude that gﬁlsﬁ is nef using the fact that

c1(&) Hy ™ =c1(&)” - Hy ™" = o5(&) - Hy~? = 0.
We view Sj as a surface contained in Xj. Observe that %5 is locally free along Sy, and that the

restriction of Fyy 565 — %5 to Sy is surjective in codimension one by choice of 4g. Since £p|s

nef, we obtain that %;

0ps, if nef. This implies that

Cl(%0)2 -H™™ 2 cl(%oﬁ)2 . Hg72 =0 and 02(%0) . Hn_2 = 62((&1‘0‘3) . HgiQ =0

by [Lanll, Proposition 5.1] and Lemma 2.11, yielding a contradiction. This completes the proof of
our claim. O

Set r := rank &. Recall that & is polystable with respect to the nef and big d1v1sor H. By
[GKP16b, Theorem 3.3], & is also polystable with respect to some ample divisor on X and hence

unitary flat. By [PT13, Theorem B], the universal covering space Xof Xisa product C" x B in
such a way that the decomposition

X1
lifts to the decomposition
Terxg =1cr @ Tp.
In particular, the group 771()? ) acts diagonally on C" x B. Notice that the analytic graph of the
foliation induced by & on X is the germ of X xp X along the diagonal embedding X XxpX.
Set M = (C" x X)/m( ) and denote by p and ¢ the projections of X = C" x B onto C" and
B respectively. Let i: X = X /m1(X) — M be the embedding induced by

C" x B > (a,b) — (a,a,b) e C" xC" x B
and let j: M — X x X be the holomorphic map induced by
C"xC" x B> (d,a,b) ~ (a’,b,a,b) € C" x BxC" x B.

One readily checks that joi coincide with the diagonal embeddmg X < X x X and that J restricts
to an isomorphism from the analytic germ of M along Z(X ) onto the analytic graph of (X & )
We finally show that M satisfies the Liouville property. Consider the commutative diagram

Crx X (C x X)/m(X)=M

| |

X X/m(X)=X

where the vertical maps are induced by the second projection C" x X - )~( and where the horizontal
maps are the quotient maps. Let ¢ be a plurisubharmonic function on M, bounded from above.
The restriction to any fiber of C" x X — X of the pull-back zp of ¥ to C" x X is either —oco or a
plurisubharmonic function bounded from above. In either case, it is constant, and hence, w is the
pull-back of a m ()NC )-invariant function on X. The latter is then induced by a plurisubharmonic
function on the compact complex manifold X. This implies that v is constant, proving our claim.
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By Theorem 5.3, we conclude that & and hence & have algebraic leaves.

Step 3. End of proof. To show Theorem 1.4, let R be a subring of C, finitely generated over @, and
let X be a flat projective model of X over T := Spec R with normal geometric fibers. We may also
assume that the geometric fibers of X xp T¢ over T¢ = Spec R ® C have terminal singularities.
Let & (resp. %;) be a locally free (resp. a coherent) subsheaf of Tx p such that &c (resp. Yc)
coincides with & (resp. %;). Suppose moreover that the sheaves ¥; are flat over T, and that

i€l
Let H be an ample Cartier divisor on X such that He ~ H. As above, we may assume that the
sheaves %;; are stable with respect to H;, and that & is polystable, for any geometric point ¢ of T.
Suppose furthermore that &; and the sheaves ¥;; are involutive. By Lemma 2.11 again, we may
also assume without loss of generality that

Cl(ébt) 71 = Cl(gt) I'Izli2 = Cg(éat—) . H@f2 =0,

c1(%i) -H?il =0 and cither ¢(%7)*- -HE™ 240 or (%) -H;—FQ # 0.
Recall that R is finitely generated over Q. When t € T = Spec R is a closed point, its residue field
is an algebralc number field, and hence &} has algebralc leaves by the prev10us step.
Let also X be a smooth projective model of X over T, and let 3: X — X be a projective
birational morphism such that B¢ coincides with 5. Suppose moreover that G;: Xt — Xy is
birational. Set & := B*&. Let < be a locally free subsheaf of Tk /T such that ¥ coincides with q.

Suppose moreover that
Ts = EDY

and that 9 is involutive. By [Sim92, Corollary 3.10], é?g is a flat vector bundle, and hence Cl(é/;g) =0
and 62((29’}) = 0. Moreover, the vector bundle é?{ is polystable with respect to the nef and big
divisor B;Hg, and hence polystable with respect to some ample divisor by [GKP16b, Theorem 3.3].
Applying Lemma 5.8 and Lemma 5.7, we see that @gg is étale trivializable for any closed point t € T'.
From [Lan13, Theorem 7.9] (see also Theorem 5.14 below), we conclude that & is étale trivializable.
Thus, replacing X by a further cover that is étale in codimension one, if necessary, we may assume
that & = 0%

We claim that the neutral component Aut®(X) of the automorphism group of X is an abelian
variety. Suppose otherwise. Then Aut®(X) contains a positive dimensional affine subgroup by
Chevalley’s structure theorem. Hence, it contains an algebraic subgroup G isomorphic to G,, or
Gy Let v € X, and let y € G-2\ G- 2. Then y is a fixed point of G. On the other hand,
dim Aut®(X) = h%(X,Tx) = r. It follows that Lie(G) is generated by a nowhere vanishing global
section of T’x, yielding a contradiction. Set A := Aut°(X). By [Bril0, Theorem 2], there exists a

normal projective variety X , and a finite étale cover f: A x X — X. The decomposition
Ty @S0 1%
el
of 'y 5 together with the assumption that f 1, is f*H-stable then imply easily that

f[*]éa TA><X/X

This finishes the proof of the theorem. O
Theorem 7.9 in [Lan13] is stated without an actual proof, as being an application of the methods

in some earlier work of André and Esnault-Langer. We include a proof here of Theorem 5.14 for
the reader’s convenience. This special case of [Lan13, Theorem 7.9] is enough to complete the proof
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of Theorem 1.4. Note also that the proof is very similar to that of [And04, Théoreme 7.2.2] and
[EL13, Theorem 5.1].

Theorem 5.14. Let T be a variety over Q C C, and let X — T be a smooth projective morphism
with connected fibers. Denote by n the generic point of T. Let & be a vector bundle on X such that
&5 1s polystable with respect to some ample divisor on Xj. Suppose furthermore that & is étale
trivializable for every closed point t € T. Then &; is étale trivializable.

Proof. We may assume without loss of generality that X — T has a section. The proof of [And04,
Lemma 10.1.1] shows that, up to replacing X with a finite étale cover, we may also assume that &
is a direct sum of torsion line bundles for every closed point ¢ € T.

Let H be a relatively ample Cartier divisor on X such that & is polystable with respect to Hy,
and let ® € Q[z] be the Hilbert polynomial of &; with respect to H;. We denote by M (X/T) the
coarse moduli space of Gieseker semistable sheaves on fibers of X — T with Hilbert polynomial ®,
whose existence is guaranteed by [HL97, Theorem 4.3.7]. Recall that My (X/T) is projective over
T.

Since Gieseker semistability is an open condition in flat families of sheaves (see for instance
[HL97, Proposition 2.3.1]) and since any slope polystable vector bundle is Gieseker semistable,
we conclude that &7 is Gieseker semistable for any point ¢ € T. Hence & induces a section o of
Mg (X/T) — T.

Consider the relative Picard scheme Pic(X/T) whose existence is guaranteed by [Gro95, Théoréeme
3.1]. By a theorem of Deligne, h!(X;, 0x,) is independent of ¢ € T. This implies that the group
scheme Pic(X/T) is smooth over T ([GP11, Exposé VIg, Proposition 1.6]). Recall now from [GP11,
Exposé VIg, Théoreme 3.10] that the algebraic groups Pic®(X;) fit together to form a group scheme
Pic®(X/T) over T, and that Pic°(X/T) C Pic(X/T) is an open subscheme. From [BLR90, Chap-
ter 8, Theorem 5], we see that Pic®(X/T) is quasi-projective. Using [Gro66, Corollaire 15.7.11], we
conclude that it is projective over T. This shows that Pic°(X/T) is an abelian scheme.

Next, consider the natural morphism

w: Pic®(X/T) x --- x7 Pic®(X/T) — Mg (X/T)

r factors

which maps ([4],...,[-Z]) to [ZA & - & %], where r denotes the rank of & and .2, ...,.%, are
topologically trivial line bundles on X7 for some closed point ¢ € T'. Since

o(t) € w(Pic’(X/T) x - - x1 Pic®(X/T))
for any closed point ¢ € T and since w is closed, we must have
o(T) C w(Pic®(X/T) xp - - - x1 Pic®(X/T)).
Since & is polystable with respect to Hj, we conclude that, up to shrinking T if necessary, there
exist line bundles 41, ..., %, on X with [%;] € Pic’(X/T)(T) such that 6; = £1; ®--- © L5
Moreover, for any closed point ¢t € T, %;7 is a torsion point. From [Lan83, Chapter 9, Corollary

6.3], we see that &} is a torsion point. This shows that & is étale trivializable, completing the
proof of the theorem. O

6. STABLE REFLEXIVE SHEAVES WITH PSEUDO-EFFECTIVE TAUTOLOGICAL LINE BUNDLE

In this section we provide a technical tool for the proof of Theorem 1.6: we study stable reflexive
sheaves with numerically trivial first Chern class and pseudo-effective tautological line bundle.

In [Nak04], Nakayama studies semistable vector bundle & of rank two on complex projective
manifold with ¢; (&) = 0 and pseudo-effective tautological class (see [Nak04, Theorem IV.4.8] for a
precise statement). Our strategy of proof for Theorem 6.1 partly follows his line of reasoning.
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Theorem 6.1. Let X be a normal complex projective variety of dimension n, let H be an ample
Cartier divisor, and let & be a reflexive sheaf of rank r € {1,2,3} on X. Suppose that X is smooth
in codimension two and that & is H-stable with ¢, (&) - H"' = 0. Suppose furthermore that, for
any finite morphism f: X — X that is étale in codimension one, the reflezive pull-back fH& is
stable with respect to f*H. Then one of the following holds:

(1) either there exists ¢ > 0 such that h° (X, Sllg ﬁX(jH)) = 0 for any positive integer j
and any natural number i satisfying i > cj,

(2) orc1(&)2-H" 2 = (&) - H 2 =0,

(3) orr =3, and there exists a finite morphism f: X — X that is étale in codimension one, and
a rank 1 reflezive sheaf £ on X with ¢ (L) (f*H)"* = 0 such that h° ()~(, (S2f*&)RL) #
0.

Remark 6.2. The condition on the dimension of the singular locus of X posed in Theorem 6.1
allows to define the Chern class c2(&).

Remark 6.3. The condition (1) in the statement of Theorem 6.1 is a way of saying that the
tautological line bundle is not pseudo-effective on singular spaces (see Lemma 2.7).

Remark 6.4. In the setup of Theorem 6.1, suppose furthermore that X is smooth, and that & is
locally free. If ¢1(&£)% - H" 2 = c3(&) - H" 2 = 0, then & is flat by a result of Uhlenbeck and Yau
(see [UY86]). In particular, the tautological line bundle is nef.

The following consequence of Theorem 6.1 improves [BDPP13, Theorem 7.7]. The conclusion
also holds for K3-surfaces by [Nak04, Theorem IV.4.15 |.

Corollary 6.5. Let X be a Calabi-Yau complex projective manifold of dimension 3. Then the
tautological line bundle on Px(Tx) is not pseudo-effective.

Proof. It is well-known that the tangent sheaf T'x is stable with respect to any polarization H, and
that co(X) - H? # 0. We argue by contradiction and assume that the tautological line bundle on
Px(Tx) is pseudo-effective. By Theorem 6.1, there exists a line bundle £ with pg (%) = 0 such
that h° (X (S?Ty)® L ) # 0. This implies that Q}( 2 Tx ® Z. Taking determinants, we obtain
L9 = 0x. Since X is simply connected, we must have .Z = @x. On the other hand, by [Kob80,
Corollary 8], we have h?(X, S?Ty) = 0, yielding a contradiction. O

We collect several examples which illustrate to what extend our result is sharp.

Example 6.6. Let X be a projective K3-surface. The tautological line bundle on Px (T’x) is not
pseudo-effective by [Nak04, Theorem IV.4.15 |. Thus & satisfies (1) in the statement of Theorem
6.1 by Lemma 2.7.

Example 6.7. Let X be a complex projective manifold, and let .2 € Pic’(X). Then . obviously
satisfies (2) in the statement of Theorem 6.1.

Example 6.8. Let C' be a complete curve of genus g > 2. We construct a rank two vector bundle
& on C of degree 0 such that, for any étale cover f: C — C, the pull-back f*& is stable. The
vector bundle & satisfies (2) in the statement of Theorem 6.1.

The construction is very similar to that of Hartshorne in [Har70, Theorem 1.10.5], and so we
leave some easy details to the reader. Pick ¢ € C. By a result of Narasimhan and Seshadri ([NS65]),
we must construct a unitary representation p: 71 (C,c) — U(2) such that, for any normal subgroup
H <7 (C,c) of finite index, the induced representation H — U(2) is irreducible.

It is well-known that 7 (C, ¢) is generated by elements a1, b1, ..., a4, by satisfying the relation

[ay,b1] - -+ - [ag, bg] = 1.
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If we have chosen any two unitary matrices Ay, By € U(2), then we can find further unitary matrices
)E)l )?2) where |\;| = 1, and A\ Ay "
is not a root of unity. Let Bj be a very general unitary matrix. Then all the entries of all the
matrices B (m > 1) are non-zero. Let H < m;(C,c) be a normal subgroup of finite index. Let m
be a positive integer such that A7, B" € H. The only invariant subspaces of A" are the subspaces
spanned by some subset of the standard basis. This implies that the representation H — U(2) is
irreducible. Indeed, in order for B} to have as fixed subspace a subspace generated by a subset of
the standard basis, it would have to have some entries zero.

Ao, By, ..., Ay, By satisfying the relation above. Let Ay = <

Example 6.9. Let X be a projective K3-surface, and consider & := S?Tx. A straightforward
computation shows that cy(&) = 4-24. It is known that & is stable with respect to any polarization.
On the other hand,

SQ(SQT)() = S4TX D det(Tx)®2 = S4TX ® Ox,
and hence h°(X, S%2&) # 0. Thus & satisfies (3) in the statement of Theorem 6.1 above.

We have divided the proof of Theorem 6.1 into a sequence of steps, each formulated as a separate
result. Some of these statements might indeed be of independent interest. The proof of Theorem
6.1 then follows quickly from these preliminary steps.

6.10 (Divisorial Zariski decomposition). We briefly recall the definition of the divisorial Zariski
decomposition from [Nak04]. Let X be a complex projective manifold, let B be a big R-divisor on
X, and let P be a prime divisor. The asymptotic order of vanishing of B along P is

op(B) = inf {multp(G)},

where the infimum is over all effective R-divisor G with G ~r D.
Let now D be a pseudo-effective R-divisor, and let A be an ample R-divisor on X. Let

op(D) = ?{% op(D +€A).

Then op(D) exists and is independent of the choice of A. There are only finitely many prime
divisors P such that op(D) > 0, and the R-divisor N,(D) := > pop(D)P is determined by the
numerical equivalence class of D. Set P,(D) := D — N,(D).

6.11 (Diminished base locus). Let D be a Q-divisor on a smooth projective manifold X. Let k be
a positive integer such that kD is integral. The stable base locus of D is

B(D) := (] Bs(mkD).
m>=1
It is independent of the choice of k.

The diminished base locus of an R-divisor D is

B_(D)=|JB(D + A)
A

where the union is taken over all ample R-divisors A such that D + A is a Q-divisor (see [ELM™06,
Definition 1.12]). The diminished base locus of a divisor is a countable union of Zariski closed
subsets of X by [ELM™06, Proposition 1.19]. Notice that B_(D) C X if and only if D is pseudo-
effective, and that B_(D) = 0 if and only if D nef. By [Nak04, Proposition III 1.14], N,(D) = 0 if
and only if D is movable.

We will need the following observation.
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Lemma 6.12. Let X be a complex projective manifold, and let D be a pseudo-effective R-divisor
on X. Let B be an irreducible component of B_(D). Let B1: Y1 — X be the blow-up of X along
B, and let B5: Y — Y7 be a resolution of singularities. Suppose that Bo induces an isomorphism
over the smooth locus of Y1. Set 8 := 1 0 B2, and let E be the unique B-exceptional divisor on'Y
with center B in X. Then op(5*D) > 0.

Proof. Let A be an ample R-divisor on X. By [ELM'06, Lemma 3.3] applied to the divisorial
valuation multg of the function field of X given by the order of vanishing at the generic point of
B,

oEp (ﬁ*(D + A)) = igf {multE(ﬁ*G)}
where the infimum is over all effective R-divisor G with G = D + A. If D + A is a Q-divisor, then
by [BCHM10, Lemma 3.5.3],

B(D + A) = (") Supp(F)
F

where the intersection is over all effective R-divisor F' with F = D + A. The assertion now follows
from [Nak04, Lemmata V.1.9 and III.2.3]. O

The proof of Proposition 6.22 below makes use of the following lemma.

Lemma 6.13. Let Y be a complex projective manifold of dimension n > 2, and let D be an R-
divisor. Suppose that D is movable, and suppose furthermore that there is an irreducible component
B of B_(D) of codimension two. Let |H| be a base-point-free linear system on'Y, let 0 < k <n—2
be an integer, and let S be a complete intersection of k very general elements in |H|. There exists
a real number a > 0 such that

(D‘QS—GBQS)~h3 ----- hp_r =0
for arbitrary codimension one nef classes hs,...,h,_; on S.

Proof. Let 81: Z1 — Y be an embedded resolution of B, and let 82: Z — Z; be the blow-up of Z;
along the strict transform By of B in Z1. Set 8 := 1 0 2, and let Ffy, ..., E, be the S-exceptional
divisors. Suppose that E; = Exc(fs).

Set Sy := f7(S), and T := B71(S). Notice that Sy is an embedded resolution of B N S, and
that T" — S is the blow-up of the strict transform B; NS7 of BN .S in S1. Write F; := E;NT, and
denote by p1: 51 — S, p2: T'— S1, and p: T' — S the natural morphisms. Set Dg := D|g, and let
hs, ..., h,_i be codimension one nef classes on S.

Write a; := og,(*D) € R>g. The R-divisor 5*D — Z a;F; is then movable. Notice that

1<i<r
a1 > 0 by Lemma 6.12 above.

By Lemma 6.14 below, the restriction of §*D — Z a; F; to T is also movable, and therefore

1<ir
* 2 * *
(M Dg — Z ain-) “phyg e phy g = 0.
1<i<r

But F;-p*Dg - pu*hg----- Wrhy— = 0 since F; is p-exceptional, and F; - p*hs----- Wwhy_p =0 when
i > 2 since u(F;) € BN S for each i > 2. Thus

* 2 k * * * k

(D5 — 3 wiB)? s i = (1 (D3) 4 @FD) by - i,
1<i<r
The projection formula gives
(u*(D%) +Q§Fl2) Ry Wy = (qu — ameg) hy e Rk,

using the fact that ue, F2 = —B; N S1. This proves the lemma. U
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Lemma 6.14. Let Y be a complex projective manifold, let V- C |H| be a not necessarily complete
base-point-free linear system on Y, and let D be an R-divisor. If D is pseudo-effective (resp.
movable), then its restriction to a very general element in V is pseudo-effective (resp. movable) as
well.

Proof. Suppose that D is pseudo-effective (resp. movable). There is a sequence of effective (resp.
effective movable) integral divisors M; on Y and a sequence \; of non-negative real numbers such
that \;[M;] — [D] in Eff(Y) as i — +o0o. Now, the restriction of an effective (resp. effective
movable) divisor to a general element in V is effective (resp. effective movable). So, if H' is a very
general element in V', then for each i, M; g is effective (resp. movable), and hence so is Dgr. [

The proofs of Lemma 6.15 and Proposition 6.16 follow arguments that go back at least as far as
[Nak04, Theorem IV 4.8].

Lemma 6.15. Let X be a complex projective manifold, and let & be a coherent locally free sheaf
on X. Suppose that & is semistable with respect to any polarization and that c¢1(&) = 0. Set
Y = Px(&), and denote by Oy (1) the tautological line bundle. If & = [Oy(1)] € NY(Y)g is
pseudo-effective, then it generates an extremal ray of the cone of pseudo-effective classes Eff(Y).

Proof. Let & and & be pseudo-effective classes on Y such that & = & + &. Write & = a;§ + ™y
for some real number a; and some class ; on X. Notice that a; > 0, a1 + a2 =1, and v1 + 72 = 0.

Denote by w: Y — X the natural projection. Let H be an ample divisor, and let C C X be
a general complete intersection curve of elements in |[mH| where m is a sufficiently large positive
integer. By the restriction theorem of Mehta and Ramanathan, the locally free sheaf &ic is stable
with deg(&jc) = 0. In particular, &¢ is nef. Set Z := 7~ 1(C). By [Fulll, Lemma 2.2],

Nef(Z) = Efi(Z) = (§2, f)

where f denotes the numerical class of a fiber of the projection morphism Z — C'. This implies
that deg(vijc) = 0, and hence deg(vijc) = 0 since y1 + 72 = 0. Since H is arbitrary, we conclude
that v; = 72 = 0. This completes the proof of the lemma. 0

Proposition 6.16. Let X be a complex projective manifold, and let & be a locally free sheaf on
X. Suppose that & is semistable with respect to an ample divisor H, and that pg(&) = 0. Set
Y = Px(&). Suppose that the tautological line bundle Oy (1) is pseudo-effective. If Oy (1) is not
movable, then there exists a line bundle £ with pp (L) = 0 and a positive integer m such that
(X, (S"E) © .2 # 0.

Proof. Set := dim X. Denote by Z a tautological divisor on Y, and by 7: ¥ — X the natural
morphism. Set P := P,(Z) and N := N,(E). Write N = >, ;0;N;, where N; is a prime
exceptional divisor, and o; € R<g. We have N; ~z m;=Z + n*I'; for some divisor I'; on X and some
non-negative integer m;.

Let C C X be a complete intersection curve of very general elements in |mH| where m is
a sufficiently large positive integer. By the restriction theorem of Mehta and Ramanathan, the
locally free sheaf & is stable with deg(&jc) = 0. Set Z := 771(C). Notice that Ez, Pz, and
Nj|z are pseudo-effective by Lemma 6.14. Applying Lemma 6.15, we see that [7°T; ;] € R[E|4] for
each i € I, and thus I'; - H"' = 0 since E|z is relatively ample over Z. Pick ¢ € I. If m; =0,
then R0 (X, ﬁX(Fi)) # 0, and hence T'; ~z 0 since I'; - H"™' = 0. This implies that N; = 0,
yielding a contradiction. Therefore, m; > 0 and h°(X, (5™ &) ® Ox(I';)) # 0. This proves the
proposition. O

The proof of the next result follows the line of argument given in [BDPP13, Theorem 7.6].

Lemma 6.17. Let S be a smooth complex projective surface, and let & be a locally free sheaf of rank
r =2 onS. Suppose that & is semistable with respect to an ample divisor H, and that ¢1(&)-H = 0.
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Let £ € NY(Y)g be the class of the tautological line bundle Oy (1). If any irreducible component of
B_ (&) has dimension at most 1, then c1(&)? = ca(&) = 0.

Proof. Denote by 7: Y — S the natural morphism, and denote by h € N!(S)g the class of H. Let
G C Y be a very general hyperplane section. Suppose that [G] = m({ + tn*h) for some positive
integers m and t. Notice that G does not contain any irreducible component of B_(¢). It follows
that & is nef, and hence

€G>0

The equation
€ = mte(E) €N — mren(&) - €72,
yields
- G=m(r*c1(&) - & — o (&) - €72) - (E+tr*h) = m(e1(8)? — ea(8)),
and hence
c1(&)? — (&) > 0.
On the other hand, we have
2rey (&) — (r—1)er(6)* = 0

by Bogomolov’s inequality (see [HL97, Theorem 3.4.1]), and thus ¢1(&)? > 0. Finally, the Hodge

index theorem implies that c;(&)? < 0, and hence we must have c1(&)? = co(&) = 0. This proves
the lemma. ]

6.18 (The holonomy group of a stable reflexive sheaf). Let X be a normal complex projective
variety, and let & be a reflexive sheaf on X. Suppose that & is stable with respect to an ample
Cartier divisor H with slope pg (&) = 0. For a sufficiently large positive integer m, let C' C X be
a general complete intersection curve of elements in |[mH|. Let x € C. By the restriction theorem
of Mehta and Ramanathan, the locally free sheaf & is stable with deg(&jc) = 0, and hence it
corresponds to a unique unitary representation p: m(C,z) — U(&;) by a result of Narasimhan
and Seshadri ([NS65]). The holonomy group Hol,(&) of & is the Zariski closure of p(mi(C,z))
in GL(&,). It does not depend on C' > z provided that m is large enough. Moreover, the fiber
map & — &, induces a one-to-one correspondance between direct summands of £ X (£*)®* and
Hol, (&)-invariant subspaces of &7 ® (&£F)®%, where r and s are non-negative integers (see [BK08,
Theorem 1]).

The proof of Theorem 6.1 makes use of the following lemma. Example 6.20 below shows that the
statement of [BK08, Lemma 40] is slightly incorrect. An extra assumption is needed to guarantee
that the holonomy groups are well-defined.

Lemma 6.19 ([BKO08, Lemma 40]). Let X be a normal complex projective variety, let x € X be a
general point, and let & be a reflexive sheaf on X. Suppose that & is stable with respect to an ample
divisor H, and that pg (&) = 0. Suppose furthermore that, for any finite morphism f: X — X that
is étale in codimension one, the reflexive pull-back f*& is stable with respect to f*H. Then there
exists a finite morphism f: X - X, étale in codimension one, such that Holg(f[*]g) is connected,
where T is a point on X such that f(@) ==

Example 6.20 (see [GKPll Example 8.6]). Let Z be a complex projective K3-surface, let X =
Z x Z, and let ¢« € Aut(X) be the automorphism which interchanges the two factors. The quotient
X=X /¢ is then a normal projective variety, and the quotient map : X — X is finite and étale in
codimension one. The tangent sheaf Tx of X is stable with respect to any ample polarization on X
(see [GKP11, Example 8.6]). Let = is a general point on X. Then Hol,(Tx)° = SL2(C) x SLs(C),
and Hol, (Tx)/Hol,(Tx)°® = 7Z/27Z. Moreover, the morphism 7 is the map given by [BK08, Lemma
40]. But, the reflexive pull-back Ty = Ty =Tz BTy is obviously not stable.
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Lemma 6.21. Let X be a complex projective manifold, let x € X, and let & be a coherent locally
free sheaf on X. Suppose that & is stable with respect to an ample divisor H, and that pg (&) = 0.
Suppose furthermore that its holonomy group Hol, (&) is connected. Then, for any finite cover

f: X — X with X smooth and projective, the pull-back f*& is stable with respect to f*H

Proof. Let X be a complex projective manifold, and let f: X — X be a finite cover. By [Kem92,
Theorem 1], the locally free sheaf f*& is polystable with respect to f*H. For a sufficiently large
positive integer m, let C' C X (resp. 6) be a general complete intersection curve of elements in
|mH]| (resp. |mf*H|), and let = € C (resp. Z € f~!(z)). By the restriction theorem of Mehta and
Ramanathan, the locally free sheaf &j¢ is stable with deg(&jc) = 0, and hence it corresponds to
a unique unitary irreducible representation p: m(C,x) — U(&;) by [NS65]. Notice that f*& ¢ s
then induced by the representation

pi=pom(fig): m(C,7) = m(Crz) = U&) 2 U((f*€)z).

We argue by contradiction and assume that f*& is not stable with respect to f*H. So let 4 be
a f*H-stable direct summand of f*&. Then %; is p-invariant, and since the image of

m(fig): m(C,7) = m(C,x)

has finite index, the orbit m1(C, z) - % of %; is a finite union of proper linear subspaces, where we
view %; as a linear subspace of &, = (f*&)z. It follows that m1(C, x) - ¥; is also Hol,(&)-invariant.
Now, since Hol, (&) is a connected algebraic group, we conclude that ¢ is m(C, z)-invariant.
Therefore & is not H-stable, yielding a contradiction. This completes the proof of the lemma. [

We now provide another technical tool for the proof of Theorem 6.1.

Proposition 6.22. Let X be a complex projective manifold, and let & be a rank 3 locally free sheaf
on X. Suppose that & is stable with respect to an ample divisor H, and that pg(&) = 0. Suppose
furthermore that Hol,(E) is connected for v € X. Set Y := Px(&), and denote by Oy (1) the
tautological line bundle. Suppose that & := [0y (1)] € NY(Y)g is pseudo-effective. If £ is movable,
then any irreducible component of B_(§) has codimension at least three.

Proof. Denote by m: Y — X the natural projection. We argue by contradiction and assume that &
is movable, and that there exists an irreducible component B of B_ () of codimension two.

For a sufficiently large positive integer m, let C' C X be a complete intersection curve of very
general elements in |[mH|. By the restriction theorem of Mehta and Ramanathan, the locally free
sheaf &j¢ is stable with deg(&jc) = 0. Moreover, if z € C, then Hol,(&]¢) = Hol,(&) is connected.
Set Z := 77 1(C), and &y := £z Notice that dim Z = 3. Then £z is nef, and ¢ = 0. By Lemma
6.13, there exists a real number a > 0 such that

0<a(BNZ) &7 <&, =0,
and hence (BNZ)- &z = 0. In partlcular since £z is relatively ample over C, any irreducible
component of BN Z maps onto C. Let C be the normalization of BN Z, and denote by f: C—C
the induced morphism. The natural morphism g: C — Z induces a surjective morphism f*(&j¢) —
g*(ﬁy(l)‘z). Since
degg*(Oy(1)1z) =(BNZ)- &2 =0,

the locally free sheaf f*(&]¢) is not stable. But this contradicts Lemma 6.21, completing the proof
of the proposition. O

Proof of Theorem 6.1. We maintain notation and assumptions of Theorem 6.1. We claim that we
may assume without loss of generality that the algebraic group Hol, (&) is connected. Indeed, by

Lemma 6.19, there exists a finite cover f: X — X, étale in codimension one, such that Holy #(f [*]é" )
is connected, where Z is a point on X such that f(Z) = z. By the Nagata-Zariski purity theorem, f
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is étale in codimension two, and hence X is smooth in codimension two as well. Suppose now that
the conclusion of Theorem 6.1 holds for fl*/&. The sheaf SU1& @ Ox (jH) is a direct summand of
I (SU(f*€) @ f*Ox(jH)) for any non-negative integers i and j. Thus, if & satisfies condition
(1) in the statement of Theorem 6.1, then the same holds for &. Let X° C X,eg be the open set
where & is locally free. Then X° has codimension at least 3 in X by [Har80, Corollary 1.4] using
the fact that X is smooth in codimension two. Since

Cl(ff}fl(xo)éa\XO) f|f 1(X0) c1(6]xo) and C2(f|f |X°) f\f 1(xo C2(Cga|X°)a
we conclude that
cr(fHE) - (fFH)"? = deg(f)er(€)? - H'> and  eo(fI1&) - (f*H)"™? = deg(f)ea(&) - H" 2,

This implies that if fI¢& satisfies condition (2) in the statement of Theorem 6.1, then the same
holds for &. Finally, if fI*& satisfies condition (3) in the statement of Theorem 6.1, then the same
obviously holds for &. Thus, by replacing X with X , we may assume that Hol, (&) is connected.
This proves our claim.

Suppose from now on that h? (X, Slle @ ox (jH)) # 0 for infinitely many (4, j) € N x N3 with
i/j — 4o00. Let S be a smooth two dimensional complete intersection of very general elements in
|mH| for a sufficiently large positive integer m. Observe that S is contained in the smooth locus
Xreg of X, and that & is locally free along S (see [Har80, Corollary 1.4]). We may also obviously
assume that z € S. Set &g := &g, and Hg := H|g. By the restriction theorem of Mehta and
Ramanathan, the locally free sheaf &5 is stable with respect to Hg, and ppy(&s) = 0. Moreover,
the algebraic group Hol;(&s) = Hol, (&) is connected. Set Y := Pg(&s) with natural morphism
7:Y — S. Denote by ¢ € N*(Y)g the numerical class of the tautological line bundle &y (1). Notice
that h0(Y, S'€s ® Og(jHs)) # 0 for infinitely many (i,7) € N x N>y with i/j — +oco. This implies
that ¢ € Eff(Y). If r = 1, then obviously we must have £ = 0. Suppose from now on that r € {2, 3}.

Case 1: € is movable. If r = 3, then any irreducible component of B_({) has codimension at least
three by Proposition 6.22. In either case, any irreducible component of B_(¢) has dimension at
most 1. Thus, by Lemma 6.17, we must have

(€ -H" 2 =¢1(85)* =0 and (&) H" 2 = c3(&5) = 0.

Case 2: £ is not movable. By Proposition 6.16, there exists a line bundle .Zs on S with pp,(Zs) =0
and a positive integer k such that h%(S, S¥&s ® Ls) # 0. Since S*&s is polystable, Df?_l is a
direct summand of S¥&g, and hence (L& 1), C (S*&), is Hol,(&)-invariant.

Suppose first that r = 2. By [BKO08, 45], Hol,(&) = SL(&,) or GL(&,). In either case, (S*&), is
an irreducible Hol, (&)-module, yielding a contradiction.

Suppose now that » = 3. Then Hol, (&) = SL(&;), GL(&;), SO(&;), or GSO(&;) by [BKO08, 45]
again, where GSO(&,) denotes the group of proper similarity transformations. Arguing as above,
we conclude that Hol, (&) = SO(&;) or GSO(&;). In either case, there exists a rank one reflexive
sheaf .Z on X with pug(Z) = 0 such that h%(X, %26 X #) # 0. This completes the proof of the
theorem. O

7. HOLOMORPHIC RIEMANNIAN METRIC AND HOLOMORPHIC CONNECTION

7.1 (Bott connection). Let X be a complex manifold, let 4 C T'x be a regular foliation, and set
N =Tx/¥9. Let p: Tx — A denotes the natural projection. For sections U of A", T of Ty,
and V of & over some open subset of X with U = p(T), set VBU = p([V, U]) This expression is
well-defined, @x-linear in V and satisfies the Leibnitz rule VB B(fU) = fVBU + (V- f)U so that
VB is a @-connection on .4 (see [BB70]). We refer to it as the Bott (partial) connection on A .
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7.2 (Holomorphic Riemannian metric). Given a complex manifold X and a vector bundle & on X,
recall that a holomorphic metric g on & is a global section of S?(&*) such that g(z) is non-degenerate
for all z € X.

Lemma 7.3. Let X be a complex manifold, and let Tx = DY be a decomposition of Tx into locally
free sheaves. Suppose that & is involutive, and suppose furthermore that & admits a holomorphic
metric g. Then there exists an &-connection V¥C on & such that, for sections U, V', and W of &
over some open subset of X, the following holds:

(1) VECV — VICU = [U, V] (VY€ s torsion-free), and

(2) W-g(U,V) =g(VESU, V) + g(U, VESV) (VL€ preserves g).

Definition 7.4. We will refer to V*C as the Levi-Civita (partial) connection on &.

Proof of Lemma 7.3. Let U and V be local sections of & over some open subset of X. Then V]&CV
is defined by

20(ViCV,0) =U-g(V,0) + V- g(e,U) —e-g(U, V) +g([U,V],0) — g([V.e],U) — g([Ue], V).

A straightforward local computation shows that VC is a torsion-free &-connection on & that
preserves the metric. O

Proposition 7.5. Let X be a complex manifold, and let Tx = & ® 9 be a decomposition of Tx
into locally free involutive subsheaves. Suppose that & admits a holomorphic metric. Then & has a
holomorphic connection.

Proof. Let X = U + V and W be local sections of Ty = & & ¥ and & respectively. Set
VxW := VW + vEWw

where VIC denotes the Levi-Civita connection on & and where VB denotes the Bott connection
on & induced by the foliation ¥ C T'x. This expression is Ox-linear in X and satisfies the Leibnitz
rule Vx (fW) = fVxW + (X - f)W so that V is a holomorphic connection on & O

Remark 7.6. In the setup of Proposition 7.5, let S C X be a projective subvariety. Then charac-
teristic classes of &jg vanish. This follows from [Ati57].

8. BOST-CAMPANA-PAUN ALGEBRAICITY CRITERION — ALGEBRAICITY OF LEAVES, II

We prove Theorem 1.6 in this section. We first provide a technical tool for the proof of our main
result (see [Drul5, Proposition 6.1] for a somewhat related result).

Proposition 8.1. Let X be a normal complex projective variety, and let H be an ample Cartier
divisor. Let & C Tx be a foliation on X. Suppose that & is H-stable and that pp (&) = 0. Suppose
furthermore that through a general point of X, there is a positive-dimensional algebraic subvariety
that is tangent to &. Then & has algebraic leaves.

Proof. There exist a normal projective variety Y, unique up to birational equivalence, a dominant
rational map with connected fibers ¢: X --» Y, and a holomorphic foliation .7 on Y such that
the following holds (see [LPT11, Section 2.4]):

(1) A is purely transcendental, i.e., there is no positive-dimensional algebraic subvariety
through a general point of Y that is tangent to ¢; and
(2) & is the pullback of 7 via .
Let ¢ C & be the foliation on X induced by ¢. Let ¢: Z — Y be the family of leaves of ¢, and let
B: Z — X be the natural morphism, so that ¢ := o 871: X --» Y. By 3.10, there is an effective
divisor R on X such that
Ky — Kg=—(¢"K,# + R).
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Notice that the pull-back ¢*K 5 is well-defined (see Definition 3.5). Applying [CP15, Corollary
4.8] to the foliation induced by ¢ on a desingularization of Y, we see that K 5 is pseudo-effective:
given an ample divisor A on Y and a positive number ¢ € Q, there exists an effective Q-divisor D,
such that K » +¢cA ~g D,. This implies that pp(¢p*K ) > 0, and hence pp(Ky) < 0. Since & is
H-stable, we must have ¢ = &. This proves the lemma. U

The proof of Theorem 1.6 relies on a criterion (see Proposition 8.4) that guarantees that a given
foliation has algebraic leaves, which we establish now.
The following observation, due to Bost, will prove to be crucial.

Proposition 8.2 ([Bos04, Proposition 2.2]). Let Z be a projective variety over a field k, let = be
a k-point, (md let H be an ample divisor. Let V C Z be a smooth formal subscheme of the formal
completion 7 of Z at x. Then V s algebraic if and only if there exists ¢ > 0 such that, for any
positive integer j and any section s € HO (Z, ﬁz(jH)) such that 5|9 s non-zero, the multiplicity

multgc(s";) of s at x is < ¢j.

Corollary 8.3. Let Y° be a smooth complex quasi-projective variety, let Z be a complex projective
variety with Y° C Z, and let H be an ample Cartier divisor on Z. Let V C Z be a germ of smooth
locally closed analytic submanifold along Y° in Z. Then V is algebraic if and only if there exists
¢ > 0 such that, for any positive integer j and any section s € H° (Z, ﬁ’z(jH)) such that sy is
non-zero, the multiplicity multye(sy) of s;y along Y*° is < cj.

Proof. Let ) € Z be the generic point of Y°. Denote by k(n) its residue field. Set Z, := Z®k(n), and
H, := H ® k(n) . Notice that H%(Z,, 0z, (jHy,)) = H*(Z,0;(jH)) ® k(n) for any number j € Z.
The point n corresponds to a k(n)-point on Z, still denoted by n. Let V be the formal completion
of V along Y°. Then V induces a smooth formal subscheme V of the formal completion Z of Z,
at 1. Observe that Vis algebraic if and only if V77 is. The lemma now follows from Proposition 8.2
applied to (Z,,n, Hy,) and ‘7;7 since multy-(syy) = mult, (s® k(n)‘%) for any number j € Z and
any section SGHO(Z, ﬁZ(jH)). O

The proof of Proposition 8.4 below follows the line of argument given in [CP15, 4.1] (see also
[Bos01, Corollary 3.8]).

Proposition 8.4. Let X be a normal complex projective variety, let H be an ample Cartier divisor,
and let 9 C Tx be a foliation. Suppose that there exists ¢ > 0 such that h° (X, Sllg*@ 0y (]H)) =0
for any positive integer j and any natural number i satisfying i > cj. Then & has algebraic leaves.

Proof. Let X° C X,eg be the open set where 9x, , is a subbundle of T, . Set Z° := X° x X°,
Z:=XxX,and A :=p]H+p5H where p;,p2: Z = X x X — X denote the projections on X. Let
Y° C Z° be the open subset of the diagonal corresponding to X°. Let now V' C Z° be the analytic
graph of (X°,%x0). Recall that Y° C V and that A3/ = % xo. The closed subset X \ X, has
codimension > 2, and hence h° (X° SQ/V* Yo v ® Oxo (]H)) = 0 for any positive integer j and any
natural number 4 satisfying i > ¢j by assumption. This implies that multy.(sy) < ¢j/2 for any
positive integer j and any section s € HY (Z, % Z(jA)) such that s is non-zero. The proposition
now follows from Corollary 8.3 applied to (Z,Y°, A) and V. O

We end the preparation for the proof of Theorem 1.6 with a flatness criterion (see Remark 8.6
below). We feel that it might be of independent interest.

Proposition 8.5. Let X be a normal complex projective variety of dimension n, and let H be an
ample Cartier divisor. Suppose that X is smooth in codimension two. Let Tx = & &Y be a decom-
position into involutive subsheaves, where & is H-stable and det(&) = Ox. Suppose furthermore
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that h°(X,S*(&*) W ZL) # 0 for some rank one reflexive sheaf £ with ci(£) - H*' = 0. Then
Cl(g)z CH"? = Cg(éa) H" 2 =0.

Proof. Set r := rank&. Consider a non-zero section g € HY(X,S*(&*) K .#). Since & is H-
stable, g induces an isomorphism & = &* X .#. Taking determinants and double duals, we obtain
Ll >~ gy Let f: X — X be the corresponding cyclic cover (see for instance [KM98, Lemma
2.53]). Then .2 =~ 05, and g induces a holomorphic metric on f *]éa < . Applying Proposition

7.5, we see that f g B admits a holomorphic connection. Notice that X \ Xreg has codimension
at least three. It follows from Remark 7.6 that
1
Cng'Hn_QZ le[*]éaQ_f*Hn—2:0
(#) Ty O (rH)
and that
1
&) -H" %= Hey . (FrE) 2 =0,
(&) H'? = s f116) - (7 HY'
proving the proposition. O

Remark 8.6. In the setup of Proposition 8.5, suppose furthermore that X is a Q-factorial variety
with only canonical singularities. Then it follows from [GKP16b, Theorem 6.5] that there exists a
finite surjective morphism f: X5 X , étale in codimension one, such that f& is a locally free,
flat sheaf on X.

Proof of Theorem 1.6. Maintaining notation and assumptions of Theorem 1.6, set r := rank &.

Suppose that there exists a finite cover f: X — X that is étale in codimension one such that the
reflexive pull-back f*/& is not stable with respect to f*H. Applying [HL97, Lemma 3.2.3], we see
that the & is polystable, and hence, there exist non-zero reflexive sheaves (&);cs, f*H-stable
with slopes pf+p(6;) = ,uf*H(f[*}é”) = 0 such that

He=e.

el

Suppose that the number of direct summands is maximal. Then, for any finite cover g: X=X
that is étale in codimension one, the reflexive pull-back g[*]@@i is obviously stable with respect to
(fog)*H. Notice that X is still smooth in codimension two, since f branches only over the singular
set of X. It follows from Proposition 8.1 that if &; has algebraic leaves for some i € I, then so does

8.

Suppose first that there exists ig € I such that c1(&,)%- (f*H)" "2 # 0 or ca(&,) - (f*H)" 2 # 0.
Applying Theorem 6.1 to &, we see that one of the followmg holds.

(1) Either there exists ¢ > 0 such that h° ()N(, S[i]éi»; ® O%(jf*H)) = 0 for any positive integer
j and any natural number ¢ satisfying i > cj,

(2) or r = 3, and there exists a finite morphism ¢: X — X that is étale in codimension one, and
a rank 1 reflexive sheaf % on X with [i(fog)+m (-Z) = 0 such that h° ()?, (S2(fog)éhH K

£) #0.
If we are in case (1), apply Proposition 8.4 to conclude that &;, has algebraic leaves.

Suppose that we are in case (2). Then we may assume that X X, and that &, = &. Taking
pull-backs and double duals, we obtain a decomposition

Te = gM& @ gy
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into involutive subsheaves, where g*/& is g* H-stable and det(gl*1&) = ¢ ¢+ Applying Proposition
8.5 to gi1&, we see that

1
2, pgn—2 _ eV . (" H)" 2 =
c1(&) deg(g)cl(g &) (g"H) 0
and 1
. gn—2 _ K (aF 2 —
(&) H 7deg(g)62(g &) (g"H) 0,

yielding a contradiction.

Finally, suppose that c1(&,)% - (f*H)" 2 = co(&;) - (f*H)" 2 = 0 for each i € I. Let S be a
smooth two dimensional complete intersection of general elements in |mH| for a sufficiently large
positive integer m. Observe that S is contained in the smooth locus X,e of X, and that & is locally
free along S (see [Har80, Corollary 1.4]). By the restriction theorem of Mehta and Ramanathan, the
locally free sheaf &g is stable with respect to H|g with pm 4(&5)s) = 0, and c1(&ij5)* = c2(&ijs) = 0.
This implies that &g is flat (see Remark 6.4). A straightforward computation then shows that
co(&)-H" 2 = ca(8jg) = 0, yielding a contradiction. This completes the proof of the theorem. [

9. PROOF OF THEOREM 1.2

We are now in position to prove our main result.

Proposition 9.1. Let X be a normal complex projective variety of dimension at most 5, with kit
singularities. Assume that Kx = 0. Then there exists an abelian variety A as well as a projective
variety X with canonical singularities, a finite cover f: A x X - X, étale in codimension one, and

a decomposition
x=JJv
Jj€J
such that the induced decomposition of T's agree with the decomposition given by Theorem 1.1.

Proof. Notice first that Kx ~qg 0 by [Nak04, Corollary V 4.9]. Thus, there exists a finite cover
fi: X1 — X, étale in codimension one, such that Kx, ~z 0 (see [KM98, Lemma 2.53]). By [Kol97,
Proposition 3.16], X has klt singularities. It follows that X has canonical singularities since Kx,
is a Cartier divisor. Applying Theorem 1.1, we conclude that there exists an abelian variety A as
well as a projective variety Xs with canonical singularities, a finite cover fo: A x X9 — X7, étale
in codimension one, and a decomposition

— @ &,

el
such that the following holds.

(1) The &; are integrable subsheaves of T, , with det(&;) = OXx,.
(2) The sheaves &; are strongly stable.
(3) The augemented irregularity of X» is zero.

To prove the theorem, we will show that the foliations &; are algebraically integrable. We may

obviously assume that T'x, is not strongly stable. Let 3: )?2 — X5 be a Q-factorial terminalization
of Xs. By Lemma 4.9, there is a decomposition

Ti, = D4
il
of Ty, into involutive subsheaves with det(é";) = 0%, such that & = (8.6, )** Notice that q(Xg) 0
by Lemma 4.4. Let
T, = D%

icJ
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be a decomposition of T’ %, into strongly stable involutive subsheaves with det(¥;) = & 2 whose
existence is guaranteed by Theorem 1.1. For any j € J, 52 is a direct summand of &;; for some
ij € I. To prove the claim, it sufﬁces to prove that the foliations g are algebraically mtegrable
By Corollary 5.11, we must have c2(¥, ) % 0 for each j € J. This implies in particular that g has

rank at least 2, and therefore, rank% € {2,3} since dim X < 5 and T, is not strongly stable by
assumption. Now, by Theorem 1.6, we conclude that the sheaves &; are algebraically integrable,
proving our claim. The proposition then follows from Proposition 4.10. O

Proof of Theorem 1.2. Theorem 1.2 is an immediate consequence of Proposition 9.1 and of the
characterization [GKP11, Proposition 8.21] of canonical varieties with trivial canonical class and
strongly stable tangent bundle as singular analogues of Calabi-Yau or irreducible holomorphic

symplectic manifolds. O
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