N

N

VORTEX PATTERNS AND SHEETS IN
SEGREGATED TWO COMPONENT
BOSE-EINSTEIN CONDENSATES

Amandine Aftalion, Etienne Sandier

» To cite this version:

Amandine Aftalion, Etienne Sandier. VORTEX PATTERNS AND SHEETS IN SEGREGATED
TWO COMPONENT BOSE-EINSTEIN CONDENSATES. 2019. hal-01990225

HAL Id: hal-01990225
https://hal.science/hal-01990225

Preprint submitted on 22 Jan 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01990225
https://hal.archives-ouvertes.fr

VORTEX PATTERNS AND SHEETS IN SEGREGATED TWO
COMPONENT BOSE-EINSTEIN CONDENSATES

AMANDINE AFTALION AND ETIENNE SANDIER

ABSTRACT. We study minimizers of a Gross—Pitaevskii energy describing a two-component
Bose-Einstein condensate set into rotation. We consider the case of segregation of the
components in the Thomas-Fermi regime, where a small parameter € conveys a singular
perturbation. We estimate the energy as a term due to a perimeter minimization and a
term due to rotation. In particular, we prove a new estimate concerning the error of a
Modica Mortola type energy away from the interface. For large rotations, we show that
the interface between the components gets long, which is a first indication towards vortex
sheets.

1. INTRODUCTION

In this paper, we study the vortex structure in rotating immiscible two-component Bose
Einstein condensates (BEC) in two dimensions. Indeed, when a two component condensate
is set to high rotation, the ground state goes from a situation of segregation with vortices
in each component, to a vortex sheet structure, as explained in [2, 27]. At zero rotation,
the interface between the two components is given by a perimeter minimization similar to
a Modica Mortola problem [4, 20, 21]. At higher rotation, there seems to be an interplay
between perimeter minimization and vortex energy, leading possibly to a longer interface,
as we will see below. A general numerical picture of the vortex states in rotating two
component condensates is addressed by [2]: the simulation of the coupled Gross-Pitaevskii
equations are shown, discussing various configurations of the vortex states, and, in the case
of immiscible BECs, the vortex sheets with striped patterns, the serpentine sheets, and
the rotating droplets. The case of droplets corresponds to two immiscible components, each
having an individual vortex structure. The case of sheets is when the immiscible structure is
at a lower scale than that of the condensates. The sheets can either be straight (stripes) or
bent and connected (serpentines). There are other condensed-matter systems characterized
by multicomponent order parameters in which vortex sheets are observable [32].

The two component condensate has two interatomic coupling constants denoted by g
(for intracomponents), and gy (for intercomponent). We confine ourselves to the phase-
separated or segregation regime; in a homogeneous system, the condition is given by g5 > g.
For simplicity, we will set g = 1/&? and 6 = g12/9.

The ground state of a two component BEC is then described by two complex valued wave
functions u; and uy defined in a domain D of R? minimizing the following energy functional:

2
1 ,
ngé(ul,m)=2/ §\vuj—mxiuj|2+/ Weo(|ua]?, Jug|?) da (L.1)
=1/D D
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where
Wes(lr, Jusl?) = (1 — a2 + — (1 = [usP) + Pl — —,  (1.2)
’ ’ 4g2 4g2 2e2 4e2’
in the space
H = {(ul,w) : u; € H'(D,C), ][ lu)* = ay, j = 1,2}, (1.3)
D

where  |u;|* = [, |u;/?/|D]. The parameters d,e and Q are positive:  is the angular
velocity corresponding to the rotation of the condensate, x+ = (—xy, 7).

We are interested in studying the existence and behavior of the minimizers in the limit
when ¢ is small, describing strong interactions, also called the Thomas-Fermi limit.

The potential term can be rewritten as

Wes(nl, o) = o (1 = bl = )7 + P s Pl (1)
€ 2e
We focus on the regime where (§ — 1) is small, like a power or function of €. We expect that
in this limit, (1 — |u1]? — |us|?) and |uy||us| tend to zero, probably on different scales.
In particular, we want to estimate the energy in order to understand the vortex patterns.
In order to understand the I'-limit of Eg(;, one needs to understand on the one hand the
behaviour at 2 = 0 (no rotation) which provides a perimeter minimization problem, and on
the other hand the influence of rotation on the vortex structure.
At Q = 0, the problem is real valued. In the limit when e tends to 0, the domain D is
divided into two domains D; et Ds, s.t. |Di| = ay|D|, |Ds| = as|D|, and the length of
0D1 N D is minimized. More precisely, for a pair of real valued functions uy,us : D — R, let

1
Fo g(ur, ) = / > (Vi + [Vf?) + Wes(, 1), (1.5)
D

We also define for any given o € (0, 1)

Macs = Min {F€75(u1,u2) | uq,up € HI(D,]R), ][ |u1\2 = q, ][ |u2\2 =1— a} (1.6)
D D

and
by = ur)rélg perp(w). (1.7)
|w|=al|D|

The segregation problem has been studied by many authors [11, 12, 15, 16, 40, 41]. There
are results about the regularity and connectedness, and the fact that the interface goes from
one part of the boundary to another [7, 33, 43]. There are also results about the I' limit
[4, 21, 20] which rely on similar techniques to those used for the Mumford Shah functional
8, 9].

The order of magnitude of ¢ has a strong impact on m, . s and the boundary layer between
the two components. Let v2 = u? 4+ u3. Then v? tends to 1 in each component but on the
boundary between the two components, the behaviour of v. depends on §. More precisely,

e if 0 tends to oo, then infv. goes to 0 (see [4]) and the I-limit of e F 5 is
cl,,

where c¢ is an explicit constant corresponding to the Modica Mortola phase transition
problem, and [, is given by (1.7).
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e if ¢ is of order 1, then inf v. tends to some number between 0 and 1 and the I'-limit
of eF, 5 is
csly,
where ¢5 > 0 depends on ¢ (see [21]).
e if § tends to 1 as € — 0, then the I'-limit of

c F.sis
Vo—1 =
ly/2

as proved in [20], and we expect that inf v. tends to 1, though a refined convergence
is still missing.

When (2 increases from 0, we expect that the next order term in the energy will depend
on the existence of vortices in the system. For a one component condensate, the rotating
case is based on the work of [37] and has been detailed in [39] (see also [1, 22, 23]). The
main features are that there exists a critical value §2; of the rotational velocity of order In1/e
under which no vortices are present in the system and the energy is of order Q2. For 2 > ),
the system has a uniform density of vortices and the energy is of order Qlog(1/ev/Q). For a
two component condensate in the coexistence regime (§ < 1), the absence of vortices up to
the first critical velocity has been proved in [3].

In the segregating regime (6 > 1), the analysis is totally open. Nevertheless, we expect
that the minimization of the energy decouples. On the one hand, there is the minimization
of the interface energy, that is the length of the perimeter of the boundary between the two
regions occupied by each component. On the other hand, there is a minimization of the
vortex energy in each region, similar to the case with one condensate, which may lead to a
vortex structure in each region. In fact, simple calculations show that these energies have
different orders of magnitude.

When ¢ tends to 1, the effective length scale of the phase transition and of the size of the
vortex cores is € = £/4/0 — 1. Therefore, the critical velocity for the nucleation of vortices is
expected to be

1
Ql = C lOg =.
5
Moreover, vortices should exist up to Qy = ¢ /&%

Remark 1. We have made the choice to include a complete square in the first term of the
enerqy without subtracting the centrifugal term Q2x?u?, which for Q%% < 1 leads to the same
energy expansion and vorter patterns. At Q = 1/e, as explained in [17], the energy without
the centrifugal term displays a change of behaviour: the bulk of the condensate becomes
annular. The two energy yield the same structures for rotationnal velocities much lower
than 1/e; in the case when & tends to 1, velocities up to 1/& can be less than 1/e if e < &2.

Since we are going to assume that ¢ tends to 1 as ¢ tends to 0, we remove the dependencies
in § and define for any given a € (0,1) and € > 0, the energy without rotation of a pair
U, Uy : D—R by

1
Fa(ul,UQ) = / 5 (|Vu1|2 + |VU2|2) + WE(Ul,UQ), (18)
D
where . .
_ 2\2 2\2 212
We(ui,ug) = 4—52(1 — Jua[7)" + 4—52(1 — |ua|?)" + 2—52|U1| |[ua|” — 12 (1.9)
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Moreover we let

Mg, = Min {Fg(ul,m) | uy,ug € HI(D,R), ][ \u1\2 = q, ][ \u2\2 =1- a} . (1.10)
D D

It follows from [20] that m, . is of order /o — 1/ when § tends to 1 hence of order 1/&. The
relation between ¢, given by (1.7) and m, . is well-known since the work of Modica-Mortola
[31] for a similar functional. More precisely, mq, . ~ £4m., where

+o00 2
m.:= inf / YOF Ly )) ar. (1.11)
~v:R—R? —c0 2
+(2o0)=(1,0)
3 (+o0)=(0))

Note that m. depends on € and € but is equivalent to 1/2¢ at leading order as proved in [20].
Our main result about the energy expansion and the vortex pattern is the following:

Theorem 1.1. Assume D is a smooth bounded domain in R* and that o € (0,1). Recall
that EZ; is defined by (1.1), where § = §(e ) and Q = Q(¢e), and assume & = 5/\/ —1 s
such that € — 0, € < € as € — 0. Let u. = (uy.,us.) denote a minimizer of E 5 under the

constraint
][ |u1,€|2 ][ |u25|2 =1—aq. (1.12)
D

Then the following behaviours hold, according to different rotation regimes:

A: If Q/|logé| converges to B > 0 then (|uicl,|uac|) converges weakly in BV to
(Xwa» Xwe ), where wq is a minimizer of perp(w) under the constraint |w| = a|D|.
Moreover, let

Jre = (iure, Vure) — Qo ui e, joe = (iuge, Vo) — Qa|ug | (1.13)
then (j1../9Q, Jo.c /) converges weakly in L* to (j1 g, jg ), where
o= mgmin (). o) =5 [ G4 gs [ewtjea )
div j=0 25 Wa
and jo g is defined similarly, replacing w, by wS. In the case = 0 we have to

interpret the definition of Js(j,w) as follows: it is equal to HjHiz(w) if curl j +2 =0,
and to +oo otherwise. Moreover

Ir%itn Egé = mly, + QP (dmmo J3(J, wa) + mln Jﬁ(j, )) + o(|log&]?). (1.15)
ivj

B: If |logé| < 2 and Qlog <1/§\/§> < 1/ then (|uie|, |usel|) still converges as above

t0 (Xwa» Xwe) and, defining ji., jo. as in (1.13), both ji./2 and jo./Q converge
weakly to 0 in L?. Moreover

1
%nE§5:m€€a+§|D|Qlog( ) (I+o0(1)). (1.16)

1
EVQ
C: If1/¢ < Qlog (1/5\/@) < 1/% then

min EZs = %\D\Qlog (ﬁ) (1+o0(1)). (1.17)
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In cases A and B, the leading order term is the interface energy m,, . which is of order 1/¢.
This leads to two droplets having individual vortices. This interface term stays dominant

until Qlog (1 / 5\/5) reaches 1/&. For high rotations, we do not know if the interface still

minimizes the perimeter, but we believe that the interface is allowed to increase its length
to reach the sheet pattern. Note that the hypothesis €2 < & guarantees that € must be less
than 1/e.

The proof of the above theorem builds upon the analysis of Ginzburg-Landau vortices in
the presence of a magnetic field (see [36, 35, 24, 25] or the book [37]). The problem here is
to factor out the energy of the interface between the set w, where |uy | >~ 1, |ug.| >~ 0 and
the set wg, where |uy .| >~ 0, |ug.| >~ 1. In cases A and B of the Theorem, this interface energy
is dominant hence it is difficult to separate it from the vortex energy which is computed
separately in each domain w,, w. Note that we cannot separate this leading-order energy by
a splitting argument as in the Ginzburg-Landau case or using the division trick introduced
in [28] and used since in different contexts (see [10, 22, 26] for instance) because of the
segregation pattern: one component has an almost zero density.

We rely instead on the fact that the interface energy is due to the modulus of u; . and g,
while the vortex energy is due to the phase. The argument requires nevertheless to precisely
locate the interface energy and estimate the rest of the energy away from the interface, as
we will see in Theorem 1.2 below. This is a result which to our knowledge is new even in the
case of the Modica-Mortola functional. A more precise lower bound was proved by G.Leoni
and R.Murray [29] but without locating the energy.

Theorem 1.2. Let D be a bounded smooth domain in R? and o € (0,1). Assume § = ()
is such that § tends to 1 and € := —= tends to 0, as € — 0. Denote by {e} a sequence of

real numbers tending to 0.
Let {(u1,uz.)}e be such that

Fo(upe, uge) <melo + A, uf +uj, <1+ CE, (1.18)
where m. is given by (1.11) and £, is given by (1.7), with A, < m.l, as e — 0. Then
there exists a subsequence {€'} such that {(uy e, user) }or converges to (Xuwa, Xwe ), Where we is
a minimizer of (1.7).

Moreover writing Yo = Ows N D, for any n > 0 there exists C > 0 such that if €' is small
enough (depending on n), for any V,, which is an n-neighbourhood of v, we have

meloy —C (A +logél) < Fo(ur e, uoer, Vi),  Fo(ure,use, D\V,) < C(A.+]logél). (1.19)

i

The hypothesis u%e + u%e < 14 C¢ is satisfied (see Proposition 2.3 below) for minimizers
of Eg(; if 2 is not too large, as in cases A and B of Theorem 1.1. In case C it does not apply,
but in this case the leading order of the energy does not allow to locate the interface anyway:.

Theorem 1.2 means that the energy is concentrated close to the interface up to an error
of order |logé|. The proof will follow from a similar concentration of perimeter for problem
(1.7) and by estimating m, . in terms of perimeters of level-sets of a certain function, as in
P.Sternberg’s [42] generalization of the method of Modica-Mortola [31].

The proof of Theorem 1.1 relies on precise upper bounds and lower bounds. The upper
bound consists in building a test function whose modulus approaches the interface problem
and whose phase reproduces the expected pattern for vortices depending on the values of €.
One difficulty is that we have to keep the mass constraint satisfied and |u;|?* + |uz|?® close to
1. An important tool is the uniform exponential decay when ¢ tends to 1, proved for the 1D
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problem in [41]. Let us point out that we have chosen the limit 6 — 1 because it is only in
this case of weak separation that the sheets exist. In the case where 0 is fixed the interface
problem leads to two domains having their own vortices and the proof can be adapted from
what we have done.

When € is of the order of 1/£2, assuming 1/&% < 1/e, we are no longer able to determine
the leading order of the minimal energy. However a plausible minimizer exists, neglecting
boundary effects, which depends on one variable only and exhibits a stripe pattern. The
construction yields the following

Theorem 1.3. Assume that Q = \/£? and that € < &2, then

where
' ' 1 o 1/2 .y ) 1 1/2 5 1 1/2 .y
E()\,a):rf;ggg;{ri{<6+§—4/o xsin“ 0 ,u+E/O 9'4—5/0 sin” 26 5,
(1.21)

and X, is the set of 0 in H*(0,1/2) such that
1/2
][ sin?d = a, 6(0)=0, 6(1/2)=mx/2. (1.22)
0

Remark 2. If X is small, the 0 energy is of Modica Mortola type and 0 varies quickly from
0 to w/2 on a scale N/ pu. In this case sin = 0 except on the transition interval therefore

the term fol/ *2sin20 can be neglected in front of the constant terms. Optimizing with respect

to 0 yields, to first order as A\ — 0, u?(1/6 + a/2) + co/(uV/N). Optimizing with respect to
w then yields that E(a, \) is of order 1/AY3. Note however that in this regime of small X,
Theorem 1.1, case C shows that this upper-bound is not optimal.

An alternative direction of construction of upper bounds could be the framework devel-
opped by [30] for two species polymers.

Still in this regime, one thing we are able to say about minimizers (u; ., us.) is that on
most disks of radius R¢, both u; . and usy . are present. More precisely,

Theorem 1.4. Assume that Q = )% and that ¢ < &%, then for all n > 0, there exists
a B >0, Ry >0, such that for R > Ry, and for all € sufficiently small, if (uy,us) is a
minimizer of EZs in M, then

{x s.t. ][ lui|? < B or ][ lug|® < B} < (1.23)
D(z,R.8) D(x,Rz)

where D(x, RE) is the circle of center x and radius RE.

The paper is organized as follows. In section 2, we prove estimates that will be useful all
along the proofs, namely an L* estimate, estimates for the corresponding 1D problem and
relations between the minimum for the 2D and 1D problems. Section 3 is devoted to the
proof of Theorem 1.1 assuming that Theorem 1.2 holds: upper bounds and lower bounds
are built carefully leading eventually to the required energy estimates. In Section 4, we
introduce the perimeter related properties that allows us to eventually prove Theorem 1.2.
The last section deals with the sheets case leading to the proofs of Theorems 1.3 and 1.4.



2. A PRIORI ESTIMATES

A minimizer of (1.1) in H given by (1.3) is a solution of the following system,

1)

1 o —
— Aul — QZQZL'J' . Vul + 8_2U1(|U1|2 + |UQ|2 -1+ €2Q2|l’|2) + (872|U2|2U1 = )\1U1, (21&)

1 0—1
— A'UQ — QZQZL'J' . VUQ + —2U2(|U1|2 + |UQ|2 -1+ €2Q2|l’|2) + ¥|U1|2U2 = )\2u2, (21b)
€ €
where );’s are the Lagrange multipliers due to the L? constraint.

2.1. L™ estimates. In order to get an a priori estimate for w = |u;|* + |uz|? using the
equation satisfied by w, we need to prove that the Lagrange multipliers are positive.

Lemma 2.1. If (uy,us) is a minimizer of (1.1) in H, then the Lagrange multipliers (A1, \2)
in equations (2.1) are nonnegative.

Proof. We multiply (2.1a) by uy, integrate and add the complex conjugate to find
(0—1)
bl (22)

2
nar = [ 19— il + 8 G ol 1)+
D

The corresponding equation holds for A\,. If one computes the second variation of the energy
at a minimizer (up,ug) against functions ¢:

azEQ(Ul U2) 1 |90|2
Z eV (0.0 = | Z|IVo —iQatolr + L 2 2 1
w2 (,0) = [ SV = it 4 (il + fuaf — 1)+
0—1 5 o (Tp+up)?
If we assume
/ﬂ1<p+u1g520, (23)

then this second variation is nonnegative, since we are at a minimizer. It turns out that if
one takes ¢ = iuq, then it satisfies pointwise w1 + u1@ = 0, and therefore the expression
for A1 (2.2) is exactly this second variation, hence is nonnegative. The same works out for
ug and Ag. O

Lemma 2.2. If (uy,us) is a minimizer of (1.1) in H, then (A, A2) in equations (2.1) satisfy
4
N < —E%(uy,up), where o = ][ |uj|?. (2.4)
OKJ ’ D
Proof. We add (2.2) and the corresponding equation for A\, to find

205 — 1)

22 Lo w4 fusl?
Oél)\l‘l’OéQ)\Q :/ |VUJ—ZQZL' Uj|2+ 82 (|U1|2—|— |’lL2|2—1)+ |U1|2|U2|2
D5

7j=1

Since we have the L? constraint, and a5 + ap = 1, then [ |ug|? + |ug|? = 1, therefore,

2
. 1 2(6 — 1
Q1A + )y = / Z |V, — iQatu,|® + g(|u1|2 + Jugl? — 1)* + ¥|u1|2|u2|2.

J=1

Since the \;’s are nonnegative, the result follows. O
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Proposition 2.3. If (u1,us) is a minimizer of (1.1) in H, then
max(|u1|2 + |UQ|2) S 1+ C€2E§5(U1,UQ). (25)

Proof. We look for the equation satisfied by w = |u;|? + |uz|?: we multiply (2.1a) by @, add
the complex conjugate, and add the corresponding term with us to find

2
2 2060 —1
Aw =2 " |Vuy — iQau® = 2X |ug|” = 2Xg|us|” + ;w(w —1)+ %\ulmuﬁ
j=1
This leads to
2
Aw > ?w(w — 1 —e?max(A;, \g)),
which implies
maxw < 1+ e max(Ag, ).
The previous Lemma yields the result. U
2.2. the 1D system.
Proposition 2.4. There exists a unique minimizer of
o 1 1 0—1
[ Gl = e = e+ S e (26)
(v1,v2) = (0,1) as ¢ — —o0, (v1,v2) = (1,0) as x — +o0. (2.7)
Moreover |v1|* 4 |v2]* < 1 and
400 82
0< / (1 —|v1)? = |ve]?) < C=. (2.8)
o €

Proof. 1t follows from [6], Theorem 3.1, that there exists a minimizer for problem (2.6)-(2.7).
Moreover, each minimizer satisfies that each component is monotone. Therefore, it follows
from the results of uniqueness of [5] for the solutions of the corresponding Euler-Lagrange
equations with monotone components that the minimizer is unique.
The minimizer is a solution of
—vf 4+ a%vl(v% +v2—1)+ 65;211)%111 =0,
(2.9)

" 1 2 2 o—=1,2 = __
_U2 _'_ 8_2U2(U1 _'_ U2 - 1) + =2 U1/U2 — O’

In order to prove that |vi|* + |vs]? < 1, we define w = |v1|* + |vs|? and compute the equation
satisfied by w which yields
2
w"” > 8—2w(w -1)
and implies that the maximum of w is less than 1.
Then, we follow the Pohozaev type proof and multiply the first equation of (2.9) by zv],
the second by xv} and integrate to find

oo 1 o] 0—1
[ Sl = [ S P el S Pl (@210)

oo — 00
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Moreover, if we multiply the first equation of (2.9) by vy, the second by vy, integrate and
add the 2, we find

teo ] 1 1 0—1
[ AR + o ol = D+ o) + S Plual = 0. (211
Subtracting the two, we find
o3 3 o
[ guir gl = [ om0l ), 212
The energy estimate provides the result. O

The next result is about the decrease at infinity for the rescaled 1D system:
Proposition 2.5. If (2.9) is rescaled by € then the new system is
—of + v (v + 03 — 1) + viv =0,
(2.13)
—v) + = va(v] + 03 — 1) + vivy = 0,
(v1,v9) = (0,1) as x — —o0, (v1,v2) = (1,0) as x — +00. (2.14)
The solutions converge exponentially fast to its limit at +00, uniformly in ¢.

Proof. 1t follows from [6], Theorem 3.1, that there exists a minimizer for problem (2.18).
Moreover, each minimizer satisfies that each component is monotone. Therefore, it follows
from the results of uniqueness of [5] for the solutions of the corresponding Euler-Lagrange
equations with monotone components that the minimizer is unique. The exponential con-
vergence at infinity is a consequence of the results of [41].

To follow the results of [41], the system can be expressed in polar coordinates:

vy = Rsingy, vy = Rcosy;.

In order to apply the slow fast theory, one considers the small parameter v/6 — 1 and rewrite
R=1—(6—1)w;. Then writing wy = w] and ¢y = ¢}, system (2.13) can be rewritten as a
first order system in (wq, ws, ¢1, p2). The results of [41] imply that

2x
_ € / : 2x _—2z
w1 = m + O( 0 — 1) mm(e , € ) (215)
1 = arctane” + O(vd — 1) min(e”, e ") (2.16)
uniformly as 6 — 1. This implies the uniform exponential convergence at infinity for the
functions v; and v,. O

2.3. Upper bound for the scalar problem. From now on, d(¢) is such that lim. 00 = 1
and

limé =0, where ¢:= ;
e=0 de)—1
Therefore the potential W, only depends on £ and is defined by
1 0—1
Wg(Ul, UQ) = 4—52(1 — U12 - UQ2)2 + ( 252 )u12U22, (217)

Firstly we define

+00 1
me = inf {/ §|”y/(t)|2 +W.(v(@)dt | v: Ry = R", limy = q, lJirmy = b} . (2.18)
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where a = (1,0) and b = (0, 1) are the two wells of the potential WW..
The following upper-bound is proved using a standard construction, found for instance in
20] in this particular case, but with a less precise estimate.

Proposition 2.6. Assume o € (0,1), D is a smooth bounded domain, and let mq. ., £, be
defined in (1.10), (1.7). There exists C' > 0 such that for any small enough € > 0, the
following estimate holds:

Mae < lom. + C. (2.19)

Moreover, let v, = 0w, N D, where w, is a minimizer for (1.7), be a minimal interface.
Then for any n > 0, and denoting by V,, an n-neighbourhood of v, the above bound may be
achieved by v. = (v, v2.) : D — Ry x Ry such that if € is small enough then

Ve =1 in wa\Vy, v1e =0 inw,\V,), vae =0 inw,\V, and |[ve.—1]] < Ce in C’l(wac(\Vn)).
2.20

Remark 3. The constant C in (2.19) depends on D, «. But, as will be clear from the proof,
it can be chosen so as to remain valid for any o in a neighbourhood of c.

Proof. From Propositions 2.4, 2.5, the minimization problem (2.18) admits a minimizer U, :
R — R?, and the rescaled function t — U.(&t) converges exponentially fast to its limits a
and b as t — 400, uniformly in €. Moreover, from Proposition 2.4

/|1— U2 < Ce.
R

Now let w, be a minimizer for (1.7). It is a domain with analytic boundary and we may
define the signed distance function

Ao(2) = dist(x, w,) — dist(z, w?), (2.21)

which is smooth in a neighbourhood of 7, := DNdw,, say an n-neighbourhood, with bounds
which are in fact independant of « in a neighbourhood of some, say, ag € (0,1) (to adress
the above remark).

Now we modifiy the function U, as U. so that U. = a on (—o0, —n/é] and U. = bon
[n/e 4+ 00). Because of the exponential convergence of t — U.(¢t) at infinity, this can be
done in such a way that ||U. — U.|| < Ce /¢ where M > 0 and the norm is the C*-norm
for arbitrarily chosen k. It can also be done in such a way that

/ 11— |U.|*| < Cev/d —1. (2.22)
R

Then we let v.(z) = Us(t. + Aa(x)/€), for some t. € R. It is straightforward to check that
there exists C' > 0 independent of ¢ such that, for a suitable choice of t. € [-C, C], the map

v, satisfies
][ 1 = a, (2.23)
D

and that moreover F.(v.) < m.{, + C. Note that this last estimate could be improved to
F.(v.) < m.l, + Cg by using the fact that U, is symmetric with respect to the origin and
therefore that the curvature effect cancels to leading order on both sides of the interface.
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It remains to modify v. in a way such that the second constraint in (1.10) is satisfied.
From (2.22), (1.10) we know that

k- -

Then we modify v, as follows: we fix =, r depending only on D, « such that D(z,2r) C w,°.
Then, for € small enough we have vy, =1 on D(x,r) since v, ~ b in an é-neighbourhood of

Yo

< Ce. (2.24)

We let Oy.(y) = 1+ t(r — |y — z|)+ in D(x,r) and 0y, = v, elsewhere, for a suitably
chosen t € R. From (2.24), it follows that there exists ¢t € (—Ce, Ce) such that

f liad = 1-a)

We let 0. = (v, Da.). It is straightforward to check that,
Fo(0:) < Fe(ve) + C < melo + C,
which proves the proposition. 0
We deduce from the above the following lower bound for m,, ..

Corollary 2.7. Assume o € (0,1), D is a smooth bounded domain, and let my., o be
defined in (1.10), (1.7). There ezists C > 0 depending only on D and o such that

mely — Cllogé|l < mg.. (2.25)

Proof. Choose an arbitrary n > 0 and apply Theorem 1.2 to a minimizer (u ., us ) for (1.10),
the minimum problem defining m, .. Then from the estimate (2.19), we have F_(uy ., us.) =
Mo, < Mty + C and therefore (1.19) yields

Melo — C(C + [logé]) < F(ur e, uzer, Vy).

3. MINIMIZERS IN THE PRESENCE OF ROTATION

The minimization of Jz given by (1.14) gives rise to a free boundary problem by using
convex duality, and allows to define a first critical field as in the case of one component
Bose-Einstein condensates and superconductors [37, 22, 39].

Proposition 3.1. Assume 3 > 0. Defining Jz as in (1.14), the minimizer jz of Ja(-,w)
among divergence-free vector fields, where w is a domain in R?, can be written jz = V=+hg,
where hg is the unique minimizer for the problem

min{%/wWhP—Q/wh, h=0 on dw and ||h]e < 1/(2B)}. (3.1)

The function hg is CY' and defining pg = curl jg + 2 we have pg = 2Xws, where Xu, 18
the characteristic function of the set {hs = —1/(23)}. This set is understood to be empty if
p=0

Finally, |wg| =0 (or equivalently 15 = 0) if and only if

B < b= !

m, where Ahw =—2inw and hw =0 on Ow. (32)
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Proof. Since we minimize among divergence-free vector fields, we may let j = V*h, and

minimize
_1 9 B 1
_§/w|vm +a(n), @(h)_%/w|Ah+2|,

with the understanding that ®(h) = 400 if Ah+2 is not a measure with finite total variation
in w, orif =0 and Ah+2 is not equal to 0. Then using standard results in convex analysis
(see for instance [13]) we know that

it 1) = —min J(0), (1) =5 [ VAP + @(-h),
Then we compute

1
@*(h):sup/Vh-Vk——/|Ak:—l—2|
k w 25 w

= sup / h@,,k—/h(Ak+2)—i/|Ak+2|—l—2/h .
k Ow w 26 w w

It is not difficult to check that the supremum is equal to 4+o00 if h is not constant on dw, and
we may take the constant to be zero because ®*(h+c¢) = ®*(h) for any constant c¢. Then we
easily find that, assuming h = 0 on dw, the supremum is +00 if ||h|l > 1/(25), and that it
is otherwise acheived when Ak 4 2 = 0. Therefore

o*(h) :2/h, min J(h) = mln /|Vh|2—2/
w heHE (w

IIhIIoo<1/(2B

This proves the first part of the proposition, the rest being well known results on the obstacle
problem, see [14], or [39] for the last assertion. O

Upper bound, case A. This follows closely the construction in [37], Chapter 7, see also
[39] for an even more closely related construction, thus we will be a bit sketchy for the parts
of the proof which can be found in these references.

We assume that €)/|logé| converges to 8 > 0 and we are going to construct a test couple
(U1, use) such that

div j=0

Eg(;(ul,s,uze) < ml, + O? ( min J3(j,wa) + mln Jﬁ(j, )) + o] logé\z), (3.3)

where w,, is a minimizer of (1.7).
We choose an arbitrary n > 0, and let

={z|d(z,7.) <n}, Di=w,UV,, Dy=wiUV,. (3.4)

We begin by defining the phase ;. (resp. ¢a2.) of uy. (resp. us.). We need to define
the phase ;. on D; rather than w, because the modulus of u;. will not vanish outside
we exactly, but outside a slightly larger set. However n is arbitrary and will be sent to 0
eventually.

Denote by hy (resp. hs) a minimizer of (3.1) in Dy (resp. Ds) and let p; = Ah; +2, 1 =1,
2. Then from Proposition 3.1 we have p; = 2x., ,, Where X, ; is the characteristic function
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of w,;, defined as the set where h; is equal to 1/(23), i.e. saturates the constraint in (3.1).
Note that w, 1 is a subset of w, while w, o is a subset of w;. We have

dmln Js(j, Di) = Js(V*hy, D) / |Vhi|> + |wm| (3.5)
iv j=0

where it is understood in the case § = 0 that the second term is equal to 0 since wqy,; = I
in this case.

The simplest case is when § < min(f;(wy), f1(ws)). Then by choosing 7 small enough we
have f < min(f(D1), f1(D2)) and thus w,; and w, 2 are empty, this is the case without
vortices. Then we define

V@l,e == Qvlhl + QSL’J_, VS02’€ = Qvlhg + QZL’J_. (36)

Note that, since Ah; +2 =0, ¢ = 1, 2, the right-hand sides above are curl-free hence they
are indeed gradients of well defined functions in D; (resp. D). Then we let u; . = vlﬁewl’s,
Ug . = Vg €2 where v. = (v, vq.) is defined in Proposition 2.6. We have

1 1
Egé(ulﬁ, u2,€) = Fs(vl,€7 U2’€> + 5 / U%,€|V(p17€ — QLE‘J—P + 5 / U§7€‘VSO2’€ — QZL’J_|2. (37)
D1 Do

From Prop 2.6, F.(v.,vs.) is bounded above by ¢,m. + C. Still from Proposition 2.6, we
have |v1c|?, |v2c|* < 1+ Ce, where C' depends only on «, D. Therefore, in view of (3.6) we
have

1
/ via\Vgol,g—QxLPjLi/ via\Vgoz,e—QxLP S 92(1—|—C€) (/ ‘Vh1|2—|—/ |Vh2|2) .
Dy Do Dy Do

Thus, in view of (3.5) and the fact that w,; and w, 2 are empty, we may write (3.7) as

Eg(;(ul,a, Uy ) < lome + (14 Ce)Q? < min Jz(j, D1) + II11I1 Jﬁ(j, Dg)) +C,

div 7=0
which in turn implies that

E25(ur e, uge) — Lame

lim sup 2 < Join Jp(3; D1) + min Js(5; Da).

This is not exactly (3.3) since the domain Dy (resp. Ds) is not exactly equal to w, (resp.
w¢). However (3.3) follows from the above when we let n — 0.

The case where B > min(f;(wa), B1(ws)), or equivalently the case where either w,; or w2
is nonempty is a bit more involved as it involves vortices. As in [37], Chapter 7, or [39], we
may approximate Qu; (resp. Qus) by

nie n2.e
e = 2T Z ,uil,€ (resp. foe = 2T Z ui€> ,
i=1

i=1
where 4} _ (resp. p7.) is the uniform positive measure of mass 2 in B(a e, €) (resp. B(bi, €))
and {a;.}; (vesp. {b;c}:) are points in w, ;1 (resp. wys2) at distance at least 2€ from one
another chosen such that ju; /€2 (resp. po.) converges to 2x., , (resp. 2xw, )

Then, if we define hy. € H}(D;) (resp hoe € Hy(D2)) to satisfy

Ahy.=p1.—29Q (resp. Ahg. = g — 29), (3.8)
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it can be shown (see [37] or [39]) that, as ¢ — 0, for k = 1,2,

1
5/ |th75|2 S Q2J5(VJ‘hk, Dk) + O(| log€|2). (39)
Dy,
Then we let
Ve =Vihi 4+ Qet, Voo, = Vthy, + Qat. (3.10)

The fact that p, (resp. 47.) is a positive measure of mass 27 supported in B(a;., &) (resp.
B(bi.,€)) and (3.8) imply that this indeed defines gradients of functions which are well
defined modulo 27 in Dy \ U;B(a; ., €) and Dy \ U;B(b; ., €), respectively (see the aforemen-
tionned references for details.) Note that (3.10) defines ¢y . (resp. a.) only in Dy (resp.
Dy). Where it is not defined by (3.10), we let the phases be 0 which apriori induces a dis-
continuity, but in fact does not because the modulus of u; . (resp. us.) will be defined to be
zero where the discontinuity occurs.

Now we define the modulus of u; . (rep. ug.). Define v, = (vy ., v2.) as in Proposition 2.6.
Recall that v, . is equal to 1 in D5“, and equal to 0 in D;“ while v, . is equal to 0 in D5“ and
vy — 1 is bounded by Ce in C'(D;°).

We modify v, in the vortex balls: Let 6(r) = 7/2 if r € [0,1] and 0(r) = (2 — r)7/2 if
r € (1,2). Let p1. = v1 - and py . = vo outside U; B(a; -, 26)U; B(b; -, 26)). Forx € B(a; ., 2¢)
let p1.(x) = cosf(r/é), where r = |x — a;.| and py.(z) = sinf(r/é). For x € B(b;.,2¢)
let po.(x) = vac(x) cosB(r/é) and p; . = sinf(r/E). Note that since the balls are centered
at points belonging to either w,; or wg 2, they are at a fixed distance from the interface
Vo hence from (2.20), vy . is equal to either 0 or 1 on the balls while vy, is either equal to
0 or such that ||ve. — 1||cx < Ce. It is straightforward to check that in any vortex ball
B = B(ai.,2¢) or B = B(b;.,2¢) we have F.(p1., p2.) < C, where C is independent of .
Therefore the total contribution of the balls to F.(p;., p2c) is bounded by CQ.

We define u; . = py €% and us. = po.€*<. Then (3.7) holds with p; . replacing vy .
(resp. p2. replacing vy, ), and we deduce as above from Proposition 2.6 and (3.9) that

div j=

B (uneytz.) < Lo + (14 C)2? ( min_ J5(j, Dy) + min Js(j. D2>) roo. (1)
ivj=
However we may not yet conclude that (3.3) is satisfied as in the previous case because

(U1, use) does not satisfy the constraint (1.12), due to the modification of (vy ., v2.) in the
vortex balls. Since the number of balls is bounded by C|logé| and their radius is 2€, we

have
L -a
D

' F ol + s - 1' _ '][ ur el + Jugl? =02, — o2, =
D D

thus — since v, — 1 is bounded by Ce in D;“ — we deduce

< C&%|logé|. (3.12)

On the other hand

Y

][ (1 -3, )sin*0
Ui B(bs ,28) ’

][ el + uze|* - 1‘ < Ce. (3.13)
D

To correct the first error we perturb the value of « relative to which (v; ., vs.) is defined in
the above construction. If (vy.,vs.) is defined in Proposition 2.6 with a value a + ¢, and
the definition of u; . and ug . is otherwise unchanged, then the average of |u; |* over D is a
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continuous function of ¢ and (3.12) tells us that it is equal to a+¢ within an error C'?|log é|.
Thus there exists t. such that |t.| < C'£?|log | and such that the resulting (uy, us ) satisfies

][ \u175|2 = .
D

Then |ug.| needs to be modified in order for the second constraint to be satisfied. In view
of (3.13), this may be done as in the proof of Proposition 2.6 by adding to us. a correction
which is bounded by Ce in C*'(D). Still denoting (uy, us ) the modified test configuration,
the following modification of (3.11) holds:

B2 1) < fonm o+ (14 G uin Js7. D1) + i, Ty Da) ) + €61
ivj=0
Since v — £, is locally lipschitz, we have o, < £o+C|t.| < £y +CE&?|logé|. Then grouping
the error terms the above may be rewritten as

Eg(;(ul,s,uze) < lym. + Q2 ( min Jz(j, D1) + mln Jﬁ(j,DQ)) + CQ.

div j=0

As in the case without vortices (3.3) follows by taking a suitable diagonal sequence ¢ — 0,
n — 0.

Upper bound, cases B and C. As above we choose an arbitrary n > 0, and define V,,
Dy and D as in (3.4). We define a test configuration (u;. = py €= ug. = pg.€'¥2<) and
then prove that

D
Egé(ul,aauZE) = | |Ql 0g +mly +O0(Q) (3.14)

ef
As in [37, 39] we define the lattice

™ ™
I P

and let h, be the A.-periodic solution of

Ah, = 2 (Z 5p) — 20

PEAe

in R2. Then we let ¢. be such that Vi, = V+h, + Qat, so that ¢, is well-defined modulo
27 outside A, since

curl Vip. = Ah, +2Q =27 Z Ops

PEAe
As in [37, 39], it is straightforward to check that
1 / 1 D] 1
- V. — Qut]? = —/ IVh]? < —Qlog —= + CQ.  (3.15)
2 JD\Upen. B2 2 JD\yen. B2 2 EVQ

Then we let

4,01,5 = QOEXDU ¢2,€ = SOEXDQ‘ (316)
Note that as above, the discontinuity in the phases ¢ ., 2 is unimportant since the modulus
will be zero where it occurs.
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To define the modulus, let 6. be periodic w.r.t. the square [—1/(2v/Q),1/(2vQ)] x
[—1/(2v/Q),1/(2v/Q)] and on this square let

/2 if || < g,
O-(x) = ¢ (26 — |z|)w/(28) if € < |z| < 2¢,
0 otherwise.

Then let (v, vs.) be given by Proposition 2.6 and define
Pre = V1cCOS0: + Vocsinb., pa. = —vi.sinf. + vy cosb., (3.17)
so that
F o= f ot =1 (318)
D D

Also, since p; . = v except on the balls of radius 2¢ centered on the lattice \/gZ X \/EZ,

we have
F it = =| £ lone = ot
D D

As in the previous cases, there exists a real number ¢, such that |t.| < C&?Q and such that
if we define (vq.,v2.) by applying Proposition 2.6 to a + t. rather than a and (p1., p2,c) by
(3.17) then

< C£%0.

|pl76|2 =
D

and, using (3.18),

2
p2el” =1 -«
D
Then let u; . = p1 e and uy. = pg€'¥><. From the previous considerations they satisty

the constraints in (1.1) and thus
min Eg(; < Eg(;(ul,sa u2,€)7

which we estimate now.
First, since p; . = 0 outside D; and ps . = 0 outside Dy we have

1 1
5/ pie|vgp1,€ - Q‘IIS'J_|2 + p§75|Vg02,€ - Q‘IIS'J_|2 = 5 / (pie + pg,e)|Vh'E|2
b b (3.19)

1D 1
< (1+Ce (—Qlo
AN N
To estimate the integral of |Vp; .|[* ad |Vpa-|?, we note first that from (3.17) we have
|V,01,a|2 + |vp1,a|2 = |VU1,5|2 + |V'U2,e|2 + |V9€|2(vf€ + 'U;E) + QVHE(UZ&VUl,a - Ul,avvza)-

Then using the fact that |V6.| is supported in Uyep. B(p, 2€), bounded by C'/é, that v, . and
v are bounded uniformly by 1+ Ce, and that Vv, ., Vv, are bounded by C'/é we easily
deduce that

+C’Q).

1 1
—/ |vp1,€\2+|vp1,€|2:—/ Vo + [Ves. 2 + 0 (Q). (3.20)
2 Jp 2 Jp

It remains to estimate the integral of W.(uy ., us.) as defined in (2.17). From (3.17) we have

/D (- =) = / (1— o2, — ). (3.21)

D
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Moreover, outside Upex. B(p, 28) we have p? _p3 . = vi_v3_ therefore

[ A= [ vtas00) (3.22)
D D
In view of (3.19), (3.20), (3.21), (3.22) we deduce

D 1 D
Eﬁfa(ul,a, Uge) < %Q log —= + F.(v1.,v2.) + O(Q) < %Q log +mly + O(Q),

1
Vo BN
proving (3.14).
Lower bound and convergence, Case A. Assume ¢ > 0 and let (uy ., us ) be a minimizer
of ngs We let Ple = |u1,€‘7 P2, = ‘U275|. Then

Eg(s(ul,sa u2,e) = Fe(pl,sv p2,€> + Gs (u1,€7 u2,€)7 (323)
where, defining j; ., ja as in (1.13),

1 1, 2 2, 2
Ga(ul,e>u2,a) =3 M + m (324)

2 D p%,a p%,a
The term F.(pi., p2) contains the terms in the energy which depend only on the positive
scalars pj ¢, pa2., and do not depend on the phases of u; ., us.. From the definition (1.10) of
Mmq,e and Corollary 2.7 we have

F.(p1e, p2e) = Mae > mely — Cllogél. (3.25)

On the other hand, assuming Q2 = (| logé|, we know from the upper-bound (3.3) proved
above that Egé(ulﬁ,u%) < mel, + C| logé\z, which implies that F.(pic, p2c) < mely +
C|logé|*. Then from Proposition 2.3 and the bound of the energy by C'/&, we have ui . +
uj . —1 < C¢, hence we may apply Theorem 1.2 to (|us |, |uz.|) to find that any sequence {£}

converging to 0 admits a subsequence (not relabeled) such that p; . — xu., and pac — Ywae
for some minimizer w, of (1.7), and moreover that for any n > 0 we have

Fpre, pac, Vi) > mely, — Cllogél, (3.26)

where V,, denotes an n-neighbourhood of 7, := 0w, N D. Note that v, is smooth. It follows
from (3.26) and (3.3), in view of (3.23), that

Fe(pl,ev p2,€7 D \ vn) S C| 10g 5‘27 Ge(ul,a u2,€7 D \ Vn) S C‘ 10g5\2 (327)

To obtain the desired lower-bound we will bound from below G.(u; ., us.) on Dy = wy \ 'V,
and Dy = wy,®\ V;,. For convenience, we choose V, such that Dy and D, have smooth
boundaries. The lower bound on each component will be that of a one-component condensate
as computed in [39], see also [36], hence we will be a bit sketchy in the proof. From (3.27)
we have

1 -
/ Vorel? + |Vpael® + 5 (1= pi = p5.)° < Cllogél”
Dy
Since |V (pi . +05.)|° < C|Vp1* 4|V, it follows — using the coarea formula as in [37],
Proposition 4.8, suitably adapted — that the set
{z€Di|[1—pl.—p3l > [logél ™}

may be included in the union A. of a finite number of closed disjoint balls whose sum of
radii is bounded by Ce|logé|*.
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Similarly, still using (3.27), we have
LL|VmA”HVmA2+§wﬂ£@SCH%ﬂ3
1
from which we deduce using the fact that [V (p7 _p3.)[* < C|Vp1c|* + [Vpa.|?, that the set
{w € Di|plps. > loge| ™'}
may be covered by the union B, of a finite number of closed disjoint balls whose sum of radii
is bounded by C&|logé|".

Let Df = Dy \ (A U Be). If © € D5 then both p? _p3. and |1 — pi_ — p3_| are bounded
by C|log é|_1, from which we deduce, for € > 0 small enough, that for each point, either
11— pi.] <4C] logé| ™" or |1 — P3| < 4C] logé|™". We prove that if € > 0 is small enough,
depending on Dy, then necessarily |1 — pi_| < 4C|log ™" holds. Indeed the number of
connected components of Dy and D7 is the same if € is small enough, this is because small
closed disjoint balls are removed from Dy, and because the boundary of D; is smooth. Then,
if |1 —p3.] < 4C|log ™" held for some = € D%, it would hold also on the corresponding
connected component, which would contradict — if £ is small enough — the fact that the
integral of pg,a on D; converges to 0.

Thus we have |1 — pi | < 4C|log ™" on D5. From here, we may reproduce the proof of
the lower-bounds in [37], Chapter 7 or [39], to deduce that B. may be included in a union of
disjoint closed balls By,. .., By with total radius bounded by C|log |~ (the power is chosen

large enough but is not optimal) in such a way that denoting by d; the winding number of
uy. on 0B;, with d; set to 0 if B; intersects the complement of Dy, we have as |logé| — 0,

k
/ PelVeore — Q' > 7 (E |di|> [log &|(1 — o(1)). (3.28)
U; B; i=1
Moreover, the estimate on the sum of the radii of the balls B; ensures (see [37] or [39]) that,
as € — 0 and in the sense of distributions,
curl j1 . +2Q —v. — 0, where v, =27 Z di0g,, (3.29)
and where a; is the center of B;.

Now, (3.27) and the fact that uf_ 4+ w3, —1 < C& imply that {j;./Q}. is bounded in
L?(Dy), hence converges weakly in L?(D;) to some j;, modulo a subsequence. Moreover

€ . 158 . €7D 1 .
lim inf Gelej2e D1) /Uﬁ. (3.30)
Dy

e—0 02 - 5

From (3.28) and (3.27) we deduce that {v./Q}. is bounded in the set of measures, hence
again converges weakly modulo a subsequence. Therefore, using (3.29), (curlj; . + 2/€Q)/Q
converges in the sense of distributions to a measure p1. Obviously we have puy = curl j; + 2.

In the case § = 0, the lower bound (3.28) together with the apriori bound (3.27) implies
that >, |d;| < 2 as € = 0, hence py = 0, using (3.29). Thus in this case curl j; +2 = 0 and
we deduce directly from (3.30) that

lim inf Ge(jl’s’jz’e’ D)

e—0 02 —  divj=0
curl j42=0
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with a similar lower bound holding in D, as well.

When 5 > 0, arguing as in [37] or [39], since U; B; has measure tending to 0 as ¢ — 0, by
going to a further subsequence we may add up the lower bounds (3.28) and (3.30) to find
that

lim inf GE(jl,Ean,Ea Dl) 2 1
e—0 02 2 D,

l71)? + ! | curl j; + 2|
1 a0 1 )
26 Jp,
where the last integral should be understood as the total variation of the measure p;. The
same argument in Dy = w,*\ 'V, yields
Ge(jl,eaj2,EaD2) 1

1
. S L 2 L ;
hren_gonf 02 =3/, |72] +2ﬁ Dl‘Curljg-l-Q‘,

where jo is the limit as ¢ — 0 of jo /.
Adding the above lower bounds, either in the case 5 =0 or 8 > 0, and in view of (3.23)
we find that

9
min B2’ — mely

lim inf > min Jg(J, D1)+dmin0J5(j, D,).
ivj=

e—0 02 div j=0
We recall that Dy = w, \ V;;, D2 = w,©\ V;,. Since the above lower bound is true for any
n > 0, we deduce that the inequality holds with w, (resp. w,®) replacing D; (resp. Ds).
This proves the lower part of (1.15).
It is readily checked that for minimizers (uj.,us.), since the upper and lower bounds
match, then necessarily j; . (resp. ja.) converges modulo subsequences to a minimizer of Jg
on w, (resp. w,°). This concludes the proof of Part A of Theorem 1.1.

Lower bound and convergence, Cases B and C. The method to compute the lower
bounds on the energy of minimizers in cases B and C is, as in [35], see also [37], to suitably
rescale things so that in rescaled coordinates the rotation €2 is not too large. Then a lower
bound is computed along the lines of case A on rescaled balls of radius one which correspond
to small balls in the original scale. The latter step is summarized in the following

Lemma 3.2. Let EZ; be as in (1.1) and F., G- be as in (3.23), (3.24). Assume that § = 6(e)

and that € — 0, £ > ¢ as e — 0, where € = /v — 1.
There exists C' > 0 such that for any M > 0 the following holds: if

1
Q= Mlog ——, 3.31
s (3.31)

there exist £g > 0 such that for any ¢ < ¢y and any (uy ., us.) defined on the unit ball B such
that F.(Jus.|, |usc]) < |logé|*,

Ga(jl,a>j2,a> B) 2 Q|B|| 1Og §| (1 - CM_l/g) ) (332)
where ji ¢, ja. are defined in (1.13).

We postpone the proof of this lemma to the end of this section.
We consider minimizers {(uy., us.)}e of EZ5 and define py., ps. as in Case A and the
currents ji ., jor as in (1.13). We use the same splitting of the energy (3.23) as in case A.
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Case B. The upper bound (3.14) and Proposition 2.3 imply that, in Case B, we have
uia + u%a — 1 < C¢. Hence, following case A, any sequence {e¢} converging to 0 admits
a subsequence (not relabeled) such that p; . — X, and ps. — Xu,e for some minimizer w,
of (1.7) and for any n > 0 we have

1
E.(p1c,p2e, Vi) > mly, — CQlog ——, 3.33
(pl, P2, 77) g é\/ﬁ ( )
where V,, denotes an n-neighbourhood of 7, := 0w, N D. It follows that
1 1
F.(p1e,p2e, D\ V;) < CQlog ok Ge(ur e, uge, D\'V,)) < CQlog Vo (3.34)

The right-hand side in these bounds is negligible compared to 2% when |logé| < Q. Thus it
follows that both j; ./ and j, ./ converge to 0 on D\ V,, as ¢ — 0. Since this is true for
arbitrary 1 > 0, they converge to 0 on D. The rest of this section is devoted to the proof of
(1.16).

We change scales in order to apply Lemma 3.2 on the new scale. Given &’ = \e, we have
for any open set w C D

Egé(ul,aa U2.es CU) = Egjé(ull,a’ u;,aw,)’ (335)
where
/ 1 1
Eg,é(uglﬁ?ué,&’ Z/ _|vuk‘€ ZQ,ZE uk‘€|2 4 /2( _|u376|2_|u/2,8|2)2+2é:/2|u{l,€|2|u/2,8|2
and

u’le(x) = uy (), u’zs(x) =y (A1), W = dw, & =Xe, & = A&, O =Q/\% (3.36)
Note that &V = év/Q. For any M, we define A. to be such that

Q 1
—5 = M log

e %, (3.37)

then
' = Mlog

1
Q)
In cases B and C of Theorem 1.1, we have | log&| < Q < 1/£2, so that 1 < A and &/ — 0.
Therefore, & <1 as ¢ — 0 and Q’ M|logé'|.

If we deﬁne the recaled currents jj _, jp_ as in (1.13), replacing there u; ., uz., Q by uj ,
uy ., ', and if we let py _ = [u} | and p . = |uj [, then the rescaled energy splits in a similar
fashion to (3.23), (3.24) as

EY (o) = Fur(ph ey ply) + Gor(ur oy us ), (3.38)

where F_, G. are defined as in (3.24).
We are now ready to bound from below G(uy., us.) on Dy = wy \ 'V, and Dy = w,*\ V.
Fom Fubini’s Theorem and using the above rescaling we have
A2
G.(uy e, use, D1) = / — G (U, Uy, By N DY) da, (3.39)

er2 T
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where B,_, denotes the unit ball centered at A\.x and D] = A\.D;. A similar identity hold
for F., and also when replacing Dy with D,. In particular, using (3.34) and (3.36), we have

1
F.(uy ., us., D :/ Fo(uy ., ub By N DY) de < CQ' o )
( 1, 2, 1) R ( 1, 2, Ae l) = gg,\/@

™

F

(3.40)

Let

A={z € D, | B(x,1/)\:) C D) and FE/(plLe,p’Q’e, By..) < |logé/|4}.
From the definition of A and (3.37) we may apply Lemma 3.2 for each z € A on the ball
B(Acw,1) to the rescaled configuration (u) ., us ). Then inserting the lower-bound (3.32) in
(3.39) we find
Y 2
K3
Using the fact that 1 < A. and using (3.40) we deduce that |A| ~ |D;| as ¢ — 0. Moreover,
the fact that Q' ~ M|logé’|, implies that

Ge(ure, uge, D1) > |A|==Y|B||log&'| (1 — CM™/3) = |A|Q|log&’| (1 — CM~/3).

|log &'| ~ log = = log

1
VY EVQ

It follows that, as ¢ — 0,

Ge(u e, uge, D) > |Dy|Q2log

1
1—CM™3 —0(1)).
Summing with the corresponding inequality on Dy, using the fact that M can be chosen
arbitrarily large, and as in case A using the fact we can choose the size 7 of the neighbourhood
of the interface V,, arbitrarily small, we deduce that, as e — 0,

Ge(uye, use, D) > |D|Qlog (1 —0(1)). (3.41)

1
£VQ
We add to the above the lower bound F(uy ., us.) > mcl, — C|logé| which follows from
Lemma 2.7, to obtain the lower bound part of (1.16).

Case C. Case C is simpler than case B. Using the same rescaling and using the same notation
as above we have, using the fact that now the interface energy is negligible compared to

Qlog(1/5V9),

F

1
F.(uyc,upe, D) = Fo(uy ,uy_, By.. N D)de < CQ'1 .
(et D) = | Fulu oy B (D)o < OO log e
Then we let A be the set of x such that B(x,1/\.) C D) and Fu(p) ., ph ., Br..) < |log S
As above |A| ~ |D| so that if we apply Lemma 3.2 for each x € A on the ball B(A.z,1) to
the rescaled configuration (u) _,uj ) we find, as ¢ — 0,

1
Ge(urz,uze, D) > | DIQlog = (1—CM™3 —o(1)).
Using the fact that M can be chosen arbitrarily large and that G. < Egé we deduce that
(1.17) holds.
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Proof of Lemma 3.2. We assume in this proof that
Ga(jl,&‘an,E) S 7T9| lOg €~| S C1]\4| lOg §|2a (342)

otherwise there is nothing to prove. Here the second inequality is an easy consequence of
(3.31).

To prove the Lemma, we first proceed as in case A to construct vortex balls. Using the
bound

1 i
/B IVp1el? + [Vpae|* + gﬂiapi,a < Cllogél",

the set
{e€B| plpr. >|logel "} or [L—pi. —p3. > |logé ™}
may be covered by the union A. of a finite number of closed disjoint balls whose sum of
radii is bounded by C2|logé|®. Then B. = B\ A. is a connected set and such that either
[1—pi.| < C|log g or 1 —p3.| < C|log g™ on B.. Without loss of generality, we assume
that |[1—p7 | < C|log /7" on B.. From here, the vortex-ball construction (see [37], Chapter 7
r [39]) implies that A. may be included in a union of disjoint closed balls By,...,B) with

total radius bounded by C'|logé |_10 in such a way that denoting by d; the winding number
of uy . on 0B;, with d; set to 0 if B; intersects the complement of B, we have

/ 915‘ (Zu |) (|log&| — C'log | log&|) . (3.43)
U;B;

Pl,

Moreover, the estimate on the sum of the radii of the balls B; ensures (see [37], chapter 6 or
[39]) that, as ¢ — 0 and in the sense of distributions,

leurl 1z + 20 = v cony. < Cllogé|™,  where v =27 dida,, (3.44)

and where q; is the center of B,;.

Next we use (3.44) to estimate the sum of degrees in (4.22), which will yield the desired
result. Let 0 < ¢ < 1 be a function equal to 1 on the ball of radius 1 — M~/3 equal to 0 on
OB, and such that |V¢| < M3, Then we have, using (3.42), that

/ Geurl gy .

Then, from (3.44),

S CMI/GHjLEHLQ(B) S CM2/3‘ 10g5|

VJ_C : jl,e
B

< C|logé| ™

/ ¢ (curl jy . +2Q — 1)
B

We deduce that
27er§ a; >2Q/§ Cllogé|™® — CM*3|log 4|,

and then using the fact that Q0 ~ M|logé|, that when ¢ is small enough we have
21y~ di¢(a;) > 29| B|(1 - CM ™).

Inserting in (3.43) yields the desired result. O
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4. LOCALISATION OF THE LINE ENERGY

We recall the definition of the energy F. of a pair uj,us : D — R by (1.8), with (1.9)
where it is understood that ¢ is a function of . We recall the definition of (1.10).

4.1. Localisation of perimeter. We start with the following quantitative convergence
result for the perimeter.

Proposition 4.1. Let D be a bounded smooth domain in R?* and o € (0,1). Then for any
n > 0 there exists C' > 0 such that if w C D is such that |w| = a|D)|, then there ezists a
minimizer w, of (1.7) such that

perpy, (w) < C (perp(w) = la), (4.1)
where we denoted by V;, a n-neighbourhood of the curve v, = D N Owg.

Proof. We will prove the equivalent statement that, under the hypothesis of the proposition
and given n > 0, if {w,}, is a minimizing sequence for (1.7) then there exists a subsequence
{n’}, a minimizer w,, of (1.7), and C' > 0 such that if n’ is large enough (depending on 1 > 0)
then

PeI'p\v, (W) < C (perp(wn) = La) -

It is well known that if {w,}, is a minimizing sequence for (1.7), then there exists a
subsequence {n'} such that {x,, ,}» converges weakly in BV and strongly in L' to x.,,
where w, is a minimizer [19]. From now on we label {n} the subsequence to lighten notation.

Let Vi, = {z € D | d(z,w,) < t} and W, = {z € D | d(z,w’) < t}. By taking n smaller
if necessary, we may assume that there exists a positive lower bound for the length of the
connected components of dV; N D and OW; N D for each t € (0, 7).

Now, using the above convergence,

lim IVXw,| = 0.
n—-+00 Vn\vn/2

Moreover, let 7, := 0w, N D, using the coarea formula we have, ,

U
[ Wz [ #eanav
Vi\V, / n/2
where # A is the cardinal of A. It follows from the above and a mean value argument that
for n large enough, there exists t,, € (n/2,n) such that ~, N JV,, = &, where we wrote V,, for
V,.. Moreover, from the L' convergence of x,, to X, we may assume — by using again a
mean value argument to determine t, — that

lim ¢(w, NOV,)=0. (4.2)

n—-+0o00
From ~,, N 0V,, = @ we deduce that if n is large enough, then each connected component
of DNV, is either included in w, or in w. The former is not possible if n is large because
it would imply a lower-bound for ¢(w, N dV,,) contradicting (4.2). Therefore

oV, C w,.
Now let A, = w, NV, B, = w, N V< Then,
a|D| = [An| + |Bal, v NV,) = 0B, N D), (4.3)

while |B,| — 0 as n — +o0 from the L' convergence.
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We now use two well-known facts about isoperimetric problems in two dimensions (see
for instance [33]). First, the function o — ¢, is locally lipschitz on the interval (0,1) and
second, there exists a constant C' depending on the smooth domain D such that for any
w C D we have |w| < Cl(w N D)2 In view of (4.3) we deduce that
| B
D
<A,/ ip| < L(OA, N D) =Ly, N V,) + L(w, NOV,)

= E(’Vn N VN) = E(’}/n) - E(’Vn N Vnc)

ly — Cl(yy NVE)? = Ly — CUOB, N D)2 < Ly — C

We deduce that
Uy NVE) = Cly NV < lyn) — L(7a),

and then, using the fact that ¢(~,) — ¢, tends to 0 as n — 400, that for n large enough
g(’)/n N Vnc) < ¢ (f(')/n) - E('Voc)) )

where if fact the constant can be taken as close to 1 as one wishes.
We may similarly find ¢, € (n/2,n) such that, letting W,, = W,  we have, for n large
enough,
Ly W) < C (U(7n) — £(Va)) -
It follows then from V,* C V7 U W that

Ly NV)) Sy NV + (v N W) < C (Uvm) = (7a))
proving (4.1) and the proposition. O

4.2. Lower bound from perimeter. Here we restate a result of P.Sternberg [42].

In what follows we are given a two-well potential W : R" — R, where n is a positive
integer, such that W is, say, C?, nonnegative, and vanishes at exactly two points a and b
where we assume moreover that the hessian of W is positive definite.

We define for any x € R”

d(z,a) = inf {/_ %Iv’(t)IQ FWOE)dt] 7R > B, limy = a, 4(0) = z} ()

+00
o) =int { [ SR OF + WO@ RS Rty =, 20) <o
0 o0

+0o0 1
d(a,b) = inf {/ YO+ W (y(t)dt|v: Ry — R", limy = a, limfy = b} :

o 2
and we let
d(z,a) if d(z,a) < d(a,b)/2,
d(z) = ¢ d(a,b) — d(z,b) if d(z,b) < d(a,b)/2, (4.5)
d(a,b)/2 otherwise.

Note that with this notation d(b) is the same as d(a, b).

Proposition 4.2. ([42]) Given a smooth bounded domain D C R?, for any u : D — R™ we
have

d(a,b)
F(u):= /D %|Vu(x)|2 + W(u(z)) de > /0 perp, ({x € D | d(u(zx)) < t}) dt.
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We include a sketch of the proof for the convenience o the reader.

Lemma 4.3. The function x — d(z) is locally lipschitz on R™ and d(x) € [0,d(a,b)] for any
x. Morever |Vd(x)| = \/2W (x) a.e. on the set of x such that d(x) # d(a,b)/2.

Proof (Guy Barles, oral communication). Given € R™ such that d(x,a) < d(a,b)/2 it is
not difficult to prove by the direct method that the infimum defining d(z, a) is acheived by
a certain . Then, given h € R", we extend 7 by letting

]
=T+ /2 t 0<t<—x=.
|h| 2W (z)
then v connects a to  + h and using it as a test path in the definition of d(z, a) we find that

d(x + h,a) < d(z,a) + /2W (x)h + o(|h|). (4.6)
This shows that  — d(x,a) is locally lipschitz and, using a similar argument, we fins that
x — d(z,b) is lipschitz as well, which then implies that z — d(x) is locally lipschitz too.
Using Rademacher’s theorem, the function d is then differentiable almost everywhere and
(4.6) together with its equivalent for d(z + h,b) shows that |Vd(z)| < /2W (x) at any x
where d is differentiable. To prove the converse inequality we consider again some x € R"
such that d(z,a) < d(a,b)/2 and a minimizer v. Then + is smooth and satisfies v/ = VIV (7)
and thus

(3hver - W(v(t))/ 0.

Because y(t) — a and /() — 0 as t — —oo we deduce that |/ (t)| = /2W (y(t)) for every
t. Then the path ¢ — (¢ + 7) defined on (—o0, 0] is a minimizer for d(v(—7), a) hence

(=) = d(a) =7 (GHOR + W) ) +0r) = dlo) = AT )] + ol

which implies that |Vd(z)| > +/2W () if d is differentiable at x. O

Then the proof of the proposition follows the classical argument of Modica-Mortola [31]
using the coarea formula.

First we use the well nown fact that |Vd(z)| = 0 almost everywhere on Dy := {x € D |
d(x) = d(a,b)/2} — this is true of any sobolev function on any level set, the catch being
that generically the level set itself is negligible. Therefore we have

Flu) t/|v|vf__‘ /‘ douﬂ:iéﬂvwouﬂ

D\ Dg
Using the coarea formula, we deduce that

d(a,b)
F(u) > / perp{dou=t}dt.
0

4.3. Specialization to two-component condensates. We now specialize the preceding
section to the potential W, defined in (2.17) so that the functional (1.8) may be rewritten
as

RW=L;WMW+MMMM-

The potential W, is a two-well potential with wells a = (1,0) and b = (0, 1).
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We will denote by d. the distance function associated to the potential W, by (4.5) and let
me = d.(a,b) so that m. is given by (2.18). From [4] it follows that m. ~ mg/é for some
positive constant my.

To study the behaviour of d.(z) when z is close to the wells a and b, we use polar coordi-
nates (7, 0,) in R?. Then, z close to a corresponds to r, close to 1 and 6, close to 0, while
x close to b corresponds to r, being close to 1 and 6, close to m/2. We have from (4.4) that

0
: Lo 2,02 1 e, b4 9, o
d.(x,a) :1nf{/_oo§(r' + ¢’ )+4—€2(1 —r?) + ot cos fsin” 6 ¢ (4.7)
where the infimum is taken over all functions r, € such that r(—o0) = 1, §(—c0) = 0,

r(0) =7, and 6(0) = 6,.

If we only take the infimum with respect to the function r, keeping 6 fixed equal to the
constant 0 the minimizer is (t) = tanh(C' — ﬁ) or r(t) = coth(C — ﬁ) according to wether
r, <1orr, >1 and the minimum is

(1— Tx)2)(rx +2)
3ev2 .

If on the other hand we fix r to be the constant 1 and minimize with respect to 6 we find
that the minimizer is 6(t) = arctan(C' + ), while the minimum is

ds,r (Tgc) ==

(4.8)

sin’ 6,
d-ol6) = == (4.9)

It is straightforward to check that
d-(z,a) < d..(ry) + dep(6).
Moreover, if we know that the minimizer (r, ) in (4.7) satisfies min r = ry;, then we have
e (Pmin) + Tmin-dz0(0,) < do(7, a). (4.10)
From these fact, we deduce the following useful behaviour of d. near a and b.

Lemma 4.4. There exist n,C' > 0 such that for any € small enough and any x = (x1,z3) €
R, x R, we have, letting & == e/\/§ — 1:
(1) There holds
min(d.(x), m. — d.(z)) < CEW_(z).
(2) If de(z) < 2 then %= < d.(x)
(3) If de(z) > me — 2 then 22 < m. — d.(z).

Proof. We begin by proving item 2. First we claim that if n is chosen small enough, then
d.(r) < % implies that d.(r) < d.(a,b)/2 hence d.(v) = d.(x,a). Indeed if we consider
a minimizing path for d.(a,b) and let zy denote its midpoint, then from symmetry con-
siderations we have that 6y = 7/4, where (r¢,0y) denote the polar coordinates of z(, and
d-(zo,a) = d-(a,b)/2. Then, from (4.10) and the apriori bound d.(a,b) < d.g(7/2) = 1/€
we deduce, since ¢ < € as € — 0, that 7y, > 1/2 if € is chosen small enough. It follows, still
using (4.10), that 1/(8¢) < d.(zg,a). This proves the claim, with n = 1/8.

Now assuming d.(z) < % and considering a minimizing path for d.(a,z), we deduce as
above from (4.8), (4.10) that if € small enough then 7, > 1/2. Plugging this information
in (4.10) we find that sin®#, < 47, which implies that 6, < 7/4 if 7 is chosen small enough.
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Then z, < C6, for a suitable C' > 0 and 1/4/2 < cos(f,). We deduce that, with a possibly
different constant C,
o2 sin?6,

<07 = Cd(0,) < 4C.(a),

€
This proves item 2 of the lemma. Since the proof of item 3 is very similar, we omit it.
Item 1 easily follows from the bound d.(z, a) < d. .(r;)+d: 9(6,) — and a similar inequality
for d.(x,b) — and (4.8), (4.9), using the fact that ¢ < &. O

4.4. Area of level-sets. We need the following:

Lemma 4.5. Assume that o € (0,1), that D is a bounded smooth domain in R* and that
Co > 0 is an arbitrary constant. Then there exist €9, C' > 0 such that the following holds.
For any € € (0,&¢) and any locally lipschitz u : D — R? such that

F.(u) <mly + A, ][ i =a, ui_+us.—1< G, (4.11)
D
it holds that, for any t € (C|logé|,m. — C|logél),
lw; — a|D|| < C&(|logé| + AL), (4.12)
where we used the notation
w = |{x € D|d.(u(x)) <t}. (4.13)

Proof. Since t — |wy| increases continuously from 0 to |D|, it suffices to prove first that, for
some C' > 0,

}wm5—0|logé| \wC|logé\‘ < Cé(‘ 10g<§| + AE)v (414)
and second that, choosing C>0 large enough depending on C,
Jt € [Cllogé|,m. — C|logé|], ||lwi| —a|D]|| < C¢|logél. (4.15)

We begin by proving the second claim, namely that given C' > 0 we may choose C>0
such that (4.15) holds. For this we assume that (4.15) is not true for some C' > 0 and prove

that C' cannot be too large. Since ¢t — |w,| is increasing, the fact that (4.15) is false implies
that either

Vt < m. —C|logé|, |wi| < a|D|— Cé|logé, (4.16)

or for every t > C|logé| we have |w,| > a|D|+ C&|logé|. We will assume the former, the
other case can be treated in a similar fashion.

We have
Mm:/ ﬁ+/ 2 (4.17)
w D\Wpn, —c|log &

me —C|log €|
Using item 3 of the previous lemma, we know that ui < C1CE|logé| on D \ Wy —c|10ge]s
where () is the constant occuring in Lemma 4.4. Moreover, using (4.11),

/ U% = |wm5_c‘10gé|| +/ (u% - ]-) < |wm5—C|logé\| + CoéE.
Wme —C|log &| Wme —C|log &|

Then we deduce from (4.17) and (4.16) that
a|D| < a|D| — Cé|logé| + C1CE| log é| + Coé,
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which is clearly a contradiction if C is large enough and £ is small enough, thus proving
(4.15).

It remains to prove (4.14), which is the crucial point in the proof of Theorem 1.2. First
we introduce some notation: Since u is locally lipschitz, we know that for almost every ¢t > 0
the level set {d. o u =t} is empty or a lipschitz curve and we may define

v ={x € D|d(u(x)) =t}, ov(t)= % di(y), a(t) = %7

where d¢ denotes the line element on the curve ~;.
We have, using the coarea formula, and letting I. = [C|log£|, m. — C|logé|],

}wms—C’Hogé\ \wC\logé\‘ =/ a(t) dt.
tel.
From Lemma 4.4 we know that W_(u) > (Cé)_l min(d.(u), m. — d-(u)). Therefore

alt) < 2t

where || denotes the length of the curve 7;. It follows that

1 €
}me—CHogé\ \wC\logé\‘ < 5/156[ Zh/th}(t) dt (418)

 Flo(o)

On the other hand, using again the coarea formula,

1
:—/ﬂww+/mqw
" [Vu? We(u)
(/ l/iHVcZou + T oy 2
Using Jensen’s inequality and the fact that |Vd. o u| < |Vd.(u)||Vu| = /2W.(u)|Vul|, we
have
][ |Vu|2 [V(d-ou)\ ™ L
[V (de o u) [V v(t)

E@zém%%mmj%)w

We may then substract m.{, and obtain, in view of our hypothesis (4.11)

A, > F.(u) — m.l,
e |%| 1 ~
> Il _ _ _
> /0 5 v(t) + (D) dt —mely, — CE (4.19)
|%| ( 1 ) ~
> — (v(t)+ —= | = lodt — C|logé]l.
>[5 (05 [logé]

Let §(t) = %‘ (v(t) + 50 ) —{,. We wish to bound from above the integrand in (4.18), possi-

bly in terms of §(¢). We distinguish several cases, C' denotes a generic constant independant
of e.

It follows that
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- Il < |y|v(t)/4 then 6(t) > |y |v(t)/2 and therefore, using the fact that t > C|logé|,
if £ is small enough then

“hlo(®) < () < C2(t)

- If |y|v(t) < 44, then, since £, is independent of «,
€ €
— ) <C-.
“ulolt) < O

It follows, in view of (4.19) and since I. = [C|logé|, m. — C|logé|], that

|wWm.—cl1oge] \ Wetogz| < Cé/

tel:

1
J oyt d < Ce (| log &] + A, +/ 5_(t) dt) . (4.20)
tele

It remains to bound the last integral on the right-hand side. For this we note that, since
3(t) > |y(t)| — Lo, we have

0-(t) < (la = Iy(®)]). -
But 0, — || < €y — {5, where f = |w|/|D], in view of the definition (1.7). Since the
isoperimetric profile function a — ¢, is lipschitz (see for instance [33]) we deduce that
lo — || < ClalD] — |wg|| . From (4.15) there exists tq such that |a|D| — |w, || < Cé&|logé],
therefore for any ¢t € I. we have

0-(t) < Cla|D] = |wl| < || D] = |wi| + llwey| = |well < CEllogé] + |wm.—cpioge \ werioga| -
Together with (4.20) we deduce that

‘me—C\logﬂ \WC|log§|} <C¢ (| 10g5~| + AE + ‘me—C\logﬂ \WC|log§|}) >

which implies (4.14) and the lemma if £ is small enough. O

4.5. Proof of Theorem 1.2. Assume the hypothesis of Theorem 1.2 are satisfied. We
assume that A, = o(m.{,) as ¢ — 0 otherwise the conclusion is trivial. Then, as is well-
known in the scalar case since Modica-Mortola [31] and in this case from Aftalion-Royo
Letellier [4], any sequence {e} converging to zero admits a subsequence (not relabeled) such
that {(uyc, us)}e converges to (Xw,s Xwe ), Where w, is a minimizer of (1.7). We consider
such a subsequence, for which

ul,e — Xwaa u2,€ — Xwg (421)

weakly in BV, and strongly in L.
We wish to prove that for any n > 0, denoting V;, an n-neighbourhood of v, := dw, N D,
there exists C' > 0 such that if €’ is small enough depending on 7 we have

F(uy e, uger, Vi) > mely — C (A + |logél) . (4.22)

(Note that the second assertion in (1.19) follows immediately from the above and (1.18)).
We begin by proving

Lemma 4.6. Assume a € (0,1) and let w, be a minimizer of (1.7). Then for any § > 0 there
exists n > 0 such that if wy is a minimizer for (1.7) with |o — /| < n and if |waDAwa | <1,
then

Wo C wq + Bs.
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Proof. Assume by contradiction that there exists § > 0 and a sequence {w,,, }» of minimizers
of (1.7) such that o, = « and |w,,Aws| — 0. Then every subsequence of {x.,, }» has
a subsequence which weakly converges in BV. But the only possible limit is x,, since
|Wa,, Aws| — 0. Therefore the whole sequence converges to x,, weakly in BV.

The result then follows from the regularity of sets with minimal perimeter (see for instance
the book by Giusti [19], or the recent notes by Cozzi and Figalli [18]). O

Proof of Theorem 1.2. Let

_ ]

wy ={d:ou. <t}, aft)= Dl

where d. is the distance defined in (4.5) choosing as potential the function W, defined in
(2.17), and where /¢, is defined in (1.7).
We have from (1.18) that

U(t) = Law, 1.=[C|logé|,m.— C|logéll,

/ perp(wn) dt < Fo(u) < moly + A, (4.23)
0
therefore
/ perp(wy) dt < / Uy dt + A+ C|logél.
I. 1.
From (1.18) we ma apply Lemma 4.5 to (|u; |, |uzc|) to find that for every ¢ € I. we have
lwy — a|D|| < CE(A. + | logél), (4.24)
which implies, since o — ¢, is Lipschitz, that
perp(wi) > Loy > lo — CEAL + |logél). (4.25)
Together with (4.23) this yields
/ Iper p(w) — €o] dt < C (A + |Togl) (4.26)
Ie

We now make use of the localisation of perimeter proved in Proposition 4.1. According to
Proposition 4.1, for any t € I. there exists &; which minimizes (1.7) for «(t) such that

£(Ow; N Vi) < Clperp(we) — Lag)), (4.27)
where Vs, denotes a d-neighbourhood of dw, N D. This implies in particular the existence of
C > 0 such that if we choose n > 0, then for any ¢t € I. we have

perp(wy) —lapy <1 = |w Ay < Cn. (4.28)
Using Lemma 4.4 there exists S > 0 independent of ¢ such that wejiegz C u."(B(a, f)).
But from Lemma 4.5 we have that |wejigz| converges to |w,| as e — 0 while from (4.21) we
have that |w,Au.~'(B(a,3))| converges to 0 as € — 0. It follows that if  is small enough

then
|wC|10gé|Awa‘ < m, (429)

Using Lemma 4.5 we have also that |w;Awe|iegs| < 7 for small e, which together with (4.28)
and (4.29) implies that given n > 0, if € > 0 is small enough then for any ¢ € I.

|0 Aw, | < Cn.
In view of Lemma 4.6, if choosing 7 small enough we deduce that when ¢ is small enough

perD(wt) - ga(t) S n - 8(:]13 NnDcC Vn. (430)
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Combining (4.27) and (4.30), we thus proved that V¢ € I,
perp(wi) = lag) < 1= perye (wi) < C(perp(we) = Lag))-

Let T denote the set of t’s such that perp(w;) — o > 7 is bounded above by (A. +
Cllogél)/n. We have

/pervsé(wt) dtz/perD(wt)—perV;&(wt) dt

1. Ie
> / ga(t) — C(perD (wt) — ga(t)) dt.
tel\T
Using (4.26) and (4.25) we find
/ pervga(wt)dtz/ Uy dt — C(A: + |logél).
¢

1. €I\T

But (4.26) also implies that the measure of the set 7" of ¢’s such that perp(w;) — la@ > 1 is
bounded above by (A, + C|logél)/n, therefore

Uy ~ 3
/ pery,, (w;) dt > / Oy dt — ?(AE + |logé|) — C(A: + | logél).
I

€ €

The left-hand side being bounded above by F.(u, Vss) we deduce that
F.(u,Vss) > mty, — C(A: + |logé|),
proving (4.22) and the theorem. O

5. PROOF OF THEOREMS 1.3 AND 1.4

5.1. Proof of Theorem 1.3. The idea is that the modulus of the wave functions are
invariant in the y direction and will only depend on the x variable, while the gradient
of the phase has a staircase like increase in the x direction. This construction is inspired
from the test function of [27].

We want to use a small scale to build an upper bound with stripes at this scale. We will
assume that u? +u2 = 1. The natural scale is therefore proportional to £&. We set (2 = \/&?
and the scale b, = 1u/vV/Q = pé/v/A. We define v, (z) on a square K of size 1 to be uy(b.x).
Therefore the rescaled energy on K is

1 , 2
Ei(vy,v5) = Z §|Vvk —iptatu)? + %\01\2|v2\2. (5.1)
K =12

The upper bound for our full energy is then, for a well-chosen center of the grid,
D]
b2

We define p, = |vi|, v, = pre™* and j, = Vo — p2zt. We will assume that neither p, nor

Jr depends on y, and that they are both 1-periodic with respect to z. We will look for p;
such that

min Fj. (5.2)

p1(0) =p1(1) =0, p1(1/2) =1, p; is even with respect to 1/2.
Moreover, since p? 4+ p = 1, then p}* + pb> = p}*/(1 — p?).
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Since the ground state of ) satisfies div(p2jx) = 0, this implies that p}ji . is constant and

we can set this constant equal to 0, which implies that jj, = 0. Then, since curl j = —2u2,
we have .
—ajk’y = 2u°.
Ox
We point out that jj, can only have a jump where p; vanishes. This yields, for z € [0, 1),
1
Ny = QMQ(SC - 5)7

1 1
=), Jry = 2% (z — 1) for x € (5, 1).

oy = 2p*x for x € (0, 5

Since p% =1- p%, we find that

. At 1/21_2 ST ST RN 5 @y V2 2
Z pk.]k = (1= p1)a” + pi(x 2) =G T3 rpy | -
0 0

k12

The energy E; of our test function is therefore
1 o 1 1 pl Iu2
4 1 2 2 4, 2
-+ — — —pi(1—p7)—4 . 5.3
u<6+2)+2/0(1_p2)+w1( py) — Ap zpy (5.3)
We make a change of function p; = sin and recall (5.2), which yields as an upper bound

1 o 1/2 iz
IDIQ[ | =+=—4 rsin?6 | p? +— sin” 20 | .

This yields the Theorem.

5.2. Proof of Theorem 1.4. Let (u;.,u2.) be a minimizer of £, and let E.(K(x, R€)) be
the energy of (uy.,us.) integrated on the square K(z, RE).

Because of Theorem 1.3, we have a bound for E.(K (x, RE)) of the order of R? for almost
all squares, in the sense that for all n > 0, there exists a constant C' such that

Hz st. BE.(K(z,R)) > CR*}| <n (5.4)
We are going to prove that each z such that E.(K(z, RE)) < CR? it holds that

][ lui|? > o and ][ lug|? >
K (z,RZ) K (x,Ré)

where o depends only on C' and A. The conclusion of the Theorem will follow from (5.4)
and this claim.
We are going to prove the claim by contradiction. Assume that

E.(K(z, Ré)) < CR?

and fK(x Re) lu1|* < a. From the energy bound, we infer that

2
f (1 — [ugf?)? < CZ.
K (z,Ré) €

Therefore, for € small,

][ 1= [ua]? = [us]?] < @ and ][ 11— [us]?] < 20 (5.5)
K (x,RéE) K (z,Rz)
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We rescale by R¢ the length and call i; the rescaled functions. Then, the rescaled rotation
being defined as 2 = R*¢?Q) = R?), from the energy bound and (5.5) we deduce that on the
rescaled square K of sidelength 1 we have

~ 1
/ (Viig — it x 7| + —|1 — || < C. (5.6)
K o

On the other hand we may use the energy estimates and vortex constructions from the
Ginzburg-Landau theory [37], using /o as the Ginzburg-Landau parameter. These imply,
after considering the different possible cases Q < C'loga, loga < Q < 1 Jaand 1/a < CcQ
that the following lower-bound holds, where ¢ > 0 is universal, if Q > 1, a < 1:

- 1 -
/ \Viiy — itiQ x 7[> + =|1 — ||| > 2.
K «

Recalling that 0 = R222Q = R2), we deduce that if R is sufficiently large, and « small, this
lower-bound contradicts (5.6) and the claim holds. Note that we could also not resort to
Ginzburg-Landau theory and simply argue that the left-hand side of (5.6) must be large if
Q) is large enough and « is small enough by a compactness argument: assume there exists

Q, = 400, o, = 0 and uy,, satisfying (5.6), then obtain a contradiction.
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