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Abstract

We use the Landauer-Biittiker scattering theory for etetdtrtransport to calculate the current cross-correlatinra
voltage-biased three-terminal junction with all supeiaceting leads. At low bias voltage, when charge transport is
due to coherent multiple Andreev reflections, we find largssfcorrelations compared with their normal-state value.
Furthermore, depending on the parameters that charaethazroperties of the scattering region between the leads,
the cross-correlations can reverse their sign with redpdbte case of non-interacting fermionic systems.
Contribution for the special issue of Physica E in memory of Markus Biittiker.
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1. Introduction

Multiple Andreev reflections are the processes that explaim a dissipative charge transport can take place in
a junction between superconducting leads at subgap valtage< 2A, whereA is the superconducting gap, and
low temperatures [1]. Indeed, due to the energy gap in théatixm spectrum of conventional superconductors,
the direct transfer of a quasiparticle between the lead®igassible in that voltage range. However, a subgap
electron incident on a superconducting lead can be Andedftacted as a hole, while a Cooper pair is created in the
lead [2]. By performingn successive Andreev reflections, it is possible to transfaf2 Cooper pairs — and one
quasiparticle — between two superconductors at voltageedia- 2A/n. This highly correlated process produces a
rich subgap structure in the current-voltage charactesidt(\V). Theoretically, this was predicted in incoherent [3]
and coherent_[4,]5, 6] ballistic junctions, as well as iffuiive junctionsl|[7]. Experimentally, subgap structures
in thel (V)-characteristics have been observed in a variety of systeamsely Josephson junctions based on exotic
materials and nanoscale systems, such as semiconductovines|[8, 9], carbon nanotubes[10, 11, 12], and graphene
flakes [13]. Multiple Andreev reflections also result in glashot noise$ ~ g*1, both in the incoherent [14, 15,116]
and coherent [17, 18] regime. Thiffect can be ascribed to the divergence of tfieative charge transferred in that
processq* = newith n ~ 2A/(eV), as the voltage decreases. The enhancement of the shotatdése voltage
bias was observed in tunnel [19], metallic[[20, 21, 22], atadrac point contact junctions [23]. In the context of
topological superconductivity, multiple Andreev reflects were recently discussed as a parity-changing process fo
the Majorana bound state that is formed in a topological@sen junction [24, 25].

Further insight in the multiple Andreev reflection processey be acquired through current cross-correlations in
a multi-terminal geometry. As Markus Buttiker demonstthin his seminal paper on shot noise, the cross-correfation
in non-interacting fermionic systems are always negativetd the Pauli principle [26]. Later, several scenarios for
a sign-reversal of the cross-correlations in the presehaaeractions were proposed (see Ref/[27] for a review).
For instance, the cross-correlations of the currents tilvdawo normal leads weakly contacted to a superconductor
can be positive [28, 29, 30,131,132, 33| 34,135, 36], due to ssem Andreev reflection process in which an electron
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Figure 1: Setup of a three-terminal superconducting jonctiThe superconducting leads are connected through a hecattering region. A
magnetic fluxd applied through the loop formed between leads 1 and 2 allengalling their superconducting phasefdiencey = 2rd/dy,
where®q = hc/(2e) is the superconducting flux quantum. A voltage Biais applied to lead 3 while the leads 1 and 2 are grounded.

incident from one of the normal leads is Andreev-reflectethtoother one [37, 38, 89, !40]. The possibility to use
such cross-correlations for a signature of entanglemeisttalthe singlet-state of the crossed Andreev pair, was also
discussed [41]. Maximally positive cross-correlationseaming that they are exactly opposite to the autocorrelatio
—in a topological superconductor in contact with two nortaatls were predicted to be a signature of Majorana edge
states|[42, 43], in the regime where the applied voltage eds¢he energy splitting between them. (By contrast,
the cross-correlations vanish in the linvit— 0 [44].) Recently, positive cross-correlations were meadin hybrid
structures with tunnel junctions [45] and semiconductiagowires|[46].

Motivated by these results, one of us studied the cros®ledions of multiple Andreev reflections in a normal
chaotic dot attached to three superconducting leads [4&peBding on the coupling parameters, it was found that
the cross-correlations acquire the same amplificatiorofeacs the shot noise. Furthermore, a sign reversal at low
voltage was predicted under certain conditions. Howehes study was restricted to the incoherent regime, when the
junction does not carry a supercurrent. This regime mayrogben a small magnetic flux is applied to the junction
to suppress the Josephson coupling between the leads. dimerent regime is also expected at a temperature or an
applied bias smaller than the gap, but larger than the ersgi@g that would characterize the induced minigap in the
density of states of the dot in equilibrium. Cross-coriiela in junctions with three superconducting terminalsever
measured recently [48]. However, in that experiment ontyatige cross-correlations were observed.

The present work addresses the complementary coheremtegghere both an a.c. Josephséfie@ and dissipa-
tive quasiparticle transport take place. Phase-depemnadtiple Andreev reflections in th&V)-characteristics were
investigated experimentally in afflisive conductor [49] and studied theoretically both in yjemmode|[50] and a
diffusive [51] junction. Our aim is to demonstrate that largdatp@scross-correlations may also occur in the coherent
regime. The outline of the article is the following: in seeiid we introduce the scattering theory of multiple Andreev
reflections. Then we present the results for the currentdtig@3 and for the noise and cross-correlations in section
[. Sectioi b contains the conclusions and outlook.

2. Scattering theory of multiparticle Andreev reflection

We consider a junction consisting of a normal scatteringoregonnected to three superconducting leads, see
Fig.[D. Two leads (with labele = 1,2) are grounded, while the third lead & 3) is biased with the voltag¥.
Furthermore, the superconducting loop geometry betwesls|& and 2 allows for imposing a superconducting phase
differencep that is tunable with the application of a magnetic flux throtige loop.

For simplicity, we assume that there is one channel per taipthat the normal scattering region does not break
time-reversal symmetry, and that there is no spin-orbiptiag in the system. Then the normal region can be char-
acterized by a 3 3 scattering matrixS(e) = {Sa, (&) }a,-123. If it is shorter than the superconducting coherence
length, the energy-dependencéﬁs) can be neglected. Assuming that leads 1 and 2 are symmbtigoaipled to



lead 3, the scattering matrix can be parametrized as

VvRe2 VD /D
S= vD VRe2 D, |. (1)

vD2 VD2 /R

up to irrelevant phases. HeR= 1 - D - D,, R, = 1 - 2D,, a = arcco$-D,/(2+/RD)], andb = arcco$(D, -
2D)/(2+/RzD)]. The scattering matrix is thus parametrized by two real patars: the transparen&y between
leads 1 and 2 and the transparen®, detween lead 3 and the other leads, with the constréints1 andD, <
2D (1-D).

Wheng = 0, the junction is equivalent to a two-terminal junctionlwitansparency,. However, the symmetry
between leads 1 and 2 is broken at finjte This can be related to the formation of a doubly-degenekatireev
bound state with energy

EA((pl,(pz,(pg) = A\/l - DSIT'I2 —‘Pl ; ¥2 - D2 (Slr'l2 —902 ; LS + Sln2 —903 ; ‘;91) , (2)

when the junction is in equilibrium_[52, 53]. Hetg, is the superconducting phase of terminahnd¢ = ¢1 — ¢>.

For D, « 1 and finite voltage, a quasi-bound state with endEgy(¢) = A/1 - Dsin’(4/2) between leads 1 and
2 remains andféects the current as well as the noise and cross-correlatidres phase dependencelef wherel,,

is the current going to contaat= 1, 2,3, was studied in Refl._[50]. Below we extend their results bmputing the
effect of multiple Andreev reflections on the current flowingvbetn leads 1 and 2|, — 1,)/2, as well as the current
noise,Ss3, and the cross-correlatiorts; .

To calculate the transport properties of the junction, wé&enase of the Landauer-Biittiker theory, extended to
describe hybrid junctions with superconducting leads [[4,For this, we first derive the wavefunctions associated
with scattering states, which solve the time-dependenbBalgov-de Gennes equations describing the junction. In
particular, the incoming and outgoing wavefunctions aisdéed with an incoming electron-like state from lgéet
energyE can be decomposed into their electron (e) and hole (h) amdekton the normal side of the interface between
the junction and lead,

[ h h "
Tge"(0) = {UgE (0.0 Ge (0. vgre's "0 Wget" (0. UGz " (0. uges" (O} - ®3)
Using their Fourier transform in energy spaég,/gm = [ de/(2r) lp'”/om(s)e‘igt, we can relate the incoming and
outgoing components of the electron part of the wave fundticough the scattering matr8€ for electrons. Namely,

U (8) = Y. SSume,(e+eVy—eV,), (4)
y=123

whereSg, = é(@—9)/25,, andV, is the voltage at terminal. As specified abovey; = V, = 0 andV; = V. Note
that we use units whete= 1. Similarly, we can relate the incoming and outgoing congmis of the hole part of the
wave function,
wgglglt(g) = Z (tylp:;flgy(g - eV(Y + ev)’) > (5)
y=1,2,3
whereS" = (5°)* is the scattering matrix for holes. Furthermore, the etecemd hole components of the wavefunc-
tion at terminakr are related via Andreev reflections,

UE.(e) = a(e)ySe(e) + 21(E)Sopd(e - E) (6)
Yo () = a(eis(e) . (7)

Here the Andreev reflection amplitude is given as

a(e) = e/A—i\/1-¢&2[]AZ, le| <A, (8)
770 e/A-signe) JelAZ -1, |e|>A.
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The source termJ(E) = \/1-|a(E)|2, on the r.h.s. of Eq[{6) is a normalization é@&ent, which ensures that the
current carried by such a scattering state/{2r).

Similarly, the incoming and outgoing wavefunctiog (t), associated with an incoming hole-like state from
leadg at energyE solve the same Equationid (£-(7), except for the source wérith appears in EqL{7) rather than
Eq. [8). In particular, introducing the wavevectr, = (y:2, youih, youte, iv'j&“)T, wherev = {p,3, E} for an incident
particle of type p= e/h, from leadB, and with energyE, one readily checks the partigimle symmetry relation
Ui = (~y/ goutes, —youh= yiner)' wherev= { g, ~E} with &= handh - e.

Using a Floquet decomposition, a solution of Egs. [4)-(7y e written in the form

/out

UeeaP(e) = 2n Z WP (n)5(e ~ E - nev) . ©)

This reflects the periodic time-dependence of the Bogolrdi® Gennes equations that describe the junction. Using
the decomposition of E.J9), we may write EqS. (6) ddd (7) as

Wi o () = an(E)PERD () + I(E)dupdnodpe (10)
with an(E) = a(E + neV), and Eqgs.[(¢) and{5) become

P (n) = 3 SIMWRI N (n+ 5,57 6,3) - (11)
Y

To obtain the current, noise, and cross-correlations, vee tiee operator for the current flowing to lead

lo(t) = eVeCl (1) 02Ca (1) (12)
Herevg is the Fermi velocity,
1 0 0 O
01 0 O
2“0 0 -1 0 |’ (13)
0 0 0 -1

andC, is a Nambu spinor in particle-hole andanit space,

Ca(t) = (C"LHT(I)» ougal(t) CbutaT( )» Iwal(t))T > (14)

Wherec:;/outw is a creation operator for an incomjiogitgoing electron in lead with spino =%, |. Using a Bogoli-

ubov transformation(, can be expressed in terms of the wavefunctions introducedeaéind the annihilation and
creation operatom,(,,y;‘ﬂ for a Bogoliubov quasiparticle with spino,

Calt) = lEZOwV,At)m a7, - (15)
Defining _
S B )
we may write Eq.[(IR) as
() = o= X Mya O]y, Where  Mya(t) =], (D0pa(t) (a7

2n

v,

Note thaty, obeys fermionic anticommutation relatiods,,y,} =0 and{yv,yl‘:} =Gy



Assuming an equilibrium occupation of the scattering stgty, ) = f(E), wheref (E) is the Fermi distribution
function, we can compute the expectation value of the curter(t)). In particular, the d.c. current reads

o)

g [ o @ (aEvst o] $ $ (@ D (v m? - v o).

B=1,2,3N=—o0
(18)
where 2
2
Iy = Y > 1Sapl? (Vs = V) 19)
B
is the current flowing through the structure in the normalestan particular, one finds) = -I1Y/2 = -1}'/2 =
2D,(2€?/h)V.
The current noise is given as
1 o
Swp(w) = Iim — [ dt[ dr &7 ({614 (1), 515t + 7)}) (20)

wheresl, (t) = 1,(t) - (I,(1)). Using Eq. [I¥), we find

Saﬁ(w):( ) Jim ZTf dtf dTZMV,“, IMug(t+ 1)@ BB (1 f) + f,(1- )], (21)

whereE, is the energy of stateand f, = f(E,). By performing the time integrations in Eq.{21), one mayresg
Sas(w) explicitly in terms of the scattering Wavefunctloﬁérfy/g‘;tp, so that its numerical evaluation is straightforward.
However, the expression is quite lengthy and we do not peoitiieh this article.

Note that, in the normal case and at zero temperature, oa@elihe noise

4e®

SN = - 2D2(1-2D2)V, (22)
in accordance with the result for a two-terminal junctiothitransmission B, and negative cross-correlations
4e
sy, = —Tng <0. (23)

In the following sections, we compute the d.c. curréni (18) as correlators(21) for the superconducting three-
terminal junction at zero temperature, associated wittstagtering matrix{1).

3. Current

Let us first discuss the curreiatto the voltage biased lead 3. Panels (a) in Fijs. 2-4 4hw) for different values
of the transmission® andD,. The current displays multiple Andreev reflection feategoltage®V,, = 2A/nasin
the two-terminal case.

In addition, in the tunneling regime &, <« 1 shown in Fig[R, it has resonances at the voltayegn = Equ(¢)
andeVpos = A + Eqp(¢), as discussed in Ref, [50]. The two resonances haterdnt origins. Namely, at the voltage
VRrabi the Josephson frequengy = 2eVrani matches the energyfiiérence, Eqp(¢), between the situation where the
guasi-bound state is occupied or empty. On the other hardjahageVp,s corresponds to the situation where the
gap edge of the lead 3 aligns with the energy of the empty ehmsnd state at enerdyyp(¢). The valuesq(¢) for
the phaseg shown in Fig[2 are given in Table 1.

In Figs.[3 and®, we show the results outside of the tunnelggme. AsD; increases, the above features get
washed out for most values of the phagess the variation of the Andreev bound state endrjy (2) ydtimcreases.
Namely, as a functions afs, the bound state energy takes values in the intdigl E} |, where

Ei (o) = \/1 DSInZ——Dg(li cos¢‘) (24)
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Fig.[2: D = 0.7,D, = 0.005 Fig.3:D=0.7,D, = 0.25 Fig.[4: D = 0.12,D, = 0.45
$=0 Eo _3, - ET’KNOJLEA—A:L%’:O E?fmo.32,i—’*:1,'§f:0
¢=051 || 2,081 2~043 | 2~047 B2~076 & ~056 B 4041 B~ 090, o ~005
¢ =097 Ev 056 @~019 | 52r~017 S 0.36,_5 ~037 | & ~060 5~ 0.71,_'3; ~0.01
p=n Eo 055 -0 Ea-Biyv022 -0 Ea =B 5066 =0

Table 1: Energies of the quasi-bound state and adiabatierdufor the values of transmissions and phases shown inBids
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L ] 0.4
| ( ]
0.006 N 0.9 \
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Figure 2: Three-terminal junction characterized by thegparencied = 0.7 andD, = 0.005. We show (a) the curremt, (b) the current
(11 =12)/2, (c) the noiseS33, and (d) the cross-correlatios 2 as a function of the bias voltagéfor different phaseg = 0,0.5x, 0.9z, 7 in black
(m), blue @), red (a), and green¢), respectively. Fop = 0.5x,0.9x, the solid vertical lines indicate the voltage@rapi(¢) while the dashed
vertical lines inidcate the voltage¥pes(¢)/n (n = 1,2). In panels (a) and (c), in additiogY = 2A is shown. Note that the currefit; — 12)/2

in (b) is zero both fow = 0 and¢ = #. In (d) we also show a zoom on the low-voltage regime to higttlthe features due to multiple Andreev
reflections, plotted on a logarithmic scale, for= 0,7. The vertical lines indicate the voltage®¥n = 2A/n (n < 5) for ¢ = 0 andeVpes(4)/n
(n<3)fore =mr.

Note that phase close tor are special. Namely, at = &, one findsE;(7) = Ex(n), and the adiabatic current
between leads 1 and 2 is zero. Thus, for phassdficiently close tar, one still finds a quasi-bound state at energy
Eqb ~ \/1- D - D. The values; for the transmission® andD- and phaseg chosen in Figd.]13 arid 4 are given in
Table[d. In Fig[B, additional structure away from the voitseV,, appears for values @f such that the quasi-bound
state carries an adiabatic current. However, it fBdilt to give a clear interpretion in terms of the processseudised
above. For Fid4, the interval is too large to see any shaipfes.

Next we turn to the currentl; — 12)/2, shown in panels (b) of FigEl[2-4 as a functionvoéind in Fig[5 as a
function of¢¢. At small voltages an®; « 1, the current is given by the adiabatic current,

lao(6) = ~28-0-Eqe(0). (25)
9¢
As voltage is increased, twoftirent features are observed. These features are linkedheitresonances in the
currentlz discussed above. AVgrani = Eqn(¢), one finds a suppression of the current, corresponding tvenage
occupation of the doubly-degenerate quasi-bound state avie quasiparticle. A&V > €Vpos = A + Eqp(¢), the
injection of quasiparticles from lead 3 leads to a rever§#h® current, corresponding to a double occupation of the
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Figure 3: Three-terminal junction characterized by thegparencie® = 0.7 andD, = 0.25. We show (a) the currehy, (b) the curren{l;-1,)/2,
(c) the noiseSs3, and (d) the cross-correlatior® » as a function of the bias voltagé for different phaseg = 0,0.5r,0.97, 7 in black @), blue
(@), red (a), and green¢), respectively. The vertical lines indicate the voltag¥s = 2A/n for n < 6. Note that the curren(l; — 12)/2 in (b) is
zero both forp = 0 and¢ = #. In (d) we also show a zoom on the low-voltage regime to higttlthe positive cross-correlations¢gat 0 (top) as
well as the large negative cross-correlations, plotted logarithmic scale, fop = 0.5z, 0.9 (bottom).
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Figure 4: Three-terminal junction characterized by thedparencied = 0.12 andD, = 0.45. We show (a) the curreng, (b) the current
(11 =12)/2, (c) the noiseS33, and (d) the cross-correlatios 2 as a function of the bias voltagéfor different phaseg = 0,0.5x, 0.9z, 7 in black
(m), blue @), red (a), and green€), respectively. The vertical lines indicate the voltages = 2A/n for n < 6. Note that the currer(i; — 12)/2
in (b) is zero both fop = 0 andg = x.
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Figure 5: Curren(l; — 12)/2 as a function of the phasefidirencep for different voltage biasesy//A = 0.16,0.7,1.16,1.7 (black, blue, red, and
green, respectively). The thin dashed line correspondsetadiabatic currerity. The transparencies of the junction are giverbas 0.7 whereas
D, = 0.005 andD; = 0.25 in (a) and (b), respectively. The vertical lines in (a)idate the phasesR2°i(eV/A = 0.7) = n — ¢2°S(eV/A = 1.7)
and 2 - ¢R%i(eV/A = 0.7) = 7+ ¢2°S(eV/A = 1.7). Note that the curve fogV/A = 0.16 in (a) is not displayed as it overlaps with the adiabatic
current.

quasi-bound state. Due to the phase dependenEg,(d), the reversal appears first around the phasad then
spreads over the entire phase interval as voltage is furtberased.

In summary, there are severatfdrent voltage regimes: aV < Eqy(7) = Av/1- D the current is adiabatic. At
voltagesEqy(7) < €V < A, one observes resonancesBt” and 2r — R with ¢R2°' = 2 arcsiny/[1 - (eV/A)2]/D.
At voltagesA < eV < A + Eg(7), the current is again adiabatic. At voltages Eqn(7) < €V < 2A, the current is
reversed in the phase intervgle [ — ¢2°5, 7 + ¢2°5] with ¢2°S = = — 2 arcsiny/[1 - (eV/A - 1)2]/D. Finally, at
voltageseV > 2A, the current is reversed for all phases.

As can be seenin Figl 5(a), fir, « 1, the currentl, - 1,)/2 is well decribed by the above considerations, except
for the sign reversal in a narrow interval aroumd x observed in the regime < eV < A + Egpy(7). This can be traced
to the fact that ionization processes, where a quasipadsdapes the bound state, are very weak for phases close to
because the dependence of the bound state energy on thedaygitage vanishes at= 7. As a consequence, higher
order processes with a thresholde,s(¢)/n are sificient to establish a significant population of the quasirtltbu
state. The sign reversal seen here occue¥at Epos(¢)/2.

As discussed above, the above features get washed out fovaloss of the phaseswhenD; increases. The
adiabatic current in that case is given as

laa(6) = —2% E(6). (26)

whereEa(¢) = [02" des Ea(e1, 92, 93)/(27). The current outside of the tunneling regime is shown in[Bip). Here
the curren{l;-1,)/2 follows the adiabatic approximation only for small vokagnd phases close to zero. Facilitated
by multiple Andreev reflections, a sign reversal for phasesector is observed at all voltages. Furthermore, we see
resonances at voltages smaller tilarAs the energy of the bound steig strongly varies withps, it is not obvious
why the resonances at low voltage are so narrow.

In Figs.[2F4, panels (b), we note that for voltag®s> 2A the current(l; - 1,)/2 flattens out at a value that is
opposite in sign as compared to the adiabatic current antiesrimtamagnitude.

4. Noise and cross-correlations

We now turn to the noise and cross-correlations. The notstede/n in Figd, 214, panels (c). Whé»n is large and
multiple Andreev reflections are important, the noise isregty enhanced at low voltages, see Elg. 4(c).

As shown in Figl(d), the cross-correlationgat 0 may be large and positive at low voltages. In particulas, th
is the case wheb, is large. Itis due to crossed Andreev reflections, where €opairs are split between lead 1 and
2. At large voltages, when superconducting correlatioasess important, the cross-correlations are always negati
The large-voltage asymptotic approaches the normal statdty Eq.[(2B).
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In addition to this main result, we notice that the noise amds-correlations display additional features that are
related with the features discussed above for the currearhally, the multiple Andreev reflection features at voltages
eV, = 2A/n are visible in the noise and cross-correlations as well. [§Miieir position is independent @f their
visibility varies. In particular, they become more and mprenounced ag increases from 0 t@. In the tunneling
regime, additional features due to the presence of a quasicbstate are present, see Eig. 2(d). The Rabi oscillations
occurring near voltage®/rapilead to large negative cross-correlations. This featusirdar to the large supercurrent
noise that was predicted in equilibrium Josephson junstohre to the thermal fluctuation in the Andreev bound state
occupation|[54, B5]. Large negative cross-correlatiorsa#so observed in the intervidlpos(¢)/2, Vbos(¢) ], where
the average occupation of the quasi-bound state changelfitora value close to 2. (The associated change of sign
of I; - I, can be seen in panel (b) of Fig. 2.) WhBn increases, the negative cross-correlations at finite phase
difference become less pronounced as seen i Fig. 4(d). Noteveatat large voltages, a dependence of the noise
and cross-correlations on the phagsemains in the form of a voltage-independent excess catioit.

5. Conclusion

Three-terminal Josephson junctions realize positivessomsrelations at low voltages. These correlations are
strongly enhanced compared to the case where only one afdls Is superconducting due to the process of multiple
Andreev reflections. Here we studied the coherent regimeendigpercurrents and dissipative quasiparticle currents
lead to an interesting interplay that manifests itself i ¢rrent as well as in the noise and cross-correlations.

As a next step, it would be interesting to address the cresdmtween coherent and incoherent multiple Andreev
reflection regimes in multichannel hybrid junctions. Thetimeels introduced in our work could also be helpful to
test recent predictions related with topological aspetthe Andreev subgap spectrum in multiterminal Josephson
junctions [56} 57].

We dedicate this article to the memory of Markus Bittikeris igroundbreaking contributions to mesoscopic
physics have shaped the field and remain an inspiration foresgarch.

This work was supported by ANR, through grants ANR-11-J803-01 and ANR-12-BS04-0016-03, and by the
Nanosciences Foundation in Grenoble, in the frame of itdr@fi&xcellence program.
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