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Teaching and learning mathematics, how does the former lead to the latter ?

Introduction

Good afternoon ladies and gentlemen. Let me introduce myself. I am Alain Mercier, and I work as a researcher in « mathematics didactics » at the Institute of Research on the Teaching of Mathematics (in french, I.R.E.M.) in Marseilles France.

I spent twenty years teaching mathematics in a technical college, to students ranging from age sixteen to twenty two. Faced with the difficulties my students had in achieving mathematics learning, I wery soon became aware of the frequent uselessness of the cognitive psychology theories as a teacher's guideline.

This experience of mine is by no means unique : many of my colleagues having felt the same uselessness during the modernist movement of the seventies, when Piagetian theories, Papy's and Dienes' movements, were up to date -in France, at least. So, in nineteen seventy seven, I started working with others french mathematics teachers in Marseilles and in France -thanks to the IREMs « network »1 -and we had Guy Brousseau (Bordeaux, France) as a mentor : he was years ahead on these problems.

Here are the questions :

Why were so perfect theories based on laboratory experimentations such a failure in the classroom field ? (i e. : Is « learning mathematics in a classroom » so different from « learning from problem-solving in a laboratory » ? ) What kind of activity teaching is ? What kind of knowledge needs, to be learnt, teaching and schools ? Since then, this has been the topic of my work as a researcher, which I am going to speak to you about.

Part one -How can teaching induce learning : some theoretical considerations I am going to give a brief introduction of notions used in the field of mathematics didactics. You may be shocked at first but we will use them presently, so that this rather odd-looking construction will be easier to accept.

Teaching is impossible without the students being aware of their limited relationship with mathematical objects (i.e. mathematical knowledge) and their intent to bridge this gap. How teaching is making them aware of this lack and induces the students to learn, how they do bridge the gap and learn, is the purpose of our studies.

We call « didactically meaningful objects » those mathematical objects for which, during the phase of assessment, a student can be said : « Has failed (or succeeded) to achieve the expected learning ».

These objects alone quantify the teaching progress, that is to say the particular rythm of a class in mathematics (we call it the « didactic time »). So the progress is sequenced by the didactically meaningful objects (the subject matter) and relative assessment phases, and there is no going backwards.

However, the logic of learning process is altogether different. For example, because actual learning needs transforming some preliterate knowledge into learned one, now any knowledge is based on « preliterate knowledge » (i.e. prior to teaching or trained on the job). So that there is no intended teaching for this learning.

This makes didactic time appear as formal to us, now the progress in teaching is not bound to actual progress for the student.

Moreover, this mode of operation presupposes the strict separation of two institutionnal roles (regarding mathematics) within the teaching/learning relationship. Those roles are different because one of the partners works with mathematical objects in a different way than the other. For instance, the teacher gives the lesson which the student is supposed to learn ; the teacher demonstrates the theorems which the student uses ; the teacher offers problems which the student studies and solves, then the teacher corrects the solutions ; the teacher only asks those questions to which he or she knows the answer ; the teacher asks only those questions to which students are supposed to answer thanks to the tools they have been given. The formal chronology of the class progress -the didactic time -makes it possible : it hides that fact to both teacher's and students' eyes, focusing their attention on assessing students' relationship with didactically meaningful objects.

However, from the moment he must operate on any problem, the mathematical knowledge cannot be sequenced ; therefore, didactically meaningful objects are never isolated within a lesson : many « didactically meaningless objects » are used for operating didactically meaningful ones, they are nevertheless « relevant ». So students must have an adequate relationship with the relevant objects : every time a meaningful object brings in a relevant meaningless object, the students relationship with this relevant object must become able to fit. This is the turning point where students must become aware that they need to learn if they want to progress : « The situation shows them their ignorance ».

Yet, neither the teacher nor the students can see this, we, however, while studying the actual didactical relationship, can. We do this from the students' point of view because, in fact, they are the only one to fulfill, or to fail to fulfill, the didactical intent. We will show how real this specific relationship is.

Part two -How do teachers deal whith this ?

Since we started from the hypothesis that a didactical intent causes « didactical injonctions » arising from this kind of students' ignorance, we must go through various phases : a) assess this phenomenon ; b) show that, under certain constraints, students do face this ignorance as their own ; c) show how some specific requirements (described in the « theory of didactic situations », from Guy Brousseau) enable some students to overcome their ignorance about relevant objects, and « learn ».

In this short paper, we will not speak about c).

For a clearer understanding of what I have just spoken about, we will show this from Delphine, a student, interrogating us as a mathematic teacher in tutoring sessions, and from the contents of her « Terminale D » (Sixth form, Biology major) note book in mathematics. I will comment her calculus lesson on limits of functions.

Here is the contents of Delphine's note book. It could be any other student's note book, since we do not analyse Delphine's particular way of writing down the lesson. Without passing any comment on the teacher's job quality, we just want to see what is left at the end of the teaching period on a note book, as we could do with a tape-recording of a lesson. However, a note book is interesting for us because it shows a sequence of « mathematical meaningful objects » and some « relevant mathematical meaningless objects » brought there with meaningful ones.

I give you the lessons landmarks :

Limites-Continuité-Asymptotes 

I -lim f(x) et lim f(x) x->+∞ x->-∞ 1°) lim f(x) = +∞
si lim f(x) = L + ∞ - ∞ + ∞ - ∞ +∞ si lim g(x) = L' L ' L ' + ∞ - ∞ -∞ alors lim(f(x)+g(x)) = L + - + - on ne peut pas conclure, forme +L' ∞ ∞ ∞ ∞ indéterminée
Here are three tables of theorems for limits

si lim |f(x)| = L ∞ L≠0 0 si lim |g(x)| = L' ∞ ∞ ∞ alors lim |f(x).g(x)| = L.L' ∞ ∞ on ne peut pas conclure, forme indéterminée si lim |f(x)| = L L ≠0 L ∞ ∞ 0 si lim |g(x)| = L'≠0 0 ∞ L '≠0 ∞ 0 alors lim ⎢ f(x) g(x) ⎢ = L L' ∞ 0 ∞
on ne peut pas conclure See this :

Exemple :

I) Étudier la limite en +∞ et -∞ de f(x) = x 3 -2x 2 + 1 f(x) = x 3 ( 1 - 2 x + 1 x 3 ) lim ( 2 x ) = lim ( 1 x 3 ) = 0 x->+∞ x->+∞ Donc, lim ( 1 - 2 x + 1 x 3 ) = 1 x->+∞ Comme lim (x 3 ) = +∞ x->+∞ lim f(x) = +∞ x->+∞ De même, lim f(x) = -∞ x->+∞
And now, see this :

It is the same work, without any comments from the student. Those exercises actually are the first exercises after the table for limit theorems. But they are not given to the students as a classroom work to be done : they remain the teacher's teaching tools (so to speak). Those so-called « exercices » are examples.

II) Limite en +∞ de f(x) = x 2 -1 x + 2
And here are three isolated theorems, named « properties » 5) Limite d'un polynôme à l'infini :

Propriété :

La limite à l'infini d'un polynôme est celle de son terme de plus haut degré.

See this example :

Exemple : Those exercises are given as a classroom work to the students. After a while, one of them is sent to work at the blackboard, writing the solution under teacher's control.

f(x) = 5x 3 -2x 2 + 1 f(x) = 5x 3 ( 1 - 2 5x + 1 5x 3 ) comme lim ( 1 - 2 5x + 1 5x 3 ) = 1 x->+∞ lim f(x) = lim (5x 3 ) = +∞ x->+∞ x->+∞ De même lim f(x) = lim (5x 3 ) = -∞ x-> -∞ x-> -∞ 6 
Look at those exercises :

Limite à l'infini de :

a) f(x) = x 4 +x-1 x -2 f(x) = x 4 ( 1 + 1 x 3 - 1 x 4 ) x( 1 - 2 x ) = x 2 1 + 1 x 3 - 1 x 4 x(1 - 2 x ) f(x) = x 1 + 1 x 3 - 1 x 4 1 - 2 x donc lim f(x) = lim x = +∞ +∞ +∞ Exercices : b) f(x) = 2x -1 x 2 + 3 (No reproduced here) c) f(x) = x 2 + 1 -3x 2 + 1 (No reproduced here) d) Limite à l'infini de f(x) = x 2 + 2x -1 + x (No reproduced here) e) f(x) = 3x + x . sinx (No reproduced here) ,
(and so on)

The teacher demonstrates theorems : « le terme de plus haut degré… ». Yet, through the exercises, we can see that he does not asks for the theorem. Why is that so ? The teacher wants his students not to use the theorem but to know how to use the demonstration technique as a working tool. Students have to learn the theorem and its use by themselves : it is their job to do so and there is nothing to say about this.

However, the teacher can't explain his purpose to the students because the technique he wants to teach them is not a definite mathematical object in a College course : a theory for it will be presented later in the mathematics curriculum. Now this knowhow have no name, it is a kind of factorisation, but this term is very well known by the students with another connotation.

That is to say, that when students were asked « Factorise this polynomial function » -such as (4x 2 -16) Four ex-square minus sixteen or (x 2 -2x + 1) exsquare minus two-ex plus one or (3x 3 -10x + 7) three ex-cube minus ten ex plus seven, -they had to « write a product of the greatest possible number of polynomial factors (degree 0 or 1 or 2) », that is to say : this :

4x 2 -16 = 4(x 2 -4) = 4(x -2)(x + 2) or x 2 -2x + 1 = (x -1) 2 or 3x 3 -10x + 7 = (x -1)(3x 2 + 3x -7) = 3(x -1)(x 2 + x - 7 3 ) = 3(x -1)(x - -1 + 31 3 2 )(x - -1 - 31 3 2 )
The purpose of that type of factorisation is polynomial equations solving.

That's why the answer : three ex-cube minus ten ex plus seven equals ex-cube factor of, bracket, three minus …ten above ex-square plus …seven above ex-cube, bracket.

3x 3 -10x + 7 = x 3 (3 -10 x 2 + 7

x 3 ), which is taught from now on, would have been considered as wrong, and qualified « false ! ».

Nobody would have dared write it, it would have been shocking.

For these students and their teachers, factorisation is not a mathematical knowledge, it is just a proper behaviour. It's a question of good manners.

So, how can the teacher turn this shocking thing into the appropriate behaviour for the determination of limits 2 ? Simple : the teacher must show that it works. He does this with the specific exercises he selects, where only this technique works : he chooses functions with square roots. Students have never heard of such functions, and they will never meet them again. All the same, we can notice that now the teacher does give the students the exercises to be done, unlike what we saw previously.

Such a didactic episode works as a tacit contract between the teacher and the student : from now on students know which tool must be used, for limits.

The new behaviour called by the term : « factorize ! » is the proper one for limits, just as was the old one for equation solving.

This kind of didactic way of operating supposes that most of the students know this contract, although it has never been said in so many words. They take it for granted. So does the teacher : …basing his teaching on this unspoken-of contract, the teacher can show the students what must be known whithout expliciting it as a mathematical theory. Thus he teaches a new type of factorisation during the course of a calculus lesson on infinite limits.

2 Qu'on nous entende bien : cette attitude est normalement celle de tout enseignant de mathématiques, en serait-il autrement, que l'enseignant aurait commis une erreur didactique, et que ses élèves le rappelleraient à l'ordre (par exemple, en montrant leur ennui). L'objet mathématique « factorisation » est non seulement, comme nous le verrons, un objet préconstruit, c'est un objet paramathématique, soit, un geste pour la production d'objets mathématiques reconnus (par exemple, les solutions des équations de la forme f(x) = 0). Sur les notions de préconstruction, de para-et proto-mathématicité, on se réfère à Y. CHEVALLARD (1980), La transposition didactique, du savoir savant au savoir enseigné. Cours donné à la Première Ecole d'Eté de Didactique des Mathématiques. (1985) et (1991), La Pensée Sauvage, chapitre 4, pp. 49-56, et chapitre 8, 81-94. Most of mathematical knowledge used by students is of this kind, i.e. : items of a contract -we call it « the didactical contract ».

3-How can we see that this works ?

Simple, we must watch how the students work. For example, I noticed that Delphine stalled on a precise point, which showed me this very « unknown knowledge » -however paradoxical this may seem. Two months after the previous didactic episode (on factorisation), Delphine's mathematics teacher gave her this exercise as part of an assessment problem on logarithmic functions :

A study of the function g

(x) = 1 + x . ( 1 -lnx ),
then, a study of the function f(x) = lnx 1 + x

We met next day, for a mathematical tutoring session.

Delphine says to me : « For f, I do have a theorem handy, but it can't be applied to this case. » I answer : « Why not ? »

f(x) = lnx 1 + x = lnx x.( 1 + 1 x ) = lnx x . 1 1 + 1 x -> 0 * 1 = 0
and I explain : log-ex above one-plus-ex equals …log-ex above ex factor of, bracket, one plus one-above ex, bracket, equals …log-ex above ex, factor of one above …one plus one-above ex, where has the limit zero and one plus one-above ex has the limit one, so that their product has the limit zero …so that the theorem works, for log-ex above ex.

« It is O.K. » says Delphine. And next week, when we can see what Delphine had done with the exercise in her classroom work, we notice that she had worked in the right way, without being aware of it. She was looking for the use of a theorem, a « didactically meaningful object » but she had to cope with a relevant proper behaviour, a « meaningless object ». Indeed, she had learnt what had to be known, but for her it did not represent a working technique : it was just mathematic culture, it was one item of the above said contract.

Then, I could look for a didactic episode, when Delphine had met didactic conditions proper to the hidden acquisition of her mathematical relevant culture. I found the episode in her mathematics note book, it had taken place two months ago.

4-Conclusion

We then notice that mathematical knowledge is not the only relevant one. The sequences of « episodes » which we study show that, as a rule, students must change : a) their relationship with a didactically meaningful mathematical object ; b) their relationship with relevant didactically meaningless mathematical objects, formerly introduced ; c) their relationship with metamathematical objects as « theorems » or « problems » ; d) their relationship with didactic objects as « mathematics lesson » or « what is relevant in a mathematics lesson » or « what is the didactical use of solving a problem » ; e) their relationship with scholastic non-didactical objects, and so on.

Quite a job, isn't it ?

What does this imply as far as teaching is concerned, in mathematic lessons ?

Our work leads us to widen what is defined as : « what is an 'object of learning' within the frame of an institutionnally determined didactical relationship ».

We show that the teaching system establisment -and teachers -ought to be aware of these 'objects of learning' : a student who miss any of them cannot learn what he or she is supposed to learn.

What does this imply in the field of research in mathematics didactics -which is a research in « science classroom teaching » ?

From now on we will not be able to observe students without noticing primarily their effective relationships with many kind of didactically meaningless objects3 . We will do so because these relationships show us those relevant objects, whether they are related to mathematical knowledge and how it operates -purely didactic objects -or related to the situation, i.e. the management of didactic objects and of the situation itself -scholastic objects -which is a binding task.

One more word : I am indebted to Jackie Mac Leod -an English teacher of the College I was working -for this english paper : I can't write english. However, she is not responsible for the way I pronounce my text, …nobody's perfect.

  fonctions x -> x n et x -> √x Définition intuitive (No reproduced here) Propriétés (Comparison of fonctions regarding to their limits.) 2°) lim f(x) = L où L est un réel donné x->+∞ Exemple : les fonctions x -> 1 x n et x -> 1 √x ont pour limite 0 Définition intuitive (No reproduced here) 3°) lim f(x) = +∞ (No reproduced here) x->-∞ 4°) lim f(x) = L (No reproduced here) x->-∞ Exemples : (Comparison of functions with x n , n∈Z.) (No reproduced here) 1) Étude de la limite de f(x) = 2x -x.sinx en +∞ (No reproduced here) 2) Limite en +∞ de f(x) = sinx x (No reproduced here) 3) Limite de f(x) = -x 2 -1 en +∞ (No reproduced here) Propriétés : Quand x tend vers x 0 (finite or no),

  ) Limite à l'infini d'une fonction rationnelle : Propriété : La limite à l'infini d'une fonction rationnelle est celle du quotient des termes de plus haut degré. See this. …It is the same work

There are twenty two I.R.E.M. in France, thoughly tied in a « réseau » by the « Assemblée des Directeurs » and a dozen of thematic « Commissions de travail » that are working just as EARLI's « Special Interest Groups » are.

We have begun to show how the verb « to know (mathematical objects) », even if its subject is a specific person, can have a different meaning, depending on the teaching institution assessing this specific knowledge. One must always consider that a person who has any mathematical knowledge has learnt it at school (since this is the only place where they are taught). So that one cannot say : « someone knows such and such » without saying at once that he or she knows it as a student from a specific class, having attended a specific curriculum in mathematics, does. Thus what mathematical knowledge a person may have will always be scholastic, unless this person uses this specific mathematical knowledge for a professional purpose.