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Separating a category of problems from its technique

More than solving isolated problems, the purpose of mathematics at the secondary school level is to deal with categories of problems. Indeed, building up a technique is motivated by having to face the same kind of situation again and again [START_REF] Mauss | Les techniques du corps[END_REF]. Beyond a specific solution, one can predict the appropriate way to solve other problems. In secondary schools, however, the French mathematics curriculum provides no delay between presenting a category of problems and establishing a general solving technique. This represents quite a big difference with primary schools where "open problem" practice is widespread. One-variable algebra problems and the resolution of one equation with one unknown are introduced in 8 th grade. Two-variable algebra problems and the resolution of two equations with two unknowns are introduced in 9 th grade. Therefore, the existence of a specific technique for teaching a category of problems is a necessity for the secondary school system.

Furthermore, the secondary school system tends to consider that there is one single technique for solving a category of problems. Yet, before the invention of algebra, the false position technique was taught for solving problems with unknowns. This technique consists in testing numeric values by confronting the difference between the result obtained and the values to be attained [START_REF] Bezout | Traité d'Arithmétique à l'usage de la Marine et de l'Artillerie[END_REF]. We can find this technique throughout mathematics history in different civilisations [START_REF] Radford | The roles of Geometry and Arithmetic in the development of Elementary Algebra: Historical Remarks from a Didactic perspective[END_REF]2001). This technique was taught in France until the democratisation of secondary schools, but today it is very seldom presented to students.

As a result, today's 9 th grade students are expected to write two equations when solving problems with two unknowns. A student who cannot demonstrate the expected technique would be assessed poorly. This explains the importance given to the written production, at the secondary school level, which is the "ostension" of the technique with its accepted system of signs and associated gestures [START_REF] Bosch | El semiotic i l'instrumental en el tractament clàssic de les situacions de proportionalitat[END_REF][START_REF] Bosch | Les instruments du travail mathématique : le cas de la proportionnalité[END_REF][START_REF] Bosch | La sensibilité de l'activité mathématique aux ostensifs. Objet d'étude et problématique[END_REF]. For example, when it is time for algebra in the curriculum, students are expected to handle equations and accolades and to perform transformations such as substituting and eliminating.

Obviously the youngest students, who have not yet received algebraic teaching, cannot handle equations. In spite of this, won't they be able to solve problems that will later be categorised as two-variable algebra problems? Indeed, semiotic instruments have been introduced during primary school and at the beginning of secondary school. These instruments, such as parentheses, drawings, lists, formulas and tables, could be adapted or recombined in a new way in order to take charge of problems with two unknowns.

In order to study and describe these phenomena of semiotic instrument genesis in mathematical problem solving, we designed an experimental situation where students from 6 th grade to 11 th grade had to solve a series of problems that are commonly identified as "algebra problems with two unknowns" in compliance with the current didactic modes. Indeed, in so far as the youngest pupils had not yet learned algebraic techniques, we created for them an experimental delay between problems and their corresponding techniques. We shall examine how their writings achieve the various cognitive functions involved in problem solving, how they reach an autonomous status from the activity which produced them, as well as the impact of the repetitious writing of isomorphic problems.

Furthermore, by concentrating on the writing and drawing produced on a sheet of paper, we shall put into light how it may be modified and reorganised. What do students draw or write down when solving a problem with a sheet of paper and a pencil? What do they not write down? What are the pieces that are added or taken off in a succession of problems of the same category?

In this paper, we will not consider the writing and the drawing produced as a methodological means for accessing students' thinking but rather they will be observed as separate entities. Indeed, many works on problem solving regard language outputs as privileged means to access students' thinking, thus subordinating language to thought, at least for methodological reasons [START_REF] Newell | Human Problem Solving[END_REF]. The purpose of this paper is to deal with a representation of mathematics activity that would not be exclusively in the student's private mental activity and that does not just consider semiotic activity (written and oral words and discourses, graphs…) as subordinate to a non visible activity.

Representing the story-problem or representing mathematical structures

Problem-solving writings and drawings may involve, on the one hand, a reference to the situation and to the objects of the story-problem and, on the other hand, a reference to mathematical objects and relationships. Students' progress is often presented as the capacity to create a symbolization that breaks loose from the concrete situation of the story-problem towards an abstraction of characteristic mathematical relationships connected to a category of situations. But a second assessment criterion may be combined to the former one: the calculability of drawings and writings i.e. their capacity to combine the various functions required in problem solving.

1 Success and understanding 2 Theoretical approaches to word problem solving [START_REF] Reusser | Problem Solving Beyond the Logic of Things: Contextual Effects on Understanding and Solving Word Problems[END_REF]Nathan, Kinsch & Young, 1992;Jonassen, 2003) make a distinction between three types of representations occurring in problem comprehension. The story-problem is turned into a propositional structure before being transformed into a situational model that contains the contextual parts of the problem. Then, a mathematical model is elaborated in which the relationships with the elements of the problem are established. For example, concerning additive structures, problems of change and problems of comparison are characterised by two different mathematical structures. While beginners tend to represent problems in situational terms, more advanced pupils may focus on mathematical structure alone (Jonassen, 2003, p. 276).

Indeed, this distinction between a situational model and a mathematical model is quite interesting, because it refers to different modes of resolution of problems that are particularly developed in Piaget's discussion about action and conceptualization. In "Success and Understanding" (1977), Piaget demonstrates that action is initially independent of understanding. The child succeeds "in action" and then, according to Piaget, the scheme is "a practical concept" (1977, p. 44). At this stage, the action scheme is autonomous knowledge and conceptualization intervenes as a deferred awareness process. Gradually, the opposite process is set up and, in turn, conceptualization influences action. Following Piaget, Inhelder and de Caprona (1992) introduce a distinction between "procedural schemes" for succeeding and "presentative schemes" for understanding reality. These different modes of resolution relate further to different types of external representations, including writings. Thus, considering again tasks that involve additive structures, students can often obtain the answer by representing the situation and manipulating the quantities. To some extent, the story-problem is carried out in action. The problem's data guide the action and the result is obtained by simple enumeration. In this instance, there is homomorphism between the handled objects and the cardinal of the final set, i.e. between two levels of representation (Vergnaud, 1975). Another example is provided by problems of sharing N objects between N' people. These problems can be solved using a distribution of objects as would be done with a deck of cards. The familiar scheme of distribution is not the mathematical scheme of partition, but it guarantees "in action" that every person will receive the same number of objects [START_REF] Bruner | Young children understanding of division: the relationship between division terms in a noncomputational task[END_REF].

According to Piaget, this transition from action to conceptualization characterises the intellectual development of the child. Nevertheless, as Pierre Vermersch (1994) demonstrates, these intellectual steps are also pertinent with respect to personal growth, when describing how a specific situation can be mastered all through life, including teenage and adulthood. The French Theory of Didactical Situations [START_REF] Brousseau | Fondements et méthodes de la didactique des mathématiques[END_REF] appears coherent with such an approach. Indeed, according to Guy Brousseau, teachers can choose situation characteristics in order to facilitate or, on the contrary, to prevent "success-in-action", and students' activity is obligated to adjust to these situations, The immediate success of problem solving depends on space and time constraints on the action, favourable characteristics of problems consist mainly in: an easy coding of the data in space, a restricted numerical field, the unknown corresponding to the last procedural step. Thus, when designing a series of problems, teachers can contrive problem characteristics that will promote the desired evolution of the students' modes of resolution and the associated transformation of their writing..

2.2. Calculable representations

However, whether a mathematical representation is better than a situational representation is too general a question. A more interesting criterion is the "calculability" of representations, that are either internal or external. A representation is calculable when it is possible to calculate the solution and ensure the result at the same time (Vergnaud, 1975). Thus, an analogical representation of reality may be as "calculable" as a representation of a mathematical structure. Returning to the example of equal sharing as an effective distribution, it is a calculable representation in so far as it transforms the situation and controls students' gestures. Nevertheless, this procedural representation is restricted to discrete and relatively small collections. Written numbers and alpha-numeric pieces of writing are likely to deal with a more extended category of problems, whereas the use of systems of figures, letters and operational signs does not guarantee a calculable representation. The dilemma is thus to choose between maintaining, improving or giving up calculable but local representations. That is why remodelling the work of written devices must be undertaken, as representations may not integrate all of the problem solving functions right away. Integrating cognitive functions into external representations is how we define becoming skilful at solving a category of problems.

Intermediate representations that reconcile semantic characteristics and mathematical characteristics of story problems are of the utmost importance at this stage. Let us consider, for example, an additive problem:

"Pierre has just played two games of marbles in the school yard. He lost 13 of them in the first game and he won 7 marbles in the second game. He has now 45 marbles. How many marbles did he have before starting playing?"

Here is the representation proposed by Gérard Vergnaud (1990):

[Insert Diagram 1 about here],

This representation codes the chronology of the events ("the first game" -"he lost" -"the second game"-"he won" -"now" -"before") and distinguishes the states (the number of marbles in Pierre's bag at a given time) and the transformations (the number of the lost marbles and the number of marbles Pierre won). States and transformations are two conceptual objects that are coded by two kinds of material objects: rectangles and circles. This representation is calculable because it fulfils three criteria: -It relates the various states and identifies relationships as transformations.

-It makes it possible to make inferences, in particular how to derive new relationships from the established ones: a first deduction should lead the child to construct a composition of the two transformations: Pierre lost 13 marbles, he won 7 marbles, he lost a total of 4 marbles. A second deduction must lead him/her to apply the following reciprocal transformation: Pierre lost 4 marbles so he had 4more of them before playing the first game, i.e. 51 marbles. -It makes it possible to check the result (51 -13 + 7 = 45): therefore, the same representation is used for coding, calculating and checking.

Such representations are organized in systems of written symbols that take into consideration the relationships existing between data. Thus, they can support reasoning and -5calculations and consequently they do not simply refer to isolated concepts, but also to specific categories of situations.

Writing more or writing less

Calculability as a combination of different problem solving functions may refer back to semantic elements of the situation, as we have seen in the obvious example of additive transformation. Thus, calculability depends, at the same time, on semiotic qualities and easy manipulations of signs. Indeed, two components of the instrument must be differentiated and must be balanced at the same time: the semiotic component and the instrumental component [START_REF] Bosch | La sensibilité de l'activité mathématique aux ostensifs. Objet d'étude et problématique[END_REF]. On the one hand, every instrument is oriented towards its user and has a psychological function, while on the other hand, it is oriented towards the problem and has a material function. The predominance of the material function varies with the student's familiarity with the category of problems, as well as with the transformation of writings that occurs as supporting thinking becomes an external instrument for problem solving.

5 3.1. Writing neither too much nor too little

Throughout history, the overriding motives of writing were to create an external memory and to help maintain attention [START_REF] Goody | The domestication of the savage mind[END_REF]. When presenting algebraic principles, [START_REF] Descartes | Rules for the direction of the mind[END_REF] himself insists on these first two functions of writing which liberate the imagination:

"But because this memory is often f1eeting, and in order that we should not be forced to keep some part of our attention concerned in recalling one thought while we devote ourselves to others, the art of writing has been most appropriately invented. Relying on the aid of this art, we will commit practically nothing to memory, but, leaving our imagination free to be wholly concerned with its present thoughts, we will confide to paper whatever is to be retained." (Descartes, 1961, p. 80) In the statement below, Descartes supports the symbolic mathematical writing that replaced in the 17 th century, a rhetorical mode of mathematical writing that had been dominant since Antiquity and was characterised by the use of natural language: "…and in the same way we will append to them a figure to represent the number of relations which are to be understood in them. Thus if I write "2a 3 ", it will mean the same as if I had said "twice the magnitude represented by the letter a, containing three relations." And by this means we not only save the space of many words, but what is more important, express the terms of the difficulty so clearly and simply, that, even while nothing useful is omitted, still nothing superfluous will ever be found in it which might uselessly occupy the capacity of the mind by offering it many things to be considered simultaneously…" ° (Descartes, 1961, p. 81) Descartes presents an accomplished organization of symbolic writing that was elaborated throughout the history of mathematics. This organisation fulfils criteria of economy and of calculability, and it has become as essential to modern mathematics as geometry was beforehand to reasoning and proving [START_REF] Serfati | La Révolution Symbolique: La Constitution de l'Ecriture Symbolique Mathématique[END_REF]). Descartes's symbolic writing reached such a degree of perfection that it continues to be used to this day. Now, as for students, some of them could be in a position comparable to Descartes' at the end of a series of problems of a specific category. What must be represented on the sheet of paper, how it is represented and what can be just kept in mind, are the features that are elaborated and stabilised by having to solve the same kind of problems again and again. Indeed, the concern of "writing neither too much nor too little" would be pertinent for a problem that is recognized as belonging to a category of problems rather than for an isolated problem.

Writing as a help for individual thinking and as a technical gesture

Vygotski (1934/1997) distinguishes "psychological instruments" that support internal activity from "technical instruments" that support transformation of the environment. Discussing this categorization, [START_REF] Rabardel | Le langage comme instrument ? Eléments pour une théorie instrumentale élargie[END_REF] argues that language can be, at the same time, a psychological instrument making it possible to support higher psychic functions, such as attention and memory, and a material instrument used to achieve a task.

Indeed, the predominance of one status over the other can evolve along with the development of a problem solving skill. In Descartes' mind, language is an achieved technical instrument because it has been implemented in a fixed written technique. For students that have not been taught algebra before, language may be a psychological instrument helpful in identifying relevant properties and relationships of the situation and in controlling and programming action (Vergnaud, 1991). Linguistic pieces (either oral or written) are subsequently introduced to meet the immediate needs of activity. Language will have to arrive at the foreground to be worked on as a material instrument. Materialization of oral and preverbal linguistic elements in written elements is the prerequisite for these changes in relationships between thought and language.

Development of categories of writing involves writing and utilizing space at the same time [START_REF] Alcorta | Utilisation du brouillon et développement des capacités d'écrit[END_REF][START_REF] Rabardel | Le langage comme instrument ? Eléments pour une théorie instrumentale élargie[END_REF]. Space properties (right/left, up/down…) are involved in grouping together isolated signs. Indeed, most of the time, a single piece of writing cannot work by itself. Writing takes place in order to represent relationships and to create new pieces of information. The more pieces of information are integrated, the more the representation is calculable as it is the case in standard instruments such as tables, lists and formulas. For example, parentheses allow one to visually plan out the calculations to be performed, and brackets delimit at the same time calculations and intermediary results. Materialization of linguistic elements into writing can thus lead to novel regroupings of signs and integration of new functions (representation, planning, calculation, control) into systems of signs.

There is, therefore, a crucial difference between employing writing just as an aid for thinking or as a technical support. This point of view on writing is emphasized by Bosch andChevallard (Bosch, 1991, 1994 ;[START_REF] Bosch | La sensibilité de l'activité mathématique aux ostensifs. Objet d'étude et problématique[END_REF]. Their theory deals with the conditions of existence of mathematical writings in didactical institutions. First, it reveals a distinction between "ostensives" that can be handled by human beings and "non-ostensives" that cannot. The notation Log, for example, is an ostensive object whereas the notion of logarithm is a non-ostensive object. Yet ostensive objects and non-ostensive objects require a reciprocal relationship to operate. Thus any change in ostensive objects to be used, affects non-ostensive objects to be considered and vice-versa. For example, proportionality has been successively taught by using the language of proportions, the language of operators and the language of linearity… throughout the various teaching reforms [START_REF] Boisnard | La proportionnalité et ses problèmes[END_REF].

Obviously ostensive objects may be more or less efficient in achieving a given calculus. For example, the notation √ is as useful as the exponent ½ to achieve: √2x3 = √2 x √3 but the notation ½ is much better for achieving the task of calculating the derivative of the function √x: (√x)' = (x ½ )' = ½ x 1/2 -1 . The relationship between ostensive objects and non-ostensive objects is much more than a mere semiotic relationship. Bosch and Chevallard demonstrate the unavoidable instrumental dimension of ostensive objects. For example, a notation like √ has on the one hand a semiotic value because it can be associated to one or more nonostensive objects and on the other hand it has an instrumental value which allows the mathematician or the student to assume problem solving. As we said before, ostensive objects represent non-ostensive objects and support technical gestures at the same time. Therefore, the "calculability principle" depends not only on the choice of systems of ostensive objects susceptible to yield a mathematical relationship -as shown in the former marble example-but also on the association of these ostensive objects to calculation techniques.

Writing as a help for thinking and writing as a technical gesture are two extremities of a continuum. As writing becomes a technical gesture, it becomes an ostensive, i.e. an object that can be handled and transformed. Therefore, Vygotski's distinction between psychological and material instruments, revisited by Rabardel, is quite pertinent to study the evolution of writing in students' drafts.

Writing as a costly gesture and problem solving as a risky activity

Writers have to find an equilibrium between writing less to economize effort and writing for subsequent good reading, both with a self-oriented purpose and with an other-oriented purpose. Indeed, factors of a different nature come into play when choosing between what is written and what is not written: a) First, institutions can refrain or favour specific usages of ostensive objects. For example, for solving speed problems, the French school system restricts the notation m/s (meters per second) to the unit of the solution. b) Writing provides the means to control other pieces of writing by technological insertions. For example, students write down at the beginning of algebra apprenticeship:

x + 6 = -9 > x + 6 -6 = -9 -6 -> x = -15
The central equation is written in order to get technological control of the technique of transposition of the numeric sign "6" from the right member to the left member. It will be left out later. Pieces of writing are not always added; they can also be erased. c), There is an arrangement between working memory and writing. Calculations may be written down exhaustively or, on the contrary, only final results may be put down. d) Finally, students may need to keep a reference with reality. "Semioticity" is then achieved by writing dimensions that would be handled in reality, i.e. by referring to the semantic status of data, intermediary and final results as in the former example of the marbles set.

Fortunately, there are several ways to write while restricting writing at the same time. Abbreviations, icons, underlining and symbols are as many ways of economising writing effort while keeping up with "semioticity", but students may also decide to re-arrange pieces of writing. Organization of space allows saving time while simultaneously maintaining sufficient connections to real objects. Indeed, references to reality could be confined to a precise place in the student's writings. A reference to reality is regulated through the declaration of the unknown in algebra, writing titles in columns and lines in tables. Moreover, technological features and even operational signs can be omitted, as techniques become routines. These reductions of signs can even foster the development of new instruments, as it is the case in the transformation of systems of equations into matrices.

Although writing less is an important objective as soon as writing is considered as a material instrument, any technical utilization of writing implicates supporting students' thinking. Indeed, there is no technique without creators and users. The system of signs must therefore reassure the student and be technically efficient.

Writing as a mobilization of pre-interiorized instruments

It is evident that students' writing is mostly constrained by the artefacts imposed by school institutions. Students may have at their disposal ready-to-use written instruments to solve problems, as is the case when problem solving occurs after the mathematics teacher has taught the relevant technique. In such cases, when they are confronted with a problem, students have at their disposal a technique that corresponds to the category of problems. As Bosch and Chevallard point it out (1994), few individual transformations of pre-built instruments should be expected. Students' resolution is focused on the ostension of the corresponding technique.

-8-In spite of this, personal invention and creativity persist. Frequently when they are in training situations, students do not have a suitable technique at their disposal. Yet even in such cases, students are not completely powerless because they have instruments capable of amplifying individual activity as [START_REF] Bruner | Young children understanding of division: the relationship between division terms in a noncomputational task[END_REF] stated.

« We take the view that cognitive growth in all its manifestations occurs as much from the outside in as from the inside out. Much of it consists in a human being becoming linked with culturally « amplifiers » of motoric, sensory and reflective capacities. It goes without saying that different cultures provide different « amplifiers » at different times in a child's life. One need not expect the course of cognitive growth to run parallel in different cultures. » [START_REF] Bruner | Young children understanding of division: the relationship between division terms in a noncomputational task[END_REF] Indeed, lists, tables and formulas, which are symbolic means that cultures invented through out History, are internalized during students' experiences in mathematics provided at school or via various reading sources. They are transformed through a process of instrumental genesis. Rabardel's general theory about instruments in an ergonomic perspective (1995,1999) brings to light that phenomena of instrumental genesis are not marginal or accidental but general in cognitive activity, especially in problem solving with no ready-to-use instruments [START_REF] Saada-Robert | La microgenèse de la representation d'un problème[END_REF]. Besides, Rabardel insists that instruments, including written productions, are double-faced entities that can be related to Bosch and Chevallard's semiotic and instrumental components although he uses the concepts of "artefact" and "scheme".

The artefact component is widely defined as "anything having been affected by a man made transformation " (Rabardel, 1995, p.11) and the scheme is a cognitive psychology concept that characterises the structure of the student's activity (Vergnaud, 1985(Vergnaud, , 1990)). Rabardel takes into account the social and institutional definition of instruments, but the concept of scheme is privileged because a scheme is the psychological entity that includes social components and that accounts for the subject's functioning.

Rabardel characterizes transformations that can be applied to instruments according to the component concerned i.e. the scheme or the artifact. Ostensive objects can be modified either materially or through a modification of the practical component. Consequently the description of the successive steps developing an instrument is based upon the following distinction between the subject pole (the scheme) and the artifact pole of the instrument: -The artefact can be modified to suit a new instrument. The modification of the artefacts properties is called instrumentalization (Rabardel, 1995, p. 140). Two levels of alterations are noted: a by-product property of the artefact is turned into an intrinsic property transiently or permanently; a new property is added to the artefact, which modifies the instrument.

-The scheme component of the instrument can also be modified. This action is called instrumentation (Rabardel, 1995, p. 143). Two different kinds of instrumentation can be distinguished: an assimilation of new artefacts to previous schemes or an accommodation of schemes to artefacts.

Bruner's and Rabardel's points of view privilege the prior existence of pre-structured instruments that can be modified by students. In many cases, however, it is probable that, in a way described by Levi-Strauss as "bricolage" 1 (1966), the student may recombine the « odds and ends » of former writings in order to create original and structured systems of signs, with in mind to combine the different functions of problem solving. Indeed, instrumental genesis could involve as much the composition of isolated pieces as the extension of a previous instrument to a new kind of problem.

1

The French term "bricolage" can be translated into English as "do-ityourself" "Bricolage", instrumental amplification and ready-to-use instruments are three distinct types of mobilization of preexistent instruments that are expected in the experimental situation we designed.

7 Experimental situation and analysis steps in students' drafts 1 5.1. Four word problems Four word problems were presented to a panel of 201 students ranging from 6 th to 12 th grade and to a separate group of 11 mathematics trainee teachers at the beginning of the school year.

[Insert Table 1 about here],

These problems were proposed in the same booklet so that problems could be solved in any order. Students could not allot more than 55 minutes 2 to the resolution of the four problems.

[Insert Table 2 about here],

Task analysis

The four problems were chosen according to the following criteria: { a x + by = c

x + y = d -Problem structure was common to the series of problems, i.e. each problem may be represented by the following system of two equations with two unknowns: a, b, c, d, x, y are positive integers.

-Didactic variables were mainly the magnitude of numbers, the immediate identification of the constants a, b, c and d, the nature of the unknown factors (cardinals or non-discrete measures) and a plausible vs. implausible students' representation in terms of contained /containing (ex: beds and rooms).

-Most students were expected to be able to represent and solve at least one problem among the series. Didactic variables made possible the resolution of the first two problems without algebra.

The following variations were involved through out the series of problems: 2 It. is the usual duration of a mathematics class in France.

-10-[Insert Table 3 about here], 2 5.

Predictable writings

Students are expected to use of different forms of writing according to their school level, in as much as they have actually inherited from school-provided "amplifiers" such as drawings, lists, formulas and equations. Some of these amplifiers such as drawings and lists are potentially already available to the youngest students of our panel. In the French school system, formulas are introduced in the 7 th grade and equations with one unknown one year later.

Four categories of techniques are likely to be used to solve these problems. Algebra techniques are linked to specific written artifacts (equations), while other techniques can be transversal to different written artifacts. These techniques and their conditions of use according to problems are described below in table 4.

[Insert Table 4 about here],

Selecting the students' writings to be studied

Algebraic techniques (substitution method, addition method) for solving systems of two equations with two unknowns are taught from the 9 th grade. Therefore, some students (and teachers) have algebraic techniques at their disposal, while other students have not yet benefited from the teaching of this technique .

Numbers of students and trainee teachers using an algebraic technique are reported in table 5:

[Insert Table 5 about here],

Most students that have been taught algebraic techniques and most of the teachers, make use of them for every problem of the series. Problems C and D are always solved by using algebra. Other methods of resolution are used by some students and teachers for solving problem A and problem B: -5 trainee teachers calculate mentally; -One 12 th grade student calculates mentally while another 12 th student uses the "trial and error" method; -6 of the 10 th grade students use a false position method.

Students who have been taught algebra, spontaneously use algebraic techniques so we do not observe phenomena of genesis of writings. Consequently, we will consider only students from the 6 th grade to the 9 th grade, i.e. those belonging to what is called "collège" in the French school system. These students have not yet been taught algebraic techniques.

5.5. Refining the selection 9

In addition to this restriction to students non equipped with algebraic techniques, we will introduce a second selection criterion. Problems to be solved can be characterized by the simultaneous handling of two constraints. Therefore writings will have to reflect both the identification of these two constraints and the taking into account of them by students.

A written production will be selected if it ensures at least one of the following functions: -Representing the constraints of the problem, -11--Calculating with the constraints of the problem, -Controlling the achievement of the constraints, -Proving the achievement of the constraints.

10 The following table presents the number of students in each form who produce one or more writings having the characteristics of an instrument of resolution of problem:

[Insert Table 6 about here],

The selection procedure allows us to retain about only one third of the students. We note that the students who produce writings corresponding to the characteristics stated above, are a minority at each level.

[Insert Table 7 about here],

In the above table we further observe that most selected students belong to the group that successfully resolved at least two problems. Typically, those with 3 or 4 successful problems fulfill the criterion and consequently are selected. 11 12 13 5.6. Analysis steps of selected students' drafts Analysis of students' drafts was done in three stages. First, there was an inventory of the categories of writings implemented by students. In particular, we distinguished categories that had been taught previously or that are present in the extra-curricular culture, from other categories that are the product of the students' own invention. Calculability of written instruments was compared according to their ability to handle functions involved in problem solving.

In the second stage, the instruments limitations in a series of problems were explored by studying the relationships between performance and type of writings Lastly, a third stage studied calculability no as a static feature of writing but rather as a process to be studied from one problem to another: to what extent and how do students evolve instruments through the series of problems?

Categories of written instruments

The first stage of analysis of written productions makes it possible to distinguish four principal categories: figurative representations, numerical lists, non-literal linear instruments and alphanumerical linear instruments. These categories are presented below with their associated techniques. This categorization of students' writings enables us to highlight those modifications of properties of written instruments (affecting both artifact and technical components) that alter students' activity, especially those elements that must be retained in working memory, planned and controlled. It is, therefore, of utmost importance that the analysis of written instruments be accurate enough to determine the importance of seemingly minor modifications.

6.1. Figurative representations of situations

Figurative representations of the situation are mainly used for problems A and B. The drawing represents one of the constraints (the total number of rooms or the total number of people), while the student's actions on the drawing deal with the second constraint. 15 students (29 % of the selected students) distribute people into rooms (fig. 1), while only 2 students make groups of two or four people (fig. 2).

Figure 1 highlights a "scheme of distribution". Distribution is a "familiar" scheme [START_REF] Boder | Le schème familier, unité cognitive procédurale privilégiée[END_REF], because it is related to a semantic characteristic of problems A and B: patients are assigned to rooms. This familiar scheme attributes significance to the situation and makes it possible not only to resolve but also to check the resolution. For example, student "416" (figure 1) represents 12 rooms. First, he (she) distributes hikers, here lines, two by two and then he (she) adds two sticks to obtain 30 hikers. Student "528"'s representation (figure 2) is based on another principle: he (she) maintains the constraint "20 beds" and tries to achieve the constraint "13 rooms". Representations based on this second principle are more complicated to manage, because students have to erase groups of people instead of adding remaining people, which force them to ensure the constraint "number of rooms" by maintaining it in working memory.

[Insert Figures 1 & 2 about here],

A third category of figurative instruments is encountered: students opt for an initial partition choice and then carry out adjustments. The representation becomes partly numerical, and the use of numbers in the place of lines no longer permits the familiar scheme of distribution to work.

Student "430" (figure 3, below) starts by alternating the rooms with 2 hikers and the rooms with 4 hikers. It is the familiar scheme of alternating "2 people -4 people -2 people…" that makes it possible to choose numbers, but this student must associate to this scheme an additive control and a readjustment. Traces of erasing (that do not appear below but on the original sheet of paper) attest to the replacement of two rooms with four beds by two twin rooms.

[Insert Figure 3 about here],

When introducing numbers, the notion of "containing » and « contained" does not support problem solving any more, so that some of the students, as shown below (figure 4) do not continue drawing rooms. Such representations are very close to numerical lists.

[Insert Figure 4 about here],

Figure 1 to figure 4 are written by featuring the material aspects of the problems' stories. On figure 1, 13 rooms are drawn (constraint c), patients are represented by lines and patients are attributed to rooms with 1 or 2 beds. A familiar scheme of distribution makes it possible to carry out the constraints of the problem. Three modifications of the characteristics of the initial instrument (figure 1) have significant consequences on the students' control of constraints: a) From "distribution " to " trial an error ": the main consequence of this evolution involves control of the constraint d (a x + b y = d). When students are distributing lines, they stop the counting rhyme as soon as d is marked (1, 2, 3, 4, ...........d), while when they use a trial and error scheme, they enumerate d' lines and then make readjustments until enumerating d lines. b) From "featuring d lines" (patients, hikers, francs, legs) to " using numbers a and b" : the main consequences are the loss of reference with concrete objects from the problem's story and the necessity to carry out arithmetic additions in place of enumeration.

-13c) From "featuring the constraint c" (for example, by drawing c rooms) to "keeping the constraint in working memory": the main consequence for students is an increased working load to keep in mind constraint c. Such evolutions in the figurative representations may, therefore, be seen as either an overall progression, because of the use of numbers and arithmetic operations, or as a local loss of calculability, because of increased control of constraints by students. 2 6.2. Numerical lists c numbers (equal to a or b) are placed on a line or in a column, and students use a scheme of trials and adjustments or a scheme of false position. There are no more figurative features. The difference with the former instrument is mainly a matter of perspective, as show in figure 5 below.

[Insert Figure 5 about here], Some numerical lists are specific: students introduce the operational sign "+" between the elements of the list. These lists (figures 6a & 6b below) are laid out horizontally and no longer vertically.

[Insert Figures 6a & 6b about here],

One advantage of lists is that they maintain the principal qualities of drawing. Indeed, the ordinal arrangement of lists makes it possible to allocate numbers a and b, to operate and to communicate the material features of word problems. Another advantage is that lists present three new qualities compared to drawings: -The relationship between the artifact and the technique becomes univocal: cultural knowledge allows one to associate the technique of summation to lists. In figure 5, the additive sign is not written down, but readers can understand that an addition has been achieved by the student. Contrary to drawings, lists involve a definite technical component by nature.

-Space properties of lists, mainly their vertical arrangement (figure 5), make it easy to sum elements. Thus, in figures 6a and 6b, which are not really lists because of their horizontal arrangement, the sign "+" appears, making a separation in between numbers. The choice between writing more and writing less is explained here by the spatial properties of the system of signs.

-Writing becomes a means for communicating operations that are carried out. While drawings only represent a material solution, lists give the reader implicit access to the addition of elements which was carried out.

Non-literal linear instruments

These instruments are indicated as "linear" because problem solving is built on the structure ax + by. Nevertheless, there are many variations among writings associated to "writing more or writing less" when considering the constraints c and d with the same system of signs, while keeping a written memory of trials and choosing the couples of numbers (x,y) to be tried. Because of the multiplicity of the characteristics of these instruments, we choose to categorize them according to the functions that they permit. A student's written production may include several of the instruments described below.

Multiplicative written instruments introduce three changes:

-While in drawings and in lists, number a or number b is affected to each entity of type c (2 patients in this room, 1 patient in that one...), multiplicative representations require students to choose one or more couples (x, y). One or two choices are sufficient in the case of the "false position" technique, while students must control a longer series of couples (x, y) in the case of the "trial and error" technique.

-The non affectation of values a or b has two further consequences: a loss of significance of numbers a and b and the multiplicity of the numbers and of the dimensions involved (i.e. dimensions corresponding to x, y, a, b, ax, by, x + y, ax + by). Indeed, multiplicative treatment is characterized simultaneously by a great semantic load, not only for evoking the concrete situation but also for assigning the good multiplicand to the good multiplier, or to add the relevant numbers.

-Multiplication, as it is a more compact operation than addition, requires calculations which can, according to students' numerical knowledge, be done either mentally or by writing on the sheet of paper.

Thus, students have now to master constraints c and d, the planning of trials (x,y), the calculations and the need to maintain several semantic relationships at the same time. There is no "ready-to-use", non-literal written instrument that students could use. Consequently, three main forms of writing are observable:

-Some students use specialized writings to deal with one or more of the above requirements in a dissociated manner. Writing is mainly a help in sustaining the solving process. -Some students succeed in using space properties so that the written instrument becomes compact. Indeed, a specialized instrument must combine different task requirements in the same place on the sheet of paper. Such an instrument is created from an idiosyncrasic combination of former instruments. It is mainly material and based on the precise location of numbers, this location being maintained from one trial to the next. Such an instrument is a student's personal improvement and not a necessity for solving linear problems, so that only a few students are able to progress to this step. And yet, this step is decisive, because it helps reduce the workload, since it allows calculations to achieve some autonomy from the semantic features of story problems. Indeed, the repetition of trials and the writing of numbers at invariant locations turn them into « pure numbers » without dimensions. Moreover, the calculation writing format is stabilized and can be examined for itself. -Lastly, it is a means for some students to communicate a proof of the solution and produce, on this occasion, a compacted written form (ax + by = d). They have been confronted with a task they have already managed to control: (x,y) being given, calculate d. Thus, students are already equipped with the format ax + by = d to perform that task. This written form, however, remains associated with a calculation technique involving data, and not with a trial and error technique using more than one variable. This is an indication that students are likely to recognize that a given couple is the solution even before knowing how to produce it. In this case, we observe an expression of a more general principle: "recognition precedes production" (Wood, Bruner & Ross, 1976).

Alphanumerical linear instruments

These instruments are based on the development of alphanumerical writings with one or two equations. Two main evolutions are observed, concerning either the technical component or the artifact component. In the first case, "ax+by=d " is used as a formula for testing couples (x,y) and in the second case, equations integrate more than one unknown.

Equations used as formulas

The artifact corresponds here to equations translating the entire problem. The second equation is just a constraint for the values x and y. There is no literal calculation, but x and y act rather as "cells" where the student affects numerical choices.

[Insert Figure 12 about here],

Algebraic instruments

As early as 7 th grade, students are taught how to solve problems with one unknown factor (or which can be reduced to one unknown) by using algebraic methods. The mathematics curriculum, however, does not include resolution of problems with one unknown factor in the more general framework of the resolution of problems with several unknown factors, so that when it comes to solving problems with more than one unknown, 9 th grade students do not start solving by using as many distinct letters as unknowns. Moreover, when some of the students manage to formulate two equations, they fail in using these equations.

Thus, student "336" (figure 13, below) manages to translate the problem as two equations 1 x + 1 y = 54 and 2 x + 4 y = 176, but the technical component of the instrument is not yet at his disposal.

[Insert Figure 13 about here],

Although they are not completely accurate for the moment, these alphanumeric writings introduce a crucial change. These writings are becoming structural entities, i.e. they represent the relationships that exist between the data and the unknowns. They are not mere calculation programs. Indeed, the double status (structural and operational) of the signs "x", "+ " and " = " are now both involved in problem solving (Sfard, 1991, p.6). Students, however, cannot achieve by themselves the algebraic revolution that makes it possible to use a structural form in an operational way. We do not observe (and this was foreseeable) any spontaneous genesis of algebraic techniques with two unknown factors.

Initial conclusions about calculability of written instruments

Four findings should be stressed concerning calculability of instruments:

The concept of calculability requires a methodological criterion for delimiting the systems of signs. We consider that two written elements belong to the same written system insofar as they both achieve the same problem solving function.

A writing generates more or less calculability according to two criteria:

-Number of functions dealt with, -Compactness: an instrument generates more calculability if functions that are dealt with are juxtaposed on the sheet of paper.

Although categories of written productions can be arranged according to a mathematical hierarchy, calculability does not evolve along with this hierarchy. Indeed, between the specificity of figurative representations and the abstraction of alphanumeric writings, there is no available, well adapted written instrument for solving problems with two unknowns. At the present time, calculability requires an instrumental genesis.

Calculability can be a quality of instruments or a process. Students may summon available instruments with a defined calculability, or they may transform or recompose former instruments in order to increase their calculability. Table 8, below, specifies the different status of instruments in problem solving. Means for achieving calculability varies from one step to the next, following a mathematical hierarchy.

Figurative and semi-figurative categories are characterized by a goal driven activity (to distribute d units or to place d units). The scheme component of the instrument does not require any modification. It suffices to deal with the realization of the goal. On the other hand, functions assumed by the numerical linear category are increased because anticipation and control drive problem solving. At this stage, some students may invoke the use of written production as help for thinking, while some other students must create an original composition of written artifacts. By doing this, they implement a process of instrumentalisation, according to Rabardel's theoretical framework. Finally, the alphanumeric category is characterized by the transformation of writings into a problem structure. The last process of instrumentation will be to transform algebra techniques in order to deal with two unknowns.

[Insert Table 8 about here],

Relationships between performance and categories of instruments

When we decided on the four problems of the booklet, we made an assumption relative to a restrictive use of figurative and semi-figurative instruments to problems A and B, because the size of numbers needs to be small and a semantic relation containing/container gives meaning to such representations. Moreover, as we said before, today's school culture does not provide students with ready-to-use numerical multiplicative writings for solving problems with two unknowns. Therefore, relationships between performance and categories of instruments can be expressed mainly as: how do students who used drawings or lists for problems A and B solve problems C and D? What is the relationship between performance and the genesis of original compositions of artifacts in the case of multiplicative writings?

How many problems do students solve successfully?

Number and cumulated number of students with respect to the number of successful problems are presented below. Two thirds of students succeed in two problems or less, i.e. problem A and/or problem B (with one exception). The last third of students succeeds in three or four problems.

[Insert Table 9 about here],

We can delimitate two groups of problems: problems A and B on one side, problems C and D on the other side.

Number of problems solved successfully and categories of instruments

We make a first distinction between three groups of students: those who use figurative categories only, those who use drawings and other categories and those who use other categories exclusively. Table 10 below reports the categories of instruments used by students according to the number of successful problems. Less than one quarter of students (12/54) use figurative instruments only and none of them succeeds in more than two problems. In contrast, one third of students using other categories of instruments succeeds in three or four problems.

[Insert Table 10 about here], 7.3. First category of students: students using figurative instruments 12 students produce a drawing for problem A and/or for problem B. Among them, 9 students do not make any more drawings for problems C and D: they either perform many calculations with problem data or do not write anything. On the contrary, the remaining 3 students try to expand the use of drawing to problems C and D, but they encounter difficulties. The abandon of drawings and the failure of their use for problems C and D are due to: 2. semantic features of problems: coins/francs, heads/legs cannot be represented any more as container/containing. 3. the greater size of numbers: there are 86 coins and 54 heads, 232 F and 176 legs. Indeed, students who make drawings for problems C and D cannot manage such big numbers, or confuse coins and francs. Figure 14 illustrates such confusion: a 7 th grade student draws 86 lines (for 86 coins) and tries to regroup them by 2 or 5.

[Insert Figure 14 about here],

Second category of students: students using figurative instruments and other instruments

Three of the four students in this category associate proof multiplicative writings to drawings in problems A and B. These writings relate to constraint d only, constraint c being guaranteed by the drawing itself (figure 15a). Moreover, students do not manage to use it for problems C and D. Two students confuse constraint c and constraint d (figures 15b).

[Insert Figures 15a & 15b about here],

Third category of students: students using exclusively instruments different from drawings

The classification of students according to the number of successful problems makes it possible to distinguish three different profiles:

-Students who succeed in solving all the problems and a proportion of those who do not succeed in any problem, have in common the use of instruments belonging to the highest categories in mathematical hierarchy. Indeed, five of the six students who succeed in four problems use compact multiplicative instruments or a formula, while 3 of the 5 students who do not succeed in any problem, attempt to solve them by algebra because of the existence of two unknowns.

-Students who succeed in three problems (problems A, B and C) have a very different profile. Problem C is solved by decomposing 252 F as: 100 F + 152 F = 252 F. Consequently, students produce the sum of two multiplications and find 20 5 F coins and 66 2 F coins. Some of these students make use of lists for problems A and B while others provide writings of proof for only problems A and B. These two categories of pupils have in common the ability to produce a constraint as the sum of two products. Moreover, their writings are not organized in a compact way.

-Students who do not succeed in any problem (by excluding those who use algebra), and students who succeed in 1 or 2 problems, make use of lists or multiplicative writings for problems A and B. Students who succeed in these two problems do not manage to maintain the two variables for problems C and D or fail to find a convenient decomposition of 232. Students who do not succeed in any problem, in the same way as -19those who make use of algebra, all have one thing in common: they cannot maintain more than one constraint at a time.

Further conclusions about calculability of written instruments

Students' performance varies according to the categories of instruments they use. An instrument can be not resistant enough for a category of problem so that students fail to extend its use. Calculability, therefore, defined as a capacity to deal with cognitive functions for solving a specific problem of the series, is insufficient. Indeed, as has just been shown, some genesis phenomena may also occur from one problem to another. When students become aware that they are solving problems belonging to the same category and when they give attention to writing as a technical support, they may become aware of three facts: -Repetition makes it useful to create an economic and comfortable instrument, -Instruments can represent the common structure of the category of problems, -Pertinent ostensive objects must be found for referring to concepts, semantic features and relationships involved in the problems of the series.

Whenever the awareness of these three facts does occur, then some evolution of the writing material can be implemented. It concerns relationships of written instruments to cognitive functions achieved by students, to possible readers of drafts and also to non ostensive objects involved in word problems. The diagram below displays the different categories of transformations that are foreseeable:

[Insert Diagram 2 about here],

Possible relations between these various entities are as follows:

-Between cognitive functions and written instruments (A and B). One the one hand, students may transfer some functions to writing as is the case when compacting and organizing writings in space for managing trials. On the other hand, it is not because written instruments are economic in use, that they are easy to control by students. Some of the modifications can merely relate to students' instrumental comfort.

-Between the word problem and written instruments (C and D). On the one hand, students may have to adapt a former instrument to new problem characteristics. Such is the case of algebraic representations that take into account two unknowns. On the other hand, students may try to assimilate a new problem to former problems. Some students, for example, try to extend the use of drawings to problems C and D.

-Between writing for oneself and writing for others (E and F). One the one hand, specific functions of writing such as proof may be carried out just for displaying to readers. On the other hand, such writings may be reinvested for personal use. Thus, multiplicative writings used initially as proofs may become privileged means for producing trials and, in so doing, for introducing a crucial functional evolution.

These three facts should be taken into account. We intend, in the next part of this article, to analyze to what extent transformations occur from one problem to another.

Genesis phenomena from one problem to another

Instrumental genesis through the series of problems concerns only 11 of the 54 selected students, i.e. about 20 % of them. Moreover, genesis concerns only students who set up an instrument for the very first two problems. Most of these students try to adapt the initial instrument (drawing or algebra) to the following problems of the series (categories C and D, diagram 1). Other categories of processes are observed only once. We have already illustrated the difficulties encountered by students to extend usage of drawings and algebra. Consequently, we shall illustrate here transformations oriented towards the student and the modification of an instrument from the status of proof to the status of problem structure.

An instrumental genesis directed towards the student

Below (figure 16) are the five steps of a 7 th grade student's written instrument. Steps 1 and 2 are relative to problem A, steps 3 and 4 are relative to problem B and step 5 is relative to problem D.

[Insert Figure 16 about here],

Instrumental genesis is recognizable, first of all, by the extension of the systems of signs and by the use of spatial properties such as order and alignment. In this case, the first purpose of transformations is to create a system that can be substituted to the initial situation while maintaining a semantic link, i.e. a sufficient level of semioticity. Indeed, dimensions and constraints of the word problem that were absent at step 1 are restored at step 2 and widely present at step 5, with the distinction between heads of hens and heads of rabbits.

Moreover, whereas the system of signs gave results only in steps 1 and 2, operators start being represented in step 3 and written additions in step 4. From step to step we notice that more and more writing is used for supporting execution of calculations. Finally, the use of brackets, but also the separation of constraint c from constraint d by a vertical line, enables the choice of couples (x, y) and achieves calculations in a separated way.

Thus, instrumental genesis is directed towards comfort of use and attribution of new functions to writing for sparing working memory. However, efficiency and comfort may be contradictory, in particular from the point of view of the extension of the system of signs that can be observed here.

From proof to calculable representation

The last example illustrates resolution of problems A and B by a 8 th grade student. The calculability of the system of signs ax + by is not immediate. Indeed, at first it is a proof for a reader, possibly the mathematics teacher. The student is benefiting from the didactical contractual constraint of writing down a proof, and he is making a calculable representation. Indeed, to solve problem B he writes two formulas. The first formula functions as a pattern for executing and controlling calculations. The second formula is a condition of the first one.

[Insert Figures 17 a & 17b about here], 17 Conclusions

In this paper, we measured the impact of a series of problems with two unknowns on students who have not been taught algebra at secondary school. To do so, we created an experimental gap between the problem category and the availability of a school technique. We demonstrated that solving such problems can take place before the institutional time for teaching algebra. Indeed, a significant minority (approximately one third of students) makes use or invents written instruments. This result is obtained within minimal conditions, without any direct didactical intervention.

In many drafts, students implement "ready-to-use" instruments such as drawings and lists for solving problems A and B while genesis phenomena take place in some other drafts. This paper illustrates two categories of genesis phenomena for solving a problem: -Extension of a curricular instrument to be adapted to the problem constraints: some students attempt to extend algebra equations to two unknowns; -Composition of a new instrument from previous isolated instruments: we designate them as "compact instruments" in a "bricolage" perspective. This latter category is very significant. It reveals that calculability regresses between drawings and algebra when numerical representations are introduced. As the French curriculum does not provide adapted instruments any more, students must regain calculability by themselves. Moreover, a compared analysis of calculability of instruments demonstrates that levels of calculability follow the mathematical hierarchy of instruments.

Calculability was also revealed as a process that can be achieved through a series of problems. Instrumental evolution from one problem to the next is rather rare and it is mostly directed towards extending the use of previous instruments. Nevertheless, the model we specifically designed expecting various types of evolutions to occur in the process, could later be useful in making distinction among didactical strategies. In particular, transformation of the pattern ax + by = d from a proof to a calculable representation, seems to be a privileged transition between arithmetic and algebra. This is an underlying question that we propose to investigate in further research. Translation from French into English: "30 randonneurs": 30 hikers; "Il y a 3 chambres à 4 lits et 9 chambres à 2 lits" : there are 3 rooms with 4 beds and 9 rooms with 2 beds.

4

Translation from French into English: "Il y a 7 chambres de 2 lits et 6 chambres de 1 lit" : "there are 7 rooms with 2 beds and 6 rooms with 1 bed". Table 2. The four problems of the booklet (there is always one problem per page)

-28-5 Problem A In a hospital, there are rooms with 1 bed and rooms with 2 beds. Today, the hospital is full. 20 patients are occupying the 12 rooms of the hospital. How many rooms with 1 bed and how many rooms with 2 beds are there in the hospital? 6 Problem B In a mountain refuge, there are rooms with 2 beds and rooms with 4 beds. Today, the refuge is full. 30 hikers are sleeping in the 12 rooms of the refuge. How many rooms with 2 beds and how many rooms with 4 beds are there in the mountain refuge?

In problems A and B, variables a, b, c and d take on "small" values allowing elementary procedures such as drawings and "trials and errors". c must be inferred. In problems A and B, stories give the number of patients (or hikers). Thus, there is an implicit relation: one patient (or one hiker) corresponds to one bed. 

Possible although complex technique:

-for problem C, one must imagine 2 F coins and 5 F coins as containing 2 units of 1 F or 5 units of 1 F. 2 F coins can be transformed into 5 F coins by adding 3 units of 1 F. 

Semi figurative

Affectation of numbers Addition

The instrument reveals the solution.

Multiplicative writings Numbers, signs « + », « x » Parenthesis, couples

Linear numerical

Muliplicative and additive calculations

The instrument supports problem solving functions. Or The instrument achieves problem solving functions.

Formula Muliplicative and additive calculations

The instrument represents the problem structure and it achieves problem solving functions

Equation

Alphanumer ical

Algebraic manipulations

The isnstrument represents the problem structure that is manipulated 

Figures 1 & 2 3 .

 3 Figures 1 & 23 . Drawings of an 8th form student (on the left, student "416") for problem B and of a 7th form student (on the right, student "528") for problem A.

Figure 3 Figure 4 Figure 5

 345 Figure 3 Drawing of an 8th grade student for problem B (student "430")

Figures 6a and 6b Figures 7 Figure 8 Figure 9 Figure 11 .Figure 12 .Figure 13 .Figure 14 .

 6b78911121314 Figures 6a and 6bRepresentation of a 9 th grade student for problemsA and B (student "310") 

Figures 15a and 15b .Figure 16 .

 15b16 Figures 15a and 15b. Proof of the solution of problem A and confusion between constraint c and constraint d in problem C (7th grade student "515 ")

  In my piggy bank, I put 5 F coins and 2 F coins. I have just broken my piggy bank. I have 86 coins and I have 232 F. How many 2 F coins and how many 5 F coins were in my piggy bank? In problems A and B cardinals are handled (number of beds, number of rooms…) while in problem C, price figures introduce measures. Here the procedures of problems A and B no longer work easily and c and d are notably larger than in problems A and B. 8 Problem D In my farm, there are only chickens and rabbits. I count 54 heads and 176 legs. How many chickens and how many rabbits are there? Values of a and b are implicit: chickens have 2 legs and rabbits 4 legs. Moreover, it is implicit that the value of d is equal to the number of heads. Table 3. Variations involved through the four problems of the booklet Drawing d cells. Putting a objects in every cell, Puttingt b-a objects in as many cells as possible. Counting the number of cells with a objects and the number of cells with b objects.

Table 1 .

 1 Number of students and student teachers involved in the experiment

	Form	6 th 7 th	8 th	9 th	10 th	11 th	Trainee teachers	Total
	Number of students 21 54	36	38	34	18	11	212
		1 Problem A				2 Problem C	
	In a hospital, there are rooms with 1 bed and	In my piggy bank, I put 5 F coins and 2 F coins. I have just
	rooms with 2 beds. Today, the hospital is full. 20	broken my piggy bank. I have 86 coins and I have 232 F.
	patients are occupying the 12 rooms of the	How many 2 F coins and how many 5 F coins were in my
	hospital. How many rooms with 1 bed and how	piggy bank?			
	many rooms with 2 beds are there in the hospital?				
		3 Problem B				4 Problem D	
	In a mountain refuge, there are rooms with 2 beds	In my farm, there are only chickens and rabbits. I count 54
	and rooms with 4 beds. Today, the refuge is full.	heads and 176 legs. How many chickens and how many
	30 hikers are sleeping in the 12 rooms of the	rabbits are there?		
	refuge. How many rooms with 2 beds and how				
	many rooms with 4 beds are there in the mountain				
	refuge?							

  Choose a value for x (or. y) and determine the corresponding value of y (or. x) knowing that x + y = d Calculate ax + by If the result is equal to c then the problem is solved" otherwise try Choose a value for x (or y) and determine the corresponding value of y (or. x) knowing that x + y = d Calculate ax + by If the result c' is equal to c then « mission accomplished », otherwise make use of the difference between c and c' and divide it by |b -a|.
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				t » A s o
				h n
			Adapted to any problem	a a o s
	Trials and			t M n n
	adjustments			a d (
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Table 4 .

 4 Predictable written instruments

	Only algebra	Co-

existence of an Algebra technique and of a non algebra technique No algebra Total

  

	Trainee teachers	6	5	0	11
	12 th grade students	16	2	0	18
	10 th grade students	25	9	0	34
	Total	47	16	0	63

Table 5 ,

 5 Techniques used over the 9 th grade

	Form	6 th	7 th	8 th	9 th	Total
	Number of student who fit					
	the selection criterion	6	21	12	16	55
	Total number of students					
		21	54	36	38	149
	% of students who fit the					
	selection criterion	29%	39%	33%	42%	37%

Table 6 :

 6 Number of students whose written productions fit the selection criterion for at least one problem

	Number of resolved	Number of selected	Number of non selected	Total
	problems	students	students	
	0	10	69	79
	1	9	18	27

Table 7 .

 7 Number of resolved problems per group of selected or not selected students

		Artefact and scheme	Use of instrument in problem solving
		Figurative representation
		lines
	Figurative	Procedural scheme :
		« distribution »
		Figurative representation
		numbers
		Affectation of numbers
		List
		Numbers, ordinal numbers
		Affectation of numbers
		Addition
		Horizontal
		Additive writings
		Numbers, sign « + »

Table 8 .

 8 Categories of instruments and their status in problem solving

	Number of successful	Number of	Cumulated number of
	problems	students	students

. On the dual nature of mathematical conceptions: reflections on processes and objects as different sides of the same coin. Educational Studies in Mathematics, 22, 1-36. Vergnaud, G. (1975). Calcul relationnel et représentation calculable. Bulletin de Psychologie, Tome 28 (7-8), N°315, 378-387. Vergnaud, G. (1990). La théorie des champs conceptuels. Recherches en didactique des mathématiques. Vol. , n°2.3, 133-170. Vergnaud, G. (1991). Langage et pensée dans l'apprentissage des mathématiques. Revue Française de Pédagogie. N° 96. 79-86. Vermersch P. (1994). L'entretien d'explicitation. Paris: E. S. F. Vygotski, L.S. (1934/1997). Pensée et Langage. Paris: La Dispute.. Wood, D., Bruner, J., & Ross, G. (1976). The role of tutoring in problem solving. Journal of child psychology and psychiatry, 17, 89-100. -24-Figures, tables and

diagrams

List of couples (x,y) for planning and controlling a constraint

Student "330" (figure 7 below) writes couples (x,y) in such a way that x + y = c. This list of couples, whether predefined or created gradually, allows one to plan all the couples at first and/or to check whether a couple was tested. He (she) achieves mental calculations and writes the solution.

[Insert Figure 7 about here],

Repetition of the writings ax = d', by = d'': control of the two constraints

In figure 8, multiplicative writings are still dissociated, but student "544" repeats the same organization on the whole sheet of paper. By observing his/her production, one notes his/her difficulty in controlling the dimensions that are concerned (rooms, patients) and in producing a correct writing.

[Insert Figure 8 about here],

Student "335" (figure 10, below) chooses another system of signs with the symbol "m" for "malades" (i.e."patients"), the words "lits" and "chambres" (i.e. "beds" and "rooms") being written. The sentence "20 patients in 13 rooms with 1 and 2 beds" is written in so many words above the trials, which makes it possible to create a writing format of trials as well as to respect the constraints c and d.

[Insert Figure 9 about here],

Compact linear instruments: economy and effectiveness of sign systems

The following instruments are qualified as "integrated" because students concentrate the numerical trial and the control of the constraints in the same system of signs, mainly by compacting each trial between brackets and parentheses. Whereas student "326" (figure 10a) builds up an instrument integrating a semantic control of calculations, student "529" (figure 10b) prefers to write numerical values only.

[Insert Figures 10a & 10b about here],

Instruments of proof

Here multiplicative writings are only intended to provide proof to the reader. These writings express the structure of the solution: ax + by = c (with a + b = d). Indeed, they are the nearest expression to equations, although they are wholly numerical for the moment.

[Insert Figure 11