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SHAPE DERIVATIVE OF THE DIRICHLET ENERGY FOR
A TRANSMISSION PROBLEM

PHILIPPE LAURENCOT AND CHRISTOPH WALKER

ABSTRACT. For a transmission problem in a truncated two-dimensional cylinder located
beneath the graph of a function u, the shape derivative of the Dirichlet energy (with
respect to w) is shown to be well-defined and is computed in terms of u. The main
difficulties in this context arise from the weak regularity of the domain and the possibly
non-empty intersection of the graph of u and the transmission interface. The explicit
formula for the shape derivative is then used to identify the partial differential equation
solved by the minimizers of an energy functional arising in the modeling of microme-
chanical systems.

1. INTRODUCTION AND MAIN RESULTS

Given f € H1(R") and an open, bounded set O C R", let oo € H(O) be the unique
variational solution to the Dirichlet problem

—Apo=f in O, vo=0 on 00. (1.1)

Introducing the Dirichlet integral

1
50) = /O Vol de,

a classical result in shape optimization states that the shape derivative of J(O) is given
by

J (0[] := %J((id + t0)((9))‘t:0 = %/Odiv(|Vgpo|29) dz
for € WL (R™ R") [12,22]. When the shape derivative is well-defined, it provides useful
information on the Dirichlet energy itself and it is the basis for deriving first-order opti-
mality conditions. However, the integral on the right-hand side of the shape derivative is
only meaningful provided ¢o has sufficient regularity (typically ¢ € H?(0)), which, in
turn, requires sufficient regularity of the source term f and the open set O, see [12, Corol-
lary 5.3.8] for instance. Source terms with low Sobolev regularity or depending on the
admissible shape O in a non-smooth way are therefore excluded.
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Amongst the simplest situations featuring such a dependence is the differentiability with
respect to O of the Dirichlet energy

J(0) = %/@!Vwolzdw, (1.2)

associated with Laplace’s equation subject to non-homogeneous Dirichlet boundary con-
ditions
Ao =0 in O, Yo =ho on 00,

where ho is a given function in H'(0O), depending on O in general. In that particular
case, Yo may be interpreted as the electrostatic potential inside O and he is the potential
applied on 90O. Computing the shape derivative J'(O) of J(O) is then of practical
importance, since J'(0O) is the electrostatic force acting on 9O [5,6,10]. Introducing
vo = Yo — ho, we see that ¢ solves (1.1) with f = Ahp € H'(O) and J'(O)
obviously involves the shape derivative of hp. Summarizing, the shape differentiability of
J(O) relies on the Sobolev regularity of p» which is not only governed by that of hp but
also by the smoothness of 00.

The situation just depicted above is actually met in applications, for example, when
considering electrostatic actuators consisting of a rigid electrode above which a moving
electrode is suspended, both being held at different potentials [4]. For an idealized device
with simplified geometry, the rigid electrode is the set D x {—H } located at vertical height
—H < 0 with D := (=L,L), L > 0, and the shape depends only on the position of the
moving electrode, which is assumed to be the graph of a function u ranging in (—H, c0).
The shape O(u) is then given by

O):={(z,2) e DxR: —H < z<u(x)}.

The corresponding electrostatic potential v, solves Laplace’s equation —A, = 0 in O(u)
with non-homogeneous Dirichlet boundary conditions 1, = h,, # const on 0O (u), reflect-
ing the potential difference. A possible choice for h, is

H+ 2z
H +u(z)’
which corresponds to both electrodes being held at constant potentials and features an ex-

plicit dependence on u. Incorporating the boundary values into the electrostatic potential
by setting ¢y, := 1, — hy, one obtains that ¢, € H}(O(u)) solves the Dirichlet problem

—Apy, = fu, in O(u), =0 on 00(u), (1.4)

hy(z, z) = (z,2) € O(u), (1.3)

where the regularity of the source term f, := Ah, turns out to be two order less than
that of u [16]; that is, f, € H*2(O(u)) only if u € H*(D), a property obviously satisfied
for the choice (1.3). Consequently, application of the above mentioned result to compute
the derivative of 7 (O(u)) with respect to u requires a priori a sufficiently high regularity
of u and hence of the shape O(u), which may not be available for the problem under
consideration. Indeed, the regularity of the solution ¢, to (1.4) is not only controlled
by that of w, but also limited by the fact that O(u) is only a Lipschitz domain, so that
one may only expect o, € H™k3/2H(O(u)) for u € H*(D) in general. This restricted
regularity does not seem to be sufficient to give a meaning to the shape derivative of
J(O(u)). Nevertheless, for this particular case (and under suitable assumptions) we show
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FIGURE 1.1. Geometry of Q(u) for a state w = v with empty coincidence set
(green) and a state v = w with non-empty coincidence set (blue).

in [13,14] that ¢, € H?(O(u)) for u € H}(D) N H*(D) with a > 3/2 and that J(O(u))
has a shape derivative, which is well-defined and given by

T(OW)() = 3 [Véulau@)P, weD,

as expected.

Another instance, where a similar difficulty arises, is when the solution to the Dirichlet
problem (1.4) is replaced by the solution to a transmission problem, where the boundary
of the domain may contact the transmission interface. Such a situation is encountered in
the modeling of microelectromechanical systems (MEMS) [3,4,17] and actually provides
the impetus for the research performed herein. More details will be given in Section 5
below, where the shape derivative computed in Theorems 1.3 and 1.4 is used to show the
existence of stationary solutions to a MEMS model. In such a problem, the geometry of
the admissible shapes looks similar to the class O(u) described above and is defined as
follows: Let H, L, d > 0 be three positive parameters and set D := (—L,L). Given a
real-valued function u defined on the interval D and ranging in [—H, o0), the admissible
shape Q(u) consists of two subregions

M :=Dx(—H—d,—H)
and
Qo(u) :={(z,2) e DxR : —H < z < u(z)},
which are separated by the interface
Y(u) :={(z,—H) : x € D, u(x) > —H},
see Figure 1.1; that is,
Qu) ={(z,2) e DxR: —H—-d<z<u(z)} =% UQ(u)UX(u).
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Let us emphasize that we explicitly allow the graph &(u) of u, defined by

&(u) == {(z,u(x)) : x € D}, (1.5)
to intersect the interface ¥ := D x {—H}; that is, the coincidence set
Clu):={x €D : ulx)=-H} (1.6)

of u may be non-empty, resulting in a disconnected top part Qo(u) with connected com-
ponents (O;(u)); — see the blue curve in Figure 1.1. If C(u) is empty — see the green curve
in Figure 1.1 — then

Y(u)=2=Dx{-H}.
The dielectric properties of €1 and Q2 (u) being different with a jump discontinuity at the
interface Y (u), the potential 1, € H'(€2(u)) under consideration in this paper is defined
as the variational solution to the transmission problem

div(eVe,) =0 in Q(u), (1.7a)
[[wu]] = [[Uazwu]] =0 on E(U), (17b)
ty = hy on 89(“) s (170)

where [-] denotes the jump across ¥ (u). Here and in the following, oy € C?(Q;) with
o1(z,2) > 0, o9 > 0 is a positive constant (with o1(-, —H) # 02), and h, € H'(Q(u)) is
a given function defining the boundary values of 1, on 9(u). The associated Dirichlet
energy is

) = %/Q(u)alku\2d(a;,z). (1.8)

The main contribution of the present research is the computation of the shape derivative
of J(u) with respect to u in an appropriate functional setting. Several steps are needed to
achieve this goal. According to the discussion above, the first step is to derive sufficient
regularity on v, keeping in mind that 1, depends on u not only through Qs(u), but also
through h,. An appropriate functional setting for u turns out to be the set

S:={uec HY(D)NH}D) : u>—H in D}.
Let us already point out that C(u) = () if and only if
ueS:={uecH*(D)NHND) : u>—H in D}.
The variational setting for the potential 1, is then
Au) = hy + HY©(u))
where the boundary values h,, are defined by
tor st = {0 DU ) S

the given function h satisfying (2.2) below. The well-posedness of (1.7) is provided by the
following result.

Theorem 1.1. Let the function h satisfy (2.2) below.

(a) For each u € S, there is a unique variational solution v, € A(u) to (1.7). More-
over, ¥y1 = Pula, € H*() and 1,2 = Yuloau) € H?(Q(u)), and vy, is a
strong solution to the transmission problem (1.7) satisfying 00,1, € H'(Q(u)).
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(b) Given k >0, there is c(k) > 0 such that, for all u € S satisfying |u| p2(py < &,

[ullzr @) + 100:%ull mr @)y + 1Wuilla2@) + 1wl 22000)) < (k).
Proof. This follows from Proposition 3.1 and Corollary 3.14. O

While the existence and uniqueness of 1, € A(u) as a variational solution to (1.7)
are straightforward consequences of Lax-Milgram’s theorem, the H?-regularity is more
involved, in particular when the coincidence set C(u) is non-empty. In that case, Qa(u) is
not connected and has a non-Lipschitz boundary due to turning points (zo, —H) € 0Qa(u)
with u(zo) + H = 0yu(xg) = 0. The first issue is then to have a meaningful definition of
the trace on the boundary of Q9 (u). This is possible here, thanks to the specific geometry
of Qy(u) which is enclosed by the graphs of two Lipschitz continuous functions, a feature
which has already been noticed in the literature, see [1,19] for instance. Once the issue
of traces is settled, we still face the difficulty that 1, satisfies the transmission conditions
(1.7b) on X(u) # ¥ but is subject to the Dirichlet boundary conditions t, = h, on
Y\ X(u).

We shall thus begin with the simplest situation, where the coincidence set C(u) is empty
— see the green curve in Figure 1.1. For smooth functions u € S N W2 (D), the piecewise
H?-regularity of solutions to the transmission problem (1.7) is known [18]. The strategy to
extend it to arbitrary functions in S requires to overcome the above mentioned difficulties
and includes two steps: on the one hand, we derive quantitative estimates on v, in H?()
and H?(Qs(u)) for u € SN W2 (D), which depend, neither on the W2 -norm of u, nor on
the positivity of u + H, as stated in Theorem 1.1 (b). On the other hand, we show that
u > Yy — hy is a continuous map from S to H'(R?) when S is endowed with the topology
of H(D), the proof relying on the I'-convergence of the functionals associated with the
variational formulation defining 1,,. Combining these two results leads us to Theorem 1.1.

Remark 1.2. As already pointed out, for u € S\ S, the connected components of Qa(u)
are not Lipschitz domains, as they feature at least one cuspidal point (xg, —H) € 0Qa(u)
with u(zo) + H = Oyu(zo) = 0. Thus, the H*(Qa(u))-regularity of 1.2 does not guarantee
a priori well-defined traces on the boundary of such connected components for 1o and
0.1y,2. Nevertheless, these traces are here well-defined, owing to the HY(Q(u))-regularity
of both 1, and 0,1, recalling that Q(u) as a whole is obviously a Lipschitz domain, see
Theorem 1.1 (a). Note that no such issue arises in the rectangle €.

Next, due to the regularity properties of 1, provided by Theorem 1.1, we can compute
the shape derivative of the Dirichlet energy J(u) with respect to u € S in a classical
way [12,22].

Theorem 1.3. Let the function h satisfy (2.2) below and consider u € S. Introducing
o
g(u)(z) := 72(1 + (0pu(2))?) [0:0u2 — (D:h2)u — (Bwh2)u]® (z,u(x)),  x€D,

and endowing S with the H*(D)-topology, the Dirichlet energy J : S — R defined in (1.8)
is continuously Fréchet differentiable with

0u3(w)(@) = = 8(w)(@) + 2 [((Beh2)u)” + ((0:h2)u + Duha)u)?] (@, u(a))
- [Ul(awhl)u 8,2%,1] (l‘, —H — d)



6 PHILIPPE LAURENCOT AND CHRISTOPH WALKER

foru e S and x € D, where (1y,1,%y2) ts defined in Theorem 1.1,
(Owhi)u(x, 2) i= Oyhi(z, z,u(x)), (r,2) € Qq,

and

((0zh2)u, (8:h2)u, (Buwha)u) (@, 2) = (Ozha, Ozha, Ouhs) (z, 2, u(x))

for (z,2) € Qa(u).
Proof. This follows from Proposition 3.17 and Proposition 4.2. O

The proof of Theorem 1.3 is performed along the lines of the proof of [12, Theorem 5.3.2]
and relies on the following observation: for u € S, there is a neighborhood V of u in S
such that, for any v € V, there is a bi-Lipschitz transformation mapping Q(v) onto Q(u).
Such a transformation then allows us to convert J(v) for each v € V to an integral over
Q(u) and investigate the behavior of the difference J(v) — J(u) as v — w.

The just outlined approach obviously fails for u € S\ S, since the coincidence set C(u) is
non-empty. Indeed, in that case, it does not seem to be possible to find a bi-Lipschitz trans-
formation mapping Q(v) onto Q(u), unless their coincidence sets are equal, C(v) = C(u),
an assumption which is far too restrictive. We instead use an approximation argument and
show that the Dirichlet energy J admits directional derivatives in the directions —u + S,
as stated in the next result.

Theorem 1.4. Let the function h satisfy (2.2) below and consider u € S. Introducing

Z (14 (0u(@))?) [0:tu2 = (@:ha)u — Duho)u) (2. u(@)) . @ € D\ C(u),
o) (@) =13 o o :
7 [0—28,27/)%1 - (azh2)u - (8wh2)u (5177 _H) ’ T € C(u) )

then, for w € S,

lim = (3(u + tw — u)) — 3(w))

t—0+ t
=—/gmew—wum$
D

+%‘ Nmmmf+«@@n+@mmyh%mﬂﬂw_@@wx
D

—Aﬁm@mnawﬂurﬂ—ww—mum&

the notation being the same as in Theorem 1.3. Moreover, the function g : S — L,(D) is
continuous for each p € [1,00), the set S being endowed with the topology of H?(D).

Proof. This follows from Proposition 3.17 and Corollary 4.3. O

Observe that, for u € S, the formula for g(u) in Theorem 1.4 matches that of g(u)
in Theorem 1.3, since C(u) is empty in that case. The proof of Theorem 1.4 relies on
Theorem 1.3, using the fact that u + t(w — u) € S for t € (0,1) when v € S and w € S.
The main step is actually the computation of g(u) for u € S\ S. To this end, we consider
a bounded sequence (up),>1 in S converging to u in H} (D) and identify the limit of g(uy,)
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as n — oo. Of importance here are the uniform H?2-estimates on (¢, )n>1 proved in
Theorem 1.1 (b).

We end the introduction with a description of the contents of the subsequent sections.

In Section 2 we provide the precise assumptions on the function A defining the boundary
conditions (1.7c) of the potential 1, see (2.2) and (2.3).

The derivation of the H2-estimates stated in Theorem 1.1 (b) is next performed in
Section 3. We begin Section 3 by recalling the well-posedness of the variational formulation
associated with the transmission problem (1.7) and H?-regularity properties of v, when
u € SNW2,(D). For such u we derive in Section 3.1 quantitative estimates on 1, in H?(£);)
and H2(Qs(u)). To this end, we further develop the approach from [14] and heavily use
the property that Q9(u) can be mapped in a bi-Lipschitz way onto the rectangle D x (0, 1)
when u € S. To extend the validity of the H?-estimates to all u € S, special attention
is paid to the dependence of the various constants arising in the estimates derived for
u € SNW2/(D), including that involved in Sobolev embeddings. We show in particular
that the estimates depend, neither on the W2 -regularity of u, nor on the positivity of
u+ H. For the extension to u € S, we employ then an approximation argument, relying
on the density of SA{W2 (D) in S. Specifically, given u € S, we consider a sequence (uy, )n>1
in SNW2,(D), which is bounded in H?(D) and converges to u in H'(D). A T-convergence
argument provided in Section 3.2 then implies that (¢, — hy, )n>1 converges to ¢, — hy,
in H'(R?). Combining the outcome of Sections 3.1 and 3.2 allows us to complete the
proof of Theorem 1.1 in Section 3.3. Finally, in preparation of the proof of Theorem 1.4,
we identify in Section 3.4 the behavior of the vertical derivative x +— 0,1y, 2(z, un(2)),
x € D, as n — oo for a sequence (uy),>1 in S converging to u € S in the norm of H!(D).
Since the coincidence set C(u) of u may be non-empty and possibly includes countably
many connected components, this step requires some care for the analysis in C(u), while
a different argument is needed in D \ C(u).

In Section 4, we turn to the study of the differentiability of the Dirichlet energy J(u), see
(1.8), with respect to u € S. In this regard, we first establish the Fréchet differentiability
of J on S, the proof following closely [12]. We thus obtain the Fréchet derivative 0,J(u)
for u € S in the form given in Theorem 1.3. We then consider v € S\ S and combine the
outcome of Theorem 1.3 and Section 3.4 to prove Theorem 1.4.

Finally, Section 5 is devoted to an application of Theorems 1.3 and 1.4 to identify the
Euler-Lagrange equation satisfied by the minimizers of a functional arising in the modeling
of microelectromechanical systems.

2. NOTATIONS AND CONVENTIONS

Given a subset R of R™ with Lipschitz boundary, we let Hg(R) denote the space of
functions in H!(R) vanishing on the boundary OR (in the sense of traces) and denote its
dual space by H~(R).

Recall that

S ={ve H¥D)NH}D) : v>—H in D},
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so that its H?2-closure is S introduced above. Given v € S and a pair of real-valued
functions (1, 92) with 91 defined on € and J, defined on Q3(v), we put

19 L 191 in Ql s
T 192 in Qg(’U),

and let
[z, —H) := V1 (z,—H) — 92(x, —H), x € D\C(v),

denote the jump across the interface ¥(v) (if meaningful). Recall that the coincidence set
C(v) is defined in (1.6). In particular, we set

L o1 in Ql s
7= g9 n QQ(’U) .

Conversely, if ¥ is defined in Q(v), then we denote the corresponding restrictions by ¥ :=
19|Ql and 192 = 19|Qg(v)
For further use we set

Omin = Min {027%1110'1} >0, Omazx = Max {027 “Ul|’02(ﬁl)} < 0. (21)
1

As described in the introduction, for v € S, the values of the potential 1, on the
boundary 0€Q(v) are given by a function h,. For technical reasons we assume that h,

is not only defined on 992(v) but also has an extension to Q(v). More precisely, we fix
C?-functions

hi:D x[-H —d,—H] x [~H,o00) — [0, 00) (2.2a)
and
hy : D x [~H,o0) x [—H,o0) — [0, 00) (2.2b)
satisfying
hi(x,—H,w) = hy(z,—H,w), (z,w) € D x[-H,0), (2.2¢)
o1(x,—H)0hi(x,—H,w) = 020ha(x, —H,w), (r,w) e D x[—H,oc0). (2.2d)

For a given function v € S we then define

| hpa(z,2) == hi(z,2,0(2)), (3,2) € Q1
o (z, 2) = { hv,;(az,z) = h;(x,z,v(x)), (x,2) € D1>< [—H, ). (2.3)
Note that (2.2c)-(2.2d) imply
[ho] = [00:h] =0 on X(v). (2.4)

Consequently, by (2.4),

hy, € HY(Q(v)) with (hy1,hpo) € H*(Q1) x H*(Qa(v)). (2.5)
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3. THE POTENTIAL
Given v € S we recall the set of admissible potentials
A(v) = hy + Hy(Q(v))

and define the functional

1
T[] = 5/ o[V d(z,2), e AW). (3.1)
Q(v)
The potential 1, corresponding to v € S and solving the transmission problem (1.7) is
then the minimizer of the functional 7 (v) on the set A(v); that is,
v = mi J]}.
T = min (7001}
We first prove Theorem 1.1 for v € SN W2 (D); that is, for smooth v with empty
coincidence set C(v).

Proposition 3.1. (a) For each v € S there is a unique minimizer ¥, € A(v) of J(v)
on A(v).

(b) If v e SNW2(D), then vy = (PYu1,%v2) € H>(Q1) x H3(Qa(v)) satisfies the trans-
mission problem

div(cVy,) =0 in Q(v), (3.2a)
[[wv]] = [[Uazwv]] =0 on 27 (32b)
Uy =hy on 0Q(v). (3.2¢)

(c) Ifve SNWZ2Z (D), then 00,1, € H (Q(v)).

Proof. (a) Let v € S. The existence and uniqueness of a minimizer 1, of J(v) on the set
A(v) follow at once from the Lax-Milgram theorem, the positive lower bound (2.1) on o,
Poincaré’s inequality, the convexity of J(v), and the property div(cVh,) € H='(Q(v))
due to (2.5).

(b) Next, the minimizing property of 1, entails that J(v)[¢,] < J(v)[th, + t¥] for each
t € R and ¥ € H}(Q(v)). By definition of J(v), this readily gives

/ oV, - Vid(z,2) =0, 9c Hi(Q)). (3.3)
Q(v)

Now, if v € SN WZ(D), then [18, Theorem III.4.6] ensures the existence of a unique
solution ¢ = (¢1,19) € H2(Q) x H2(Q(v)) to the transmission problem (3.2). Clearly,
¥ € A(v) satisfies (3.3), thus 1, = 1.

(c) It follows from the regularity of oy, Proposition 3.1 (b), and (3.2b) that

00,4, € H' (1) U H (Q3(v))
with zero jump across the interface; that is, [00,¢,] = 0 on X. This implies 0d.v, €
HY(Q(v)). O

We shall later prove that Proposition 3.1 (b) extends to all v € 5'_ To this end, we need
to give a meaning to the transmission condition (3.2b) when v € S and the boundary of
Q5(v) is not Lipschitz, see Corollary 3.14. We also note the following H!-estimate for 1.
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D

FIGURE 3.1. Geometry of 2(v) for a state v € S with empty coincidence set.

Lemma 3.2. Givenv € S,
!/ ﬂvwﬂ2ﬂxﬂﬁfi/ o|Vhy|?d(z, 2) .
Q(v) Q(v)

Proof. This follows from h, € A(v) and the minimizing property of 1, stated in Proposi-
tion 3.1 (a). O

For our purpose we need, besides the extension of Proposition 3.1 (b) to all v € S,
precise information on the dependence of v, on v. Such information is, unfortunately, not
included in the approach of [18].

3.1. Uniform Estimates on the Potential 1,. For v € SN W2 (D) we denote the
unique minimizer of J(v) on A(v) by ¢, € A(v), with
by = (o1, ¥02) € HA () x H?(Q2(v))

as provided by Proposition 3.1. In that case, the coincidence C(v) of v, defined in (1.6), is
empty, so that X(v) = 3, see Figure 3.1. We next define

X = Xo =1ty — hy € Hy(Qv)),  (x1,x2) = (Xu,1: Xv,2) € H*(Q1) x H*(Q(v)), (3.4)

suppressing in the following the dependence of xy on the fixed v for ease of notation.
Recalling (2.4), we obtain from Proposition 3.1 that y satisfies the transmission problem

div(eVx) = —=div(cVh,) in Q(v), (3.5a)
[X] = [00:x] =0 on X, (3.5b)
x=0 on 0Q). (3.5¢)

Our aim is now to derive an estimate for x = x4y = (Xu,1, Xv,2) it the norm of H?(y) x
H?(Q5(v)), which only depends on [v]| g2(py but, neither on the norm of v in W2 (D), nor
on the value of minp{v + H}. This then allows us to extend Proposition 3.1 (b) to all
veSs.
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Analogously to Proposition 3.1 (c), an immediate consequence of (3.4) and (3.5b) is
the H'-regularity of 00, .

Lemma 3.3. Let v e SNWZ2Z(D) and x = 1y — hy. Then 00,x € HY(Q(v)) and

o0 Xm0y < 1 (10:-X11l 1@y + 10:X2ll 1 (0u(0)))
for some constant ¢y > 0 independent of v.
To derive an H?-estimate on y (more precisely, on x; and on y2) we transform (3.5) to a
transmission problem on a rectangle. To keep a flat interface between the two subregions,

we transform €2y to the rectangle D x (—d,0) and Q2(v) to the rectangle D x (0,1). More
precisely, we introduce the transformation

Ty(z,2) = (x,H+2), (z,2) €, (3.6)
mapping 27 onto the rectangle Ry := D x (—d,0), and the transformation
H
D) = (0. ls) | (@) € alo). 1)

mapping 2(v) onto the fixed rectangle Ry := D x (0,1). Then
So = D x {0}
is the interface separating R, and Ry. We set
R:=D x (—d,1) =R1 UR2 U3

and let (x,7n) denote the new variables in R, i.e. (z,7) = Ti(z,2) in R; and (x,n) =
Ts(x, z) in Ra. We also introduce

oro(Ty)~! inRy,

7= H0—|2— ” in Ry.
Then, by (3.4) and (3.5b),
® = (&1, ®2) € HY(R),  ®j:=xj0 ()" € H(R;), j=12, (3.8)
and
[®] =[60,2] =0 on . (3.9)

We will make use of this regularity often in the following without mention. In particular,
as ® vanishes on OR (and is smooth enough),

0, (x, —d) = 0,®(x,1) = 0, ®(£L,) =0, xeD, ne(—dl). (3.10)

We begin with an identity for ®, which is based on [11, Lemma 4.3.1.2] and fundamental
for the forthcoming analysis.

Lemma 3.4. Given v € SNWZ2 (D) and with the above notation,

/ 9230, (60,3) d(z,n) = / 020y By (60, @) (7).
R R
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Proof. We adapt the proof of [18, Lemma I1.2.2]. Since [®] = 0 on ¥ by (3.9), we get
[0:®] =0 on Xg. (3.11)
Then (3.11) along with (3.8) imply that
F =0, = (0,91,0,95) € H(R),
while (3.9) along with (3.8) imply that
G = G0,® = (610,P1,520,P2) € H'(R).

Consequently, the regularity of (F,G) together with (3.9), (3.10), and (3.11) allow us to
apply [11, Lemma 4.3.1.2, Lemma 4.3.1.3] from which we deduce that

/ 0, F0,Gd(x,n) = / OnF0,Gd(x,n),
R R
as claimed. 0O

Based on the previous lemma we derive the following identity, which subsequently leads
to the desired H?-estimates on ¢ = 1.

Lemma 3.5. Let v € SNWZ (D). Then, for x = 1, — hy,
/ div (eVx) 8?xd(z, 2)
Q1UQ2(U)
:/ 0, (005X) 030;x d(x, z) + / 8 (0d.x) ?xd(z, 2)
QlUQQ( ) QIUQZ

+ [ (oot e —ias -2 [ o a? (Oxa(, o(2))? de
D

Proof. Let us first emphasize that the regularity of ® stated in (3.8) ensures the validity
of the subsequent computations. Using the transformations 77 and 75 introduced above
(and the fact that o9 is constant) we get

Ji- / O (00ax) 02X d(x, 2)
QlUQQ( )

= | 0, (610,®1) 02®1d(z,n)
R

O

ov \2
2 _ (4 2
+/R2aga P la D, 2nH 80y o + 17 <H+U> 920,

v\ 2 9%
+2n<H+v> 877(1)2_77H+ 8@2] d(z,n).
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We next combine the integral on Rq and the integral on R9 stemming from the first term
in the square brackets to get

Oy (5‘16mq)1) 82@1 d(:l?,’l’}) —I—/ 5282@2 63(1)2 d(l‘,?])
'Rl R2

:/ 92 0, (60,P) d(:z:,n)+/ (02610, ®10;®1 — 0,6105919,®1] d(z,n)
R R

:/ 020n® 0, (60, 9) d(a:,n)+/ (02610910, ®1 — 8,6102918,®1] d(z,7n),
R R1

where we have used Lemma 3.4 to obtain the second identity. Splitting again the integral
on R into integrals on R; and R2 and gathering the above computations give

J:/ 0'1(88(131) JZT] / 80'18 @188<I>1d(x T])

/ 8 0'16 @18 q)l 8 516m(1)18nq)1] d(l‘,?])

/ a 8 (1)2 (.Z',T]) - 028wv 877(1)28958,7(1)2 d(l’a??)
Ry H A0 (3.12)
[ o [ (2
g 2 H+v v H+v =2
0pv \ 2 9%
+2T] <H I U) 8n<1>2 — H 8 (132] (LE,T])

=: I(R1)+1(R2).

To handle I(Rq) we first consider the third integral involving the square brackets. We
integrate by parts its first term with respect to n and its second term with respect to
x. Using (3.10) to get rid of the corresponding boundary terms and noticing that the
resulting terms involving 0,0, cancel, this yields

/ 02610, 910, ®1 — 0y6105®10,®1] d(x,n)
R1

0 0
:// 8905'1890(1)16%(1)1(177(133—/ /anc}l@i@l@n@ldxdn
DJ—d —dJD

= / (Gx&lc‘)x@lan@l) (LE, O) dx — Gx&laxan@lc‘)n@l d(x, T])
D R1

+ an&lax@lax(‘)n@l d(m,n) .
R1

Consequently,

I(Ry) :/72 01 (3x3n(1)1)2 d(z,n) + - 0y010,$10,0,®1 d(z,n)
1 1

+ / (8905'1890(1)1677@1) (l‘, 0) dl‘ N
D
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that is, using the transformation 77 to write the integral in terms of x1,

I(Rl) = 0 0, (UlaxX1) a:cazXI d(.Z', Z) + / (8x018xX1azX1) (.Z', _H) dz. (313)
1 D
We next turn to I(R2) and gather some of the terms to get
B 0,0p P2 Opv Og¥ 9 2
I(R2)_/73202[H+’U _(H+v)2877(1)2 (H+ mE 0, ® } (H +v)d(x,n)
Opv

H+wv

Opv
59 ———0p P2 [0,0,P
+/Rf 2[ *"Hto

an%} d(w, )

—/ bon-22Y_5, 3,020 d(z, )
7€2277H+Un2,72 1) -

We then focus on the last term of this identity. Integrating first in 77 and then by parts in
x, using again (3.10) to cancel the corresponding boundary terms, yields

2
—/ 0'27] a 8 <I>28 (I)g d(x T])
Ry H+

B 02/ oo (6 <I>2(x(w1))> d:n+@ %(a $5)? d(z,7)
02/ o2 (5]{‘12(:( 1))) du
+/Rz 2 [U:I&CTU)U)? (0y®2)° — If a O 20,0 q’z] d(z,n).

Hence, gathering the previous two identities and noticing the cancellation of terms entail

0,0p P2 Oz Og¥ 2
I(R2) = / o9 [H—i—v I+ )8,7<I>2 (H+ )82 } (H +v)d(x,n)

Al @fj(:( 1>)> dr-
1

H+z 81:'0(1') HAz
Ol = 0 (2 g oy ) i e (P o)

~ Opu(z)(H +2) . H+z
H + @) %( ’H+v<a:>>

we use Th to transform I(Rs) back to y2 and find

1R = [ 0200000 Az, 2) — 5 [ 020) Dot @) de (310

Since

Plugging (3.13)-(3.14) into (3.12) and recalling that oy is constant, the assertion readily
follows. O

The right-hand side of the identity of Lemma 3.5 involves “bulk” terms in €; U Q(v)
and a contribution on the interface ¥ and the top part &(v), see (1.5), which all require to
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be handled differently in order to derive the desired H?-estimates on y,. We begin with
the first interface integral on ¥ and observe:

Lemma 3.6. Given o € (1/2,1) there is ca(a) > 0 such that, for v € SN W2 (D) and
X = ¥y — hy,

‘/ co1de09:x) (e, H) de| < ea(@) [l Iy, -

Proof. By complex interpolation, H*(Q1) = [L2(Q1), H'(£21)]a, which guarantees
[wll e 0y) < cl@)wllg, o lwllfn oy w € H ().

Since the trace operator is continuous from H*() to Lao(D x {—H}), see [11, Theo-

rem 1.5.1.2], we deduce from (2.1) that

/D (02010, x10:x1) (@, —H) dz| < [|0201 |0 102X1 | Lo (Dx {— 1) 10=X1 | Lo (Dx {1}

< c(@) |0z X1l e (0r) 102x1 | e (021
2 1— a
< c(a) ||X1||H1 @) Ixall3 )

as claimed. 0O

Let us point out that the transformation (77,7%) introduced in (3.6)-(3.7) and used
in the proof of Lemma 3.5 features a singularity as v approaches —H, a property which
prevents its use for v € S. To circumvent this drawback, we shall introduce a different
transformation which maps Q(v) as a whole onto a fixed rectangle, but does not preserve
the flatness of the interface between the two subregions € and Q2(v) (see (3.17) below).
As we shall see, such a transformation allows us to derive functional inequalities for all
v € S depending only on the H%norm of v. This mild dependence turns out to be of
utmost importance for the forthcoming analysis.

Lemma 3.7. Given k > 0 and q € [1,00), there is c3(q, k) > 0 such that, for v € S with

vl 20y < &,
1011, @) < cs(aB)10llm o)y, 0 € H (Qv)). (3.15)
Moreover, given o € (0,1/2], there is ca(cv, k) > 0 such that, for v € § with ||v|| y2(py < &,
1-2a)/2 | 1 (204+1)/2

16C, )l ze(p) < ealo )01 SO 101G e+ 0 € HY(Q(v). <w®

Proof. We use the transformation

H+d+z
=T(x,2) = (0, ——F= ] ) Qv) , 1

Iz, z) = Ty(z, 2) (x H+d+v(:p)> (z,z) € Qv) (3.17)

to map Q(v) onto the rectangle Ro = Dx(0,1). Given 8 € H'(2(v)), we define ¢ := oT !
so that

¢(x,n) =0(x,—H —d+ (H +d+v(z))n),
up(,m) = 020 (x, —H — d+ (H 4+ d + v(z))n)
+ n0yv(2)0.60 (z, —H — d + (H 4+ d + v(x))n) ,
Mmo(z,n) = (H +d+v(2))0,0(x,—H — d+ (H + d + v(z))n)
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for (z,m) € Ra. It easily follows from the previous formulas, the continuous embedding of
H?(D) in WL (D), and the assumed bound on v that

ol (o) < (B0 (@) - (3.18)
1

192y (Ro) < m”eHLq(a(u)), (3.19)

102,y < e, &) I1BllL,(r.) - (3.20)

On the one hand, (3.15) now readily follows from (3.18), (3.20) and the continuous em-
bedding of H'(Rz) in Ly(R2) for all ¢ € [1,00). On the other hand, the continuity of the
trace as a mapping from H'(Rsy) to HY/?(D x {1}), see [11, Theorem 1.5.1.2], and (3.18)
ensure that

10C, )l g2py = 10C Dll gz py < clldllmrry) < c()0]l @)
Finally, let a € (0,1/2). By complex interpolation,
[L2(Ra), H' (Ro)asy1y2 = H* 2 (Ry)
so that

]| 20072 g et /2

”¢HH@+1/2(R2 < ( ) L2 (R2) H(Rz2)

Since a > 0, the trace maps H*t1/2(Ry) continuously to H*(D x {1}) and we thus deduce
that

160, 0) e (D) = I6( D)l e () < (e >||¢u<;2 ol

< (o, w)\wnwv s

the last inequality stemming from (3.18) and (3.19). O

As for the boundary integral over &(v) on the right-hand side of the identity of Lemma 3.5
we note:

Lemma 3.8. Given ¢ € (3/4,1) and k > 0, there is c5((,k) > 0 such that, for v €
SNW2 (D) with lvllg2(py < & and x = Py — hy,

72 / 20(x) (B xa(x, v()))? da

Proof. By the Cauchy-Schwarz inequality,

72 / 20(z) (9:xa(x, v()))? da

and it remains to estimate the term involving xs. To this end, since 00,x belongs to
H'(Q(v)) by Lemma 3.3, we can use the functional inequality (3.16) (with o = ¢ —1/2),
(2.1), and the continuous embedding of H¢~'/2(D) in Ly(D) to obtain

2(1
H0262X2(‘7U)”%4(D) < ||O'2azX2("U)H?{(%fl)ﬂ([)) < C(C)"{)Ha»ZXHL(Q(Q%U ||0-62XHH1(Q(U ) ?

<Gk )H@XHL oy llodax

<(02) |03 Loy llo2dzx2 (- )T, 1y

as claimed. O

We are now in a position to derive the desired estimate on ,,.
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Proposition 3.9. Given k > 0, there is a constant cg(k) > 0 such that
Ixv 1 () + IXvllE200) + [[Xv2ll 72 (00 (0)) < c6(k) (3.21a)

and

ol @)y + 1w allazn) + 1V 2ll 20 w)) + 100200 la1 () < c6(s),  (3.21D)
whenever v e SNWZ(D) with ||v]|g2(py < k.

Proof. Since div(cVx) = —div(cVh,) in Q(v) by (3.5a), it follows from Lemma 3.5 that

/ o (0,0:%)* d(z, 2) +/ o (83)()2 d(z, 2)
Qluﬂz(v) Qluﬂz(v)
S / div (6Vhy) 8?x d(z, z) — 8zal {0ax10:0:x1 + 921 02x1} d(z, 2)
Q1UQ2(U)

- [ (Gurrdeidins) o, H) e+ 2 / 520(x) (9.xa(a, v(a)))? dar.
D

We next use (2.1) and the Cauchy-Schwarz inequality for the integrals on €; U Qa(v) on
the right-hand side. Incorporating the resulting terms involving second order derivatives
of x on the left-hand side and recalling Lemma 3.6 and Lemma 3.8, we deduce

/ o (8,0.%)* d(z, 2) +/ o (82)()2 d(z, 2)
Qluﬂz(v) Qluﬂz(v)
< c/ |div (6 Vhy,) |*d(z, 2) + c/ o1|Vxi|* d(z, 2) (3.22)
Qluﬂz(v) 951

2(1 2( l oc
+ e (a) HXlHél(gl a3 ) + es(e ) 19217 o 100X (o))

for some fixed a € (3/4,1). We now aim at controlling the last two terms of the right-hand
side by the term on the left-hand side. For the first term we obtain from (2.1) and (3.5a)

HXlH%ﬁ(Ql = <||3§X1||2L2(91) + ||8:B62X1||2L2(Ql) + ||8§X1||2L2(Ql)) + ||X1||§?1(Ql)
< Tl = div(01V Iy 1) = 02(010:x1) — 020102X1 |17 0n)

10011, ) + 10210300 ) 1385 )
By Young’s inequality and (2.1), we obtain for € € (0, 1)
||X1||§ﬁ Qal lIxa 13 @) < €ll = div(e1Vhy 1) = 9:(010:x1) — 5m018x><1||%2(91)
+ ell0:0: 11, @) + 02l )+ (14 2) Il
< 2e||0192x11[7, () + €1020:x1117 00 + €lOZx1 17,00y
e (15 2) Il + elldiv(on han)E 0,

We use once more (2.1) and choose

. 1 Omin 1
€ := min , , =
1600 8 "2
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to obtain

1 2
Pl alie, < 5 [ o @000 + @)} de.2)
1
—i—c/Q (’X1’2+01‘VX1’2) d(z, 2)
1

|div (01 Ve 1)|? d(z, 2) .
951

Finally, since xi(x,—H —d) = 0 for = € D, a generalized Poincaré’s inequality (see [23,
II.Section 1.4]) and (2.1) entail that

MalPd(ez) <e | [Vxld(z,2) < e / o1 |Vxa[2 d(x, 2) |
951

Ql Q1
so that

1 2
haliia bl < 5 [ o {@o? + @50)"} de.2
951
+c/ o1 Va2 d(z, 2)
951

|div (01 Vhy 1) d(z, 2) .

(3.23)
Q1
Similarly, for € € (0, 1), it follows from (2.1) and Young’s inequality that
HazXHL ”UazX”fh )
2(1—a)
< 9117

Lo (Q(v)) ”O-aZXHLQ(Q(U

X150t (102003011 ) + 110- (003 1 20

07
< Jmam

1
< Tmaa / o102 d(z,2) + / 10X d(z, 2)
Jmin Q(U) € Q(”)

+ EHOr(UaZX)H%Q(Q(v)) + EHOZ(UazX)H%Q(Q(v))

c <1 + 1) / old.x|? d(z, 2) + 26/ (10z01]? + 10:011?) |0:x]* (=, 2)
€ Q(v) 2

+ 2€0maz / O-|8wazX|2d($vz) +/ O'|8§X|2d(l‘,z) .
Q1UQ2(v) Q1UQ2(v)

Choosing € = 1/(80,42) and using once more (2.1), we end up with

1002062 o2 ) < € /Q IRACIRIE®

(3.24)
: 2
" 4 /521u92(v) 7 {(5x8zx)2 +(92x) } d(z,2).
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Taking (3.23)-(3.24) into account, we derive from (3.22) that

/ 0 (0,0.x)? d(z, 2) +/ o (83)()2 d(z, 2)
Q]UQQ(U) Qluﬂz(v)

< c/ |div (6 Vh,) |2 d(z, z) + c/ a|Vx[?d(z, 2).
Qluﬂz(v) Q(U)

We then use again the identity
UQ,%X = —0,00;x — 0,00, — aﬁgx —div(cVhy,) in Q3 UQs(v),
stemming from (3.5a) along with Lemma 3.2 (recalling 1, = x + hy) and (2.1) to derive

X172y + 121172 (00 0)) < C/ |div (oVhy) [* d(z, 2)
Q1UQ2(v)

+ / o|Vhy|*d(z, 2). (3.25)
Q(v)

Finally, since hy ;(7, 2) = h;(z, z,v(z)) for (z,2) € Q(v) and j = 1,2, it follows from the
assumed bound on v and the continuous embedding of H2(D) in C(D) that

[ho 20y < ¢ <1 + HUH%F(D) + H’UHH2(D)> Ihalle2(Dx = H—d,— H)x [~ Hyen])

< (k) (3.26a)
and
12l rr2(00(0)) < 1+ 11013 oy + 10l 2 (D)) 192(0) 2 1ol o2 (D #,0) x [ Fren])
< (k). (3.26Db)

Consequently, the right-hand side of (3.25) is bounded by c¢(k) and the estimate (3.21a)
follows from (3.25) and Lemma 3.2. Arguing as in the proof of Lemma 3.3, we also deduce
from (2.4) and (3.26) that

|00:holl i (o)) < c(k),
while Lemma 3.3 and (3.21a) imply that

100X i () < (k) -
Recalling that v, = x + h,, these properties and (3.21a) readily give (3.21b). O
3.2. I'-Convergence of the Dirichlet Energy. We next aim at extending Proposi-
tion 3.1 (b) to all v € S, such as the one depicted in Figure 3.2. For that purpose we

show the I'-convergence in Ly of the functional J(v), defined in (3.1), with respect to v.
More precisely, fix M > 0 and set

QM) :=D x (—H —d,2M).
For v € S define
G)[0] := 2
00, 0 € Ly(Q(M)) \ Hy(Q(v)).
Consider now v € S and a sequence (Up)p>1 in S such that

v, —v in Hi(D), —H <wv,v, <M. (3.27)

l/ o[V(0+ hy)2d(x,2), 0€ HHQ®v)),
Q(v)
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FIGURE 3.2. Geometry of Q(v) for a state v € S with non-empty (and discon-
nected) coincidence set C(v).

Owing to the continuous embedding of H} (D) in C(D), a direct consequence of (3.27) is
that
vy, — v in C(D). (3.28)
Let us first observe that, according to (2.3) and (2.4), both h,, and h, belong to
HY(Q(M)). Moreover:

Lemma 3.10. Suppose (3.27). Then hy, — hy in HY(Q(M)) and
lim o|Vhy, |*d(z,2) = / o|Vhy|*d(z, 2) .
=90 JQ(vy) Q(v)
Proof. Recall that hy(x,z) = h(z, z,v(x)) for (z,z) € Q(M), so that
Vhy(z,2) = (0xh(z, z,v(z)) + Opv(2)dwh(z, z,v(x)), . h(z, z,v(z)))
hence h,,, , hy, € H'(Q(M)). Owing to (3.28) and the regularity of h we obtain

lim  sup ‘ (Oxh, Osh, Opvn,Oyh) (x, 2, v (x)) — (Oxh, Oy h, OpvOyh) (x, z,v(:n))| =0.
n—00 -
(z,2)€Q(M)

Together with (3.27), this implies h,, — hy in H1(Q(M)). In particular, [Vhy, |2 — [Vh,|?
in L1(2(M)). Since o is bounded and 01q,,) —+ 0lq(,) pointwise, the last property stated
in Lemma 3.10 now follows from [9, Proposition 2.61]. O

Next, we show that the functional G(v) is the I'-limit of the sequence (G(vy))n>1-
Proposition 3.11. Suppose (3.27). Then
r— nh_)ngo G(vy) =G) in Lo(QUM)).
Proof. Step 1. We begin with the asymptotic lower semicontinuity. Considering an
arbitrary sequence (6,,)p>1 in La(Q(M)) and 0 € Lo(Q(M)) such that
0, — 6 in Ly(Q2M)), (3.29)
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we have to show that

G(v)[0] < liminf G(vy,)[0y] - (3.30)

n—oo

We may assume that 6,, € H}(Q(v,)) for all n > 1 and that (G(vn)[0])n>1 is bounded,
since (3.30) is clearly satisfied otherwise. In that case, if 6,, denotes the extension of 6,, by

zero in Q(M) \ Q(vy,), then it follows from (2.1) and Lemma 3.10 that (6,,),>1 is bounded
in H}(Q(M)) and thus

(0n)n>1 is weakly relatively compact in Hg(QA(M)). (3.31)

Introducing 6= 01¢(,) and noticing that

/ Wn—éﬁa$w>=/’ wn—eﬁa@z»+/ 16,2 d(, 2)
Q(M) Q(vn)NQ(v) Q(vn)N(QM)\Q2(v))

+ [ 07 d(x, 2)
@M\ ))
g/ |9n—9|2d(:1:,z)—|—2/ 6, — 012 d(x, 2)
Q(vn)NQ(v) Q(vn)N(QUMNQ(v))
2 f OP i)+ [ 0P d(z, ),
2w NQN\()) (QM\QA(wn)NOA)

we infer from (3.28), (3.29), and Lebesgue’s theorem that the right-hand side of the above
inequality converges to zero as n — oo. Consequently, (0,)n>1 converges to 6 in Ly (2(M)),
which implies, together with (3.31), that 6 € H}(Q(M)) and

0, =0 in H' (QM)), 6,—0 in H/*Qu)). (3.32)
In particular, using Lemma 3.10 and the continuity of the trace,
On + oy, = 0+h, in Ly(8Q(v)). (3.33)

It remains to check that 8 € H{(Q(v)) for which we only have to show that 6 vanishes (in
the sense of traces) on the upper part &(v) of the boundary dQ(v), since § = @ vanishes
on the other boundary parts of Q(v). Since 8, € H}((vy,)), it follows from Holder’s
inequality that

N 2(2, v (%)) = (O + o, 2) (2, v(:z:))‘ — ((én + P, 2) (@, 00 (2)) = (O + Poy, 2) (, 0(2))

vn () 5
/ 0. (B + ho, 2)(z, 2) dz
o(@)

Mo 1/2
< lon () — v(@)|/? (/_H 10, (B + o 2) (@, 2) dz)
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for almost every x € D. Thus, by (2.1),

/D gy 2, 00 ()~ (B + Py 2) (2, 0(2)) ? dt

M
n 2
< /D lon () — v(2)] /_ 100+ ) 2) P dda

W) [ 9G4 )2 2
Omin QM)
Up — 0
O PR
Omin

Since (G(vy)[0n])n>1 is bounded and v, — v in C(D) by (3.28), the right-hand side of the
above inequality converges to zero. Hence, due to (3.33) and hy, 2(-;vn) — hy2(-,v) in
C(D), we conclude that indeed 6 = 0 on &(v). Therefore, § € H}(Q(v)). Now, by (3.32)
and Lemma 3.10,

Op 4 hy, =0+ h, in HMNQM)),
so that

n—oo

/ o[V (0+ hy)2d(, 2) < lim inf/ |V (B + hy )2 d(x, 2) (3.34)
Q) QM)
Since 6, € H§(Q(vy)),
/ oV (B, + by, )2 d(z, ) = / o Vhy, [2d(z, 2)
M)\ on) QM)\on)

and we thus deduce from Lemma 3.10

lim |V (B + hy )2 d(z, 2) = / o[ Vh[2 d(z, 2)

n=50 Jo(am ) QM) (3.35)
- / o[V (@ + ) d(x, 2),

QM)

the last equality being due to § € H{((v)). Combining (3.34) and (3.35) implies (3.30).

Step 2. We prove the existence of a recovery sequence. By definition of the functional
G(v) we only need to consider § € H}(Q(v)). Then § € H}(Q(M)) and f := —Af €
H~Y(Q(M)) can be considered also as an element of H~'(Q(v,)) by restriction. Let now
0, € HE(Q(v,)) denote the unique weak solution to

—Ab, = f in Qv,), 0,=0 on 0Nvy,).
Since the Hausdorff distance dg in Q(M) (see [12, Section 2.2.3]) satisfies
dp (2 (vn), Av)) < llvn = vl|Lo) =0
by (3.28) and since Q(M) \ Q(v,) has a single connected component for all n > 1 as

v, > —H, it follows from [24, Theorem 4.1] and [12, Theorem 3.2.5] that 6, — 6 in
HE(Q(M)), where 6 € H} (Q(M)) is the unique weak solution to

~AG=f in QM), 6=0 on ONM).
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Clearly, § = 6 by uniqueness, so that 6, — 6 in H}(Q(M)). Since 6,, € H}(Q(v,)) and
0 € H}(Q(v)), this convergence yields, with the help of Lemma 3.10,

/ 0|V(9+hv)|2d(x,z):/ o (IV6]2 +2V0 - Vhy + [Vhy|?) d(z, 2)
Q(v) Q(v)

= lim o (V0> +2V0, - Vh,,) d(z, 2)
+ lim o|Vhy, |2 d(z, 2)
n—oo Q(U’,L)
= lim |V (0, + hy)?d(z, 2);

n—oo Q(U’,L)

that is,
G(v)[f] = nh_)ngo G(vn)[0n)] -

Combining the outcome of Step 1 and Step 2 implies the I'-convergence of (G (vy,))n>1
to G(v) in Lo(Q(M)). O

For the Dirichlet energy (1.8), which is given by

30) =IOl =3 [ eVl dez), ves,

with 1, denoting the potential from Proposition 3.1, we now obtain:
Corollary 3.12. Suppose (3.27). Then
nh—%o (o, = ho,) = (0 — hv)HHg(Q(M)) =0

and
lim J(v,) = J(v).

n—o0

Proof. For n > 1, set
Xn = Yy, — hy, € H&(Q(Un)) C H&(Q(M)),

and recall that ,, is a minimizer of G(v,) in HZ(Q(v,)) by Proposition 3.1 (a). Since
(n)n>1 is bounded in HY(D), it follows from (2.1), Lemma 3.2, and Lemma 3.10 that
(Xn)n>1 is bounded in H}(A(M)). Hence, there are a subsequence (n;)j>1 and x €
H§(Q(M)) such that xn, — x in Ly(Q(M)) and x», — x in Hj(Q(M)). By Propo-
sition 3.11 and the fundamental theorem of I'-convergence, see [7, Corollary 7.20], x is
a minimizer of the functional G(v) on L2(2(M)). Clearly, from the definition of G(v)
we see that x + h, € A(v) minimizes the functional J(v) on A(v), hence ¢, = x + hy
owing to Proposition 3.1 (a). The sequence (xp)n>1 then has a unique cluster point in
L2(Q(M)) and is compact in that space and weakly compact in H}(2(M)). From this, we
deduce that x,, — x in L2(Q(M)) and x,, — x in H(Q(M)). Moreover, the fundamental
theorem of I'-convergence [7, Corollary 7.20] also ensures G(v,)[xn] — G(v)[x]; that is,
J(vy) = J(v) as n — oo.

It remains to show the strong convergence of (xn)n>1 in Hg(Q(M)). To this end, we
infer from the convergence of (J(vy)),~; to J(v) and Lemma 3.10 that

I {xnl g ) = XN mg @) -
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Together with the already established weak convergence of (x,)n>1 to X in Hg(Q(M)),
this gives the strong convergence. O

3.3. H*-Estimate for the Potential 1,. Owing to the HZ2-estimates on Q1 U Q3(v)
derived in Proposition 3.9, we are able to improve Corollary 3.12 to stronger topologies.

Proposition 3.13. Consider k >0, v € S, and a sequence (Un)n>1 satisfying

v, € SNW2 (D) with onllg2(py < &, (3.36)
and
nh_}ngo lon = vl 2oy = 0- (3.37)
Then T;Z)v = (%,1,%,2) € H2(Ql) X H2(Q2(U)) Satisﬁes Uazwv € Hl(Q(U)) and
ol @)y + 191l 2@ + Vo2l 200 (0)) + 10000l 51 () < c6(k) (3.38)
and
T;Z)vn,l - T;Z)v,l m Hz(Ql)a T;Z)vn,2 - T;Z)v,2 m Hz(U) (339)

for any open set U such that U is a compact subset of Qa(v).

Proof. Tt first follows from (3.36), (3.37), and the continuous embedding of H%(D) in C(D)
that there is M > 0 such that (3.27) is satisfied. Thus, by Corollary 3.12,

Vo, — Py, — Wy — hy  in HEY(QM)). (3.40)
Next, owing to (3.36), we infer from (3.21b) that

1, 1l m200) + [P 2l H2 (00 (00)) T 100200, |1 (Qn)) < c6(K), 1 >1. (3.41)

Now, (3.40), (3.41), and Lemma 3.10 ensure that 1 € H?(€;) and t,,1 — 1 in
H?2(). Similarly, for any open set U such that U is a compact subset of Qa(v), we infer
from (3.37) and the continuous embedding of Hg (D) in C(D) that U C Q(vy,) for n large
enough. Thus, (3.40), (3.41), and Lemma 3.10 imply that 1,2 € H?(U) and vy, 2 — 1y 2
in H2(U). In particular, the latter along with (3.41) gives

[ 101080, (e, 2) < limint [ 100080, 2P dw,2) S o). G R <2
U n—oo Ju

We then use Fatou’s lemma to conclude that 8%851&@72 belongs to La(Qa(v)) for j+k < 2;
that is, ¥, 2 € H%(Q2(v)). Finally, we deduce the estimate (3.38) from (3.39) and (3.41)
by a weak lower semicontinuity argument. (]

Combining Corollary 3.12 and Proposition 3.13 allows us now to extend the validity of
Proposition 3.1 (b) to all v € S. Recall that, for v € S\ S, Q2(v) is a well-defined open,
but disconnected, set in R? with a non-Lipschitz boundary, see Figures 3.1 and 3.2 and
Remark 1.2.

Corollary 3.14. Let v € S and let 1, € A(v) be the unique minimizer of J(v) on

A(v) provided by Proposition 3.1. Then ¥, = (¥y1,%p2) € H*(Q1) x H2(Q2(v)) with
00,10, € HY(Q(v)) satisfies the transmission problem

div(cVy,) =0 in Q(v), (3.42a)

[[%]] = [[Uazwv]] =0 on 2(”)7 (3.42b)

Yy =hy on OQ(v). (3.42¢)
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Moreover,

Vol @)y + Vo illa2@0) + Ve 2ll 520 )) + 100200l 5100y < c(k), (3.43)
provided ||v| g2(py < k.
Proof. Let v € S be fixed and & > 0 such that ||v]| y2(py < £/2. We may choose a sequence
(Un)n>1 in SN W2 (D) satisfying

v, = v in H*D), sup [[vn|lg2(py < K-
n>1

In particular, (3.36)-(3.37) are satisfied, so that Proposition 3.13 implies that (¢, 1,%y,2)
belongs to H2(Q1) x H?(22(v)) and satisfies the estimate (3.43).

Regarding the transmission problem (3.42), recall first that 1, satisfies (3.3). Since
v € C(D), we can write the open set {z € D : v(z) > —H} as a countable union of open
intervals ((ai,b;))ier, see [2, IX.Proposition 1.8].

Let ¢ € I and set

O;(v) :={(x,2) € (a;,b;)) xR : —H —d < z <v(z)} C Q)

and O;(v) = Q2(v) N O;(v). It readily follows from (3.3) and the fact that (i, 1,%y2)
belongs to H?(21) x H%(Q2(v)) that div(cV,) = 0 in ©Q; and in each O;(v), hence
(3.42a). Moreover, for all § € D(O;(v)) it follows from (3.3) and Gaufy’ theorem that

bi
0= /Oi(v) oV, - VOd(z, z) = /az ([00.40,]0) (x, —H) dz ,

hence [00,¢,](-,—H) = 0 a.e. in (a;,b;). Therefore, (3.42b) holds, which in particular
implies, together with the piecewise H?2-regularity of 1), that 00,1, € H'(Q(v)). Finally,
since ¢, € H'(Q(v)) we have [1/,] = 0 on X(v), while (3.42c) is due to 1, € A(v). O

Thanks to Corollary 3.14 we can extend the convergence established in Proposition 3.13
to an arbitrary sequence (vy,),>1 in S.

Corollary 3.15. Consider k>0, v € S, and a sequence (vy)n>1 satisfying
vp €8 with lvnll 2Dy < K5
and (3.37). Then the convergence (3.39) holds true.

Proof. The additional assumption v, € SN W2 (D) is only used in the proof of Propo-
sition 3.13 to obtain the bound (3.41). Since such an estimate is now guaranteed by
Corollary 3.14 as |[v,|| g2(py < & for all n > 1, the proof of Corollary 3.15 follows the same
lines as that of Proposition 3.13. O

The next step is to identify the limit of 0,1, 2(-,vn) as n — oo within the framework
of Proposition 3.13, which requires the following preparatory lemma.

Lemma 3.16. Let p € [1,00), K > 0, and v € S such that |[v||g2(py < k. Then there
exists ¢7(p, k) > 0 such that

[10-%02(-,0) |2, (D\cw)) < (P, k),
the coincidence set C(v) of v being defined in (1.6).
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Proof. As in Corollary 3.14, since v € C'(D), we can write the open set {z € D : v(x) >
—H?} as a countable union of open intervals ((a;, b;))ier and define, for i € I,

O;(v) :={(x,2) € (a;,b;)) xR : —H —d < z <v(z)} C Q)

and O;(v) = Qa2(v) N O;(v). As D\ C(v) has finite measure, we may assume that p €
[3/2,00). Let i € I. Since 1,2 € H?(O;(v)) by Corollary 3.14, it follows from (3.42b) and
Young’s inequality that, for x € (a;, b;),

v(z)
05‘821%,2(:17, U($))|p < ‘0'28,27;[)1),2(33, _H)|p + paé’ / . |az¢v,2($a z)|p_1|8§¢v,2($v z)| dz

v(z)
< loa(w, ~H)dtbo (. ~H)P + S5 / 0:4p0,2(x, 2) 2071 dz
-H

v(x)
1052 / s, 2)2 .
2 " J)m

Integrating with respect to = € (a;,b;), we find
bi bi
7 [ 1ot @)P do < [ or(e, )0t (e, H)P da
a; a;

+ Bag(p_l) / |01y 2(, z)]z(p_l) d(z, 2)
2 04 (v)

P2 / 10200, 2)* d(x, 2)
2 04 (v)

Summing over all 7 € I we obtain
o / 10, 4b0a(a, 0(@)) P dar < / o1 (2, — H)Ootby 1 (a1, — H)P
D\C(v) D\C(v)

_l’_

N3

/ ‘0282¢v72(x72)‘2(p_1) d(‘rVZ)
Qa(v)

+Ba§/ 10240(2, 2)|? d(x, 2)
Q2(v)

[\

and then infer from (2.1) and (3.43) that

[ el o)l de <ol o) [ [0l P do
D\C(v) D (3_44)
p 2(p—1) V) 2
+ §||Jaz¢v”[,§:pil)(g(v)) + 5020(“) .
On the one hand, 0,v,,1 belongs to H'() and the continuity of the trace from H'(Q1)
to H'/?(D x {—H}) combined with the continuous embedding of H'/?(D) in L,(D) and
(3.43) imply that

10201 (s —H) | 1,(p) < e@)1¥o1 (-, —H) || g2y

3.45
@)1l 7101y < e, k) - ( )

<c
<c
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On the other hand, ¢d.%, belongs to H'(Q(v)) and it follows from Lemma 3.7 (with
qg=2(p—1)) and (3.43) that

100200l Ly, @) < e3(2p — LK) [[00:4 | m (o)) < clp. k). (3.46)
Combining (3.44)-(3.46) completes the proof. O
3.4. Limit Behavior of the Trace of the Vertical Derivative. To derive the con-
tinuity property of the function g stated in Theorem 1.4, we shall next investigate the

continuity with respect to v € S of the potential’s vertical derivative 9,1, traced along
the graph &(v). Recall that 0,1, along &(v) consists of the two parts

D\C(v) =R, z 0,¢,2(x,v(z))

and

Clv) =R, x> 0.1(x,—H)
and that the transition between 0,1, 2 and 0,1, across the interface is prescribed by the
transmission condition (3.42b) involving o.

Proposition 3.17. Consider k >0, v € S, and a sequence (vy)n>1 in S satisfying

lvnll2(py < K and nh_)n(f)lo |[vn = vllg1(py = 0. (3.47)
Then
l(vp) = L(v) in  Ly(D) (3.48)
for p € [1,00), where ¢(v) € L,(D) is given by
0.y 2(x,v(x)), x € D\C(v),
t(v)(z) == q o1(x,—H)

O.Yp1(z,—H), xe€C(v).

o2

Proof. We first observe that the trace theorem, (2.1), and the H?2-regularity of ¢/, 1 pro-
vided by Corollary 3.14 imply that  — 0,1, 1 (x, —H) belongs to L,(D) for any p € [1, 00).
We deduce from this fact and Lemma 3.16 that ¢(v) € L,(D) for p € [1,00). Also, it follows
from (3.47) that ||v]|g2(p) < k.

Let e € (0,H) be arbitrarily fixed. Due to v, — v in H{(D) and the embedding of
H}(D) in C(D), there is n. > 1 such that

v(z) —e <vy(x) <v(x)+e, reD, n>n.. (3.49)
Moreover, since v € C(D) with v(£L) = 0, the set
Ae):={x e D :v(x)>—H+¢€}

is non-empty and open, and we can thus write it as a countable union of open intervals
(As(€))ier, see [2, IX.Proposition 1.8]. For any fixed index i € I define the open set

Ui(e) :={(z,2) € Ai(e) x (—H,00) : z <wv(z) — €}
and note that U;(€) has a Lipschitz boundary, with U;(e) C Qa(vy,) for n > n. by (3.49).
Thanks to (3.41), (¢, 2)n>1 is relatively compact in H*(U;(e€)) for any s € (3/2,2), so that
(3.39) implies 1y, 2 — ¥y 2 in H*(Uj(€)). Using the continuity of the trace operator from
H*71(U;(€)) to Ly(0U;(€)) and noticing the inclusion {(x,v(z) —€) : @ € A;(e)} C dU;(e),
we deduce

azz/zv7“2(~, v — 6) — azl/J%Q(', v — 6) in LQ(AZ(E)) . (350)
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Next, we put
V() = 21%,2(:17,1)(:17)) - 825’12[)”11,2(:1:71}”(1"))7 v M), n>1,

and observe that, for i € I and n > n,,
1l Loas(e)) < N10:00,2(-s0 =€) = Oxtbu, 2(5;v — )|l Lo(as(e))

/ 021y dz—/ iy (-2

< ”827/’1),2('77] —€) — 02w, 2(+, 0 — 6)”Lg(Ai(e))

; 1/2
+ (/ e/ lﬁfwv72\2dzdx>
Ai(e) Jv—e
) 1/2
+ (/ (v — v +e€) / ]E?ngmgﬁ dzda:) .
Ai(f) v—€

Using (3.49) and the inequality (a + b+ ¢)? < 3(a? + b% + ¢2), we infer that, for n > n,,
1nllZ, as ) < 3l0=0002(,v — €) = Doty 2 (v = 17, (a0

+3e/ / |a§¢v,2|2dzda:+6e/ / 10240y, o2 dzda
Ai(e) Ai(e) Jv—e

< 3000 2( v — €) = Dby, 2,0 — E)H%Q(Ai(e))

—1-36/ / |0 Q,Z)v72|2dzd:17+6e/ /n|8§¢vn72|2dzdx.
Ai(e) Ai(e) J—H

Now, if J is any finite subset of I, it follows from (3.43) (applied to v and v,) and the
previous inequality that, for n > n.,

Z ||\Ijn||2L2(AZ(E)) < 32 ||az¢v,2('7v - E) - 62¢Un,2('7v - E)H%Z(Al(e))

ieJ i€J

—|—3e/ / \agzpv,gy2dzdx+66/ /nlﬁfzpvmg\2dzdx
Ale) /—H Ae) J—H

< 32 [0:000,2(s v — €) = Dty 2,0 — E)H%Q(Ai(e))

ieJ
i 36/ 022 d(, 2) + 66/ 10240, o2 d(z, 2)
(v) Qa(on)
< 32 [0:40,2(+s v — €) — Doty 2(-, 0 — E)H%Q(Ai(e)) + c(K)e.

icJ

La(Ai(e))

Letting n — oo and recalling (3.50) and the finiteness of J we get
hmsupz 1%, ||L2(A ) S c(k)e. (3.51)
n—oo icJ
Next, let 6 € (0,1). Since

> IAi(e) (O <[DI,

el
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there is a finite subset Js C I such that
\—6<Z\A )| < |A(e)]. (3.52)

1€Js

Hence, setting A%(e) := Uies, Aile), we get

1l Ty < D 1%l 00 + 2/{\( A (10:100,2(-, ) + 10240, 2(- vn)?) d(z, 2)
i€ds € €
< Z ||‘I’n‘|%2(/\i(e)) +2[A(e) \A5(5)|1/2 10:400,2(+, v )HL4 A(e)\AS (€))
i€Js

+ 2[A(e) \A6(€)|1/2 1040, 2(, Un)HL4 A(e)\AS (€)) *
Since
A(e) c D\C(v) and A(e) C D\C(v,), n>n., (3.53)

by (3.49), we deduce from (3.52), Lemma 3.16 (with p = 4), and the previous inequality
that

H\I’n”%Q(A(E)) < Z H‘I’nHi(Ai(e)) + C(H)5l/2 ;N2 Ne.
i€Js

Owing to the finiteness of Js, we may let n — oo in the previous inequality with the help
of (3.51) and obtain that

lim sup H‘I’n”%Q(A(E)) <c(k)(e+ (51/2) .
n—oo

Now, for ¢y € (0, H) and ¢ € (0,¢€p), we have A(eg) C A(), so that the previous estimate
(with € = §) gives

1iH1_>SuP 190117, (Aeo)) < hm_)SUP 1907, a0y < e(r) (8 +6"2).
Letting § — 0 and recalling the definition of ¥,, yield
nh—>H;o [0:90,2(-, v) — 62¢vn,2(',vn)”%g(A(so)) =0, e€c(0,H). (3.54)

Next, let € € (0, H). The transmission condition (3.42b) ensures

x,—H on(z)
Dby, 2(z, v () = %Z)aquvml(x, —H) +/ %y, o, 2) dz
—H
for x € D\ C(v,) and n > 1, from which we derive
o1(x,—H 2
J, Ol vn(@) = P g o) o
D\ (A(e)UC(vn)) 09

vp ()
< / (on(2) + H) / 10240, o(, 2)|? dada
D\(AOUC(0m)) H

Thanks to (3.49),
vp(z) + H <wv(z)+e+ H < 2, zeD\Ale), n>ne,
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so that, using (3.43),

2

(@, —H) dz < ¢(k)e (3.55)

02

Dxu,, 2(x, vp(x)) — 02w, 1 (2, —H)

/D\(A(E)Uc(vn))

for n > n.. Furthermore, (2.1), Corollary 3.15, and the continuity of the trace on H'(£);)
ensure that

2

0'1(1', _H) 8zwvn,1(x7 _H) _ M dz=0. (356)

02 02

lim
n—o0 D

azwv,l (‘Ta _H)

Now, recalling the definition of ¢(v) on C(v),

_H 2
/ @)y (o —H) — (o) (@)| da
(D\A(€))NC(vn) 02
2
S 2/ M [3,2%“,1(% _H) - az¢v,1($v _H)] dx
(D\A(€))NC(vn) P
_H 2
vz f L H) g, —H) — C(0)(2)| da
(D\A(€))NC(vn) P
01 (:Ev _H) 2
S 2/ 7[&27!)1}71,1(337_]{) - az¢v,1($a _H)] dx—l—ZQE?
(D\A(€))NC(vn) 02
with
_H 2
o= [ N ) b s (o — ) — () (2)| da.
D\(A(e)UC(v)) P
Hence, owing to (3.56),
o1 (x —H) 2
lim sup / W) g e —H) — ()(2)| de<20..  (3.57)
n—oo J(D\A(€)NC(vn) P
In addition,
o1 (m —H) 2
/ o1& =H) o (@, —H) — (@) ()| dz < Q.. (3.58)
D\(A(e)UC(vn)) P

Using the disjoint union

D = A(e) U[(D\ A(e)) NC(un)] U [D\ (A(e) UC(vn))]
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and recalling (3.49) and the definition of ¢, we obtain that, for n > n.,
1€(vn) = €)1, )

o1 (.Z', _H) 2
< 3 821/11)7“2(%,’0”(1')) - 73z¢vn,1($, _H) dx
D\ (A(e)UC(vn)) g2
—H —H 2
+3 / Mazwvml(x,—ﬂ) _ Maﬂ/}ml(w, —H)| da
D\ (A(e)UC(vn)) 02 o)
_H 2
s f NG ) by o, —H) — () ()| da
D\(A()UC(vn)) P
2
v / @ =H) g (o —H) — (o)(2)| da
(D\A()NC(vn) !
+ /A( | |01y, 2(x, vp(x)) — (‘?Zwvg(:v,v(:t))]2 dz.
It then follows from (3.54)-(3.58) that
lim sup [|€(v,) = £(0)[|7,(p) < c(k)e +5Qc . (3.59)
n—oo

At this point, we observe that
lim|[D\ (A(e)UC(v))|=lim[{zr €D : —H <wv(zx) < —H +€}| =0,
e—0 e—0
so that, since both = — o1(x, —H)0.1, 1(x, —H) and ¢(v) belong to La(D),
lim Q. = 0.
e—0
We then take the limit ¢ — 0 in (3.59) to conclude that
. 2
Tim 6(0.) — €012, = 0.

Finally, (¢(vy))n>1 is bounded in L,(D) for any p € [1,00) by the trace theorem for
HY(Qy), (2.1), the H?-estimate (3.43) on (¥, 1)n>1, and Lemma 3.16. Combining this
bound with the previous convergence implies the convergence in L,(D) for p € [1,00) as
stated in (3.48). O

Remark 3.18. The proofs of Proposition 3.12 and Proposition 3.17 greatly simplify when
the sequence (vp)p>1 decreases monotically to v. Indeed, in that case, Q(v) C Q(vy,) for
alln > 1 and, for instance, it is possible to use 0,1y, o(x,v(x)) in the computations, since
it is well-defined.

4. SHAPE DERIVATIVE OF THE DIRICHLET ENERGY

In order to compute the shape derivative of the Dirichlet energy defined in (1.8), the
first step is to investigate the differentiability properties of ¢, with respect to v € S.

Lemma 4.1. Let u € S be fized and define, for v € S, the transformation
Oy = (04,1,0,2) : Qu) = Q(v)
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by
Op1(z,2) == (z, 2), (r,2) € O, (4.1a)

H + u(z)
Then there exists a neighborhood U of u in S such that
U — Hj(Qu), v & =xv006y
is continuously differentiable, where x, = 1, — hy, € H(Q(v)) and S is endowed with the
H?(D)-topology.

Proof. We follow the lines of the proof of [12, Theorem 5.3.2]. Recall that x, € H}(Q(v))
satisfies the integral identity

/ oVx, - VOd(z,z) = —/ oVh, -VOA(Z,2), 6c H(QW)), (4.2)
Q(v) Q(v)

Oy 2(z, 2) = <:17,z + M(z + H)> , (z,2) € Qa(u). (4.1b)

which we next shall write as integrals over Q(u). To this end, we first note that
gu = Xu > V&, = D@Z‘VX’U o ®vy
where DO, ; = id and

1 0
DO, o(x, z) = v —u H+o(z) | (x,2) € Qa(u).
(z+ H)0, <—H—|—u> (x) T+ a)

For ¢ € HE(Q(u)) we have
bv =000, € Hy(Q(v))
with
Vo, = ((DO;)'Vg) 00,
Performing the change of variables (Z,z) = O,(z, 2) in (4.2) with § = ¢, gives

/ Jyo (DO,) Y DO ~1Ve, - Vod(z, 2)

(4.3)
= — / J, (DO, YoVhy) 00, - Vod(z,2),
where we used 000, = o due to ©,; = idg, and o3 = const, and where J,, := |det(DO,)|
is
H+v
Jv,l - 17 Jv,2 - H+u . (44)

Introducing the notations
A(v) = J, 0 (DO,)"H(DO])™!
and
B(v) := div(J, (DO,) YHoVh,) o CHE
we define the function

F:Sx Hy(Qu) = H ' Qw), (v,&)— —div(A(v)VE) — B(v)
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and observe that (4.3) is equivalent to
F(v,&)=0, vels. (4.5)

We then shall use the implicit function theorem to derive that &, depends smoothly on
v. For that purpose, let us first show that F is Fréchet differentiable in S x H(Q(u)).
Indeed, define P,Q € C(D x R,R3) by

Pla,2) = <a:,z— %(HH)@) O, 2) = <0,%,1> ,

for (z,2) € D x R, and note that

th,Q o @1)72 = <(1) g) 88U> (8xh27 8zh27 ath) o (P + UQ) .

Since hgy is C%-smooth, we clearly have
[0+ (03ha, 0:ha, Oyha) o (P +vQ)] € C1 (S, La(Q(u), RY)),
so that, thanks to the continuous embedding of H?(D) in WL (D), we readily obtain that
[0+ Vhy200,] € CH(S, La(Qa(u), R?)) .

Since ©,,1 = id, a similar argument ensures that

[0+ Vhy100,1] € CH(S, La(,R?))
and therefore

[ Vhy 00,] € CH(S, Ly(Qu),R?)) .
Moreover, v + J, and v — (DO,)~! are continuously differentiable from S to Lo (Q(u))
and Lo (92(u), R?*2), respectively, and we conclude that

v J, (DO, YoVh,) 0O,

is continuously differentiable from S to La(Q2(u),R?), hence B € C*(S, H1(Q(u))). The
Cl-smoothness of (v,£) — div(A(v)VE) is proved as in [12, Theorem 5.3.2] and we have
indeed established
FecC! (S x H&(Q(u)),H‘l(Q(u))) .

By the Lax-Milgram theorem, the mapping ¢ — 0¢F(u, xu)¢ = —div(cV() is bijective
from H}(Q(u)) to H1(Q(u)) and thus an isomorphism due to the open mapping theorem.
Consequently, the implicit function theorem ensures the existence of a neighborhood U of
uin S and a function = € CY(U, H} ((u)) such that Z(u) = &, and F(v,Z(v)) = 0 for
v € U. By Corollary 3.12, §, € Z(U) for ||[v — ul|g2(p) sufficiently small and consequently
& = E(v) for v € U by the uniqueness provided by the implicit function theorem. O

As a consequence of Lemma 4.1, we are now in a position to investigate differentiability
properties of the Dirichlet energy

NN | 2
() = 5/9@)0‘%‘ d(z, 2)

with respect to u. We begin with the case u € S. At such functions, the Dirichlet energy
J is Fréchet differentiable as shown next.
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Proposition 4.2. Let S be endowed with the H?(D)-topology. Then the Dirichlet energy
J: 8 — R is continuously Fréchet differentiable with

I (u)[¥] = — %/D oo(1 + |0pu(z)?) [021u,2 — (02h2)u — (8wh2)u]2(x,u(:n)) Yx)dz

+% / o2 [((0ch2)a)” + ((0:h2)u + (Buwh2)e)?] (2, u(e)) (z) da
D

— /D [O’l(awhl)u 3/%,1} (x, —H — d) 79(%) dx

foru e S and ¥ € H*(D) N HE (D).

Proof. We use the notation from Lemma 4.1. Let u € S be fixed and recall that, with the
transformation ©, : Q(u) — Q(v) asin (4.1), the mapping v — &, = x,00, is differentiable
with respect to v in a neighborhood U of u in S and takes values in Hg(Q(u)). Now, using
1y = Xv + hy and the change of variable (Z, zZ) = ©,(z, z) in the integral defining J(v), we
have

I) = %/M o[V [2 d(Z, )

_ %/ o|(DOT)1VE, + Vhy 0 0, 1, d(z, 2)
o)

for v € U. Therefore, introducing
j(v) == (DOF)'VE, + Vh, 00,
and recalling that h;, i = 1,2, is C? in all its arguments, we deduce that the Fréchet
derivative of J at u applied to ¥ € H%(D) N H}(D) is
AuI(W)[¥] = 03 ()W), = /Q( )Oj(U) (00 ()], Jud(, 2)

1

. 2
s /Q P @il e 2)

Taking the identity j(u) = V1, into account, we infer from (4.4) that

D3 (w)[9] = /Q IRACRCEOC MRS
1 , ¥
+§/§22(u) 02| Vihy 2] H+ud(az,z).

We next use that ©, is the identity on Q(u) and that &, = x, to compute from the
definition of j(v) that

()], = = 0u(DO) V|, VXu + 0u(VE) ]|
+0,(Vhy 0 0,)[V]]

On the one hand, since 0, is independent of v and &, 1 = Xv,1, we readily obtain in €
that

(4.6)

v (4.7

v=u "

0,i ()], = V(Ouxul?],_,) + V((@uh)u?) in Qi (4.8)

v=Uu
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where (Oyh)y = Oph(-, -, u). On the other hand, in Qy(u) we have

-0, (DOL,, T = ~000¥ (M) i a(w (19)
and
0y(VE)W]|,_, = V(0u&[9]|,_,) in Qa(u). (4.10)
Moreover,
0y(Vhy 0 O[], _ = V((Buwh)ud) + %Ziﬁv(@mu) i Oo(w).  (41D)

Consequently, gathering (4.6)-(4.11), we derive

03 (w)[9] = /Q Ko V(0,6101],_, + (0uh)?) d(z. 2)

Yz +H)
- 02 8qu,2 ku,2 -V <7> d(l’, Z)
/92(u) H+

Yz + H)
+ CE ) iy - V((0:h2)y) d(z, 2
/mu)az Hru Vw2 ((0=h2)u) )

(4.12)

1 , 0
+§/Qz(u) O-2|V¢u,2| H——H,Ld(x,Z)’

and it remains to simplify the four integrals above. As for the first one we use (3.42a),
(3.42b), and Gauf}’ theorem to get

/ o V-V (0,60, + @uh)u?) d(a.2)
- /8 - (D& 1], + (Duh)u? ) Vi - mo) AS

+ / [0u00)]._ + (Duh)ud] o1 Ot dS
X

First note that the integral on ¥ vanishes. Indeed, since &, ;(x, —H) = xy,i(z, —H) for
x € D and i = 1,2, we have [{,] = 0 on ¥ by (2.4) and (3.42b), hence [0,&,[9]] = 0
on X. Similarly [(9wh),] = 0 on ¥ owing to (2.2c). Next, since 81,5@[19”1):“ belongs to
H(Q(u)) according to Proposition 4.1, it vanishes on the boundary 9Q(u). Moreover,
since ¥ € H{ (D), the term (8yh),9 vanishes on the lateral parts of 9Q(u), hence

/Q ( )awu - v(avgv W), + (&Uh)uv&‘) d(z, )
= /D 020wha(z, u(z), u(z)) ¥(z) ( — Opu(2)dptu2(z, u(z)) + -ty 2(x, u(x))) do

_ /D o1(2, —H — d)duhy (e, —H — d, u(2)) 9(z) b (2, —H — d)) da.

Moreover, since
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we can write the second and the third integral in (4.12) as

19(z—|—H)> Yz + H)
_ Vo [0:xus V _
/m(maz Yu2 [ X2 <H+u H+wu

Yz + H)
= — 02 Vipy o -V <8zxu7 7> d(z, z 4.14
AM)2 : 22 dw,2) (414)

Yz + H)
HA+u

V((@zhg)u)] d(z, 2)

+ / 02V s - V(Dthus) d(z, 7).
Qa(u)

For the first integral on the right-hand side of (4.14) we use (3.42a) and Gauss’ theorem
and readily obtain, noticing that (z, z) — (z+H )9 (z) vanishes on all parts of the boundary
02 (u) except on &(u) and using (4.13), that

Yz +H)
— o2 Vipy 2 -V <8zxu, 7> d(z, z
/Qz(u) ’ ’ P Htu (%)

- _ /D o29(z) (0:0u2(z, u(z)) — (0:h)u(z, u(z))) (4.15)

X (= Opu(z)0pthu2(z, u(x)) + 0:tbyo(z, u(z))) dz.

The second integral on the right-hand side of (4.14) is written in the alternative form

9z + H) 1 2 V(z+ H)
0oV 2 - V(0:0y2) ———=d(z, 2 :—/ 09 0|V o|" ———=d(z, 2) .
Lo V) PR = 5 [ ooyl TR

We then integrate with respect to z to obtain

Wz + H)
0oV Yy o - V(O o) —d(z, z
/Qz(u)z Yu2 - V(0:u2) H+u (z,2)

(4.16)

_ 1 5 U 1 )
— _5/92(@ o2 |V, H+ud(:v,z) +§/DO'2|VT,ZJU,2(33,u(;E))| 9(z)da .
Consequently, substituting (4.14)-(4.16) in (4.12), we conclude that

Du3(w)[0] = - /D 02 [0tz — (Bsha)u — (Buwha)u] (z, u(x))
X [ = 0pudptbu s + Oy 2] (z,u(z)) ¥(z) dz

—I—%/Dag |V¢u72($,u(x))‘219(:17) dz

— /D [01(8wh1)u 3/%,1} (x,—H — d) 19(%) da:.

It remains to rewrite the first two integrals on &(u). For that purpose, it follows from
(3.42¢) that

Yy2(z,u(z)) = hyo(x,u(x)) = hao(z,u(z),u(z)), x€D,
from which we deduce that
Outbu2(w,u(z)) = — Opu(x) [0:0u2 — (0:h2)u — (Owho)u] (@, u(x))
+ (0h2)y(x, u(x)) .
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Using the above identity, it is easy to check that

%‘unﬁ(x: u(x))|2 - [aﬂ/}uﬂ - (azh2)u - (awh2)u] [ - 8xuaxwu,2 + 8zwu,2] (x7 u(x))

- % (1+ 100u(@) ) [0:tbu2 = (9:ho)u — (uha)u] (@, u())

+ %[((8xh2)u)2 + ((aZhQ)u + (8wh2)u)2] (2, u(z)),

so that we end up with

I (u)[V] = — %/D oo (1 + |0pu(z)?) [0:pu2 — (8:h2)u — (8wh2)u]2(x,u(:n)) Px)dz

3 / 02 [(@oh2)a)? + ((0:h)u + (Buh2)e)] (@, u()) O(x) da
D

— /D [O’l(awhl)u 8z¢u,1] (LZ', —H — d) 79(%) d.%' s

as claimed. It finally follows from Proposition 3.13, Corollary 3.15, Proposition 3.17, the
continuity of the trace from H%/%(€;) to Lo(D x {—H?}), and the C?-regularity on h; and
hs that 0,3 : S — L(H?*(D) N H}(D),R) is continuous. O

We finish off this section by considering the differentiability properties of the Dirichlet
energy J at a function u € S. As pointed out in Theorem 1.4, allowing also for non-empty
coincidence sets restricts to directional derivatives in the directions —u+ 9. Given u € S,
let us recall that the function g(u) : D — [0,00) is given by

g(u)(z) = % (14 (0pu(2))?) [0:thu2 — (02h2)u — (Bwha)u] * (2, u(z)) (4.17a)

for x € D\ C(u) and

2

o(u)(x) = 2 {j—;amu,l  (Ooha)u — (Buwha)a]| (2 —H) (4.17h)

for z € C(u).
Corollary 4.3. Letu € S and w € S. Then

Jim (3t tw ) — ()
—— [ stww - u)ds
D

+ % /D 2 [((6xh2)u)2 + ((8:h2)u + (awhg)uf] (u) (w — u) dz

- / [01(8wh1)u 3/%,1} (-, —H — d) (w - u) dx .
D
Moreover, the function g : S — L,(D) is continuous for each p € [1,00).

Proof. Given u € S and w € S, note that
us:=u+s(w—u)=(1-sju+swes, se(0,1).



38 PHILIPPE LAURENCOT AND CHRISTOPH WALKER

Let 1)y, denote the solution to (3.42) associated with us and set ¥ := w — u. Since us € S
for s € (0,1), we obtain from Proposition 4.2 that

d . 1
d_J(US) == _/ o2(1+ ’a:cué”z) [aqujuS,Q —(0:h2)u, — (8wh2)us]2(-,us)19dx
S 2 D

i % / 02 [((Oeho)u,)” + ((Ozho)u, + (Duwha)u,)] (- us) ¥ da
D

_/D [0'1(8wh1)us azwus,l] ('7_H_d)19d$

for s € (0,1). Therefore, letting s — 0 we derive with the help of Proposition 3.17, the
C?-regularity of hy and hy, and (3.39) that

lim iJ(us):—/ g(u)dde
d D

s—0t ds

+%/aﬂ“%@hﬁ+ﬂ@@h+&%@hﬁ(wﬁ¢z (4.18)
D
—/D [01(0uwht )u Bstbun] (- —H — d) 9 da

Now, Corollary 3.12 guarantees that J(us) — J(u) as s — 0, so that

3w) =30 = [ -3w)ds, te0.1),

and we conclude from (4.18) that

. 1 ~ N ) 1 t d~
t1—1>I(I)l+ Z(‘j(ut) — () = tl_l)l(% ‘), &J(Us)ds
= —/ g(u)vde
D
+%'DW%@%V+«@MM+@Mm@ﬂmwﬂm

_/D [Ul(awhl)uazwu,l] ('7_H_d)19dx’

Recalling that ¥ = w — u, the proof of Corollary 4.3 is complete, except for the continuity
of the function g : S — L,(D) for p € [1,00). However, this follows from Corollary 3.15,
Proposition 3.17, the continuity of the trace from H*(Q) to L,(D x {—H}) for s €
(1 —1/p,1), and the C%-regularity of h; and hs. O

5. LEAST ENERGY SOLUTION FOR A STATIONARY MEMS MODEL

We illustrate our findings on the shape derivative of the Dirichlet energy (1.8) with
the existence of solutions to an elliptic variational inequality arising in the modeling of
micromechanical systems (MEMS) [20,21]. Specifically, we consider an idealized MEMS
device consisting of two plates held at different electrostatic potentials: a thin elastic plate
is clamped at its boundary and suspended above a rigid ground plate, the latter being
covered by a non-penetrable dielectric layer of thickness d > 0 [4]. Due to the potential
difference between the two plates, a Coulomb force is created across the device, inducing
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a deformation of the elastic plate, thereby converting electrostatic energy to mechanical
energy while changing the geometry of the device. Considering a cross section of the device,
the rigid plate and the dielectric layer are given by D x {—H — d} with D = (—L, L) and

M =Dx(-H—-d,—H),
respectively. Denoting the deflection of the elastic plate by u : D — [~ H, o), the elastic
plate is the graph

6(u) = {(z,u(2)) : v € D}
of u, the latter satisfying the clamped boundary conditions

u(£L) = dyu(£L) =0. (5.1)
The space between the dielectric layer and the elastic plate is
Qo(u) ={(z,2) e DxR : —H <z <u(z)},
and ©; and Q9 (u) are separated by the interface
Y(u)={(x,—H) : € D, u(xr) >—H}.
We finally set
Qu)={(z,z) e DxR: —H—-d<z<u(x)} =Q UQ(u) UX(u),

so that the geometry of the MEMS device is exactly that considered in the previous
sections. The dielectric properties of the device are given by the permittivity of the
dielectric layer €y, which is assumed to be a positive function o1 € C?(;), and the
permittivity of y(u), which is taken to be a positive constant 3. Moreover, the two
plates are held at constant potentials, being respectively taken to be zero on the rigid
plate D x {—H — d} and equal to a positive constant V' on the elastic plate &(u). The
electrostatic potential ¢, in the device then solves the transmission problem (1.7); that is,

div(eViy,) =0 in Qu),
[[wu]] = [[Uazwu]] =0 on E(U),
ty = hy on 0Q(u),

the corresponding boundary conditions being prescribed by a function h satisfying (2.2)-
(2.3), as well as

hi(z,—H —d,w) = ha(z,w,w) =V =0, (z,w) € D x[-H,00). (5.2a)
Finally, the total energy
E(u) := Ep(u) + Ec(u)

of the MEMS device is the sum of the mechanical energy E,,(u) and the electrostatic
energy E.(u). The former is given by

B2 2 T, a 2 2
Bun(u) 1= 510203,y + (5 + 100l ) 100l )

with 8 > 0, 7 > 0, and a > 0, taking into account bending and external stretching effects
of the elastic plate. The electrostatic energy is

1
B == | IR
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that is, F.(u) := —J(u), see (1.8). Introducing
So:={u € H*(D) : w(£L) = d,u(+L) =0, uw>-HinD}CS,

which takes into account that the elastic plate is clamped at its boundary, it is readily
seen that E,,(u) is well-defined for u € Sy, as are v, and E,(u) due to Theorem 1.1.

Equilibrium configurations of the MEMS device, if any, are then provided by critical
points of the total energy E in Sp, and in particular by minimizers when they exist.
A minimal requirement in that direction is the boundedness from below of E on Sy, for
which the following additional assumptions on h are sufficient: there are constants m; > 0,
i =1,2,3, such that

|8€Bh1($7z7w)| —|—|8zh1(x,z,w)| < \% m1+m2w27 |awh1($7z7w)| < VAUEE (52b)

for (z,z,w) € D x [-H —d,—H|] x [-H, c0) and

my + maw? m
(Deha(, 2,0)| + [0:ha(, 2,w)| < \| =gt [Buha(w, 2, 0)] <4/ (5:2)

for (z,z,w) € D x [~H,00) x [—H,00).
Within this framework, Theorem 1.1 allows us to prove the existence of at least one
minimal energy solution.

Theorem 5.1. Assume that h satisfies (2.2)-(2.3) and (5.2) and set
Ri= B — 4L [(d + 1)0mas (12maL? + 2mg3) — 7]

4
If

max{a, R} >0, (5.3)
then the total energy E has at least one minimizer u, in Sy; that is,

E(u,) =minE. (5.4)

So

It is yet unknown whether there is more than one equilibrium configuration or whether
the minimizer provided by Theorem 5.1 has empty or non-empty coincidence set C(us)
(defined in (1.6)). Even in much simpler situations as considered in [15], where the elec-
trostatic potential is an explicitly computable function depending in a local way on u, the
answer is rather complex. Indeed, minimizers may have empty or non-empty coincidence
sets and may coexist with other critical points of E, depending on the boundary values
of the electrostatic potential. We expect the same complexity in the model considered
herein.

Remark 5.2. Condition (5.3) is obviously satisfied if & > 0, which amounts to assuming
that the applied voltage V is sufficiently small compared to the dimensions of the device,
see Example 5.5 below.

Next, thanks to the analysis carried out in the previous sections, we can characterize
any solution to (5.4) by means of a variational inequality. To this end, for u € S, we define
the function g(u) by

% (1+ (Gxu(x))2) (0:pu2(z, u(a:)))2 , € D\C(u),

g(u)(x) == o1(z, —H)? (5.5)

20_2 (az¢u,1($v _H))2 ) T € C(’LL) :
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Actually, g is nothing but the function g defined in Theorems 1.3 and 1.4, taking into
account the property

Owhi(x,—H — d,w) = Opha(z,w,w) = 0,he(x, w, w) + Oyhe(x,w,w) =0 (5.6)

for (x,w) € Dx[—H, o0), which is easily derived from (5.2a). In particular, g : S — La(D)
is continuous and represents the electrostatic force acting on the elastic plate &(u).

Theorem 5.3. Assume that h satisfies (2.2)-(2.3) and (5.2a) and that there is a solution
u € Sy to the minimization problem (5.4). Then g(u) € Lo(D) and u is an H?-weak
solution to the variational inequality

Bt — (T + aH@muH%Q(D))@iu + g, (u) > —g(u) in D, (5.7)

where Olg, is the subdifferential of the indicator function g, of the closed convex subset
So of H%(D); that is,

/D {80202 (w —w) + [r + allOsullf, () Dsu Ou(w — ) | do > — /D g(u)(w — u) da

for all w € Sy.

A minimizer u of F in So being a critical point of E and satisfying the convex constraint
u € Sy, the variational inequality (5.7) is simply the corresponding Euler-Lagrange equa-
tion: it involves the derivative 0iu — (7 + aH(‘)qu%Q ( D))Q,%u of the mechanical energy E,,
with respect to u, the subdifferential Ol g, (u) of the convex constraint, and the “differen-

tial” g(u) of the electrostatic energy E, with respect to u, in the sense of Theorems 1.3
and 1.4.

Remark 5.4. Theorems 5.1 and 5.3 are also valid with S instead of Sy, the only difference
being that the minimizers of E in S in Theorem 5.3 now satisfy (5.7) subject to the Navier
or pinned boundary conditions u(+L) = d*u(£L) = 0 instead of the clamped boundary
conditions (5.1).

Before providing the proofs of Theorem 5.1 and Theorem 5.3, let us give an example of
a function h describing the boundary conditions (1.7c) for the electrostatic potential.

Example 5.5. Let us consider the situation where o1 does not depend on the vertical
variable z; that is, o1 = o1(x). In that case, we set

02(H+z+d) —
h =V Dx|-H—-d, —H —-H
1(z, z,w) d o @ (H+w) (x,z,w) € D x| ) | x [-H,o0),
and
O'gd—l—O’l(x)(H—l-Z) —
h =V D x|[—-H —-H .
2(x727w) O'Qd—l-O'l(l')(H—l-’w)’ (ZE,Z,’w)G X[ 7OO)X[ 700)

Then assumptions (2.2)-(2.3) and (5.2) are easily checked. Moreover, if V is sufficiently
small, then K defined in Theorem 5.1 is positive, hence (5.3) holds in that case.
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5.1. Existence of a Minimizer. Given u € S we recall that 1, is the unique solution
to the transmission problem (1.7) provided by Theorem 1.1.

Proof of Theorem 5.1. We first note that the total energy F is bounded from below and
coercive. To this end, we recall the Poincaré and Poincaré-Wirtinger inequalities
lull ooy < IDWOstllLopy s N0sullLy(py < 1DINOZu] Loy - (5.8)
which are valid for all u € S. Let u € S. Tt follows from (5.2b), (5.2c), Lemma 3.2, and
Young’s inequality that
1

1
w7 | Tl < 5 / RO

g/ a[(axh(x,z,u(a;))ﬁ+(awh(g;,z,u(x)))2(axu(a;))ﬂ d(z, 2)

1

— g X, 2, u\T 2 T,z
#3 f 0 @:hazu@) aG.2)

< (d+1)0maz /D [g(ml + mou(z)?) + m3(3xU(l’))2} da.

Using (5.8) we get

—E.(u) < %amam [3m1|D| + (3ma| DJ? 4 2my) ||8xu\|%2(D)} .
Therefore,
B() > 20212, ) + Lol ) ~ 2 m|D
[ (3malDP + 2m3) — 2 100l
> Dozl py + L0sult ) — 2 g D)
_ %07,1 (3ma| DJ? + 2ms) — g ) 10zull? ) - (5.9)

Now, if @ > 0, then Young’s inequality and (5.9) give
B
E(u) > 5”@%“”%2(1)) -G
for some constant C; > 0 independent of v € S. If a = 0, then we infer from (5.3) with

|D| = 2L, (5.8), and (5.9) that & > 0 and

3(d+1)
2

Consequently, E is coercive when (5.3) is satisfied.
Now, take a minimizing sequence (u;);>1 of £ in Sp C S. Then

lim F(uj) =inf E,
So

j—o0

R
E(u) = 5”&%“”%@) - Omazmi| D).
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and the just established coercivity of E guarantees that (u;);>1 is bounded in H?(D). We
thus may assume that (u;);>1 converges weakly towards some u, in H 2(D) and strongly
in H%(D) for s € [1,2). Obviously u, € Sy and

Ep(uy) < liminf Ep, (uj) .
j—00

Moreover, since H2(D) is continuously embedded in L, (D), we may invoke Corollary 3.12
to obtain that

Ec(uy) = lim Ee(uj).
]—)OO
Consequently, u, minimizes F on Sy and the proof of Theorem 5.1 is complete. O

5.2. Euler-Lagrange Equation. We finally prove Theorem 5.3 which requires deriving
the Euler-Lagrange equation satisfied by any minimizer of E on Sy. We first observe that
the additional assumption (5.2a) simplifies the directional derivative with respect to u € S
of the electrostatic energy FE., which is given in Theorems 1.3 and 1.4.

Proposition 5.6. Let u € S and w € S. Then

lim l(Ee(u + s(w —u)) — Ee(u)) = /Dg(u)(w —u)dz.

s—0t S

Proof. As already mentioned, we infer from (5.6) that g(u) = g(u) € Lo(D). Therefore,
since E.(u) = —J(u) by (1.8), we deduce from Theorems 1.3 and 1.4 that

lim 1(Ee(u + s(w — u)) — Ee(u))

s—0t S

- [ st@)w - () do
D

1

- /D 02 [((9sh2))? + ((0:h2)u + (Duha))?] (@, ul@)) (w — u)() da

(5.10)

+ / (01 (Ouh)u D-thu1] (2, — H — d) (w — ) (x) da.
D

Now observe that the first identity of (5.2a) implies
(Owh1)u(x,—H — d) = Ophi1(z,—H — d,u(z)) =0, x€D,
so that the last integral on the right-hand side of (5.10) vanishes. Moreover, the second
identity of (5.2a) yields
(0zh2)y(z,u(z)) =0, x€D,
which, together with (5.6), implies that the second integral on the right-hand side of (5.10)
also vanishes. O

Proof of Theorem 5.3. Consider a minimizer v € Sy of E on Sy and fix
we Sy = {veH*D):v(£L)=0(£L)=0, v>-HinD}CS,

Owing to the convexity of Sp, the function u + s(w —u) = (1 — s)u + sw belongs to Sy for
all s € (0,1] and the minimizing property of u guarantees that

0 < liminf l(E(u + s(w —u)) — E(u)) .

s—0t S
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Proposition 5.6 then implies that
0§/ ﬁ@%u@%w—u—l— 7+ al|0zul|? Oz Oz (w —u) ¢ do
| {pozudd —w)+ (7 + alocullyp)) Oeuulw —u)

+/Dg(u)(w—u)dx

for all w € Sy. Since Sy is dense in Sy, this inequality also holds for any w € Sy, which
completes the proof of Theorem 5.3. ([l

Remark 5.7. In Theorem 5.3, a salient feature of g(u), which is given by (5.5) and
coincides with the directional derivative of B, = —J, is that it is non-negative, a property
which is due to the uniform potentials applied on both the rigid plate D x {—H —d} and the
elastic plate &(u). When the applied potential on the elastic plate &(u) is non-constant,
the formula for the directional derivative of B, = —J provided by Theorems 1.8 and 1.4
involves a positive term and a negative term, and its sign is not determined a priori. A
similar observation is made in [8] for a related model. In fact, if d =0 (that is, there is
no dielectric layer) and if, instead of assuming (5.2a), the function h is taken to be

H+z
H+w

h(z,z,w) = p(z,w), (x,z,w) € D x[~H,o00) x [-H,o0),
for a suitable function p, then one easily recovers the model considered in [8] from Theo-
rem 1.3.
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