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Nonlinear Discrete Mechanical Model of Steel Rings

Jibril B. Coulibaly'; Marie-Aurélie Chanut?; Stéphane Lambert®; and Frangois Nicot*

Abstract: Circular rings are used in various engineering structures because of their nonlinear properties. The use of large assemblies of
steel rings in flexible ring nets is widespread in recent technologies of protection structures and their design requires a nonlinear and
computationally efficient mechanical modeling. This paper presents an innovative discrete model of steel rings for application in flexible
protection structures. The model aims at providing an effective mechanical response of the net at both the local ring scale and the
global net scale. Two different uniaxial tension configurations are defined as reference loading cases and the nonlinear analytical
response of the ring model to these loading cases is established. A multicriteria numerical method based on the Levenberg-Marquardt
algorithm is developed to calibrate the model param-eters from experimental data. An experimental campaign on steel wire spliced
rings of different dimensions is conducted and permits the calibration and validation of the model.

Keywords: Steel rings; Mechanical model; Nonlinear; Numerical calibration method; Experimental campaign.

Introduction

Circular rings exhibit interesting nonlinear properties, making their
usage advantageous for a wide range of engineering applications
such as vibration and transient shock isolation (Hu and Zheng
2016) and protection structures (Lambert and Nicot 2011). Several
approaches have been proposed to assess the behavior of circular
rings. The nonlinear behavior of straight and curved beams was
studied analytically and numerically by Seames and Conway
(1957). Closed-form solutions, in terms of elliptic integrals, to the
problem of elastic circular rings under uniaxial loading were pro-
posed by Tse et al. (1994) and Tse and Lung (2000). This model
shows good agreement with experimental data from tests per-
formed on fiber-reinforced plastic composite rings. Numerical ef-
forts to assess the response of such structures led to the development
of various models of rings exhibiting relative advantages and draw-
backs. Nicot et al. (2001b) proposed an analytical beam model using
an approximation of the ring kinematics by two circular arcs. This
model is well suited for steel rings because it also investigates plas-
ticity and provides great insight into the combined geometrical-
material nonlinearities of the ring. The finite-element method (FEM)
was also used to model steel rings. Escallén et al. (2014) proposed
a model using linear beam elements with a circular cross section.
The number of beam elements used must be large and depends
on the ring size. The elements are formulated with an elastoplastic
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constitutive behavior including strain-hardening and ductile damage
evolution. It is able to capture finely the irreversible flexural bending
of the ring, but requires section integration of a large number of
elements, leading to a high computational cost.

This paper narrows the focus on steel rings used as elements of
flexible structures. Protection structures against different types of
hazards are often made of flexible netting surfaces intercepting in-
cident projectiles. Projectiles can be diverse and range from cars or
pipes blown away by tornadoes and capable of damaging industrial
facilities, such as nuclear power plants, to falling rocks in moun-
tainous areas, impacting roads, railroads, and houses (Lambert and
Nicot 2011; EOTA 2013). Ring nets, made of a repeated pattern
of interlaced steel rings, are widely used in recent designs of such
protection structures. Upon impact, the net undergoes large dy-
namic deformations, leading to a change in its conformation due
to rearrangements of its rings through yielding and relative sliding.
Numerous technologies of steel rings exist, varying in the steel
grade and wire strand assembly (clipped, spliced, welded). Hence,
a general ring model must be technology-independent and adapt to
various technological details of different rings. Models supporting
dynamic and both geometrical and material nonlinear analyses are
also necessary and, because a large amount of rings is to be as-
sembled to form a net, computational efficiency is capital. In this
regard, early theoretical developments presented in Seames and
Conway (1957), Tse et al. (1994), and Tse and Lung (2000) are
hardly suitable for such analyses. Likewise, practical use of fine
FEM models such as Escallén et al. (2014) may suffer from their
computational cost and the local information obtained from the
discretization may be mostly underutilized for engineering appli-
cations. As a result, alternative methods have been proposed to
efficiently determine ring nets behavior. Ghoussoub (2014) used
homogenization of periodic media to treat the net as a membrane.
This approach proved successful for infinitesimal strain and deflec-
tions but requires further improvements for large deflection appli-
cations. Homogenization techniques also lead to a loss of local
information. A more common approach is the use of simplified dis-
crete models of rings and ring nets. Nicot et al. (2001a) introduced a
ring net model based on the discrete element method (DEM). Rings
are discretized into a single node and the nodes are connected with
bar elements of constitutive behavior modeling the ring response in
uniaxial tension. Gentilini et al. (2012) also developed a similar
model in FEM. Volkwein (2004) and Grassl (2002) respectively
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developed 4-node and 8-node FEM models of steel rings and their
corresponding net assemblies. These models proved more complete
and efficient but present noticeable limitations such as their revers-
ible behavior and unsuitability for different loading configurations.
In this context, the need for an efficient nonlinear steel ring model
accounting for most mechanical phenomena is left unfilled.

In this article, a new discrete model of steel rings is proposed.
This technology-independent ring model takes into account the
geometrical and material nonlinearities and uses a 4-node discre-
tization with the aim of ensuring both a proper description of a sin-
gle ring behavior and a computationally efficient modeling of large
ring net assemblies. The general steel ring model is first presented.
Analytical responses of the model to reference loading cases are
then explored and a numerical fitting method is specifically devel-
oped to obtain the model optimal parameters. An experimental
campaign is carried out and data are used to calibrate and validate
the model against a given steel wire spliced ring technology used in
rockfall restraining nets.

Ring Model

The mechanical behavior of steel rings under tension is first pre-
sented before introducing the proposed ring model. When external
tensile forces are applied to a ring, combined bending and tension
are undergone. Two regimes of deformation can be identified: an
initial phase, termed bending regime, where bending is dominant
and deflections are large, and a final phase, termed tensile regime,
where tension is dominant and deflections are small (Nicot et al.
2001b; Escallén et al. 2014) (Fig. 1).

In the bending regime, the ring first deforms elastically until
the onset of plastic strain. Deformation then continues with
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Fig. 1. Ring deformation and regime distinction

considerable changes in the ring shape due to plastic bending.
As the ring deforms, its elastic stiffness increases as demonstrated
by Tse and Lung (2000) for elastic rings. This result remains true
for inelastic rings; the model proposed by Nicot et al. (2001b) ac-
counting for plastic deformation shows a similar behavior. When
going through cycles of loading and unloading, the larger the ring
deformation, the stiffer the springback. This increase in the elastic
stiffness of the ring structures is due to changes in its geometry. The
unloading phases are elastic. When the ring is unloaded most of the
tension vanishes, but because of its shape and elastoplastic behav-
ior, residual elastic stresses due to bending remain present and the
ring structure is autostressed. The stiffness of the ring structure re-
mains moderate over the entire bending regime. When the ring is
fully deformed, no extra bending forces can develop and the tensile
regime starts. The ring mainly undergoes elastic tensile forces
(Nicot et al. 2001b), and as a result its stiffness is very high. These
features of steel rings behavior have also been illustrated by numer-
ous experimental studies (Grassl et al. 2002).

The developed ring model consists of four nodes interacting
through an assembly of seven linkages: one perimeter linkage,
two diagonal ones, and four side ones. For applications to rockfall
restraining nets, the ring would be part of a 4-contact interlaced ring
net in which each ring is attached to four other rings within the net
[Fig. 2(a)]. The nodes would then represent the contact points of the
ring with its surrounding counterparts [Fig. 2(b)] and form a min-
imal discretization of the ring structure that ensures computational
efficiency; finer discretizations have been observed to be computa-
tionally more costly (Escallon et al. 2014; Volkwein 2004).

The role of each linkage is made explicit in the sequel. The
perimeter linkage forms a closed loop like an actual ring, thus pro-
viding a correct geometric description of the curvature variations
of a deformed ring (Tse and Lung 2000). This linkage produces
tensile forces only as tension in an actual ring develops along its
perimeter. Because of the chosen 4-node discretization, these forces
represent the combined in-plane bending and tensile behavior of
arcs of steel rings under tension. The diagonal and side linkages
are referred to as internal linkages. They are different in nature
but fulfill the same functions: they account for the in-plane plastic
bending behavior of sections of the ring undergoing large curvature
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Fig. 2. (a) 4-contact ring net (image by Jibril Birante Coulibaly); (b) general 4-node ring model



variations and prevent the existence of zero-energy modes by bal-
ancing tensile forces from the perimeter with compression forces.
The present developments only address in-plane bending of the
ring. Although they remain limited, out-of-plane deformations
might occur under certain loading cases and the model should
exhibit some out-of-plane flexural rigidity. Assuming that the pro-
posed model is bent about one of its diagonals, the other diagonal
would shorten and develop a resisting force, providing the given
model with out-of-plane flexural rigidity. Additional linkages could
potentially be added to better account for this type of deformation.
Such solutions are not investigated herein because of the limited
effects out-of-plane deformations are expected to have compared
with in-plane ones.

The combination of the seven linkages over the chosen discre-
tization geometry enables modeling both the initial, low-stiffness,
bending regime and the final, high-stiffness, tensile regime of the
ring. The transition state separates the bending regime from the ten-
sile regime; quantities at the transition state are written with an r in
the subscript. The constitutive relations of the internal and perim-
eter linkages are now described in detail.

Internal Linkages Constitutive Relation

The diagonal and side linkages share the same type of constitutive
relation. Internal linkages are given an elastoplastic constitutive re-
lation. The constitutive relation of internal linkages accounts for the
geometrical shape hardening of the ring structure demonstrated by
Tse and Lung (2000). A one-dimensional (1D) elastoplastic con-
stitutive relation is developed. The relation is first introduced in
terms of the axial stress o and the axial strain ¢ in the linkage. An
equivalent and more convenient force—displacement relationship
for use in the discrete model is derived subsequently. From strain
partitioning, elastic strain € and plastic strain £’ are defined:
€ = e° + eP. Stress is defined as 0 = Ec<®. Let E be the current elas-
tic modulus and E; be its initial value. The shape-hardening var-
iable of the internal linkages Gy, is defined as

E
Gintziozl (1)

Considering that changes in the ring shape are largely due
to plastic bending, it is assumed that the elastic strain can be ne-
glected in the hardening of the ring so that G, = g, (¢7) is an
increasing function of the plastic strain only, with initial condition
gin(€? = 0) = 1. The onset of plastic strain does not occur in-
stantly as the ring deforms (Nicot et al. 2001b; Escallén et al.
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2014), so the shape-hardening function is therefore given the addi-
tional initial condition dgi, /de? (e? = 0) = 0. The yield function
is defined as f(0) = 0 <0, along with the associated flow rule
&P = \Jf /0o, where A is the scalar plastic multiplier. The rate
of deformation in the plastic domain is obtained through the
Karush-Kuhn-Tucker conditions and the consistency condition.
The stress-strain relationship is expressed as

e=ge P =0 o0=GyEye<0 for f<0

g=éP>0 =0 o0=0 for f=0and f=0 (2)

and the shape-hardening function g;, is taken as a power function

1 for e? < &
- (eP) = p h
gmt(6 ) { 1 + a(gp _ 85)"’ for e > SZ (3)

with e/’ = largest plastic strain for which there is no hardening; and
a > 0 and > 1 are coefficients to be determined.

A force—displacement formulation of the constitutive relation is
now derived [Fig. 3(a)]. Considering a constant cross-section area
A and initial unstretched length [,, and using Cauchy strain, the
linkage length / is given by [ = [4(1 + €). Eq. (2) shows that for
a given level of plastic strain, the maximum length of the linkage
is obtained when there is no elastic strain. Hence, the largest
reached length /; is also the current unstretched length and is given
by I; = Iy(1 4 €P). The elastic strain is then directly obtained from
strain partitioning as ¢ = (I — [;)/ly. The force developed is F =
oA and the yield surface may then be expressed as f(F) = F <0.
Introducing the initial stiffness of the linkage kg = EqA/ly, the
constitutive relation may be expressed in terms of force and
displacement as

Al#0
Al>0

Al; =0 F =Giko(l—1;) for f<0

Al,=Al F=0 for f=0and f =0
(4)

and the shape-hardening function g, becomes

1 for li < li
Ginl = ginl(li) = { 1+ aint(li _ li,,)b‘m for li > llhh (5)

with [; = largest length for which there is no hardening; and aj, >
0 and b;, > 1 = coefficients to be determined. The initial stiff-
ness parameters and shape-hardening functions will respectively be
noted as k, and g, for the diagonals and k; and g, for the sides. The
largest length with no shape hardening and the shape-hardening
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Fig. 3. Constitutive relations of the (a) internal linkages; (b) perimeter linkage



parameters of both the diagonals and the sides will respectively be
noted as d;,, a4, by and s; , a,, by.

Perimeter Linkage Constitutive Relation

Similar to the internal linkages, the perimeter linkage is given an
elastoplastic constitutive relation. The elastoplastic behavior of this
linkage is inspired from the constitutive relation proposed by Nicot
et al. (2001b) for a ring under uniaxial tension. The main properties
are summed up hereafter and a simplified formulation is then de-
rived [the detailed elastoplastic formulation can be found in Nicot
et al. (2001b)]. The unstretched length of the perimeter linkage is
noted as Ly, its current length as L, and its length at the transition
state as L,. First, for lengthening from L = Ly up to L = L; , the
linkage response is elastic; this stage corresponds to the initial elas-
tic bending of the ring with L;, being the largest perimeter length
without plastic deformation. Second for lengthening from L = L;,
up to L = L,, the response is elastoplastic and corresponds to the
combined tension and bending of the ring with large deflections in
the bending regime. The linkage shows an irreversible behavior
during this stage where the unloading path differs from the loading
path and exhibits an increase in its stiffness with increased length-
ening as explained previously. Third, for lengthening superior to
the transition length L = L, the linkage shows an elastic response
corresponding to the tensile regime of the ring. The stiffness of the
linkage is very high during the tensile regime [Fig. 3(b)].

The monotonic force—displacement relationship of the perim-
eter linkage developed herein is defined as piecewise linear with
stiffness coefficients k;, and k, > k,. The first piece, with stiffness
parameter kj,, accounts for the low-stiffness, elastoplastic bending
regime of the ring, while the second piece, with stiffness parameter
k;, accounts for the high-stiffness, elastic tensile regime of the ring.
These linear pieces are separated at the transition length L = L,
[Fig. 3(b)]. As for the internal linkages, a shape-hardening variable
G, is introduced in order to account for the increase in the elastic
stiffness of the linkage k¢ during the bending regime. This variable
is defined as

ke
G, = 21 (©)

The elastic stiffness depends almost solely on the plastic length-
ening L? so the shape-hardening variable of the perimeter linkage
is a function of the plastic lengthening only, that is, G, = g, (L?).
When loading monotonically in the bending regime, the linkage
sustains elastic and plastic lengthening and exhibits tangent stiff-
ness k. When unloading, it follows an elastic linear branch of tan-
gent stiffness k* = Gk, until the force cancels; the reloading
follows this same elastic branch up to the unloading point and takes
back the monotonic path past this point [Fig. 3(b)]. The elastic stiff-
ness in the tensile regime is k;, therefore limiting the value of the
shape-hardening variable to G, < k,/k;.

Because the linkage deforms only in tension, the plastic length-
ening cannot decrease and can only increase with an increase in the
total length, that is, L” = y(L) > 0, with y an increasing function.
During the elastic phases, there is no increase in the plastic length-
ening (LP = 0); the plastic lengthening can then only increase dur-
ing the elastoplastic loading phases and may therefore be expressed
in terms of the largest reached length L; as L, = z(L;), with z an
increasing function. The plastic deformatlon could also be ex-
pressed in terms of the largest reached length for the internal
linkages. The force—displacement relationship of the linkage
and the evolution of the shape-hardening variable G, may then
be established in terms of the largest reached length L;. The
force—displacement relationship of the linkage is given by Eq. (7)

ky(L —Ly) for L = L; < L, (loading)
F = ky(L;—Lo) +G,k,(L—L;) for L<L;<L, (unloading)
ky(L,—Lo)+k(L—L,) forL>L,

(7)

The shape-hardening variable does not initially vary because
plastic lengthening does not occur instantly as the ring deforms.
When L; < L;,, thatis, L” = 0, the linkage is elastic and G, = 1;
when L; > L; , thatis, L? > 0, the linkage underwent both elastic
and plastlc lengthening and G, > 1. The shape-hardening variable
G, = gp(L;) is therefore an increasing function of the largest
reached length L; with the following initial conditions: g,(L; =
Ly) =1 and dg,/dL;(L; = Ly) = 0. The shape-hardening func-
tion g, is also taken as a power function

G 1 for Li<Lih g
= L) =
p = 9(L1) {1+ap(Li—L-)”r) for L, >L;>L; (®)

th

with @, > 0 and b, > 1 = coefficients to be determined.
The analytical response of the model is investigated in the next
section.

Analytical Response

As a structure, the ring mechanical response depends on the loading
configuration and loading path. Two-point tensile tests are the most
widely performed. Grassl et al. (2002) also mention results from
various loading configurations, including 3-point and 4-point ten-
sile tests. In the 4-contact net pattern, it is expected that the main
loading configurations are 4-point and 2-point traction. Therefore,
these configurations are considered as reference loading cases. The
static, nonlinear, analytical response of the ring model under these
two loading cases is explored hereafter.

4-Point Traction

The 4-point traction is performed as follows: an axial displacement
¢ is given to the top nodes, while the bottom nodes are fixed, and no
lateral displacement is allowed [Fig. 4(a)]. The equilibrium equa-
tions of the top nodes are written on the deformed configuration
[Fig. 4(b)]. Variable F, is the tensile force in the perimeter linkage;
Fg4, F,, and F, are the compression forces in the diagonals, axial
side, and transverse side linkages; the restraining force and R pre-
vents lateral displacements so that the equilibrium [Eq. (9)] is
always verified

. F
F,+F, +Fds1n7—§:
F,+F,+Fycosy—R=0 9)

The monotonic loading and unloading are studied separately
subsequently.

Monotonic Loading

During monotonic loading, internal linkages do not develop com-
pression forces (F; = 0, F, = 0, and F, = 0); the axial force F is
given by Eq. (10), where 6, is the axial displacement at the tran-
sition state

F =4k,6 for 6 <6,
F = 4kp6, + 4k, (6 —6,) for 6 > 6, (10)

The force—displacement relationship is explicit and piece-
wise linear, similar to the perimeter one. The piecewise linear
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Fig. 4. Deformation kinematics and static equilibrium of the model: (a) 4-point traction kinematics; (b) 4-point traction equilibrium (top node);
(c) 2-point traction kinematics; (d) 2-point traction equilibrium (top and sides nodes)

constitutive relation of the perimeter makes up for the lack of geo-
metrical nonlinearities captured by the 4-node discretization.

Unloading

Considering a displacement §; was reached through monotonic
loading, the direction of displacement is now reversed to unload
the ring down to a displacement ¢ < §;. According to Eq. (4),
the diagonals and the axial sides will start developing compression
forces Fy = Gy ky(d —d;), Fs, = G, k(6 —6;), and F, = 0 with
Gy, = g4(d;) and G, = g,(so + 6;). According to Eq. (7), the ex-
pression of the tension in the perimeter changes in the bending re-
gime for ¢ < §,. If unloading starts in the bending regime, that is,
8; < ,, the tension in the perimeter is F, = 2k,6; +2G, k;(6 —
;) and G, = g,(4sy + 26;). If unloading starts in the tensile re-
gime, that is, §; > 0,, and continues in the bending regime (6 < §,),
the tension in the perimeter is F, = 2k,0, + 2G, k,(6 — 6,) and
G,, = g,(4so + 26,). The expression of the tension in the perim-
eter remains the same in the tensile regime for 6 > §,. Accounting
for these additional forces in the equilibrium Eq. (9), the force—
displacement relationship becomes

F = 4k, 5, + 4G, k(6 — 6;) + 2G, k, (6 — 6,)
+2Gyky(so +06) (l - %) for 6 <6; <6,
F = 4ky6, + 4G, ky(6 — 6,) +2G, ky(6 — 8,)
+2G 4 ky(so + 6) (1 — %) for 6 < 6, < §;
F = 4k, + 4k,(6 — 8,) + 2G, k,(6 — 5,)

26, kalso + 5)(1 —%> for 6, > 8> 6, (11)

This relationship is demonstrated in Appendix I. The unloading

path is unique. The equilibrium is also independent of the direction

of loading, and as a result there is no hysteresis during unloading
cycles. After reloading past ¢;, the response is not affected by the
occurrence of an unloading cycle.

Egs. (10) and (11) provide a general analytical response of the
ring for any loading path in the 4-point traction configuration.
Study of the 2-point traction configuration is carried out similarly
to obtain the associated analytical response.

2-Point Traction

The 2-point traction is performed as follows: an axial displacement
6 is given to the top node, the bottom node is fixed, and the side
nodes are free [Fig. 4(c)]. In 2-point traction, the equilibrium equa-
tions of the top and side nodes are written on the deformed
configuration [Fig. 4(d)]. As for the 4-point configuration, F, is
the tensile force in the perimeter linkage, and F,, Fy,, and F
are the compression forces in the axial diagonal, transverse diago-
nal, and side linkages, respectively, so that the equilibrium of the
top node and side nodes [Eq. (12)] are always verified

2F ,siny 4 2Fsiny + F, — F = 0 (topnode)

2F, cosy 4 2Fcosy + F,, = 0 (side nodes) (12)

Because the side nodes are not fixed, there are two additional
degrees of freedom: the ring diagonal length d and side length s.
Taking advantage of the symmetries about the vertical and horizon-
tal axes and using the Pythagorean trigonometric identity, the side
length s is expressed in terms of the ring internal diameter ¢, the
axial displacement ¢, and the transverse diagonal length d and non-
linear equations for the axial force F and transverse diagonal length
d are derived. Similar to the 4-point traction, the monotonic loading
and unloading phases are studied separately.

Monotonic Loading
During monotonic loading, the sides and the axial diagonal do not
develop compression forces (Fy =0 and Fy=0). From the



equilibrium Eq. (12), implicit relations are obtained for the two
quantities F [Eq. (13)] and d [Eq. (14)], with s, the side length
at the transition state (L, = 4s,). These relationships are demon-
strated in Appendix |

ky¢p 2 k¢ 2
1+[F+k4(¢+6)} - [4kb<¢+6>—F] -0 fors<s
ka¢ 2 ky (s, —so) —kis,|* _
s S G =0 fors
(13)
_ g kalo+8)
Unloading

Similar to the 4-point traction, the direction of displacement is re-
versed to unload the ring down to a displacement 8 < §; after §; was
reached through monotonic loading. According to Eq. (4), the
axial diagonal and all the sides will start developing compression
forces F, = Gk, (6—6;) and Fy = G, k(s —s;) with G, =
9a(¢+6;) and G, = g,(s;). According to Eq. (7), the expres-
sion of the tension in the perimeter changes in the bending
regime for s < s,. If unloading starts in the bending regime, that
is, s; <s,, the tension in the perimeter is F, = 4k,(s; — s¢) +
4G, ky(s —s;) and G, = g, (4s;). If unloading starts in the tensile
regime, that is, s; > s,, and continues in the bending regime
(s <s,), the tension in the perimeter is F, = 4k,(s, —s9) +
4G, k(s —s,) and G, = g,(4s,). The expression of the tension
in the perimeter remains the same in the tensile regime for s > s,.
These additional forces modify the equilibrium Eq. (12) and
implicit expressions for the axial force F and the diagonal length
d become

14 { ka9 ]2
F—Ggka(6—6;)+ka(p+06)
B { 8G ), kps; +2G, kys; — 8k, (s; — ) ]2 0
(4G, ky + G k)(d + 8) + Gy k(6 — 6;) — F
for s <s; <s,

- { kqd ]2
F — G kg(5—6;) + k(o + 5)
8G,, kys, +2G, kys; — 8k, (s, — o)
B {(4G,,,kb + Gy k) (¢ + 8) + Gy kg(6 — ;) —
for s<s,<s;
4 { kq® ]2
F—Ggky(6—6)+ka(p+6)
{ 8k;s, +2G, kys; — 8k, (s, — 5¢) r _0
(4k, + G k) (¢ + 6) + Gy kq(6 —6;) — F

for s; > s > s, (15)

2
J =0
F

ka(¢ +0)
F—Guky(6—06;) + kq(¢+ 0)

d=d, Vs (16)

These relationships are demonstrated in Appendix I. As for the
4-point traction, the unloading path is unique with no hysteresis and
the occurrence of an unloading cycle does not affect the response
when reloading past ;.

The analytical response of the ring model to reference loading
configurations is made fully explicit and all the parameters of the

Table 1. Parameters of the Ring Model

Parameter Description Unit
ky, Initial perimeter stiffness in bending regime N/m
k, Perimeter stiffness in tensile regime N/m
ky Initial diagonal stiffness N/m
ks Initial side stiffness N/m
L, Perimeter transition length m
L;, Largest perimeter length with no shape hardening m
dy, Largest diagonal length with no shape hardening m
Sin Largest side length with no shape hardening m
a, Perimeter shape-hardening function parameter a —
a, Diagonal shape-hardening function parameter a —
ag Side shape-hardening function parameter a —
b, Perimeter shape-hardening function parameter b —
by Diagonal shape-hardening function parameter b —
b, Side shape-hardening function parameter b —

model are summarized in Table 1. The calibration method estab-
lished to obtain the various model parameters from experimental
data is presented in the next section.

Model Calibration

The analytical response of the model depends on 14 parameters
(Table 1) that need to be calibrated to fit existing technologies
of rings. A numerical procedure has been developed in order to
fit the analytical response to corresponding data.

Separation between the loading and unloading phases is essen-
tial. It is decided that the stiffness parameters and transition length
of the perimeter must be obtained from the monotonic loading only
while the shape-hardening functions are obtained thanks to the
unloading cycles. The need for specific numerical fitting tools is
justified by the piecewise, nonlinear, and implicit nature of the
relations Egs. (10), (11), and (13)—(16) to be fitted.

Finding the best set of parameters is done by means of the least-
squares method. Consider m measurements of a given quantity X of
the independent variable §: the values of the experimentally mea-
sured quantity and the analytical quantity are respectively collected
into vectors X, and X,. The parameters of the analytical quantity
are collected into the parameter vector 0. The least-squares method
consists of finding the parameter set ® minimizing the objective
function

m

= [X.(6)) -

j=1

a(6;.0)1 =X, =X, (0)[7  (17)

Optimal sets are noted 0* and the corresponding minimum value
of the objective function is noted S*. Given that the gradient of
application S must be zero for it to be minimal, optimal sets are
obtained solving Eq. (18) where J is the Jacobian matrix of the
analytical quantity X,

VS(0°) = —2J7(X, — X,) =0 (18)

The developed numerical method aims at calibrating the tran-
sition length L, along with stiffness parameters k,, k;, k;, and k;
first, before calibrating the parameters of the shape hardening func-
tions g,, gs, and g, of the perimeter, side, and diagonal linkages.
Because some parameters depend on others, calibration of the
parameters in the given order is imperative.



Stiffness Parameters Calibration

For calibrating the stiffness parameters, the fit is performed on the
monotonic loading of the 2-point traction because it provides more
comprehensive data regarding the geometrical and material nonli-
nearities and possesses more degrees of freedom than the 4-point
traction.

Minimization Problem

In order to satisfy the overall behavior of the ring, the force—
displacement relationship, as well as the deformation kinematics,
through the diagonal length d, are taken into account. To simplify
the resolution, the transition length of the perimeter, through the
side length s,, is considered independent of @ and varies in a chosen
interval [s'"; s;""] with a step As,. The minimization problem is
solved for all chosen values of s, in the interval and the overall
minimum value of the objective function is selected to obtain
the optimal set of parameters (s;,0*). The parameter vector is
0 - (kb’ kt’ kd)T.

The objective functions to be minimized are

Sp(0) = [F. —F,(0)[3  S,(0) = [[d. —d,(0)[3  (19)

The objective functions are not linear in terms of the parameter
vector and are then minimized using the Levenberg-Marquardt
(LM) nonlinear least-squares method (Marquardt 1963). The
method consists of solving iteratively a quadratic minimization
problem. At current iteration n, the analytical quantity is linearized
X, = X” + J"AO" and a diagonal scaling term, using a damping
factor A" > 0, is introduced. Eq. (18) becomes

[JnTJn + /\"diag(J"TJ”)]AB” — JnT(Xe _ XZ) (20)

Updating the parameter vector 8"! = " + A®” and solving
iteratively, Eq. (20) converges to a minimum value for the objective
function. Because nonquadratic problems may have several mini-
mums, the resolution is performed for several starting points 0°
that converge to different values of 0*. The optimal set is found
by taking the minimum value of all explored minimums.

Because it is unlikely that one set of optimal parameters min-
imizes both S and S, a unique solution to the multicriteria opti-
mization problem of Sy and S; must be found. The ideal point
is defined in Ehrgott (2005) as the position in the objective space
combining the optimal values of the objective functions taken
separately, that is, P/ = (S}, ;). The optimal parameter vector
is found looking for the minimum distance D’ between the point
P(0) = [S(0), S,(0)] and the ideal point. Because both functions
are not homogeneous, the relative distance is used and 1-norm dis-
tance is used for simplicity. The distance to be minimized is there-
fore D(0) = ||[SF(0) — S&]/Sk. [S4(0) — S51/S5||,- Minimizing
distance D! is equivalent to minimizing function Sg,; [Eq. (21)],
hence, calibration of the stiffness parameters is performed minimiz-
ing the Sg, function

Sp(0) | Sa(6)

S}JrSjl

Sra(0) = (1)

Application of the LM algorithm to Eq. (21) is now presented.

Implementation

Minimizing Sr, requires that minimization of Eq. (19) is first
performed to obtain values of S} and S7. First, S} is calculated.
The values of the analytical axial force F, are obtained solving the
implicit force—displacement relationship in Eq. (13) using Brent’s
method (Brent 1973). The Jacobian matrix J of F, is obtained
analytically thanks to the implicit function theorem. Knowing F,

and J, the optimal value S}. can be found using the LM algorithm
[Eq. (20)]. Second, S is calculated. The values of the analytical
diagonal length d, are obtained from Eq. (14), involving the pre-
viously computed values of F,. The Jacobian matrix J,; of d, is
obtained by directly calculating its partial derivatives, which in-
volve the previously computed partial derivatives of F, because F'
is not an independent variable in the implicit expression Eq. (14).
Knowing d, and J,, the optimal value S, can be found using the
LM algorithm [Eq. (20)].

Once S% and S are known, Eq. (21) can be minimized in the
same manner. Taking advantage of the linearity properties, apply-
ing Eq. (20) to the multicriteria objective function Sy, yields

0 PSR O A 15 PR IR
- Al
S + 5 + Adiag s + 5 0
_J}?—(Fe_Fa)_FJ}(de_da)
a Sk Sa

(22)

which gives the optimal set 0 = (kj, k;, k) ". The set of optimal
values (sy, kj;, kj, k) is obtained but no optimal value of k is found
yet. Because the side stiffness k; does not appear in the monotonic
loading equations, an extra configuration is used to find a value
of k; from loading equations only. The optimal value of the side
stiffness parameter is given by Eq. (23), where 62 denotes the axial
displacement at the transition state in 2-point traction [Fig. 4(c)].
This relationship is demonstrated in Appendix II

_ 2Px
Y k.
¢+ so + 027" — 2]

(23)

In the following, the procedure applied to calibrate the param-
eters of the shape-hardening functions is presented.

Shape-Hardening Functions Parameters Calibration

During 2-point traction, the extension of the diagonals is large,
while the extension of the sides remains moderate [Fig. 4(c)]. Con-
versely, in 4-point traction, the extension of the diagonals is very
limited and the sides undergo larger extension [Fig. 4(a)]. There-
fore, the parameters of the shape-hardening functions of the sides
and of the diagonals are calibrated independently: the 4-point trac-
tion is used to fit the parameters of the shape-hardening function of
the sides, while the 2-point traction is used to fit the ones of the
diagonals. The extension of the perimeter is comparable in 2-point
and 4-point traction so that calibration of the perimeter shape-
hardening function parameters could be performed on both con-
figurations. The 4-point traction is used to fit the parameters of the
shape-hardening function of the perimeter together with the shape-
hardening parameters of the side for reasons explained in the up-
coming paragraphs. The fit is performed on the unloading cycles
only. As discussed previously, calibration order is important and the
parameters of the shape-hardening function of the perimeter and of
the sides must be calibrated prior to calibrating the parameters of
the shape-hardening function of the diagonals to allow for indepen-
dent calibration. Calibration of the parameters of functions g,, g,
and g, is successively presented hereafter.

Perimeter and Side Shape-Hardening Functions

Volkwein (2004) reports experimental data from Grassl (2002)
showing that in 4-point traction, the ultimate axial displacement
is approximately 15% of the ring internal diameter. It has also been
shown in Escallén et al. (2014) and Nicot et al. (2001a) that in
2-point traction, deformation remains elastic for axial displacement
up to approximately 15% of the diameter. These results indicate



that for the model to replicate this behavior, the diagonal linkages
must not exhibit an increase in their stiffness for an extension up to
approximately 15% of the ring internal diameter, meaning that in
4-point traction, failure would occur before the stiffness of the diago-
nal linkages starts to increase. As a consequence, the value of the
shape-hardening function of the diagonals g, is assumed to remain
equal to 1 over the entire range of deformation of the 4-point traction
and the model response only involves the variations of the shape-
hardening function of the perimeter g, and the sides g,.

The force—displacement relationship in Eq. (11) for the unload-
ing cycles in 4-point traction reveals that the shape-hardening var-
iables of the perimeter G, and of the sides G, both have a strictly
identical influence on the model response that depends linearly on
these two parameters in the bending regime. As a result, there are
an infinite number of pairs of shape-hardening parameters (G ,, G,)
that yield the same force—displacement response and there is no
unique solution to the least-squares minimization problem. Implicit
Eq. (15) for the unloading cycles in 2-point traction also shows
an identical influence of the values of the shape-hardening variables
of the perimeter and the sides, implying nonuniqueness of the sol-
ution sought.

To resolve this issue, the values of the shape-hardening variables
are determined so as to minimize the elastic potential energy in the
perimeter linkage. As presented in “Ring Model,” when the ring is
unloaded, tension vanishes and the ring structure reaches an auto-
stressed configuration with balanced bending forces only. Simi-
larly, when the model is unloaded, the elastic potential energy is
redistributed from the perimeter to the internal linkages and the ring
model finds an autostressed equilibrium configuration. Because the
perimeter linkage bears the information regarding the tension in the
ring, minimizing its potential energy enables adjusting the level of
tension forces, as observed in actual rings. For a given unloading
displacement, if the stiffness of the side linkages is high, the perim-
eter must apply a large tension to balance the compression forces
developed by the sides. Little energy is then transferred to the side
linkages and the elastic potential energy of the perimeter remains
high. Conversely, if the stiffness of the side linkages is low, the
balancing tension force applied by the perimeter must also be low.
A larger amount of energy is then transferred to the side linkages
and the elastic potential energy of the perimeter decreases. In order
to minimize the elastic potential energy in the perimeter linkage,
the stiffness of the side linkages must always remain as low as pos-
sible. As a consequence, it is considered that the side linkages do
not sustain any shape hardening and that the value of the shape-
hardening function of the sides g, remains equal to 1.

The only varying parameter is the shape-hardening variable of
the perimeter. The parameter vector is then O = G, . The least-
squares fit is direct and has a unique solution because Eq. (11)
is affine in 0. For every unloading cycle (i), Eq. (18) is solved
for the axial force F' from Eq. (11). Once values of G, are obtained
for various displacement values 6;, the g, power function is fitted
to obtain parameters a,, b,, and L; . The length L, is taken as
the largest length for which all computed values of G, remain
equal to 1.

Diagonal Shape-Hardening Function

Once the shape-hardening function of the perimeter g,, is known,
the model response only depends on the variations of the shape-
hardening function of the diagonals g,. From Eq. (16) and using
the implicit function theorem, it is demonstrated that the diagonal
length d is independent of the stiffness value of the axial diagonal
G k,. Hence, the axial force F alone is fitted against the unload-
ing cycles of the 2-point traction. The objective function Sr is
then minimized for the parameter vector 0 = G, using the LM

algorithm. Once values of G, are obtained for different displace-
ment values ¢;, the g, function is fitted the same way as g,,.

The numerical method to calibrate the model parameters is
applied to experimental data in the next section.

Experiments and Results

In this section, the efficiency of the analytical model and calibration
method are tested against experimental data. The general testing
protocol providing the necessary input data for the model to be cali-
brated is also presented.

Experimental Campaign

Implementation and numerical simulations require every parameter
of the model to be calibrated. The experimental protocol is defined
so that the necessary and sufficient data can be obtained from test-
ings of any given technology of rings. This protocol consists of
applying the reference loading cases, i.e., quasi-static 2-point and
4-point traction, and recording the axial force, axial displacement,
and diagonal length.

Setup

The test specimens are isolated rings of given internal diameter ¢
and strand diameter ¢,. The specimen is mounted in a specifically
designed frame that allows modular 2-point and 4-point traction
configurations (Fig. 5). The frame is made out of two heads, a fixed
one and a mobile one in which connecting elements may be in-
serted and adjusted to fit the loading case and the ring internal
diameter. The mobile head slides on a horizontal steel beam and
is supported by polytetrafluoroethylene (PTFE) pads to ensure
low friction. To replicate the ring contact with similar rings in
the net, connecting elements of the same diameter as the ring
strand diameter must be used. A displacement sensor measures
the axial displacement 6 of the mobile head, while a force sensor
measures the axial force F; both sensors acquire data with a sam-
pling frequency of 5,000 Hz. A Nikon (Tokyo, Japan) D600 dig-
ital single-lens reflex (DSLR) camera with an 85-mm focal length
lens is placed approximately 3 m vertically above the testing unit
to capture 6,016 x 4,016 pixel images of the planar deformation
of the ring. Images are taken every half-second; the diagonal
length d is obtained through image-processing with software

mobile head

fixed head ring

connecting elements

Fig. 5. Initial setup of a 2-point traction test with a ring mounted in the
testing frame (image by Jibril Birante Coulibaly)



Table 2. Geometry of the Tested Rings

Internal diameter ¢ Strand diameter

Group (average) (mm) ¢, (mm)
350/09 354 9
350/12 361 12
420/16 425 16

ImagelJ version 1.48 (Schneider et al. 2012). The ring is deformed
at a constant speed of 120 mm/min, as proposed in ETAG 27
(EOTA 2013), through loading and unloading cycles as all the
data are acquired.

Experiments

An experimental campaign is carried out on three groups of steel
wire spliced rings. The main characteristics of the tested rings are
presented in Table 2. Preliminary design of the rings has been per-
formed by the manufacturer in accordance with ultimate strength
requirements. The adequate determination of the ring dimensions is
not of interest in the present method.

For every group, five rings are tested (numbered 01-05) in
2-point (2P) and 4-point (4P) traction. For every test, four cycles
of loading-unloading are performed at constant speed. A total of 30
tests are performed to calibrate and validate the present model.

Results

Experimental data and calibration results are presented in this sec-
tion. For clarity and concision, comprehensive results are reported
for the 350/12 rings before reporting the essential results for the
350/09 and 420/16 rings.

Experimental Observations

The experimental force—displacement relationships in 4-point trac-
tion [Fig. 6(a)] and 2-point traction [Fig. 6(b)] are presented and
compared with the existing models and experimental data available
in the literature. The force range in Figs. 6(a and b) is chosen so that
unloading cycles appear distinctively. To begin with, the curves
show consistency in the rings’ response and little variability that
can be attributed to the variations in the ring diameter. Smaller rings
exhibit smaller displacements for a given force, resulting in an
overall higher stiffness during both loading and unloading phases.
In addition, the low-stiffness bending regime and high-stiffness
tensile regime are observed in the data, illustrating Nicot et al.’s
(2001b) observations and regime distinction and confirming that
the hardening spring behavior demonstrated by Tse and Lung
(2000) for axially tensioned elastic rings is also valid for elastoplas-
tic rings. Initial stiffness in the bending regime is higher in the
4-point traction than in the 2-point traction, while both show com-
parable stiffness in the tensile regime as reported by Volkwein
(2004) presenting experimental data from Grassl (2002). Eventu-
ally, irreversibility of the deformation and increase in the stiffness
of the springback as reported by Nicot et al. (2001b) are also ob-
served in the data. Unloading cycles differ from the loading path,
showing a dissipation of energy due to plastic bending. The cycles
also present some hysteresis; it is, however, difficult to assess
whether it comes from an irreversible process occurring in the ring
itself or in the testing apparatus, namely, friction and backlash be-
tween the parts of the setup. The stiffness of the unloading cycles is
rather constant within a given cycle and increases as the axial dis-
placement increases, showing that the shape hardening can be
mostly attributed to plastic deformation as it is assumed in the pro-
posed model.
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Fig. 6. Experimental force—displacement curves for 350/12 rings:
(a) 4-point traction; (b) 2-point traction

Model Response

The calibration method previously presented is applied to obtain
the best-fit parameters for the tested rings. Calibration results are
presented for monotonic loading first and then unloading cycles so
as to follow the logical order of the calibration process.

The optimal value of the transition length L, and stiffness
parameters k;, k;, k;, and k, are calibrated from the monotonic
loading data in 2-point traction, and results on the overall response
of the ring show good accordance [Figs. 7(a and b)]. The choice of
the multicriteria method is supported by the agreement of the fit on
both the axial force F and the diagonal length d. The nonlinearities
as well as the bending and tensile regimes are both properly cap-
tured by the discrete model, demonstrating its suitability for steel
ring modeling.

The model is validated by comparing its monotonic response in
4-point traction with the corresponding experimental data. As a
matter of fact, calibration for monotonic loading is made solely us-
ing data from the 2-point traction configuration, hence, the 4-point
traction response of the model is independent of the experimental
data in this very configuration. Comparison of the model response
and experimental data shows satisfying accordance [Fig. 7(c)] and
demonstrates the capacity of the model to account for various load-
ing configurations. The stiffness parameters are slightly underesti-
mated in the bending regime and overestimated in the tensile
regime. The affine response of the model is due to the 4-node dis-
cretization. The model, like actual rings, exhibits a higher stiffness
in 4-point traction than in 2-point traction in the bending regime
and identical stiffness for both configurations in the tensile regime
[Fig. 7(d)]. Other models, such as the discrete 8-node model pro-
posed by Grassl (2002) and the FEM beam model proposed by
Escallén et al. (2014), also present limitations in fitting the response
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Fig. 7. Monotonic results for 350/12 rings: (a) 2-point traction axial force (calibrated); (b) 2-point traction diagonal length (calibrated); (c) 4-point
traction axial force (predicted); (d) 2-point and 4-point traction axial force

in both regimes and both loading configurations because of differ-
ent modeling choices and stricter geometric assumptions.

Once the optimal parameters from monotonic loading are ob-
tained, the optimal shape-hardening functions are obtained from
the unloading cycles. The fitted values of the shape-hardening var-
iables G, and G, do increase with deformation [Figs. 8(a and b)],
confirming the assumption that the shape-hardening functions are
increasing. The assumption that shape-hardening functions g, and
g4 can be taken as power functions is confirmed by the quality of
the fit.

As a consequence of the linkages’ shape hardening, the force—
displacement relationships of the ring exhibit irreversibility over
the unloading cycles as shown in Figs. 8(c and d). Only one ex-
perimental data set is displayed in order to identify the unloading
cycles properly. The stiffness of the springback increases as the ax-
ial displacement increases, and the model is able to finely match the
unloading cycles of both reference loading cases.

The main results obtained for the 350/09 and 420/16 rings are
now presented. For technical reasons, less than five experimental
data sets are available in some cases. The overall response of the
model for the 350/09 and 420/16 rings is very similar to the one
with the 350/12 rings, showing the model generality and adaptabil-
ity to different sizes of rings.

The 2-point traction force—displacement and diagonal length—
displacement curves show good accordance, matching the response
of the ring over the bending and tensile regimes (Fig. 9). Similarly,
the 4-point traction force—displacement curve presents a satisfying
affine response with the same discrepancies in the stiffness that is
underestimated in the bending regime and overestimated in the ten-
sile regime. A possible explanation of this difference in the tensile
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stiffness is that in 4-point traction, the contact angle of the ring on
the connecting elements is approximately /2 rad (90°), while in
2-point traction it is approximately 7 rad (180°), the curvature and
transverse pressure on the strand is then lower in 4-point traction.
As a result, in 4-point traction, sliding between the wires of the
spliced ring may be favored and result in a lower tensile stiffness
that the model is not able to match because it exhibits identical
tensile stiffness in both 2-point and 4-point traction. The unloading
cycles in 4-point and 2-point traction also show irreversibility in the
deformation and exhibit an increase in the stiffness of the spring-
back because the ring deforms plastically (Fig. 10).

Conclusion

In this paper, an advanced discrete model of steel rings accounting
for most physical phenomena is developed. The 2-point and 4-point
traction loading configurations are used as references; the analyti-
cal response of the ring model under these loading configurations is
derived and a multicriteria calibration method to obtain the optimal
model parameters is developed based on the Levenberg-Marquardt
algorithm. An experimental campaign is conducted for several steel
wire spliced rings according to the suggested testing protocol. The
model is calibrated against the experimental data from the 2-point
traction and shows good agreement. Comparison with the experi-
mental results from the 4-point traction has validated the model
capacity to replicate the nonlinear behavior of different rings under
different loading configurations.

The formulation of the model makes it more complete than
previously existing discrete ring models, and computationally
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traction diagonal length (calibrated); (c) 420/16 2-point (calibrated) and 4-point (predicted) traction axial force; (d) 420/16 2-point traction diagonal
length (calibrated)
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Fig. 10. Unloading results for 350/09 and 420/16 rings: (a) 350/09 4-point traction axial force; (b) 350/09 2-point traction axial force; (c) 420/16 4-

point traction axial force; (d) 420/16 2-point traction axial force

inexpensive compared with more exact models while showing good
results. Implementations of the model in FEM or DEM codes
can be easily derived from the analytical formulation and are as-
sumed to show good computational cost. These features make the
present model particularly suitable for the modeling and numerical
simulation of large ring net assemblies. The testing protocol and
numerical calibration method developed provide effective and ro-
bust tools to obtain the model parameters for any given technology
of rings. Future developments will be made to assess the membrane
behavior of an assembly of rings and investigate the in-plane and
out-of-plane response of the net alone and connected to other
flexible elements as part of the complete modeling of protection
structures.

Appendix I. Demonstrations of the Ring Model
Analytical Relationships

This appendix details the demonstrations of Eqs. (11), (13)-(16).

4-Point Traction Unloading Equations

The force—displacement relationship Eq. (11) is now demonstrated.
The axial equilibrium equation from [Eq. (9)] is recalled: F, +
F, + F;siny—F/2 =0, with siny = (s¢ + 6)/d.

The expression of the forces in the linkages during unloading
are also recalled: F, = 2k,6; +2G, k,(6 —¢;) for 6 <6; <6,,
F, =2ky6, +2G, k,(6—6,) for 6 <6, <é;, and F, = 2k,6, +
2k,(6—6,) for 6 > 6,, Fy= G ky(d—d;), F,, = G k(6 —6;),
and F,, = 0.

12

The equilibrium equation is then

2y 4 2G Ky (6 — 6;) + Gy ks (6 — 6)

5 F
‘1‘Gd’kd(d_dl‘)sod+ —EZO f0r6<6i<6r
2ky, +2G, k(85— 8,) + Gy ky(6— 8,)
5 F
+Gd,kd(d—d,«)s°; ~2=0 fors<é, <4,
2k, + 2k, (85— 5,) + Gy ky(5— )
5 F
+ Gykald—d) 0 —3=0 forg>6>8 (24

d

and can be simply rearranged to obtain Eq. (11).

2-Point Traction Equations

The implicit relations for the axial force F and diagonal length d
Egs. (13)—(16) are now demonstrated. The equilibrium Eq. (12)
of the top and side nodes are recalled: 2F ), siny + 2Fsiny = F —
Fy and 2F , cosy + 2F cosy = —F,,, with cos y = [d/(2s)] and
siny = [(dy + 6)/(2s)]. Dividing the first equation by the second
one yields

F—Fy B
_Fdz

do+6

d (25)

tany =

Monotonic Loading

The expression of the force in the perimeter linkage is recalled:
F, =4k, (s — s) for s < s, and F, = 4k (s, — s9) + 4k, (s — 5,)
for s > s,. The axial diagonal and the sides do not develop forces



during monotonic loading (F; = 0 and F,; = 0), the force in the
transverse diagonal is given by F,, = k,(d — d,), hence Eq. (25)
gives

F dy+ 06
t = = 26
M = de—d) 4 (26)
from which, noting that dy, = ¢, Eq. (14) is directly derived.
The equilibrium equation of the top node is
dy+6
8k, (s — s0) 0ot =F fors<s,
dy+6
[8ky (s, — s0) + 4k,(s —5,)] 02+ =F fors>s, (27)
s

From which expression of the side length s is directly derived as

k)
" 4k, (dy + 6) — F

_ 4lky(sr = 50) — ki, ](do + 6)
F— 4k,(dy + )

for s < s,

(28)

for s > s,

Finally, using the Pythagorean trigonometric identity gives an
extra equation, 45> = d*> + (dy + 6)?, from which the implicit
Eq. (13) is obtained.

Unloading

The expression of the force in the perimeter linkage becomes
F,=4ky(s;—s0) +4G, ky(s—s;) for s <s; <s,, F, = 4k (s, —
s0) +4G, ky(s —s,) for s<s,<s; and F, =4k,(s, —s9) +
4k,(s —s,) for s > s,. Every internal linkage develops forces
during unloading; the expression of these forces are recalled: F;, =
Gdikd(é — (5,-), Fdz = kd(d— d()), and FS = Gsiks(s — Si). The
demonstration is very similar to the one for the monotonic loading.
First, Eq. (25) is written for the given forces

F—Guk(6—6) dy+6
ki(do—d)  d

tanvy = (29)

from which Eq. (16) is directly derived.

T
.

s ‘ ‘

The equilibrium equation of the top node becomes

[8ky,(s; — 50) +8G, k(s — 5;) +2G, ky(s — 5;)] do;sr 6
=F—Guky(6—6;) fors<s;<s,
[8ky (s, — 50) + 8G,, ky(s —5,) +2G, ky(s — 5,)] dozj 5
=F—Ggky(6—0;) fors<s,<s;
do+6

[Skh(sr_SO) + 8kt(s_sr) +ZGs,-ks(S_si)] 2s

=F— Gd[kd((s— (S,) for §; >8>, (30)

From which expression of the side length s is directly derived as
[4Gp,kbsi + Gs,-kssi B 4kb(si B SO)}(d) + 6)
(4Gp‘_kb + Gsiks)(qﬁ +6)+ Gdikd(é —6;)—F
_ [4Gp,kbsr + Gs,kssi - 4kb(sr - SO)](QZS + 6)
s= for s<s,<s;
(4G ky + G k) (9 +0) + Gy ka(0—6;) — F
[4ktsr + Gs;kssi - 4kb (Sr - SO)](¢ =+ (5)

= for s
STk 7 G k) (04 0) + Gakg(o—b) —F ST TS
(31)

Finally, the implicit Eq. (15) is obtained using the Pythagorean
trigonometric identity.

5= fors<s;<s,

Appendix Il. Determination of the Optimal Side
Stiffness

This appendix details the demonstration of Eq. (23). Assume that in
the 4-contact pattern, the neighboring rings are axially pulled away
in opposite directions and are free to move crosswise as shown in
Fig. 11(a). Rings will first slide along and meet across the central
ring before pulling it in a 2-point traction. The force—displacement
relationship for the central ring would first exhibit a zero-force pla-
teau during the initial sliding phase for an axial displacement of the
contact points ranging from 0 to ¢ — sy. After that initial sliding
phase, the force—displacement relationship would be identical to
the 2-point traction relationship, shifted by the axial sliding dis-
tance ¢ — so. As a consequence, the transition state between the

S0

so+0
S0

(b)

Fig. 11. Loading case for the determination of the optimal side stiffness: (a) actual kinematics of the assembly; (b) central ring associated kinematics
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bending regime and the tensile regime of the central ring would be
reached for a total axial displacement of its contact points of
¢ — 5o + 628, where 62 denotes the axial displacement at the tran-
sition state in 2-point traction [Fig. 4(c)].

The actual sliding of the four contact points along the central
ring is modeled by a 4-point traction kinematics without lateral
constraint. An axial displacement § is given to the top nodes, while
the bottom nodes are fixed axially, and lateral displacements are
permitted [Fig. 11(b)]. The model cannot undergo zero-energy de-
formations as a result, it is not able to properly reproduce the free
sliding of the ring followed by the 2-point traction; nevertheless,
the tensile regime of both configurations can be matched. To do
so, it is imposed that the transition state for the model is reached
for an axial displacement 6; equal to the transition axial displace-
ment of the actual configuration, that is

6; = (Z) — S0 + 63}) (32)

Narrowing the interest to the transition state allows the study of
the model to be limited to monotonic loading in the bending re-
gime. The equilibrium equations of the top nodes are identical to
the reference 4-point traction equilibrium Eq. (9), taking away the
restraining force (R = 0). Diagonal linkages and axial side linkages
do not develop compression forces (Fy =0 and F = 0) in the
bending regime, and equilibrium equations become

F
Zkb(C—SO+(5) :E

2k (¢ — 5o + 6) = ky(sg — ) (33)
The expression of the short side length ¢ as a function of the
axial displacement ¢ is derived from Eq. (33) and is given by

2k,

TNk, 1k,

0 (34)

The transition state is reached when the perimeter length equals
the transition perimeter length L, = 4s,, that is, 2[sqg+ 6, +
c(6,/)] = 4s,. Using Eqgs. (32) and (34), the expression of the
optimal side stiffness Eq. (23) is obtained.
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