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Abstract

The incompressible Navier-Stokes equations in R? are shown to admit a unique axisym-
metric solution without swirl if the initial vorticity is a circular vortex filament with arbi-
trarily large circulation Reynolds number. The emphasis is on uniqueness, as existence has
already been established in [10]. The main difficulty which has to be overcome is that the
nonlinear regime for such flows is outside of applicability of standard perturbation theory,
even for short times. The solutions we consider are archetypal examples of viscous vortex
rings, and can be thought of as axisymmetric analogues of the self-similar Lamb-Oseen vor-
tices in two-dimensional flows. Our method provides the leading term in a fixed-viscosity
short-time asymptotic expansion of the solution, and may in principle be extended so as to
give a rigorous justification, in the axisymmetric situation, of higher-order formal asymptotic
expansions that can be found in the literature [7].

1 Introduction

In three-dimensional ideal fluids, a vortex ring is an axisymmetric flow with the property that
the vorticity is entirely concentrated in a solid torus, which moves with constant speed along
the symmetry axis. The vortex lines form large circles that fill the torus, whereas fluid particles
spin around the vortex core within perpendicular cross sections. If 7,7 denote the major and
minor radii of the torus, respectively, and if I is the flux of the vorticity vector through any cross
section, the “local induction approximation” gives the following expression for the translation
speed along the axis .

V = E(log% + (’)(1)) , (1.1)
which is valid in the asymptotic regime where the aspect ratio € = r /7 is small. For the three-
dimensional Euler equations, existence of large families of uniformly translating vortex ring
solutions has been obtained using fixed point methods [12] or variational techniques [2, 13, 14],
and formula (1.1) has been rigorously justified when e < 1 [12, 14]. In addition, for general
initial data that are close enough to a vortex ring with small aspect ratio, it is known that the
solution evolves in such a way that the vorticity remains sharply concentrated, for a relatively
long time, near a vortex ring whose speed is given by (1.1), see [4].



The situation is quite different for viscous fluids, in which uniformly translating vortex rings
cannot exist because all localized structures are eventually spread out by diffusion. In that case,
however, it is quite natural to consider the initial value problem with a vortex filament as initial
data, namely a vortex ring with infinitesimal cross section and yet nonzero circulation I', so that
the initial vorticity is a measure supported by a circle of radius 7. It is then expected that the
solution at time ¢ > 0 will be close to a vortex ring with Gaussian vorticity profile and minor
radius 7 = v/vt, where v is the kinematic viscosity. Moreover, this vortex will move along its
symmetry axis at a speed given by (1.1), as long as the time-dependent aspect ratio € = /vt /7
is sufficiently small.

Justifying these heuristic considerations requires some work. For singular initial data such
as vortex filaments, the best available results on the Cauchy problem for the three-dimensional
Navier-Stokes equations provide existence of a (unique and global) solution only if the circulation
parameter I' is small enough compared to viscosity, see [21, 25]. For larger values of I'/v,
existence of a (global) axisymmetric solution without swirl has been recently obtained by H. Feng
and the second author [10], using approximation techniques that do not give any information
about uniqueness, even within the axisymmetric class. In this paper, our main purpose is to fill
this gap and to prove that, if one starts from a circular vortex filament with arbitrary strength I,
the Navier-Stokes equations have a unique axisymmetric solution without swirl, which is global
and smooth for positive times. This axisymmetric solution is the archetype of a viscous vortex
ring, just as the two-dimensional Lamb-Oseen solution is the archetype of a viscous columnar
vortex [19]. Our approach is constructive and allows us to determine the leading term in the
short-time asymptotic expansion of the vortex ring for a fixed viscosity. In principle, performing
the calculations to higher orders in the spirit of Callegari and Ting’s paper [7], one should be able
to obtain more precise approximations of the solution that remain valid as long as the aspect
ratio € = \/vt/7 is small enough. In particular, computing the next order after the leading term,
we should recover the asymptotic formula (1.1) for the translation speed if |T'|/v > 1. We leave
this extension for future work.

To state our results in a more precise way, we start from the Navier-Stokes equations
1 .
ou+ (u-V)u = vAu— =Vp, divu = 0, (1.2)
p

in the whole space R3, where u = u(x,t) € R denotes the velocity field and p = p(x,t) € R
is the internal pressure. Both the kinematic viscosity v > 0 and the fluid density p > 0 are
assumed to be constant. We restrict ourselves to axzisymmetric solutions without swirl for which
the velocity field v and the vorticity w = curl u have the particular form:

u(z,t) = up(r,z,t)e, +uy(r, z,t)e, , w(r, z,t) = wy(r,z,t)eq. (1.3)

Here (7,0, z) are the usual cylindrical coordinates in R®, such that x = (rcos@,rsin#, z) for
any = € R3, and e,, eg, e, denote the unit vectors in the radial, toroidal, and vertical directions,
respectively. The axisymmetric vorticity wy = 0,u, — 0,u, satisfies the evolution equation

we

(O _wy
Oywg + u - Vwg — —Wo = V(Aw 7"2) , (1.4)

where u -V = 4,0, + u,0, and A = 92 + %& + 0?2 is the axisymmetric Laplace operator in

cylindrical coordinates. The velocity u can be expressed in terms of the axisymmetric vorticity
wy by solving the linear elliptic system

1
8ru7" + ;ur + azuz = 07 azur - 87’“2: = Wy, (15)
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in the half-plane Q = {(r,2z) € R?|r > 0, z € R}. Boundary conditions for the quantities wu,,
u,, and wy are prescribed by requiring that the vectorial functions u, w in (1.3) be smooth across
the symmetry axis 7 = 0. One finds that the radial velocity u, and the axisymmetric vorticity
wy should satisfy the homogeneous Dirichlet condition on 0f2, whereas the vertical velocity u,
satisfies the homogeneous Neumann condition.

Since the pioneering work of Ukhovskii and Yudovitch [32], and of Ladyzhenskaya [26], it
is well known that the axisymmetric Navier-Stokes equations without swirl are globally well-
posed for velocities in (appropriate subspaces of) the energy class, see also [1, 27| for further
results in this direction. In the recent work [17], the Cauchy problem for the vorticity equation
(1.4) is studied using scale invariant function spaces which emphasize the analogy with the
two-dimensional vorticity equation. Following [17], we equip the half-plane Q with the two-
dimensional measure dr dz, as opposed to the three-dimensional measure r dr dz which appears
more naturally in cylindrical coordinates. In particular, for any p € [1,00), we denote by LP()
the space of measurable functions wy : 2 — R such that

1/p
wellze) == </Q !we(r,z)\pdrdz> < .

As usual, the limiting space L>°(Q2) is equipped with the essential supremum norm. We also
denote by M(Q) the set of all real-valued finite regular measures on €2, equipped with the total
variation norm

i = sup{ [ san[o € o), foleo <1}

where Cp(§2) denotes the set of all real-valued continuous functions on €2 that vanish at infinity
and on the boundary 9. Clearly L'(Q) is a closed subspace of M(Q), and |[ultv = llwpll 1 (o)
if ;1 = wpdrdz for some wy € L'(9).

As is proved in [17, Theorem 1.3], the Cauchy problem for the axisymmetric vorticity equa-
tion (1.4) is globally well-posed if the initial vorticity p € M() is a finite measure whose
atomic part ji,, satisfies ||pppl/tv < Cov, where Cy > 0 is a universal constant. We are especially
interested here in the particular situation where y = I'd(; z), which corresponds to a circular
vortex filament of strength I' € R and radius 7 > 0, centered at the origin in the affine plane
xz3 = z € R. In that case, we have ||ppplltv = ||pelltv = |I'|, so that the results of [17] assert
the existence of a unique global solution if |T'| < Cyr. On the other hand, for arbitrary values
of the circulation parameter I', existence of a global solution to (1.4) was recently obtained by
H. Feng and the second author [10], using approximation techniques which however do not give
any information about uniqueness.

With this perspective in mind, our main result can now be stated as follows:

Theorem 1.1. Fizx I' € R, 7 > 0, 2 € R, and v > 0. Then the azxisymmetric vorticity
equation (1.4) has a unique global mild solution wy € C°((0,00), L*(Q2) N L>*(Q)) such that

sup [lwg(t)[| L1 (o) < o0, and wy(t)drdz =Tz ast—0. (1.6)
t>0

In addition, there exists a constant C7 > 0, depending only on the ratio |I'|/v, such that the
following estimate holds:

v

E

r r=7)?+(z=2)>
/ ‘wg(r,z,t) - BT drdz < C1 [T
Q

drvt c

log\/%_t, (1.7)

as long as /vt < 7/2.



We recall that a mild solution to (1.4) is a solution of the associated integral equation, see
Definition 2.1 below. To clarify the scope of our result, a few comments are in order.

1. Theorem 1.1 can be seen as the axisymmetric counterpart of Proposition 1.3 in [19],
which characterizes the Lamb-Oseen vortices among all viscous planar flows. However, unlike
in the two-dimensional case, the vortex rings defined by (1.7) do not play any special role in the
long-time dynamics of the vorticity equation (1.4).

2. As was already mentioned, existence of a global mild solution to (1.4) satisfying (1.6)
was established in [10]. Uniqueness is thus the main new assertion in Theorem 1.1, together
with the small time asymptotic expansion (1.7). It should be mentioned, however, that the
techniques developed in Section 4, when properly adapted, can provide existence of a solution
to (1.4) satisfying (1.6), using a standard fixed point argument which also gives uniqueness in a
restricted class.

3. Assumptions (1.6) are the weakest ones under which the conclusions of Theorem 1.1 are
expected to hold. Indeed, we recall that the L' norm of any solution to (1.4) is a nonincreasing
function of time, see [17, Lemma 5.1], and it follows from (1.7) that [|we(?)|| 1) — T'| ast — 0,
hence the first condition in (1.6) is clearly necessary. The second hypothesis states that wy(t)
converges to I'd(zz) as t — 0 in the weak-star topology of M({2), which is usually referred
to as the “weak convergence of measures”. But since wy(t) is uniformly bounded in L'(Q), it
is equivalent to suppose that convergence holds in the sense of distributions on 2, and this is
arguably the weakest way to specify the initial data.

4. The short time estimate (1.7) is sharp in the sense that the right-hand side cannot be
replaced by C1|T|e, where e = /vt /7 is the aspect ratio at time . This is because, in (1.7), we
compare the solution wy(t) to a viscous vortex ring located at a fixed point (7, Z) in cylindrical
coordinates, whereas we know that any vortex ring should move in the vertical direction at a
speed given approximately by (1.1). In fact, it is possible to show that, if we replace in (1.7)
the fixed vertical coordinate Z by

I't 1 r

— oo ——

47T & \ut ’

then estimate (1.7) holds without the logarithmic term in the right-hand side. More generally,
the Gaussian vorticity profile in (1.7) is only the first term in an asymptotic expansion of the

solution wy(t) which, in principle, can be computed to arbitrary order in €, see also the next
comment below.

zZ(t) = z+

5. In estimate (1.7) convergence is expressed in the L! norm for simplicity, but in the proof
we use a weighted L? norm in self-similar variables, which is considerably stronger and also
implies approximation results for the velocity field associated with wy(¢). On the other hand, we
emphasize that (1.7) is a short time result at fixed viscosity, which cannot be used to describe
the solution at fixed time ¢ > 0 in the vanishing viscosity limit v — 0, because the constant Cy
in the right-hand side strongly depends on the ratio |I'|/v. Controlling the weakly viscous vortex
ring over a fixed time interval is a different problem, which requires in particular constructing
a much more precise approximation of the solution wy(t). We hope to address this interesting
question in a future work.

6. It is worth emphasizing that the uniqueness statement is proved only withing the class
of axisymmetric solutions. A natural question is whether uniqueness remains true among all
(reasonable) solutions of (1.2) that approach the initial vortex filament in a suitable sense as
t — 0. For instance, one may assume that the velocity field u(x,t) is smooth in R? x (0, 00),
and satisfies the scale-invariant estimates listed in (2.14) below. As for the associated vorticity



w(x,t), one may suppose (motivated by [21], see also Remark 5.2 below) that a natural quantity
such as )

SUD SUp — lw(y,t)| dy (1.8)

z€R3 R>0 B, Rr
is uniformly bounded for ¢ > 0, and that w(¢) approaches the vortex filament in the sense of
distributions as ¢ — 0. But even under these strong assumptions, it seems to be a difficult open
problem to decide whether u(x,t) has to be axisymmetric. It is conceivable that the symmetry
of the initial data can be broken and, in addition to the axisymmetric solution, there is another
solution which is not axisymmetric. In fact, the same question already arises for rectilinear
vortices: the uniqueness problem when the initial vorticity is a (vertical) straight vortex filament,
considered within the class of z3-independent velocity fields of the form (uq,us,0), is the same
as the 2d uniqueness and has been solved in [15, 16], but uniqueness among reasonable classes
of 3d vector fields remains open.

The difficulties arise because the initial data do not belong to functions spaces where pertur-
bation theory gives existence and uniqueness of local-in-time solutions for large data. Typical
examples of function spaces (for the velocity field) where large data can be handled, locally in
time, are the Lebesgue space L3(R3) or the Besov space B;,;J“g/p(]R?’) for p € (3,00) and ¢ < oo.
For the solutions we consider here the initial velocity field v in R3 corresponding to the vortex
ring given by p = I'd(; z) does not belong to spaces where local-in-time well-posedness can be
established by existing perturbation results, unless I' is small. It is easy to see that ug belongs
to the Besov space By}, which is invariant under the Navier-Stokes scaling ug(z) — Aug(Az).
However, this is not a good space for perturbation theory, even for small data, as shown in [6, 20].
With slightly more work one can see that ug € BMO™!. We show in Section 5.2 that, in fact,
ug € (L>®)~1. Therefore for small I' one can obtain global existence and uniqueness (in suitable
classes of functions) by applying the well-known results of [25]. One can also use [21], where the
authors work with a Morrey-type space M3/2 (R3) for the vorticity curlug (which gives BMO™!
for ug, see Remark 5.2).

The case of large I' is not covered by such considerations, as the perturbation theory in
BMO ™! and similar spaces requires smallness of the initial data wug, even for the local-in-time
results. It is conjectured that this is not just due to some technical issues of the method, and that
the Navier-Stokes equations are in fact not well-posed locally in time for general ug € BMO™!.
In [23, 22] some evidence is given that local-in-time well-posedness, and, indeed, uniqueness,
may fail already for initial data ug that are compactly supported, smooth away from the origin,
and (—1)-homogeneous near the origin. Hence the uniqueness question (with respect to the 3d
perturbations) can be raised a fortiori for vortex filaments, where the singularity of the initial
data is not located at a single point but is spread over a whole curve.

Although the proof of Theorem 1.1 is the main purpose of this paper, we establish on
the way several auxiliary results that have their own interest. As the existence part of the
theorem is already settled in [10], we concentrate on uniqueness and short time asymptotics.
Our presentation is structured as follows. In Section 2, we assume that we are given a mild
solution wy € C°((0,7),LY(Q) N L>=(2)) of (1.4) which is uniformly bounded in the space
LY(Q). We recall some a priori estimates that were obtained in [17], and we show that wy(t)
converges weakly, as ¢t — 0, to some (uniquely defined) Radon measure u € M(2). Next, using
recent results on linear parabolic equations with singular divergence-free drifts [30], we prove
that the solutions of the adjoint equation to (1.4) are continuous all the way to the initial time
t = 0, even at the symmetry axis 7 = 0. This nontrivial result allows us to deduce that the
family of measures wy(t) dr dz remains tight as t — 0, so that no mass can escape to infinity nor
concentrate on the symmetry axis.



In Section 3 we focus on the particular case where y1 = I' 5 z) for some (7, 2) € 2, assuming
without loss of generality that I' > 0. We prove that the solution wy(t) is strictly positive and
satisfies, for any 7 € (0, 1), the Gaussian bound

wp(r, z,t) < C L exp(—l_Tn((r — )24 (z - 2)2)) , (1.9)

where C' > 0 depends only on 7 and on the ratio I'/v. In the two-dimensional case, estimates of
the form (1.9) were obtained by Osada [28], see also [8]. Reproducing them in the axisymmetric
case is not straightforward, because the left-hand side of (1.4) contains the zero order term
u,wp/r which is harmless only if one can prove that [u.(t)/r( () is integrable in time. That
property does not follow from the scale invariant a priori estimates on the solution, but we can
show that it holds as soon as the support of the initial measure g is bounded away from the
symmetry axis, which is of course the case in our problem. Thus a minor modification of the
method presented in [9] allows us to establish the Aronson type estimate (1.9).

Section 4 is devoted to the actual proof of Theorem 1.1. To study the behavior of the solution

near the location (7, z) of the initial vortex filament, we introduce self-similar variables via the
transformation

r  mr—-r z-2z
(,ug(T’,Z,t) = I/_tf(\/y_t ) ﬁat> .
The rescaled vorticity f(R,Z,t) defined by (1.10) is positive and, in view of (1.9), bounded
from above by a Gaussian function. Using a compactness argument and a Liouville theorem
established in [19], we show that f(¢) converges as t — 0 to the Gaussian G defined by

(1.10)

G(R,Z) = %6432”2)/4, (R,Z) € R?. (1.11)
Convergence holds in the weighted space X = L?(R?,G~'dRdZ) which is continuously embed-
ded in L'(R?), hence returning to the original variables we deduce that the left-hand side of
(1.7) vanishes as t — 0. We next use energy estimates to show that the difference || f(t) — G|/ x
is O(e|loge|), where ¢ = \/vt/F, and this concludes the proof of (1.7). Finally, repeating the
energy estimates for the difference of two solutions satisfying the assumptions of Theorem 1.1,
we prove that || fi(t) — f2(t)||x = 0 for sufficiently small times, and invoking a well-posedness
result from [17] we conclude that the solutions coincide for all times, which gives uniqueness.

The final Section 5 is an appendix were the proofs of a few auxiliary results are collected for
easy reference in the text.
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2 General properties of L'-bounded solutions

In this section, we establish some preliminary results concerning mild solutions of (1.4) that
are uniformly bounded in L!(£2). The class of solutions we consider is thus larger than what is
necessary to prove Theorem 1.1, but the results presented here have their own interest, and are
most naturally stated in this general framework. We first recall a few notations and estimates
from the earlier works [10, 17].



2.1 The linear semigroup and the axisymmetric Biot-Savart law

Asin [17], we denote by (S()):>0 the evolution semigroup defined by the linearized equation (1.4)
with unit viscosity:

1 1
Oywp = (83 + 02 + ;@ - ﬁ)wea (2.1)

which is considered in the half-plane Q = {(r,z) € R?|r > 0, z € R} with homogeneous
Dirichlet boundary condition on 9. Using the explicit representation formula given in [17,
Section 3|, one can show that the semigroup (S(t)):>0 is strongly continuous in LP(2) for all
p € [1,00), and satisfies the same LP — L7 estimates as the heat semigroup in R2. In particular,
if wp € LP(Q) for some p € [1, 00|, then S(t)wy € LI(N2) for all ¢ > 0 and all g € [p, o], and there
exists a constant Cy > 0 such that

C!
2 lwoll oy, t>0, (2.2)

1_
tr a

[S(t)wollLa() <

see [17, Proposition 3.4]. Similarly, if w = (w,,w,) € LP(Q)?, we have

I1S(t) diva wlae) € -2 fwolliney. >0, (23)
tr a'2

where div, w = J,w, + J,w, denotes the two-dimensional divergence of the vector field w. Note
that, when 1 < p < 2, estimate (2.3) gives a better decay rate for large times than what is
known for the heat semigroup in the same domain €2 with Dirichlet boundary condition. This
illustrates the fact that the symmetry axis » = 0 is not a material boundary in our problem,
but an artificial boundary resulting from a particular choice of coordinates. Also, to see the
optimal decay rates, it is often useful to revert to the 3d picture and use that in our situation
fRS w(x,0)dx = 0, which gives some additional cancellation which may not be immediatelly
transparent in the 2d picture.

On the other hand, if wy € L'(Q) N L*>(Q), it is shown in [10, 17] that the linear elliptic
system (1.5), with homogeneous Dirichlet boundary condition for u, and homogeneous Neumann
condition for u,, has a unique solution u = (u,,u,) € C°(Q)? vanishing at infinity. Moreover
u € L1(Q) for all ¢ > 2, and there exists a constant C3 > 0 such that

1/2 1/2
lull o) < Csllwall iy ol 2 0y - (2.4)
see [17, Proposition 2.3]. We call the map wy — u the axisymmetric Biot-Savart law, and we
occasionally denote u = BS[wy]. Explicit formulas for w in terms of wy can be found in Section 2

of both references [10, 17]. We also recall the following useful estimate: if wp € L'(2) and
wg/r € L>=(Q), then u, /r € L*>°(Q) and

|

see [17, Proposition 2.6]. Needless to say, both inequalities (2.4), (2.5) are scale invariant.

Uy

r

1/3 2/3
< Cyllwall gy lwn/rl72 0 - (2.5)

Lo ()
Finally, it is important to note that, due to the divergence-free condition in (1.5), the evo-
lution equation (1.4) can be written in the equivalent “conservation form”
w
Oywy + divi(uwy) = 1/<83w9 + 92w + 37»79) , (2.6)

where again div,(uwy) = O (urwyg) + 9;(u,wy). We can thus define mild solutions of (1.4) in the
following way:



Definition 2.1. Given T > 0 and v > 0, we say that wg € C°((0,T), L*(Q) N L*>®(R)) is a mild
solution of (1.4) on (0,7T) if the integral equation

wp(t) = S(v(t —to))wa(to) — | S(v(t —s))divi(u(s)ws(s))ds (2.7)

to
is satisfied whenever 0 < tg <t <T. Here u(s) = BSlwy(s)] for all s € (0,T).
In view of estimates (2.2), (2.3) and (2.4), it is clear that the integrand in (2.7) is an integrable

function of s € [to, ] with values in L'(Q)N L% (), and it follows that both sides of (2.7) belong
to C°((to, T), L*(Q2) N L>(2)) for any to € (0,T).

2.2 A priori estimates

From now on, we always assume that wy € C°((0,T), L*() N L°°(9)) is a mild solution of (1.4)
on (0, T) in the sense of Definition 2.1. We know from [17, Lemma 5.1] that the norm [|wy(t)|| 1 (0)
is a nonincreasing function of time, and is even strictly decreasing unless wy vanishes identically.
We make the crucial assumption that wg is uniformly bounded in L'(£2), so that we can define

1.
M = —limlws ()11 () < oo (2.8)

We thus have [|wy(t)| ;1) < My for all ¢ € (0,7). Under this hypothesis, we can state the
following a priori estimates, which exploit the particular structure of Eq. (1.4) and are only valid
for axisymmetric flows without swirl.

Lemma 2.2. For any mild solution of (1.4) on (0,T) satisfying (2.8), we have for allt € (0,T):

Cs(M)M
t )

Hwer(t)HLoo(Q) = f%’

where Cy > 0 is a universal constant and Cs > 0 depends on M.

and  [|wy(t) | pe () < (2.9)

Remark 2.3. Here and in what follows we denote by Cy (M) various quantities that are increas-
ing functions of M satisfying Cy(0) > 0 and Ci(M) < C(1+ M)? for some universal constants
C >0 and 0 > 0. The precise value of the exponent o does not play any role in our arguments.

Proof. Tt is sufficient to prove (2.9) when v = 1, because the general case then follows by a
simple rescaling argument. Due to parabolic smoothing, if wy € CO((0,T), L*(2) N L>(Q)) is a
mild solution of (1.4), then wy is smooth on Q x (0,7") and satisfies (1.4) in the classical sense.
Applying Nash’s method to the evolution equation satisfied by the quantity wg/r, one obtains
the following estimate:

wp (1) Cy CaM
< < — .
H r HLOO(Q) — (t _ t0)3/2 ng(to)HLl(Q) — (t _ t0)3/2 ? (2 10)

for all t € (0,7) and all ¢ty € (0,¢), see [10, Lemma 3.8]. Thus taking the limit to — 0 we arrive
at the first inequality in (2.9). Similarly, it follows from [17, Proposition 5.3 that

Cs(llwa (to) I 1 (2))
t—to

Cs(M)M
t—ty

llwe ()| oo (@) < lwe(to)ll L) < (2.11)
for some function Cs > 0 as specified in Remark 2.3. Taking again the limit {5 — 0 yields the

second inequality in (2.9). O



Combining Lemma 2.2 with estimates (2.4), (2.5), we easily obtain:
Corollary 2.4. Under the assumptions of Lemma 2.2, we have for all t € (0,T):

‘urT(t) < G ana [u(t)l|pe=(0) < C7(M M\/> (2.12)

HLOO(Q) -t
where Cg = C3C2/* and C7(M) = C5Cs5(M)Y2.

We also have scale-invariant estimates on the derivatives of the vorticity or the velocity. For
instance, Proposition 5.5 in [17] asserts that

Cs(M)M
vt

More generally, the velocity v = u,e, + u.e. (considered as a function of x € R?) satisfies, for

all k, 0 € N,

HVw.g(t)HLoo(Q) < 0<t<T. (2.13)

Cre(M)M v
kot ket
107 Vau(t) | oo sy < W g

This bound can be deduced from the second estimate in (2.12) using general regularity results
for the three-dimensional Navier-Stokes equations, as in the proof of [17, Proposition 5.5].

0<t<T. (2.14)

2.3 The trace of the solution at initial time

Using the a priori estimates established in the previous section, we now prove that any mild
solution satisfying (2.8) converges as t — 0 to some finite measure u € M(Q).

Proposition 2.5. If wy € C°((0,T),L'(Q) N L>®(2)) is a mild solution of (1.4) on (0,T)
satisfying (2.8), there exists a unique measure p € M(S) such that wy(t)drdz — p ast — 0.

Proof. We assume without loss of generality that v = 1. We first show that wy(¢) has a limit
as t — 0 in D'(2), the space of all distributions on Q. Let ¢ € C?(Q) be a C? function with
compact support in Q. Using (2.6) we find

1
i/(bw@drdz = /(u-V(]ﬁ—i—@fqﬁ—i-Bz(é——8r¢>w9d7"dz,
dt Q Q T

for all t € (0,7). As [lwa(t)||L1(0) < M we have

‘/Q(@%Jra%— %8r¢)w9 drdz( < CM||V?¢|| (0 ,

for some universal constant C' > 0, and using estimate (2.12) we also obtain

C-(MYM
G G-

‘/u-Vqﬁdrdz‘ <
Q

This shows that the quantity [, ¢(r, z) we(r, z,t) dr dz has a limit as t — 0 for any ¢ € C%(Q),
hence wy(t) converges in D'(€2) to some limit which we denote by u.

On the other hand, since wy(#) is uniformly bounded in L'(£2) by assumption, the Banach-
Alaoglu theorem asserts that, for any sequence t,, — 0, there exists a subsequence t,, — 0 and
a measure i € M(Q) such that wy(t),)drdz — g as m — oo. But weak-star convergence in
M(Q) implies convergence in D’(£2), so we necessarily have i = u, hence u € M(Q). Moreover,
this shows that the weak-star limit is independent of the choice of the subsequence t,, — 0, so
that in fact wy(t,,)drdz — p as m — oco. Since the sequence t,,, — 0 was arbitrary, this is the
desired result. O



Corollary 2.6. Under the assumptions of Proposition 2.5, one has
¢
we(t) = S(vt)p — / S(v(t —s))dive(u(s)wg(s))ds, 0<t<T. (2.15)
0

Proof. We again assume that v = 1. For any fixed ¢t € (0,7), our goal is to take the limit ¢ty — 0
in the integral representation (2.7), where both sides are considered as elements of L!(Q2). The
integral term is easily controlled using estimates (2.3), (2.4), and (2.12). We find

t t
. C
[S(t — s) divi(u(s)wy(s))l L1 () ds < /t (e 32)1/2 [w(s)l oo () llwe (8) || L1 () ds
0

to
t
CoM  Cy(M)M B )
= /o (t—s)t/2  s1/2 ds = 7CyC7(M)M* < o0,

hence the integral term in (2.7) has a limit in L'(2) as to — 0. To treat the other term, we
decompose

S(t —town(to) = (St~ to) = S(t) )w(to) + S(V)wo(to)

Using the explicit representation formula for the semigroup S(t) given in [17, Section 3|, it is
quite straightforward to verify that

t
[(S(t —to) = S(t)wo(to)llL1 (@) < C ?OHWG(tO)HLl(Q) — 0.

to—0

Moreover, it follows from Proposition 2.5 that

(SWn(to))(r2) — (SO)r.2),  forall (1,2) € 2,
0—

and since the left-hand side of (2.7) does not depend on ty we deduce that convergence holds in

LY(9Q) too. So taking the limit ¢y — 0 in (2.7) we obtain (2.15). O

Remark 2.7. In view of Proposition 2.5, a natural question is whether a mild solution of (1.4)
on (0,T) satisfying (2.8) is uniquely determined by its “trace at initial time”, namely by the
measure (1. Using the results established in [17], one can show that the answer is positive if the
atomic part of  is small enough compared to viscosity. In the present paper, we focus on the
particular case where p is a single Dirac mass. The general case is still open.

2.4 The adjoint equation

The aim of the section is to establish some important relations between a mild solution of
(1.4) satisfying (2.8) and its initial trace given by Proposition 2.5. To do that, the idea is to
consider Eq. (1.4) or (2.6) as a linear evolution equation for the axisymmetric vorticity wy with
a given advection field u, and to take the adjoint equation with respect to the scalar product in
L*(Q, drdz), namely

at¢+u-v¢+y<A¢—§ar¢) — 0. (2.16)

We recall that A = 9? + %ar + 0? is the axisymmetric Laplace operator. Eq. (2.16) is again
considered as a linear equation, where the velocity field w is given and satisfies the bounds (2.12).

It is important to realize that the adjoint equation (2.16) can be solved backwards in time,
imposing simultaneously Dirichlet and Neumann boundary conditions on 92, and one has

d

E W@(T7Z7t)¢(ﬁzat) drdz = 07 (217)
a Jo
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so that the solutions of (2.16) can be used as convenient test functions. If one thinks of the
equation for wg as a Kolmogorov-type equation for some stochastic process, then the adjoint
equation (2.16) is the corresponding backward Kolmogorov equation.
A natural way to introduce the adjoint equation is to start from the three-dimensional
vorticity equation
Ow + [u,w] — vAw = 0, r€R?, (2.18)

where we use the Lie bracket notation [u,w] = (u- V)w — (w - V)u, and consider it as a linear
equation for (general) vector fields w, with u given. If we take the adjoint equation to (2.18)
for (general) vector fields @, given by the requirement that [p; w(z,t) - ®(x,t) dz be constant in
time, we obtain

P+ L, +vAD =0, 2€R3, (2.19)

where L, ® is the Lie derivative of ® along the vector field u when ® is considered as a 1-form.
In coordinates we have (L,®); = u;0;®; + ®;0;u;, where we sum over repeated indices.

Due to estimates (2.14) we see from the standard linear parabolic theory that Eq. (2.19)
can be solved backwards in time, for any bounded divergence-free “terminal data” ®; at time
t1 € (0,T), and the solution ® will be smooth in the open set R®x (0,#1). When u is axisymmetric
with no swirl, then the fields w of the form w = wy(r, z,t)ey are preserved by (2.18) (considered
as a linear equation for w), and the same is true for (2.19) if ® = ®y(r, z,t) ey. For w and ¢ of
this form we have

/ w(z,t) - P(x,t) de = /wg(r,z,t)fbg(r,z,t)Qﬂr drdz,
R3 Q
and therefore in (2.16) we should take
¢ = 2mrdy. (2.20)

For the solutions we consider here, equation (2.16) is the same as (2.19) after the change of
variables (2.20). Now, as ® is smooth in R3 x (0,t1), we must have ®;, = rg for some smooth
function g = g(r, z,t) that is bounded on Q for any ¢ € (0,;), and we conclude that the natural
boundary condition for ¢ at » = 0 is that both ¢ and 9,¢ vanish.

Alternatively, it is easy to verify that Eq. (2.16) is well-posed (backwards in time) under the
Neumann boundary condition 9,¢(0, z,¢t) = 0, and that the boundary data a(z,t) = ¢(0, z,t)
satisfy the equation

dra(z,t) +u.(0, z,t)d,a(z,t) + vd2a(z,t) = 0, z €R, te(0,7T).

In particular, if ¢ vanishes on the boundary 90 at terminal time ¢1, the same property holds
for all ¢ € (0,¢1), and as demonstrated above this is the natural condition under which (2.16)
can be considered as the adjoint equation to (1.4) in .

From now on, given 0 < t; < T and ¢; € Cp(R2), we denote by ¢(r, z,t), for (r,z) € Q and
t € (0,t1), the unique solution of (2.16) with “terminal condition” ¢(-,-,t1) = ¢;1.
result of this subsection is:

The main

Proposition 2.8. Assume u is the velocity field associated with a mild solution wy of (1.4)
satisfying (2.8). Given t; € (0,T) and ¢1 € Cy(Q2), the unique solution ¢ of the (linear) adjoint
equation (2.16) with terminal condition ¢(-,-,t1) = ¢1 can be extended to a continuous function
on Q x [0,t1] satisfying $(0,2,0) = 0 for all z € R. Moreover one has ¢(-,-,t) € Co(Q) for all
t €[0,t1], and

sup |o(r,z,t) — o(r,2,0)] — 0. (2.21)
(r,2)eQ t=0
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Proof. We can assume that v = 1 without loss of generality. As we have seen above, the
standard parabolic theory applied to the form (2.19) of (2.16), together with estimates (2.14)
for u, give the smoothness of ¢ for ¢ € (0,¢1). The only issue is the possible deterioration of the
estimates as t — 0. We will use optimal regularity theory for linear parabolic equations with
rough coefficients to overcome the difficulty.

To explain our strategy, consider the linear equation
Oh +b(x,t) - Vh+ Ah = 0, (2.22)
in @ =B x (0,1), where B C R" is a unit ball and b is a drift term. Assume that
0FVED] < Cpt™ 272 inQ, fork £=0,1,2,... (2.23)

This is a critical case for the regularity theory: if we could increase the exponent on the right-
hand side by any positive number, no matter how small, the classical linear theory would imply
that any bounded solution A is uniformly Hélder continuous in @, = B, x (0,r%) for any
r < 1 (with estimates depending on 7). On the other hand, without additional assumptions the
condition (2.23) by itself may not be enough to arrive at that conclusion.

Luckily, the velocity field u in (2.16) has additional properties. First, it is divergence-free.
Second, it is bounded in the space L°"BMO, LTt turns out that these two properties are
sufficient to ensure the Holder-continuity estimates we need. This is one of the main results
in [30], see also [11]. Strictly speaking, the claim in [30, Theorem 1.1] is the parabolic Harnack
inequality, but it is well-known that Holder continuity is one of the easy consequences of the
Harnack inequality. In fact, in the present situation, one can even prove that u is bounded in
the space L(L°) ™!, namely that u = div ¥ for some matrix-valued function ¥ that is bounded
in space and time. More precisely, we have the following result, whose proof is postponed to
Section 5.2.

Lemma 2.9. Let w = wyeg with wg € L*(Q), and let u be the velocity field obtained from w via
the three-dimensional Biot-Savart law. Then there exists ¢ > 0 such that

lull(zooy-1@sy < cllwallr) - (2.24)

Estimate (2.24) is more than we need if we use the sharp results of [30], but it has its own
interest and it shows that the more classical results of Osada [28] also apply to our situation.

In what follows we denote
O = {(21,22,23) € R*| 2] + 23 > 0}, (2.25)

namely O is obtained from R? be removing the symmetry axis x; = x9 = 0. We observe that
the vector field %er is divergence-free and smooth in O. Together with (2.24) this implies that
in any parabolic ball B, , x (0,p?) C O x (0,t1) with p < (% + 23)!/2 the adjoint equation
(2.16) is of the form (2.22) with b € L°BMO~*(B,,,) and divb = 0, so that Theorem 1.1 in [30]
can be applied.! This remark will be used freely in the proof below. Here and what follows, we
consider ¢ and ¢1 as functions on R3 x (0,¢;) and R?, respectively.

From the above considerations we see that our solution ¢ satisfies the maximum principle:

6(x,t)] < max|i(y)|, xR, te(0,4], (2.26)
yER3

!Theorem 1.1 in [30] is purely local, even though in the introduction of [30] a global condition b € L{°BMO; "
is mentioned. In the proof one only needs the local condition. Also, when we are interested in the solution only in
B, x (0, p?), we can change the field %er outside By, to a smooth div-free vector field in R?, so that the global
condition will in fact be satisfied (even though it is not needed).
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and can be extended to a continuous function on (O x [0,#]) U (R? x (0,#;]). The main point
now is to prove its continuity at any point (z,0) with € R3\ O. For any sufficiently small
p > 0, we define

A(p) = sup{¢(z,t)|z €C,, 0 <t <p’},

where C, = {z € R3 | 7% + 23 < p?} is the cylinder of radius p centered on the z3—axis. Clearly
A is an increasing function, so that we can consider the limit

= lim A(p) > 0.
a = limy (p) =

We need to show that a = 0. (Once we have this, we can repeat the same argument for —¢, and
we conclude that ¢ can be extended to a continuous function on R? x [0, #;] satisfying ¢(z,0) = 0
for all x € R3\ 0.) As in many other critical problems, it is natural to argue by contradiction
using the scaling invariance, see for example [24] for a situation where related issues arise in the
context of the Navier-Stokes equations.

Assume thus that a > 0 and choose a sequence of points (:U(m),t(m)) such that (™ ap-
proaches the zs—axis, t(™ \, 0, and

lim ¢(z™, ™) = a.

m—0o0

For m € N we denote

M = A (@™)2 4 (2§ 4 46

and we define, for y € R? and 0 < s < \,,*t1,

u(m) (y7 S) = )‘mu()‘myla AmY2, Amys + xi()’m)7 )\72718) ) (2.27)
oM (y,s) = S(Amy1, Am¥2, AmYs +96;(»,m),>\%8). (2.28)

Note that xgm) may not converge as m — 0o, but this is unimportant for what follows. Setting

Y™ — (A,*nlzcgm),Yl (m) O), $(m) — )\;n%(m)’

m 2

we have |y(m) |2—{—5(m) = 1 for all m, and we can therefore assume (after extracting a subsequence,
if necessary) that

(y™,s™) —— (3,5),  where |g]*+5 = 1.

m—r00

Note that the operator D := %ar in (2.16) has the same scaling as the Laplacian, and is also
invariant under translations along the xs—axis. Using this observation, it is straightforward to
verify that the functions u(™), ¢(™ defined in (2.27), (2.28) satisfy the equation

056™ + u™ . V6™ 4 (A, — D,)¢™ =0, (2.29)

in the region R? x (0, A\ 2t1). Moreover, in view of (2.14) and (2.27), we have the a priori
estimates

105 VE ul™ (8)]| poo sy < Cro(M)M s™F7H2712 0 < s < A2t (2.30)

which are similar to (2.23) and hold uniformly in m. Finally, uniform bounds on #™) and
its derivatives are easily obtained by applying standard linear parabolic theory to Eq. (2.29),

13



taking into account (2.26) and (2.30). Thus we can assume (again after choosing subsequences,
if necessary) that

u™ s g, o™ — 5 &, (2.31)
m—o0 m—0o0

for suitable functions @, ¢, where the convergence is uniform, with all derivatives, on compact
subsets of R?x (0, 00). (Note that u(™, ¢(™) are well defined on any such set once m is sufficiently
large.) By construction, the functions @, ¢ satisfy ds¢ + % - Vo + (A — D)¢p = 0 in R3 x (0, 00).
Due to (2.24) and scale-invariance of the relevant norms we also have the uniform bound

Hu(m)HLgoBMoggl < cllwsll Lo 0,15010(0)) < M,

which means, as we have seen above, that the functions ¢(") are in fact uniformly continuous
up to t = 0 on any compact set B x [0, t2] as long as B C O. Hence the function ¢ is continuous
on (O x [0,t1]) U (R? x (0,t1]), and it is clear from the definitions that ¢ < @ in that domain.
At the same time, we know that
#(y,3) = lim (b(m)(y(m),s(m)) = lim (b(x(m),t(m)) =a.
m—r00 m—0o0
Finally, we have ¢(y, s) = lim,, 00 ™ (y,s) = 0 when y € R3\ O and s > 0.

Since we assumed that a > 0, these observations immediately lead to a contradiction with
the strong maximum principle when § > 0. It thus remains to deal with the case where s = 0
and |g| = 1. In that situation, the Harnack inequality from [30, Theorem 1.1] applied to the
parabolic ball Q = By /5 x [0,1/4) shows that ® = a in a neighborhood of (7,0) in @, and we
again obtain a contradiction with the strong maximum principle, as in the case s > 0. This
concludes the proof of the assertion that ¢(z,t) extends to a continuous function on R3 x [0, %]
satisfying ¢(0,0) = 0.

To conclude the proof of Proposition 2.8, it remains to verify that ¢(x,t) vanishes as |z| — oo
uniformly for all ¢t € (0,¢;], which implies in particular (2.21) in view of the previous results.
Since ¢1 € Cp(2), this property is intuitively obvious because the drift term in Eq. (2.16) satisfies
fgl |u(-,t)|| oo dt < oo, and therefore can move “diffusion particles” over finite distances only,
during the time interval (0,¢;). This heuristic argument can easily be made rigorous if one
proceeds as in [17, Proposition 6.1], see also Proposition 3.3 below. Alternatively, it is possible
to reach the same conclusion using the parabolic Harnack inequality and the conservation of the
mass fRS ¢(x,t)dz, which can be checked by a direct calculation. We leave the details to the
reader. O

In the rest of this section, we derive a few important consequences of Proposition 2.8. In
view of (2.17), if ¢ is as in the statement, we have

/ wy(r,z,t)p(r, z,t)dr dz = / wy(r, z,t0)p(r, 2, t9) drdz, O<to<t<t;.
Q Q
To take the limit t5 — 0, we decompose the right-hand side as
/ WQ(T‘, 2, tO) (QS(T’ 2, tO) - QS(T’ 2, 0)) drdz + / WQ(T‘, 2, tO)QS(T’ 2, 0) drdz 3
Q

Q

and we observe that the first term tends to zero in view of (2.8), (2.21) while the second one
converges to [ @(+,-,0) du by Proposition 2.5. We thus have

/ wo(r, z,t)p(r, z,t)drdz = / é(,-,0)dp, 0<t<t. (2.32)
Q Q
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Corollary 2.10. If wy € C°((0,T), L*(2) N L>(Q)) is a mild solution of (1.4) on (0,T) sat-
isfying (2.8), then [|wp(t)l[L1() < llpllev for all t € (0,T), where p € M(RQ) is the measure
introduced in Proposition 2.5. In particular, one has M = ||u|lw/v if M is defined by (2.8).

Proof. Fix t; € (0,7), and take ¢1 € Co(Q2) such that |[¢1[|pecq) < 1. Let ¢: Q@ x [0,4;] = R
be the solution of the adjoint equation (2.16) with terminal condition ¢(-,-,t1) = ¢1 given by
Proposition 2.8. By the parabolic maximum principle, we know that |¢(r,z,t)] < 1 for all
(r,z) € Q and all ¢t € [0,¢1]. It thus follows from (2.32) with ¢ = ¢; that

‘/Qwe(r,z,tl)tbl(r,z)drdz‘ = ‘/Q¢('m0)du‘ < lellew s

and taking the supremum over all ¢; € Co(f) satisfying the bound [¢1[|z~() < 1 we con-
clude that |lwg(t1)[[L1(o) < llplley. Thus My = limg o [wg() |21 @) < [l#llev, and the converse
inequality directly follows from Proposition 2.5. U

Corollary 2.11. If the measure | given by Proposition 2.5 is positive, then the solution wy of
(1.4) satisfies wy(r,z,t) >0 for all (r,z) € Q and allt € (0,T).

Proof. Assume on the contrary that wy(r1, 21,%1) < 0 for some (r1, 21) € Q and some t; € (0,7).
Take a nonnegative function ¢, € Cp(€2) such that ¢1(r1,21,t1) = 1 and ¢ is supported in a
small neighborhood of (1, z1) where w(, -, t1) takes negative values only. If ¢ denotes the solution
of the adjoint equation (2.16) with terminal condition ¢(-,-,¢;) = ¢, we obtain a contradiction
from Eq. (2.32) with ¢ = ¢; because the left-hand side is strictly negative by construction,
whereas the right-hand side is nonnegative since ¢ > 0 and p is a positive measure. O

Corollary 2.12. The family of signed measures (wy(,-,t)dr dz)ic(o,r) is tight under the as-
sumptions of Proposition 2.5. In particular, the convergence

/gb(r, 2)wy(r, z,t)drdz — /gbd,u (2.33)
QO t—0 Q
holds for any bounded and continuous function ¢ on Q, and not just for any ¢ € Cy(Q2).

Proof. We use here some notions from measure theory that are recalled in Section 5.1, for the
reader’s convenience. The family of measures (wg(:,-,t) drdz),co, 1) converges weakly to some
measure p € M(£2) by Proposition 2.5, and Corollary 2.11 implies that [|wy(t)[|11(q) — [|pllev as
t — 0. Applying Proposition 5.1, we thus obtain the desired result. [

3 (Gaussian estimates

As in the previous section, we assume that wy € C°((0,7), L' (Q2) N L**(R)) is a mild solution
of the axiymmetric vorticity equation (1.4) on the time interval (0,7") satisfying (2.8), and we
denote by p € M(Q) the initial measure defined by Proposition 2.5. Our goal here is to give
accurate estimates on the axisymmetric vorticity wy and the associated velocity field u = (u,, u,)
under the additional hypotheses that p is a positive measure whose support is bounded away
from the symmetry axis v = 0 and localized in the radial direction. Of course, the application
we have in mind is the case where p is a Dirac mass located at some point (7, z) € €2, which is
the situation considered in Theorem 1.1.
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3.1 L' estimates near the symmetry axis

The goal of this section is to show that the L'norm of the axisymmetric vorticity wy is extremely
small near the symmetry axis for short times, if the initial measure p is positive and supported
away from the axis. The precise statement is:

Proposition 3.1. Assume that p € M(Q) is a positive measure whose support is contained in
the set [2p,00) x R C Q for some p > 0. Then the solution wy of (1.4) satisfies

p 22
0< / {/wg(r,z,t) dz} dr < Co(M)||p|¢y e~ 160, te(0,7), (3.1)
0o WR

for some positive constant Cq depending only on M = ||u||tv/v.

Proof. Without loss of generality we suppose that ¥ = 1. Since p is a positive measure,
Corollary 2.11 asserts that the solution of (1.4) satisfies wy(r, z,t) > 0 for all (r,z) € Q and all
€ (0,7"). Asin [17, Section 6.1], we define

f(R,t) = /ROO {/ng(r,z,t)dz} dr, R>0, te(0,T). (3.2)

Then f(R,t) is a nonincreasing function of R which converges to [|wg(t)[|11(q) as R — 0 and to
zero as R — oo. Moreover f satisfies the evolution equation

O f(R,t) = O%f(R,t) + %aRf(R,t)+/Rur(R,z,t)w9(R,z,t) dz, (3.3)

which follows easily from (2.6). Our goal is to obtain a lower bound on f(p,?) under the
assumption that the initial measure p is supported in the set [2p,00) x R. This hypothesis
already implies that f(R,t) — M = ||p|ltv as ¢ — 0 for any R < 2p, because if ¢ : Q@ — [0, 1] is
a continuous function equal to zero for » < R and to 1 for r > 2p, we have

M > f(R,t) /gbrzwerztdrdz—>/¢d,u—

where the convergence follows from Corollary 2.12.
Using the bound Hur( M@y < Cr(M )Mt=1/2 which comes from Corollary 2.4, and ob-

serving that Orf(R,t) = — [z we(R, z,t) dz < 0, we deduce from (3.3) that

To eliminate the drift terms in (3.4), we fix t; € (0,7)) and we define g(y,t) = f(y + a(t),t) for
y > 0and ¢ € (0,1], where

t1—t
at) = p+ 17 +207(M)M (Vi —Vt),  te0t]. (3.5)
Note that a(t) > p for ¢t € [0,¢1] and a(t;) = p. Using (3.4) and (3.5), it is easy to verify that

atg(yat) > 8§g(y,t) ) Y > 0, te (O?tl] )

and we obviously have 0,¢(0,t) = Orf(a(t),t) <0 for t € (0,t1]. In physical terms, the function
g(y,t) is a solution of the heat equation on the positive half-line with a nonnegative source
term in the bulk and a nonnegative influx through the boundary. By the parabolic maximum
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principle, given any ¢y € (0,¢1), we thus have g(y,t) > h(y,t) for all y > 0 and all ¢ € [tg, 1],
where h is defined by

O (y’t) :agh(yat)’ y=>0,1t>t,
d,h(0,) = 0. >t (3.6)
h(y,to) = g(y,to) = f(y +alto),to), y=>0.

Solutions of (3.6) are easily computed by symmetrizing the initial data and solving the heat
equation on the whole real line. In particular, this gives the desired lower bound on the quantity

f(p7 tl) = g(Ovtl)'
To be more explicit, we first assume that the observation time ¢; is small enough so that

ity < p®,  and  8CH(M)M\/t; < p. (3.7)

In view of (3.5) we then have a(tg) < a(0) < 3p/2 for any ty € (0,¢1), and this in turn implies
that h(y,to) = f(y+ a(to),to) > f(y + 3p/2,t9) for all y > 0. Using the representation formula

h(0,t1) = it (y,t0) dy ,

T ¢

and recalling that f(y 4+ 3p/2,t0) — M as to — 0 for all y < p/2, we deduce that

P12 2 _
F(pt1) > h(0,t) e 1T dy > M(l—e wn). (3.8)
\/mf
In the last inequality we used the elementary bound
erfe(x eV dy < e, x>0. (3.9)
-/ >

Since [lwa(t1)l| 21 () < M = ||u]|tv, we conclude that

P 2
/ {/we(r,z,tl)dz} dr < M — f(p,t1) < Me*l’c’Tl’
0 R

which gives the desired bound (3.1) with ¢ = ¢; and v = 1, provided (3.7) holds. If condition
(3.7) is not satisfied, one can take Cy = Co(M) > er*/(161) " in which case estimate (3.1) is
obvious. O

Corollary 3.2. Under the assumptions of Proposition 3.1 we have

t Cro(M)M svt\1/3
‘“—()H < M(%) . te(0,7), (3.10)
T Le=(Q) t p
where Cg is a positive constant depending only on M = ||u|w /v

Proof. Fix ¢ € (0,T). We decompose wy(r, z,t) = w, (r,z,t) + wy (r, 2,t), where

wy (1, 2,t) = wa(r, 2,t) Lip<py w;(r,z,t) = wo(r,2,1) 1pspy -
By linearity of the axisymmetric Biot-Savart law, there is a corresponding decomposition for
the velocity field u(r, z,t) = u~(r, z,t) +u* (r, z,t), where u™ is the velocity associated with w;t,
respectively. Using estimate (2.5), Proposition 3.1, and the first inequality in (2.9), we find

u, (1) 2/
L <
‘ r HLOO(Q) - C?’HWG ( )HLl(Q Hwa ( )/THLOO(Q
2 1/3
< 050 0y s M -8 < C(J\f)M (_5) /
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Similarly, using the second inequality in (2.9), we obtain

ut(t _ M (vt\1/3
[, ) = Colled Ol 72 I 013y < CaCsar® 5 (5)".

Combining both estimates we arrive at (3.10). O

[

3.2 L! estimates away from the axis

We next consider the opposite case where the support of the initial measure p is bounded in the
radial direction. The analogue of Proposition 3.1 is:

Proposition 3.3. Assume that p € M(RQ) is a positive measure whose support is contained in
the set (0,2p] x R C Q for some p > 0. Then the solution wy of (1.4) satisfies

o 2
0 < / {/ we(r, 2, t) dz} dr < On(M)|p]|ey €707, te(0,7), (3.11)
3 R

P

for some positive constant C11 depending only on M = ||p|lev/v.

Proof. We proceed as in the proof of Proposition 3.1, assuming again that v = 1. We observe
that the function f(R,t) defined in (3.2) satisfies the differential inequality

Of(R.t) < O%F(R.1) - 07<M>% Orf(R.t), R>0, (3.12)

which is obtained in the same way as the lower bound (3.4). Arguing as in [17, Section 6.1], we
deduce from (3.12) that, for any ¢y € (0,7,

f(Rt) < g(R—2C(M)MVtt), R>0, t<t<T,

where g(y,t) is the solution of the heat equation dyg = (95 g on the real line R with initial data
satisfying g(y,to) = f(y,to) if y > 0 and g(y,t9) = f(0,t9) if y < 0. Taking the limit ¢y — 0 in
the representation formula

1 0 _w=n? o (=n)?
9(y,t) = ———— / e =) f(0,t9)dr + / e =) f(r tg)dr |,
and using the bound f(R,ty) < M together with the fact that f(R,ty) — 0 as top — 0if R > 2p,
which can be established by applying (2.33) to a continuous function ¢ :  — [0, 1] equal to 0
for » < 2p and to 1 for » > R, we deduce that

(4t)dy yeR, te(0,7),

9y, \/E

hence

F(R,1) *(3*207(1‘4)1‘4”*”2/(4” dr, R>0, te(0,T). (3.13)

\/471'
If t > 0 is small enough so that 207(M)Mﬂ < p/2, it follows from (3.13), (3.9) that

3p, —(Bp/2-7)%/(4) 4, < Me—PQ/(lﬁt)’
f(3p,t \/AF <
which is (3.11). If 2C7(M)M+/t > p/2, then (3.11) follows from the trivial bound f(3p,t) < M,
provided the constant C7; is chosen appropriately. O
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Corollary 3.4. Under the assumptions of Proposition 3.3, the axisymmetric vorticity wg has a
finite impulse

I = / r2w(r, z,t)drdz = / r2du(r, 2), te(0,7T). (3.14)
Q Q
In particular, the impulse T is a conserved quantity.

Proof. We assume that v = 1. Let x : [0,00) — R be a smooth, nonincreasing function such
that x(r) = 1 for » € [0,1] and x(r) = 0 for » > 2. Using definition (3.2) and integrating by
parts we obtain the identity

/ r2X(r/R)wy(r, z,t) dr dz = / Oor<2x(r/R)+(r/R)X/(r/R)) frt)dr, (3.15)
Q 0

which holds for all R > 0 and all ¢ € (0,7). For any fixed t € (0,7"), we know from (3.13) that
f(R,t) decays rapidly to zero at infinity, thus taking the limit R — oo in (3.15) we obtain

/r2w9(r,z,t) drdz = 2/ rf(r,t)dr < oo, te(0,7). (3.16)
Q 0

The left-hand side of (3.16) is the total impulse Z of the axisymmetric vorticity wy, which is
known to be conserved under the evolution defined by (1.4), see e.g. [17, Lemma 6.4].

On the other hand, for any fixed R > 2p, the left-hand side of (3.15) converges as t — 0 to
the quantity

7, = /Q P2 (r/R) dp(r, ) = /Q 2 du(r, 2).

Convergence holds by Corollary 2.12, and the limit does not depend on R > 2p since the measure
u is supported in (0,2p] x R. In fact Zy = Z, because the convergence of (3.15) to (3.16) as
R — oo holds uniformly in time if t > 0 is sufficiently small. Indeed, if 2C7(M)M+/t < p, it
follows from (3.13), (3.9) that f(R,t) < M e~ B=30)°/4) for all R > 3p, which in turns implies
that the quantity |’ Eo rf(r,t) dr converges to zero uniformly in time as R — oo. This proves the
uniform convergence of the right-hand side of (3.15) to that of (3.16) as R — oc. O

The next step is a general estimate for nonnegative solutions of (2.6) with finite impulse.

Proposition 3.5. Assume that wg € CO((0,T), L*(2) N L>(Q)) is a nonnegative solution of
(2.6) which is uniformly bounded in L'(QY) and has finite impulse . Then

_ Cn(M)T

Hwe(t)HLl(Q) = > Jor all t € (OaT) ) (317)

vt

where Cia is a positive constant depending only on the quantity M defined in (2.8).

Proof. The proof is essentially contained in [17, Section 6.2], although estimate (3.17) is not
explicitly stated there. For completeness we provide here the missing details, assuming as usual
that v = 1. We first observe that it is sufficient to establish (3.17) for ¢t > T, = Z/M, because
for smaller times we obviously have [lwp(t)|[L1) < M < Z/t. We start from the integral
equation (2.7) with top = ¢/2, namely

t

we(t) = S(t/2)wy(t/2) — o S(t — s)div(u(s)ws(s))ds, t>Ti. (3.18)
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To bound the first term in the right-hand side, we use the linear estimate

[S#®)wollLr@) < %/ﬂ?gwo(r, z)drdz, t>0,
which holds for all nonnegative wy € L'(Q) with finite impulse, and can be established using the
explicit formula for the linear semigroup S(¢) given in [17, Section 3], see [17, Lemma 6.5] for a
similar calculation. We thus have [|S(t/2)wy(t/2)||11(q) < CZ/t for some C > 0. On the other
hand, applying the weighted inequality given in [17, Proposition 3.5], which has no analogue in
the two-dimensional case, we find

15(t — ) diva (u(s)wn(s) 1y <

(t — 5)3/4 H“(S)HL“(Q)”7"1/2“)0(3)”L1(Q)7

1/4 3/4

v @ lollzi @)

for s € (0,t). If we now interpolate |[r'/2wgl|;1 < ||r2wy]| and use the estimate

1/4 1/4 1/2
lull ey < Cllrwoll gy llwoll rig o/l )

which is established in [10, Section 2], we obtain

. C
ISt = s) div. (u(sheo(Ne) < G I72wo(5) 145y llwo (5) 121 (ol (5) /7 1% g -

(t—s
As Hr2we(5)||L1(Q) =T and |lwa(s)/7| ro) < CyMs73/? by Lemma 2.2, we deduce from (3.18)
that

1 1/2+1/2 ! Hwe(s)HLl(Q)

The end of the proof is a straightforward bootstrap argument. First, since [|wy(t)|[11q) < M,
estimate (3.19) shows that [jwy(t) 1) < C(M)MY?T'/?t=1/2 for t > T,, hence also for all

t > 0. Inserting this bound into the right-hand side of (3.19), we conclude that [|wy(t)||11(q) <
C(M)Z/t, which is the desired result. O

Corollary 3.6. Under the assumptions of Proposition 3.3 we have

a0 < CuldM (Y12

vt
where Cy3 is a positive constant depending only on M = ||ul|t /v

t T 2
r HLOO(Q) - t €0.1), (3:20)

Proof. Since supp(u) C (0,2p] x R, Corollary 3.4 shows that Z < 4p%||ullty = 4p>Mv. Thus
estimate (3.20) immediately follows from (2.5), (3.17), and the first inequality in (2.9). O

3.3 Gaussian estimates for the viscous vortex ring

Finally, we consider the particular case where the initial measure p is a vortex filament located
at some point (7, 2) € Q, namely p1 = I'§; z) for some I > 0. We of course have |||y = T, hence
M =T/v, and T = I'r2. The goal of this section is to prove the following Gaussian estimate on
the axisymmetric vorticity:

Proposition 3.7. Assume that wy € C°((0,T), LY(Q)NL>(Q)) is a mild solution of (1.4) which
is uniformly bounded in L' (), and such that wy(-,t)drdz — [z ast — 0 for some I' > 0
and some (7,z) € Q. For any n € (0,1) we have the pointwise estimate

T 1-—

0 < wy(r,z,1) < Ky(M) — exp(———2((r =) + (2 = 2)?)) (3.21)
vt v

for allt € (0,T) and all (r,z) € 2, where the constant K,(M) depends only onn and M =T'/v.
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As a first step in the proof of Proposition 3.7, we apply the results of Sections 3.1 and 3.2
with p = 7/2 and obtain the following integral estimate:

Lemma 3.8. Under the assumptions of Proposition 3.7 we have

T
[ a0yt < Canne, (3.22)

where C14 is a positive constant depending only on M =T /v.

Proof. Let T, = 72/v = 4p*/v. Using estimate (3.10) for ¢t € (0,7}) and, if necessary, esti-
mate (3.20) for ¢t € (T%,T), we immediately obtain (3.22). O

To derive estimate (3.21) it is convenient to abandon the cylindrical coordinates and to
return for a moment to the vector valued vorticity w(z,t) = wy(r, z,t)eg, which is considered
as a function of * = (rcosf,rsinf,z) € R® and ¢t € (0,7). The evolution equation (1.4) is
equivalent to

Ow+ U -Vw—-Vw=rvAw, xR  te(0,T), (3.23)

where U = u,e, + u,e, is the velocity field associated with w via the three-dimensional Biot-
Savart law, and V = wu,/r. Since the pioneering work of Aronson [3], which relied itself on
previous results by Nash, De Giorgi, and Moser, it is well known that solutions of advection-
diffusion equations such as (3.23) can be represented in terms of a (uniquely defined) fundamental
solution ®, which is Holder continuous in space and time and satisfies Gaussian upper and lower
bounds. In our problem we only have limited information on the advection field U and the
potential V', and we need an upper bound on the fundamental solution with explicit dependence
on the data U, V, and v. For that reason, we state here a particular case of Aronson’s estimates
which is tailored to our purposes.

Proposition 3.9. Assume that U : R" x (0,7') — R™ and V : R" x (0,T) — R" are continuous
functions such that divU(-,t) =0 for allt € (0,T) and

t\1/2 T
sup (‘) ||U(-,t)HLOO(]Rn) = K; < o0, / ||V(',t)HLoo(]Rn) dt = K3 < 0o. (3.24)
o<t<T \V 0

Then the (regular) solutions of the advection-diffusion equation
Wf+ U -V)f=Vf=vAf, x eR", te(0,7), (3.25)
can be represented in the following way:

f(z,t) :/ Puvu(z, t;y,s)f(y,s)dy, rzeR"™, 0<s<t<T,

where the fundamental solution @y v, (x,t;y,s) satisfies, for x,y € R" and 0 < s <t < T,

Ch, |z —y/? |z —y
0 < Syyylz tiy,s) < —2 - K Ky). 3.26
vVl i) < ot exp(— gty K =+ 2) (3.26)

Here the constant C), depends only on the space dimension n.
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For completeness, we give a short proof of Proposition 3.9 in Section 5.3 below, but our
purpose here is to apply it to the vorticity equation (3.23), for which n = 3. In view of
Corollary 2.4 and Lemma 3.8, both assumptions in (3.24) are satisfied, and the constants Kj,
K5 depend only on M = T'/v. Solutions of (3.23) can thus be represented in the following way:

w(x,t):/RS@(x,t;y,s)w(y,s)dy, reR3, 0<s<t<T,

and the fundamental solution ® satisfies (3.26) with n = 3. As w(x,t) = wy(r, 2,t)ey, we deduce
that the axisymmetric vorticity wy satisfies

wp(r, z,t) = / O(r, 2, t;7", 2, s we (1!, 2, s) dr’ A2, (3.27)
Q
for (r,z) € Qand 0 < s <t < T, where
O(r,z,t;1", 2 s) = / ®([r,0,2],t; [r cos 0,7 sin b, 2], s)r' cos 0 d6 . (3.28)

—T
Here [r,0, z] denotes the point 2 € R? with coordinates x; = r, 2o = 0, 3 = 2, and similarly
[/ cos @, 7' sin 0, 2'] denotes the point y € R? such that y; = 7’/ cos 6, yo = 7'sin b, y3 = 2.
Lemma 3.10. For any n € (0,1) there exists a positive constant K,(M), depending only on n
and M, such that the fundamental solution ® defined in (3.28) satisfies

0 < ®(r,z,t;1,2,s) < II/{&(_]\Q 7:11//22 fl((;i;)il/) 6*%((“7")2+(Z*2')2), (3.29)
for (r,2),(r',2") € Q and 0 < s <t < T, where
N 1 /4 sin2 ¢
H(t) = \/—71'_7' /W/4 e 7 cos(2¢)do, T>0. (3.30)

Proof. The positivity of the fundamental solution ® of equation (1.4) is a consequence of the
strong maximum principle. To obtain the upper bound (3.29), we start from (3.28) and first
observe that

B w/2

O(r,z,t;r', 2 s) < / ®([r,0,2],t; [r" cos O, r'sinb, '], s)r’ cosdA, (3.31)

—7/2

because cos) < 0 when 7/2 < |f| < 7. Next, we estimate the integrand using (3.26) with n = 3.
Applying Young’s inequality we obtain, for any n € (0,1),

C —(1-n) lz—yl? +ﬁ+K2 K,](M) —(1-n) lz—yl?
(b t: < — 4v(t—s) = T 7 dv(t—s) |
(x7 7y78) - (y(t_s))3/2 e n (V(t_s))3/2 e

Here we take = = [r,0, 2] and y = [/ cos 0,1 sin 4, 2’|, so that
|z — y|2 = |r— 7“'|2 +|z— ,2:/|2 + 4y’ sin2(9/2) .
Thus we deduce from (3.31) that
B w/2
O(r, 2, t;51",2' s) < / ®([r,0,2],t; [r cos 0,7 sin b, 2'], s)r’ cos 6 dO

—7/2

_ , , /2 —yer!
— ( gn(]\f)?”/z e‘%((r_r ez )2)/ 6_(1’([]—)3) SmQ(e/Q)r' cos0do.
v(t—s —7/2

Setting # = 2¢ and using definition (3.30), we arrive at (3.29) with a modified constant K, (M).
g
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Remark 3.11. The function H in Lemma 3.10 is not the same as the function H defined in
[17, Section 3]. One can show that H : (0,00) = R is decreasing with H(t) — 1 as 7 — 0 and
H(1) ~ 1//7T as T — oo. Moreover H(t) < 1/\/m7 for all T > 0.

Proof of Proposition 3.7. Fix (r,z) € Q and ¢t € (0,7"). Using the representation (3.27) and
the bound (3.29), we obtain for all s € (0,%):

K (M) 7,,11/2 ~ I/(t—S) 71_7"((r7r’)2+(zfz,)2)
< i Iu(t—s) ot "dy
wp(r,z,t) < J(t—s) / Y7 H = e we(r', 2, s)dr' dz

If ' < 2r in the right-hand side, we bound the function H by 1. If ' > 2r we use the fact that

H(r) < 1/y/7T, so that

/2 u(t—s) v 1—n\1/2 n0=m) (. _pry2
H < — < Tu(t—s)
rl/2 ((1—77)7“7“’) - (l/(t—s)) Cne '

because 12 < 4(r — r’)2 and z < () e /4 for any x > 0. We thus obtain the simpler estimate

KW(M)/e ill,(tn)s) ((Tfr/)2+(zle)2)
(t=s) Jo

(t(M)) e () 0 sy et
s) Ja

with possibly a different constant K, (A). We now take the limit s — 0 and use the assumption
that wy(-,-, s)dr’ dz’ — ['d(7 z), together with Corollary 2.12. We thus obtain an upper bound
of the form (3.21), where 7 is replaced by 7 = 21 — n?. Finally, as was already observed, the
positivity of wy is a consequence of the strong maximum principle. O

wy(r, 2, t) we(r', 2, s)dr’ d2’

IN

4 Self-similar variables and energy estimates

This section is devoted to the actual proof of Theorem 1.1. Using the existence result established
in [10], we can assume that wy € C°((0,T), L*(£2) N L>(£2)) is a mild solution of (1.4) which is
uniformly bounded in L(§2) and converges weakly to [d(r 7 as t — 0, for some I' > 0 and some
(r,z) € Q. If M is defined by (2.8), we recall that M = I'/v by Corollary 2.10. The Gaussian
estimate in Proposition 3.7 indicates that, for short times, the axisymmetric vorticity wy(r, z,t)
concentrates in a self-similar way around the initial position (7, z) of the vortex filament. A
natural idea is thus to introduce self-similar variables, in order to analyze more accurately the
short-time behavior of the solution.

4.1 Definitions and a priori estimates

Motivated by (3.21), we set

wolr,2,1) = %f(r\/_y_:, et), (e, @) (4.1)

(4.2)
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The dimensionless quantity e is the ratio of the typical core thickness of the vortex ring at time ¢
to the radius of the initial vortex filament. We are interested in the regime where € is small, and
most of our analysis actually deals with the limit as € — 0. The ratio ~ of the vortex strength I' to
the viscosity v is sometimes called the “circulation Reynolds number” in the physical literature.
It is also dimensionless, and coincides in the present case with the quantity M defined in (2.8),
but we find it natural to keep both symbols ~, M in what follows because, conceptually, they
denote rather different quantities. Finally, the dimensionless variables (R, Z) are new coordinates
centered at the position of the vortex filament, where distances are measured in units of the core
thickness v/vt. Note that the domain constraint r > 0 translates into 1 + ¢R > 0, which means
that the rescaled vorticity f(R, Z,t) given by (4.1) is actually defined in the time-dependent
domain Q. = {(R,Z) € R?|1 + ¢R > 0}, which converges to R? as ¢ — 0. However, since the
function f(R, Z,t) satisfies the homogeneous Dirichlet condition at the boundary R = —1/e,
we can extend it by zero outside that domain and thereby identify it with a function f(R, Z,t)
which is now defined on the whole plane R?, for any ¢ € (0,T).

In view of (3.21), given any 7 € (0, 1), the rescaled vorticity f(R, Z,t) satisfies
0 < f(R.Z,1) < K(M)e T (+29), (4.3)

for all (R,Z) € Q¢ and all t € (0,T"). Moreover, it follows from (2.13) that the spatial derivatives
of f are uniformly bounded:

IVF(R,Z,t)] < Cs(M). (4.4)
Finally, using (2.8) and (4.1), we obtain

Mv

1
/Qe f(R,Z,t)dRdZ = f/ﬂwg(r,z,t)drdz T 1. (4.5)

It is also useful to express the velocity field u associated with wy in self-similar variables.
The correct ansatz is:

I r—r z—2

u(r, z,t) = U€< , ,t), r,z)€Q, te(0,T), 4.6
) = =u (T (r.2) 0.7) (1.6)
where U = Use, + USe, denotes the rescaled velocity field. We use here the superscript e to
keep in mind that, in the new variables, the Biot-Savart law depends explicitly on time through
the parameter € = /vt/7. Indeed, for any ¢t € (0,7, the velocity U€ satisfies the elliptic system

eUS
14+ €eR

OzU; —OrU; = f,  OrUI + + 97U = 0, (4.7)

in the domain €2, together with the boundary conditions US = OrUS = 0 on 0. In view
of (2.12), we have the following uniform a priori estimate

|US(R, Z,t)| < C7(M), (R, Z) € Q., te(0,T). (4.8)
In fact, estimate (4.8) can be improved as follows.
Lemma 4.1. The rescaled velocity field defined in (4.6) satisfies
(1+|R|+ |Z])|U(R, Z,t)| < C15(M), (R, Z) €Q., te€(0,T), (4.9)

where C1s depends only on M.
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Proof. If u is the velocity field associated with the vorticity wy via the axisymmetric Biot-Savart
law, it is shown in [17, Proposition 2.3] that

C o/ / /
u(r, z)] < /Q N CETIEE Tz lwg (r', 2")| dr’ dz2", (r,z) € Q,

where C' > 0 is a universal constant. Using the change of variables (4.1) and (4.6), we deduce
that, for any ¢ > 0,

C
US(R, Z)| < R.ZNdR4Z', (R, Z)eQ.. (410
V) < [ e 2 (R, 2) (4.10)
In view of (4.10), estimate (4.9) follows easily from the Gaussian bound (4.3). O

In Section 4.4 below we need accurate estimates on the difference U¢ — U?, where UY denotes
the velocity field obtained from f via the Biot-Savart law on R?. To prove such bounds, we use
a rather explicit representation for the solution of (4.7), which we now derive.

4.2 The parametrized Biot-Savart law

We look for a solution of (4.7) in the form

0z¢° ORro*
e — e — 411
" 1+€eR’ z 14+ €eR’ ( )

where ¢€ : Q0. — R is the axisymmetric stream function, which satisfies the second-order elliptic
equation
82 € Or ot 32 €
_ g9 Ore™ 979" _ ¢ (4.12)
1+eR  (14+e€R)> 1+4+¢€R
in the domain €., with both Dirichlet and Neumann conditions on the boundary 0€).. The
solution of (4.12) can be computed as in [10, Section 2] and is found to be

_ P2 _7\2
6(R.Z) = % /Q 6 \/(1+6R)(1+6R’)F<62 (R(li)R;l(feR,Z)) > FR,ZVAR dZ',  (4.13)

where F': (0,00) — (0,00) is defined by

w/2 ) P 8 y
Fls) = 1 —2sin® Qi — log T2+ O(slogs) ass—0, (4.14)
0 \/sin% ¢ + s/4 —28§/2 + 0(3*5/2) as § — 00.
Differentiating (4.13) with respect to R and Z, and using (4.11), we obtain
1—|—6R’ Z -7 P P
(R, Z) Z"NYdAR' dZ
Ur (R, T or / V 1—|—6R (R—R')?+(Z-27")? J(’,Z)dR ’
/1+6R’ R—- R
US(R,Z) R, Z"dR 47’ 4.15
H 1+6R (R—R2+(Z-2")? f(Rr,Z) ( )
V1+eR'
— (F F R, Z"dAR 47’
47T Qe (1 + 6R)3/2 ( (é. )+ (é. ))f( ? ) )
where &2 is a shorthand notation for the quantity
_ P2 g7 2

(1+eR)(1+eR)
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and F : (0,00) — (0,00) is defined by

. 9sFi(s) = {1+(9(slogs) as s — 0, (4.17)

F(s) =
(®) 253/2+O( 5/2) as s — o0,

For simplicity we write U¢ = BS®[f] when (4.15) holds.

When ¢ — oo, the domain 2. shrinks to the half-plane Q, and (4.15) coincides with the
axisymmetric Biot-Savart law, which is studied e.g. in [10, Section 2|. In contrast, as e — 0,
the domain . expands to the full plane R?, and in this limit (4.15) reduces to the usual two-
dimensional Biot-Savart law:

US(R’Z) _ 1 Z_Z/ f(R/,Z/) / !
VAR, 2) = (UQ(R, Z)> = o /Rg (R’—R) "R+ (z-zp fdZ. @)

which we denote U? = BS°[f]. Thus the e-dependent Biot-Savart law defined by (4.7) or (4.15)
nicely interpolates between the axisymmetric case and the two-dimensional case.

We now compare the velocity fields U¢ and U obtained from the same vorticity distribution.

Lemma 4.2. Assume that f vanishes outside Q.. If U¢ = BS[f] and U° = BS°[f], we have,
for all (R, Z) € Qe,

Ce
1+eR

1+eR

US(R, Z) — U(R, Z)| < / (1 +log, )\f(R’,Z’)\ dR' d7Z', (4.19)
Qe

where p = \/(R—R')?> + (Z—Z')? and log . (z) = max(log(z),0).

Proof. Since f is supported in €2, by assumption, the integrals in (4.15), (4.18) are taken over
the same domain. Thus, all we need is to subtract (4.18) from (4.15) and to estimate the various
terms in the difference, using the following elementary bounds

1+6R’ 1+eR’ 2) I+eR
\ </ — 1( (,/ 4.20
‘ 1—|—eR 1+eR 5 + 1+eR 1+6R ( )
eV 1+€eR/ 1+eR
(1+eR)3/2 ) '

(4.21)

F<§>+F<§>( O (14108,

Estimate (4.20) easily follows from the bound |F(£2)—1| < C|€|, which is a direct consequence of
(4.17). The proof of (4.21) requires a little more work. In the region where 1+ eR’ < 2(1+¢€R),
we obtain (4.21) using the facts that F'(¢2) is bounded and F(£2) < C(1+log, £71), see (4.14).
When 1+ eR' > 2(1 + €R), we observe that 2ep > 2¢(R' — R) > 1+ eR/, and using the bounds
F(€2) + F(€%) < C¢~ 1 we obtain (4.21) (without the logarithmic term in that case). O

4.3 Characterization of the «-limit set

The evolution equation satisfied by the rescaled vorticity f defined in (4.1) reads

ef
- of) = 4.22
t0,f +OR(ULS) + 707U f) = £f+3R(1+ R) (4.22)
for (R,Z) € Q. and t € (0,T), where v =T'/v and L is the differential operator defined by
Lf = (0r+07)f+5 (RaRf+ Z0zf)+[- (4.23)
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The homogeneous Dirichlet boundary condition for f reads f(—1/¢,Z,t) =0 for all Z € R and
all t € (0,T). If we formally take the limit € — 0 in (4.22), (4.7) and introduce the logarithmic
time 7 = log(t/T'), so that 0, = tJ;, we arrive at the evolution equation

O f +7U -Vf = Lf, (R,Z) € R?, (4.24)

where OrU, + 07U, = 0 and 07U, — OrU, = f. In other words, we obtain in that limit the
two-dimensional vorticity equation in self-similar variables, which was thoroughly studied, for
instance, in [18, 19].

We now introduce the weighted L? space X = {f € L2(R?)||f|lx < oo} where

191k = [ 1R 2)P ™7 dRaz, (4.25)
RQ
For later use we also denote
w(R,Z) = {BHA (R Z) = e (BHAA (R 7) e R2. (4.26)
T

The aim of this section is to prove the following result:

Proposition 4.3. The solution of (4.22) defined by (4.1) satisfies If(t) —Gllx = 0ast—0,
where [ denotes the extension of f by zero outside €.

Proposition 4.3 means that the axisymmetric vorticity wy(r, z,t) is not only bounded from
above by a self-similar function with Gaussian profile, as asserted in (4.3), but actually ap-
proaches a uniquely determined self-similar solution of the 2d vorticity equation as ¢t — 0.
Before giving a detailed proof, we make some preliminary remarks. Let Xy C X be the Banach
space defined by the norm

1—
1fllxe = sup [f(R Z)|e T FH2) 4 sup  |Vf(R,Z), (4.27)
(R,Z)€R? (R,Z)€R?

where n € (0,1/2) is any fixed real number. We have the following elementary result:

Lemma 4.4. The space X is compactly embedded in X, and the unit ball in Xg is closed for
the topology induced by X.

According to (4.3) and (4.4) the trajectory (f(t))ie(,r) is bounded in Xp, hence relatively
compact in X. We can thus consider the a-limit set

A = {h € X | there exists a sequence t,, — 0 such that || f(ty) — hllx — 0 as m — oo},

which is of course nonempty. We know from Lemma 4.4 that A is bounded in Xy, and in
view of (4.5) any h € A satisfies [ hdRdZ = 1. Proposition 4.3 asserts that A is a singleton,
namely A = {G}. The intuition behind this result is that the a-limit set A is (positively
and negatively) invariant under the evolution defined on the whole plane R? by the limiting
equation (4.24), which is obtained by formally taking the limit € — 0 in (4.22). But it is proved
in [19] that the only solutions of (4.24) that are uniformly bounded in X for all negative times
7 are equilibria of the form f = aG, for some a € R. Since we have the normalization condition
[ hdRdZ =1 for any h € A, we conclude that A = {G}.

Making this argument rigorous requires a detailed comparison of the evolutions defined by
equations (4.22) and (4.24), which is rather delicate. We thus prefer using a different argument
to establish Proposition 4.3.
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Proof of Proposition 4.3. Let h, € A, and let (¢,,) be a sequence in (0,7") such that ¢,, — 0
and || f(tm) — h«|lx — 0 as m — oo. Our goal is to show that h, = G. To prove that, it is
convenient to return to the three-dimensional formulation of the vorticity equation. As in (1.3),
we denote by u(z,t) and w(z,t) the three-dimensional velocity and vorticity fields, respectively.
For any m € N, any y € R3, and any s € (0, Te2), we define

{ W™y, 8) = emu(@ + emy s 5), (4.28)

w(m)(y,s) =& w(@+eny, €,5),

where 7 = (Z1,Z2,73) = (7,0,2) € R? and, in agreement with (4.2),

€m = , m e N.

In other words, the vector fields u(™), w(™ are defined by a self-similar blow-up of the original
quantities v, w near the point € R3 and near the initial time ¢ = 0.

It is clear that u(™),w(™ satisfy the three-dimensional vorticity equation
95w ™ + ™ M) — yALM™ =0, (4.29)

for y € R? and 0 < s < T2, together with the constraints div u(™ =0 and curlu™ = W™,
This is due to the scaling and translational symmetries of the equations. Note that, in (4.29)
and in the rest of the proof, all spatial derivatives act on the variable y € R3. In view of (2.14)
and (4.28), we have the a priori estimates

m Cre(MYM v
1AV ()] e sy < 2D

— 7 — 0<s<Te,?
— skws)t/2 \ s’ "

which hold for all indices k, ¢ € N, uniformly in m € N. Up to extracting a subsequence, we can
therefore assume that

u™ = g, w™ 5o, as m — oo,

with uniform convergence of both vector fields and all their derivatives on any compact subset
of R? x (0,00). The limiting fields @, are smooth on R? x (0, 00) and satisfy

Osw + [u,w] —vAw = 0, (4.30)

together with diva = 0 and curlu = w.

We now relate the limiting vorticity @ to the a-limit points of the rescaled vorticity f. In
view of (4.1) and (4.28), we have, for all m € N, all y € R?, and all s € (0,T«,,2),

I (Vi +enyp)?+ey3 -7 ys _
(m) — m mJ2 2 . 4.31
w (ya 5) V8f< em s " us €mS BG(x + Emy) ( 3 )

For any fixed s > 0, we can assume (up to extracting another subsequence) that f(-,-, €2 s)
converges in the topology of X to some hy € A as m — oo. Since f(-,-,t) is bounded in Xy,
the convergence also holds uniformly on any compact set of R3. Thus taking the limit m — oo

in (4.31) and observing that ep(z) = e2 = (0, 1,0), we obtain

r (yl Y3
vs S\\vs Jvs
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w(y,s) = )62 =: (O,wg(yl,yg,s),O). (4.32)



We deduce in particular that

-
’(I)Q(ylay?ns)‘ < Kn(M);e e

(y%“/%), and /2 wa(y1,y3,8)dy1dys = I'. (4.33)
R

Similarly, in view of (4.6) and (4.28), we have the relation

W ys) = Ly (VO PGB =T v o
7 Vs emr/US Vg mS )

where €, = €,,1/vs/7. Taking the limit m — oo, we infer as above that the limiting velocity @
has the particular form

ﬁ(% S) - al(yla Y3, 8)61 + a?)(yla Y3, 8)63 - (ﬁl (y17 Y3, 8)7 07 ﬁ3 (y17 Y3, S)) ) (434)
and using Lemma 4.1 we also obtain the pointwise estimate

_ Ci5(M)I
a(y, s)| < )
Vs + il + lys|
Asdiva = 0 and curl u = @, we deduce from (4.32), (4.34) that 0141 +05us = 0 and Jsu; —0y U3z =

wo. Since u vanishes at infinity by (4.35), we conclude that (w1, us) is the two-dimensional
velocity field obtained from the scalar vorticity @ via the Biot-Savart law in R2.

yeR?, s>0. (4.35)

Summarizing, we have shown that the limiting vorticity ws, together with the associated
velocity (@1, 13), solves the Navier-Stokes equations in R? x (0,00), and it follows from (4.33)
that ws (-, s) is uniformly bounded in L!(R?) and converges weakly to the Dirac measure I'dy as
s — 0. Invoking [19, Proposition 1.3], we deduce that, for any s > 0,

_ r Y1 Y3 I —(y2+y2)/(4 2
U3, _ G< , > — (yi+y3)/(4vs) , , c R~°. 4.36
2(y1 ys S) Vs VS A\JUS drvs © (yl y3) ( )

In particular, setting s = s, = 72/v, so that €2,5 = t,,, and comparing (4.32) with (4.36), we
conclude that hs;, = h, = G, which is the desired result. O
4.4 Short time asymptotics

The goal of this section is to establish the short time estimate (1.7). Let x : [0,00) — [0, 1] be
a smooth nonincreasing function such that x(z) =1 for « € [0,1/4] and x(z) = 0 for x > 1/2.
We define

fo(R, Z,t) = G(R, Z)x(2(R*+Z?)), (R,Z)eR?, te(0,T), (4.37)

where € = Vut/F and G(R, Z) = (47) Le=(*+2%)/4 gee (4.2), (4.26). Due to the localization
function y, it is clear that fo(R, Z,t) vanishes when eR < —1/4/2. In particular, fj satisfies the
Dirichlet boundary condition in the time-dependent domain Q. = {(R,Z) € R?|1 + ¢R > 0}.

Lemma 4.5. There exists Cig > 0 such that, for any t € (0,T"), the velocity field U5 = BS| fo]
associated with fo satisfies

US|y < Cios [1diva Ugllze(a, < Cie (e +€). (4.38)
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Proof. Since |fy| < G, the first bound in (4.38) is a direct consequence of estimate (4.10) in
Lemma 4.1. In view of the identity

: € € € 6U0€77"
div. Uy = OrU;, + 02U, = AT eR)’ (4.39)
it follows that | div, US| < Ce whenever the denominator 1 + eR is bounded away from zero.
The proof of (4.38) is completed using the improved estimate

US (R, Z,t)] < C(1+€R)e, (R, Z2)eQ., te(0,T), (4.40)

which holds in the subdomain Q. = {(R,Z) € R?|0 < 1+ €R < 1/4}. To establish (4.40),
we start from the representation (4.15) for Ug,, where f is replaced by fo. Using the bound
F(€2) < C|¢|3, which follows from (4.17), we easily obtain
U§ (R, Z,t 1 /)2
106, (B 2D Ce / L+ eR)” fo(R',Z' t)dR' dZ', (4.41)
Qe

1+€eR etpt

for all (R,Z) € Q. and all t € (0,T), where p = \/(R—R')? + (Z—2")2. The integrand in (4.41)
is nonzero only in the region where e2(R? + Z'?) < 1/2. Thus 1 —1/v2 <1+ €eR' <1+ 1/V/2,
and if 1 + eR < 1/4 it follows that ep > ¢(R' — R) > 3/4 —1/4/2 > 0. With these observations
in mind, estimate (4.40) is a direct consequence of (4.41). O

If f is the solution of (4.22) given by (4.1), and if U is the associated velocity field, we

decompose

A R, Z)€Q., te(0,T), 4.42
US(R, Z,t) = US(R, Z,t) + U(R, Z,1), (R, 2) 0.7) (1.42)

{ f(R’Z’t) = O(R’Z’t)+f(R’Z’t)’

where U§ = BS[fo] and U¢ = BS[f]. The equation satisfied by the perturbation f is

ef

1+eR

tatf+7div*(U5f+ Uefo) + v divy (Uef) = Lf+ (93( ) +H, (4.43)

where H is a source term which quantifies by how much fj fails to be an exact solution of (4.22).
Explicitly,
efo

1+eR

Here and in what follows, if V' = (V,,V,) is a vector field on § or on the whole plane R2, we
denote div, V = drV, +92V,. Note that the perturbation f still satisfies the Dirichlet boundary
condition on 0f2..

H = Lfo+ 0p( ) = t0ufo — v div. (U fo) (4.44)

It is clear from definition (4.37) that fy belongs for all times to the space X introduced in
(4.25), and that || fo(t) — G||x — 0 as t — 0. Thus the perturbation f (implicitly extended by
zero outside Q) belongs to X for all t € (0,T), and Proposition 4.3 implies that || f()|x — 0 as
t — 0. In the rest of this section, using appropriate energy estimates, we prove that || f(¢)||x =
O(e|loge|) as t — 0, and this implies (1.7) in view of the continuous injection X «— L!(R?).

For any t € (0,7, we define

E(t) = %/ﬂ f(R, Z,t)’>w(R, Z)dRAZ , (4.45)
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where w(R, Z) = e +2%)/4 sce (4.26). Although the integral in (4.45) is taken over the time-
dependent domain 2., there is no contribution from the boundary when we differentiate with
respect to time, because f satisfies the homogeneous Dirichlet condition on 8. Using (4.43),
we thus obtain

tE'(t) = / f(R,Z,t)(t0:f (R, Z,t))w(R, Z)dRdZ
Qe
= Dy(t) + Dy(t) + H(t) — 7<A1(t) + Ay(t) + N(t)) : (4.46)

where

K'wz

||
@\\\

F(LHHwdRrdZ,

0=, g0
/ f div, (U fo)wdRdZ,
R

f ivy Uof wdeZ

Ht) = | fHwdRdZ,

€

IV* U f wdeZ

The main result of this section is

Proposition 4.6. There exists § > 0 and, for any v > 0, there exist ey € (0,1/2) and k > 0
such that, if t > 0 is small enough so that € < €y, then

tE'(t) < —20E(t) + re|loge| E(t)/? + kE@)2E(t) + R(1), (4.47)

where R(t) < e~ Y/ 36) gngd

Et) = %/Q (VFP+ (14 B + 29 wdRdz > B(). (4.48)

Proof. We proceed in six steps.

Step 1: Control of the mass. For any ¢ € (0,T) we denote

m(t) = /Q f(R,Z,t)dRdZ = /Q (f(R,Z,t) — fo(R, Z,t)) dRAZ . (4.49)

€

We shall show that m(t) is extremely small for short times. Indeed, since fR2 GdRdZ =1, it
follows from definition (4.37) that

0<1 —/ fo(R, Z,t)dRAZ = / (1 —X(GZ(R2+ZZ))>GdeZ < 16 (450)
Qe

R2

because, in the last integral, the integrand vanishes when R? + Z2 < 1/(4¢?). On the other
hand, estimate (3.8) (where one can take p = 7/2) shows that

r> / {/wg(r,z,t) dz} dr > F(l—e*#/(m”t)),
72 LR

and in view of (4.1) this implies that

0<1 —/ F(R,Zt)dRdZ < e V/(64) (4.51)
Qe
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Combining (4.50) and (4.51), we deduce that
Vit

Im(t)] < e 1/(64e%) where € = —. (4.52)
T
Step 2: The diffusive terms. After this preliminary step, we estimate separately the various
terms in the right-hand side of (4.46), starting with D1(t) and Da(t) which originate from the
diffusion operator in (4.43). Using the identity (Lf)w = div.(wVf) + wf and integrating by
parts, we first obtain

D) = /f(ﬁf)wdeZ = /(—yvf\2+f2>wdez. (4.53)

Here and in what follows, all integrals are taken over the domain €2, or over the whole plane
R? if one extends the integrands by zero outside €2 (as we implicitly do when necessary). For
simplicity we also write f instead of f (R, Z,t), and similarly for other quantities.

Estimate (4.53) is not sufficient for our purposes, because it is not clear if the right-hand
side is negative. To improve it, we observe that f([lf)w = g(Lg) where g = w1/2f and L is the
linear operator defined by

R? 4 7? 1
Lg=AGg— —— 0+ —7.
g g 16 g+ 29
We thus have the alternative formula
R? + 772 1
D = /g(Lg) dRAZ = /(—yvgy2 - %f + §§2) dRAZ . (4.54)

The operator L is related to the quantum harmonic oscillator in R%2. With the normalization
above, it is self-adjoint in L?(R?) with spectrum (L) = {-n/2|n = 0,1,2...}, see e.g. [18,
Appendix A], and this observation already implies that D; < 0. Moreover, the kernel of L is
one-dimensional and spanned by the function w'/2G. As a consequence, if f has zero mean over
R2, then § = w'/? f is orthogonal to w!'/2G in L2 (R?), hence belongs to the invariant subspace
where L < —1/2. Thus

D, = /f(cf)wdeZ < —%/wideZ, if /dedZ =0. (4.55)

In the general case, we can decompose f = fn(tZG + f , so that f has zero mean by construction.
As LG =0, we have [ f(Lf)wdRdZ = [ f(Lf)wdRdZ and applying (4.55) to f we obtain

Dy = /f(ﬁf)wdeZ < —%/wideZ = —%/f%udeZ%—%t)z. (4.56)

™

We now take a convex combination of estimates (4.53), (4.54), and (4.56), for instance with
coefficients 1/6, 1/6, and 2/3. This gives our improved bound

m(t)? - E  m(t)?
120 — 48 127

(4.57)

lezg RE+2%2., 1 4
< _ - oz -
D, < /(6\Vf\ e Pt )wdeZ—i—

Next, we consider the second diffusive term Ds. Integrating by parts and using the fact that
Orw = Rw/2, we find

D, —§/<1f€R)28R((1+6R)w) dRdZ

_ _§/<1EER>2wdeZ—i/(lfiR)RwdeZ. (4.58)
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The last term in (4.58) has no sign, but is obviously harmless when 1+ eR > 1/4. In the
subdomain Q, = {(R,Z) |0 < 1+ eR < 1/4}, we can apply Young’s inequality to obtain

€ f2 2
¢ 7 << 74— Z, (4
4/@6(1+6R)1R\wd3d / 1+6R) wdRAZ + / FPR*wdRd (4.59)

where we replaced f by f in the last integrand because fy vanishes identically in Q.. Using
the upper bound (4.3) with (for instance) n = 1/4, we see that the last integral in (4.59) is
transcendentally small. Summarizing, we have shown that

Dy < e/f2|R|wdeZ+cel/<16€2> < 2eEY2EV? 4 01/ (16€) (4.60)

where the constant C' > 0 depends only on M = ~. Note that the first term in the right-hand
side of (4.60) is bounded by 2e£ and can therefore be controlled by the negative terms in (4.57),
if € is small enough.

Step 3: The source term. We turn our attention to the source term H defined in (4.44). We
claim that
IH(t)||lx < Ce+ Cvelloge|, (4.61)

whenever € < 1/2, where C' > 0 is a universal constant. To prove (4.61) we consider separately
the various terms in (4.44). First, as 0;G = LG = 0, it is straightforward to verify that both
quantities t0; fo and L fy are transcendentally small in X as € — 0. Next, since 14+€R is bounded
away from zero on the support of fy, it is clear that the second-term in the right-hand side of
(4.44) is O(e) in X. So the main contribution comes from the last term v div, (U fo), which
requires a more careful analysis. We observe that

div. (U fo) = US -V fo+ diva(Ug) fo = (U§ = UY) -V fo + div.(US) fo, (4.62)

where Ug = BS[fy] denotes the velocity field obtained from fy via the two-dimensional Biot-
Savart law (4.18). Note that U - Vfy = 0, because fy is radially symmetric in R?, but we
included that term in (4.62) so that the right-hand side contains the difference U§ — U, which
can be estimated using inequality (4.19) (with f replaced by fp). We thus find

Ce 1+eR
US(R, Z,1) — UNR, Z,1)| < )
U(R, 2,8) ~ U3(R. Z,0)] < 1o
and it follows easily that [|(U§ — UY) - Vfollx < Ce|loge| if € is small enough. Moreover, by
Lemma 4.5, the last term in (4.62) is O(e) in X. This concludes the proof of (4.61), and we
deduce that

(1 +log, (4.63)

H = /wadeZ < CE1/2<6+76]10ge]>, (4.64)
whenever € < 1/2.

Step 4: The advection terms. We now consider the terms produced by the advection operator
f — div. (U5 f) and the nonlocal operator f +— div.(U¢fy) in (4.43). Integrating by parts, we
find

- - 1 - 1 -
A = /f div, (U§ flwdRdZ = §/f2(div* Ug)wdeZ—i/fQ(UOE-Vw)deZ.

By Lemma 4.5, the first integral in the right-hand side is bounded by C’erH?X if € is small. The
second integral is decomposed as A1; + Ay, where

A :/ CA(U§-U) - Vw)dRAZ,  Ar :ﬁ FAUS - Vw)dRAZ . (4.65)
Q\Q Qe
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We recall that Q. = {(R, Z) € R?|0 < 1+¢R < 1/4} and U = BS°[fy]. Note that U - Vw = 0,
because w is radially symmetric in R?, but it is useful to make the difference Us — Ug appear in
the term Aj;. Using (4.63) and the obvious bound |Vw| < C(|R| + |Z|)w, we obtain

Ce 14+ €eR\ 1/2 01/2
< < .
|An| < /QE\QS 1+6R(1 +log | — )f (IR| + |Z)wdRdZ < Ce|loge| EV2E

In the subdomain Q, we use the estimate |U§(R, Z,t)| < Ce, which is similar to (4.40) and can
be established by exactly the same argument. This gives

|ALa| < Ce/ FYR| +|Z))wdRdZ < CeEY2&Y2,
Qe
Altogether we have shown that
|A1| < Cée|loge| V212 (4.66)
As for the nonlocal term Ay, we observe that

Ay = /fdiv*([ﬁf—Uo]fo)wdeZ+/f(UO-V[fo—G])wdeZ, (4.67)

where U% = BS[f] is the velocity field obtained from the vorticity f via the two-dimensional
Biot-Savart law (4.18). In deriving (4.67) we used the nontrivial observation

/f(UO-VG)wdeZ = / f(BS"[f]- VG)wdRdZ = 0,
]RQ

which was first made in [19, Lemma 4.8]. Let As; denote the first term in the right-hand side
of (4.67). Integrating by parts, we find

Ay = — / fo (U°=T°) - V(fw)dRdZ. (4.68)

Note once again that fo is supported in the region where 1+ eR > 1 /4, and in that domain
we infer from (4.19) that |U¢ — U°| < Ce|logel||fll 1nz2. Using Hélder’s inequality and the
continuous injection X — L'(R?) N L%(R?), we deduce that

Au| < CeltogellFlx [ (I971+ (RE +122)"2/f]) dRaz
B B 1/2
< Celtogd ] [ (1972 + (87 + |22/ )waraz |

< Celloge|EV2E12 (4.69)

Again the right-hand side can be controlled by the negative terms in (4.57) if € is sufficiently
small.

Finally, let Ago denote the last integral term in (4.67). Here the integral is taken over the
domain €. = {(R, Z) | 2(R?>+ Z?) > 1/4}, because fo = G on Q. \ ). Using Holder’s inequality,
we obtain

~ ~ ~ B 3/4
[An| < C / 0°|| f1(R*+2%)'?dRdZ < 0||U°||L4{ / |f13(R*+2%)%/3 deZ} :
Qe Qe
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As UV is the velocity field obtained from f via the two-dimensional Biot-Savart law, the Hardy-
Littlewood-Sobolev inequality implies that |U°||zs < C||fll;a/2 < CJ|f]lx. On the other hand,
using Holder’s inequality again, we find

1/3

_ _ 2/3
/ |F1Y3(R?+2%)?3dRdZ < {/\f\deRdZ} {/ (R2+Zz)2% deZ} ,
Qe Qe

where the last integral can be explicitly computed and is found to be transcendentally small as
¢ — 0. Summarizing, we have shown that |Ag,| < C e~/ (32¢%) I £1%, hence

|Ag| < |Ag1| + |Ag| < Celloge| EY/2EY2 . (4.70)

Step 5: The nonlinear term. Finally we consider the nonlinear term N in (4.46). Integrating
by part, we find

N(t) = —/fﬁf- (wVf+ fVw)dRdZ, (4.71)

so that
N@| < € [0 (lwt?) (971 + (4222 ') dRaz.

We apply the trilinear Holder inequality to the right-hand side, with exponents 4, 4, and 2.
Since U¢ = BS®[f], it follows from (4.10) (using again the Hardy-Littlewood-Sobolev inequality)
that |U¢||z4 < C||f]l a5 < C|/fllx. On the other hand, using Sobolev’s interpolation inequality,
we see that

[fw'le < ClFM I IV (P ?)IS < CBMAeM.

Finally,
[V |+ (R2+Z%)Y2| f)w' || 2 < CEV2.

Altogether, we have shown that
IN| < CE3/1&3% < CEY2¢ . (4.72)

Alternatively, one can apply the trilinear Holder inequality with exponents oo, 2, 2, and deduce

from (4.10) that |||z < CF|V2IF1}i2 < CEVAEYA. This also leads to (4.72).

Step 6: Conclusion. Combining estimates (4.52), (4.57), (4.60), (4.64), (4.66), (4.70), and
(4.72), we obtain (4.47). Note that the negative term —20& and the remainder R in (4.47)
are entirely produced by the diffusion terms D; and Do, whereas the quantities ke|log €| E1/?
and kE'/2€ originate from the source term H and the cubic term N, respectively. As for the
advections terms A; and As, their contributions can be controlled by the negative term if € is
small enough. O

Proof of estimate (1.7) in Theorem 1.1. We know from Proposition 4.3 that f(¢) converges
to G in X as t — 0, and so does fy(t) in view of definition (4.37). Thus E(t) — 0 as t — 0.
As long as t is small enough so that € < ¢ and xE(t)"/? < §/2, where €y, k,d are as in
Proposition 4.6, it follows from (4.47) and Young’s inequality that

tE'(t) < =8E(t) + Ra(t) < —0E(t) + Ra(t), (4.73)

where Ry < Cé?|log e|?. Integrating that differential inequality, we obtain

E@t) <t7° / t SSTIR(s)ds =: Ra(t), (4.74)
0
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where again Ry < Ce¢?|loge|?. From that bound, we see that there exists e; € (0,¢) such that
our assumption kEY? < § /2 is satisfied whenever € < €;. So, for € < e1, we have

1£8) = folliy = IF Oy < ClIFBIx < CE®R)Y? < Celloge,

and since fy is extremely close to G this proves exactly (1.7), after returning to the original
variables. When €; < e < 1/2, estimate (1.7) obviously holds (for some appropriate constant
(), because the left-hand side is trivially smaller than 2|T'|. O

4.5 Uniqueness

This final section is devoted to the uniqueness claim in Theorem 1.1. Assume for this purpose
that wél),wéz) € CY((0,T), L' () N L**(Q)) are two mild solutions of equation (1.4) which are
uniformly bounded in L!(€2) and converge weakly to [0,z as t — 0. Introducing self-similar
variables as in (4.1), we obtained two rescaled vorticities fi(R, Z,t), f2(R, Z,t) which can both
be decomposed as in (4.42):

f(R.Zt) = fo(R.Z,t) + [i(R. Z,t),  fa(R,Z,t) = fo(R,Z,t) + fo(R, Z,1).
The associated velocity fields are decomposed in a similar way:
US(R, Z,t) = US(R, Z,t) + US(R, Z, 1), US(R, Z,t) = US(R, Z,t) + US(R, Z,t) .
We take the difference of both solutions and denote
F(RZ1) = fu(RZ,) — Fa(RZ,1) = Ji(RZ,t) — FaR, Z,0).
US(R,Z,t) = US(R, Z,t) — US(R, Z,t) = U{(R, Z,t) — US(R, Z,1).

The evolution equation for f reads

0 f + 7 div (USf + U fo) + 5 dive (U°fy + Usf) = LF +0r(5 jfe =) (4.75)

This is basically the same equation as (4.43), except that the source term H has disappeared
when taking the difference of the equations for f1 and fs, and the nonlinear term has been
expanded as follows: Uffi — Usfy = (Uf — US) f1 + Us(f1 — f2). In analogy with (4.45) we
denote
L [z L[z L[z
E = 3 ffwdRdZ, FE = 3 ffwdRdZ, Ey = 3 fowdRdZ ,
and as in (4.48) we also define
1 ~ .
£ = 5(!Vf12 +(1+ R? +22)f2>wdez.

We claim that for € < ¢g < 1/2 we have

tE'(t) < —20€(t) + w(Er(t)? + Ex(t)/?)E(t) + R(t), (4.76)

with the remainder R(t) satisfying R(t) < e~/ (36¢")  This is obtained by repeating the proof of
Proposition 4.6, with only minor adjustments. No new estimates are needed, the only change
worth mentioning is that the expression (4.71) is replaced by

— / (U fi + Usf) (wV f+ fVw)dRdAZ. (4.77)
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The integral (4.77) is bounded by the cubic term w(E1(t)"/? + Ex(t)'/?)E(t) in (4.76). To see
this, we can control the term produced by U¢ fl using the alternative approach mentioned at
the end of Step 5 above, while the second nonlinear term arising from UQE f can be treated by
the original approach in Step 5. Of course inequality (4.76) does not include any term of the
form re|loge| E(t)'/?, because in (4.47) that term was produced by the source H which does
not appear in (4.75).

As long as t is small enough so that x(FEy(t)"/? + Ey(t)1/?) < 6, it follows from (4.76) that
tE'(t) < —6E(t) + R(t), hence

t
E(t) < t_‘s/ S TIR(s)ds = (’)(e_l/(?’GeQ)) . (4.78)
0

This already shows that F(t) converges extremely rapidly to zero as t — 0, but our actual goal
is to prove that F(t) vanishes identically.

To do that, our strategy is to combine (4.78) with another estimate, which is less sophisticated
and simply shows that E(t) cannot grow faster than some (large) power of t. Aslong ase < 1/2,
we claim that

tE'(t) < —0E(t) + KE(t) + x(E1 ()2 + Ex(t)V/?)E(1), (4.79)
for some positive constants K and x (depending on 7). Note that there is no remainder term R (t)
in (4.79), but this is obtained at the expense of including the positive term K F(t) with a (possibly
large) constant K. To obtain (4.79), the only modifications in the proof of Proposition 4.6
concern the diffusive terms D; and Dy. To bound D; we forget about (4.56) and only take a
convex combination of (4.53), (4.54), with coefficients 1/3 and 2/3. The result is
1 zo RP4Z%5 1 .
D, < —/<§|Vf|2 TLaEL gf2)wdez+/]%dez. (4.80)
As for Dy, we use estimate (4.59) on the whole domain . and add it to (4.58), which gives

1 ~
Dy < 55 / fPR*wdRdZ. (4.81)

When taking the sum D; + Dy, we observe that the right-hand side of (4.81) is entirely absorbed
in the negative terms that appear in (4.80). In particular, no remainder term is produced.

Now, whenever ¢ is small enough so that x(Fy(t)Y/? + Ey(t)1/2) < §, it follows from (4.79)
that tE'(t) < KE(t), hence

t
B@) < (-
to
In view of (4.78), the right-hand side of (4.82) converges to 0 as t9 — 0. Thus E(t) = 0, and

we deduce that fi(t) = fao(t) for all sufficiently small times. Returning to the original variables,
we conclude that

K
) E(t)), 0<to<t. (4.82)

Wi (1, 2,t) = Wi (ry2,1),

for sufficiently small times, hence for all ¢ € (0,7") in view of the well-posedness result established
in [17, Theorem 1.1]. The proof of Theorem 1.1 is now complete. O

5 Appendix

5.1 Convergence of signed measures

For easy reference, we collect here a few remarks on weak convergence of signed measures. The
content of this section is probably standard, although most of the classical literature is devoted
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to the particular case of probability measures. We state the results in a general framework, but
in the rest of the paper all measures are defined on the half-plane  C R%. We first recall a few
definitions.

1. Given a locally compact metric space X, we denote by Cy(X) the space of all continuous
functions f : X — R that vanish at infinity in the following sense: for any e > 0, there exists a
compact set K C X such that |f(z)| < eforall z € K¢:= X\ K. Equipped with the supremum
norm, Cyp(X) is a real Banach space.

2. Let M(X) be the set of all finite, signed, regular Borel measures on X. If 4 € X, we denote
by |p| the total variation of p [29], which is a nonnegative finite Borel measure on X. The total
variation norm of yu is the real number ||u|| = |p|(X) > 0. Equipped with the total variation
norm, the space M(X) becomes a real Banach space.

3. By the Riesz-Markov theorem [29], if & : Cyp(X) — R is any continuous linear functional,
there exists a unique measure p € M(X) such that

O(f) = /de,u, for all f € Cyp(X). (5.1)

Moreover the total variation norm ||u| is precisely the norm of the linear functional ®. The
space M(X) can thus be identified via (5.1) to the topological dual Cy(X)'.

4. If (uy) is a sequence in M(X), we say that pu, converges weakly to p € M(X) if

lim /de,un = /de,u, for all f € Cy(X). (5.2)

n—oo

We write u, — p as n — oo. This notion coincides with the weak-* convergence in M(X) ~
Co(X)'. We always have

< limi .
[l < dim inf [ |

5. A family of measures F C M(X) is tight if, for any € > 0, there exists a compact set K C X
such that |p|(K€) < e for all u € F. Any singleton {u} is necessarily tight, because the measure
uw € M(X) is inner regular. If (u,) is a tight sequence in M(X) that converges weakly to
€ M(X), the convergence in (5.2) holds for all bounded and continuous functions f : X — R,
and not only for all f € Cy(X). This is the case, for instance, if (u,,) is a sequence of probability
measures that converges to a probability measure pu.

The main purpose of this section is to state the following basic result:
Proposition 5.1. Let (uy,) be a sequence in M(X), and let p € M(X). We assume that
pn = pand |l = el as = oo,
Then |pn| — 1] as n — oo, and the sequence (|py]) is tight.

Proof. The result is obvious if 4 = 0, so we assume henceforth that p # 0. Then pu,, # 0 for all
sufficiently large n € N, and we can thus define the normalized measures

o ~ 1%
Hn = ) =
| n

By construction |fi,| and |i| are now probability measures on X, and fi, — [i as n — 0.
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Let U be an open subset of X, and take f € Cy(U) such that |f(z)| <1 for all z € U. We
denote by f : X — R the extension of f by zero outside U. One verifies that f € Cy(X), so that

‘/deﬁ( = \/deﬁ\ :JLHOIO‘/deﬁn

because |f| < 1y (the indicator function of U). It follows that

AU = sup{1/deﬁ

Since (3) holds for any open set U C X, the celebrated Portmanteau theorem [5] implies that
|fin| — || as n — oo, hence also |u,| — |p| as n — oc.

< liminf |, [(U) ,
n—oo

T CuU), Il <1} < limint 7,](0) )

As (|fin]) is a sequence of probability measures that converges weakly to the probability
measure |fi] € M(X), the sequence (|iy|) is tight (see the discussion above), and so is the
sequence (|pn|). O

5.2 Velocity bounds in L>*(R?)™!

This section is devoted to the proof of Lemma 2.9. We first note that it is enough to show that
[u]|(roey-1 < ¢ when wy = J; z) for some (7, 2) € €, as the general situation can be thought of as
a continuous superposition of these special cases. Moreover, due to the scaling invariance and
the translational symmetry along the z—axis, it is enough to consider the particular case where
F=1z=0.
The proof can be motivated by the following observation, which is as a variant of formula
(1.11) in [28]:
dilog |z| = div (z;Vlog|z|) in R* (i =1,2). (5.3)
This shows that, in dimension two, the vector field V log |x| belongs to (L>°)~!, and not only

to BMO~!. We now consider a three-dimensional analogue of (5.3), which is adapted to our

purposes. Let
1

- Ar|z|’

g(x) v € R\ {0},

be the fundamental solution of the Laplacian in R3, and consider the matrix-valued function

-0 0 0G
P = 0 —03G g
NG  hG 05G
Note that div P = 0 in R?\ {0}, where (as usual) div P is the vector given in coordinates by
(div P); = 0;P;;. In the sense of distributions, we have

VG = div(z3P), in D'(R%). (5.4)

Let us parametrize the vortex filament supported by the circle C = {(x1, 79,0) | 2% + 23 = 1}
using v(s) = (cos s,sin s,0) for s € (—m, w]. The associated velocity field U is

U(z) = curl ! Gz —~(s))Y(s)ds = ! VG(z —7(s)) Av'(s)ds. (5.5)

Using (5.4) together with the fact that |7/(s)| = 1, we see that to prove our claim, it is enough
to establish a uniform bound for the quantity

/ @ = A()sP@ — ()] ds = [zs] [ [Pz —(s))]ds.

—T —T
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As |P(z)| < ¢|z|72, we only need to bound the expression
T s 23|
I(z) = / — = —ds =
7 = (s)? \/(1+ |2]%)? — 4(7 ‘HUQ)

But (1 +|2|%)? —4(2? +23) = (1 — 22 — 22)2 + 2(1 + 22 + 22)22 + 23 > 222, hence I(x) < V/27.
The proof is thus complete. O

Remark 5.2. If we only wish to prove a BMO™! bound for u, which is sufficient to apply the
results of [30], we see from (5.5) that it is enough to estimate the vector field

A@) = [ G —(s)/(s)ds

—T
in the space BMO. This can be done in a number of ways. For example, we note that VA €
LP(R3) for any p € (1,2), and near the circle C we have |VA(z)| < dist(z,C)~1. This easily
gives a uniform bound on R~ [, |V A(y)|P dy, which implies that A € BMO.
If one is willing to use deeper results in harmonic analysis, one can apply for example Theo-
rem 3 on page 159 of Stein’s book [31] and some elementary estimates to see that, for the BMO
bound of A = A" w, it is enough to control

sup sup —/ y)|dy.
zeR3 R>0 R x R

That quantity is in turn bounded by cl|wpl|11(q), as is easily verified.

5.3 Bounds on the fundamental solution

This section is devoted to the proof of Proposition 3.9. Since the existence of a (unique) fun-
damental solution ® is known from the work of Aronson, we concentrate on the derivation of
the upper bound (3.26), and for that purpose we adapt to our particular situation the efficient
approach of Fabes and Stroock [9]. Without loss of generality, we take v = 1, we assume that
the functions U,V are smooth and bounded on R™ x [0,7], and we prove estimate (3.26) for
s =0.

Let f be a smooth solution to (3.25) on R™ x [0, T], with (for instance) compactly supported
initial data. Given any fixed vector a € R", we define g(x,t) = e~ **f(x,t) for x € R™ and
t € [0,T]. The evolution equation satisfied by ¢ is

Og+U -Vg+(U-a+V)g = Ag+2a-Vg+a’g. (5.6)
The proof of the upper bound on the fundamental solution of (3.25) involves four steps:

Step 1: L' estimate. Assuming first that g is a nonnegative solution of (5.6), and using the
assumption that divU = 0, we compute

gdr = a2/gdx—/(U-a—|—V)gdx

(a2 +lallU Ol + 1V @l [ gdo.

Here and in what follows all integrals are taken over the whole Euclidean space R™, and for
simplicity we write ||U(t)|| L instead of [|U(:, )|z (rn). Applying Gronwall’s lemma, we obtain
the estimate

Jiste.0ar < ( [la0lar) ep(?e+ [ (allv@l+ VL) ds). 6

dt

IN
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for t € [0,T]. Note that (5.7) remains valid in the general case where g changes its sign.
Step 2: L' L? estimate. By a similar calculation, we find

1d

YT ¢*dz = /g(Ag+2a-Vg+a29—U-Vg—(U-a+V)g)dx

= = [1VgPdo+ (o +[allU @l + [V Oll) [ do.

To estimate the right-hand side we apply Nash’s inequality

1+2/n 4/n
([oar) < auflalar) " [19aras,

which holds for any g € L'(R") N H'(R") with a constant C,, > 0 depending only on the space
dimension n. We thus obtain the estimate
) 1+2/n

L e < - o) (02 U@l + W Ol=) [ar, (59
2dt Cn(f " dx) /n

which is a differential inequality for the L? norm of the solutions of (5.6). To solve (5.8), we
temporarily denote

A@) = e+ [ (allUs) o=+ IV(s)lu=) ds,
0

A(t) = exp(-A(1) [ lg(w.0)]do < A().

B(t) = exp(—2A(t))/g(x,t)2 dz, tel0,7].

Here the bound A(t) < A(0) is a reformulation of (5.7). Using (5.8), we find

14+2/n 1+2/n
2 2A(t)
B'(t _i M —2A() _i (B(t)e ) —2A(t)
) < Cy, 4/n = C, o\ €
(f I dw) <A(0)e (t))

Integrating this simple differential inequality we obtain B(t) < (C’ A(0))*t~™/2 for t € (0,7},
where C! = (nC,/4)™*. In other words, we have proved the L'-L? estimate

/

lotolle < 52 19Ol e+ [ (allU@l +1VEl=)ds), 69

for all ¢t € (0,T7.

Step 3: L'-L™> estimate. We consider the adjoint equation

Ohg—U-Vi+(U-a+V)j = Aj—2a-Vij+a’j, (5.10)
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which has exactly the same structure as (5.6). In particular, the L'~L? bound (5.9) holds for
the solutions of (5.10), and using a standard duality argument this implies the following L2~ L
estimate for the solutions of (5.6):

lo®lle < 3o IOz xp(o?t+ [ (llUElioe + Vi) ds), (61D

for all t € (0,7]. To obtain the L'-L* bound we estimate [|g(t/2)| 2 in terms of ||g(0)| 1
using (5.9), and then ||g(t)||r~ in terms of ||g(t/2)||;2 using the analogue of (5.11). Denoting
Ol = 2"2C"2 | this gives

lo®lle < 3075 lo@ s exp(o?+ [ (llUE oo + IV (9)]1) ds)

c
tn/2

A

<

l9(0) 1 exp(a®t + 2K |l Vi + Ks) (5.12)

for all ¢ € (0,7, where in the second inequality we used definitions (3.24).

Step 4: conclusion. By construction the solutions of (5.6) can be represented as
sat) = [0 D0 g0y, wEeRY 0<t<T

where ®(z,t;y) = Py vi(z,t;y,0) is the fundamental solution of equation (3.25) with v = 1.
Estimate (5.12), which holds for all smooth and compactly supported initial data g(x,0), is thus
equivalent to the pointwise upper bound

C//
O(x,t;y) < t”—/nQ e (@=v) exp<a2t + 2K ||Vt + K2> , z,ye R, 0<t<T. (5.13)
The vector o € R™ was arbitrary, and the dependence upon « is fully explicit in (5.13). Given
x,y € R" and t > 0, we can thus choose « = —(z — y)/(2t), in which case (5.13) becomes

1

&
(. tiy) < S exp(

_!w—y!2+K1!w—y!

it Vi

This proves (3.26) for v =1 and s = 0, and the general case easily follows. O

+ K2> . (5.14)
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