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Abstract

These notes are based on a series of lectures delivered by the author at the University
of Toulouse in February 2014. They are entirely devoted to the initial value problem and
the long-time behavior of solutions for the two-dimensional incompressible Navier-Stokes
equations, in the particular case where the domain occupied by the fluid is the whole plane R?
and the velocity field is only assumed to be bounded. In this context, local well-posedness is
not difficult to establish [19], and a priori estimates on the vorticity distribution imply that
all solutions are global and grow at most exponentially in time [20, 40]. Moreover, as was
recently shown by S. Zelik, localized energy estimates can be used to obtain a much better
control on the uniformly local energy norm of the velocity field [46]. The aim of these notes
is to present, in an explanatory and self-contained way, a simplified and optimized version
of Zelik’s argument which, in combination with a new formulation of the Biot-Savart law for
bounded vorticities, allows one to show that the L> norm of the velocity field grows at most
linearly in time. The results do not rely on the viscous dissipation, and remain therefore valid
for the so-called “Serfati solutions” of the two-dimensional Euler equations [2]. In the viscous
case, a recent work by S. Slijepcevi¢ and the author shows that all solutions stay uniformly
bounded if the velocity field and the pressure are periodic in a given space direction [16, 17].

Résumé

Ces notes s’appuient sur un cours donné par ’auteur a I'université de Toulouse en février
2014. Elles sont entierement consacrées au probleme de Cauchy et au comportement en temps
grands des solutions des équations de Navier-Stokes incompressibles a deux dimensions, dans
le cas particulier ol le domaine occupé par le fluide est le plan R? tout entier et ol le champ
de vitesse est seulement supposé borné. Dans ce contexte, il n’est pas difficile de montrer
que le probleme est localement bien posé [19], et des estimations a priori sur le tourbillon
impliquent que toutes les solutions sont globales et que leur croissance temporelle est au
plus exponentielle [20, 40]. En outre, comme I’a récemment montré S. Zelik, on peut utiliser
des estimations d’énergie localisées pour obtenir un contréle beaucoup plus précis sur le
champ de vitesse dans 'espace d’énergie uniformément local [46]. Le but de ces notes est
de présenter, de fagon pédagogique et indépendante, une version simplifiée et optimisée de
I’argument de Zelik qui, combinée avec une nouvelle formulation de la loi de Biot-Savart
pour des tourbillons bornés, permet de montrer que la croissance temporelle du champ de
vitesse est au plus linéaire. Ces résultats sont établis sans utiliser la dissipation d’énergie
due a la viscosité, et restent donc valables pour les solutions dites “de Serfati” des équations
d’Euler en dimension deux [2]. Dans le cas visqueux, un travail récent de S. Slijepcevié et
de 'auteur montre que toutes les solutions demeurent uniformément bornées si le champ de
vitesse et la pression sont périodiques dans une direction donnée du plan [16, 17].
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1 Introduction

The aim of these notes is to present in a unified and rather self-contained way a set of recent re-
sults by various authors which give some valuable insight into the dynamics of the incompressible
Navier-Stokes equations in large or unbounded two-dimensional domains. We must immediately
point out that the restriction to the two-dimensional case is more a technical necessity than a
deliberate choice: all questions that are discussed below would be equally important and con-
siderably more challenging for three-dimensional fluids, but in the present state of affairs we
simply do not know how to address them mathematically. It should be mentioned, however,
that there exist situations where a two-dimensional approximation is undoubtedly relevant for
real fluids. This is the case, for instance, when the aspect ratio of the domain containing the
fluid is very large, so that the motion in one space direction can be neglected under certain con-
ditions. Large-scale oceanic motion is a typical example that is good to keep in mind, although
in that particular case a realistic model should take into account additional effects such as the
Coriolis force, the wind forcing at the free surface, the topography of the bottom, or the energy
dissipation in boundary layers.

If the Navier-Stokes equations are considered in a smooth two-dimensional domain © C R?,
with no-slip boundary conditions, it is well known that there exists a unique global solution in
the energy space L2(Q) if the initial data have finite kinetic energy. This fundamental result
was first established by J. Leray in the particular situation where € is the whole plane R? [27].
Bounded domains were also considered by Leray, who proved local well-posedness in that case
as well as global well-posedness for small initial data [28]. The restriction on the size of the data
was completely removed later [26], and the existence proof was subsequently written in a nice
functional-analytic setting [13] which is applicable to essentially arbitrary domains with smooth
boundary, including for example exterior domains [25]. If no exterior force is exerted on the



fluid, the kinetic energy is a nonincreasing function of time that converges to zero as t — oo, see
[32]. The rate of convergence is exponential if  is bounded, due to the boundary conditions,
and in the unbounded case it depends on the localization properties of the initial data [41, 45].
To conclude this brief survey, we also mention that infinite-energy solutions can be considered
in unbounded two-dimensional domains, and may exhibit nontrivial long-time asymptotics. For
instance, in the whole plane R?, solutions with integrable vorticity distribution but nonzero total
circulation have infinite kinetic energy, and converge toward nontrivial self-similar solutions as
t — oo [18].

The results mentioned above, and many others that were omitted, may sometimes lead to the
hasty conclusion that “everything is known” about the dynamics of the two-dimensional Navier-
Stokes equations. This is of course deeply incorrect, and a more careful thinking reveals that
even simple and natural questions still lack a satisfactory answer. Here is a typical example,
which motivates some of the questions investigated in the present notes. Consider the free
evolution of a viscous incompressible fluid in a bounded two-dimensional domain  C R?, with
no-slip boundary conditions. We are interested in the situation where the domain is very large
compared to the length scale given by the kinematic viscosity and the typical size of the velocity;
in other words, the Reynolds number of the flow is very high. If D C Q is a small subdomain
located far from the boundary 0€), we are interested in estimating the kinetic energy of the fluid
in the observation domain D at a given time ¢. That energy is certainly smaller than the total
kinetic energy of the fluid at time ¢, which in turn is less than the same quantity at initial time,
but such an estimate is ridiculously non optimal. When sailing the ocean, nobody expects that
the total energy of the sea, or a substantial fraction of it, could suddenly get concentrated in a
small neighborhood of the boat, and we certainly do not suggest this mechanism as a possible
explanation for the formation of rogue waves! It is intuitively clear that the energy in the
subdomain D at time ¢ should be essentially independent of the size of the domain 2 and of
the total kinetic energy of the fluid; instead it should be possible to estimate that quantity in
terms of the size of D and the initial energy density only, but to the author’s knowledge no such
result has been established so far. In a more mathematical language, we are lacking uniformly
local energy estimates for the fluid velocity that would hold uniformly in time and depend only
on the initial energy density. Such estimates would tell us how the energy can be redistributed
in the system, due to advection and diffusion, until it is dissipated by the viscosity.

Since the questions we have just mentioned are independent of the size of the fluid domain
and of the exact nature of the boundary conditions, it seems reasonable to attack them first in
the idealized situation where the fluid fills the whole plane R? and the velocity field is merely
bounded. We thus consider the Navier-Stokes equations

1
ou+ (u-V)u = vAu — -V , divu =0, (1.1)
p

where the vector field u(x,t) € R? is the velocity of the fluid at point 2 € R? and time ¢t € R,
and the scalar field m(z,t) € R is the pressure in the fluid at the same point. The physical
parameters in (1.1) are the kinematic viscosity v > 0 and the fluid density p > 0, which are
both assumed to be constant. To eliminate the fluid density from (1.1), we introduce the new
function p = 7/p, which we still call (somewhat incorrectly) the “pressure” in the fluid. Many
authors also eliminate the kinematic viscosity by an appropriate rescaling, but dimensionality
checks then become more cumbersome, so we prefer keeping the parameter v.

The first equation in (1.1) corresponds to Newton’s equation for a fluid particle moving
under the action of the pressure gradient —Vp and the internal friction vAwu, whereas the
relation divu = 0 is the mathematical formulation of the incompressibility of the fluid. The
nonlinear advection term in (1.1) is due to the definition of the velocity field in the Eulerian



representation, which implies that the acceleration of a fluid particle located at point = € R? is
not dyu(x,t) but du(x,t)+ (u(z,t) - V)u(z,t). No evolution equation for the pressure is needed,
because p can be expressed as a nonlinear and nonlocal function of the velocity field u by solving
the elliptic equation

—Ap = div((u-V)u) , (1.2)

which is obtained by taking the divergence with respect to x of the first equation in (1.1). Note
that (1.2) only determines the pressure up to a harmonic function in R?, but if the velocity
field is bounded and divergence free one can show that (1.2) has a solution p € BMO(R?) which
is unique up to an irrelevant additive constant. This is the canonical choice of the pressure,
which will always be made, albeit tacitly, in what follows. Here BMO(R?) denotes the space of
functions of bounded mean oscillation in R?, see Section 2.2 below for a brief presentation. The
interested reader should consult the monographs [8, 30, 31, 44| for a careful derivation and a
detailed discussion of the model (1.1).

In most mathematical studies of the Navier-Stokes equations (1.1), it is assumed that the
total (kinetic) energy of the fluid is finite:

1
E(t) := —/ lu(x,t)|* dz < oo . (1.3)
2 Jpo
Strictly speaking the physical energy is pE(t), but we use definition (1.3) in agreement with our
previous choice of eliminating the density parameter p. It is important to realize that E(t) is a
Lyapunov function for the flow of (1.1), because a formal calculation shows that

d
—E(t) = —u/ |Vu(z,t)*de < 0. (1.4)
&t 2
As a consequence, we have
t
E(t) —i—u/ / |Vu(z, s)|*dzds = E(0) , t>0. (1.5)
0 JRr2

The energy equality (1.5) plays a crucial role in Leray’s construction of global solutions to the
Navier-Stokes equations in R? [27].

As was already mentioned, we consider in these notes the more general situation where the
velocity field is only assumed to be bounded. To avoid inessential technical problems related to
continuity at initial time, we assume that u belongs to the Banach space

X = Chu(R?? = {u : R? — R? ‘ u is bounded and uniformly continuous} , (1.6)

equipped with the uniform norm. If u € X, the energy (1.3) is infinite in general, but we can
still consider the energy density e = %]u\Q, which satisfies the following local version of (1.4):

Ore + div((p + e)u) = vAe — v|Vul|*, reR?, t>0. (1.7)

Another important quantity is the vorticity w = curlu = 01us — 02uy, which evolves according
to the simple advection-diffusion equation

Ow+u-Vw = vAw . (1.8)

If the velocity field is bounded, one can apply the parabolic maximum principle to (1.8) and
prove that all LP norms of w are Lyapunov functions for the flow of (1.8). The case p = oo is



most relevant for us, because if we assume that the initial velocity ug belongs to X, standard
parabolic smoothing estimates imply that, for any positive time, the derivative Vu is a bounded
function on R?, see (1.10) below. The quantity |w(-, )|z~ is therefore finite and nonincreasing
with time for all £ > 0. We also mention that, since divu = 0 and curlu = w, it is possible to
reconstruct the velocity field u from the vorticity w, up to an additive constant, by the Biot-
Savart formula, see Section 4.1 for a detailed discussion. However, a uniform bound on the
vorticity does not allow to control the L norm of the velocity field, hence a priori estimates
are not sufficient to prove that solutions of (1.1) stay uniformly bounded in time.

A global existence result for solutions of the Navier-Stokes equations (1.1) in the space X was
first published by Giga, Matsui, and Sawada [19, 20], although a similar result was previously
obtained in [6]. The proof in [20] shows that the L norm of the velocity field cannot grow faster
than a double exponential as ¢t — oo, but that pessimistic estimate was subsequently improved
by Sawada and Taniuchi [40] who obtained a single exponential bound. These early results are
summarized in our first statement :

Theorem 1.1. [20, 40] For any uy € X with divug = 0, the Navier-Stokes equations (1.1)
have a unique global (mild) solution u € C°(]0,+00), X) with initial data ug. Moreover, if the
wnatial vorticity wy = curlug is bounded, we have the estimate

()l < Kolluollz= exp(Kollwollz=t) , >0, (1.9)
where Ko > 1 is a universal constant.

In Theorem 1.1, a mild solution refers to a solution of the integral equation associated with
(1.1), see Section 2.4 below for details. The assumption that the initial vorticity be bounded is
only needed to derive the nice estimate (1.9), which does not depend on the viscosity parameter.
If we only suppose that ug € X, divug = 0, and ug #Z 0, the local existence theory shows that

14

————, (1.10)
K¢ [luollF

sup [|u(-,t)|[z= + sup (6)2(|Vu(, )|z < Kil|uollpe, for T =
0<t<T 0<t<T

where K7 > 1 is a universal constant, see Section 2.4. It follows in particular from (1.10) that
lw(-, Tl pe < 2|Vu(-, T)||pe < 2K |ug||2, so if we use (1.10) for ¢ € [0,7] and (1.9) for
t > T we obtain a bound of the form

(s 8)llz < Kolluollze exp(Kzv ™ fuollft) , 20, (111)

for some universal constant Ky > 1. Estimate (1.11) holds for all ug € X with divuy = 0, but
the right-hand side depends explicitly on the viscosity parameter v.

There are reasons to believe that the exponential upper bound (1.9) is the best one can obtain
using only the a priori estimates given by the vorticity equation. However, as was shown recently
by S. Zelik [46], the above results can be improved in a spectacular way if one also exploits the
local dissipation law (1.7), which asserts that no energy is created inside the system. The work
of Zelik is devoted to a more general Navier-Stokes system, which includes an additional linear
damping term and an external force, but in the particular case of equation (1.1) a slight extension
of the results of [46] gives the following statement :

Theorem 1.2. [46, revisited] If ug € X, divug = 0, and wy = curlug € L>(R?), the solution
of the Navier-Stokes equations (1.1) given by Theorem 1.1 satisfies

Ju, )l < Kalluollz (1+ fwollzt) ,  ¢>0, (1.12)

where K3 > 1 is a universal constant.



Estimate (1.12) is clearly superior to (1.9), because it shows that the L> norm of the velocity
field grows at most linearly as t — co. As before, if we do not assume that wy € L™ (R?), we
can use (1.10) for short times to prove that the bound (1.12) remains valid if ||wpl| L is replaced
by 2K7v " |ug||?« in the right-hand side. We thus find

2

U ol
U+ t)||Lee < Kyl|lugl|lpe| L +— 1, =0, .
Ju(, )| < Kalluol (1 H OlL > t>0 (1.13)

for some universal constant K4 > 1.

The strategy of the proof of Theorem 1.2 in [46] can be roughly explained as follows. Suppose
that we want to control the solution of (1.1) given by Theorem 1.1 on some large time interval
[0,T]. A natural idea is to compute, for ¢ € [0, 7], the amount of energy contained in the ball
of radius R > 0 centered at z € R?:

1
Egr(z,t) = 3 /BR lu(y,t)|* dy , where BE = {y € R? ‘ ly — z| < R} . (1.14)

T

Although the Navier-Stokes equations are dissipative, it is clear that Er(z,t) is not necessarily
a decreasing function of time, because energy may enter the ball BF through the boundary
due to the advection term div((p + e)u) and the diffusion term vAe in (1.7). However, the key
observation is that these energy fluxes become relatively negligible when the radius R is taken
sufficiently large. Indeed, since the velocity field u(-,t) is bounded on R? for any t € [0, 7], we
expect that for large R the energy Er(z,t) will be proportional to the area of the ball BE, which
is 7R?, whereas the flux terms will be proportional to the length of the boundary (9BR, which
is 2r R. This suggests that taking R sufficiently large, depending on 7', may help controlling the
relative contribution of the energy entering the ball BE through the boundary. As a matter of
fact, S. Zelik proved in [46] that there exists a universal constant K5 > 1 such that

1
Sup sup —— / u(y,t)?dy < Ks sup — / luo(y)*dy < Ksllugli~ ,  (1.15)
t€[0,T] z€R2 TR? z€R?2 mR? BE

provided R is taken sufficiently large, depending on T'. More precisely, we shall see in Section 3.2
below that one can take R = max{Ry, CvVvT , C|luo| L ||wol|r=T?}, where C' > 0 is a universal
constant and Ry = ||ug||re/||wo||zee. Estimate (1.15) is an example of uniformly local energy
estimate for the Navier-Stokes equations, because the quantity it involves is equivalent to the
square of the norm of u in the uniformly local Lebesgue space L?ﬂ(RQ), see Section 4.3 for an
introduction to these spaces. It is clear that (1.15) is optimal in the sense that, if the initial
velocity ug is a nonzero constant, then u(-,t) = ug for all £ > 0 and (1.15) becomes an equality
if K5 = 1. What may not be optimal is the dependence of the radius R upon the observation
time T, namely R = O(T?) as T — oco. If we had (1.15) for a smaller value of R, this would
improve inequality (1 12), because as we shall see in Section 3.3 the right-hand side of (1.12)

12 p R(t )1/2

behaves like HuoH Hon as t — oo.

It is worth emphasizing that estimates (1.9) and (1.12) do not involve the viscosity parameter
v, and thus do not rely on energy dissipation in the system. Passing to the limit as v — 0, they
remain valid for global solutions of the Euler equations in R? with bounded velocity and vorticity.
Such solutions were recently studied by Ambrose, Kelliher, Lopes Filho, and Nussenzveig Lopes
in [2, 24], following an earlier work by Ph. Serfati [42], and the vanishing viscosity limit (over a
short time interval) was investigated in [7]. Existence of solutions in the ideal case v = 0 can be
proved by an approximation argument, which is quite different from the simple proof presented
in Section 2 for the Navier-Stokes equations, but once global solutions have been constructed
the bounds (1.9), (1.12) can be established just as in the viscous case, see [5].



On the other hand, if one does use energy dissipation when v > 0, it is possible to obtain
the following uniformly local enstrophy estimate :

2
ES@#/BE lw(y, t)|>dy < KG%, 0<t<T, (1.16)
where R = R(T') is as in (1.15) and K > 0 is a universal constant. Of course, if the initial
vorticity is bounded, the left-hand side of (1.16) is also smaller than ||wp|/?« by the maximum
principle. Estimate (1.16) shows that a suitable average of the vorticity distribution converges
to zero like t71/2 as t — co. This strongly suggests that the long-time behavior of solutions to
(1.1) should be governed by irrotational flows, although no precise statement is available so far.

Theorem 1.2 is the best we can do without further assumptions on the initial data. Since
the right-hand side of (1.12) still depends on time, although in a rather mild way, we do not
have a satisfactory answer yet to the original question of estimating the energy of a solution
of (1.1) in an observation domain D C R? in terms of the initial energy density only. There
is no reason to believe that the linear time dependence in (1.12) is sharp, and to the author’s
knowledge there is no example of a solution to the Navier-Stokes equations (1.1) for which the
L norm of the velocity field grows unboundedly in time. However, we believe that genuinely
new ideas are needed to improve estimate (1.12).

To conclude this introduction, we briefly present an interesting particular case where the
conclusion of Theorem 1.2 can be substantially strengthened. Following [1, 16, 17], we consider
the Navier-Stokes equations (1.1) in the infinite strip 7, = R x [0, L], with periodic boundary
conditions. Equivalently, we restrict ourselves to solutions of (1.1) in R? for which the velocity
field u(z,t) and the pressure p(z,t) are periodic of period L > 0 in one space direction, which
is chosen to be the second coordinate axis. We denote by Xy, the set of all u € X such that
w(ry, x2) = u(xy,vo + L) for all x = (21, 22) € R2. If u € X, is divergence free, one can show
that the elliptic equation (1.2) has a bounded solution which is L-periodic with respect to the
second coordinate xo, and that this solution is unique up to an additive constant. This is the
canonical definition of the pressure in the present context, which agrees with the choice made
in Theorems 1.1 and 1.2. We are now in position to state our last result:

Theorem 1.3. [17] For any ug € X1, with divug = 0, the Navier-Stokes equations (1.1) have a
unique global (mild) solution u € C°([0,+o0), X1) with initial data ug. Moreover, we have the
estimate

lu, Ol + )2 llw( )l < Krllup=(1+R5) ,  t>0, (1.17)

where Ry, = v~ L|jug||z is the initial Reynolds number and K7 > 1 is a universal constant.

The conclusion of Theorem 1.3 is obviously much stronger than that of Theorem 1.2. First,
the right-hand side of (1.17) does not depend on time, so that the velocity field u(-,¢) is uniformly
bounded for all times. This is the result that we were not able to prove in the general case.
Next, the vorticity distribution w(:,t) converges uniformly to zero as t — oo, at the optimal rate
O(t~/?) which is the same as for the linear heat equation. This is clearly compatible with (1.16),
but the estimate is now much more precise. In addition, the proof of Theorem 1.3 given in [17]
provides detailed informations on the long-time behavior of the solutions, which are shown to
converge exponentially in time to a shear flow governed by a linear advection-diffusion equation
on the real line R. These very strong conclusions are obtained using, in particular, the crucial
observation made in [1] that the Biot-Savart law is more powerful when periodicity is assumed in
one space direction. Indeed, a uniform bound on the vorticity w allows to control the L* norm
of the velocity field, except for the quantity m(xq,t) = L~} fOL ug(x1, x2,t) drg, which represents
the average of the second component of the velocity over one period. We observe, however, that



the right-hand side of (1.17) depends on the viscosity parameter v, through the initial Reynolds
number R, and does not have a finite limit as v — 0. As a matter of fact, energy dissipation
is an essential ingredient in the proof of Theorem 1.3.

The rest of these notes is organized as follows. Section 2 is entirely devoted to the proof
of Theorem 1.1. For the reader’s convenience, we first recall well known properties of the heat
semigroup in the space (1.6), we study the elliptic equation (1.2), and we define the Leray-Hopf
projection which allows us to eliminate the pressure from (1.1). We then establish local existence
of solutions in X by applying a fixed point argument to the integral equation associated with
(1.1). Finally, we prove global existence and obtain the exponential bound (1.9) using a nice
Fourier-splitting argument borrowed from [40]. In Section 3, we develop the uniformly local
energy estimates which are the key ingredient in the proof of Theorem 1.2. As a warm-up, we
first apply uniformly local L? and L estimates to solutions of the linear heat equation. The
core of the proof is Section 3.2 where, following the approach of Zelik [46], we use uniformly
local energy estimates to control the solutions of the Navier-Stokes equations in R?. This gives
estimate (1.15), and it is then relatively simple to deduce the upper bound (1.12) as well as the
enstrophy estimate (1.16). The final section is an appendix, where important auxiliary results are
collected. We first discuss the Biot-Savart formula, which allows us to reconstruct the velocity
field from the vorticity up to an additive constant. We also establish a new representation
formula for the pressure, which can be expressed as an absolutely convergent integral involving
the velocity field and the vorticity. In Section 4.3 we define the uniformly local Lebesgue spaces,
and we specify a class of weight functions that can be used to construct equivalent norms. Finally
miscellaneous notations and results are collected in the last subsection, for easy reference.

Disclaimer. The present text is a set of lecture notes, not an original research article. Most of
the results presented here have already been published elsewhere, and are not due to the author.
In particular, the proof of Theorem 1.1 in Section 2 is entirely taken from [19, 20, 40|, and the
preliminary material collected in Sections 2.1-2.3 can be found in many textbooks. Section 3 is
a little bit more original, although the statement and the proof of Theorem 1.2 are taken from
the work of Zelik [46] with relatively minor modifications, see also [5] for recent improvements
in the same direction. In particular, the way we treat the pressure in Section 3.2 differs notably
from [46] and simplifies somewhat the argument by avoiding the use of delicate interpolation
inequalities established in the appendices of [46] and [5]. The linear bound (1.12) does not
appear explicitly in [46], but follows quite easily from the uniformly local energy estimate (1.15)
and the a priori bound on the vorticity, see [5]. The uniformly local enstrophy estimate (1.16)
is also new. Somewhat paradoxically, the most original material is perhaps in the Appendix.
The Biot-Savart formula and the representation of the pressure given in Sections 4.1 and 4.2 are
apparently new, although the recent work [24] contains several interesting results in the same
spirit. In Section 4.3, Lemma 4.7 provides a characterization of admissible weights which is
substantially more general than what can be found in the literature, see e.g. [3, Definition 4.1].
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2 The Cauchy problem with bounded initial data

In this section we study the Cauchy problem for the Navier-Stokes equations
ou+ (u-V)u = vAu—Vp, divu = 0, (2.1)

in the whole plane R?, with bounded initial data. We thus assume that the velocity field
u = (u1,ug) belongs to the Banach space X defined in (1.6), which is equipped with the uniform
norm

lulze = sup |u(z)|,  where |u = (uf +u3)'/?.

rER2

Our first goal is to reformulate the Navier-Stokes equations (2.1) as an integral equation in X.
This requires three preliminary steps, which are performed in Sections 2.1-2.3.
2.1 The heat semigroup on Cj,(R?)

Let £(X) be the space of all bounded linear operators on X. For any ¢ > 0, we denote by
S(t) € L(X) the linear operator defined, for all ug € X, by the formula

1 _Ja—y|?

= 1 ]R2€ it ug(y)dy , rcR?. (2.2)

(Sttuo) (@)

We also set S(0) = 1 (the identity map). The family {S(¢)}:+>0 has the following properties,
which are well known and easy to verify [11, Section 2.3].

1. For any ug € X, one has S(t)up € X for any ¢t > 0 and [|S(t)up|lpe~ < ||ug|/re. That
bound holds because the heat kernel in (2.2) is positive and normalized so that
1 lz|?

— e dox =1, for any ¢t >0 .
47t R2

2. One has S(t1 + t2) = S(t1)S(t2) for all t1,to > 0. If both ¢1,t9 are positive, this follows
from the identity

lz—y® |y I
i e_% e_‘lyTQ dy = ﬂe_m , x€R2,
47 R2 t1 +to
which can be established by a direct calculation, or by using the Fourier transform to
compute the convolution product in the left-hand side.

3. For any ug € X, the map ¢t — S(t)ug is continuous from [0, 00) into X. More generally,
for any ug € L>(R?)2, one can verify that ¢ +— S(t)ug is continuous from (0, 00) into X,
but right-continuity at ¢ = 0 holds only if ug € X.

4. If ug € X and if we set u(x,t) = (S(t)ug)(z) for x € R? and ¢ > 0, then u is smooth for
t > 0 and satisfies the heat equation

_ 2
{ du(z,t) = Au(z,t) , reR% >0, (2.3)

u(z,0) = uo(z) , r € R2.

In fact u is the unique bounded solution of (2.3).



5. For any ug € X and any multi-index a = (a1, a9) € N2, there exists a constant C > 0

such that o
|09S (t)uol|pe < a2 luol| Lo forallt >0, (2.4)

where 9% = 081952 and |a| = a; + ag. In particular | VS(t)ug||ze < Ct2||ug]| .

Properties 1-3 above can be summarized by saying that the family {S(¢)}t>0 is a strongly
continuous semigroup of contractions in X, see [10, 36]. Property 4 implies that the Laplacian
operator is the generator of the heat semigroup. Finally, the smoothing estimates (2.4) are
related to the analyticity of the semigroup {S(t)}+>0 in X.

2.2 Determination of the pressure
Applying the divergence operator to the first equation in (2.1), we obtain the elliptic equation
~Ap(z) = div((u(m) : V)u(x)) ., zeR?, (2.5)

which determines the pressure p up to a harmonic function on R%. To construct a particular
solution we observe that, since divu = 0, we can write (2.5) in the equivalent form

—Ap Z 8k84<uk ( )) , T € R? .

k=1

If we take the Fourier transform of both sides and use the conventions specified in Section 4.4,
we thus find

2
E°p(€) = Y (i) (i&)urtig(€) ,  hence pH(¢ Z S 160 uue(§)
k=1 Py lél 1él

where equality holds in the space of tempered distributions S’(R?). This gives (at least formally)

the following solution to (2.5)
2

p = Z RkRg(ukUg) s (2.6)
k=1

where Ry, Ry are the Riesz transforms on R?, namely the linear operators defined as Fourier
multipliers through the formulas

ik,
I3

Here f € S(R?) is an arbitrary test function. In ordinary space, the Riesz transforms are singular
integral operators of the form

(Ref)€) = = f(&), k=12, €cR*\{0}. (2.7)

1 .
(Rif)(z) = —=lim f<x—y>|§$dy, k=12, zeR?.

27 e—0 |y‘>€

Using the Calderén-Zygmund theory [43, Chapter I], one can prove that the Riesz transforms
define bounded linear operators on LP(R?) for p € (1,00):

[Befllr < Cpllfllee, k=12, 1<p<oo. (2.8)

Unfortunately, estimate (2.8) fails both for p = 1 and p = oco. In particular, if f € L>®(R?),
the Riesz transform Ry f is not a bounded function in general, but a function of bounded mean
oscillation in the sense of the following definition.
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Definition 2.1. A locally integrable function f on R? belongs to BMO(R?) if there exists A > 0
such that, for any ball B C R? with nonzero Lebesque measure |B|, one has

! 1
E/B’f(m)_fB’dx <A, where fp = E/Bf(ﬂv)dw (2.9)

If f € BMO(R?), the smallest bound A in (2.9) is denoted by || f||BMmo-

If f € L>®(R?), it is clear that f € BMO(R?) and || f|lsmo < 2||f||z=. However, the space
BMO(R?) is strictly larger than L°°(R?). For instance, if f(x) = log|z|, then f has bounded
mean oscillation [43, §IV.1.1], but f is obviously unbounded. It is also clear that adding a
constant to f does not alter the quantity || f||smo which, therefore, is not a norm. However, one
can show that || - ||gyo defines a norm on the quotient space of BMO(R?) modulo the space of
constant functions, which becomes in this way a Banach space. We refer to [43, Chapter IV] for
a comprehensive study of functions of bounded mean oscillation.

Returning to Riesz transforms, we mention the important fact that R;, Ry can be extended
to bounded linear operators from L>(R?) into BMO(R?), and even from BMO(R?) into itself,
see e.g. [35, Section VIIL.4] for more general results implying that particular one. We point
out that these extensions have the property that R;, R vanish on constant functions. As a
consequence, if u € X is divergence free, the formula (2.6) makes sense and defines a function
p € BMO(R?), which satisfies the elliptic equation (2.5) in the sense of distributions. Thus we
have proved :

Lemma 2.2. Ifu € X and divu = 0, the elliptic equation (2.5) has a solution p € BMO(R?)
given by (2.6), which is unique up to an additive constant.

The uniqueness claim in Lemma 2.2 is easy to prove. Indeed, any harmonic function on R?
that belongs to BMO(R?) is identically constant (this can be seen as a modest generalization
of Liouville’s theorem). More generally, we could consider other solutions of (2.5), but since
we want to solve the Navier-Stokes equations (2.1) in the space X it is natural to assume
that the pressure gradient is bounded. So the most general admissible solution of (2.5) is
p+ a+ Bi1x1 + Baxe, where p is given by (2.6) and «, 51, 52 € R. The constant « is irrelevant,
but nonzero values of 31, 82 would correspond to driving the fluid by a pressure gradient (like,
for instance, in the classical Poiseuille flow). In these notes, we are interested in the intrinsic
dynamics of the Navier-Stokes equations (2.1) in the absence of exterior forcing, so we always
use the canonical choice of the pressure given by Lemma 2.2.

2.3 The Leray-Hopf projection

With the canonical choice of the pressure (2.6), the Navier-Stokes equations (2.1) can be written
in the equivalent form
Ou+P(u-Viu = vAu, divu =0, (2.10)

where the Leray-Hopf projection P is the matrix-valued operator defined by
2
(IF’u)j = Z]ij‘uk , with ij = 5jk + R;Ry, .
k=1

Indeed, using Einstein’s summation convention over repeated indices, we have from (2.6):

0jp = O0j Rk Ry(urup) = RpR;Op(upue) = RjRy(weOpug)

11



hence

8jp + Ugaguj‘ = <5]k + Rij> (Ugaguk) .

This shows that Vp + (v - V)u = P(u - V)u. In the calculations above, we have used the com-
mutations relations Ri Ry = RoR1, 0jRy, = Ri0;, 0jR; = R;0y, as well as the incompressibility
condition divu = 0. Symbolically, we may also write

Plu-Vu = V-Plu®u) . (2.11)

It is clear that the Leray-Hopf projection P is a bounded linear operator on LP(R?)? for
1 < p < oo, and from L*®(R?)? into BMO(R?)2. For later use, we also mention that V.S(t)P
defines a bounded operator on X = Cy,(R?)? for any ¢ > 0, where S(t) is the heat semigroup
defined by (2.2).

Lemma 2.3. There exists a constant Cy > 0 such that

[VSE)PflLe < t>0, (2.12)

\/HfHL ,
forall f € X.

Proof. For any t > 0 and any choice of j, k,¢ € {1,2}, the operator 0;S(t)Py, is the Fourier
multiplier with symbol

Exe
€]

We thus have the following identity

i; (5k2 > —tlg)? _ Z‘gj(;kge*tlﬁp —i€;Ey /too o TIE? qr ’ ¢ € R*\ {0} .

0B = 0u0;S(WS + [ 9005 ar (2.13)
t

which holds in particular for any f € Cp,(R?). Both terms in the right-hand side of (2.13)
belong to Cy(R?) and can be easily estimated using (2.4) :

C
1055 () fllze < 7 1fllzee

H/tooamkagS(r)deHLw < C/ =7z Il dr < 7HfHLoo 7

This immediately yields estimate (2.12). O

2.4 Local existence of solutions

Let ug € X be such that divug = 0. We consider the integral equation associated with the
Navier-Stokes equations (2.10) :

u(t) = S(vt)ug — /0 V-S(t—s))Pu(s) ®u(s))ds , t>0, (2.14)

where S(t) is the heat semigroup (2.2), and the notation P(u ® u) is explained in (2.11). Here
and in the sequel, the map = — wu(z,t) is simply denoted by w(t) instead of u(-,t). The goal
of this section is to prove that the integral equation (2.14) has a unique local solution that it
continuous in time with values in the space X defined by (1.6). Such a solution of (2.14) is
usually called a mild solution of the Navier-Stokes equations (2.1) in X.
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Proposition 2.4. Fiz v > 0. For any M > 0, there exists a time T = T(M,v) > 0 such that,
for all initial data ug € X with divug = 0 and ||ug||re < M, the integral equation (2.14) has a
unique local solution u € C°([0,T], X), which moreover satisfies
sup ||lu(t)||pe < 2M and  sup (vt)Y2||Vu(t)||p~ < CM , (2.15)
0<t<T 0<t<T

where C' > 0 is a universal constant. In addition, the solution u € C°([0,T],X) depends
continuously on the initial data up € X.

Proof. Take T' > 0 small enough so that

T1/2
k= 8COM s < 1, (2.16)
where Cy > 0 is as in Lemma 2.3. We introduce the Banach space Y = C°([0, 7], X) equipped
with the norm
uly = sup [lu(t)|re .
0<t<T

Using Lemma 2.3 it is not difficult to verify that, if v € Y, the integral in the right-hand side
of (2.14) is well defined and depends continuously on time in the topology of X. Moreover, if
ug € X, the results of Section 2.1 show that the map ¢ — S(vt)ug also belongs to Y. Thus,

given any ug € X with divug = 0 and ||up||r~ < M, we can consider the map F' : ¥ — Y
defined by

(Fu)(t) = S(vt)up — /0 VSt —s))P(u(s) @u(s))ds tel0,7T] . (2.17)

Denoting B = {u € Y ||jully <2M} C Y, we claim that
i) F' maps B into itself. Indeed, if u € B, we find using (2.12) and (2.16)

IN

([ (Fu) () o [u(s)||2ee ds

ot o= + / ﬁ

M + HuIIY/ —dr < M 4 8M?*Co(T/v)V? = (14 k)M ,

IN

for any t € [0,T]. As k < 1, we deduce that ||Fuly < 2M, hence Fu € B.

ii) F is a strict contraction in B. Indeed, if u,v € B, then

(Pu)(®) = (Fo)) = [ 7Sl =) B((0(s) @ () = (u(s) @ u(s)) ds

hence decomposing v @ v —u®@u=v® (v —u) + (v — u) ® u and proceeding as above, we find

[(Fu)(t) = (Fo) ()]l S/ \/ti— ||v M zee + [luls )IILoo) [u(s) = v(s)ll~ ds

IN

AM [[u—vlly /0 ﬁch < SMCo(T/v) " Ju - vlly ,

for all t € [0,T]. Thus |Fu — Fv|ly < k||lu —v|ly where k <1 is as in (2.16).

By the Banach fixed point theorem, the map F' : Y — Y has a unique fixed point v in B,
which satisfies by construction the integral equation (2.14) as well as the first bound in (2.15).
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If 4 € Y is another solution of (2.14), then applying Gronwall’s lemma to the integral equation
satisfied by the difference @ — u it is easy to verify that @ = u, see [22] and Section 4.4. Thus
the solution u of (2.14) constructed by the fixed point argument above is unique not only in
the ball B, but also in the whole space Y. A similar argument shows that the solution u € Y
is a locally Lipschitz function of the initial data uy € X. Finally, the simplest way to prove the
second bound in (2.15) is to repeat the existence proof using the smaller function space

Z = {u e ([0, 77, X) | £/2Vu e C}}((O,T],XQ)} :
equipped with the norm
lullz = sup [lu(®)lz= + sup ()| Vu(t)|| e -
0<t<T 0<t<T
Proceeding as above one obtains the existence of a local solution u € Z of (2.14) for a slightly

smaller value of T', which is determined by a condition of the form (2.16) where Cj is replaced
by a larger constant. O

Remark 2.5. If ug # 0, the local existence time T given by the proof of Proposition 2.4 satisfies
Civ

 uoll7

(2.18)

where C7 > 0 is a universal constant. This implies in particular that, if we consider the maximal
solution u € CY([0,T.), X) of (2.14) in X, then either T, = oo, which means that the solution
is global, or ||u(t)||pe — 0o as t — T\. More precisely, we must have ||u(t)|2 > C1v(T\ —t)7*
for all ¢t € [0, 7). Note also that estimate (1.10) follows from (2.15) and (2.18).

Remark 2.6. Using standard parabolic smoothing estimates, it is not difficult to show that, if
u € C°([0,T], X) is the mild solution of (2.1) constructed in Proposition 2.4, then u(x,t) is a
smooth function for (z,t) € R? x (0,7] which satisfies the Navier-Stokes equations (2.1) in the
classical sense, with the pressure p(z,t) given by (2.6), see [19, 20].

2.5 Global existence and a priori estimates

Take up € X such that divug = 0, and let u € C°([0,T%), X) be the maximal solution of (2.1)
with initial data ug, the existence of which follows from Proposition 2.4. In view of Remark 2.5,
to prove that this solution is global (namely, T, = o0), it is sufficient to show that the norm
||u(t)|| o> cannot blow up in finite time. The easiest way to do that is to consider the vorticity
distribution w = curlu = d1us — ouq, which satisfies the advection-diffusion equation

Ow+u-Vw = vAw . (2.19)

We know from Proposition 2.4 that ||w(t)||ze < 2||Vu(t)||pe < oo for any ¢ € (0,7%), hence
shifting the origin of time we can assume without loss of generality that wg = w(-,0) € L>®(R?).
Now, the parabolic maximum principle [37] asserts that ||w(¢)||ze is a nonincreasing function
of time, which gives the a priori estimate

lw®)|lze < |lwollzee , forallt >0 . (2.20)

Unfortunately, the bound (2.20) does not provide any direct control on ||u(t)||z~, because we
work in an unbounded domain where the velocity field can have arbitrarily low frequencies. In
Fourier space, the relation between 4 = Fu and @ = Fw takes the simple form

X —iét 2

u(§) = Ww(@ ; £ e R*\ {0}, (2.21)
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where &+ = (=&,£1) if € = (&,&) € R% This shows that the first-order derivatives of the
velocity field u satisfy

Oruy = —Ooup = RRpw, dug = —Rjw , dhur = Riw,
where Ry, Ry are the Riesz transforms (2.7). In particular, we deduce the a priori estimate
IVu(t)|lBmo < Cllw(t)|lre < Cllwollzee » for all t >0 . (2.22)

We refer to Section 4.1 for a more detailed discussion of the Biot-Savart law in R2.

To go further we observe that, since divu = 0, we have the identity

(u-Vu = iVl +utw, (2.23)
where ut = (—ug,u1) if u = (u1,u). We can thus write the Navier-Stokes equations (2.1) in
the equivalent form

du+utw = vAu— Vg, divu = 0, (2.24)

where ¢ = p + %\u!Q Applying the Leray-Hopf projection, we obtain the analog of (2.10)
du +Putw) = vAu, divu = 0. (2.25)

Since w is under control, the nonlinear term P(u'w) can be considered as a linear expression
in the velocity field u, and this strongly suggests that the solutions of (2.25) should not grow
faster than exp(C'||lwo|/r~t) as ¢ — oo. The problem with this naive argument is that we
cannot estimate ||P(utw)||p= in terms of ||ul/ze ||w| e, because the Leray-Hopf projection P
is not, continuous on L°°(R?)2. This difficulty was solved in an elegant way by O. Sawada and
Y. Taniuchi, who obtained the following result.

Proposition 2.7. [40] Assume that ug € X, divug = 0, and wyg = curlug € L®(R?). Then
the Navier-Stokes equations (2.1) have a unique global (mild) solution u € C°([0,00), X) with
initial data ug. Moreover, we have the estimate

Ju@liz= < Cllullze exp(Clleollzet) . ¢ 0, (2.26)
for some universal constant C > 0.

The proof of Proposition 2.7 relies on a clever Fourier-splitting argument which we now
describe. Let ¥ : R? — R be a smooth function such that

i g <,
X(f)_{o if ¢l = 2.

We further assume that y is radially symmetric and nonincreasing along rays. Let y = F~ 1y
be the inverse Fourier transform of ¥, so that x € S(R?). Given any § > 0, we denote by Qs
the Fourier multiplier with symbol x(£/9) :

Q€)= %€/ f(©),  ger. (2.27)
It is clear that Qs is a bounded linear operator on &’(R?).

Lemma 2.8. There exists a constant Co > 0 such that the following bounds hold for any § > 0.

L Qsfllre < Collfllpse, for any f € Cru(R?);
2. |QsV Pl < Codl|fllLee, for any f € Cru(R?)?;
3. |(1 — Qs)ul|p= < Co0~ Y |w||Loo, for any u € X with divu = 0 and curlu = w.
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Proof. The first estimate follows immediately from Young’s inequality (see Section 4.4), because
Qs is the convolution operator with the integrable function x — §%y(dz), the L' norm of which
does not depend on §. To prove the second estimate we have to show that, for any j, k, ¢ € {1,2},
the Fourier multiplier M with symbol

m(e) = SR . R\ (0},
is continuous on L>°(R?) with operator norm bounded by C'§. We observe that
m(e) = B0e/5) . where (e) = L i(c)

It follows that M f = 45+ f, where Ys(z) = 6%¢(dx) and ¢ = F~L. It is clear that ¢ € C>(R?)
(because 1) has compact support), and from the explicit formula

1
b(r) = o @@caz/ log(|z —y))x(y)dy , xe€R?,
Y[ R2

it is straightforward to verify that |[¢(z)| < C|z|= for || > 1. Thus ¢ € L'(R?), and using
Young’s inequality we conclude that | M f| e < [[¥s]lpi|lfllzee = 0||¥|r1 |l f||z, which is the
desired result.

Finally, to prove the third estimate in Lemma 2.8, we use formula (2.21) to derive the relation

— et R
€)= Qrut) = (1= X(E/0)) T 9(6) = 5 9M6/DAE)
where
: o) i :
O = (1-%0) 7 R\ {0} (2.28)

As before, if ¢ = F~1¢, this implies that ||(1 — Qs)ullpee < 8 1||p||11]|w]| 1o, s0 we only need to
verify that ¢ € L*(R?). Since ¥ has compact support in R? it follows from (2.28) that

1 zt
-~ 2m|xf?

¢(x) o), weR*\{0},

where ® : R? — R is smooth, hence ¢ is integrable on any bounded neighborhood of the
origin. On the other hand, if we apply the Laplacian A¢ to both sides of (2.28), the resulting
expression belongs to L2(R?,d¢). This shows that |xz|?¢ € L?(R?,dz), hence ¢ is integrable on
the complement of any neighborhood of the origin. Thus altogether ¢ € L'(R?), which is the
desired result. O

Proof of Proposition 2.7. Let u € CY([0,T.), X) be the maximal solution of (2.1) with initial
data ug. Without loss of generality, we assume that uy #Z 0, and we fix t € (0,7%). The idea is to
control the low frequencies [£| < 2§ in the solution u(t) using the integral equation (2.14), and
the high frequencies |{| > ¢ using the third estimate in Lemma 2.8 together with the a priori
bound on the vorticity. The threshold frequency § will depend on time and on the solution itself.

Given any § > 0, we apply the Fourier multiplier Q5 defined in (2.27) to the integral equation
(2.14) and obtain

Qsu(t) = SE)Qsu0— [ St - $)Q5V - Blu(s) ® u(s)) ds |
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where we have used the fact that Q5 commutes with the heat semigroup S(t). Using the first
two estimates in Lemma 2.8, we thus find

t
1Qsu(®)l|zee < Calfuol Lo +Cz5/ [u(s)||Zoe ds -
0

On the other hand, the third estimate in Lemma 2.8 implies that
11 = Qs)u()|[r < Cad™H|w(t)l[zee < CodHwoll e -

This bound shows how the high frequencies in the velocity field u(¢) can be controlled in terms
of the vorticity. Combining both results, we find

t
[u(®)|Le < Collugl|r= +C25/ [u(s)[| 700 ds + Cad™H|wo]| o -
0

s t —1/2
5 = lool2 ( / Hu(s)H%oods> |

t 1/2
1/2
lu()l|zoe < Colluoll L + 2Cs|lwol|2 (/0 lu(s)[1 70 dS) : (2.29)

If we now choose

we obtain the bound

which holds for any ¢ € (0,7%). Finally, squaring both sides of (2.29) and applying Gronwall’s
lemma (see Section 4.4), we arrive at the inequality

lu@l~ < 2Clluolw exp(8C|wollz=t) . t€(O,T.), (2:30)

which shows that the norm ||u(t)||ze cannot blow up in finite time. Thus T} = oo, and estimate
(2.30) holds for all ¢t > 0. 0

Remark 2.9. Theorem 1.1 is an immediate consequence of Propositions 2.4 and 2.7.

3 Uniformly local energy estimates

In the study of nonlinear partial differential equations on unbounded spatial domains, if one
considers solutions that do not decay to zero at infinity, it is not always convenient to use
function spaces based on the uniform norm || - ||, because those spaces may not take into
account some essential properties of the system, such as locally conserved or locally dissipated
quantities. From this point of view, the larger family of uniformly local Lebesgue spaces offers an
interesting compromise between simplicity and flexibility. In the analysis of evolution PDE’s,
uniformly local spaces were introduced by T. Kato in 1975 [23], and subsequently used by many
authors, see [3, 9, 12, 15, 21, 33, 34, 46] for a few examples. For the reader’s convenience, the
definition and the main properties of those spaces are given in the Appendix, see Section 4.3. In
short, if 1 < p < oo, the uniformly local Lebesgue space Lﬁ 1(IRid) is the completion of the space
of all bounded and uniformly continuous functions on R? with respect to the norm

1/p
£l = sup ( / \f(y)\”dy) | (31)
r€R ly—z|<1

Our goal in this section is to control the solutions of the two-dimensional Navier-Stokes equations
in the uniformly local energy space Lil(]RQ). This can be done using uniformly local energy esti-
mates, a flexible and powerful technique that we first explain on a simple example in Section 3.1
before applying it to the original problem in Section 3.2.
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3.1 Uniformly local energy estimates for the heat equation

In this section we show on a simple example how uniformly local energy estimates can be used
to obtain information on the solutions of partial differential equations on unbounded domains.
We concentrate on the linear heat equation on R?, with nondecaying initial data ug. In that
particular example, the solution can be written in explicit form, but we shall not use the heat
kernel (4.22) because we want to develop robust methods that can be applied to more com-
plicated situations, such as the two-dimensional Navier-Stokes equations which will considered
later.

Let up € L2 (R?), and let u(z,t) be the solution of the heat equation
Ou(z,t) = Au(z,t) , reRY, t>0, (3.2)

with initial data u(-,0) = ug. It follows from Proposition 4.6 below that u € CO(Ry, L2 (R%)),
and our goal is to derive accurate bounds on u using localized energy estimates. Let p : R —
(0,+00) be a Lipschitz continuous function satisfying the assumptions of Proposition 4.7 and
such that |Vp(z)| < p(x) for almost every x € R%. Typical examples are
1
— =l — — = wh
T) =e¢€ , or T) = where m > d . 3.3
o) o) = o (33)
Note that p cannot decay to zero faster than an exponential as |z| — oo, because of the assump-
tion |Vp| < p. For any R > 0, we also define pg(z) = p(z/R).
Since the solution u of (3.2) is smooth and bounded for ¢t > 0, we can compute

1d
——/ pRu2dx:/ pRuutdx:/ prulAudr
2dt R4 R4 R4
= —/ pR]Vu\de—/ (Vpr - Vu)udz
R4 R4
1
~ [ palvuPaz s 5 [ pulVululda
]Rd R ]Rd

L 2 1 2
—3 /deR|Vu| dx+2—R2 Rd,oRu dz .

IN

IN

Using Gronwall’s lemma (see Section 4.4), we deduce that

/Rd pr(@)u(z,t)” dz + /Ot/Rd pr(x)|Vu(z, s)? deds < (/Rd pr(x)ug(z)? dx> ot/ R? . (3.4)

for all £ > 0. This estimate looks rather pessimistic, because it predicts an exponential growth of
the solution as t — oo, but one should keep in mind that [ pRu% dz < oo is the only assumption
on the initial data that was really used in the derivation of (3.4). If p(z) = e~1®l, this means
that ug is allowed to grow exponentially as |x| — oo, in which case the solution of (3.2) indeed
grows exponentially in time.

To improve (3.4) for large times, we must use the assumption that ug € L% (R%). If R > 1,
an easy calculation shows that

[ palaun(@Pds < CoRul | (3.5)

for some constant Cy > 0 depending on the dimension d. So if we take R = R(t) = (1 + t)'/?
we obtain from (3.4) and (3.5)

t
/d Pre (T)u(z, t)* de +/ /dpR(t)(x)]Vu(x,s)IQ deds < CHUOH%Q](l +1)4? (3.6)
R 0 JR u
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for all £ > 0. This estimate is clearly superior to (3.4), because the right-hand side grows
only polynomially as ¢ — oo. Another elementary but important observation is that the same
estimate holds if we replace pr(z) with pr(z — y) for any fixed y € R%. Taking the supremum
over all translations and using the fact that pr(x) > ¢ > 0 whenever |z| < R, we obtain

1
wp———/ w(y,t2dy < ClluglP . t>0, (3.7)
ly—z|<R(t) ul

zER? R(t)d
where R(t) = (1 +t)"/? and C > 0 is independent of . In particular, if ug = 1, then u(-,t) = 1
for all positive times, and (3.7) is sharp in that particular case, as far as the time dependence is
concerned.

Unfortunately, the approach developed so far does not allow to bound the norm [ju(t)[| 2 in
an optimal way. Indeed, the best we can deduce directly from (3.6) is

lu@llgz, < Clluollzz 1+ 0%+, >0,

which is not sharp in view of Proposition 4.6. To improve that result, a possibility is to use
uniformly local LP estimates for higher values of p. Indeed, if p € N* we have as before

1d

—— pru? dz = p/ pru?P tu, dz = p/ pru?P P Audz
2dt Rd R4 R4

= —p(2p—1) / pru*P~2|Vul? dz — p/ (Vor - Vu)u?~!dx
R R

2p—1

N pR|Vup|2dx—/ (Vpgr - VuP)uP dx
p R4 R4
1

< —/ pR|Vup|2dx+—/ pr|VuP||ulP dz

Rd R Rd
< —l/ p \Vup\de—i-L/ pru’l da
- 2 R4 R 2R2 Rd " ’

. . 2
Proceeding as above, we find if ug € L} (RY):
H¥de < C 2 de < Cllugl|®, (1 + )42
[ pro(@ule ) de < O [ prg(@uo(z)? de < Cluol% (1412
where R(t) = (14 t)'/2, and this implies
a1 d
l®lzr < CFluoll 2y +0)% . >0
Here the constant C does not depend on p. Now, if we assume that ug € Cbu(Rd), we can take

the limit p — oo in the above inequality, and we obtain the bound |[u(t)||z~ < ||ug||L> which is
clearly optimal.

3.2 Uniformly local energy estimates for the 2D Navier-Stokes equations

After these preliminaries, we return to the two-dimensional Navier-Stokes equations in R?. We
assume that the initial data ug € X satisfy divuy = 0 and wy = curlyy € L*®(R?). Let
u € CY([0,+00), X) be the unique mild solution of (2.1) given by Proposition 2.7. Our goal is
to control the velocity field u(z,t) for large times using uniformly local L? estimates.
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For technical reasons, related to the control of the pressure term in (2.1), it is convenient
here to used compactly supported weight functions, see [46]. Let ¢ : R? — R, be a smooth

function satisfying
1 if |z <1,
vy = {08
0 if |z| > 2.
We also assume that 1 is radially symmetric and nonincreasing along rays, and we define ¢ = 2.
Then ¢(x) is also equal to 1 if |z| <1 and to 0 if |z| > 2. In addition, we have the estimate
Vé(z)| < Cso(2)?,  z€R?, (38)

where C5 = 2||V)||~. Note that a compactly supported function ¢ cannot satisfy |Vo| < Co,
unless ¢ = 0, and this is why we shall only use the weaker property (3.8). Given zg € R? and
R > 0, we also consider the translated and rescaled localization function ¢ ;, defined by

PRz (7) = ¢<x ;;0) , TcR% (3.9)

By construction we have ¢r ., = 1 on Bfo and ¢Rr 4, = 0 on the complement of B:%OR, where Bfo
denotes the closed ball with radius R centered at xg:

BE = {xGRQ‘\x—xO\SR}.

Our starting point is the following localized energy estimate :

Lemma 3.1. For any xg € R? and any R > 0, the solution of (2.1) satisfies

2dt/ DRzl dx—i—u/ IV ( (bgio )|? da
= y/ \V(b%iol |ul? dac—i—/ q(u-Voprz)de , (3.10)
R2 R2
where ¢ = p + |ul?.

Proof. For simplicity we write ¢ instead of ¢g s, and we denote ¢ = $1/2. Using the equivalent
form (2.24) of the Navier-Stokes equations, we easily obtain

/ olul* dr = / ou - updr = ou - (vAu—Vq)dx . (3.11)
2dt R?
Now, we have for k =1,2:
[P = [ wSe s uul = [ @V6P + 0V + 20050 Vup) da
R2 R2 R2
hence
rup Ay, de = —/ wQ\Vuk\de—Q/ YupVp - Vuy, do
RQ RQ RQ

= —/ yV(zpuk)deer/ \V|?u2 da
R2 R2

Thus summing over k£ and multiplying by v, we obtain
v | ou-(Au)dx = —1// |V (su)|* do + u/ |V | Jul? da . (3.12)
R2 R2 R2
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On the other hand, since divu = 0, we easily find

/ ou - Vqdx = / ¢ div(ug)dxr = —/ q(u-Vo)dr . (3.13)
R2 R2 R2
Combining (3.11)—(3.13) we arrive at (3.10). O

Our next task is to transform the identity (3.10) into a differential inequality for the uniformly
local energy norm of the velocity field. The terms proportional to the viscosity parameter v
originate from the linear part of the equation and can be easily estimated, as in Section 3.1.
The difficulty is concentrated in the last term, which contains the modified pressure ¢ = p—i—%\uP.
That term is nonlocal in space and cubic in the velocity field u. Using the results of Section 4.2,
we obtain the following important estimate :

Lemma 3.2. There exists a constant Cy > 0 such that, if xg € R? and 0 < r < R, one has

/ q(u-Vopa,)de
RQ

.
: CA‘(E”””L“”“H%%B%)
1 3 1 5
+ plullapary + 12 sup HUHLz(BgR)> : (3.14)

Remark 3.3. As often in the sequel, we completely omit here the time dependence of the
quantities u, w, and ¢, for notational simplicity. This is harmless since time plays no role in an
“elliptic” estimate such as (3.14). But in Lemma 3.4 below that estimate will be applied to the
solution of the Navier-Stokes equations which, of course, depends on time.

Proof. For simplicity we assume that o = 0, and we write ¢ instead of ¢pz,. To use the
results of Section 4.2 we choose a smooth function x : R? — [0, 1] satisfying

1if o] < 1/2,
x =
x(@) {o it > 1,

and we denote x,(z) = x(x/r), where 0 < r < R. To estimate the left-hand side of (3.14), it is
sufficient to control the modified pressure ¢ in the ball BgR, because V¢g vanishes outside that
ball. Also, as is clear from (3.13), adding a constant to ¢ does not change the quantity we want
to bound. Thus, using Lemma 4.5, we can assume that

q(x) = q(x) + ¢2(x) + a3(z) + qa(x) ,  w € B, (3.15)

where

o — )t
(@) = 5 [ le =S uttay.

@2(z) = L i / M) (x — y)ur(y)uely) dy
47 kf=1 R2
© =23 [ e e = )
a3 = 9 = ‘ylngXr Y) B Y)up(y)uely)dy ,

() = — > /y|23R{KM(x —y) - Kkz(—y)}uk(y)ué(y) dy .

21
k=1
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The expressions above agree with (4.15) up to the following inessential differences. First we use

everywhere the rescaled cut-off y, instead of x. In particular we denote by M lgz) the functions
defined by (4.16) with x replaced by x,, and we write x& = 1 — ;. Next, in the definition (4.15)
of g3(z,z0), we take xog = 0 and we decompose the domain of integration as R? = B3f U (B3F)e.
The integral over y € BSR coincides with the function g3 above, up to an irrelevant additive
constant, and the integral over y ¢ BSR gives exactly g4, because x&(z —y) = xé(—y) = 1 when
|z| < 2R and |y| > 3R.

We now estimate the various terms in (3.15). As x, is supported in the ball Bj C BE we
have

2m |z -yl

/ Xr(2) dz = r/ X(2) dz = Cr,
Rz |2 Rz 2]

it follows from Young’s inequality (see Section 4.4) that

@1(@)] < i/l 3RM|u< ) dy . oe B
y|<

Since

latlzzagny < Crlluwlagagey < Crllwllis lulagage, (316)
Similarly,
1 2
el < 5 [ M @iy e B
k=1 ly|<3R

As [M}) ()] < Cl2| 7 Vxp(2)| = CrYz| "1 [Wx(2/r)], we have
r 1
> [ o< Le-g
Py 7 Jr/2<]z|<r 2| r

and using Young’s inequality again we find

C C
||Q2||L2(BgR) < - |||U|2||L1(BgR) = " HUH%?(BSR) . (3.17)

Exactly the same estimate holds for g3 too, because in view of (4.16)

1 C
Z / Xr Kkg ) dz < C —4dZ = .
ki1 21>r/2 2] r

Finally, to bound ¢4, we use estimate (4.19) which shows that, for any x € BgR and y ¢ BS’R,

2

CR CR
K — ) — Kup(— < < .
Z| kf(x y) M( y)| = 2]2/\3 = R3+]y\3

k=1
Thus R

< v 2d B2R .

@) < C [ Frmh@Pdy.  oeB

To evaluate the integral we decompose R? = Ujcz2 Qg, where Q? C B,fR denotes the square of
measure R? centered at kR € R2. For k € Z? we also define

R C 1
S = sup —m——73 < — , so that S < .
yer B +[yPP = R? 1+ kP k§2 R2
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With these notations we find for x € BZR:

2
1@l <0 Y [ gt iy < O((2 S) sup lolaep,

kez? kez?
hence o
HC]4||L2(B§R) < 27T1/2R||Q4||Loo(BgR) = R :;Ié)Q ||UH%2(B§) : (3.18)
Summarizing, estimates (3.16)—(3.18) show that
C C
lallz2gpzmy < Crllwlliellullaiagny + = lulpe(ggn + & sup ull2 (g - (3.19)
On the other hand, as Vér(z) = R~!V¢(z/R), we have by Hélder’s inequality

C
<37 lull 22y gl L2 (m2R)

/R a(u-Vor)da

thus using (3.19) we easily obtain estimate (3.14). O

Combining Lemmas 3.1 and 3.2, we now derive an integral inequality for the quantity

Zp(t) = sup [u(®)lL2(BR) (3.20)
xre

which is equivalent (up to R-dependent constants) to the norm [[u(t)] 12 -

Lemma 3.4. There exists a constant Cs5 > 1 such that, for any t > 0 and any R > r > 0,

t
Zr(t)? +2v su1)2/ HVu(s)H%Q(BQ}E) ds < 7Zp(0)
zeR=JO

+C5/ {5 2 + Zllw(s) |1~ Zr(s)* + %ZR(S)?)}dS. (3.21)

Proof. Fix R > 0. Integrating (3.10) with respect to time, we obtain for any t > 0:

/¢Rmyu ydx+2u// IV ( ¢}{§m )\zdmds—/ O Rz |U0|? dz

—i—21/// Vo2 [Pluls |2dxds+2// ) Vére)drds,  (3.22)

where x¢ € R? is arbitrary. We now take the supremum over zy € R? in both sides. As ORao =1
on BE the supremum over zy € R? of the left-hand side of (3.22) is bounded from below by

0’

the left-hand side of (3.21). To bound the right-hand side of (3.22), we observe that

sup [ ol de < sup ol < Z0(0)°.
roER2 roER

because each ball B2R can be covered by 7 balls of radius R, centered at appropriate points.

Similarly, as \V(ﬁ .20 ] is bounded by C/R and vanishes outside BmO , we have
1/2 2 70 /t 2
ds < — ds < — Z ds .
milelﬁa/ / VOl uls)" ds R2 soek? / o) zaazg 4 < 72 , by

Finally, for the last term in (3.22), we choose r € (0, R] and we use inequality (3.14). Collecting
all estimates, we see that the supremum over 2o € R? of the right-hand side of (3.22) is bounded
by the right-hand side of (3.21), provided C5 > 0 is large enough. O
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Using Lemma 3.4 and Gronwall’s lemma, we arrive at the main result of this section.

Proposition 3.5. There exist positive constants Cg and Cy such that the following holds for
any v > 0. Let u € C°([0,+00), X) be the mild solution of the Navier-Stokes equations (2.1)
with initial data ug € X satisfying divug = 0, wg € L*®(R?), and wy # 0. For any t > 0, if
R > 0 is large enough so that

_ luollze=

R > maX{RO, 07\/ﬂ’ C7Hu0||L°°Hw0||L°°t2} ) where Ry = HWOHL‘X’ ) (323)
we have
Zg(t) = SUHSQHU(t)HL?(Bﬁ) < CgR||uo|| e - (3.24)
xE

Proof. We observe that ug Z 0, since by assumption wy Z 0. Take Cg > 0 and C7 > 0 such that
C2>Ter, C2>205, CF?>205(1+Cp), (3.25)

where Cj is as in Lemma 3.4. Given any ¢ > 0, choose R as in (3.23). From the definition (3.20),
we see that Zz(0) < 7/2R|jug ||z, hence by continuity we necessarily have Zg(s) < CR)||uo|| L
for sufficiently small s > 0. Define

t, = Sup{T € [0,4] ‘ Zn(s) < CoR|juol| = for all s € [o,T]} e (0,1] . (3.26)

We shall prove that ¢, = ¢, hence Zg(t) < CgR||ugl| >, which is (3.24).

According to Lemma 3.4, we have for all 7 € [0,¢,]:
Zr(1)? < 7Zr(0)? + C;s / A(s)Zp(s)?ds , (3.27)
0

where

v T 1 v r Cs

A(s) = iz EHC‘J(S)”LOo TR ZR(s) < 2T EHWOHLOo + THUOHLOO :

Here r < R is arbitrary, but we can optimize the right-hand side by choosing r = (RRy)
which gives

1/2
)

v o |2 ljwo 12
A(s) < i + (1 +Cs) i , s€0,t] .

In particular, using (3.23), (3.25) and the fact that ¢, < ¢, we find

ta 1/2 1/2

vi [uoll o llwoll et _ 1
Cs ; A(s)ds < C5ﬁ + C5(1 + Cp) =17z < 5 +

1
—=1.
2

If we now apply Gronwall’s lemma (see Section 4.4) to (3.27), we obtain
tx
Zp(t)? < 7Zp(0)? exp<C5/ A(s) ds) < 7eZp(0)* < TemnR?||lug|/2e . (3.28)
0

By (3.25) we thus have Zr(t.) < CgR||ug||r=, which contradicts (3.26) if t, < ¢. Thus we must
have t, = ¢, which proves (3.24). O

Remark 3.6. Estimate (1.15) follows immediately from (3.28) with ¢, = ¢.
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3.3 Velocity bounds and uniformly local enstrophy estimates

In this final section, we derive a few important consequences of the previous results. First,
combining Proposition 3.5 with Corollary 4.3, we derive an upper bound on the L* norm of the
velocity field which greatly improves (2.26).

Proposition 3.7. There exist a positive constant Cg such that, for any ug € X satisfying
divug = 0 and wy = curlug € L®(R?), the solution of the Navier-Stokes equations (2.1) with
wiatial data ug satisfies

VUiy1/2
@l < Callalu= {1+ honllo=t + ()} 120, (3.29)

where Ry = ||ugl| e /||wol| Lo -

Proof. If wyg = 0, then ug is a constant and u(t) = ug for all ¢ > 0, hence we can assume without
loss of generality that wy # 0. Fix ¢ > 0, and let R = max{Ry, C7r\/vt, Crllug||p=||wol L=t?},
asin (3.23). If M = |lu(t)||r= > 0, there exists Z € R? such that |u(z,t)| > M/2. For simplicity,
we assume without loss of generality that £ = 0. We know from Proposition 3.5 that

1;:/ lu(z, )2 de < C2R2uo|2m - (3.30)
el<R

On the other hand, applying Corollary 4.3 to u(z,t), we deduce from (4.10) that
u(z,t) + u(=z,t)] = 2[u(0,1)] = Culzlw(®)]|ze = M — Cilz||lwol| e~ , (3.31)

for all x € R?, where C, > 0 is a universal constant. The idea is to use estimate (3.31) to obtain
a lower bound on the quantity I defined in (3.30), in terms of M. Let

M

Ro= — " .
" Cullwollze

We consider separately the following two cases:

Case 1: R, < R. In that case, denoting D, = {z € R?||z| < R., x1 > 0}, we compute

1> [ weords = [ (0P + s da
|| <R. Dy
1 5 1 2 T 5o 9
> = | Ju(e,t) +u(—z,0)2de > > (M—C*|x|\|w0\|Loo> dr = = M?R?,
2 /p, 4 J\z|<R. 24

where in the last inequality we used (3.31). Comparing with (3.30), we deduce that
M?R} < CR?|lugllf ,  or M* < CR?|lug|Ze [lwollZ -

Since M = ||u(t)||z~ and R = max{Ry, C7+v/vt, Crllug||r=||wollL=t?}, this gives (3.29).
Case 2: R, > R. A similar calculation gives

L 2
'= _/ <M_C*’$\HWOHL°°> dz > = M2R?
|z[<R 51

hence M2R? < CR?||ugl|2+, namely M? < C||ug|/2+. Thus we obtain (3.29) in both cases. O
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Proof of Theorem 1.2. We can assume without loss of generality that uy #Z 0. Since global
existence of solutions is already asserted by Theorem 1.1, we only need to prove estimate (1.12).
In view of the local existence theory, it is sufficient to prove (1.12) for ¢t > T, where T' > 0 is as
n (1.10). In that case we have v/vt < Ki||uo||z=t, or equivalently

vt wollee e
Ry lluollre

lwoll <t

hence (1.12) follows directly from (3.29). O

The results obtained so far do not rely on the viscous dissipation term in (2.1), and remain
therefore valid in the vanishing viscosity limit. Now, assuming that v > 0, we can also derive
uniformly local enstrophy estimates.

Proposition 3.8. Under the assumptions of Proposition 3.5, there exists a constant Cy > 0
such that, for all t > 0,

R? Rt
DI32pm dy < ColluolZa (1+ == + == [Jwo =) 3.32
sup (02 sy < Colluolfs (14 5+ 7 el ) (3:32)
where R = R(t) is as in (3.23).
Proof. Fix t > 0 and let R be as in (3.23). If one does not neglect the second term in the
left-hand side of (3.21), the proof of Proposition 3.5 shows that
2 ! 2 2 p2 2
Zn(®)? + 2 Sup/ V() 2 ey ds < CER?Jugl3e - (3.33)

zeR2J0

Unfortunately, we cannot extract from (3.33) a pointwise estimate in time on the uniformly local
L? norm of Vu, because we cannot exchange the supremum and the integral in the left-hand
side of (3.33).

To avoid that difficulty, we use localized energy estimates for the vorticity equation (1.8).
Let o € R?. As in Lemma 3.1 we have

2 1/2 2
33t L onalel do o [V @) o
_ 1/2 12y, 12 1 2
v Vg |7 lw]” dz + w*(u-Vora)de , (3.34)
R2 ) 2 R2

where ¢r 4, is the localization function defined in (3.9). In view of (3.33), there exists a time
to € [0,t/2] (depending on xg) such that

CR?
VHW(tO)H%%ng) < QVHVU(tO)H%%ng) < luolZee - (3.35)

Integrating (3.34) over the time interval [to, t], we find

/ DR,z |w(t |2dx</ DR ol w( to)[? dx—i—QV// |V¢}%/i0| |lw(s)|? dz ds

/to /]R2 ) VéRra,) drds . (3.36)
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By (3.35) we have

CR?
/]R2 R molw(to)* dz < [w(to) 72 (mzmy < = = lluollZe= - (3.37)
It follows also from (3.33) that
1/2 2 Cv [! 2 2
v [ [ Vo2 Pl drds < S8 [ 1l a5 < Cluoli . 39
0

Finally, the cubic term in (3.36) can be estimated as follows :

‘/to /]R2 ) VR )drds

t
< E/o HW(S)HLooHw(S)Hm(Bgé%)Hu(s)HLQ(B%g) ds

C ! 2 1/212
< G ool ([ B gy ds) 42 sup (sl (3.39)

CRt

— -t -CR|lu o < —— ||w oo || Uy o .
H OHL i H 0||L H 0||L

< — oo
< F loollzm - =10

If we now insert (3.37)—(3.39) into (3.36) we obtain for all zo € R?:

2

[, okt de < Cluola (141 + 2= ool

Taking the supremum over zo € R?, we arrive at (3.32). O

Remark 3.9. Estimate (1.16) easily follows from (3.32). Indeed, in view of (1.10), it is clearly
sufficient to prove (1.16) for ¢ > T. In that case we have Vvt < Kj||lug||p=t, hence

Rt R
— ||W co = — [|W oVt
ol = 3 e V3 <

where in the last inequality we used definition (3.23), which also implies that R? > C2vt. Thus
(1.16) follows from (3.32) when ¢ > T'.

K1 R?
C7 vt ’

4 Appendix

4.1 The Biot-Savart law for bounded velocities and vorticities

Assume that u € X satisfies divu = 0, and let w = curlu = Ojus — dhuy. If w is strongly
localized, for instance if w € LP(R?) for some p € (1,2), then u can be reconstructed from w, up
to an additive constant u.,, by the classical Biot-Savart formula (see Section 4.4):

_ L (z—y)* 2
u(x) = uso + 5 /R2 P w(y)dy , xeR. (4.1)

Moreover, the Hardy-Littlewood-Sobolev inequality [29] implies that u — us € LI(R?)? for
q =2p/(2 — p), hence u(zx) converges in some sense t0 Uy as |x| — oo.

If the vorticity distribution w is only weakly localized, the integral in (4.1) does not converge
any more, and the Biot-Savart formula has to be modified. Here is a reasonable possibility :
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Proposition 4.1. Ifu € X is divergence free and if w = curlu € LP(R?) for some p € (2, 00),
then

S S B Gl el O 2 € R?
u(z) = u(0) + 5- /R{ - +W} Wdy, weR. (12)

Proof. Let ¢ = p/(p — 1), so that ¢ € (1,2) and % + % = 1. For all z,y € R? with z # y and
y # 0, we denote
@—y*t oyt 2ty y—2) ty (@ (a—y) + @ -y (- y)

Fla,y) = —— &5 +ttp = . (43)
le =y Jyl? |z — y[?|y|?

We claim that, for any 2 € R?, the map y — F(z,y) belongs to L4(R?) and

1/q s
</R2 !F(w,y)!qdy> < Clzfa ™t (4.4)

where C' > 0 is a universal constant. Indeed, as |F(x,y)| < |z —y|~! + |y|~!, we obtain using
Minkowski’s inequality

1/q 1 1/q -
</ IF(x,y)l"dy> < 2(/ —qdy) < Cla|at .
ly|<2a| yl<slz| 1Y

On the other hand, since |F(x,y)| < 3|z||z — y|~!|y|~! in view of the last expression in (4.3),
we have |F(x,y)| < 6|x||y|~2 when |y| > 2|z|, hence

1/q 1 1/q 2,
([, reara) <o [ o)< ol
ly|>2]a] y>2|z| 1Y

This proves (4.4). Now, let

1 1 (z -yt | v )
=— | F dy = — A ZN d R2 .
v(z) = o - (@, y)wly)dy = o R2{ T E T wly)dy, ¢

Since % -1=1- %, we deduce from (4.4) that |v(x)| < C|z -3 |lwl||ze for all z € R2. Moreover,
a standard calculation in distribution theory shows that dive = 0 and curlv = w. If w =u — v,
we thus have divw = 0 and curlw = 0, so that w is a harmonic vector field on R?. As w(x) has
a sublinear growth as |z| — oo, we conclude that w is identically constant, and since v(0) = 0
by definition we must have w = u(0), which proves (4.2). O

In these notes, we mainly deal with the situation where the vorticity w is not localized at
all, namely w € L>®(R?). In that case, the integral in (4.2) is logarithmically divergent, and has
to be interpreted in an appropriate way. The main result of this section is:

Proposition 4.2. Assume that u € X, divu =0, and w = curlu € L>®(R?). Then
)i €

u(z) = u(0) + lim i/|<R{(‘fE:7Z’2 + ‘yy?}w(y) dy , reR?. (4.5)

Proof. For any R > 0 we denote

1/ {(ﬂc—y)l yl} 2
ugp(x) = — — + == pw(y)dy , reR”.
(=) 21 Jiy<r Ule —y2  Jyf? (@)
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Clearly divugr = 0 and curlug = w 1, <g} in the sense of distributions on R2. Moreover up is
Holder continuous and satisfies ur(0) = 0. For R > 2|z|+3, we decompose ug(z) = v(z)+wgr(z),

where
1

=5 F(z,y)w(y)dy . (4.6)
m JBi\D,

vw) = 5o [ Fepstay,  wa)

Here the following notations have been used. As in Section 3, we denote by BJ the closed ball
of radius r > 0 centered at = € R?. For any = € R?, we define

Do B3 if |z| <2,
C\BAUBL i x> 2,

so that D, C Bl and D, has smooth boundary. Finally F(x,y) is as in (4.3).
We now estimate both terms in (4.6). As |F(x,y)| < |z —y|™' + |y|~!, we have

1 1 .
o)l < - [ leldy < 0fle il <2,
™ Jiy<s 1]
and 5 )
v(z)] < —/ —lw)ldy < 4lwlre, if 2] >2.
T Jiyi<a 1yl
Moreover v is continuous and v(0) = 0. To bound wg, we use the fact that w = curlu = — div u™,
and we integrate by parts using Green’s formula. We obtain
1 1L 1 il
wr(z) = o F(x,y)u—(y) - v(y) dby — o— F(z,y)u—(y) - v(y) de,
T JoD, 2m Jopp
1
o ut(y) - VyF(a,y)dy = ol (@) —wi (@) + i) (2)
2 B(})?\Dx

where on the circles 0D, or aBé% we denote by v the exterior unit normal and d¢ the elementary
arc length. Proceeding as in the proof of Proposition 4.1, it is straightforward to verify that
lwM (z)| < 4|jul|p~ and |wg)(az)| < 6|z|||ul|p~ /R. In particular wg)(az) converges to zero as
R — oo, for any = € R?. Finally, using the estimate

ol L e
[z —ylPlyl o —yllyl
which can be obtained by a direct calculation, it is not difficult to show that

1

% RQ\D;C

H@W%w|§0< >, tty, yA0, (4.7)

[u@)IVyF(z,y)[dy < Cllufz~log(l + |2]) (4.8)

for some universal constant C' > 0. When evaluating that integral for large |z|, it is convenient
to consider separately the regions where 1 < |y| < |z|/2, where 1 < |y — x| < |x|/2, where
ly| > 2|z|, and the region where |z|/2 < |y| < 2|z| with |y — x| > |z|/2. Estimate (4.8) implies
in particular that wg) () has a limit as R — o0, so that wr(z) = we(z) for some continuous
vector field wso.

Summarizing, we have shown that ug(x) converges as R — oo to some continuous vector
field u(x) = v(z) + woo(z) which satisfies

#@) < C(lolle + fullie) log@ + [al), @€ R

By construction, we have diva = 0, curlt = w, and @(0) = 0. As in the proof of Proposition 4.1,
we conclude that u — u is identically constant, and this gives (4.5). g
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Proposition 4.2 shows that the divergence free velocity field u € X is entirely determined,
up to an additive constant, by its vorticity distribution w even in the case where w is merely
bounded. However this result does not provide a good reconstruction formula, because the
integral in (4.5) is not absolutely convergent. In particular, we cannot use (4.5) to derive an
estimate on ||u||fe in terms of ||w| L, but the following consequence of (4.5) will be useful:

Corollary 4.3. Under the assumptions of Proposition 4.2, we have for all x € R? :

oDt (2 1 1
w(z) + u(—z) — 2u(0) = %/11@2{(@—32 B (|x:?;)|2 +2|Z?}w(y) dz . (4.9)

In particular, the following estimate holds
lu(z) + u(—2z) — 2u(0)] < Cylz|||w| Lo , reR?, (4.10)
where C, > 0 is a universal constant.

Proof. Using (4.5) we easily obtain

. 1
u(z) + u(—z) — 2u(0) = ngr;o% /|ng G(z,y)w(y)dy , (4.11)
where N N N
G(:c,y):(x_y) _ &ty yol x#+y, y#0.

=yl ety P
A direct calculation yields the bound
|z ?

GI’, SC ’
C@yl < O T e ol

which implies that
/RQ G(z,y)|dy < Cla|, weR?, (4.12)

for some universal constant C' > 0. When evaluating that integral, it is convenient to consider
separately the regions where |y| < |z|/2, where |z|/2 < |y| < 2|z|, and where |y| > 2|z|. Thus we
have shown that the integral in (4.11) is absolutely convergent, so that (4.9) holds, and (4.10)
follows from (4.12). O

Remark 4.4. The origin plays a distinguished role in formulas (4.5) and (4.9), but this is by no
mean essential, and more general expressions can easily be obtained using translation invariance.

4.2 A representation formula for the pressure

Assume that v € X is such that divu = 0 and w = dyus — douy € L¥(R?). As was discussed in
Section 2.2, the elliptic equation (2.5) determines a unique pressure field p € BMO(RR?), up to
an irrelevant additive constant. Setting ¢ = p + %|u|2 and using identity (2.23), we obtain for ¢
the equation

—Aq = div(utw) , reR?. (4.13)

The goal of this section is to obtain a representation formula for the solution of (4.13) involving
absolutely convergent integrals only, and not singular integrals as in (2.6).
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Lemma 4.5. Assume that v € X, divu = 0 and w = Oyugy — Osuy € L®(R?). If ¢ € BMO(R?)
is a solution to (4.13), we have for any xo € R?

q(z) = qo+ @1 (x) + g2(x) + g3(z, x0) z e R?, (4.14)

where go € R and
)J_

0@ = 5 [ xe= 0=l aenay
2
w(e) = 3= 3 [ Musle = pualy)uets) dy (4.15)

ko f=1
2
q3(x, 20) = % k;1 /RQ{XC(UC — ) Kie(x —y) — X (20 — y) Kre(xo — y)}uk(y)uz(y) dy .

Here the following notations have been used: x € C§°(R?) is a cut-off function which is equal
to 1 on a neighborhood of the origin, x° =1 — x, and

_ 221,00 (2) — Oke(2101x(2) + 2202X(2))
|2|?

22720 — |2|* 0k
- 2|4

ng(z) y Kkg(z) (4.16)
Proof. We first explain how the formulas (4.15) are obtained. Assume for simplicity that w has
compact support in R2. In that case, using the fundamental solution of the Laplace operator
in R? (see Section 4.4) and integrating by parts, we obtain the unique solution of (4.13) which
decays to zero at infinity :

1 [ (@—y*

q(z) = _L log |z — y| div(ul(y)w(y)) dy = —

o Je o7 o oy MWe)dy . (417)

Our goal is to transform the integral in the right-hand side of (4.17) into an expression that
makes sense even if w is not localized. To do that, we use the partition of unity 1 = y + x¢ and
we decompose ¢(z) = q1(z) + ¢(z), where ¢ is given by (4.15) and

- 1 (z—y)*
- Clp . dy . 4.18
i@) = 5= [ =0T ulwety) dy (418)
We next invoke the identities

ww = Oy (urug) + 10 (u3 — ui) , usw = —d(uus) + 301 (uj — ui) ,

which allow us to integrate by parts in (4.18). This gives two different terms, according to
whether the derivative acts on the cut-off or on the Biot-Savart kernel. After careful calculations,
we obtain decomposition ¢(z) = g2(z) + ¢5(x), where ¢ is as in (4.15) and

2
i) = 5 2 [ = )l = s )usta) dy

Summarizing, we have ¢(x) = q1(z) + ¢2(x) + ¢5(x) when w is localized, which gives (4.14) with
q0 = q3(z0) since g3(z,70) = ¢5(v) — ¢5(z0).

We now consider the general case where u and w are only supposed to be bounded. Under
these assumptions the functions ¢, g2 defined by (4.15) are clearly continuous and bounded.
On the other hand, using the estimate

& — o & — o
Kre(r —y) — Kie(zo — y SC< + ; 4.19
Erelw =y) = Keelwo =v)| < O\ mmpes =1 T e = yTleo — 9P (4.19)
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which is obtained as in (4.7), it is straightforward to verify that the integral defining g3(x, z)
in (4.15) is absolutely convergent for any pair of points x,z9 € R?, because the integrand is
bounded and decays to zero like |y|™3 as |y| — oo. In fact, proceeding as in the proof of
Proposition 4.2, one can show that gs3(z,z¢) is a continuous function of x which grows at most
logarithmically as |z] — co. Now, if we define §(z) = ¢1(x) + g2(x) + g3(x, o), then § satisfies
the elliptic equation (4.13). A convenient way to verify that is to approximate u by an sequence
of compactly supported divergence free vector fields wu,, (this can be done using Bogovskii’s
operator, see [14]). The corresponding pressure g, satisfies —Ag,, = div(u#wn) by construction,
where w,, = curlu,, and taking the limit n — oo we obtain the desired property for the limit
qg. Finally, if ¢ € BMO(RR?) is any other solution of (4.13), it follows that ¢ — ¢ is a harmonic
function on R? with sublinear growth at infinity, hence ¢ — § = ¢g for some ¢g € R. O

4.3 Uniformly local Lebesgue spaces

Let d € N* and 1 < p < co. We introduce the space Eﬁl(Rd) defined by
ch®Y) = {f € B RY| 1]z, < o0} , (4.20)

where || f]| L, is given by (3.1). In other words, a function f belongs to £ (R?) if and only if

f € LP(B,) for any = € R%, where B, C R? denotes the ball of unit radius centered at x, and if
moreover the norm || f||zr(p,) is uniformly bounded for all z € R2. Roughly speaking, a function
fe Eﬁl(Rd) is locally in LP but behaves at large scales like a bounded function.

The uniformly local LP space Lﬁl(Rd) is the subspace of Eﬁl(Rd) defined by
L@ = {F € L@ |lImyf = fllzz, — 0} - (4.21)

where 7, denotes the translation operator: (7,f)(z) = f(z —y) for 2,y € R?. The following
properties are well known [3]:

1. The space £} (R?) equipped with the norm (3.1) is a Banach space, which contains L (R¢)
as a closed subspace. In fact L? (R?) is the closure of Cp,,(R?) in £7 (R%), so that Chy, (R?)
and even Cp(R?) are dense in LF)(RY).

2. If p = oo the norm (3.1) should be understood as the uniform norm over RY. We thus
have £59(R%) = L>(R%) and the definition (4.21) shows that L% (RY) = C,,(R9).

3. For any p € [1,00] one has LP|(R?) # £F (RY). For instance, if f(z) = sin(|z|?), it is easy
to verify that f € £ (R%)\ L? (RY). Such a function cannot be approximated by uniformly
continuous functions in the topology defined by the norm (3.1).

4. As a Banach space, L¥|(R?) is neither reflexive nor separable.
5. If 1 < p < g < oo one has the embeddings Cp,(R?) < LI (RY) — LP (RY) — L1 (RY).
Uniformly local Sobolev spaces can be constructed in a similar way. For instance one can define

W&l’p (R?) as the space of all f € L (R?) such that the distributional derivatives 9;f belong to
LP (R for i =1,...,d.

Uniformly local Lebesgue spaces provide a convenient framework for solving evolution PDE’s.
As a simple example, we consider the linear heat equation dyu = Awu in R?. The solution with
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initial data ug € L (R?) is u(t) = S(t)up, where S(0) = 1 and

(S(t)uo)(x)zm /R w()dy, weRL, 150, (4.22)

The following result is not difficult to establish [3]:

Proposition 4.6. The family {S(t)}+>0 given by (4.22) defines a strongly continuous semigroup
on Lil(Rd) for 1 < p < oo. Moreover, if 1 < p < q < oo one has the estimate

1

IS(tyuoll o < C<1 +t‘%(%—a)>uu0HLpl . t>0. (4.23)

In Proposition 4.6, it is important to use L? (R?) instead of the larger space £, (R?), because
if ug € L£P(R?)\ LP|(RY) the solution u(t) = S(t)ug is not right continuous at ¢ = 0. For
short times (¢ < 1), the bound (4.23) reduces to the usual LP? — L? estimate for the heat
semigroup in R, whereas for large times (¢t > 1) we recover the L™ — L estimate. This is not
surprising if one remembers that elements of Lﬁl(Rd) behave locally like LP functions, but look
like bounded functions when considered at a sufficiently large scale. It is also possible to obtain
smoothing estimates for the heat semigroup in uniformly local Lebesgue spaces. For instance,
if 1 <p<q< o0, we have

1_1

IVS(tyuoll o < Ct_1/2<1+t_%(5_5))\|u0||Lpl . t>0. (4.24)

In the applications to partial differential equations, it is often convenient to use slightly
different norms on L (RY) which turn out to be equivalent to (3.1). Let p : RY — R, be a
measurable function with the following two properties:

a) p is positive on a set of nonzero measure;
b) p € L'(R?), where p(z) = sup{p(y) |ly — z| < 1}.
The second assumption implies that p € L'(R?) N L>®(R%). Indeed, we clearly have p < j, hence

Il < ||pllL:. Moreover, if B C R? is any ball of unit diameter, the definition of j implies that
p(z) < p(y) for all z,y € B, hence

1
su z) < inf p g—/~ dy . 4.25
xegp( ) yeBp(y) B B,o(y) Y (4.25)

This shows that ||p||z~ < |B|7!||5||1. Assumption a) ensures that p is not zero almost every-
where, so that [pq pda > 0.

The following result provides a plethora of equivalent norms on L? (R9).

Proposition 4.7. If p : R? — R satisfies assumptions a) and b) above, then for 1 < p < oo
the quantity

1/p
£l = w5 ([ ot = nlwran) (4.26)
z€RY R4
is equivalent to the norm || - ||Lp1 on LP (RY).

Remark 4.8. Obviously, if p is the characteristic function of the unit ball By C R, the definition
(4.26) reduces to (3.1). So (4.26) is clearly a generalization of (3.1).
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Proof. For any z € R? we denote by Q. C R? the cube of unit diameter centered at z, the
edges of which are parallel to the coordinate axes. The Lebesgue measure of @, is A%, where
A =d Y2 Given any f € Eﬁl(Rd) and any z € R?, we estimate

[ oa=lswray = 3

keze

[ ot —lser s < Y ek [ Iswrdy, @2

kexzd Qk

where r(z — k) = sup{p(z — v) |y € Qr} =sup{p(z) |z € Qu—r}. We observe that

L wrar < [ irwray < i,

By

because Q) C By (the ball of unit radius centered at k). On the other hand, we have as in
(4.25) :
1

—k) = s < inf ply) < — 5(y) dy |
r(z —k) Z:gfikp(z) St ply) < X / ] kp(y) Y

hence

1 - -
SR <55 X[ sy = aigl
z—k

kexzd kexzd
Taking the supremum over z € R? in (4.27), we conclude that | f|5 , < d¥?||p|| 11 1A,
ul

Conversely, as p is positive on a set of nonzero measure, we can assume without loss of
generality that [ By pdz = € > 0, where By C R? is the unit ball centered at the origin. If

||f||Lﬁ1 > 0, we choose z € R? such that

1
[ENOREE
Iy_$|§1 ul

We then have

/|z|§2{/1Rd P(x—y—z)\f(y)\l’dy}dz = /Rd{/|z|§2 plz—y—2) dz}\f(y)\pdy > %Hf\\igl ’

because by assumption f\2\<2 p(x—y—2)dz > € whenever |y — x| < 1. Thus there exists z € R?
with |z| < 2 such that

€ —
15, > | play=2)s@)ldy > Fmeas(z € R?|J2| <2171,

This proves the desired equivalence. O

Remark 4.9. Proposition 4.7 provides sufficient conditions on the weight function p so that
(4.26) is equivalent to (3.1). These conditions are weaker than what can be found in the existing
literature (see e.g. [3, Definition 4.1]), but it is not clear that assumptions a) and b) are
optimal. It is easy to verify that any weight p for which (4.26) is equivalent to (3.1) should
satisfy p € L*(R?) N L>®(R?) and [ pdz > 0, but these properties alone are not sufficient, as can
be seen from the following example. Assume that d = 1 and take

o 1 o0
p = Z_l[fkfk—l,fk] ; f= Zkl[k,kJrk—l} ;
= vk k=1
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where 1; denotes the characteristic function of an interval I € R. Then p € L'(R) N L>®(R),
and using definition (3.1) we see that f € £1(R). But

[ rnswas - Z% ~ too,

k=1

so that || f||1,, = +oo.

4.4 A few elementary tools

We collect here, for easy reference, a few elementary definitions and results that are used several
times in these notes.

I. Fourier transforms. We use the following conventions for Fourier transforms on R?. Let
S(R?) denote the (Schwartz) space of all smooth and rapidly decreasing functions f : R? — C,
see [38]. If f € S(R?) we set

for = [ f@ean, f@) = o [ feeac, (1.25)

2 R2

for all z € R? and ¢ € R2. We also denote f = Ff and f = F~1f. According to (4.28), we have
for any f € S(R?):

F(Vof) = i€(Ff), and F(zf) = iVe(Ff) .

The Fourier transform F and its inverse F~! are linear isomorphisms on S(R?), and can be
extended to linear isomorphisms on the dual space S’'(R?), which is the space of tempered
distributions on R? [38, 39]. For instance, if o denotes the Dirac measure located at the origin,

we have (Fdp)(&) =1 for all £ € R2.

I1. Young’s inequality. If f,g € S(R?), we define the convolution product h = f x g € S(R?)
by the formula

ba) = [ fa=nowdy = [ ae-nimdy.  ceR?. (4.29)

In Fourier space, we then have B(ﬁ) = f(g)g(g) for all £ € R?, so that F(f x g) = (Ff)(Fg).
Moreover, for all exponents p, q,r € [1, 00| satisfying % + é =1+ %, we have Young’s inequality

IAllor@2y = IIf * gllrwe)y < I fllew2)llgllnamey - (4.30)

More generally, if f € LP(R?) and g € L(R?), one can show that the integral in (4.29) converges
for almost every z € R? and defines a function h € L"(R?) satisfying (4.30).

ITI. Fundamental solutions. The Fourier transform can be used to compute fundamental
solutions of partial differential operators with constant coefficients. Two particular examples
play an important role in these notes. First, the fundamental solution of the Poisson equation
AD = 6y in R? is

1

D) = o loglel, 7 €R\ {0},

T
see [11, 29]. It follows that u = ® % p is the solution of the Poisson equation Au = p for any
p € S(R?). Similarly, the vector field

1 zt

V(z) = %W7

z € R?\ {0},
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satisfies divV = 0 and curl V = 9;V5 — 3;V; = 8. Thus, if u = V * w for some w € S(R?), we
have divu = 0 and curlu = w. The vector field V = V1 ® is therefore the fundamental solution
associated to the Biot-Savart law.

IV. Gronwall’s lemma. There exist many versions of Gronwall’s lemma, but the following
one is sufficient for our purposes.

Lemma 4.10. Let T > 0, a > 0, and assume that f,g,b:[0,T] — Ry are continuous functions
satisfying

f(t)—i—/o g(s)ds < a—i—/o b(s)f(s)ds, 0<t<T. (4.31)
Then . .
(@) —|—/0 g(s)ds < aexp(/o b(s) ds) , 0<t<T. (4.32)

Proof. Let F(t) = fot b(s)f(s)ds. Then F is continuously differentiable on [0,7] and satisfies,
in view of (4.31),

F'(t) =b(t)f(t) < ab(t) +bt)F(t) , 0<t<T.

Integrating that differential inequality and observing that F'(0) = 0, we obtain the bound

t
F(t)gaexp</ b(s)ds)—a, 0<t<T,
0

which can be inserted in the right-hand side of (4.31) to give (4.32). O
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