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Abstract. Genomic selection (GS) consists in predicting breeding values of
selection candidates, using a large number of genetic markers. An important
question in GS is the determination of the number of markers required for a
good prediction. Many studies show that it becomes useless to consider too
many markers. In contrast, for some species, the number of markers remains
too small to cover the huge genome size. Under such sparse genetic map, it
is likely to observe some imperfect linkage disequilibrium: the alleles at a gene
location and at a marker located nearby vary. In this context, we tackle here the
problem of imperfect linkage disequilibrium in the Ridge regression framework.
We present theoretical results regarding the accuracy criteria, i.e., the corre-
lation between predicted value and true value. We show the influence of the
projection of the causal regression function (i.e. at genes) on the space spanned
by the columns of the design matrix (i.e. at markers). Asymptotic results, in
a high dimensional framework, are given, and we prove that the convergence to
an optimal accuracy depends on a few limiting factors. This study generalizes
our recent results (Rabier et al. (2018)) obtained under perfect linkage disequi-
librium. Last, illustrations on simulated and real data are proposed.

Keywords: Accuracy, Genomic Selection, High Dimension, Linear Model,
Prediction, Ridge Regression, Singular Value Decomposition, Sparsity.

1. Introduction and background

Genomic Selection (GS), an extremely popular technique in genetics (Meuwis-
sen et al. (2001)), consists in predicting breeding values of selection candidates
using a large number of genetic markers. The goal is to predict the future phe-
notype of young candidates as soon as their DNA has been collected. GS was
first applied to animal breeding (see Hayes et al. (2009) for a review), and GS is
nowadays extensively investigated in plants. For instance, we can mention stud-
ies on apple (Muranty et al. (2015)), eucalyptus (Tan et al. (2017)), japanese
pears (Minamikawa et al. (2018)), strawberry (Gezan et al. (2017)), banana
(Nyine et al. (2018)), coffea (Ferrao et al. (2018)) ... Note that in medicine, the
predictive ability of complexe diseases with the help of genome data, is also a
topic of large interest (e.g. Lee et al. (2017), Abraham et al. (2014)). All these
application fields make the topic “genomic prediction” very exciting for geneti-
cists and statisticians, eager to propose new tools for improving the predictions
(see Momen et al. (2018)).

From a methodological point of view, GS relies on the expectation that
each QTL will be highly correlated with at least one marker (Schulz-Streeck
et al. (2012)). In genetics, this correlation is named Linkage Disequilibrium
(LD): it refers to the non independence of alleles at 2 different loci (see Durett
(2008) for more details). A usual estimator of LD is the square of Pearson
correlation. However, several factors are known to be responsible for artificial
LD in a population (e.g. relatedness, population structure ...). In Mangin et al.
(2012), the authors proposed new LD estimators (so called novel measures) that
correct bias due to relatedness and population structure. These measures seem



to be key elements in GS since they are also present in our formula (Rabier et
al. (2016)) on prediction in GS.

The aim of this paper is to generalize our recent theoretical study on the
accuracy of genomic prediction (Rabier et al. (2018)) in GS to the case of im-
perfect LD. Indeed, in our study, we focused only on perfect LD: QTLs were
located exactly on a few markers. When QTLs do not match marker locations,
we generally observe imperfect LD since the alleles generally vary at a QTL
location and at a marker located nearby. Imperfect LD is a topic of interest
since for some species, the number of markers remains too small to cover the
huge genome size. In that sense, this density of markers is unable to perfectly
tag QTL locations.

An underlying research topic in GS is the determination of the number
of markers required for implementing GS. In their study on maize population,
Zhang et al. (2015) showed that the prediction of a complex trait required a large
number of markers (around 58000 markers thanks to Genotyping By Sequencing,
and after filtering), whereas 200 markers were sufficient for predicting a simple
trait. In our study on GS in raygrass (Rabier et al. (2016)), we showed that
24957 markers were unable to cover the entire genome (2.7 Gb). Furthermore,
in a recent study on GS in coffea, Ferrao et al. (2018) showed that predictions
relying on 4000 markers gave similar results as those based on 35000 markers.
In this context, we propose to tackle here the problem of imperfect LD in GS.

In what follows, we will focus on Ridge regression since it is one of the most
popular method chosen by geneticists to perform predictions.

1.1. A linear model

Let us introduce the statistical model associated to GS. The quantitative
trait is observed on n training (TRN) individuals and we denote by Yi,...,Y,
the observations. p markers lie on the genome. In what follows, X is a matrix
of size n x p, and ’ denotes transposition. The i-th row of X, written as z, =
(Xin1,...., X p), represents the genome information at each marker available for
the ¢-th individual.

m QTLs lie on the genome, having an effect on the quantitative trait. [}
for 1 < j < m refers to the j-th QTL effect, and X™* is the analogue of X at
QTL locations.

We assume the following causal linear model for the quantitative trait:

Y = X*B* +e, (1)

where Y = (Y1,...,Y,,)', B* = (BF,....85), € ~ N(0,621,,), I, is the identity
matrix of size n and o2 refers to the environmental variance.

In this manuscript, we will propose an analysis conditional on 1, ..., z,,
x7, ..., x5. However, before imposing this conditioning, we have to precise
that the matrix X* is independent of . Besides, some correlation is present
between the matrices X* and X: for instance, due to the fixed genome size, x;
and x} are necessarily correlated. Simulated data will be generated accordingly.

In what follows,  (resp. r*) will denote the rank of the matrix X (resp. X*),



and Ryows(X) (resp. Riows(X™*) ) will refer to the linear space generated by the
rows of X (resp. X*). In the same way, Reo1(X) and R (X*) will denote to
the linear space spanned by the columns.

1.2. Introducing a test individual

A supplementary individual, so-called test (T'ST) individual (denoted new) is
genotyped but not phenotyped. Using same notations as those used for the TRN
population, x7 ., denotes the column vector containing the genome information

at the m QTLs of the individual new. As a result, the quantitative trait Y;,c.,
can be written

*/ *
Ynew = Tpew ﬁ + Enew,

where &,,6 ~ N(0,02).

We suppose that x7,.,, €new and € are all independent. Using same notations
as before, ., denotes the random genome information at markers, and x,¢q,
and z}.,, are correlated because of the fixed genome size responsible for some

genetic linkage.

1.3. Introducing the accuracy and the prediction model

In GS, we are interested in predicting either the genotypic value . B

or the phenotypic value Y,¢,. In both cases, an estimator Y., is constructed
from a prediction model learned on n TRN individuals. Ynew is a function of the
random variables ¢, and €. Then, the quality of the prediction is evaluated
according to some accuracy criteria, i.e. the correlation between predicted and
true values. The phenotypic accuracy, pppn, also called predictive ability, is

defined in the following way (e.g. Visscher et al. (2010))
COV (}Afnew, Yne’w)

Pph = -
\/Var (Ynew> Var (Yew)

whereas the genotypic accuracy, pgy, is defined as (e.g. Daetwyler et al. (2008,
2010))

: (2)

Cov (Ynewv x:z/ewﬁ*)
Pg = - ’
\/V&I' (Ynew> Var (:C:L/ew *)

Note that, when 27 ..,, €new and € are all independent, these two accuracies
are linked by the relationship ppn/py = h, where h is the squared root of the
heritability of the trait:

(3)

new

_ Var (a2}, 6%)
 Var Ynew) (4)

h?



*/ *

* w BY), and as a consequence, we have the

In what follows, we set 0% = Var (z
relationship h? = 0%/ (02 + o2).
Besides, the oracle situation will denote the settings where the QTLs loca-
tions and their effects are known. Then, under the oracle situation, the natural
predictor is Yoracle — g* g% = Ag a result, according to formula (2), the oracle

accuracies are the following

p;racle -1 , pgzacle — h.
As in our previous study (Rabier et al, 2018), we will focus on Ridge regression
(Tihonov (1963); Hoerl et al. (1970)), called random regression best linear unbi-
ased predictor (RRBLUP) in genetics. It is known that RRBLUP is equivalent
to genomic best linear unbiased predictor (GBLUP).

The Ridge estimator, based on genome information at markers, presents
the advantage to be suitable in a high dimensional setting (i.e. p > n). Its
expression is the following:

Bi=(X'X +A,)" ' XY, (5)

where A refers to a regularization (or tuning) parameter, and I, denotes the
identity matrix of size p X p.

Before presenting our roadmap, let us introduce a notation regarding perfect
LD.

Notation: Under perfect LD, the m QTLs are located on a few markers
and [ denotes the sparse vector of size p, containing the components of 5*.

1.4. Our contributions and roadmap

Since this paper is a generalization of Rabier et al. (2018), we will follow the
same outline as in our previous article. It should make the reading easier, and
should help the reader to compare the different results.

Our study starts in Section 2, by recalling a recent formula on the accuracy,
suitable under imperfect LD. We also introduce two singular value decomposi-
tions, the one of the design matrix (i.e. at markers), and the one of the causal
matrix (i.e. at genes). Then, we state our Theorem 1, the analogue of Theorem
1 of Rabier et al. (2018), dealing here with imperfect LD. This theorem is some-
what essential since other results, appropriate under imperfect LD, are built on
it.

Section 3 is devoted to the case where TRN and TST are sampled from the
same probability distribution. Theorem 2 introduces an estimation p4 of pg
that does not require the genome information of TST individuals. According
to this theorem, the projection of the regression function X*S* on Rcq(X)
is a key element for the genotypic accuracy. From Theorem 2, we can retrieve
results under perfect LD: the key factor becomes the projection of the signal 5 on
Rrows(X) (as in Rabier et al. (2018)). Lemma 1 introduces, under imperfect LD,
a lower bound for j,: it takes account a global projection (same weights on each
subspace) of X*3* on the space spanned by the columns of X. Lemma 2 assumes



that the signal 5* is spread out uniformly on each subspace of Ry ows(X*). The
oracle accuracy is reached as soon as the limit of a loss factor (so called 1-
&(p,m)) is equal to zero. Lemma 2 relies on different assumptions than the ones
assumed in Lemma 2 of Rabier et al. (2018). In that sense, our Lemma 2 is not
a generalization to imperfect LD.

Section 4 investigates the case where TRN and TST are not sampled from
the same probability distribution. The genome information of TST individuals
needs to be known, in order to compute the estimator p, of pg.

Last, Section 5 introduces the modified predictor f)g of Rabier et al. (2018),
that may improve the quality of the prediction. Recall that it relies on the
projection of Y on a well chosen subspace of Rco(X). Lemma 4 proposes
an estimation of that predictor’s accuracy: as expected, under imperfect LD,
it depends on the projection of the regression function X*£* on the chosen
subspace. After having introduced bounds for ﬁg in Lemma 5, we will show
that Lemma 6 of Rabier et al. (2018) that compares ﬁg and p, is still suitable
under imperfect LD.

To conclude, in Section 6, we will illustrate our theoretical results on sim-
ulated and real data. We propose to investigate a topic in GS that has not
been studied before (as far as we know): the accuracy of the prediction when
the genetic map of TRN differs from the one of TST. In particular, we suggest
to consider a more dense map for TRN than for TST: the dense TRN map
will help to estimate the nuisance parameters X* and (*, required to compute
our estimation p,. This concept relies on the expectation that QTLs will be in
perfect LD with markers under this dense TRN map, which is not the case for
the TST map (imperfect LD). Contrary to our “perfect LD” study where the
Adaptive LASSO (Zou (2006)) was found to be the best substitute for 8, we
found here that the LASSO (Tibshirani (1996)) was the best substitute for §*
when a sparse TST map was considered. Moreover, the Adaptive LASSO was
more appropriate for a dense TST map.

Finally, performances of the modified ridge estimator are also illustrated,
and we analyzed real data of Spindel et al. (2015) on GS in rice, considering
different density of markers. With the help of our “imperfect LD” proxies, we
will show that geneticists can evaluate the accuracy of their prediction and figure
out if they should redensify their genetic map to improve the reliability of their
predictions.

2. General expression for the accuracy

2.1. An existing formula suitable under imperfect LD

Since we have the well-known relationship
(X'X +AL) "X =X (XX'+ \,)"", (6)

the computation of 8 only requires the inversion of a n x n matrix.



In this context, the predictor for the so-called new individual is the following;:

View = @ o0B =2, X'VIY  where V = XX’ + \,,.
In what follows, we will assume that Y, Yicw, Tnew, %)eqy, the columns of X
and the columns of X™* are centered.

Assuming that z1, ..., xn, 27, ..., 2}, are known, and that €, Zpew, Th.,, and
€new are random, the genotypic accuracy, according to formula (5) of Rabier et
al. (2016), has the following expression:

6*/ E (JZ* .13/ )X/V_lX*ﬁ*

newnew

Pg = 5 12
(02 (e X'V 1P ) 4+ B XAV -LX Var (wnea) XV1X5) 06

(7)

where ||| is the L? norm.
We introduce the following notations

new*-new new

Ay = BY XMV X Var (Tnew) X'VTIX* B | Ay =02

Ay = B E () XVTX B, Ay = 0B (|Ja XV )

2.2. SVD decomposition

Following Shao and Deng (2012) and Bithlmann (2013), let us consider the
singular value decomposition of X:

X =PDQ, (8)

where P is a n X r matrix satisfying PP = I,., ) is a p X r matrix satisfying
Q'Q = I, and D = Diag(dy,...,d,) with dy > ... > d, > 0. The columns of
Q@ (resp. P) constitute an orthogonal basis of the space spanned by the rows
(resp. columns) of X. In what follows, Q(®) will denote the s-th column of Q,
and as a consequence Ryows(X) = Span {Q(l), cee Q(”)}. By construction QQ’
is an idempotent matrix, and as mentioned in Shao and Deng (2012), we have
the relationship o

QQ'B = p.
In other words, since the projection of 3 onto Rrows(X) is still B, the ridge
estimator is always in Ryows(X).

In the same way, let us introduce the singular value decomposition of X*:

X* — P*D* *17 (9)

where P* is a n X r* matrix satisfying P* P*

L, Q* is a m X r* matrix
satisfying Q¥ Q* = I,«, and D* = Diag (df, .. ‘)

.5 with df > ... > dr > 0.



2.3. Results
Our first theorem can be viewed as the analogue of Theorem 1 of Rabier et
al. (2018), dealing with imperfect LD.

Theorem 1. Let us assume that X and X* are known, and that €, Tnew, Thew

and €ney are random. Then, the genotypic accuracy has the following expression
Ay

Pg =

where

*

~ ds L, , SN ) i
e ; 5 B E(@hewtnen) QUPOY_diPrIQT g

2
&2+ =

r d2 2
-2 s s S
A2 =0, § : (d2 +)\)2 E (HQ( )Q( )/xnewH ) 3
s=1 9%

/

" d, P L
As = Z 5 Q) plsy Z dj*_p*(J)Q*(J)/ﬂ* E (Znew )
s=1 9% j=1

- dS s s C j *(J
Z i Q¥ pl )’Zd;P*(])Q Wrgl |
s=1 S j=1

A4 _ 6*/E (.’17* ZC*/ )B*

new - new

The proof is given in Section 1 of the Supplementary Material. The phenotypic
accuracy is obtained by replacing the term A4 at the denominator by A4 + 2.
Note that another expression of A; is the following:

.
d' s S S S
A=Y 5 B E (@heyhen) QUQUWQUPOXBL (10)
s=1 %

Recall that under perfect LD, the QTLs are located on a few markers and
[ denotes the sparse vector of size p, containing the components of g*. Ac-
cording to the above formula (10), we can notice that the term d,Q®*)Q)3
from Theorem 1 of Rabier et al. (2018) has been replaced here by the quantity
QW QEQE) p() X*B*  In other words, under imperfect LD, we have to con-
sider the projection of the vector P X*B*Q(*) on Span{Q(*)}, whereas under
perfect LD, the projection of dsf3 on Span{Q(s)} is taken into account. Same
remark holds for A3 at the denominator.

Last, since formulas obtained under imperfect LD are more general, we can
easily find formulas suitable under perfect LD from formulas obtained under
imperfect LD. We just have to consider that the regression function is the same
(i.e. X*B* = Xf), and X*3*Q) is obviously equal to dsS3.



3. Estimation when TRN and TST samples come from the same prob-
ability distribution

In this section, let us consider the case where the TRN and TST samples
are from the same probability distribution. In this context, using the empiri-
cal covariances X* X /n, X' X/n and X* X*/n as estimates of the covariances
E (2} Zhew)s B (Tnew®he,) and E (% ,.,,27..,) appearing in Theorem 1, we ob-
tain the following theorem.

Theorem 2. Let us assume that x1, ..., T, and Tpe, are independent and
identically distributed (i.i.d.). In the same way, let us assume that z3, ..., x
and x}.,, are i.i.d. Besides, let us consider that X and X* are known, and that
€, Tnew Nd Eneyw are Tandom. Then, an estimation of the genotypic accuracy
18

Ay
(1212 + 1213) v <A4) v

Pg =

where

A _ 1 . dg P(S)P(S)IX* * 2
1*ﬁzd2+A H p
s=1 9

2

3
I

Uéidii AA‘_liiHP(S)P( )’X*ﬁ*
n L@+ N2 7T (d2 + \)2

Ay = de*Q

The proof is given in Section 2 of the Supplementary Material.

We can see that the term d2 HQ(S)Q(S)’ﬁHQ from Theorem 2 of Rabier et al.
(2018) has been replaced by the quantity HP(S)P(S)’X*,B*HQ, in the expressions
of fll and Ag. As said before, this theorem is more general than Theorem 2 of
Rabier et al. (2018): we can easily switch from imperfect LD formulas to perfect
LD formulas as soon as we impose X** = X[3.

Let us now give bounds for the quantity pg.

‘Q *(0r 3

Lemma 1 (Bounds on p,). Using same assumptions as in Theorem 2, we
always have

||PP’X*6*H min, d2

+)‘ < [) < oracle
> Pg = Py .
o2 T PP 3P max, s \/HQ*Q*’B*||2 max, d;2

The proof is given in Section 3 of the Supplementary Material.



Note that A; and A3 can be rewritten in the following way:

Al —— Zﬂ*/ d2 )\ Z@*(Z)d*P*(E)IP(s Zd* s)/P*( )Q*(j)lﬂ* ,

Jj=1
2

A?) S z’": d2 (i d@P(S /P* *(E)/B*>

3.1. Asymptotic study of pg when n — +00 and p — +00, m bounded
Recall that df > d5 > ... > d7. > 0 are the singular values of X*, and that
dy >ds > ... > d, > 0 are the singular values of X. Note that since the number
of QTLs m is bounded, the rank r* is bounded. In contrast, the rank r may
diverge because we let p and n tend to 400 in our high dimensional setting.
To study asymptotic properties of py, we consider that

di? ~n¥ with0 < <1,
d:? ~n" withn <4 <1 and 7 and ¥ do not depend on n.
Recall that u,, ~ v, means that 7> — 1 when n — oo. Besides, we will assume

that
1Q*Q* B*||” ~ n®" with 7 <7 and 7 not depending on n.

Although that r* is bounded in our study, these conditions are somewhat
inspired from Shao and Deng (2012) and Fan and Lv (2008). Let us consider a
regularization parameter A such as A — oo and A = o (d{Q). Besides, 7, 3,
Q3 and their analogues €3, £y, Q3, will denote the following sets:

le{s|)\:0(d3)}, ng{s
—{t]A=o(d?)), Q*{e

Note that €27 contains at least the index 1. This study is singular because of the
6 sets considered instead of the 3 sets from our previous “perfect LD” study.

2 NCl)\witth>0}7 Q3 = {s]d=0(\)},

52 NCIEA with C} >0}, Q5 = {¢]di* = o(N) }.

3.1.1. The projected signal is spread out uniformly on each subspace
Let us define the following sets Qf associated to ¢:

2
Vk e {1,2,3}, Q.= {s ey | HP(S)P(S)’P*“)H 4 o} .

We impose all the sets 2 to be disjoints ( N N Qf = ). In other
1<k<3 1<e<r

words, a given “s” can not tag different /.
Besides, V/ € Qf, we will impose the corresponding set € to be non empty:
WL

each “0” associated to a large singular value of X*, is tagged by a few “s
associated to large singular values of X. It implies that #0} < #Q;. Note that

10



this condition is not required for the other sets associated to £: Q5 and Q4 may
be empty or not. In that sense, each ¢ € Q7 can also be tagged by some “s”
that belong to (2 or Q3.

Furthermore, let us consider a more general ¢, i.e. 1 < ¢ < r*, and taking
into account that HP’*(Z)H2 =1, let us define the quantities ¢f, &5 and ¢4 such

as:

El e 20 + &5l passo + &l par 2o < 1 with (&7,65,&5) €]0,1)°

2 l
Vs e Qf, || PO PE PO L #fée if #Qf+#0,
1
2 0
Vs e QY , ||POPE PO #%e if #0540,
2
2 4
Vs e Qf, || PO PE PO #5& if #05 #£0
3

where #(2 refers to the cardinal of the set (2.
In other words, the projection of P*() on Span{P(l) P(”)} is spread
out on the subspaces Span{P(s)} Span{P(s)} and Span{P(s)} Note that
seEQ 1
within each subspace Span{P S)}, the pI‘OJGCthH is spread out uniformly on
s€Qf
each component P().
Let us consider a few extra conditions. In what follows, conditions denoted
with a star are specific to this paper, whereas others were already present in
Rabier et al. (2018).

TSN 2 e «(€2) 3 & =o())

LeQy s€Q3
«(C3) > di=o0()\?) . (04*)7;‘; =o(1/\)
s€Q3
(05)#91 =0(1) (06)#92 =0(1)
o (CTH)— Z ebdx? o (08— Z ghay? =
LeQy ey

Because of conditions (C5) and (C6), when p > n, the rank r of the matrix X
which is bounded by n, will diverge to +oo if and only if the number of elements
of Q3 diverges. On the other hand, since the number m of QTLs is bounded,
the rank r* of the matrix X* is bounded and Qj, Q3 and 3 are finite sets.
Some intuition and some explanations on these conditions are given in Section
4 of the Supplementary Material.

11



The following lemma, so-called Lemma 2, assumes imperfect LD and that
the signal is spread out uniformly on each subspace of Ryows(X*). This lemma
is different from Lemma 2 of Rabier et al. (2018), which was restricted to perfect

LD, and supposed that the signal was spread out uniformly on the subspaces of
7zumm()()

Lemma 2 (Convergence to the oracle accuracy). Let us consider same as-
sumptions as in Theorem 2. Besides, let us suppose that the projected signal is
spread out uniformly on each subspace Span{Q*“)}, i.€e.

2T
D=1, (11)

2
~

HQ*(@Q*(@)/B*

Moreover, V0 € QF, let us assume that Qf # @, and let us set & = £(p,n) with

0<b<&(p,n) <1and0<b< 1. Then, assuming that N n U=0
1<k<3 1<0<r+

and conditions (C1* —C2 — C3 — C4* — C5 - C6 — C7* — C8),

o for large p and n, we have pg ~ /&(p,n) pgracle
e when p — +o00 and n — 400, we have pg — (hm &(p, n)) pzmde

o if V0 e, & =1/n" and & = 1/n% with 6, > ¢ and O > ¢, then we
have {(p,n) — 1 and py — pgTacle.

The proof is given in Section 5 of the Supplementary Material (see also Sec-
tion 4 for some intuition). For each ¢ € QFf, £(p,n) is the percentage of the L2
norm of P*() represented on Span{P(s) } Note that under our conditions, we

seQy
are only able to capture this percentage of the L2 norm of P*() (see Sections
4 and 5 of the Supplementary Material). 1 — &(p,n) can be viewed as a loss
coefficient: it is the percentage of the L2 norm of P*() that is unable to be cap-
tured (from either Span{P(s) }, either Span {P(s)} or from the complementary
seQf s€Qf
subspace).

Moreover, when p — +o0o, the distance between markers and QTLs tend
to zero. As a consequence, QTLs locations match a few marker locations (i.e.
perfect LD), and each column of X* is included in X. Then, according to
Lemma 2, the oracle accuracy is reached as soon as lim 1/&(p, n) is equal to one
(i.e. no loss). Typically, this is the case when we set &5 = 1/n and &§ = 1/n%.

3.1.2. The projected signal belongs only to one component

Let us come back to the assumptions given at the beginning of Section
3.1 (before paragraph 3.1.1). In this context, we propose to study here the
asymptotic behavior of our estimate p, when the projected signal belongs only
to one component.

12



Lemma 3 (Extreme cases). Let us consider same assumptions as in Theo-
rem 2. Besides, let us suppose that the projected signal belongs only to Span {Q*(l)}
that is to say
2

=0, forl <t <r*.

HQ*(l)Q*(l)/B* z n?", HQ*(e)Q*(e)/B*

Moreover, let us assume that £ = 1 is tagged only by one s such as HP(S)P(S)’P*(l) ||2 ~
&(p,n) with 0 <b< &(p,n) <1, and ||P(“)P(“)’P*(1)||2 =0VYu+#s. Then

o If s€ Oy UQ,, and

— i 2+ > 1, then g — (lim \/E(p,m) ) pgrecte.
— if 21+ < 1, then
r 4 ) ) ‘
* Zf Eu:l (did#)z =0 (n27'+w) , then Pg — (hm g(p, n)) pZTa(,le

4
u

. T r d A
w if 27T = o (Eu:l W), then pg — 0.
o IfseQ3, A\~ Cn dy ~nY withC >0, k > max(0,—7), v < (k+n)/2

— if 4y — 2k — 20+ 27 + 1) > 1, then py — (Hm &(p, n)) pgracte
—ifdy =2k — 20427 + ) < 1, then
b § d, ek T ) H oracle
i iy g = 0 (W) hen py - (lim/E(pm) ) g

. —2k— T T dﬁ ~
* Zf n4'Y 2 20427+ o (Zu:l W), then pg — 0.
The proof is given in Section 6 of the Supplementary Material.
The analogue of this lemma, dealing with a projected signal that belongs
only to Span {Q*(T*)} is given in Section 7 of the Supplementary Material.

4. Estimation when TRN and TST samples do not come from the
same probability distribution

In this section, we will consider the general case when the TRN and TST
samples do not come necessarily from the same probability distribution. Fur-
thermore, let us assume that n,,.,, new individuals are available, and that we are
willing to predict the phenotypes of those individuals. X, will be a random
matrix of size nyeq X p containing the genomic markers of the new individuals.
The singular value decomposition of X,e,, is the following:

Xnew = WFZ/v

where W i8S & Npew X Tneyw matrix satisfying WW =1, Zis a p X I'peq, matrix
satisfying Z'Z = I,

and F' is Tpew X Tpew diagonal matrix of full rank.

new’
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In the same way, X, is the random matrix at gene locations, and we

consider W*F*Z*' the SVD decomposition of X, 77 e denotes the rank of

new

X*
new*
*/ */
Using X, ., Xnew/Tnews XhewXnew/Mnew and XnmX * ow/ Mnew tO estimate
! */
the covariances E (22 .., % cw), E(TnewThe,) and E(xX, xx. ), we obtain the

following Theorem 3, a random version of Theorem 2.

Theorem 3. Let us assume that X and X* are given and that Xpe,, and X},
are random. Besides, we suppose that the rows of Xpew are i.i.d., and also that
the rows of X}, are i.i.d. Then, an estimator of the genotypic accuracy is.

7 A (12)
Pg = —— . . )
T (et As) P (A7
where
A = - Z d2 + 5 Z fifo<w*® wo > Zd; < PB) prU) s« 7O zx(k) gx ) Q*G) g* >
new 3 =1 k=1 i=1
2 T Nnew Tnew 2
i, = e ‘ (8) (@) pp (@)
b= S ey (zw st
Ag = — Z Z d2 + 5 d2 S Z AR AL OACIACTSIORN Z 4 < PG prU) 5 ) g

*

Zdi < P(Z),P*(k) > Q*(k)/ﬂ*,
k=1

X

*

T'n,ew
I

n'ILE’LU a=1

‘Z*(a)Z*(a)/B* 2

The proof is given in Section 8 of the Supplementary Material.

5. How to improve the quality of the prediction

As in Rabier et al. (2018), we propose to project the vector Y on a well
chosen subspace of the space spanned by the columns of X, in order to improve
the quality of the prediction. Let 1 < 7 < r and o(.) a one-to-one map o :
{1,...,7} = {1,...,r}. We thus have o(k) # o(k') for k # k’.

Let us consider the estimator

f=X'V1PP'Y where P = (P"(l), o PW)) .

Note that PP'Y is the projection of Y on Span {P"(l), cee P”(F)}. Besides, we
set Q@ = (Q°MW,...,Q°™). Then, the corresponding prediction for the so-called

14



new individual is the following:

Yiew = @ ou = 2, X'V IPP'Y .
Let p4 be the analogue of p,, with Yiew replaced by Yew (cf. formula (3)):

. Cov( news x;ewﬁ) |
\/Var( new) Var (2!,..,5)

A more explicit formula for p, is given in Lemma 2 of Section 9 of the Supple-
mentary Material. This lemma can be viewed as a version of Theorem 1 based
on this new estimator. Let us now present a lemma which is the analogue of
Theorem 2.

(13)

Lemma 4. Let us consider same hypotheses as in Theorem 2. Then, an esti-
mation of the quantity pg is

jy 4,
N 2 N1/2 ;2 \1/27
(A2+A3> (A4)
where
2 1 T d ~ 0_2 7 d4()
A== oinw(s)p(o 9y x+5#|? A, =2 als
! nzd()+ p 2 ng(dzg)%—)\)
2 1 d di(s) o o 2 z
A= 03 g P e s A=
s=1 o(s

The proof is given in Section 10 of the Supplementary Material.
Let us now give bounds for the quantity pg.

Lemma 5 (Bounds on ﬁg). Using same assumptions as in Theorem 2, we
always have

2
ming < o< dQ"‘)‘]rA R
5 < oracle'

= Pyg

HPP/X*B*

b
<

\/er—l—HPP’X*B* maxj<s<r 7@126 ) \/HQ* *’B*H anaszal*2

Irhe proof relies heavily on the proof of Lemma 1, using the expressions of /:11,
[12 ans 1213 given in Lemma 4. We can notice that at the denominator, the
quantities 7 and HPP’X*B*‘F replace now the quantities r and ||PP’X*5*H2
of Lemma 1. This decrease at the denominator will be profitable provided that
the numerator does not decrease too much.

We can notice that Lemma 6 of Rabier et al. (2018) is still suitable in our

study. Then, for fixed n, we can easily compare the quantities ﬁg and pg. Let
us recall this lemma.
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Lemma 6 (Rabier et al. (2018)). Let us suppose that Ay — ;11 # 0. Then,
we have pg > pg if and only if the following relation holds:

A > (1212 + 143)

/12+A3
Al—Al B A2+A3—(z‘12+/~13)

1+ = -
Ag + As

Let us briefly recall explanation given in Rabier et al. (2018). E denotes the
estimator, such as . .

f:=X'V-IPPY
where P denotes the matrix obtained from P by removing the column vectors
pe) . P7(M Y, denotes the prediction:

- , -
Ynew = xnewﬁ'

We have the relationships B = B + E and Ynew = ?new + Ynew.
Then, the different terms of the lemma can be rewritten in the following
way:

Ay = Cov(Yaew, Yaew) » A1 — A = Cov(Yaew, Yaew)
;12 + jl:s = Va;‘(i/;lew) , Ay + Ay = \//a\r(ffnew)
Ay + Ay — (;12 + /:13) = \//STT(?ncw)

Let us introduce a new lemma:

Lemma 7 (Extreme cases). Let us consider same assumptions as in Theo-
rem 2. Besides, let us suppose that the projected signal belongs only to Span {Q*(l) },

that is to say
2 2
’ ‘ =0, forl <s<r*.

HQ*(l)Q*(l)/ﬂ

~ TL2T, HQ*(S)Q*(S)Iﬂ

Moreover, let us assume that £ = 1 is tagged only by one s such as HP(S)P(S)’P*(U H2 ~

&(p,n) with 0 < b < {(p,n) <1, and ||17-7(“)P(“)'P*(1)H2 =0 Yu # s. If we sup-
pose that s € {a(1),...,0(F)}, then

1. If s € Q1 UQq and if 217 + 1 < 1 and the following two conditions hold

~ d4 s
RN ey

T . di
o 0 = o (T )
we have ,39 — (lim VE(p, n)) pgmde, whereas pg — 0.
2. If s € Q3, A\ ~ Cn*™" dg ~ nY with C > 0, k > max(0,—7), v <

(k+1m)/2, 4y — 2k — 2n 4+ 27 + ¢ < 1, and the following two conditions
hold
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4
% =0 (n4vf2ﬁf2n+2r+w)

)

4
dy—2k—2n+2749 _ r dy,
o n — o (Zios s ).

we have p, — (lim VE(p, n)) pgmde, whereas pg — 0.

The proof is largely inspired from the proof of Lemma 3. According to this
lemma, there are a few cases where at the same time, the new accuracy /39 is
not negligible (equal to lim \/&(p, n) pgr’wle) and the classical accuracy jg is null.
Note that the analogue of this lemma, for a projected signal belonging only to
Span {Q*(T*)} can be deduced easily.

6. Applications under imperfect LD

In this section, we propose to illustrate our theoretical results, with the help
of simulated data. We refer to Rabier et al. (2018) and Rabier et al. (2016)
for a more precise description of the simulation framework. Populations were
simulated by random mating between haploid individuals (i.e. with only one
copy of each chromosome), during (a) 30, (b) 50, (c) 70 generations, or (d) 100
generations. In generation zero, either two or eight haploid founder lines were
crossed. The eight founder set up, was suppose to introduce less LD due to
relatedness. We focused on one chromosome of length 1 Morgan and also on
a genome of length 4 Morgan or 6 Morgan. Recall that by definition, there is
on average x crossovers on a genetic map of length * Morgan. We considered
4 different densities of genetic markers equally spaced on the chromosome: (a)
100, (b) 500, (c) 1,000, or (d) 2,000 SNPs. We studied different configurations
for the phenotypic model and the environmental variance o2 was set to 1.

The prediction model was learnt using 500 TRN individuals and the pre-
diction model was evaluated on 100 TST (in all cases) produced in the last
generation. We did not consider any full sib. Note also that all the quan-
tities presented in the different tables are averages based on 100 simulations.
Since we analyze the case where X and X* do not vary across replicates, one
simulation consists (a) in regenerating 100 TST individuals by random mating
between individuals from the penultimate generation, and (b) in regenerating
new phenotypes (TRN+TST).

The empirical accuracy was computed with the R software, using the em-
pirical correlation between the predicted values and the true values. The regu-
larization parameter A was chosen by Restricted Maximum Likelihood (Corbeil
and Searle (1976)) using the matrix X.

In what follows, to make the reading easier, we will adopt the notation
Ppn (X, 5%) and ppp (X, X/, 5%) for ppn and ppp, respectively. It will help for
enumerating the nuisance parameters that have to be estimated.
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6.1. Comparison between ppp, and ppn (Tables 1 and 2)

Tables 1 and 2 investigate the differences between pp,(X*, 8*) and
P (X*, X% o %), when 2 large QTLs lie on a chromosome of size T=1M. Ta-
ble 1 focuses on the case where TRN and TST may be sampled from different
probability distributions. The TRN sample was always based on 30 generations,
whereas the TST sample was based on either 30, either 50 or 70 generations. Dif-
ferent density of markers were considered. According to Table 1, the estimation
Ppn(X™*, 5*) and the estimator ppn(X*, X..,, 8*) gave fair results when TRN
and TST relied on 30 generations. However, when the number of generations for
TEST was greater than the one for TRN, the performances of j,,(X*, 5*) dete-
riorated heavily: we did not observe an agreement with the empirical accuracy.
In contrast, ppn(X*, X}, 5*) was still a good estimator.

Table 2 investigates in details the formulas given in Theorems 2 and 3.
TRN and TST were based on the same number of generations and the num-
ber of markers was set to 1000. We focused not only on py,(X*,8*) and
Ppn (X, X%, B7) but also on extra estimators (or estimations for ) relying
on partial sums: these estimators consist in replacing the true quantities r, r,cq
with smaller values. In other words, we studied partial estimators relying on a
few SUbSpaceS of Rrows (X)7 Rrows(Xnew)a RCO](X)v Rcol(Xnew)~ Recall that un-
der our simulation set up, n=500 and n,,,=100: as a consequence, 7 is bounded
by min(500, 1000) (i.e. 500), whereas e, is bounded by min(100,1000) (i.e.
100).

According to Table 2, when r and 7y, were set to 25, we observed a non-
negligible difference between the corresponding estimators and the empirical
accuracy, specially for a larger number of generations (50 and 70). The number
of considered subspaces was probably too low. In contrast, for higher values of
r and Tpeqy, the estimators relying on more subspaces gave estimates close to
the empirical accuracy. Note that since ppp(X*, X/, 5%) handles explicitly the
TST sample, it suffered from a decrease of the size of the underlying subspace,
which was not the case of p,,(X™*, 8*) exclusively dedicated to TRN individuals.

6.2. TRN and TST do not share the same genetic map (Tables 3, 4, 5, 6, 7)

Tables 3, 4 and 5 deal with 25 QTLs lying either on a chromosome of size
1M, or a genome of size 4M, or 6M.

We propose here to study a new topic in GS: the accuracy of the prediction
when the genetic map of TRN differs from the one of TST. In this context,
let us consider a more dense map for TRN than for TST. Since the estimation
Ppn (X, 5*) depends on nuisance parameters X* and 5*, we propose to estimate
the parameters using the dense TRN map. This concept relies on the expecta-
tion that QTLs will be in perfect LD with markers under this dense TRN map,
which is not the case for the TST map (imperfect LD).

The key point is that the dense TRN map is only used to estimate the
nuisance parameters. The predictor for the so-called new individual is still
Yoew = @', 3 =z X'V=1Y, where X denotes the design matrix (of size

new new

n x p) for TRN (the columns of X match exactly marker locations of TST). In
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the same way, the estimation p,n(X*, 8*), built on Theorem 2, relies on that X
design matrix. In this context, using the same number of generations for TRN
and TST, boths samples (TRN and TST) share the same probability distribu-
tion, and it is reasonable to consider the estimation ﬁph(X *, B*) as a proxy for
the predictive ability. In order to estimate 5* in a high-dimensional setting,
we will concentrate on the LASSO (Tibshirani (1996)), the Adaptive LASSO
(Zou (2006)) and on the Group LASSO (Yuan and Lin (2006)) estimators, as
in Rabier et al. (2018).

Tables 3—7 compare the performances of our new proxies, that handle im-
perfect LD, with proxies suggested in Rabier et al. (2018) under perfect LD
assumptions. We chose the Adaptive LASSO as a substitute for 3, as advised
by the authors. In what follows, ﬁ;zand(ﬂADLAgso) (resp. [);?Land(ﬂADLAsso))
will refer to the “perfect LD” proxies available before (resp. after) genotyping
TST individuals.

Tables 3, 4 and 5, deal respectively with 250 markers, 500 markers and 1000
markers, equally spaced on [0, T]. The dense TRN map contains twice the num-
ber of markers. According to Tables 3, 4 and 5, there is a clear advantage to
handle explicitly imperfect LD for T'=4 and T=6, whatever the density of mark-
ers: the proxies ppn(X*, Biprasso) and pon(X*, B 4ss0) gave always better
performances than the quantities ﬁ;ﬁa"d(BADLASSO) and ﬁ;%a"d(BADLAsso) re-
lying on perfect LD.

In contrast, when a chrosomome of length 1M was studied, ppn(X*, B4 prass0)
was the only proxy found to be more accurate than “perfect LD” proxies. In-
deed, when p was set to 500 or 1000, ﬁph(X*,BZASSO) was outperformed by
“perfect LD” proxies. This result is not so surprising since this genetic map
is close to micmick perfect LD situation, and the Adaptive Lasso was the best
substitute for § according to Rabier et al. (2018).

Same conclusions hold for the 100 QTLs scenario (cf. Tables 6 and 7).

To sum up, the best proxy (see gray underlined in each table) for each
simulation set up, was found to be ppn(X*, B4 prass0) for T=1, and in most

cases, ﬁph(f(*, BEASSO) for T'=4 and T=6.

6.3. The quality of the prediction can be improved (Tables 8 and 9)

We propose to illustrate here the performances of the estimator B that relies
on the projection of Y on a well chosen subspace of Ry ows(X).
In order to find an appropriate subspace, we used the same kind of procedure

2
as in Rabier et al. (2018). We decided that dzd”% ’’P(‘T(k))P(‘T(’“))’X*ﬁ*H2 was
o (k)

the k-th largest term of the sequence df?r)\ HP(S)P(S)’X*B*H;l -

The value of 7 was chosen as the largest value satisfying the condition
Ay /Al < v, where v denotes a tuning parameter. The corresponding accuracy
was then computed for a given value of v. Since v was unknown, we performed
an optimization over the grid
{0.7,0.8,0.9,0.925,0.95,0.975,0.99} and kept the highest accuracy.
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During this procedure, £* was estimated with the help of a penalized like-
lihood method. Table 8 compares the empirical correlations cor (?new, Ynew)

when subspaces were chosen according to the Adaptive LASSO or according to
the LASSO. It reports also the empirical accuracy, relying on the classical Ridge
estimator.

In all the cases studied in Table 8, the empirical accuracy associated to the
new estimator was always greater than the classical empirical accuracy based
on the Ridge estimator. Moreover, for choosing the subspaces, we could not
establish the superiority of one penalized likelihood method over an other.

Last, Table 8 investigates the case where the vector 8* belongs to R ows(X™*).
As expected, we observe a significant increase in terms of accuracy when the
“modified predictor” is adopted.

6.4. Real data: GS in rice

We propose to illustrate our theoretical results on real data of Spindel et al.
(2015), regarding GS in rice. An important research topic in GS is to deter-
mine the number of markers required for implementing GS. We focused on the
rice flowering time (days to 50% flowering) collected in Los Banos, Philippines,
during the dry season 2012.

Of the observations, 80% were chosen for the TRN set, and the remaining
20% were affected to the TST set. According to the data, the number of TRN
individuals was 252 whereas the number of TEST individuals was 63.

We considered 4 subset sizes, 448, 781, 1553 and 3076, chosen by the authors
from their 73147 SNPs. For each subset size, we considered exactly the 10
random sets provided by the authors. Recall that these random sets contain
SNPs located at random position along the rice genome.

For each subset size, Table 10 reports the average performance of different
GS proxies over the 10 random sets. In contrast, Table 11 is dedicated to the
configuration with 448 SNPs, and provides results regarding each random set.
Note that Tables 1, 2 and 3, that handle 781, 1553 and 3076 SNPs respectively,
are included in Supplementary Material.

According to Table 10, ﬁph(X *,Bz Asso) Was the most interesting proxy
(combining all SNPs scenarios). In particular, a small density of markers de-
teriorated “perfect LD” proxies: the phenotypic accuracy was underestimated

~scand

when p = 448 or p = 781. For instance, for p = 448, p7i (BADLASSO) and

p;ﬁa”d(ﬁApLAggo) were equal on average to 0.3168 and 0.3662 respectively, in-
stead of 0.4789 (see also results from sets 3, 6, 8 and 10 in Table 11). In contrast,
the “imperfect LD” proxy pph (X * Bz Asso) was satisfactory for all density of
markers. This proxy did not suffer from the lack of markers, since the nuisance
parameters were learned using a TRN map based on 73147 SNPs. Moreover, as
observed before (cf. our simulation study, section 6.2), for such large genome
size (T' = 13.101M in rice), it seems that we should choose the LASSO and not
the Adaptive LASSO, as a substitute for 8*, when computing our “imperfect
LD” proxies. Last, as expected, the more markers there are, the more similar
the behavior of perfect and “imperfect LD” proxies is.
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To conclude, in this study, we proposed an “imperfect LD” proxy that should
be of interest for geneticists. Predictions of TST individuals can be performed
using only a few markers, and the accuracy of these predictions can be evaluated
according to our reliable proxy, as soon as a large number of markers is available
for the TRN map. If this accuracy is found to be too low, geneticists should
reconsider the density of markers used for their TST map.

Table 1: Comparison among different estimators of the phenotypic accuracy as a function
of the number of generations during which the TST sample evolved (TRN sample is always
based on 30 generations). The chromosome is of length 1M and 2 QTLs are located at 2cM
and 80cM with effects +1 and —2, respectively (n = 500, npew = 100, 02 = 1, 2 founders).
Emp. Acc. refers to the empirical phenotypic accuracy. The causal SNPs (i.e. the QTLs)
were not observed in the TRN and TST samples.

Nb Markers | Nb TST generations | Emp. Acc. | ppn(X™*, 8%) | Ppn(X* Xiew, B)
30 0.5118 0.5679 0.5124
100 50 0.3726 0.5665 0.3789
70 0.2354 0.5691 0.2411
30 0.6956 0.7155 0.6878
1000 50 0.6506 0.7145 0.6429
70 0.6189 0.7143 0.6105
30 0.6881 0.6919 0.6830
2000 50 0.6003 0.6922 0.5911
70 0.3864 0.6895 0.3904

Table 2: Comparison among different estimators of the phenotypic accuracy, as a function
of the number of considered subspaces. The chromosome is of length 1M and 2 QTLs are
located at 3cM and 80cM with effects +1 and —2, respectively (n = 500, nnew = 100, Uz =1,
2 founders). TRN and TST evolved during the same number generations (30, 50 or 70).
Emp. Acc. refers to the empirical phenotypic accuracy. 1000 markers are equally spaced on
the chromosome. The causal SNPs (i.e. the QTLs) were not observed in the TRN and TST

samples.

Method Subspaces 30 generations | 50 generations | 70 generations
Emp. Acc. All 0.6956 0.6596 0.6722
(r,r*) = (100, 2) 0.7157 0.6579 0.6843
5 (X B (r,r*) = (75,2) 0.7151 0.6548 0.6752
Pon (X7, B7) (r,r*) = (50,2) 0.7109 0.6432 0.6536
(r,r*) = (25,2) 0.6889 0.6113 0.5998
All 0.6878 0.6563 0.6659
(7, 1 Trews Thew) = (100,2,100, 2) 0.6867 0.6547 0.6626
P (X ™, X ey B) (ry 1™ Trew, Thew) = (75,2,75,2) 0.6923 0.6579 0.6593
(ry T, Pnews Thow) = (50, 2,50, 2) 0.6903 0.6462 0.6408
(ry 1™ Pnews Thew) = (25,2,25,2) 0.6594 0.6136 0.5687
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T=1
T=4
T=6

Table 3: Comparison among different estimators of the phenotypic accuracy, when the causal
SNPs (i.e. the QTLs) are not observed in the TST samples (n = 500, npew = 100, 02 = 1,
8 founders). The nuisance parameters are estimated thanks to a TRN map containing 500
markers equally spaced on the chromosome on [0,T]. In contrast, the TST map contains only
250 markers equally spaced on [0,T]. For both maps, the first marker is located respectively
at 0.002M, 0.008M, and 0.012M, when T=1, T=4, and T=6. 25 QTLs with effects 0.45 are
located respectively every 0.04M, 0.16M, and 0.24M when T=1, T=4, and T=6. Emp. Acc.
refers to the empirical phenotypic accuracy, whereas psca”d and psc’m’i refer to complete
LD proxies from Rabier et al. (2018). The Mean Squared Error (MSE) with respect to the
Empirical Accuracy is given in brackets. MSE refers to the average over the 3 number of
generations. For each chromosome length T, the proxy with the smallest MSE is highlighted
in gray.

Method 50 generations 70 generations | 100 generations | MSE
Emp. Acc. 0.2925 0.2976 0.3224
pph(X* X,*ww,ﬁ*) 0.2833 (0.0070) | 0.3099 (0.0078) | 0.3221 (0.0068) | 0.0072
ppn (X ’ﬁLASS’O) 0.1241 (0.0397) | 0.1312 (0.0380) | 0.1767 (0.0336) | 0.0371
Pon (X aﬁnpmqqo) 0.08366 (0.0561) | 0.0998 (0.0501) | 0.1393 (0.0464) | 0.0509
pph(X' 5ADLASSO) 0.2947 (0.0108) | 0.3129 (0.0107) | 0.3521 (0.0110) | 0.0108
cha”d(ﬁADLAsso) 0.1762 (0.0324) | 0.2179 (0.0238) | 0.2708 (0.0159) | 0.0240
Pf,f,and(ﬂADLAsso) 0.1955 (0.0302) | 0.2361 (0.0222) | 0.3086 (0.0149) | 0.0224
Emp. Acc. 0.3021 0.2671 0.2043
pph(X X;ew,ﬂ*) 0.3021 (0.0057) | 0.2670 (0.0067) | 0.2088 (0.0056) | 0.0060
pphA(X AﬂLASSO) 0.2848 (0.0102) | 0.3042 (0.0111) | 0.2591 (0.0114) | 0.0109
Ppn (X, B&prasso) 0.2549 (0.0133) | 0.2677 (0.0108) | 0.2370 (0.0107) | 0.0116
Ppn(X ,ﬁADLASSO) 0.4029 (0.0199) | 0.4197 (0.0316) | 0.3708 (0.0362) | 0.0292
[)ann (ﬁADLASSO) 0.1669 (0.0438) | 0.1240 (0.0457) | 0.0283 (0.0416) | 0.0437
Pf,iand(ﬂADLAsso) 0.1878 (0.0416) | 0.1446 (0.0453) | 0.0312 (0.0413) | 0.0427
Emp. Acc. 0.2284 0.2441 0.2331
ﬁph(X XT*Lew, B8%) 0.2212 (0.0064) | 0.2433 (0.0067) | 0.2327 (0.0075) | 0.0069
pph(X ﬂLASSO) 0.2832 (0.0141) 0.2870 (0.012) | 0.2529 (0.0118) | 0.0126
Ppn(X ,5GPLASSO) 0.2624 (0.0127) | 0.2600 (0.0126) | 0.2336 (0.0121) | 0.0125
ﬁph(X s BAprAsso) 0.3907 (0.0366) | 0.4109 (0.0379) | 0.3836 (0.0339) | 0.0361
p;w” (ﬁADLASSO) 0.0742 (0.0387) | 0.0817 (0.0483) | 0.0841 (0.0449) | 0.0439
pf,m”d(ﬁADLAsso) 0.0848 (0.0374) | 0.0931 (0.0477) | 0.0991 (0.0449) | 0.0433
References
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Table 4: Same as Table 3 except that more markers are considered. The nuisance parameters
are estimated thanks to a TRN map containing 1000 markers on [0,T]. The TST map contains
only 500 markers on [0,T]. For both maps, the first marker is located respectively at 0.001M,
0.004M, and 0.006M, when T=1, T=4, and T=6. QTL locations are the same as in Table 3.

Method 50 generations 70 generations | 100 generations | MSE

Emp. Acc. 0.5287 0.5396 0.5173
p“ph(X* X,*Lew,ﬂ*) 0.5152 (0.0043) | 0.5412 (0.0043) | 0.5176 (0.0029) | 0.0038
Ppn (X vﬁLAsso) 0.4370 (0.0175) | 0.4638 (0.0013) | 0.4642 (0.0092) | 0.0093
T=1 Pon (X ﬁhPMwo) 0.4033 (0.0239) | 0.4469 (0.0163) | 0.4471 (0.0115) | 0.0172
pph(X IBADLASSO) 0.5371 (0.0073) | 0.5691 (0.0063) | 0.5589 (0.0069) | 0.0068
pgca" (ﬁADLASSO) 0.5011 (0.0098) | 0.5324 (0.0079) | 0.5172 (0.0049) | 0.0075
ﬁf,cand(ﬁADLAsso) 0.5411 (0.0099) | 0.5758 (0.0094) | 0.5690 (0.0087) | 0.0093

Emp. Acc. 0.3909 0.3772 0.3217
pph(X Xnew,ﬂ*) 0.3795 (0.0055) | 0.3759 (0.0075) | 0.3266 (0.0064) | 0.0065
pph(X ﬂLASSO) 0.3397 (0.0112) | 0.3436 (0.0132) | 0.2629 (0.0146) | 0.0130
T=4 ppn(X ,QGPLASSO) 0.2413 (0.0334) | 0.3059 (0.0179) | 0.2178 (0.0228) | 0.0247
pph( ,ﬂADLASSO) 0.4677 (0.01293) | 0.4821 (0.0222) | 0.4093 (0.0164) | 0.0172
p;w” (5ADLASSO) 0.2599 (0.0389) | 0.2647 (0.0355) | 0.0846 (0.0722) | 0.0489
p;w”d(ﬁADLAsso) 0.2970 (0.0336) | 0.3182 (0.0306) | 0.0986 (0.0693) | 0.0445

" Emp. Acc. 0.3749 0.3319 0.3155
[)ph(X X,*Lew,ﬁ*) 0.3751 (0.0052) | 0.3339 (0.0054) | 0.3206 (0.0045) | 0.0050
p,,h(X 5LASSO) 0.37 (0.0034) 0.3548 (0.0094) | 0.3415 (0.0093) | 0.0074
T=6 Ppn (X 75GPLASSO) 0.3395 (0.01132) | 0.3259 (0.0093) | 0.3048 (0.0094) | 0.0100
pph(X 6ADLASSO) 0.5045 (0.02488) | 0.4981 (0.0355) | 0.4703 (0.0317) | 0.0307
p;am (ﬁADLASSO) 0.2351 (0.0436) | 0.2383 (0.0358) | 0.2423 (0.0307) | 0.0367
piia”d(ﬁADLAsso) 0.1929 (0.0519) | 0.1906 (0.0397) | 0.2045 (0.0319) | 0.0412

Daetwyler, H.D., Villanueva, B. & Woolliams, J.A. (2008). Accuracy of pre-
dicting the genetic risk of disease using a genome-wide approach. PLoS One.
3, (10), e3395.

Daetwyler, H.D., Villanueva, B. & Woolliams, J.A. (2010). The impact of
genetic architecture on genome-wide evaluation methods. Genetics. 185, (3),
1021-1031.

Dicker, L. H. (2016). Ridge regression and asymptotic minimax estimation over
spheres of growing dimension. Bernoulli. 22, (1), 1-37.

Durrett, R. (2008). Probability models for DNA sequence evolution. Springer
Science & Business Media.

Endelman, J.B. (2011). Ridge regression and other kernels for genomic selection
with R package rrBLUP. The Plant Genome. 4, (3), 250-255.

Fan, J. & Lv, J. (2008). Sure independence screening for ultrahigh dimensional
feature space. Journal of the Royal Statistical Society Series B. 70, (5),
849-911.
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Table 5: Same as Table 3 except that more markers are considered. The nuisance parameters
are estimated thanks to a TRN map containing 2000 markers on [0,T]. The TST map contains
only 1000 markers on [0,T]. For both maps, the first marker is located respectively at 0.0005M,
0.002M, and 0.003M, when T=1, T=4, and T=6. QTL locations are the same as in Table 3.

Method 50 generations | 70 generations | 100 generations | MSE

Emp. Acc. 0.5239 0.5561 0.5907
P (X ™, X5 oy B) 0.5224 (0.0036) | 0.5441 (0.0030) | 0.5853 (0.0033) | 0.0033
pon (X%, B% 4s50) 0.4218 (0.0181) | 0.4213 (0.0224) | 0.4676 (0.0220) | 0.0208
T=1 Hon (X*, ngmmo) 0.3856 (0.0269) | 0.3949 (0.0309) | 0.4546 (0.0247) | 0.0275
ﬁph(X*’B:lDLASSO) 0.5261 (0.0061) | 0.5298 (0.0043) | 0.5709 (0.0057) | 0.0054
e (Baprasso) | 04624 (0.0096) | 0.4734 (0.0114) | 0.5241 (0.0092) | 0.0101
ﬁf,ia"d(BADLAsso) 0.5107 (0.0068) | 0.5153 (0.0062) | 0.5641 (0.0065) | 0.0065

" Emp. Acc. 0.4244 0.4027 0.4162
Pon (X%, X% oy BF) 0.4315 (0.0046) | 0.3935 (0.0055) | 0.4093 (0.0053) | 0.0051
ﬁph(X*,BzASSO) 0.3614 (0.013) | 0.3224 (0.0193) | 0.3478 (0.0156) | 0.0159
T=4 pph(f(*’ B;;PLASSO) 0.2974 (0.0260) | 0.2521 (0.0403) | 0.2929 (0.0256) | 0.0306
ﬁph(X*’ﬁZDLAsso) 0.5063 (0.0147) | 0.4642 (0.0146) | 0.5001 (0.0152) | 0.0148
ﬁ;ff"d(@ADLAsso) 0.3037 (0.0291) | 0.2441 (0.0414) | 0.2906 (0.0328) | 0.0344
P25 (Baprasso) 0.3612 (0.0226) | 0.3205 (0.0305) | 0.3483 (0.0259) | 0.0263

" Emp. Acc. 0.3724 0.4037 0.3477
P (X ™, X5 oy B) 0.3814 (0.0052) | 0.3959 (0.0041) | 0.3435 (0.0057) | 0.0050
ﬁph(X*,BEASSO) 0.3215 (0.0127) | 0.3325 (0.0135) | 0.2709 (0.0167) | 0.0143
T=6 ﬁph(f(*, BE,PLASSO) 0.2619 (0.0236) | 0.2799 (0.0240) | 0.2071 (0.0299) | 0.0258
[)Ph(X*’B:XDLASSO) 0.4863 (0.0212) | 0.4966 (0.0144) | 0.4401 (0.0167) | 0.0174
p;iand(ﬂ:ADLASSO) 0.2024 (0.0478) | 0.2309 (0.0499) | 0.1844 (0.0413) | 0.0463
P36 (Baprasso) 0.2510 (0.0399) | 0.2935 (0.0397) | 0.2347 (0.0324) | 0.0373

Ferrao, L. F. V., Ferrao, R. G., Ferrao, M. A. G., Fonseca, A., Carbonetto, P.,
Stephens, M., Garcia, A. A. F. (2018). Accurate genomic prediction of Coffea
canephora in multiple environments using whole-genome statistical models.
Heredity.

Friedman, J., Hastie, T. & Tibshirani, R. (2001). The elements of statistical
learning, Springer series in statistics Springer, Berlin.

Gezan, S. A., Osorio, L. F., Verma, S., Whitaker, V. M. (2017). An experi-
mental validation of genomic selection in octoploid strawberry. Horticulture
research. 4, 16070.

Goddard, M. (2009). Genomic selection: prediction of accuracy and maximisa-
tion of long term response. Genetica. 136, (2), 245-257.

Hayes, B., Bowman, P., Chamberlain, A. & Goddard, M. (2009). Invited review:
Genomic selection in dairy cattle: Progress and challenges. Journal of dairy
science. 92, (2), 433-443.
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Table 6: Same as Table 4 except that more QTLs are considered on [0,T]. 100 QTLs with
effects 0.30 are located respectively every 0.01M, 0.04M, and 0.06M when T=1, T=4, and
T=6. Recall that the nuisance parameters are estimated thanks to a TRN map containing
1000 markers on [0,T]. The TST map contains only 500 markers on [0,T].

Method 50 generations 70 generations | 100 generations MSE

Emp. Acc. 0.6489 0.6499 0.6872
pph(X Xnew,ﬂ*) 0.6383 (0.0027) | 0.6451 (0.0028) | 0.6846 (0.0018) | 0.0024
ppth 5LASSO) 0.6102 (0.0059) | 0.6793 (0.0050) | 0.6978 (0.0027) | 0.0045
T=1 Ppn (X7, 5(*PrA¢¢r)) 0.5909 (0.0075) | 0.6451 (0.0044) | 0.6916 (0.0026) | 0.0048
pph(X IBADLASSO) 0.6433 (0.0039) | 0.6793 (0.0050) | 0.7069 (0.0027) 0.0039
ﬁ;ia"d(ﬂADLAsso) 0.6578 (0.0044) | 0.6667 (0.0044) | 0.7156 (0.0029) | 0.0039
Pf,ca”d(ﬁADLAsso) 0.6839 (0.0058) | 0.7163 (0.0092) | 0.7598 (0.0074) | 0.0075

" Emp. Acc. 0.4451 0.4821 0.4053
P (X ™, X oy B) 0.4450 (0.0039) | 0.4634 (0.0039) | 0.4095 (0.0068) | 0.0049
[)ph(X*,B}:ASSO) 0.4652 (0.0094) | 0.4234 (0.0138) | 0.4326 (0.0136) 0.0123
T=14 Ppn( : ,BGPLASSO) 0.4264 (0.0118) | 0.3610 (0.0257) | 0.3872 (0.0152) | 0.0176
Ppn(X ,ﬂADLASSO) 0.5551 (0.0192) | 0.5103 (0.0108) | 0.5273 (0.0252) | 0.0184
p;m” (ﬁADLASSO) 0.3603 (0.0245) | 0.3602 (0.0326) | 0.2866 (0.04651) | 0.0345
pf,mnd(ﬁADLAsso) 0.4414 (0.0212) | 0.4104 (0.0243) | 0.3371 (0.0419) | 0.0291

Emp. Acc. 0.3895 0.3666 0.3599
pph(X Xnew,ﬁ*) 0.3861 (0.0049) | 0.3575 (0.0045) | 0.3507 (0.0042) | 0.0045
pph(X ﬂLASSO) 0.3983 (0.0123) | 0.4171 (0.0131) | 0.3774 (0.0121) 0.0125
T=6 Ppn(X ’BGPLASSO) 0.3403 (0.01824) | 0.3575 (0.0116) | 0.3312 (0.0137) | 0.0145
pph( ’6ADLASSO) 0.5007 (0.0233) | 0.5085 (0.0294) | 0.4894 (0.0247) | 0.0258
p;w” (5ADLASSO) 0.1124 (0.0995) | 0.2016 (0.0569) | 0.1847 (0.0545) | 0.0703
Pica"d(ﬁADLAsso) 0.1415 (0.0926) | 0.2556 (0.0546) | 0.2293 (0.0493) | 0.0655

Haldane J. (1919).
distances between the loci of linked factors. J Genet..

The combination of linkage values and the calculation of
8, (29), 299-309.

Hoerl, A.E. & Kennard, R. W. (1970). Ridge regression: Biased estimation for
nonorthogonal problems. Technometrics. 12, (1), 55-67.

Lee, S. H., Weerasinghe, W. S. P., Wray, N. R., Goddard, M. E.,; Van Der Werf,
J. H. (2017). Using information of relatives in genomic prediction to apply
effective stratified medicine. Scientific reports. 7, 42091.

Lian, L., Jacobson, A., Zhong, S., Bernardo, R. (2014). Genomewide prediction
accuracy within 969 maize biparental populations. Crop Science. 54, (4),
1514-1522.

Mangin, B., Siberchicot, A., Nicolas, S., Doligez, A., This, P., Cierco-Ayrolles,
C. (2012). Novel measures of linkage disequilibrium that correct the bias due
to population structure and relatedness. Heredity. 108(3), 285.

Meuwissen, T.H., Hayes, B. & Goddard, M.E. (2001). Prediction of total genetic
value using genome-wide dense marker maps. Genetics. 157, (4), 1819-1829.
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Table 7: Same as Table 6 except that more markers are considered. The nuisance parameters
are estimated thanks to a TRN map containing 2000 markers on [0,T]. The TST map contains
only 1000 markers on [0,T]. QTL locations are the same as in Table 6.

Method 50 generations | 70 generations | 100 generations | MSE

Emp. Acc. 0.6612 0.6484 0.6831
Pon (X%, X% s BF) 0.6616 (0.0023) | 0.6396 (0.0023) | 0.6787 (0.0020) | 0.0022
ﬁph(X*,BzASSO) 0.5935 (0.0098) | 0.5855 (0.0079) | 0.6333 (0.0066) | 0.0081
T=1 Pon(X*, B;;PLASSO) 0.5722 (0.0131) | 0.5665 (0.0115) | 0.6180 (0.0082) | 0.0109
ﬁph(X*7BZDLAsso) 0.6477 (0.0033) | 0.6213 (0.0042) | 0.6676 (0.0035) | 0.0037
ﬁ;zand(ﬁ:ADLASSO) 0.6149 (0.0054) | 0.5825 (0.0077) | 0.6676 (0.0035) | 0.0055
P25 (Baprasso) 0.6449 (0.0037) | 0.6291 (0.0037) | 0.6636 (0.0036) | 0.0037

" Emp. Acc. 0.5047 0.4723 0.4760
P (X ™, X5 oy BF) 0.5118 (0.0039) | 0.4596 (0.0039) | 0.4727 (0.0039) | 0.0039
ﬁph(X*,BzASSO) 0.5157 (0.0083) | 0.4574 (0.0122) | 0.4201 (0.0153) | 0.0119
T=4 ﬁph(f(*, BEPLASSO) 0.4547 (0.0123) | 0.4078 (0.0189) | 0.3663 (0.0227) | 0.0179
pph(X*aB:xDLAsso) 0.5986 (0.0163) | 0.5477 (0.0180) | 0.5420 (0.0128) | 0.0157
p;%a"d(BADLASSO) 0.4366 (0.0166) | 0.3639 (0.0294) | 0.3416 (0.0409) | 0.0289
pscand (B4 prasso) 0.5206 (0.0197) | 0.4567 (0.0219) | 0.4171 (0.0327) | 0.0247

" Emp. Acc. 0.4306 0.4870 0.4384
P (X, X oy B) 0.4244 (0.0039) | 0.4805 (0.0029) | 0.4342 (0.0042) | 0.0037
[)ph(X*,B}:ASSO) 0.4205 (0.0173) | 0.4529 (0.0155) | 0.3733 (0.0194) | 0.0174
T=6 [;ph(X'*, BEPLASSO) 0.3429 (0.0229) | 0.4009 (0.0192) | 0.3279 (0.0267) | 0.0229
ﬁph(X*, BZDLASSO) 0.5307 (0.0241) | 0.5582 (0.0146) | 0.4994 (0.0178) | 0.0188
ﬁ;ﬁ“”d(BADLAsso) 0.2890 (0.0476) | 0.3424 (0.0419) | 0.2581 (0.0650) | 0.0515
ﬁfﬁ;and(BADLAsso) 0.3611 (0.0415) | 0.4269 (0.0313) | 0.3156 (0.0597) | 0.0442

Minamikawa, M. F., Takada, N., Terakami, S., Saito, T., Onogi, A., Kajiya-
Kanegae, H., ... Iwata, H. (2018). Genome-wide association study and ge-
nomic prediction using parental and breeding populations of Japanese pear
(Pyrus pyrifolia Nakai). Scientific reports. 8(1), 11994.

Momen, M., Mehrgardi, A. A., Sheikhi, A., Kranis, A., Tusell, L., Morota, G.,
... Gianola, D. (2018). Predictive ability of genome-assisted statistical models
under various forms of gene action. Scientific reports. 8.

Muranty, H., Troggio, M., Sadok, I. B., Al Rifaﬁl'g)%7 M., Auwerkerken, A.,
Banchi, E., ... Kumar, S. (2015). Accuracy and responses of genomic se-
lection on key traits in apple breeding. Horticulture research. 2, 15060.

Nyine, M., Uwimana, B., Blavet, N., HAibovAi, E., Vanrespaille, H., Batte, M.,

: DoleA%el, J. (2018). Genomic prediction in a multiploid crop: genotype

by environment interaction and allele dosage effects on predictive ability in
banana. The Plant Genome. 11(2), 170090.

Rabier, C.E., Barre, P., Asp, T., Charmet, G. & Mangin, B. (2016). On the
Accuracy of Genomic Selection. PloS One. 11, (6), e0156086. doi:10.1371/
journal.pone.0156086.
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Table 8: Illustration of the predictions based on B cor Ynew, Ynew) refers to the empirical

correlation between Yiew and Yiew. cor (?n‘g‘%LASSO,Ynew> (resp. cor (?H%QSSO,YneW))

refers to the empirical correlation between f’new and Ynew, with the help of the Adaptive
Lasso (resp. Lasso) for the choice of the subspace. The chromosome is of length T and 2
QTLs located at 3cM and 80cM with effects +2 and —4 respectively (n = 500, npew = 100,
o2 = 4, 8 founders). For TRN, p markers are equally spaced on the chromosome on [0,T],
whereas for TST p/(2T) markers are equally spaced on [0,1], and the same map (as TRN) is
kept on [1,T]. The QTLs were observed only in the TRN sample (i.e. not observed in the
TST sample).

Generations | cor (ffnew, Ynew) cor (?n’:gv‘?,s S0, new) cor (?n’:v? LASSO. Ynew>
50 0.4537 0.4625 0.4668
100 0.4051 0.4059 0.4126
50 0.3171 0.3174 0.3246
100 0.3468 0.3536 0.3527
50 0.2975 0.2985 0.3094
100 0.2642 0.2726 0.2741
50 0.3510 0.3578 0.3604
100 0.3563 0.3604 0.3655

Table 9: Comparisons among predictions based on /3’ and ﬁ~ when the vector 5* belongs to

Rrows(X*). cor (f/new,Ynew) refers to the empirical correlation between Yaew and Yiew.

cor (f’n“ég LASSO, Ynew) (resp. cor (SN’nLerSSO, Ynew)) refers to the empirical correlation be-

tween Yynew and Ynew, with the help of the Adaptive Lasso (resp. Lasso) for the choice of
the subspace. The chromosome is of length T' (n = 500, nnew = 100, crg = 1, 8 founders).
For TRN, p markers are equally spaced on the chromosome on [0,T], whereas for TST p/(2T)
markers are equally spaced on [0,1], and the same map (as TRN) is kept on [1,7]. QTLs
are located at marker locations of the TRN map on [0,1]. The vector 8* is such that
B* = wQ*(l) + wQ*(Z) + UJQ*(S)‘

Generations | w | cor (Yncw, Yncw) cor (YDLC@S SO, ncw) cor (Ynﬁg LAS SO, Yncw)
50 0.3 0.5660 0.5791 0.5845
100 0.3 0.5561 0.5644 0.5691
50 0.3 0.4769 0.4815 0.4824
100 0.3 0.4649 0.4834 0.4834
50 0.6 0.7978 0.8115 0.8078
100 0.6 0.7912 0.8067 0.8019
50 0.6 0.7244 0.7371 0.7273
100 0.6 0.7127 0.7324 0.7247

Rabier, C.E., Mangin, B. & Grusea, S. (2018). On the accuracy in high dimen-
sional linear models and its application to genomic selection. Scandinavian
Journal of Statistics. https://doi.org/10.1111/sjos.12352.

Schulz-Streeck, T., Ogutu, J., Karaman, Z., Knaak, C. & Piepho, H. (2012).
Genomic selection using multiple populations. Crop Science. 52, (6), 2453-
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Table 10: Comparison among different estimators of the phenotypic accuracy on rice data from
Spindel et al. (2015). The trait considered is the flowering time during the dry season 2012.
Different density of markers for the TST samples are studied, and the nuisance parameters

are estimated thanks to a TRN map containing 73147 markers.

Each computed accuracy

relies on 1000 data sets: sets 1 to 10 of Spindel et al. (2015) are studied, and 100 draws are
considered for each set (with random individuals in TRN and TST sets, n = 252, nnew = 63).
The Mean Squared Error (MSE) with respect to the Empirical Accuracy is given in brackets.
For each density of markers, the proxy with the smallest MSE is highlighted in gray. MSE
refers to the average over the 4 density of markers.

Method 448 SNPs 781 SNPs 1553 SNPs 3076 SNPs MSE

Emp. Acc. 0.4789 0.4919 0.5275 0.5242
pon(X*, B prasso) | 04269 (0.0355) | 0.4379 (0.0376) | 0.4520 (0.0419) | 0.4461 (0.0430) | 0.0395
pon (X%, BE 1550) 0.4621 (0.0244) | 0.4653 (0.0226) | 0.4737 (0.0251) | 0.4728 (0.0263) | 0.024
preamd(3,p asso) | 03168 (0.0529) | 0.3571 (0.0364) | 0.4233 (0.0264) | 0.4115 (0.0290) | 0.0362
5o (B4 h 1 asso) | 0.3662 (0.0454) | 0.4202 (0.0281) | 04919 (0:0215) | 0.4952 (0.0342) | 0.0323

Table 11: Same as Table 10 except that only 448 SNPs are used for the TST sample. Moreover,
the results according to each set Spindel et al. (2015) are fully described here. The nuisance
parameters are still estimated thanks to a TRN map containing 73147 markers. Each com-
puted accuracy relies on 100 data sets: for each set of Spindel et al. (2015), 100 draws are
considered (with random individuals in TRN and TST sets, n = 252, nnpew = 63).

Dataset ID

Set 1

Set 2

Set 3

Set 4

Emp. Acc.

ﬁpp(Xf» Biprasso)
Ppn(X*, BT as50)

0.5993

0.4764 (0.0429)

0.5125 (0.0271)
)

0.5445
0.4441 (0.0441)
0.4847 (0.02486)

0.4117
0.4053 (0.0322
0.4380 (0.0236

.

0.5054

0.4358 (0.0356)

0.4808 (0.0207)
)

poeand(Bapnasso) | 05065 (0.0171) | 0.4712 (0.0154) | 0.1580 (0.0959) | 0.4222 (0.0176
P25 (Baprasso) 0.5404 (0.0124) | 0.5128 (0.0128) | 0.2059 (0.0867) 0.4663 (0.0153)
" Dataset ID Set 5 Set 6 Set 7 Set 8
Emp. Acc. 0.4676 0.4081 0.4878 0.4455

ﬁph(Xt7 5:1DLASSO)

0.4309 (0.0353)

0.4070 (0.0348)

0.4362 (0.0373

0.4214 (0.0348

~—

)
ﬁph(X*A, Bt as50) 0.4653 (0.0233) 0.4207 (0.0232) | 0.4676 (0.0227) 0.4508 (0.0244)
ﬁ;ﬁa”d(@ADLAsso) 0.3251 (0.0398) 0.1774 (0.0907) 0.3732 (0.0286) | 0.2726 (0.0668)
P38 (Baprasso) 0.3953 (0.0298) 0.2179 (0.0823) 0.4343 (0.0211) | 0.3274 (0.0586)
" Dataset ID Set 9 Set 10
Emp. Acc. 0.4427 0.4696
ﬁph()A(*A, BQDLASSO) 0.4117 (0.0218) | 0.4130 (0.0366)
ﬁph(X*A, B% as50) 0.4622 (0.0316) 0.4382 (0.0229)
ﬁ;iand(@ADLAsso) 0.2789 (0.0404) 0.1829 (0.1179)
P25 (Baprasso) 0.3255 (0.0314) 0.2366 (0.1036)

2461.

Shao, J. & Deng, X. (2012). Estimation in high-dimensional linear models with
deterministic design matrices. The Annals of Statistics. 40, (2), 812-831.

Spindel, J., Begum, H., Akdemir, D., Virk, P., Collard, B., Redona, E., et al
(2015). Genomic Selection and Association Mapping in rice (Oryza sativa):
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Effect of trait genetic architecture, training population composition, marker
number and statistical model on accuracy of rice genomic selection in elite,
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1. Proof of Theorem 1 of the main manuscript
By definition,

Al — ﬁ*/ E(.’I}* .'L'l )X/V_lX*B*.

new* new

We set D = Diag (d%‘iﬁ, ceey déiﬁ). With this notation, we have the rela-
tion:

X'Vl =QDP. (1)

Recall that X* = P*D*Q*'. After easy calculations, we obtain

*

.
ds LQUIPEN Y @ PO @)

T
X/V—lp*D* * ok
Q"B 2;@17

j=1

Then,

r dg , r ) )
Ay = Z Y B B () QPG Z d;P*(J)Q*(J)’IB*.
s=1 9%

j=1
By definition,
new

43 = 0% (||, X'V°)

According to Theorem 1 of Rabier et al. (2018), we also have
)
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r d2
2 s S s
A2 = 0, § : (d2 + )\)2E (HQ( )Q( )/(Enew
s=1 ‘9%



By definition,
As = BY XMV X Var (Tpew) X'V IX*BY

According to formula (2), we obtain the desired result

/

- ds s s = *x D*(J *(J *
As = Z Q) p( )/Zdjp @ *@rg E (Znewey)
s=1 j=1

Sy
- dS s s - * D*(J *(7 *
> ZmQ()p()'Zdjp(J)Q(ﬂ)/ﬂ
s=1 ¢ j=1

Last, since A4 = 0’%7 we have the relationship

A4 — B*/E (CL'* l'*/ )ﬂ*

new*new

2. Proof of Theorem 2 of the main manuscript

Let us define A; in the following way:

. " d. . " . ,
A = s x5 0(s) pls) d* P o*@) g*
1;@“& Q ; Qs
where 3 := X*' X/n.
We have the relationship XQ) = d,P(®). As a consequence, after some
straightforward matrix algebra, we obtain

*

X*IXQ(G) _ ds Z Q*(/)d;P*(Z)IP(G)

=1
We deduce
Al _ l r 5*/d7§ ™ Q*“)d*P*(Z)/P(s)P(S)’id*—P*(j)Q*(j)’B*.
= d3 + A (=1 ‘ j=1 !

According to Theorem 2 of Rabier et al. (2018), a natural estimation of A
is

i 02 d; [ A5 () ||

s=1

and it leads to the following expression

ol
A= @y



Let us consider the following estimation of Ag

Z S)P(S)/Zd*P*(j)Q*(])/B* X'X
2
d? —|— A =

e ) (e = e e () e
Z Zx Q(‘)P(‘)/ZC@P @) G g*

s=1 j=1
We have

N /!

= XQ(S) Z dj*-Q*(j)’B*P(S)’P*(j)
= d j=1
Z d*Q*(])/ﬂ*P(S 1 px(3)
= d

Note that

XQWQ*Ug* = PDQ'QWQ*Y) 3% = d,Pe,Q*9) B* = d, P QU g

where e, denotes the s-th vector of the canonical basis of R". As a consequence,

i A xoe Z 4 Q0 Pl pri) — Z & e Z i+ PO pri) r) g
d3 + A — a2+ ) -t

s=1 7j=1 s=1 j=1

Last, we obtain

A :LZ_: d2+>\ <Zd€P(S P Wﬂ*)

Finally, let us consider the following estimation of Aj:

2

- 1
A4 — 7/8*/X*/X*ﬁ*.
n

We have
1 1
— 76*/Q*D*2Q*lﬁ* —— Z d*26*/Q*(S)Q*(S)/ﬁ*
n n s

- Zd*25*/Q S)Q*(S Q*(s Q (s)/ﬂ* d*2
TL
=1

‘Q*(S *(s)1




3. Proof of Lemma 1 of the main manuscript

To begin with, we have to notice that

|PP8| Z P pers

Then, using the Cauchy-Schwartz inequality and the fact that X*3* belongs to
Span (P*®), ..., P*™), we have

A _ l zr: dg HP(S)P(S)/X*ﬁ* 2
P d+ N
1 d?
- s P(s)P(s)/X* *
2 (75l ’ )

(i dg P(S)P(S)/X*/B* 2) v (i HP(S) P(S)/X*ﬂ*
= (5 A)? =

r p ) 1/2
=\ @ lperes ) ippxes
s=1 S

) (HP(&)P(S)IX*B*

IN
S|

2) 1/2

S| =

IA

1
n

- i o\ /2
Z ( s > P(S)P(S)IX*ﬁ* ||P*P*/X*ﬂ*||

— d2 + )
2)

- 1/2
_ v (Z a2
(=1
Besides, since Ay >0 and pgmde = 1, we obtain

’Q*“)Q*“)’ﬁ*

_APAl

1 oracle

Py < =73 x17a = Py
A4

In order to obtain the lower bound, we just have to notice that

S * d2
d2 HP P x|’ > e x a2 win
A - HP S)P )/X* * 2 < ma; d% ||PP/X*5*H2
n E — max ——>——
5 (d2 +)\ s (dE+A)?

2
< [Q*Q8*|I* maxd;”.

7’L/14 = Z dz2
(=1

‘Q*“)Q*(z)lﬁ*




r 4
Since (d2+,\)2 is bounded by one, we also have ndy = 02 3 (dzc_l:/\)Q < o?r. As
S=

a consequence, we have:

||PP’X*,8*|| ming d2+/\ X

< Pg-
oz r PP 8 max, s (/10 Qv8H P max, d;?

4. Some intuition on the different conditions and some explanations
on the proof of Lemma 2 of the main manuscript

First, we have to highlight the fact that the shrinkage will potentially have
an impact on the singular values d, of X (e.g. see the terms d?/(d? + \) in
1211). In contrast, the singular values dj of X* are not directly affected by the
shrinkage. Recall that the shrinkage parameter A is necessary in order to handle
the high dimensional setting p >> n.

Let us consider a “¢” that belongs to ©2j. The key point is the following.
When “0” is tagged by a “s” that belongs to 21, the shrinkage does not have
any impact since A is negligible compared to ds. As soon as “¢” is tagged by a
“s” that belongs to either €25 or )3, there is a loss due to shrinkage, since \ is
not negligible compared to ds. COHdlthH (C’7*) (resp. (C8*)) will ensure that
the projection & (resp. £5) of P*(¥) on Span{P 5)} (resp. Span{P(S } is small

569 seQ
enough. In that sense, the loss due to the shrinkage will hasfe no impact. In
contrast, the projection &} of P*) on Span {P(S)} has to be the largest possible.
seQf

On the other hand, let us consider a “s” belonging to €2y, that is to say
associated to large singular values of X. This “s”, not impacted by shrinkage,
may tag a “0” belonging to Q3 and Q3. However7 the related terms will be
negligible because of conditions (C4*) and because of the order of dj compared
to A\. We refer to the proof of Lemma 2 for more details (see below).

5. Proof of Lemma 2 of the main manuscript

According to Rabier et al. (2018) (proof relying on Condition C3), we have:

1

ndz ~ oH#N + 07 Y g

SEQ



2
On the other hand, recall that A; = L5 d2+/\)2 (Z d}P(S)’P*(Z)Q*(Z)’B*> )
=1

s=1
Then,
r* 2
Ao mo () px(£) Ny* (L)1 ax * ()/ *(£) Ny* (€)1 g
nAs Z( d; P prOQ ﬁ>+z(1+c (Zd ' prOQ 5)
seQ; \r=1 5€Q
« 2
d;l C * D(8)! px(£) Hyx (L) p*
- B (Saromog o
EIS =1
Since each “s” is allowed to tag only one ¢, we have (cf. assumptions in Section

3.1.1 of the main manuscript)

nAs ~ Z Z 52 ‘P(S)P(s)/P*(e)HQ HQ*(Z)Q*(Z)/B* 2 (3)
LeQ] se Qe
T Z Z 52 ’P(S)P(b)/P*(tz)H HQ*@)Q*(@

LeQ; s

Yy

eQ; set

’P(S)P(s)/P*(Z) H HQ*(@Q*(@/ *

s Z d?Q P perpr@|* [l g g g+ |
0eQ; seQ’f

+ 3 Z Pt per pr@)||* [ g e g+
(T s

4 22 Z Ps) p(s)r px(0) 2 Q*(Z)Q*(Z)'ﬁ* 2
ey le

+ Z Z df% ps) pls) px(€) 2 Q*“)Q*“)’ﬂ* 2
LeQ] s€Qf

n Zl 3 d*2d2 Pl pr pd)||* || g+ e g
LeQ} sef

+ 22 Z d*2d2 ) pls) px(&) 2 Q*“)Q*“)’B* 2
LeQ} sef

From now, let us set & = &(p,n) V£ € Qf with 0 < b < &(p,n) < 1 and

2



0 < b < 1. To begin with, let us focus on the first term of formula (3). We have:

2 27'
Z Z a2 ‘P(s)p(s)/P*(e)H HQ*(e)Q*(e)/ﬁ* Z Z dgigfg"zf -

LeQ] sef LeQ] set

~ Y di*é(p,n)

LeQy

27'

Let us focus on the second term of formula (3). We have the relationship

3% 4 ‘p(s)p(S)/p*(é)HQHQ*(Z)Q*(Z)/ﬁ* ~ Y Z *2n2 #QZ

e set LeQs seQ

~ Z d*Qn

£eQ}

Besides, Y. d}> %Ef < Y dpPr™ n°" Since by definition the cardinality of 0% is
0eQy Qs
bounded, and since )\’f: = o(1) (Condition C4*), we have Y d}? ":: = o(1),
ey

that implies Y d*2" & =o(1).
LeQ}
Let us consider the third term of formula (3):

* S S 2 * * * 2 * f n2
> 3 ap|porerrof fovgos| ~ 3 5 df#;y :
£eQy sGQ{ 0EQ s QZ

oY
e
We have ) d}QT; < > d*Q’;* .
Qs ey
Since % is bounded, Y dj* = o(\). Then, according to (C4*), > d}? 7’;: =

e ey

o(1). As a consequence, . d*2" & =o(1).
ey

Let us move on to the fourth term of formula (3):
27

5 5 araplrorrrol ecoor~ 5 5 o

LeQ] s LeQy

We have:

27

S "
Z Z 1—|—C’ #één* = ZgZdKQnT'

0eQy sle ey




- *2 ¢ -

According to Condition (C7*), 50 3> €4d;2 = o(1), that implies > 3> (s ;‘QL -
LeQy LeQ] s€Qf

o(1).

Let us focus on the fifth term of formula (3):

E 27
Z Z HP( ) pls )/P*(Z)H HQ*(@)Q*(Z)/ﬁ* Z Z & n
¥4 rx
ico veo (1 C Pl 1+ C )2 %00
Z fzde Z 1
* IEERE
ey " s€Qf (1+C)

We h Z §§d1§2 n37 Z 1 < Z g[ d*QnZT Z d*2n27 Since
e have LT oz < 5 d;P s b )

veqy T seqt ey ey ”
#Q5 = O(1) and A% = o(1) (Condition C4*) , we have ZEQ 42 = o(1).
&on
27
As a consequence, >, > &) 2l — o(1).
ZEQ;S Qf (1+C )2 #QZ T

Let us consider the sixth term of formula (3):

2T

Z Z HP( ) pls )/P*(e)H HQ*@ Q*“)’ﬁ* Z Z & n .
7

0eQ} s (0% oct 1+O )2 #Q5 R

We have

d*2 5
ZZ (14 Cy)2 #05 ™ —

eQs SEQZ ey
Since Q% is bounded, > dj* = o(A\). Then, according to (C4*), we have
ey
27 27

o2 3 di? =o(1). It implies 3 (1+c ey ;&7* = o(1).
£eQy e seqf

Let us study the seventh term of formula (3):

Z Z 52 ;HP(S)P(S /P*(zz)H HQ*(z)Q*(z

LeQy seQZ sSE Qg

*2 ig gg .
A2 40

We have,

n2T *2 *2 dfsl
Z Z )\2 Qé = Z £3d Z PV

reqr set reqr 5€Qs

According to (C3) and (C8*), the right is term is equal to o(1). As a result, the
left term is also negligible.



Let us focus on the eighth term of formula (3):

Z Zdzzi HP(S pls) pr(e H HQ*(e)Q*(e

n2T Z Z d*2d7;1 é':l;
r* £ %04

e sef £€Q3 se0f
2T
n A drog
~ 2 2 Gl
" LeQ} s€Qf AR
We have
27 4 27
n 1 dt & n 1 4
> <D voagr O
* * { — * * 4 s
r (eos scon C By #Q5 r feos A CF #Q5 o
“(y (¥«
< — d
— N A
r* feos ACh #Q ol

Using (C4*), (C3) and the fact that #Q3 is bounded, we obtain that the right
term of the inequality is equal to o(1). Then, the left term is negligible.
Last, let us study the last (i.e. ninth) term of formula (3):

Z Z a2 d2 HP(S)P(S)/P*(@HQHQ*M)Q*(@/B* 2

Zer SEQZ
We have:
d S S * nQT g
Z Z d*2 p) ps) p (z)H HQ*(z)Q*(z - Z pre: 3 Z 5
LeQ; seQ £eQ;
Besides,
27 Y 4 27 4
n *2 53 ds n *2 ds
Ty oyt (v (T E).
Qs 3 seqt Qs SEQ3

We have already proved that %~ (ZEGQ* d; ) = 0(1). So, using (C3), the right
term is equal to o(1). Then,

2T

n *f
TTZ 2#5ZZ>\2_

€0 s€Q

As a result, all the terms of formula (3) are negligible except the first one. It
leads to the relationship:

~ n
nA3 ~ E d*Q
LeQy

*



Conditions (C5), (C6), and (C1*) ensure that

N N 1 n?
2 2 *2 0
nA2+TLA3NUe#Ql+Ue Z (1-’—76 Zd
SEQ, £eQy
Y @t @)
£eQy

On the other hand, recall that

r 2 r* r*
_ l Z B*/ d2ds 5 Z Q*(@)dzp*(é)lp(s) Z d;P(s)/P*(j)Q*(j)lﬁ* )
n s=1 s+ (=1 j=1

Since each “s” is allowed to tag only one ¢, we have:
N 2£p7 %2 51 n2T *x2 51 n2
ndie 303 AT Y S #QM*+ZZdZ#QM*
LeQ] set Q) seQf Zng seq!
>y D33 + 3 Y g
+ J A J A J A
befi s 69#1—'_0 #Q " LeQs . eQ’1+C #Q " LeQy eml""c #Q r
d? & n’" 2d ¢ n?r
+sz§2i 7 szé 7 sz* Vi
(e seor A#HQ (e0 seort by #Q r (e seort A #HQS T

()

Let us study the first term of formula (5):

55 ap ) S a

LeQ] set LeQy

Let us focus on the second term of formula (5):

27’ 2T

2 2 4 #Qf DI

0695 seq! Qs

Besides, . d}> f’;* < 7;2: > di%. Since #Q5 = O(1) and using (C4*), we

0eQs 0EQs
have > d;”f: = 0(1). Then, we have > d*2” & =o(1).
ey 00

Let us focus on the third term of formula (5):

e & nT
ZZ 2#(1267;,*

eQ; set

£eQy

We have 7 Y dpe < n? " 3 d}?. Recall that we have already proved that
ey ey
27

=Y d? =o(1).

00y
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Let us handle the fourth term of formula (5):

22

LeQy seQZ

* 2T

SR ng
1—|—C’#Q[7‘** 2

£eQy

According to (C7*), the right term is equal to o(1).
Let us study the fifth term of formula (5):

& n w2 & n 1
22 1+C #0L de#% > S%ﬁuc;

1eQs seQf e}

We have :

§ *2”

£eQ;

S ap? & n’
LR, S

0€Q

Since #Q% = O(1) and A’f: = o(1), we have > d*Qﬁ* o(1). As a conse-
0E0;
L or
quence, Y. > L =o(1).
e sef 1+C #Q[ "

Let us study the sixth term of formula (5). We have

27

*5
%Z Q#éleJrC Zd

£eQy £eQ;

2T
Recall that we have already proved that = ZZQ d;? = o(1).
€
Let us consider the seventh term of formula (5), that is to say

42 &b n?
ZZ 2)\#(32571*

£eQ] seQf

We have

*2

Czer) (%)

S s€Q3

LeQy s€QY

According to (C2) and (C8*), the right term is equal to o(1).
Let us consider the eighth term of formula (5). We have:

d g n2 n2‘r 1 5[
ZZ QA#ééT*NT* Zci#éfzdg

*
L€Qs s€Qf teqs Tt 3 seqt

: n?" L& 2 o~ n?" 2
Besides, - 3 c;#iggzseﬂ" d; <5 Z C* #Qe > d?
ey €y s€Q
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Using (C4*), (C2), and the fact that #Q% = O(1), the right term becomes
equal to o(1).
Let us study the ninth term of formula (5):

d3 n’T _ n?T .2 d3
Z Z 7 r* = T Z di Z A

Q] e ey SEQg

Since 2~ (Z%Q* d; ) = o(1), the right term is equal to o(1) using (C2).
To conclude we obtain:

2T
~ * n
nAy ~ Z d;?¢(p,n) s (6)
Qs
Last,
nAs~ Y dp? d*2 d*2”
eQ; e Leqy

We have already shown that ZZEQ* d? "T* = o(1) and Efeﬁg d}z% = o(1).
Then
27

A n
nAy~ Y dp? ot (7)

LeQr

Finally, using formulae (4), (6) and (7), we have for large p and n, g, ~ \/&(p, n).
It concludes the proof of the first two items of Lemma 2 of the manuscript.

Let us prove the third statement of Lemma 2 of the manuscript.

When p — +00, the distance between markers and QTLs tend to zero. As
a consequence, QTLs locations will match a few marker locations (i.e. perfect
LD), and each column of X* will be included in X. Then, we have R (X*) C
Reo1(X). As a consequence, V¢ € QFUQSUQS, we have PP’ P** = P* and since
HP*(Z) H2 = 1, we have the relationship & + &£ + 55 = 1. Let us recall condition
(CT): B0 S €5d;®* = o(1). We have Y &5d;? < (#) di? maxseqq € and

e e
by definition, dj?> ~ n¥ with 0 < ¢ < 1. In this context, let us set V¢ € Qf
&5 = 1/n% with 6; > 4. Since d}? maxyeqr &5 ~ n¥~% and #Qf = O(1), it is
clear that condition (C'7*) is fulfilled.

In the same way, if we set V¢ € Qf & = 1/n% with 6y > 1, condition
(C8*) is fulfilled. Then, using the new expressions of &§ and Eé, we have & =
1-—¢&— §§ =1-1/n% — 1/n%. Moreover, since & — 0 and §§ — 0, we can
deduce that ¢/ — 1. As a result, using the notation &(p,n) for &, we obtain the
desired limits {(p,n) — 1 and g, — pgmde. It concludes the proof.

12



6. Proof of Lemma 3 of the main manuscript
6.1. The projected signal belongs only to Span{Q*(l)}, and is tagged by one
s e
If the projected signal belongs only to Span{Q*(l)}, that is to say
=0,forl << r”

HQ*(UQ*(U/ * HQ*(z)Q*(e)/B* 2

Let us consider that £ = 1 is tagged by only one “s” that belongs to €, i.e.
HP(“”)P(S)’P*(”H2 ~ &(p,n) only for that s, with 0 < b < {(p,n) < 1.
Using Theorem 2, we have:

d2d
R TN

Po = L dids? 9 9 1/2
( P @iy + @ |POPE PO Q| >

P(S)P(S)’P*(I)HQ ||Q*(1)Q*(1)/5*H

(8)

Using further the fact that di2 ~ n¥ and A\ = o(d?) (since s € 2;), we obtain

BAY | ois) sy pr |2 1| A*(1) (1) 2% /2
42+ 2 ’P P H HQ @ (p,m) m

S

dydi? () p(s) p( «(1) yx (1) ax 2r4ap
@ [POP PO e s ~ e n

S

4

If 27+ > 1, then n = o(n*"*¥). As a consequence, since Y (dr‘)dﬁp <r<n
u:1 u
and 0 < b < &(p,n), we have p, — lim \/&(p, n).

Let us now consider the case 2741 < 1. Then, it is obvious from expression
(8), that we need to impose . > =0 (n?” ™) in order to obtain p, —

d4
w1 N
lim \/&(p, n).

6.2. The projected signal belongs only to Span{Q*(l)}, and is tagged by one
s € Qy

Recall that

2
) HQ*(DQ*(U/B*H
Pg = 7 (9)

T . 1/2
( X dz+x>2+<5fif | P P P HQ*“)Q“)’B*H)

Using further the fact that dj? ~ n¥, we obtain

d3d}

&(p,n) n™Y/2
dz + A

2
P(S)P(S)’P*(l)H H *(1) A% (1)7 a*
| @ Wy ~
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Besides,

didy’

2 &pn) nPTHY
(dZ +A)?

2
P(s)P(s)/P*u)H H *(1) A*(1)7 px
| @O~ S

-
If 27+ > 1, then n = o(n?>"*¥). As a consequence, since Z

r<mnand 0 <b<{(p,n), we have p, — lim \/&(p, n).

Let us now consider the case 27+ < 1. Then, it is obvious from expression
4
(10), that we need to impose .\ _, =2y = 0 (n?"t¥) in order to obtain

u=1 (d2+X)?
pg — lim\/&(p,n).

6.3. The projected signal belongs only to Span{Q*(l)}, and is tagged by one
s € Q3

Recall that

(dz +)\)2 =

A 5 PP | o Q |

pg = 1/2 (10)
4
(02 ) i + e [|P@ P )| ||Q*<1>Q<1>,5*||2)

Let us suppose that A ~ Cn"*™" with £ > max(0,—7). Besides, we set
ds ~n?, with v < (k +n)/2. Using further the fact that d2 ~ n¥, we obtain

d2d

yanY ‘P(S)P(S)/P*(l) H2 HQ*(l)Q*(l)/ *|| 5(%”) n27+7'+111/2—/<—77.

At the denominator, we have:
d4 d*2 2

N §(p,n) A —2R—2n+27+¥
(d2 4+ \)?

HP(S pls) p 1)H HQ*(I)Q(l =

If 4y — 2k — 20+ 27 + ¥ > 1, then n = o(n*¥=2:=2+27+¥)  Ag a conse-
4

T
quence, since Z (dzdﬁ)z <r <nand 0 < b < &(p,n), we have p, —
4
lim 1/&(p,n). When 4vy—2x—2n+427+¥ < 1, we need to 1mposez d;lf)\) =
o (n*1=2r= 2""‘2”"1') in order to obtain p, — lim+/&(p,n). It concludes the
proof.

7. Lemma 1 of the Supplementary Material

Lemma 1 (Extreme cases). Let us consider same assumptions as in Theorem 2
of the main manuscript. Besides, let us suppose that the projected signal belongs
only to Span{Q*(T*)} that is to say

:O,f0r1§5<r*.

HQ*(T*)Q*(T*)/

HQ*(S *(s)1

14



2

~

Moreover, let us assume that £ = r* is tagged only by one s such as HP(S)P(S)’P*(T*)
&(p,n) with 0 <b< &(p,n) <1, and ||P(“)P(“)’P*(T*) 220 Vu %+ s. Then
o If s€ Q3 Uy, and

— if 21 + 1 > 1, then py — lim \/&(p, n) pgracle'
— if 21+ n < 1, then

' y 4, T O 1 oracle

w i Sy g = 0 (7T then pg — lim \/E(p,m) pye

4
* Zf TLQTJFT, =0 (Zz:l (d%dﬁ>7 then ﬁg — 0.

o Ifs€Q3, A~ Cn ds ~n withC > 0, k > max(0,—1), v < (k+n)/2
— ifdy — 2k —2n+ 27 +n > 1, then py — lim+/&(p, n) pgmde
— ifdy — 2k =20+ 27 +n < 1, then

. d* 9 N .
% ZfZZ:1 m =0 (77,47 2K 277+2‘r+77) , then Py — lim g(p’ n) pgracle

u

* Zf nAr—25—2n+274+n —_ (Er

d4
u=1 {@+3)?

), then pg — 0.

The proof is largely inspired of the one of Lemma 3 of the main manuscript,
as soon as we replace 1 by 7.
8. Proof of Theorem 3 of the main manuscript

Let us define A; in the following way:

T

; 1 d T* L
A = s * X! X ow (s)P(s)/ dfp*(]) *(3)1 *
! Nnew s—1 dz + A B new Q ; J Q ﬁ
We have:
XX o Xnew =2 F*WYWFZ'
=38 2 W g pw o) 26,
s=1 k=1

Then,

- 1 T d Tnew T:Le.'w r* ) )
A = s o WrE @ dx < P©) prl) >« 7O zx(k) gx () g*() g

) nmw;dgHH kzlfkfe : ;] 55,QPQ*'s

Further, a natural estimator of As is

2 r 2
A _ Oe Z ds Tr (X Q(S)Q(s)/Q(s)Q(s)/X/
2 Nnew — (dg + )\)2 new new

2 r 2
=23 d 5 (WFZ’Q(S)Q(S)’ZFW’) .
Nnew ——1 (d% + /\)2

15



We can easily see that

Mnew Tnew 2
T (WFZ'QUQE ZFW') = (Z aQ W“”) :

i=1 =

which gives

T MNnew 2
s)/ (@)
nnew Z d2 + )\ 2 (az Wi > .

s:l =1

A natural estimator of As is

A 1 - dS s s - * p*(7) Ny*(J
Ay = Z Y Q) p( )/Zdjp D* g | X! Xpew
s=1 93 =1

nnew

a ds s s - *x D*(J *(J *
Z T Q) P )/Zdjp @D *G)rg
s=1 "9 j=1

We have the relationship

Ay = Z d2 + s X pew Q) PG Z d*P*(])Q*(] 3*

Nnew

Z d2 + A ner S)P S)/Zd*P*(j)Q*(J)/ﬁ*
j=1
Using the fact that

Tnew

Xner(S) — WFZ’Q(S) _ Z fQQ(S)/Z(")W(a)7

a=1
we deduce

s

d " o

E — Xpew Q) PG E dx PO QL) g*
2 new ¥

s=1 ds +A j=1

T Tnew

Z d2 A Z f Q( )/Z((X () Zd*P(S P*(])Q*(J)/B*
s=1

Consequently,

Tnew

nnew s=1
X Zd; < PO pxk) 5 k) g,
k=1

16
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9. Lemma 2 of the Supplementary Material

Lemma 2. Let us consider same hypotheses as in Theorem 1 of the main
manuscript. Then, the quantity p, defined in Section & of the main manuscript
has the following expression

A
(e + ;13)” ’ (A4)” g

*

i do(s) ) / (o(s) plo(s)) * px(5) x4 g*
A E Q P E dsP*VQ
1 di(é) A 6 ( newxnew) = J ﬁ )

i 22 d20(8) <HQ(0’(S Qa( ))/1' ewH)

Pg =

where

&
!

/

A U() (o(s o(s * D*
As = Zd2)+/\ CDplet de | E (Tnewthen)

U(S (o (s)) G‘(S))/ - * px(j) N*(3)7 g*
Zd2)+)\Q ZdjpaQ]B
Jj=1
Ay = Ay

Proof. After having replaced the quantity X’V ~! by X'V —1PP’, formula (5)
of Rabier et al. (2016) becomes

B E(a ) X'V PP X*p*

TLS’UJ 'IlS’UJ

Pg =
X'V-1pp!

'I’L(’U}

1/2
) + BYX*PP'V~1XVar (xnew)X’VlPP’X*B*> oG

)

e

As a result, let us define

z X'V PP

B*/ ( new new)X V 1PP X*B* 142 = O‘gE (’

Az = "X PPV XVar (2pe0) X'VIPP' X* 3%, Ay = Ay,

Using the fact that X’V ~! = QDP’, we have

A = /B*, E ( 'I’L(’U} ’I’LP’U}) QDP/PP X*/B*
After some simple algebra, we obtain
. dy g ]
DPP=|_290 o) @) @) | 11
Q <d3(1)+)‘Q R R ()

17



Then,

B*/ Lnew new (Z S G Q(‘T(é))P(U(S))/> (Tzd:P*(é)Q*(é)/> B*-

= ‘7( ) s=1

Let us now consider Ay. According to Rabier et al. (2018), we have

Ay = 022 d2 1)7(4_))\ (HQ(U S))Q(U(s wH2> .

Furthermore, recall that
As = B X* PP'V X Var (xpew) X'V PP X*3*.

Since the expression of X'V ~1PP’'X*j3* is also present in A;, we easily obtain

/

Z d2 Qo) pla(®) Zd*P*(J)Q*(J)/ﬂ* E (TnewThew)
+ new
a(s) i=1

Z d2(a)< J)r Q) P §™ gx pri) Qi) g
s 7j=1

10. Proof of Lemma 4 of the main manuscript

To begin with, let us recall the expression Ay given in Lemma 2 above:

*

Z 7 0)<5+/\ B E (2,20 Q(a<s>p<a<s>)/Zdj*,p*u)Q*(j)/ﬁ*_ (12)

j=1
Let us consider the following natural estimation A;:

A= Z dz(") oY B X*X QU p ”(S))'ZC@ P Q6 g*.
o(s Jj=1

We have the relationship XQ()) = ¢ o (s) P( . As a consequence, after some
straightforward matrix algebra, we obtain:

*

XTXQUEE) = dyy S d QO PO plote),
/=1

18



2 1 T d?j r
A= 3 5*/ﬁ Z Q*(O g p*(©! plo(s) Z ds P pri) Q) g=.

s=1 o(s) =1 j=1

R 2 T 4

_ o(s)
n (d y A2

s= o(s

An estimation for the quantity As is the following

= *

27 o) ple)r $ gx pri) ) g-
A

J=1

ZXd2 Q(U s)) plo(s)) Zd*P*(J)Q*(J '3

O'(S j=1
Using the fact that XQ(@(*) = do(s)P(”(S)) and after some straightforward
matrix algebra, we obtain:
2

T d4

i 1 o(s * P (a(s)) p*x(£) Ny*(£)!
A3_Z(dQ()+>\<Zd Qe
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Table 1: Same as Table 11 of the main manuscript, except that 781 SNPs are used for the

TST sample.
Dataset ID Set 1 Set 2 Set 3 Set 4
Emp. Acc. 0.4289 0.4709 0.4753 0.5638

ﬁpAh(Xta BZDLASSO)
Pph(X*; Brasso)

pisen(Baprasso)
~scand

Lo (BapLasso)

0.4398 (0.0318)
0.4360 (0.0226)
0.2349 (0.05634)
0.3008 (0.0415)

0.4289 (0.0334)
0.4537 (0.0211)
0.2664 (0.0619)
0.3378 (0.0441)

0.4285 (0.0383)
0.4622 (0.0216)
0.3380 (0.0329)
0.4027 (0.0221)

0.4462 (0.0463)
0.4869 (0.0263)
0.5296 (0.0105)
0.6032 (0.0126)

Dataset 1D Set 5 Set 6 Set 7 Set 8
Emp. Acc. 0.5449 0.5161 0.4121 0.5078
pon(X*, Biprasso) | 04458 (0.0414) | 0.4447 (0.0382) | 0.4184 (0.0331) | 0.4451 (0.0397)
pon(X*, B% ass) | 04737 (0.0247) | 0.4771 (0.0220) | 0.4324 (0.0230) | 0.4811 (0.0234)
et (Baprasso) | 0-4045 (0.0313) | 0.3893 (0.0284) | 0.1965 (0.0743) | 0.4053 (0.0244)
52597 (B4 prasso) | 04691 (0:0201) | 0:4502 (0:0192) | 0.2298 (0.0684) | 0.4629 (0.0187)

" Dataset ID Set 9 Set 10
Emp. Acc. 0.4881 0.5119
pon(X*, Biprasso) | 0-4412 (0.0360) | 0.4419 (0.0374)
pon(X*, Bt 4550) 0.4749 (0.0189) | 0.4763 (0.0216)
pi5and (Baprasso) | 0-3574 (0.0278) | 0.4493 (0.0158)

~scand

0.4176 (0.0208)

0.5277 (0.0137)

P " (BaDLASSO)

Table 2: Same as Table 11 of the main manuscript, except that 1553 SNPs are used for the

TST sample.
Dataset ID Set 1 Set 2 Set 3 Set 4
Emp. Acc. 0.5668 0.5151 0.4889 0.5089

pon(X* Biprasso)
Pph(X*; Bt ass0)

0.4535 (0.0403)
0.4823 (0.0273)
)

0.4489 (0.0422)
0.4778 (0.0258)
0.4267 (0.0205)

)

0.4438 (0.0379)
0.4722 (0.0235)
)

0.4379 (0.0394
0.4594 (0.0241

Nap

ﬁf,%and(@ADLAsso) 0.5072 (0.0143 0.3497 (0.0322 0.2822 (0.0814)
P36 (Baprasso) 0.5526 (0.0121) | 0.5081 (0.0156 0.4205 (0.0203) | 0.3587 (0.0625)
" Dataset ID Set 5 Set 6 Set 7 Set 8
Emp. Acc. 0.5730 0.5091 0.5142 0.5242
ﬁph(Xt?B:xDLAsso) 0.4909 (0.0511) 0.4456 (0.0391) | 0.4497 (0.0369) | 0.4520 (0.0429)
Ppr (X*, BT as50) 0.4579 (0.0288) 0.4686 (0.0244) | 0.4825 (0.0222) | 0.4805 (0.0259)
ﬁ;ia"d(ﬁ:ADLAsso) 0.4816 (0.0209) 0.4134 (0.0227) 0.4830 (0.0099) | 0.4293 (0.0233)

~rscand

P (BaprAsso)

0.5314 (0.0166)

0.4977 (0.0164)

0.5714 (0.0149)

0.4922 (0.0179)

Dataset ID Set 9 Set 10
Emp. Acc. 0.5590 0.5156
pon(X*, Biprasso) | 0-4496 (0.0483) | 0.4409 (0.0407)
ppn(X*, BE as50) 0.4831 (0.0276) | 0.4723 (0.0245)
p5emd (Baprasso) | 0.4936 ((0.0176) 0.3664 (0.0357)

~scand

P " (BaDLASSO)

0.5403 (0.01615)

0.4461 (0.0227)

20



Table 3: Same as Table 11 of the main manuscript, except that 3076 SNPs are used for the

TST sample.
Dataset ID Set 1 Set 2 Set 3 Set 4
Emp. Acc. 0.5288 0.5639 0.4662 0.4851

pon(X* By prasso)
Pph(X*g Brasso)

~scand

P (Baprasso)

0.4417 (0.0449
0.4692 (0.0281
0.4387 (0.0213

— — —

0.4494 (0.0478
0.4813 (0.0288
0.5304 (0.0111

~

0.4351 (0.0364)
0.4587 (0.0241)
0.2552 (0.0758)
0.3328 (0.0607)

0.4456 (0.0377)
0.4684 (0.0237)
0.3152 (0.0415)

p36(Baprasso) 0.5372 (0.0151) | 0.6094 (0.1449) 0.4079 (0.0210)
" Dataset ID Set 5 Set 6 Set 7 Set 8
Emp. Acc. 0.5581 0.5096 0.5349 0.5717

ﬁpjt(Xf» Biprasso)
Ppn(X*, BT as50)

ﬁ;i“"d(@ADLASSO)
Pait™(Baprasso)

0.4526 (0.0482)
0.4806 (0.0293)
0.4818 (0.0191)
0.5469 (0.0145)

0.4411 (0.0403)
0.4648 (0.0253)
0.4002 (0.0249)
0.4784 (0.0167)

0.4481 (0.0449)
0.4762 (0.0263)
0.4237 (0.0269)
0.4832 (0.0206)

0.4521 (0.0499)
0.4856 (0.0288)
0.5277 (0.0148)
0.6113 (0.0148)

Dataset ID

Set 9

Set 10

Emp. Acc.

ﬁPAh(Xta Baprasso)
Pph(X*; 52,4550)

25" (Baprasso)
55" (Baprasso)

0.4969
0.4421 (0.0389
0.4637 (0.0242
0.3419 (0.0354
0.4312 (0.0354

. —

o~

0.5266
0.4533 (0.0410)
0.4798 (0.0244)
0.4439 (0.0201)
0.5138 (0.0148)
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