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ASYMPTOTIC BEHAVIOUR OF A NETWORK OF NEURONS WITH
RANDOM LINEAR INTERACTIONS

OLIVIER FAUGERAS, EMILIE SORET, AND ETIENNE TANRE

ABSTRACT. We study the asymptotic behaviour for asymmetric neuronal dynamics in a network
of linear Hopfield neurons. The randomness in the network is modelled by random couplings
which are centered i.i.d. random variables with finite moments of all orders. We prove that if
the initial condition of the network is a set of i.i.d random variables with finite moments of all
orders and independent of the synaptic weights, each component of the limit system is described
as the sum of the corresponding coordinate of the initial condition with a centered Gaussian
process whose covariance function can be described in terms of a modified Bessel function. This
process is not Markovian. The convergence is in law almost surely w.r.t. the random weights.
Our method is essentially based on the CLT and the method of moments.

AMS Subject of Classification (2010):
60F10, 60H10, 60K 35, 82C44, 82C31, 82C22, 92B20 proc

1. INTRODUCTION

We revisit the problem of characterizing the limit of a network of Hopfield neurons. Hopfield
[6] defined a large class of neuronal networks and characterized some of their computational
properties [7, [§], i.e. their ability to perform computations. Inspired by his work Sompolinsky
and co-workers studied the thermodynamic limit of these networks when the interaction term
is linear [3] using the dynamic mean-field theory developed in [11] for symmetric spin glasses.
The method they use is a functional integral formalism used in particle physics and produces
the self-consistent mean-field equations of the network. This was later extended to the case of a
nonlinear interaction term, the nonlinearity being an odd sigmoidal function [10]. Using the same
formalism the authors established the self-consistent mean-field equations of the network and
the dynamics of its solutions which featured a chaotic behaviour for some values of the network
parameters. A little later the problem was picked up again by mathematicians. BenArous and
Guionnet applied large deviation techniques to study the thermodynamic limit of a network of
spins interacting linearly with i.i.d. centered Gaussian weights. The intrinsic spin dynamics
(without interactions) is a stochastic differential equation where the drift is the gradient of a
potential. They prove that the annealed (averaged) law of the empirical measure satisfies a large
deviation principle and that the good rate function of this large deviation principle achieves its
minimum value at a unique measure which is not Markovian [4} [I, 5]. They also prove averaged
propagation of chaos results. Moynot and Samuelides [9] adapt their work to the case of a
network of Hopfield neurons with a nonlinear interaction term, the nonlinearity being a sigmoidal
function, and prove similar results in the case of discrete time. The intrinsic neural dynamics is
the gradient of a quadratic potential. Our work is in-between that of BenArous-Guionnet and
Moynot-Samuelides: we consider a network of Hopfield network, hence the intrinsic dynamics is
simpler than the one in BenArous-Guionnet’s case, with linear interaction between the neurons,
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2 O. FAUGERAS, E. SORET, AND E. TANRE

hence simpler than the one in Moynot-Samuelides’ work. We do not make the hypothesis that
the interaction (synaptic) weights are Gaussian unlike the previous authors. The equations
of our network are linear and therefore their solutions can be expressed analytically. Thanks
to this we are able to use variants of the CLT and the moments method to characterise in a
simpler way the Thermodynamic limit of our network without the tools of the theory of large
deviations. Our main result is that the solution to the network equations converges in law
toward a non Markovian process, sum of the initial condition and a centered Gaussian process
whose covariance is characterized by a modified Bessel function.

2. NETWORK MODEL

We consider a network of N neurons in interaction. Each neuron i € {1,---, N} is charac-

terized by its membrane potential (Vti’(N))t where t € Ry represents the time. The membrane
potential of neuron ¢ is described by the stochastic differential equation

N
i (N i (N 1 Ny 4, (N i
AV ypi )dH\TNZJi{j)vg( Jdt +~dB;

(2.1) j=1
L™y =g,
where VO(N) = (Vol, e ,VON ) is the vector of initial conditions. The matrix JN) is a square

matrix of size N and contains the synaptic weights. The parameters A and 7 are real constants
and (Bj); models the internal noise of the neuron i. The (Bj):, ¢ € {1,---, N} are N independent
standard Brownian motions. The initial condition is a random vector with i.i.d. coordinates,
each of distribution . Each initial condition V{j is fixed and does not depend on the size N of
the network. For the sake of simplicity, we remove the size exponent N in J (N) 'ie. Jis the
matrix of the synaptic weights, for all N € N.
We denote Vt(N) = (th’(N), e ,VtN’(N)) and write system (2.1 in matrix form:

v,V = - )\V;(N )

L (VO(N)) = 1/8§N.

System ([2.2)) can be solved explicitly, its solution V;(N) being given by,

N _ J N b J
(2.3) Vt( ) = e [exp (\/Nt> VO( )+ 7/0 e exp (\/N(t - s)> st] , VteR,.

We make the following hypotheses

J
dt + —NVt(N)dt ++dB,

(2.2) VN

(H1) : v has finite moments of all positive orders:

/R 2 duo(2)

Lo ::/R:cdyo(a:) and (bo:/Ra:Z dvy(x)

(H2) : The elements of the random matrix J are i.i.d. centered random variables of variance
0?2 and with finite moments of all orders. They are independent of the initial condition.

<+oco forallpeN

we note
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3. CONVERGENCE OF THE PARTICLE SYSTEM WITHOUT NOISE

3.1. Mean field limit. In this section, we consider the case v = 0 (no noise). We have the

following result on the convergence of the coordinates of vector (Vt(N))teR ., for N = 400 to a
Gaussian process whose covariance is determined by a Bessel function.

Theorem 3.1. Under the hypothesis |(H1)| cmd|(H2)L for each k € N, the process (Wk’(N))teR+

converges in law to (‘/;k7(oo))t€R+ where, for allt € Ry,

o) _ o [Vok + zﬂ , VteRy, L(ZM=N (0, qbofo(%t)) ;
with
(3.1) Io(z) =Y 2%/ 2% ().

>1

Moreover, for allt € Ry, ZF is independent of Vok.

The limiting process is then entirely determined by its initial condition and the Gaussian
process Zf independent of Vok .

Remark 3.2. The modified Bessel function of the first kind Iy is defined as being the solution
of the ordinary differential equation z%y" + zy' — 2%y = 0. This function is the sum of the series
(226 (2%(1)2)) >0 which is absolutely convergent for all z € C, i.e.: Io(2) =3 5 22/ (22°(£1)?),
so that we have -

Io(z) = Io(2) — 1.

The hypothesis of independence between J and VO(N) is crucial in the proof of Theorem
Therefore the proof is not valid if we start the system at a time ¢; > 0, in others words, we can
not establish the existence of a process (Ztk) which has the same distribution as (Zf)

and independent of Vt]f such that

k,(oco — k,(oco >
(3.2) Vi) = e (V™ 1 2F)

1

tER+ tER+

Remark 3.3. The proof of Theorem shows that the limiting process ZF is an infinite sum
of independent Gaussian variables. Let (Gg)g>1 be a infinite sequence of independent standard
Gaussian random variables, then the following equality holds in law:

kL ot
(3.3) zZk = \/¢OZTG4, VteR,.
=1

To obtain the proof of Theorem as well as the covariance of the limiting process, we need
the following lemma

Lemma 3.4. Let (Yg,j)(j f)enz be a sequence random variables independent of J, whose coordi-
nates are not necessarily independent and identically distributed and such that, for all p € N,
and for £ € N fized,

p

N
1
A4 lim E || = Y, )2 = .
(3.4) NEEOO N le( &J) Grp < 00
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For all ¢ € N, let UK( = z Z] L(J91,;Ye 4, we have for all p € N

.. m)!
= th—H—ooE [(UZ(N))QP} — ¢€,p( 'I;) U2€p and th—H—oo [(UéN))Qerl] =0

11- Given any family of m integers (bi)1<i<m, m € N, if at least one of the b; is odd, then
for all integers 0 < 01 < -+ < by,
tim B[ ) )] < 0.
i B[ @)
ii- Given any family of m integers (a;)1<i<m, m € N, with Y ;" a; = p, then for for all
integers 0 < £y < -+ < Ly,

lim E [(U( ))2a1 e (Ufm 2am} =% HQS&,al ‘ g2,

N—+o00 z-

The proof of Lemma [3.4]is given in Section [5l It allows us to state the following result on the
covariance of the process Vtk’(oo)>

Corollary 3.5. For all k € N, the covariance of the limiting process (Y/ltk’(oo))tggbr s given by
(85)  Cov (VO vRED) — 2059 (6T (20vEs) + 60— i), L€ Ry,

Remark 3.6. The increments of the process (V;k’(oo)> " are not independent. Indeed by
teR4
Corollary [3.5, for all 0 <t < to < t3 < t4,

Cov [V ;(00) V;If,(oo)’ V;iv(oo) _ V;k,(oo)} ?é 0.

3

Proof of Corollary[3.5: Because of Theorem ZF is centered for all t € Ry implying that
E [V}k’(oo)} = e M. It follows that

o (1), =B [ (14 ) (7269 3]
—E [va@o)VSk,(oo)} M) 2
(3.6) = {E (V2] + B [V (270 + Z8))]
+E|202E] - Mg}.
Then, let (") the k-th unit vector of RY, we remark that

J N) ko (Nt Jtst (N)
7 {(exp (8) - Id> 1A ] =Vy(e;) E V
" VN "l ok >1 5'\/>Z °

Jtst (N)
= (ef) S vk,
; >1 f‘\/> e
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(N)

where (e,gN)) is the row vector transposed of the column vector e, ’. As Vj and J are indepen-
dent,

N JKSK N N JZSE N
E | (™) S i v | =B [ )Y | B v Y]

N Jtst
=E ()Y S| Y

N Jtst
=E | ()Y v

where Y is the deterministic vector with all coordinates equal to u% except the k-th coordinate
which is equal to ¢g. Y satisfies
p

It follows from Lemma [3-4]i and the proof of Theorem [3.1] that

¢
(N)yt J'st L
E Y = N (0, ud(2
) >1 IVN' N—otoo ( sl Os)>

This convergence yields that
(3.7) E [vokzﬂ =0.
Combining and , we obtain
Con (VA9 V) = 3059 (4 _ 2 18 [2621]).

Moreover, by (3.3)) and (| .,

(3.8) {Z’fz’f} = ¢olo(20V15).

€>1

Combining (3.6)) and (3.8]) we obtain (3.5)). Note that the proof of (3.7) implies that E [Vome]
0, m € N. This yields the last point of Theorem

o

Using Remark and Corollar we can write the EDS which is verified by the process
k,(o0)
(V;‘, )t€R+:

39) AV = AR qs 4 gkat
| L) = w.
with ( ) teR, & Gaussian process such that for all t € Ry,

k (at)® &
N S

>0
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where the Gé? are the same Gaussian random variables than in (3.3]). Moreover, we can proceed
exactly as in the proof of Corollary to obtain the covariance of the process (Htk) teR, which
gives us

Cov (Hf Hk> = o0l (20\/@ .

The proof of Theorem rests upon the use of the method of moments (see [2, Th. 30.2])
applied to the exponential of J in . The method of moments consists in proving the
weak convergence by establishing that the moments converge. This requires that the limiting
distribution is uniquely determined by it moments. This is the case of the Gaussian distributions.

Proof of Theorem[3.1. Without loss of generality we assume k = 1. By expanding the exponen-
tial of the matrix J in (2.3)) (with v = 0) we express the first coordinate of Vt(N) as

= (1 e S
>1 ¢

(3'10) =e VO § £| E , Jl,]l Jig2 " Jjefhjzvb%
£>1 VN J1, +,Je=1

We fix n and define the partial sum Z." (t) of order n of (3.10):

AR N
(3.11) Z7(1N) (t) = Z i Ug( )7 Ug( ) = Z iy i 1,J2VM
/=1 ’ ] 5" 7]13 1

In the first part of the proof we apply the method of moments to Z,(lN) (t). We will identify the

limit of the moments of ZT(LN) (t) for N — oo with the ones of a centred Gaussian process, noted
Zn(t), of variance ¢glo,(20t) where

n 20

(3.12) Ion(z) = W
/=1

is the partial sum of order n of fo(z) defined in (3.1)). The method of moments then guarantees
that, for all n € N, Z") (t) converges in law to Z,(t) when N — oc.

We apply Lemma to U E(N) defined in (3.11)) with Yy ; = Voj not depending on £. We define
P

1 ,
—_ 7\2
=i & | (3002 |
]:

and observe that

N .
052 ) =g X w2 rro(y).

J=1 1<j1<+<jp<N
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By hypothesis (H2)| the V are 4.i.d. random variables, we then have for all p € N,

1 j ; 1
¢p= lim —plE Z (Vg2 (V"2 + 0 (N)

N—+oo NP . .
1<j1 << jp<N

p!

Lemma, i and the method of moments imply that, for all £ € N, the sequence (U K(N))N N
€

converges in law when N — 400 to a centered Gaussian of variance ¢go?‘.

Using Lemma again we show that Z,(LN)(t) converges in law to Z,(t) for all n € N fixed.

Let p € N, (Zq(lN) (t))P is the sum of terms of the form

tgl N b1 tgm N bm,
(3.13) Cp,bl,"- b Z <€1'U£(1 )> R (gmle(m ))

1< <<l <n

over 1 < m < p and for families of positive integers (b;)1<i<m € Xpm Where

(3'14) Ep,m:{(bla"' abm) GNT | Zbi:p}'
i=1
Cp, ), ci<m is the multinomial coefficient :
p!
Cpbr,o bom = bl bl

P
By the second statement of Lemma when taking the expected value of (ZT(LN) (t)) the terms
with at least one of the b;, 1 < i < m, odd vanish in the limit in N — oco. It directly yields that
the odd moments of Z\" (t) go to zero as N — o0 :

2p+1
(V)
(3.15) E [(Zn (t)) ] L0 el

We next consider the even moments of Z,(lN) (t). Let p € N, applying the second statement of

Lemma 3.4 we obtain

p
Jim B[] = dim > Y Cpare
m=1 (a;)1<i<m€Zp,m

o\ )
x ) (erl Ve

1< <<l <n
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where ¥, ,, is defined in (3.14])) Applying the third statement of Lemma we obtain

2p)!
(316) E[(ZV(0)*] = Z 2 (2&1)!(--p-)(Qam)!

m=1 (al)zezp m

tQZaiei
=5
2

1<l <<l <n

We can now apply the first statement of Lemma to obtain

2p)! o
(3.17) E[(Z(N)( }N_>+OOZ Z 2p(a(1)]!).)..¢€am)!

m=1 (a;);i€Zp,m

m t2al

' 2a”
>, g 2a1Ha

1< <<l <ni= 1

which is precisely the moment of order 2p of a centered Gaussian random variable of variance

¢Oﬂ),n(20t). It yields that for all n € N, and for t € Ry, Zle)(t) converges in law when N — oo
to Z,(t) with

£(Zu() = N (0. ¢0l0.0(201) )

where 1707”(2at) is defined in (3.12)). Moreover, the function fo,n converges pointwise to .70 defined
in (3.1]).It implies that Z,(t) converges in law, for n — +o00 to a N/ (O, %(2016)).

The second part of the proof consists in adding the initial condition VO1 to our analysis. We
compute the characteristic function of the pair (V()l, Z7(1N) (t)) The main difficulty in computing
this characteristic function is that V' appears in zN) (t), indeed we can write zN) (t) as the
sum
N

~ tf
(3.18) ZMNW=ZMO+> —— > T TV,
VNG =

where Z(LN) (t) is the restriction of Zy(LN) (t) over jy > 2

n N

- tt
Z?sN) (t) - Z YA Z Z lejl o Jﬁ 17][‘/][
= VN0 G

First, we show that this dependence disappears in the limit N — +oo.
Let (u1,uz2) € R?, by (3.18) we have

‘exp (iw1 Vy) exp (iugZ,(LN) (t)> — exp (iu1Vy ) exp (z’uQZ(lN) (t)) ‘ = ’exp (iw Vy') exp (iuQZSN) (t)) ’
N

te

> T DV | -1
Y 11 Je—1,1Y0
/=1 \/N 0! g1, je—1=1

n

X |exp | 1ug
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Then, using the fact that |e* — 1| < |z|el*,

‘exp (iu1 V) exp (iuzquN) (t)) — exp (z’ulVol) exp (iUQZ,(LN)(t)) ‘ < ‘exp (i1 Vy) exp <iu221(1N) (t)) ‘

X |ug > i die Vo e | fus > i JisaV
=1 VN 1! G1,je_1=1 (=1 \/N l! Jiyge—1=1
(3.19)
n t@ N . n t@ N .
< lus - S T Tia Vo lexp [ |u2 > — > T TV
-1 \/N 14l G1,mjp_1=1 =1 VN ! Jiyge—1=1

Using the method of moment on

n

¢ N
> S g di Ve

0
=1 VN GG =1

gives us that all moments are zero hence it converges in law, and then in probability to 0 as
N — 4o00. The limit of (3.19)), as N — +o0 is zero. It follows that

NEIEOOE {exp (i1 Vy) exp (’L"U,QZTSN) (t))}

= NEI—?OOE [exp (wlvol) exp (iUQquN) (t))]

=E [exp (z’ulVol)] Nl_i)IJI:OOE [exp (iuzZ(IN) (t))}

and taking j; > 2 does not change anything in the previous calculus on the moments, which
yields that

NETOOE [exp (iuzgygN) (t)‘/oj‘ﬂ = NLHEOOE [exp (iUQZ,(LN) (t))} .

It shows the independence between Z,(t) and V.

Hence we have the convergence in law as N — 400 of the pair (VOI, ZN) (t)) to (Vi Zn(t)),
and it follows that

L
(3.20) Vo + 200 o Vo Zat)

t@
It remains to let n — 400 and to show that, if Z(V)(¢) = > > EUZ(N)7 then V' +ZM (1) £,

N—r+o00
Vot + Z(t), where £ (Z(t)) = N(0, In(20t)). We are in the following situation:

Vi + 289() Vi + Zo(t)

N — c©

Lln— o0

Vi + Z(t)



10 0. FAUGERAS, E. SORET, AND E. TANRE

According to [2, Th. 25.5], to obtain the weak convergence of Vi + ZWN)(t) to Vi + Z(t) as
N — +o0, it is sufficient to show that for all ¢ € R,

(3.21) lim _TimsupP [| (V) + Z{V(1) = (V) + 20 (0) [z ] =0, ve>0.
n—=+00 N 510
By Markov inequality, we have
(3.22) P 2000 - 2™ |2 ] < é[ﬁl 200~ 2]
and
[ A
E[| 20 -2V || = E Su
| [£>n+1 7
< ¥ (o]
= as e -
{>n+1

Moreover, by statement i) of Lemma and the moment method, (UZ(N)) N converges in law
as N — oo to a Gaussian random variable of zero mean and variance ¢go?’. Then as | - | is
continuous, for all K € R
: (N) _
S B[ 1m0 ] = B [Ufek]
with, V£ € N, L(U;) = N (0, poo?’). Tt follows that the law of |Up| is a half normal distribution,
and hence that

lim B [|Uel Lo <x] = E[|Ue]]

K
_ V2o

VT
Then,

V2 t

limsup E [[ ZMN )y — zM) (1) \} < bo Z —‘Uz.

The right hand side of this inequality goes to zero when n — oo and (3.21]) follows. This
concludes the proof of Theorem O

3.2. Propagation of chaos. An important consequence of Lemma [3.4]is that the propagation
of chaos is satisfied by the mean field limit.

Theorem 3.7. For any pair (ki,ks) € N2, ki # ko, and for all t € R, we have independence
between V;) and V=),

Proof. Consider k1 =1 and ks = 2 and we denote by

N
k) 1 ¢ j _
UbN = L NYU YL k=12
¢ quej:1 j
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The scheme of the proof consist on taking k£ and ¢ € N not necessarily different and consider
(u1,u2) € R%. The proof consist again of using the method of moment to establish that for all
(uh u2) € RQ?

1,(N)

2,(N) £ £, \2 E, \2
(3.23) Ug uy + Uk U9 N—>—+>ooN (0,(}50 ((O‘ U1) + (0’ UQ) )> .

It will imply that the couple (Uel ’(N),U,f’(N)) converges in law to a Gaussian vector with a
(N)
(N)

diagonal covariance matrix, hence the limits in law of Uell’l(N) and U,?’ will be independent.

Moreover, it is equivalent to the independence of the limit in law of le 7 and Z12 ™) Then we

will proceed recursively by admitting that for a n € N*,

(3.24) 2w+ 20w 5 N (0,20010,0-120t) (w3 + )
N——+oc0

(which is the case of le’(N)ul +Z12’(N)u2) and we will show that it implies that Zrl/(N)uﬁ—Zg’(N)uQ

converges in law to a N <O, 2¢offo7n(2at)(u% + u%)) The result will follow.

(N)

First, let (u1,ug2) be in R2. Then we compute the moments of Ugl’ uy + U,f’(N)uQ. As in the

proof of Lemma, the odd moments are zero. Consider p € N,

2p
1,(N) 2,(N), \* _ (2p)! 9p—m /7 71,(N) 1L(N)\2p
(Ué u U UQ) a Z::om!(Qp—m)!uqlnu?p TU)M U
By Lemma ii-, the expectation of the sum over the m odd converges to 0, hence,
(3.25)

p
. 1L(N) av) \P| .. (2p)! om, 2(p—m) L(N)\2m (7 72:(N)\2(p—m)
yim E [(Ue ur+ U7 Vo) ] = Nlirﬂoomzzo @i —myt 2 BT

by Lemma [3.4] iii- (the proof is also valid for k = ¢)

L(N)\2m 772,(N)\2(p—m) p(Qm)'(2(p_m))' 20m _2k(p—m)
(3.26) £ [(Ué U ] Notoe 70 2Pm!(p — m)! 7 ’

Combining (3.25)) and (3.26]) yields convergence of law

1,(N 2,(N c
(U, ( )ul + U, ( )UQ) ij N <0, (u% + u%)gbo(a2z + a%))

and then,

(3.27) (U}(N ) U )) N% N (0,%04), with S, a diagonal matrix.
—+00

the independence between the limit in law of Uzl M) and Ug’(N). It yields, taking ¢ = 1 = k,
that Z;(t) and Z2(t) are independent and that, for all (u1,us) € R?

L
(3.28) Z M (tyuy + 220 (#)uy o N (0,260(00)° (ud + w2)?).

—+00
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Now, let n € N and assume (3.24]) is satisfied for at rank n — 1, then, let p € N;

P tn p
(%”Wm+ﬁWWm)=Q%WNM+Z(VMHWN%WM+%“%0

p g

P! (N m —m
=3 i 2 e O 4 0y

If p is odd, then, either m or 2p + 1 — m is odd and consequently, the expectation converges to
zero as N — +o0. It yields, combining with the independence (3.27)) between the limit in law
)

of U1 (M) and U,?’(N) that the odd moment of (Z%’(N)ul + ZEL’(N U
now the even case, let p € N,

converges to 0. Consider

2p
7 7 2p (2p)! 1,(N 2,(N " 9y _
1,(N) 2,(N) _ 7 (V) 7 (V) \m 2(p—m) (7 L.(N) 2Ny, )2p—m
( n Ul n u2) - E m|(2p m>|( n-1 W1ty UQ) (n|) P ( n ur+Uy u2) by

as before, if m is odd then the expectation will converges to zero. It yields that

» (2p)! 1 ¢
1L,(N) 2,(N) _ () 2,(N), 2m b \2(p—m) 771,(N) 2,(N), \2(p—m)
(Zn u + Zn u2) Z (2m>|(2(p — m))‘ (Zn—l u1+Zn—1 u2) (n|) (Un u1+Un u2)
By (3.24) and by (3.27), it implies the convergence
2
(Z50us + Z2090) " S 0+ 3 6 2 (T2

We have the convergence in law of (Zl’(N)u + Zg’(N)uQ> to a N(0, 2(u2 + u2)olo.n(20t)) with

N — 400 and hence the couple (Z, (N)( t), z2 (t)) converges in law to Gaussian vector with
diagonal covariance matrix which lead to the independence between Z!(t) and Z2(t). The
independence with the initial condition has already been shown, which allow us to conclude
that V' and V}? are independent. g

4. CONVERGENCE OF THE PARTICLE SYSTEM WITH NOISE

In this section, we consider the case v # 0. Then the explicit solution of (2.2)) is

(N) _ —xt Jt ) [ (N) /t ~As ( J8> ]
4.1 V =e Vex V + e exp | — dB;| .
(4.1) t p< N 0 Y ) p N

Theorem 4.1. Under hypothesis |((H2)| on the matriz J and the initial random vector VO(N) we

BN 4 (o)

have the convergence in law as N — +oo of V, where

t
(4.2) AR {VO’“ +GP 4y / eASdBE]
0

Where, for allt € R, Gf’(oo) has Gaussian distribution with zero mean and variance ¢oly(20t)+
v2U (o, t) with
025 t
Vo) = 0 ot o0 = [ P sas
0

>1
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Proof. We again prove the result for £k = 1. The proof follows exactly the same steps as that of
Theorem First, the explicit solution of (2.1]) has the form

(4.3) AR [exp (\/szt> Vi) 4y /O e exp (\/Jﬁ(t - s)> st] .

Expanding the exponential, we obtain

t

VM = ey [#VOW )y / Mt — s)des] .

>0 f'\/ﬁ 0
Taking the first coordinate and separate ¢ = 0 from the sum
N
(4.4) Vi=eM %1+7/teA8dBl+ZZW
. 1 !
0 £>1 j=1 VN0
with
) t )
(4.5) ugj(t) == t'V§ + / e (t — s5)'dBY.
0

Then we can follows the same scheme than for the proof of Theorem The sequence (uy ;(t)
satisfies the hypothesis of Lemma for t € R, fixed. Then applying Lemma with
Yo = uj(t), for t € Ry fixed. It yields that ¢o in Theorem is replaced by E [u(l,f)2 =
2o + 2 fg (t — 5)%!ds by independence between VO(N) and the Brownian motion. Theorem
follows. U

5. PROOF OoF LEMMA [3.4]

Proof of Lemma[3.4 1) We start the proof of the first statement of Lemma by considering
the case £ = 2. First, remark that

N N
N 1 . 1
(5.1) U™ = ~7i > Y250+ N > Juidigs Yo

J2=1 J1=2,j2=1
By the strong law of large numbers, the first term of the sum in the right hand side goes to zero
almost surely as N — 400 by hypothesis Next we note that the products Jy j, Jj, ;, that
appear in the second term are always made up of two different elements. In order to deal with
this second term we define

N
Hyjy = Z Jiv52 Yt 2
jo=1
and

N
~(N 1
o) = ~ > T Ha,
J1=2

~ k
Then, for all k¥ € N,, we can expand (UQ(N)) as the sum over m from 1 to k and over the

families (a;)ieys, ,, (defined in (3.14)) of the terms

1
(5.2) ——Choar - T H e T HT
N e an 2 Li g T g

2<iWaiiim<n
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Recall that C} g, ... is the multinomial coefficient

sam

k!

Choay ... =
;01 m al!"'am!

,Q

As the ( j{é))1<g<m are higher than 2, all the terms (J | j(e)> per are independent from all the
== J1 ) 1<e<m

(H .(z)) . Moreover, as the Js are centered, if at least one of the ay is equal to one, the
201"/ 1<e<m

expectation of the sum over the ( j;f))lggm vanishes. This is the case when m > |k/2]: at least
one of the a; is equal to one.

Thus we may restrict our attention to the sum for which for all £ € {1,--- ,m}, ay > 2, i.e the
sum over m < |k/2]. We remark that the family (H 2j(2))1§g§m is not independent. Indeed, all
»J1
the coordinates of (Y2;),.,. appear in each H2j(z), 1 < ¢ < N. Furthermore the dependence
<i< gt

is only between the coordinates of Y5 ... which are independent of the matrix J. Consider one of

the Hal (0, 1 <€ <m. We can expand it in the same way as for a fixed value of ¢:
7]1

©) 00

Z) a myp
Sy Y a2 (LegeYm)” o (Lo maY, o)

] m[ 1
my= lZae mp j§1)<<j£7rL€)§N

Hence, with the same argument as before, if at least one of the (ay))j is equal to one, the
expectation vanishes. It follows that for each ¢ € {1,---m}, my < |as/2]|. The consequence is
that for a fixed m and a farnily (ar), in (5.2)), using the hypothesis that Y and J have finite

moments (hypotheses [(H1)| and |(H2) -

(5.3) E > J%MH(U”#%#ﬁ%w:%wNMXﬁmmg_
W1 7.7 7]1 7]1

2<iWaciiman

We first look at the odd case and take k = 2p + 1. As previously noted, m < [k/2], i.e
m < p, and

gWJ{Zﬁ—PHJp

By (5.3)), it follows that in (5.2) we have at most NP terms. As all the moments of the
coordinates of J and Y are finite, we obtain that, in this case, (5.2)) is an O (1/N), and then

(54) NLHEOOE {(U2 ) ] =0
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Next we consider the even case, k = 2p. As previously, m < p. Considering 1 < m <p—1
and proceeding exactly as for the odd case, we have that

-1
]. R al a1 Q. a 1
GEIS Y Guew X om0 (£,

7.71
m=1 (G‘l’-..’am)ézk’m 2§]§1)<<]§m)§N

m
contains at most N 127k @¢/2) <N2p—1 terms

It follows that the only surviving term in ([5.2)) is the one such that m = p. Hence, the only
choice for the values of the (as)1<m<p is a1 = -+ = a, = 2. It yields that

] o (L) L o) oo (12 g2
E[(U2 ) ]—O<N>+N2p 3 0B (] - HY ) +0.

2<jiV <P <N

It remains to control E <H2] H2 (p)>. As j;l) << Jép% by Hypothesis |(H2)
»J1

r 2 2
N
2
E [H2J§1) 5 ;m] =E Z Jim 0¥, > T wY, m
1) =1 jép)il
=E Ja .Y, (Y, @)
> o0, (1)) (w0 Y w)
1<8H P <N |
2E Jo oY oJo.oY o Jde oY, ode . oY, .
+ > oYy J o Yy Te oY, od e e, e
1< <if <P <iP <N
9 2
(5.5) = o“PE Z (YQJS) '-'Y2’j£p)) + 0.
()

We note that since the indexes j5’, 1 < £ < p can be equal, the Yzj(e)s are not necessary
»J2

independent from each other.

This motivates the following decomposition. Let
(5.6) AP = 1<V P <Nl Vi<t <p e, 30 #5500,
AP = {1 <V P <N A, ), 01 # b, G5 = 5P)
The sets Aﬁ’p and A" are disjoint and
{57, 3Py € {1, NI} = AP U AR

Because the cardinal of AR? is of order NP~!, and since because of hypothesis |(H1)| all the
moments of the coordinates of Y are finite, it follows that the only surviving term in the right
hand side of (5.5) is the sum over Aff’p . Then, we have that
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60 B[00 - g ¥ e[ B[00 0 (5).

N2p 9p A 2,35
Ny
and, thanks to (3.4),
1
(58) lim S OE [(le))?] . E [(deép))ﬂ -

N—>+ooN
( (i ))GA# P

Then, combining (5.7) and ([5.8) we finally obtain that

(N) gp] _@p)! o9
oo i B[057] = g,
This yields statement i) of the Lemma in the special case ¢ = 2.

We now extend it to the general case and proceed by recurrence. Let £ > 3, as before, we
denote by

1 N N
- 0 § : E : JJl,J2" Je— 17%Y£,Jz
VN J1=2ja,,Je=1

We suppose that, for all p € N:

o0 B[] - g 2] -
o (000 = e [(09) ] -0

We then decompose UZ(N) over j; =1 and j; > 2

U( )= Jll Z Jrgs - joe1,ge Yo, + g Z Z Jriijnge  Tjerge Yo
2, ,Je=1 J1=2j2,,j¢=1
o N
(5.12) :ﬁUg(_l) + oM.

By the recurrence hypothesis, it is easy to see that all the moments of the first term of the right
hand side of (5.12)) converge to zero. It yields that the latter converges to 0 in probability as
N — 4o00. It remains to show that, for all p € N,

7 (N) 2pi| (2p)! . 9.4p [ 77 (N) 2p+1]
£ [(Ug ) Nooo 2Ppl (07)¥0ep  and  E|(U) Nt
To this effect, similar to the decomposition (5.6, let us define the following three disjoint sets.
AE’Z is the subset of /-tuples of indexes in {1,--- , N}* having between 2 and [£/2] + 1 indexes
which are equal. Let Af/z be the subset of {1, -+, N }z with all indexes different, and let A;’e be
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the complement of the union of the other two: at least |£/2] +2 indexes are equal. Decomposing
U(N) on the disjoint sets Af\,’g, A;’Z, and Aﬁ’g, we write

(5.13)
g™ _ 1 Jridi e do Y 4 NPT PR PR YA
A Y 1,71 71,52 Je—1,dn T L,50 L.g1¢71.J2 Je—1,Jn 1 L,j50
VN 2<j1<N 2<j, <N
(j1,ie) EAR (J1,de) AT
+ D> Tpdhme szfl,ane,jJ
2<j1 <N

(1o EAT"

The sum over Af\,’é contain at least one entry of the matrix J independent of the others and of
degree 1. By the zero mean hypothesis of J, the first term on the right hand side of ([5.13) has

mean zero. On A]>V’Z, the sums have of the order of N~ < N2 terms, i > [1/2] + 2, and
hence disappear in the limit N — oo when taking the expectation of (5.13]). As before, the only

surviving term is the one with the sum over Af/. We then apply the same arguments as for
£ = 2 to this term to obtain that, for all p € N

b E K@(N))gp)] _ (@p) 2P,

N—+o00 2pPp!
S B[] <o

It yields the same limits for U, K(N). This conclude the proof statement i), for all £ € N.

We now prove statements ii) and iii), which are generalizations of statement i). First of all,
fori € {1,---,N} and for £ € N, we define

Hj= E o Jige i Yo
1<g2, e <N

Then in the case m = 2, let 1 < f9 and by, by € N: E [(Ug(lN )bl(U(N )2 | is the sum over m; = 1

to £1, ma =1 to £2 and over families (c; (1 )) € Xy, and ( 1(2)) € X, b, of the terms
¢
\/NZIWFM)2 mi=1 cgl)! .. .c%)llcgz)! e cﬁ,ﬂ
N N
v e e
> >, E [(Jl,jgmﬂghﬁm) b e Hy o) 0 Hy o) (T e H
]§1)7 . 7]1n1:12§1)7 77;;n2:1

Using exactly the same arguments as in the proof of statement i), we see that if either m; >
|b1/2] or mg > |ba/2]| there is at least one of the c(l) or 0(2) which is equal to one. Suppose

that cg ) — 1 then on the set where ] ;E zl) for all i € {1,---, {3} the expectation of the sum

over the j§ ), ") is null. Moreover, the sum over m; < |b1/2] or over mg < |b2/2] disappears

in the limit. Indeed, as in the proof of statement i), there are not enough terms in these cases.
Consequently, if at least one of the exponents by or b is odd, the limit is null. It is easy to see
that it is exactly the same thing for m > 2 and statement ii) of the Lemma follows.

(
2501

)C

(2)
mo
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Furthermore, it yields that in the case by = 2a; and by = 2a9, a1, as € N, the only surviving
term in the limit N — +o00 is for m; = a1 and my = as:

. (M9 (22| 1 (201)! (2a9)!
(5.15) NHTEOOE[(UA ) (Uéz ) _N1—1>r-ri-loo Nbart+tzaz 2p
9 2 2 2 72 2 2 2
D S A L A A A

1< <t <N 1<V <o <if2<N

As before, only expectation of the sum over the set of indexes which are all different from each
other contributes to the limit. Then it follows that, using (5.9)),

: (N) a1 (N) 2az _ (2(11)' (20’2)' 2\l1a1+02a
(5.16) NETOOEKUfl ) (Ub ) }%1!@! ()t 4

The extension to the case m > 3 is similar. This conclude the proof of Lemma
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