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BLOW UP DYNAMICS FOR THE HYPERBOLIC VANISHING MEAN
CURVATURE FLOW OF SURFACES ASYMPTOTIC TO SIMONS CONE

HAJER BAHOURI, ALAA MARACHLI, AND GALINA PERELMAN

ABSTRACT. In this article, we establish the existence of a family of hypersurfaces (I'(¢))o<i<T
which evolve by the vanishing mean curvature flow in Minkowski space and which as t tends
to 0 blow up towards a hypersurface which behaves like the Simons cone at infinity. This issue
amounts to investigate the singularity formation for a second order quasilinear wave equation.
Our constructive approach consists in proving the existence of finite time blow up solutions of this

hyperbolic equation under the form u(t, z) ~ t*7'Q (t,,%), where @ is a stationary solution and

v an arbitrary large positive irrational number. Our approach roughly follows that of Krieger,
Schlag and Tataru in [19] 20, 21]. However contrary to these works, the equation to be handled
in this article is quasilinear. This induces a number of difficulties to face.
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1. INTRODUCTION

1.1. Setting of the problem. In this article we address the question of singularity formation
for the hyperbolic vanishing mean curvature flow of surfaces that are asymptotic to Simons cones
at infinity.

In [6], Bombieri, De Giorgi and Giusti proved that the Simons cone defined as follows
(1.1) Co={X= (21, ,22,) ER™ 2]+ 22 =22 |+ +13,},
is a globally minimizing surface if and only if n > 4. It is clear that the Simons cone which has
dimension d = 2n — 1 is invariant under the action of the group O(n) x O(n), where O(n) is the
orthogonal group of R", and that can be parametrized in the following way:

Ry xS"1xs*! — C,cR™

(1.2) (pywi,w2) — (pwi, pwa) -
The Simons cones are linked to Bernstein’s problem which states as follows: if the graph of a C?
function v on R™ ! is a minimal surface in R™, does this imply that this graph is an hyperplane?

Such issue amounts to ask if the solution u to the following equation known as the minimal surface

equation
m—1

> o rvtea) =°

is linear. This problem due to Sergei Natanovich Bernstein who solved the case m = 3 in 1914
admits only an affirmative answer in the case of dimension m < 8. Actually in [I0], De Giorgi
shows that the falsity of the extension Bernstein’s theorem to the case of R™ would imply the

existence of a minimizing cone in R™~1. We refer for instance to [2 13, 4, 6, [0} 1T}, 23, 25}, 30, [31]
and the references therein for further details on Bernstein’s problem and related issues.

By the works [0, [33], it is known that for n > 4 the complementary of the Simons cone (which
has two connected components |z| < |y| and |y| < |z|) is foliated by two families of smooth
minimal surfaces (M,)q>0 and (Ma)a>0 asymptotic to the Simons cone at infinity. These families
are the scaling invariant: M, = aM and Ma = aM with M and M admitting respectively the
parametrization:

(1.3) Ry x S" 1 xS" 5 (p,wi,ws) = (pwi, Q(p)ws) € R*™

(1.4) Ry x S" 1 xS" 5 (p,wi,ws) = (Q(p)wr, pws) € R*™,

where @ is a positive radial function which belongs to C*°(R") and satisfies Q(0) = 1, Q(p) > p
for any positive real number p, and

Qp) =p+ ;l‘; (1+0(1));
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as p tends to infinity, with d, some positive constant and

o= —1—|—%((2n—1) —V/(2n —1)2 —16(n - 1)).

The minimal surface equation in Riemannian geometry has a natural hyperbolic analogue in
the Lorentzian framework. In particular working in the Minkowski space R*?" equipped with the
standard metric: dg = —dt® + Z?Zl d:c?, and considering the time-like surfaces that for fixed ¢
can be parametrized under the form

(1.5) R™ x "1 5 (z,w) = I'(t) = (z,u(t, z)w) € R?",

with some positive function u, lead to the following quasilinear second order wave equation (see
Appendix |Al for the corresponding computations)

Ut Ug; n—1 _
8t(¢1 —(w)? + |wz) - Za’” <¢1 —(w)? + W|2> I Ve 0

J=1
that can be also rewritten as

(NW) u = (1 + |Vul|?) ug — (1 — (ue)* + |[Vul?) Au

(1.6) (n—1)

n
+ 3 gt gy, — 20(V - Vi) + (1= (u)? + [Vul?) = 0-
7,k=1
Note that this equation is invariant by the scaling

(1.7) uq(t, r) = au(Eﬁ) ;

a a
in the sense that if u solves (1.6 then u, is also a solution to (|1.6)). In the framework of Sobolev
> n+2
space H %(R") is invariant under the scaling ([1.7)).
In this paper, we shall consider the case when n = 4 and assume that w is radial which
implies that for fixed ¢ the surfaces we are considering are invariant under the action of the

group O(4) x O(4). We readily check that in that case the function w satisfies the following
equation:

1 u
(1.8) (1+ u%) uy — (1 — u?) Upp — 2upupupe + 3(1 + uz — u?)(a — ?"> =0-

Note that the Simons cone and the minimal surfaces M, are stationary solutions of our model
with u(t, p) = p in the case of Simons cone and u(t, p) = Qa(p), Qulp) = aQ(£> in the case
a

of M,. Let us also emphasize that in that case, we have

do
(1.9) Qp)=p+ 5 (1+o(1));
as p tends to infinity, with ds some positive constant.

We shall be interested in time-like surfaces of the form that are asymptotic to the Simons
cone as |x| — oo. To take care of this behavior we introduce the spaces X, with L an integer
sufficiently large, that we define as being the set of functions (ug, u1) such that V(ug — Q) and u;
belong to HX~1(R%), and which satisfy

(1.10) infug >0 and inf (14 [Vug|* — (u1)?) > 0.
L Al along this article, we shall denote by H*(R™) the non homogeneous Sobolev space and by H® (R™) the

homogeneous Sobolev space. We refer to [5] and the references therein for all necessary definitions and properties
of those spaces.
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The Cauchy problem for the quasilinear wave equation (1.6)) is locally well posed in X, provided
that L is sufficiently large. More precisely one has the following theorem the proof of which is
given in Appendix [C}

Theorem 1.1. Consider the Cauchy problem
[8)u=0
(1.11) U|t:0 = Up
(Oru)p=0 = w1 -

Assume that the Cauchy data (ug,u1) belongs to the functions class Xy with L > 4, then there
exists a unique maximal solution u of (1.11)) on [0,T*[ such that

(1.12) (u,0pu) € C([0,T*[, X1) .

Besides if the maximal time T™ of such a solution is finite (we then say that it blows up), then

(1.13) lim sup (H 1 H + H L H + sup H@“/Vt qu OO) = oo-
o () lleee (L4 [Vul? = (Gpu)?)(t, ) lleee 0 1E

The question we would like to address in this paper is that of blow up i.e., the description of
possible singularities that smooth hypersurfaces may develop as they evolve by the Minkowski
zero mean curvature flow, which amounts to investigate blow up dynamics for quasilinear wave
equations. There is by now a considerable literature dealing with the construction of type II
blow up solutions for semilinear heat, wave and Schrédinger type equations both in critical and
supercritical cases (see for instance the articles |7, (9] 14} [15] 17, 18, 19] 20}, 211, 22|, 24) 26, 27, 133, [34]
and the references therein). At the most basic level, the strategy in these works is to construct
solutions in a two step process, first building an approximate solution, and then completing it to an
exact solution, by controlling the remaining error via well-established arguments. The viewpoint
we shall adopt here is the one which has been initiated by Krieger, Schlag and Tataru in [21],
where for the energy critical focusing wave equation they constructed type II blow up solutions,
with a continuum of blow up rates, that become singular via a concentration of a stationary state
profile. The goal of the present paper is to show that this blow up mechanism exists as well for
the quasilinear wave equation defined by .

1.2. Statement of the result. Our main result is given by the following theorem.

1
Theorem 1.2. For any irrational number v > 3 and any positive real number § sufficiently small,
there exist a positive time T and a radial solution u(t,-) to (L.8) on the interval (0, T such thatﬂ
for any time t in (0,T]
3 5)
(1.14) (u,8pu) € O((0,T), Xp,) with Lo:=2M +1, M = bV + ﬂ,

and such that it blows up at t = 0 by concentrating the soliton profile: there exist two radial
functions gg € H*t'(R*) and g; € H*(R*), for any 0 < s < 3v + 2, such that one has

u(t,z) = t”+1Q(t:i1)+go(x)—l—77(t,:c);
w(t,z) = gi(x)+m(t z)

with
t—0
19t Yl praqusy + lm (E ) easy = 0.

2 where all along this paper, [z] denotes the entire part of .
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Moreover, writing

) = e o) +<legin))
w(t,z) = @ (t:ty%);

we have
t—0

V¢ gpe ety + 1C0E ey =3 0,¥2 < s < Lo — 1.

Besides, go, g1 are compactly supported, belong to C*®°(R*\ {0}) and verify for all 0 < s < 3v + 2

IV 9011 e (rety + 181l pro ey < Cs 8774272,
d
go(z) ~ 3V_2i_4|\/§x\3”+1 L 01(z) ~ do|V22z¥ , asz — 0,

where dy denotes the constant involved in @)

Corollary 1.1. There exists a family of hypersurfaces (I'(t))o<¢<7 in R® which evolve by the hy-
perbolic vanishing mean curvature flow, and which as t tends to 0 blow up towards a hypersurface
which behaves asymptotically as the Simons cone at infinity. Moreover

t—0

=P =5 M,
uniformly on compact sets, where M denotes the hypersurface defined by (|1.3)).

Remark 1.1.

e A similar result was established in the case of parabolic vanishing mean curvature flow by
Velézquez in [33].

e Combining Theorem with the asymptotic @), we readily gather that the blow up
solution u to (|1.8)) given by Theorem satisfies
(1) HV(U(t, ) - Q)HL‘X’((O,T],HS(]R‘l)) 5 1,Vv0<s <2,

(2) IV(u(t,-) — |z| = 90)||H3(R4) =3 0,v0<s<2,

t—0Q
3) IV(ult,) = Q)ll o) =300, ¥2 < s < Lo — 1.
e The parameter v is restricted to the irrationals just to avoid the formation of additional
logarithms in the construction of an approximate solution to (1.8). Its limitation to v > %
is technical.

1.3. Strategy of the proof. Let us outline our strategy that is concisely implemented in Sec-
tions and [7l Roughly speaking, the proof of Theorem is done in two main steps. The

first step is dedicated to the construction of an approximate solution to (1.8) as a perturbation
x

tl/+1
second step which will be the subject of Section [7]is to complement this approximate solution to
an actual solution u by a perturbative argument. In that step, the properties of the linearized
operator of the quasilinear wave equation (|1.8]) around @, which are studied in Appendix |B| are
essential.

of the concentrating soliton profile t”+1Q( )7 where v > — is a fixed irrational number. The

As we shall see, the blow up result we establish in this article heavily relies on the asymptotic
behavior of the soliton Q. Thus we shall focus in Section [2 on its analysis.
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To built a good approximate solution, we shall analyze separately the three regions that cor-
respond to three different space scales: the inner region corresponding to g < ¢, the self-

p

1
similar region where 1—01561 < = < 10¢7%, and finally the remote region defined by g >t

where 0 < €1 < v and 0 < e < 1 are two fixed positive real numbers. The inner region is
the region where the blow up concentrates. In this region the solution will be constructed as

a perturbation of the profile t”“Q(tV%) In the self-similar region, the profile of the solution

is determined uniquely by the matching conditions coming out of the inner region, while in the
remote region the profile remains essentially a free parameter of the construction.

In Section (3] we investigate the equation in the inner region ? < t'- In that region, we shall

look for an approximate solution as a power expansion in t? of the form:

N
(1.15) u (t.p) = oY (L)

k=0

where Vj is nothing else than the soliton @, and where the functions Vi, for 1 < k < N, are
obtained recursively, by solving a recurrent system of the form:

LV, = F,(Vo, -+, Vi—1)
Vi(0)=0 and V}(0)=0,

where L is the operator defined by:

3
(1.16) L=+ (§+Bl)ay+30,
with
2
Bi(y) = 9%’ - 6Qy ;
(1.17) s g2
BO(y) =3 QQ ’

As it will be established in Paragraph [3.2] these functions Vj grow at infinity as follows:

k
Vi(y) =) (ogy)" D durey "

£=0 n>2-2(k—0)
To obtain a good approximate solution, we are then constrained to restrict the construction to
the region g < ¢

The aim of Section [4]is to extend the approximate solution built in Section [3|to the self-similar

1
region — t < P

< 10t~ %. Taking into account the matching conditions coming out from the
inner region, we seek to this extension under the form:
(k)

(1.18) ulM(t,p) = p+ At Zt”kz logt) wkg(/\(t))

where A(t) is a suitable function which behaves like ¢ near ¢t = 0, and where the functions wy g,

k —
for 3 <k < Nand0 < ¢ < (k) =]

3
|, are determined by induction using again 1}

Actually, the natural idea is rather to look for uY) under the form (1.18), where A(t) is replaced

by t. However, it turns out that the operator coming to play in this region that is the linearized



BLOW UP DYNAMICS FOR SURFACES ASYMPTOTIC TO SIMONS CONE 7

of (1.8) around p written with respect to the variable (t, §>7 is degenerate on the light cone

» which induces a loss of regularity at each step.

+ [

V2

Actually, the light cone associated to the quasilinear equation to be dealt with in this region is

different from g =

At
the solution. As it will be established in Paragraph the functions wy ¢ which are determined
successively by solving a recurrent system admits an asymptotic behavior under the form:

» and is rather given by P __ 75 It will be constructed concurrently with

Wi (%) ~ Chyp zk”H(log z)%_f ,

as z tends to infinity, which imposes to restrict the self-similar region to g <t with 0 < e < 1.

In Section , we construct an approximate solution u(()ﬁ[t) which extends uéév ) to the whole space,

by solving the quasilinear wave equation (|1.8)) associated to an adapted Cauchy data in the remote
region P > t7%. We shall look for the approximate solution in that region under the following

form:

N
(1.19) ulhy (8, p) = p+ go(p) + tg1(p) + > trarlp)
k=2

where the Cauchy data (- + go, g1) is determined by the the matching conditions coming out of
the self-similar region, and where for £k > 2 the functions g are determined successively by a
recurrent relation under the form

ok =0k(gj, ) <k-1)-
As it will be seen in Paragraph these functions gi, k > 0, are compactly supported and

behaves as p! 73" close to 0, which ensures that (I.19) provides us with a good approximate
solution in the remote region.

Section [7] is dedicated to the end of the proof of the blow up result by constructing an exact
solution to ([L.8]), thanks to a perturbative argument. For that purpose, we firstly write

u:u(N)—l-E(N),

where ©Y) is the approximate solution to (L.8) constructed in Sections , , and then taking
into account (I.8)), we derive the equation satisfied by the remainder term V) with respect to

x
the variable (t, ﬁ)
The study of the equation for e is based on continuity arguments coupled with suitable

energy estimates. These energy estimates are established by combining the spectral properties of

the operator £ together with the estimates of the approximate solution u(N),

(N)

Finally, we deal in appendix with several complements for the sake of completeness and the
convenience of the reader. It is organized as follows. Section [A] is devoted to the derivation
of the quasilinear wave equations . In Section we analyze the spectral properties of
the operator £. In Section [C| we give the proof of the local well-posedness result for the Cauchy
problem , namely Theorem and in Section@ we collect some useful ordinary differential

equations results that we use in the self-similar region.

To avoid heaviness, we shall omit in this text the dependence of all the functions on the
parameter v. All along this article, T' and C will denote respectively positive time and constant
depending on several parameters, and which may vary from line to line. We also use A < B to
denote an estimate of the form A < C'B for some absolute constant C.
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2. ANALYSIS OF THE STATIONARY SOLUTION

2.1. Asymptotic behavior of the stationary solution. Our analysis in this paper is inti-
mately connected to the behavior at infinity of the stationary solution to the quasilinear wave
equation ([1.8]). In this subsection, we collect the properties of @) that we will use through out this

paper.
Lemma 2.1. The Cauchy problem

1 Q
_ (=P =
1) Qpp+3(1+Qp)(Q p) 0
Q0)=1 and Q,(0)=0
has a unique solution E| Q@ € C*°(Ry) which satisfies the following properties:

e () has an even Taylor expansion E| at 0:

(2.2) Qp) = vyan p™",

n>0

with some constants o, such that vy =1,
e () enjoys the following bounds for any p in R

(2.3) Q(p) >p and Q"(p) >0,
e () has the following asymptotic expansion as p tends to infinity:
(24) Qo) =p+) dnp™",
n>2

with some constants d,, such that do > 0 and dq = 0.

Proof. Tt is well-known (see for instance [0, B3] and the references therein) that the Cauchy
problem (2.1)) admits a unique solution @ in C*° (R, ) satisfying (2.3]), and which behaves as

d
Qp) =p+;§<1+o<1>> when p — o0,
with dy > 0.
In order to determine the asymptotic formula (2.4), let us for p > 1 set

Q(p) = pv(logp).

According to (2.1)), this ensures that the function v satisfies
1

(2.5) — (vyy +vy) +3(1 + (”"‘%)2)(; —v—uvy)=0.
Observe that the function v = 1 solves ([2.5)) and that the linearization of (2.5)) around v = 1 takes
the following form:
(2.6) — Wyy — Twy — 12w = 0.

3 All along this paper, we identify the radial functions on R™ with the functions on R;.
4 All the asymptotic expansions through this paper can be differentiated any number of times.



BLOW UP DYNAMICS FOR SURFACES ASYMPTOTIC TO SIMONS CONE 9

The characteristic equation of the above linear differential equation (2.6)) admits two real distinct
roots 71 = —3 and ro = —4. This ensures that ) has the following asymptotic development as p
tends to infinity:

Q(p) =p+t Z dnp™",

n>2

for some constants d,,, with dy = 0.

Finally one can check that the formulae (2.2)) and (2.4)) can be differentiated at any order with
respect to the variable p, which completes the proof of the lemma. Il

2.2. Properties of the linearized operator of the quasilinear wave equation around the
ground state. The blow up solution we construct in this paper is a small perturbation of the

profile
tu+1 ( p )
Q 1)’

and thus the linearization of the quasilinear wave equation (|1.8) around @ will play an important
role in our approach. This linearized equation has the form:

(2.7) (14 Q2)wy — Lw =0,

where £ denotes the operator introduced in that will be extensively analyzed in Appen-
dix @ It will be useful later on to emphasize that the function AQ, where AQ = Q — pQ, is a
particular solution of the homogeneous equation Lw = 0 which is positive. Indeed by virtue of
Lemma AQ is positive on p = 0, tends to 0 at infinity and satisfies (AQ), = —p Q,p. Recalling
that Q,,(p) > 0, we end up with the claim.

The strategy we shall adopt in this article is based on the fact that, up to the change of
function w = H g, with

1
14+ Q%1
(2.8) o= UT@)
Q2
the above equation ([2.7)) rewrites on the following way:
(2.9) g +L9g=0,

where £ is the positive self-adjoint operator on L?(R*) defined by (see Appendix [B|for the proof
of this fact):

(2.10) £=—-qAq+7P;
with ¢ = ——— and where the potential P belongs to C°,(R*) and satisfies
(1+@Q7)?
3
(2.11) P(p) = —==(1+0o(1)), as p — oco-

8p?

The spectral properties of the operator £ which are investigated in Appendix [B] rely on the
asymptotic behavior of the potential P at infinity given by (2.11)). It comes out of this spectral
analysis that the operator £ is positive. Furthermore, there is a positive constant ¢ such that we
have

(212) (£f|f)L2(R4) >c ||Vf|‘iQ(R4) ) Vf S Hr%ad(Rél) .
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3. APPROXIMATE SOLUTION IN THE INNER REGION

3.1. General scheme of the construction of the approximate solution in the inner
region. In this section, we shall built in the region g < ¢! (where 0 < €1 < v is a fixed positive
(N)

real number) a family of approximate solutions u;,

perturbation of the profile t”+1Q< * )

to the quasilinear wave equation (|1.8) as a

v+l
Writing
_ v+l P
(3.1) ult, p) =t V<t, tm) ,
we get by straightforward computations
p
up(tvp) - ‘Gj(t) W) )
1 P
Upp(t, p) = sy Viy (t, tV“) )
v p v p v p
w(t,p) = t +1vt(t, F) Y1)t AV(t, F> — 1 (FV)(t, %1),
- p
wip(tip) = ¢ IV),(tohy)  and
v v p
oy (tp) = t*[02V —TV] (t, tu+1)’
where we denote
(3.2) I'V:=to,V+ v+ 1AV with AV =V —yV, and y= tzﬁrl :

Thus replacing u by means of (3.1) into (1.8) and multiplying by ™1, we get the following
equation
(1+ VOt L2V —TV] = (1 = t*(TV)*)V,,

LY

— 26V, (TV) (V) + 3 (1 + V2 — 2 (T'V)?) <V - ;) ~0-

(3.3)

Vv
It will be useful later on to point out that the above equation (3.3]) multiplied by 0 is polynomial
of order four with respect to (V,V,, V,,I'V, (T'V),,[?V).
In what follows, we shall look for solutions V' to Equation (3.3 under the form

(3.4) V(t,y)=> t*"Vi(y),

k>0

with Vp = @, where @ is the stationary solution introduced in Lemma, [2.1

Vv
Substituting this ansatz into (3.3)) multiplied by aa we deduce the following recurrent equation
for k>1

(3.5) LV = F,(Vo, -+, V1)
subject to the initial conditions

(3.6) Ve(0)=0 and V{(0)=0,
where Fj, depends on Vj, j =0,--- ,k —1 only.
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Here L is defined by ((1.16)). Taking advantage of the asymptotic formula ({2.4)), this easily leads
for y large to the following asymptotic expansions

Bi(y) = 3 + Zﬁny_”
Yy n>4
(3.7)

6 _
BO(y):ﬁ+Zany "
Yy n>5

with some constants 3, and «,, that can be computed by means of the coefficients d,, involved in
the asymptotic formula ([2.4)).

Along the same lines, in view of ([2.2]) we find the following asymptotic formulae when y is close
to 0

Bi(y) = Z agni1 Yy

(3.8) n20 .
By(y) =3+ szny2 )

n>1

with some constants (az,+1) and (bg,) that can be expressed in terms of the coefficients (vy2y,)
that arise in ([2.2)).

Besides the source term Fj can be splitted on two parts as follows:
Fo=F"+FY,

with Fl(l) =0 and F,gl) for k > 2 determined by the following equation

% 1 VYV, 1)
3.9 V43014V (= - —2) = — LV + FV )2k
(3.9) oV 30+ (55 Z}( o+ B
According to (3.4, this gives explicitlyﬂ
1 1 (Vi,) 3
BV =5 20 V(0w #3720 ) = 3T (Viu(Vi)u (Vi Vs
J1+J>21=k j1+j242j£+1j‘4=k
(3.10) = P
5 2 Vidy(Vi)y:
Jitj2=k

Ji>1

Finally combining (3.3) together with (3.9) and using the fact that

(3.11) L(t**V,) = t2* 1LV
where I'y, = 2vk + (1 + v)A, we readily gather that
2 V; 3 (Vi)
V= 3 BV Vi) ((Viw + =)
Jitje+y3+ja=k—1
Ji=0
Vir (12 Vi (Via)y(Vis )y (e
(3.12) Y 6(% _Fj2>v3' * 2 - JzQy . y(Fﬂ’4 _Fj‘*)v}
Jitje=k—1 Jitjetizt+ja=k—1
Ji=0 Ji=0
Vi, (Vjy) 3
-2 Z JTM (FJ3VJ3) (Fj4‘/j4)y - Z @(Fhvjl)(rjzvjé) )
Jit+je+jz+ja=k—1 Jt+je=k—1
jiZO ]—L'ZO

5 Here and below, we use the convention that the sum is null if it is over an empty set.
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3.2. Analysis of the functions V. The goal of the present paragraph is to prove the following

result:

Lemma 3.1. For any integer k > 1, the Cauchy problem (§3.5)-(3.6) has a unique solution Vj,
in C*°(Ry) with the following asymptotic behaviors:

(3.13) Vi(y) = Z Conk ", asy ~0,
n>1
and
k
(3.14) Vi(y) =D (logy)" D dugey ™, asy~oo,
=0 n>2-2(k—{)
with
(3.15) d_o(k-2)k1=0.

Proof. Let us firstly emphasize that by classical techniques of ordinary differential equations, for
any regular function g, the solution to the Cauchy problem

cf=
(3.16) { 70) =0 and £(0)=0

writes under the following form (see Appendix |§| for the proof of this formula)

V(@)D [T Q) (AQ)()

3.17 =—(A dsdr -
( ) f(y) ( Q)(y)/o Q?’(T> r3 (AQ)2(T) 0 (1 N (QS(S))2)% g(S) sar
Let us start by considering the case when & = 1. Under notations and in light of
and , we have

F(Q) = FP(Q) = (1+ Q) ((1+v)*A% = (1 +1)A)Q

(3.18) ;
_20+VFQAAQXAQM+(L+W%AQVQ@£%QH

(1+Q3)
According to ([2.2)), this implies that for y close to 0 the following asymptotic formula holds
(3.19) Fi(Q) = gona1y™
n>0

Besides in view of ([2.4)), we get for y sufficiently large the following expansion
(3.20) Fi(Q) =) cnpoy ™.
n>2

By virtue of Lemma which asserts that E] ds0,0 := ds = 0, we find that c410 = 0. Indeed
invoking (2.4) together with (3.18]), we easily check that

C41,0 = 10 (1 + V) (4 + 51/) d4’0,0 ,
which implies that the coefficient c4,1,9 is null.

This ensures in view of Duhamel formula (3.17)) that in that case, the Cauchy problem ({3.5)-(3.6
admits a unique solution Vj in C*°(R;) satisfying the asymptotic expansions (3.13]) and (3.14
respectively close to 0 and at infinity.

6 We shall designate in what follows the coefficients d,, involved in Formula (2.4) by dp.0,0.
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Regarding to the expansion coefficients d,, 1 ¢ of V7 at infinity, we can find them by substituting

1
y)=> (logy)' > dnrey™

=0 n>2¢
into (3.5) and taking into account (3.7]) and (3.20)). This gives rise to
2d o
% — Z((Qn + 1)dn7171 — n(n + 1) dn7170) y n—2
Yy n>2
_ di,1,0 . e
( + ) By ") ( - 7 + Z(dn,l,l —ndp10)y " =Y ndng (logy)y " 1)
(321) n>4 n>2 n>2
< Z any n) ( n,l,Oy + Z dn,l,l (1Og y) y—n>
n>5 n>2 n>2
+Z (n+1)dp11 (logy)y "> ch,l,oy "
n>2 n>2
In particular, the identification of the coefficient of y~* in (3.21]) gives
(3.22) do11 =c41,0=0,

which proves that Condition (3.15) is fulfiled for k£ = 1.

Now using the fact that the coefficient of (logy)y "2 in (3.21)) is null, we find that for any
integer n > 2

dp,1,1(n* —5n+6) + Z diy, 10 Oy — Z k2 diy,1,1 By, = 0.

ki+ko=n+2 k1+ko=n—+1
k125, ka>2 k124, k2>2
Along the same lines, by computing the coefficients of y~"~2 we get
2
dn,1,0(n"=51+6)+(5—2n)dp 1,1+ E By (diy 11 —k2dpy.1,0)+ § Oy iy 1,0 = Cny2,1,0-
ki+ko=n+1 k1+ko=n-+2
k124, ka>2 k125, k2>2

This implies that all the coefficients d,, 1 o can be determined successively in terms of the coeffi-

cients of F1(Q) involved in (3.20) and the coefficients dg 1 o and d3 19 that are fixed by the initial
data.

We next turn our attention to the general case of any index & > 2. To this end, we shall proceed
by induction assuming that, for any integer 1 < j < k— 1, the Cauchy problem (3.5)-(3.6) admits
a unique solution V; in C*°(R; ) satisfying formulae (3.13) and (3.14) as well as Condition (3.15)).

Invoking (3.10]) together with (3.13) and (3.14)), one can easily check that

1 n

(3.23) ED Vo, Vi) = Y g5y v™, asy ~ 0,
n>0
1 i 1
(3.24) Flg )(Vo, Vel (y) = Z (log y)* Z ch}M y ", asy~oo.
=0 n>7—-2(k—"0)
Similarly from (3.12), (3.13)) and (3.14)), we deduce that
(3.25) FO (Voo Vie)(y) = Y g ™" as y ~ 0,
n>0

(3.26) FP Vo, Viet) = (14 Q%) (T3 — Thet) Vet + B (Vo, -+, Vi)
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where }?,52) admits the following expansion at infinity

k—1
(3.27) FEOWor - Vi) =3 (ogy)' S0 @,y
=0 n>7—2(k—0)

Recall that by definition
Mer=2v(k—1)+(1+v)A:=a(v,k—1)+ (1 +v)A,
which by straightforward computations gives rise tom
T —Th1) Vicr = ala — 1) Vier + (1 +v)(2a — 1) AVj—y + (1 + v)°A?Vj_q
Setting
B=ala—1)+ (1+v)2a—1)+ (1+1v)?,

we easily gather that

(Th 1 = The1) Vit = BVier — 1+ ) (2 — 1) Y0y Vit + (14 )*y0; Vs -
It follows therefore from and that the following expansion holds at infinity

k—1

(3.28) (1+Q2) (T3, ~Thot) Vier(w) = D _(ogy)’ > 2y,
(=0 n>2-2(k—1—10)

where, under the above notations, for any integer 0 < /¢ <k —1
26 1_gpe = B0+ )20 = 1)+ (14 v)*n(n+ 1)) da_a1-p p-1c
In view of the induction assumption for the index k — 1, we get
(3.29) e sy 1 =0
Combining together with (3.24)), (3.25), (3.27), (3.28) and (3.29)), we deduce that
Fy(Vo, -+ Viq) = F;gl)(VO,'" Viee1) —|—F,§2)(V{),-” Viee1)

admits the following asymptotic expansions:

(330) Fk(‘/()v 7Vk—1)(y) = ZQQn,ky2na aSyNov
n>0
k
(3.31) Fe(Vo,--+ Vi) () =Y (logy)* D capey™, asy~oo,
=0 n>4—2(k—)

which can be differentiated any number of times with respect to y, and with

(3.32) Co—2(k—2) k1 = 0-

Therefore Duhamel formula (3.17]) implies that the Cauchy problem 1' admits a unique
solution V4, in C*°(R, ) satisfying the asymptotic formulae (3.13)) and (3.14]) respectively close to 0
and at infinity. As for V; we can determine all the coefficients d,, 1, in terms of Fj, and da 10
and d3 o that are fixed by the initial data, by substituting the expansion

k

Vi(y) =Y _(ogy)* > dnpey "
=0 n>2-2(k—0)

7 In order to make notations as light as possible, we shall omit all along this proof the dependence of the function
« on the parameters v and k.
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into (3.5). In particular, we get for 0 </ <k —1andn=2—2(k—{)
(n* =51+ 6)dp ke = Cnsaht s

which by virtue of (3.32) ensures that d_s(,_9) 1 = 0 and proves (3.15)).

Clearly, the asymptotic expansions (3.13) and (3.14) can be differentiated any number of times
with respect to the variable y. This concludes the proof of the lemma. (Il

3.3. Estimate of the approximate solution in the inner region. Under the above notations,
set for any integer N > 2

N v N p 14
(3.33) uM(t, p) = 1Vt )(t, tu+1> with V¥ ZtQ Vi (y

(N )

Our aim in this paragraph is to investigate the properties of V|
in the region of R* defined as follows:

(3.34) Qu ={Y eR, y=Y|<t7"}.

in the inner region, namely

Thanks to Lemma we easily gather that Vir(lN) satisfies the following L°° estimates on (i, :

Lemma 3.2. For any multi-index o in N* and any integer 8 < ||, there exist a positive con-
stant Cy, g and a small positive time T' = T(«, 3, N) such that for all 0 < t < T, the following
estimates hold:

(3.35) 1PV WV () = Qo) < Cast™
(3.36) VBV (b gy < Cat®
(3.37) H<>5V“(FV Nt Miemy < Caps
(3.38) 10V Moy < CETY
(3.39) ()P V(T2 - > N, Mgy € Carss

where as above I' = t0; + (v + 1)A.
Along the same lines taking advantage of Lemma , we get the following L? estimates:

Lemma 3.3. Under the above notations, we have for all 0 <t <T':

(3.40) IV ) = Qllizo, < CH,

(3.41) e (v, > Al < Cat™,Val>2,
(342) IV )2,y < Clogt, VE=1,2,
(3.43) |ve Tyt )(t,)HLz o < Ca, V|a|>1,V0=1,2.

Remark 3.1. Denoting by

Qf = {z e RY, |z| <t'te},
and combining together with the above lemma, we infer that the following estimates hold
for the radial function u.(N) on QF :

(3.44) 1V (2, ) — 1 Q(

) lizag) < Cat 00T ja) > 1,

(3.45) I8l (t, )| p2 gz ) < Cat? 1= 1yja) > 1,

(3.46) 18eult) (8, M 20y < C =3¢+ logt,
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forall 0 <t <T.

Let us end this section by estimating the remainder term:

R = @BV
One has:

Lemma 3.4. For any multi-index «, there exist a positive constant C, n and a small positive
time T'= T'(«, N) such that for all 0 < t < T, the remainder term R.(N) satisfies

(3.47) 102 VR (6 Mz, < Cay 2 F2Nam3lmer),

Proof. In view of computations carried out in Section and particularly on page we have
Vv
SR )| =3 (- v+ B
Q k>0 k>1

v
Thus recalling that 0 || V] is a polynomial of order four and taking into account Lemma ,
we deduce that

s _ Vi o) ok
(3.48) R’ =5 R = > Gy,
N+1<k<4N
where G}, depending on Vj, j = 0,---, N, is defined as the function Fj by formulae similar

to (3.10) and (3.12)), where we assume in addition that the involved indices j; range from 0 to N.

This of course implies that the function G, N +1 < k < 4N admits the following expansions
that can be differentiated any number of times with respect to the variable y, respectively close
to 0 and at infinity:

(3.49) Ge(y) =) Gank ™,

n>0

k
(3.50) Grly) =Y (logy)" > Gurey ™",

£=0 n>4—2(k—0)

with some constants goy, 1, and ¢,, 1, ¢ that can be determined recursively in terms of the functions Vj,
for j=0,---,N.

Recalling that by definition

™) __Q s
Rin™ =y &
in
we deduce taking into account Lemma and Formula (3.34]) that for any multi-index «, there
exist a positive constant C, ny and a positive time T' = T'(c, N') such that for any time 0 < ¢ < T,

we have
1602 PRV 22,y < Co 22N 207 1)
This ends the proof of the lemma.



BLOW UP DYNAMICS FOR SURFACES ASYMPTOTIC TO SIMONS CONE 17

4. APPROXIMATE SOLUTION IN THE SELF-SIMILAR REGION

4.1. General scheme of the construction of the approximate solution in the self-similar

p

1
region. Our aim in this section is to built in the region 0 t1 < n < 10t~ % an approximate

(v

solution uss to which extends the approximate solution ul(iv ) constructed in the inner
region g <t Here 0 < €9 < 1 is fixed.

We shall look for this solution under the following form:

(4.1) u(t,p) = \t) (= + W(t,2)) with 2= -

()
and where A(t) is a function which behaves like ¢, for ¢ close to 0, and that will be constructed at
the same time as the profile W. In fact, A\(¢) will be given by an expression of the form:

o(k)

)

(4.2) —t(1+22)\ut”k log ) ) with £(k) = [?]-
k>3 =0
By straightforward computations, we find that
p
up(t,p) = 1+W, (t, W) )
p
uppltip) = At)” 1wzz( i)
/ p L p
(4.3) wlt,p) = ( )) + X (1) AW (1 W> =m(t, W>
Utp(t,p) = 8 Wl ( 7%)
p
(4.4) Mt uu(t.p) = Wa (t, W) :
with
e Walt, 2) == MEON'(£) AW 4+ 200N (£) AW, + X2 (t) Wiy + (N (1))222W...
(45) = 2 W..(t, 2) + EWy(t, 2) + 2AW,(t, 2) + Walt, 2) »
where

(4.6) Walt,z) = (N(1)? = 1)22Weas + (A2(t) — t2) Wit + 200N (£) — ) AW, + A(E)N(£) AW,
and where as above AW =W — zW..
Thus substituting v by means of into ([1.8)) multiplied by A(¢), we find that the function W

solves the following equation:
(14 (14 W2)?)Wa — (1 — (W1)?)Wae — 2(1 + W)Wy (W),
(4.7)

W W
—3(14+ (1 +Ww,)% - (= =) =0,
31+ 1+ W2)? = (M) (S + =) =0
where W = LW .
1+ %)
Introducing the notations
(4.8) Wh = Wo — (N)222W,. = N2Wyy + 20N AW, + AN AW, W3 := A\ Wy,

we readily gather that the above equation (4.7]) rewrites in the following way:
(4.9) (222 =1+ Ag) W, + A1 =0,
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with
(4.10) Ag = (WW 4+ AWp)? + 2N 2(WVW 4+ AW;) + 2((N)? — 1)22,

w W,
A= (U (L W)DWE = 20+ W)W = 3 (14 (14 W2)2 = (1)) (S5 + =)
Denoting by L the linear operator defined by:
9 9 W, w
(411) LW = (22’ - 1) sz + 2t th + 4tAWt - 5
z
we infer that the above equation (4.7]) undertakes the following form:
LW = —AgW.. — [2W. + (W2)*] W5 — 2W5 + 2 (1 + W) W1 W3
(4.12) 6 Wwow
_Ou 2 _ oy (W Wey
SWW +3(2W, + (W) - (W) )(z2 + = )
where
(4.13) W5 o= Wi — Wy — 24AW; = Wo — (V)2 = 1)22 W, .

It will be useful later on to notice that under the above notations, (4.12)) also rewrites in the
following way:

[V[ Hz

(4.14)

- %WW +3(2W. + (W2)? — (W1)2)< z

The asymptotic of the solution (|4.1]) at the origin has to be coherent with that of (3.1)) at infinity.
To determine this asymptotic, we combine the expansion (4.2)) together with Formula (3.14)), which

gives:

o(k)

(4.15) wuin(t, p) (z + Zt”k Z logt)* Z (log z)* Z cg’gﬂzﬁ), as z — 0,
k>3 0<QS%—Z B>1—k+2(a+¥)
where the coefficients c];’eﬁ admit the representation:

k:Z Ck€0+ck£1
a8~ “a,p ap

ké(]

with ¢.;" independent of A and given by

k%O—O if 6+k—11isodd and

1;%0 — (1) (a;f) d_gseict oy if B4k —1is even,
where d,, ;, ¢ denotes the coefficient arising in (3.1]).
The coefficients cffﬁ’l depend only on A, , involved in with 3 < p < k — 3 and are equal to
zeroif B+k—1—-2(a+/¢)<2orifk<6orifl> %

Let us point out that taking into account Lemma together with Property (3.15]), which re-
spectively assert that dsoo = 0 and d4—2y,m,1 = 0 for any integer m > 1, we infer that

(4.16) 0304—0 and 082—0, Vg.
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Formula (4.15) leads us to look for the approximate solution in the self-similar region under
the form:

p

4.1 t = t t, ——
(4.17) u(tsp) = p+ MOW (6 555)
where

£(k)
(4.18) Wit z) => "3 (logt) wye(2).

k>3 =0

To fix A(t), we require that the function Ay defined by (4.10) satisfies
(4.19) (Ao),_1 =0-

vz

Actually a difficulty that we face in solving (4.12) is in handling the singularity of the operator L

1
defined by (4.11]) on the light cone z = \ﬁ The above condition (4.19) ensures that the coefficient

1
of W, involved in the equation we deal with vanishes at z = —2 This will enable us to determine

successively the functions wy ¢ involved in (4.18)) without loss of regularity at each step.
Invoking (L.2) together with (A.18), we infer that the functions Wy, Wa, W, Wi, Wé, Wy, W
and Ay defined above admit expansions of the same form as W. More precisely, one has:

Wit,z) = Y % " (logt) wy(2),i=1,2,3,

k23 o<i<kz?

Wa(t,z) = Y % > (logt) @ (2),

k26 o<r<kz8

Wit,2) = St ST (logt) w)(2),
k>3 o<e<kz?

Wit,z) = S % ST (logt)ap (=),
k=6 o<e<kS

Wit,z) = Y % > (logt) we(z),

k23 o<i<kgE
Atz) = Y " Y (ogt)" AR(2),
k23 osestp

where w,ij, 1=1,2,3, and w,(j’/) depend only on wy ¢, 3 < k' < k and )\k/lveu, 3<k’ <k-3,

where {Dlg;j and ﬂ)vl(jél) depend on Wg' ¢ and Ak”j”) 3< klv k// <k-—3and A%Z on wgy g and Ak”,ﬂ”’
with 3 <k, k" < k.
Observe also that [f

w,ag = (I//C + A)wkl + (6 + 1)wk74+1 + {Dli,f ,

@li,é = Z Ao lo (Vkl Wiy 0y + (6 + 1)wk1,51+1)
(4.20) k1t+ko=Fk,f14+Lo=0

+ Z [(1 + I/kQ)Ak2,£2 + +(€2 + 1)Ak2,£2+1j| Awkl’él )
k1+ko=k,l1+la=CL
N k-3

with the convention all along this section that Ay, =0 and wy ¢ =0if K < 3 or 7> [T}
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and that
wi g = vkd w4+ (04 1) 0w e1 + Wiy,

(4.21) ﬁ?g’g = Z )\k%gQ (I/k‘l 8211)].317(1 =+ (51 =+ 1)8zwk1,£1+1) .
k1+ko=k,l14+L2=(

In addition, one hasﬂ

w,%ﬁ(z) = 220%wy 0 + vk(vk +1— 220, ) w4+ (€ + 1) (2vk + 1 — 220, ) w441

(4.22) -
+l+1)(+ 2)wk74+2 + Wi g,

and

(4.23) w,(f7l) = Vk:(uk +1- 2zaz)wk,g +(+1) (21/k +1- 2zaz)wk,g+1

Now substituting expansions (4.2)) and (4.18]) into (4.12) and (4.19), we deduce the following
recurrent system for k£ > 3:

(4.24)

(T4 vE) Ao+ (L4 DA = — (A + vk)wpe + (C+ Dwper1) 1 + Gre-

{ Lywye = Fip, 0 <0< (k)
L
Here Zk refers to the operator
(4.25) Lrw = (22" — Dw,, — (4zykr + 7>wz + (2 vk(l+vk) — —2>w,
z z
and the source term Fj, , can be divided into a linear and a nonlinear parts as follows:
(4.26) Fro=F%+ FY,
where
(4.27) F,i”l} =220k +1) (0 + Dwppp1 +42 0+ 1) (wr 1) — 2004+ 1)(L + 2)wy g42,

k—6

and where |**| the nonlinear part F,?}Z, for k> 6 and 0 </ < » only depends on wy ¢

and Apw v, for 3 < K, k" < k — 3. Similarly, the coefficients gy, only depends on the values of

the functions wy ¢ on z = % and the coefficients A\, v, for 3 < ¥/, k' <k-—3.

In other words, for any integer k > 3 the functions (wg ¢)o<e<e(r) satisfy:
(4.28) Sp Wy = ‘7:]?1

where Sy denotes the following matrix operator:

) give explicit expressions of the same type as for ﬁ}w and ﬁi,e, but to avoid

9 One can for @ﬁ,g and @,fél
needlessly burdening the text, we will not explicit them.

10 F];]}[ and gi,¢ are identically null if £ < 6 or £ > %'
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Ly Ar(0) +~B(0, 2)0, C(0) 0
0 Ly Ak (1) +~B(1,z)8z C(1) o
0 Ly . 0
Ly,
Ly,
with
Ap(l) = —2Quk+1)(+1),
Bll,z) = 4z(0+1),
C) = —=20+1)(L+2);
and
WE,0 Fl?lo
Wy, = W0 , F = Y,
Wh (k) Fly

Let us emphasize that we do not subject the above system to any Cauchy data as for the sys-
tem (3.5 corresponding to the inner region. In order to solve uniquely (4.24]), we shall take into
account the matching conditions coming out from the inner region, namely we require that

(4.29) wie(z) = Z c];’% (log2)® 2", as z =0,
0<a<hz3y
B>1—k+2(a+¢)

where c];:% = cg’é()\) are given by (4.15)).

In view of (4.12)), one can write F, ,?15 explicitely as follows:

(4.30) Fpy = F,fél + F,;flf + F,fﬁ + F,fﬁ,
where

1,1 ~(2,/
(431) B = =2,

) )

1 1. N
F]?vlf - Z 6 (wjlvel)z (;(wh,ﬁz)z + ;wjz,fz) - 2(wj1,£1)zw§-27€)2
i
1+le=
(4.32) 1 . 6 V
+ Z 2Wj, 0, W], 0y — ;wjhflez,fz )
J1+je=k
l1+bo=¢




(4.33)

and

(4.34)
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nl,3 _ 1 3 (2,)
Fkl = Z 2wj17€1wj27€2 (Wjs05)2 — (wjl,fl)z(wj%b)zwj:slzs
Ji+je+is=k
L1+l +l3=L
1 1 Wiy 05 (szfs)z
+3 5 ((wna)(wna): —w) pwh ) (52 + EE2),
Jitje+is=k
l1+Lla+l3=F
nl,4 0 )
Fk,e - = Z Ajl,él (wjz,fz)zz-
Jjit+j2=k
l1+lo=F

For our purpose, it will be useful to point out that according to (4.14)), one also has:

(4.35)
where

(4.36)

(4.37)

(4.38)

nl _ pnll nl,2 nl,3
Fro=F o +F. 7+,

nll ~9
Fk,é = —2wp,
nl;2 1 1 . 2
Fk,ﬁ - Z 6 (wj1,€1)2(;(wj2,f2)z + ;wh,b) —2 (wj1,€1)zwj2,£2
Jit+j2=k
l1+0a=¢
2wl , (wh e — D b,
+ Wiy 0\ Wi 00 )2 — 23w31751w]27527
J1+je=k
l1+Lo=L
nl3 ) ' 2 1 1 ‘
Fk’g - Z (wﬂ’fl)z(wh’e?)zwjmfs + Wiy 0 Wia 00 (sz,fs)zz
J1+j2+js=k
L1 4-bo+l3=0
1 1
+2 Z Wy, 0y (wjz,&)z(wj&%)z
J1+j2+j3=k
by +lo+-l3=1
11 Wiy by | (Wi )z
+3 Z ((wj17él)z(wj2vf2)z B wj17f1wj2,€2) ( z2 + z '
J1+j2+iz=k
L1 +la+-L3=L

4.2. Analysis of the vector functions W;.

22

4.2.1. Study of the linear system Sj. In order to determine successively the solutions wy, ¢ of the
recurrent system (4.28]), let us under the above notations, start by investigating the homogeneous

equation:

(4.39)

S, X =0.

We infer that the following lemma holds:

Lemma 4.1. For j in {0, e ,€(k)}, define (f,z:z:)ogggg(k) by

(4.40)

1 a(vk)
= . J 1 j*é‘ﬁﬂ:d
i = (0) gy

fE = 0, forjr1<e< k),

where (v, k) = vk + 4.
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Then denoting by

-
fio
::i:
fk; O ’
0
the vector functions (f,z’i)ogjg(k) constitute a basis of the homogeneous equation (4.39)), on the
1 1
intervals |0;—=| and |—=;00|-
Jor - Land ] o]
Proof. Consider the linearization of ((1.8) around p:
(441) 2 Vet — lp’U =0 y
where
) 1
4.42 ! :824_6(7‘)4_7).
(4.42) p =0, )t
Writing
v(t,p) =tw(t,z) with z= ga
we clearly get under notation (4.11))
Lw = 0.
Observe also that (4.41)) is equivalent to
(4.43) 2(p"0)it — (p0)pp = 0.
Set
' |L }a(u,k)
G(t,z) = t"*1 (logt + log ‘ 7 + z|)’ V2 =
Since

a(v,k) t
' vkl F(l 75 %0))
G(t,Z) = (log’\ﬁipDJ \/i p3 = \/i y

73
for some function F', we infer that G satisfies
Lt'G)=0.
This implies that
. ‘% ’Ot(V,k’)
vk J 2
(e (ot o o) Ay

Since

1 |% }a(u k)

vk J 2 vk

we obtain the result, recalling that

J

(t”"’ Z logt )) =0 S fIT=0

=0
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Remark 4.1. Note that in view of the above lemma, the homogeneous equation

Lpf =0
admits the following basis:
1 (vk)
0,+ (W +2)
A4 fkp (2) = 23 )
(4.45) ‘L*’(%k)
V2
Tro (2) >3

Before concluding this section, let us collect some useful properties about the elements of the
basis (f,g’i)ogjgg(k) given above.

Lemma 4.2. Under the above notations, the following asymptotic expansions hold

(4.46) 23 +A]f,gf( )+ (L + 1)fH+1( z) = 2*F Z Z 'y;f’a(logz)az*p, as z — 00,
0<a<j—t peN

2% 02 + vk(vk + 1 — 220.)] fI7 (2) + (€ + 1) [2vk + 1 — 220.] fl,1(2)

(4.47) FEHDE+) fra) =21 3 Y Fpa(log2)” 27, asz o oo,
0<a<j—¢ peN

for any integer k > 3 and all j,{ in {O, e ,E(k:)}, respectively for some constants %};’a and ﬁ/ﬁ’a.
Proof. In view of Formula (4.44]), we have for large p

a(v,k)

(4.48) (log (p =+ \;5))3 (p\g) _ vkt Z p)

Therefore taking the derivative of the above identity with respect to ¢, we deduce that

. i (p£ L)a(u,k)—l j(pﬂ: L)a(uk)—l
\;i(](log(pi\;ﬁ)) ! \/5p3 + a(v, k)(log (p + \;ﬁ)) \/ip3 )

(4.49)

= vk Z (logt)£<(uk+1\)fgj (€+1)fké+1>(§)
=0

Performing the change of variables z = % we infer that

i %)a(w’f)’l (j(logt +log (z + L))j_l +a(v, k) (logt +log (= + L))J)
(4.50) V2 i - v v
=" 3" (logt) ((vk + M) FIF + (C+ D) (=)
/=0

which concludes the proof of (4.46]).

Along the same lines taking the derivative with respect to t of (4.49) ensures Identity (4.47)),
which ends the proof of the lemma.
(Il
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4.2.2. Study of the functions wy . The goal of this paragraph is to prove by induction that the
system (4.28) admits a solution satisfying the matching conditions (4.29) coming out from the
inner region.

For that purpose, let us start by the following usefull lemma which stems from standard tech-
niques of ordinary differential equations. For the sake of completeness and the convenience of the
reader, we outline its proof in Appendix [D]

Lemma 4.3. Under the above notations EL the following properties hold:
e For any function g in C*°(RY ), the equation
Lif=g
1
admits a unique solution f in C*°(R’) satisfying f(ﬁ) =0-
1
e For any function h in C* (]0, —]), any v > 0, and any integer q, the equation

V2

(4.51) Lipf(z) = (\}5 —2)"(log (\2 —2))h(z)

admits a unique solution f of the form:

16 = (G5 =" 2 (log (=) ).

0<t<q

1
where for all 0 < ¢ < ¢, hy is a function in C* (]07 ﬁ]); provided that the exponent ~y

satisfies
(4.52) vk+4—~v¢N".

e Let g be a function in C™ (]O, with an asymptotic expansion at 0 of the form:

1
7!
g(z) = (log2)* Y gs2"*,
B>Bo
for some integers «y, By, then any solution f of the equation

(4.53) Lyf=g

belongs to C*° (]0, D and admits for z close to 0 an asymptotic expansion of the type:

V2
FE) =Y fop2+ Y > fapllogz)®e’,
B=-3 1<a<ao B>PBo
in the case when [y > —1, and of the type
F = > fopf+ DY fasllogz) + D fagrrs(logz)®ots
B>min(Bg,—3) 1<a<ap >0 B>max(Bo,—3)

in the case when By < —2.

1
e [If g denotes a function belonging to C* (] 7
expansion of the form:

g(Z) = Z Z ga,p (log Z)a ZA7P >

0<a<ap peN

700[) and admitting at infinity an asymptotic

L and again with the convention that the sum is null if it is over an empty set.
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for some real A < vk and some integer «g, then the equation

(4.54) Lrf=g

1
s00[) such that

V2
f(z) = Z Zﬁ:,p(log 2)% 24P 2 .

0<a<ag peN

admits a unique solution f in C*(]

The key result of this paragraph is the following proposition:

Proposition 4.1. Under the above notations, the following properties hold:
(1) Existence
The system admits a solution (wy ¢, Ak,¢)k>3,0<e<e(k) Such that for any integer k > 3
and any ¢ € {0,--- ,£(k)}, the function wy,, belongs to Cl*WRI(R* ) N C> (R \ {%}) )
and has the form [

wiez) = G5+ (s =2 Y () (Tos (s — 2) w1 (2)

V2 0<a<hz2_y V2 V2
(4.55) ) .
T Br+4 «
+ > s (=5 —2)" T (log (—z = 2)) " X, 1(2)
3<h<k—3 V2 V2 v
0<a<kzby

where the function x denotes the characteristic function, namely

1

(2) =1 for z< — and
V2
1

(2) =0 for z > —-

V2

Xj0, 751

X]o, 23]
In addition, the following asymptotics hold:
(4.56) wie(2) = Z di’fﬁ (log2)* 2", asz — 0,

0<a<kz3 g
B>1—k+2(a+£)

with
k0 k0 k0 k0
(4.57) dy_g = Co,_z()\) ; do 3= 007_3()\) )

where clg’g()\) are the coefficients related to the matching conditions coming out from the
inner region involved in Formula (4.15|).

1
Moreover for z > \ﬁ’ wy,¢ can be splitted into two parts as follows:

(4.58) wre(2) = why + wi,

where the nonlinear part wﬁlg is null if k < 6 or £ >

» and has in all other cases, as z

tends to infinity, an asymptotic expansion of the form

n 5k, vHl— v 5k,
(4.59) wk}é(’z) - Z da,ﬂ,p (log ) PrHITE g i Z da,k,p

3<B<k-3 0<a<kE=3_¢ p>2
k—6 - - 2 =
0<a<kz5_¢ peN

(log z)* 277,

12 Here and below, the notation "% means that the corresponding function belongs to C> (RY).
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for some constants JZ’% » and where the linear part whn is given by

i)

(4.60) wih(z) =Y. ot T+l

0<j<t(k)

for some constants afc’i, where fk’jE = (f;g:zt)ogjg(k) are the solutions of the homogeneous

equation (4.39)) introduced in Lemma

(2) Uniqueness

Let (Aro)r=30<e<ek) be fixed, and let (wy ))s<k<nro<e<e(ry and (wy )s<p<rro<e<er) be
two solutions of

(4.61) Lrwy = Fro(hsw),3<k <M,

defined and C*° in a neighborhood of 0, with w§; = 0 for i € {0,1}, and which have an
asymptotic expansion of the form (4.56)), as z tends to 0:

wiz)= D dgly (log2)* 27
0<a<k3_y
BZ1—k+2(a+4)

If
k,¢,0 k0,1 k,¢,0 k0,1
(4.62) dy 2y = dyZy, dy 23 = dy 3,
then wg,z = w,i g forall3 <k <M and all 0 < ¢ < (k).
Similarly, if (w27€)3§kSM70§gSg(k) and (wli,ﬁ)%kSM,OSZSZ(k) are two solutions of the equa-

tion (4.61) defined and C* around +oco, with w§; = 0 for i € {0,1}, and which satisfy
as z tends to infinity:

] + 77
Wi = Z j Zf ] f

0<5<L(k)
(463) + Z dl;:%fp (log Z)a Z’B v+1—p + Zl/k’-i-l Z d];:%fp (]Og z)oc 5P ’
— _— 2 bl
then
(4.64) a0 =™ W3<k<M and 0<j</(k),

implies that wk’é = w,ie, for all 3 <k < M and all 0 < ¢ < {(k).

Remark 4.2. By virtue of Lemma [4.1] and formulae ([4.59) and (4.60), the functions wy ¢ admit
an asymptotic expansion of the form:

1_
wyo(2) = Z W t,a,8,p (log 2)* 27V H17P
3<B<k-3
0<a<k=8_¢ peN
(4.65) o
+ vl Z Wi p,0,p (log2)* 277 as z — 00
0<a<k3_y
peEN

for some constants wy, g8, and wy ¢ p, as z tends to infinity.
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Proof of Proposition [A.1] Let us start with the existence part of the proposition, and first
consider the indexes k = 3,4 and 5. In view of the computations carried out in Section (see
Property (4.16))), we have in that case ws; = 0 and

(4.66) Lrwpo=0, k=3,4,5.
In view of Remark [£.1] this implies that

wro = af ¢ foo (2) +af_ fog (2)

(4.67) . \f
Wi = ak forz > —,k=3,4,5,
0,+ f ( ) \/i
where ag’ L= —ag’_ and where { ko , ka } denotes the basis of solutions associated to the

operator Zk given by (|4.45) . The coefficients a07 4 are determined by -

1 \3v+3 50
2(3v +4) (ﬁ) ap4 = o a

1 vk+4 %0
(4.68) (E) (a5 +af_) =cp s,
1 \vk+3
(Uk+4)(\ﬁ) (a§7+—a§7_)—co o k=4,5.

Clearly the functions wy o, k = 3,4, 5, satisfy properties (4.55)-(4.60).

Let us now consider the general case of any index k > 6. To this end, we shall proceed by
induction assuming that, for any integer 3 < j <k —1 and all 0 < £ < £(j), (wje, Aj¢) satisfies
the conclusion of part (1) of Proposition

The first step consists to establish the following lemma:

Lemma 4.4. Assume that (wj ¢, \j¢)o<e<e(j) is @ solution of the system (4.24) with3 < j < k—1,
which satisfies (4.55)), (4.56), (4.58), (4.59) and (4.60). Then F, ,?lé has the following form:

( ) freg( ) (\}i B Z)kl/+6 Z flzeéga( )(log (\}i — z))aX]O,L](Z)

2

0<a<kzb_y
(4.69) 1 Bu+3 1 a
+ Y fidsa@ (5 =27 (log (—z = 2)) " xj0,1(2).
3<B<k—3 V2 V2 !
0<a<kzbp

and has the following asymptotic expansions respectively close to 0 and at infinity:

(4.70) Fly(z) = > frtap(logz)® P2,
0<a<kb_y
B>1—k+2(a+L)

FRyz)=2"""" " ferap(logz)*z?
0<a<kzby

(4.71) pelt

+ Z fk,ﬁ,a,@p(log Z)O‘ZVﬁJrl—p}

3<B<k-3
0<a<®56—¢ peN

where the coefficients ﬁc,g,aﬁ (resp. fk Lap and fk t,0,8,p) are uniquely determined in terms of the
coefficients difﬁ (resp. wié ) involved in (resp. -
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Proof. Let us first address the behav1or of F,? ¢ near z = 0 and at infinity. To establish ( -

and -, we W111 use formulae (4.35))-(4.38]) combining them with the corresponding asymptotic
of wﬂ, ﬂ, wH, M and ;g that we Start to describe now.

Consider wj’e. It follows from ) that if w;e,3 < j <k —1, verify (4.56) and (4.65)), then
forany 6 < j <k + 2, @Jl-’g admits the following asymptotic expansions as z — 0 and z — oc:

_ ~1,0
(4.72) w;’g(Z) = Z wj’e’aﬁ(log z)azﬁ, as z— 0,
0<a<iz0—y
B>4—j+2(a+)

(4.73) W) (z) = Z @;’ﬁﬂp(log 2)* P as 2 — 00

0<a<iz? 2 —L
3<B<j—3,p>0

Combining (4.20)) together with (4.56)) and (4.72), one sees that the function wjl-,e has asymptotic
of the same form as w;, as z tends to 0:

1,0
(4.74) wjl-ve(z) = Z wj,&aﬂ(log z)azﬁ.
0<a<iz3 ¢
B=1—j+2(a+l)

Furthermore, invoking (4.20)), (4.58), (4.59), (4.60), (4.73) and taking into account (4.46[), one
obtains as z — oo

1 — IV Lco &, —p 1,00 a_vfB+1-p

(475)  wigx) =2 Y wip i, (log2)%e P+ Y wi  (log2)® )
0<a<iz3—¢ 0<a<izb—¢
peN 3<p<j—3,peN

for any integer 3 < j <k —1.

The functlon w? ¢ can be analyzed along the same lines as w! ;- In particular, using Defini-
tion , one can show that under the assumptions of Lemma |4.4] for any 6 < j < k + 2, wj7e
behaves in the same way as @]1- ¢ When z — 0 and 2z — oo, namely

. ~2.0
(4.76) ?’g(z) = Z wj’e’aﬂ(log z)azﬁ, as z — 0,
0<a<iz0—y
B>4—j+2(a+l)

(4.77) Wi (z) = Z zﬂiﬁyﬂ’p(log 2)* P as 2 — 00

0<a<izb—y
3<B<j—3,p=>0

Combining (4.22), with (4. 56|) (4.58))- (|4 60), (4.76), (4.77) and taking into account (4.47), we

deduce, as we have done for w] ¢, that wJ , has the same form as wj g, ]13, as z — 0
_ 2,0 B
(4.78) wjvg(z) = Z wj,e,a,ﬁ(l()g 2)%2P
0<a<iz3 ¢
B>1—j+2(a+¥)
and as z — 00, one has:
2 _ jv—1 2,00 —p 2,00 vB+1—p
(4.79) wjvg(z)—z Z Jﬁa,g,p(bgz) 25t Z Jfaﬁ,p(k)gz) z ’
0<a<iz3—¢ 0<a<iz8—¢
peEN 3<B<j—3,peN

forall 3<j<k—1.



BLOW UP DYNAMICS FOR SURFACES ASYMPTOTIC TO SIMONS CONE 30

Next we address w;,. Writing

. —-1_1—
(4.80) Wi =) > (P Pw gy wg g,
p>1 ji+-+jp=7J
Ol =0

it is easy to check that if wj,, 3 < j < k — 1, verify (4.56), (4.65) then the same is true

for w;,, 3 < j <k — 1, namely the functions ;, admit asymptotic expansions of the form:

(4.81) wie(z) = Z ﬁ)?,z’aﬁ(log z)azﬁ, as z — 0,
0<a<iz3 ¢
B>1—j+2(a+£)

. _ v+l ~ 00 a_—p ~ 00 a_pB+1—p

(4.82) wje(2) =2 > Wragp(logz)®s T+ @50 (l0g2) 2 :
0<a<iz3—y 0<a<izb—¢
peN 3<B<j—3,peN

as z — 0.

Combining ([4.30)-(4.34) with (£.74), [4.75), (4.76), (.77), (4.78), (4.79), ([4.81) and (4.82), we
obtain (4.70) and (4.71]).

To end the proof of the lemma, it remains to establish (4.69). To this end, we will use the
representations (4.30))-(4.34)).

Start with F}; lél defined by (4.31)). It stems from the definition of @ﬁ’,) given by (4.23]) that

for any 6 < j < k+ 2, @ﬁ’/) assumes the form:

re 1 B 1 re
(4 83) fjjg(z) + BZ: (E — Z) +3 (log (E — Z))a hav%(Z) X}O, 1 ](Z) ;
: 3<B<j—3
ogzyg?]%ﬁ—e

which means that ([4.69) holds for F} lél.

Next consider F} % i = 2,3, respectively defined by (4.32) and (4.33). In view of (4.20))
and (4.21]), we deduce that @]1.75 and ﬁ;”g have the form (4.83)) for any 6 < j < k+ 2, and therefore
the functions wjl-’z and wiz can be written in the following way

FEO+(G5=9" X (oa(g5 =) B xp ()

2

S

0<a<iz3—¢
(4.84) 1 By+3 1 «
+ D (527 (log (5 —2)) " hiFa 5(2) Xj0. 1 (2)
3<B<j—3 V2 V2 V2
0<a<iz8—y

Similarly, by (4.23) the same is true for w](.ig’/). Finally using (4.80)), one can easily check that the
functions w;,, 3 < j < k — 1, have the form (4.55)), which can be viewed as a particular case

of (LED).

Since all the functions involved in (4.32) and (4.33) have the form (4.84), one easily deduces
that F'5', i = 2,3, verify (&.69).
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Now consider F}; 1é4 given by (4.34). It follows from the definition of Ay (see (4.10)) that, for
all 3 < j <k —1, the function A?,e admits the same form as w; :

re, 1 1Z 1 « re
A?,g(z) — A]f(z) + (E —2)’ +4 Z (log (\ﬁ - 2)) Ajja(z) X]Qﬁ(z)
0<a<iz3—¢
(4.85) 1 Byt 1 N
+ > (5 —2)" (log (5 = 2)) " AfF, 5(2) Xj0,1(2).-
st V2 V2 3l 10, 75]
0<a<iz®—y

Furthermore by virtue of the required condition (4.19)), the functions A?,zv 3 <j<k-—1, vanish

1
on z = —; namely:

V2

0 _
(1.5 (4502 =0,

which together with (4.34)), (4.55) and (4.85) give (£.69) for F}’ 112’4.

The second step in the proof of Proposition relies on the following lemma:
Lemma 4.5. Consider for k > 6 the non homogeneous equation
(4.87) S X =F,

where Sy, is defined by (4.28)) and ]:,?1 = (F,?lg) Then the following properties hold:

0<e<e(k)’
(1) The system ([4.87) has a unique solution X° = (Xq )

integer (1(k) < ¢ < {(k), where {(k) [k _ 6], and such that if £ < {1(k), then X
belongs to the functional space CF+4] (RL)NC>=(RE\ {%}) and has the following form:

0<e< (k) such that Xo, = 0 for any

Xou(z) = Xaeeg(z) + (L — z) T Z (10g (L — z))a Xé‘}g’a(z) X1, (2)

1
7]
V2 0<a<hb_y V2 v
1 ﬁl/-‘y—4 1 [e% reg
4.88 + > (52T (los (5 = 2)) " Xos.0(2) X0, 1(2),
( ) 3<B<k—3 \/5 \/§ v
0<a<hb_y
1
uldy) =0
0,0 NG
Moreover, it admits an expansion of the form (4.56) as z — 0:
(489) X(]’g(z) = Z XO,Z,a,B (log Z)a Z’B ,
0<a<hzty
B>1—k+2(a+¥)
for some constants Xo,e,a,ﬁ-
(2) The system ([4.87) has a unique solution X! = (X1,5)0<£<£(k) such that X, = 0 for any

integer ¢1(k) < ¢ < {(k), and such that if £ < {y(k), then X;, € C™ (]%,oo[) with the
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following asymptotic as z — oo:

Xig(z) =" Y Xipap(logz)z7?
0<a<hzb_y

(4.90) pet

+ Z X17g7a”37p(10g Z)azyﬂ+1_p;

3<B<k-3
0<a<®76—¢ peN

where X1 ¢, and X1 ¢+ 3, denote some constants.

Proof. In order to establish this lemma, we shall proceed by induction on the index ¢. Since for
any integer k > 6, we have
=0, t(k) << k),
we get
Xox =0, Vfl(k') <t< f(k‘) .
Consider now
(4.91) LiXo.0k = Fr ) -
Invoking formulae ([£.69)), (4.70) together with Lemmal[4.3] we easily check that the above equation
has a unique solution Xg g, () in Clv+4] (RL) NC=(RA\ {%}) which assumes the form (4.88])
and admits asymptotic expansion of type (4.89)), for z close to 0.
Let us assume now that for any integer ¢ < ¢ < ¢1(k), the equation
Ly Xoq = Frg

admits a unique solution X, which satisfies (4.88]) and (4.89)). Then by virtue of Formula (4.27)),
we find that F,?Il} undertakes the following form:

Fiii(2) = FiE(2) + <} =) T (log (ji —2))" FiZa (=) Xy,

0<a<kb_g—1

(2)

751
vz

(4.92) 1 Su43 1 N
+ Y (=) (g (5 = 2)) " Fifas(2) X0, 1(2)
s<hoig V2 V2 ¢ 1]
0<a<k=b_p 1

and behaves as follows close to 0:
(493) F]ilfé(z) = Z ﬁk,[,a,ﬁ (log Z)a 2572 s

0<a<kzby
B>5—k+2(a+)

for some constants ﬁk’g,aﬁ, which implies that Fj, = F, ,iirg + F I;ﬂe verifies (4.69)) and (4.70)).

Therefore taking into account Lemma we infer that the equation ZkXO,g = Fjy has a
unique solution X, in ClFv+4 (R%) NC>=(RA\ {%}) which satisfies (4.88)) and (4.89)).

The proof of the second part of the lemma is also by induction on £. First taking into account
Lemma together with Formula (4.71), we infer that the equation

~ nl
ﬁle,el(k) = Fk,zl(k)

admits a unique solution X 4, ) which belongs to C* (] %700[) and verifies (4.90]). Then assuming
that for any integer ¢ < ¢ < ¢1(k), the equation

Zle,q = Frq
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admits a unique solution X ; which satisfies (4.90]), we deduce that F, ,ilré defined by (4.27)) has an

expansion of the following form at infinity:

Fyly(2) = > Frtapp (logz)® 2P H1r

3<B<k-3
0<a<®-8—¢—1 peN
(4.94)

kv—1 k.t a _—p
+z Z Fkga’p(logz) 2P,
0<a<kzb_g—1
peN
. - Akl
with some constants Fj, ¢ o 5, and Fk,ﬁ,a,p'

Since
Fro= Fp + Fy,

it follows from (4.71)), (4.94) and Lemma that the equation EkXM = Fj ¢ has a unique
solution X ¢ in C*° (}%700[) admitting an asymptotic of the form (4.90) as z — oo. This achieves

the proof of the lemma.
O

We now return to the proof of Proposition . Taking advantage of Lemma (1), we
get Wy, = (wk,g)0<£<@ by setting
)

) . 1
‘17 0 k a+ k T
p=X0+ 2 : (aj7+flg +aj_ fi ) = ﬂ’
(4.95) 0<j<t(k) 1
W, k s
k:Xo—'_ 2: aj,+flg \/i’
0<j<{(k)

.y denotes the basis of solutions of Sy X = 0 given by Lemma where XY is

where (fk’ )OS <
given by Lemma (1), and where in view of Formula 1) the coeflicients af ., are determined
by

.
X0,0,0,-3 + Z “ko af, +af ) =cyly
L<j<L(k)
(4.96) kb
Xogo—2+ > mpi(al, —af ) =cpty

L<j<L(k)
where respectively X ¢0,—3 and X0 2, clé £ “gand Co ~ 4, denote the coefficients involved in (4.89)
and - I and where the coefficients ,u and ,u are defined so that

j7£

ity Mo :“k;l
(4.97) it ) =% ( ) as z = 0-

By virtue of (4.40)), we easily deduce that

= ()" () (e )

(4.98) p
=2 (a(v, k S W
M1 ( (v, k) — log(\f)) ! 0
By Lemma (2),
Wi=X'"+ > " fr o fl

0<j<t(k)

13 with the convention Xo.r.0.5 = 0 if £ > ¢1(k) and c§:£3 =0if ¢ =232
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with some coefficients ai’i, which concludes the proof of the first part of Proposition

In order to establish the part (2) of the proposition, we shall again proceed by induction.
Firstly, let us investigate the uniqueness for the solutions to @ near 0, and consider the
indexes k = 3,4 and 5. By the computations carried out in Section [4.1] (see (4.16]), we have in
that case wfc,l =0 and

Ek’wi:,o = 0,
which implies that
Ek(wlg,o - wllf,o) =0.
Invoking Remark together with Hypothesis , we easily gather that w%o = w,i’o on a
neighborhood of 0, for k = 3,4 and 5.

Let us assume now that for any index k < kg—1 < M —1, the uniqueness for solutions to (4.61))
near 0 holds under Hypothesis (4.62)). Since F,;lol’e()\; w) only depends on wjg, j < ko — 3, this
ensures that

(4.99) SkoWoy, = Wi,) =0,
where
w}co,o
(4.100) Wi, = W g
wi
ko,£(ko)

In order to prove that W,g = W,%O, we shall proceed by induction on the index ¢ starting by ¢(ko).
Taking into account (4.28) together with (4.101)), we infer that

~ 0 1
EkO (wko,f(ko) - wk‘o,f(k’o)) = 0 °
Thanks to Lemma and Condition (4.62)), this implies that

0 1
ko, t(ko) = “ko.t(ko)
Assume now that for any integer ¢ < ¢ < ¢(kg), we have on a neighborhood of 0

0 1
Wio,q = Whoq -

Therefore in view of the definition of Sy, page 20} we find that
~ 0 1
Ek’O (wk‘o,f - wk‘o,f) = 07
which, due to Lemma and Condition (4.62), easily ensures that
0 1
Wiy,0 = Wk e -
This achieves the proof of the uniqueness for solutions to (4.61f) near 0.

Secondly, let us investigate the uniqueness for solutions to (4.61]) around +oco. Again, we shall
proceed by induction starting with the indexes k£ = 3,4 and 5. In that case, we have

£kw;€70 == 0,

and the conclusion follows easily from (4.64). Now, assuming that the uniqueness holds under
Hypothesis (4.64]), for any index k < kg — 1 < M — 1, let us consider the index ky. Again, by the
induction hypothesis, we have

Sk (Wi, = Wi,) =0.
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This gives the result thanks to Lemma and Condition (4.64]), which ends the proof of the
proposition.

Remark 4.3. By virtue of the uniqueness of the solutions to the system (4.24]) near 0 established
above, we readily gather from the matching conditions (4.29) coming out from the inner region
that

(4.101) dely = (N, Yk Lo, B.

4.3. Estimate of the approximate solution in the self-similar region. Under the above
notations, set for any integer N > 3
tV+1

v P
s ) ) =N (6 ).

(4102) VI (L y) =y + XD O W 4y

with
N £(k) N (k)

(4.103) WV (t,z) = Zt”k Z (log t)" wy, ¢ () and AN (1) = t(l + Z Z Ao tF (logt) )
k=3 =0 k=3 (=0

The purpose of this paragraph is firstly to estimate the radial function VS(SN) defined by (4.102)),
in the self-similar region:

teri—v

(4.104) Qs 1= {Y e R, <yl < 10t’62’”} ,
and secondly to study, for IV sufficiently large, the remainder term.
Combining Identity (4.15]) together with Lemma we firstly get the following lemma:

Lemma 4.6. There exist a positive constant C' and a small positive time T = T(N) such that
the following L*° estimates hold, for any time 0 <t < T':

(4.105) [NV (VI (#, ) = Q)ll ooy < C [PV + 079, Vo] < 3v + 4,
(4.106) 1:)PVAVEI(E, ) = @)llpe(uy < O[T 4 ) (VD

+ G- ya < |a|—2 and 1<|a|<3v+4.
In addition 8,5VSEQ,N) satisfies
(4.107) H@tV(N)(t, ')HLOO(QSS) <otV [t1+u+2(u—el) +t(1+3u)(1—62)],
(4.108) IV VI (8, ) oo () < CEHEPV™) 4¢3 17€)] W1 < |a| < 30 + 3.

. . . N
Besides for any multi-index o of length |a| < 3v + 3, the function ‘/;(s,l)(t? Y) = ((‘)tugs ))(t )
satisfies

VOV (8, Y pe gy < O [FPF =) 4¢3 0-2)] w5 < |af — 1,

ss,1

(4.109) ) s -
[V V1 ) peo () < C 1777+t v(l=e))
(4.110) 19,V 1 (¢t Moy < C [P 20 4 vi-e)),
Finally for any multi-index « of length |o| < 3v + 2 and any integer 3 < ||, we have
(4.111) H<.>5V0VS(S’\2[)( t, ) poo () < C[t2u+2(u—q) +tu+1+(3u—1)(1—52)]’

where V) (t,y) = t+1 (92ul") (¢, p).

14 We recall that p=yt'tL.
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In the same spirit as Lemma [3.3] we have the following result.
Lemma 4.7. The following L? estimates hold for all 0 < t < T':

”va(VS(SN) (t,-) — Q)HL2(QSS) <C [tu\al—el(\al—Q) + tv—en)(N+]a]=3) 7
(4.112) 1
O] 1 < Jof <344+ L

1
(4113) VAV 2 < C0eMD ekl g me@ra2mled] w0 < o] <30 +3+ 5

IV (VA (E ) 2y, < O 12 [alel g ymea@rmienq 4 gve))

ss,2
(4.114) 1
V0 < |af <31/+2—|—§-
Let us now consider the remainder

RO (t,y) = [BIV] (¢, p).

Clearly,
@) 1 ~ ) 1
RN (¢, ) = Rﬁ(ug——f»

where _

R, 2) = [EDPWEV] (2, 2).
By construction,

RM(tz)= > t"*(logt)rye(z) with 1y (z) = FRy(WE, AN
E>N-+1
<k
In view of computations carried out in Section [4.1} we have
1 kv+6 1 a
__reg _ reg o
Tre(z) =1y e(2) + (E z) Z;_G Thtol?) (log (\/5 z)) X]O,%}(z)
0<a<hb_y
(4.115) 1 1
re Br+2 o
DL Ttas®) (o5 =27 (log (o5 = 2)) " xe, 14 (2)-
3<B<k—3 V2 V2 V2
0<a<hzby

Furthermore, as z — 0 and as z — 00, ry ¢ satisfies (4.70]), (4.71) respectively.

As a direct consequence of these properties, we obtain the following lemma:

Lemma 4.8. There exist a small positive time T' = T(N) and a positive constant Cy such that

for all 0 < t < T, the remainder term Rﬁi") satisfies the following estimate

(4.116) ”<.>% Rg;%, ')HHKO(QSS) <Oy [t(u—a)(N—%) + tu(1_ez)(N+1)—%(u+1)] ,

where Ko = [3v + g]

Let us end this section by investigating V;(N) — VS(SN) in the intersection of the inner and self-

n
similar regions, namely in

€1—V

t
QmﬂQ$:{Y6R{

In view of (4.15)), (4.55) and Remark we have for any multi-index « and any integer m
‘8;‘8{”(1/(]\[) _ ‘/S(SN))(t7 y)‘ 5 7521/(N+1)7m y2N7\a| + tfmnyﬂa\ ’

< |Y| < tel—V}.

in
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provided that y belongs to i, N, and ¢ is sufficiently small, which leads to the following result:
Lemma 4.9. For any integer m and any multi-index «, the following estimate holds

4.117) [V (V) — VY (1 ) (o) < Onamt ™ Hel0me) (2vr2Ne g yNiv=a))

SSs

forall 0 <t <T =T(a,m,N).

5. APPROXIMATE SOLUTION IN THE REMOTE REGION

5.1. General scheme of the construction of the approximate solution in the remote

(N)

region. In the previous section, we built in the self-similar region an approximate solution uss
gm the inner region. Our

(N)

which extends the approximation solution u;,

(N

goal here is to extend ugs ) to the whole space.

(N)

Recall that the approximate solution uggs ’ built in in Section [4] assumes the following form:

constructed in Section I

o(k)

N
uld(t, p) = p+ AN (2) Ztykz log ) w“()\(N)())

k —
where ((k) = | 3], and where A(V)(¢) is the perturbation of ¢ defined by (#.103).

To achieve our goal, let us start by introducing the function «"™®) defined by

o(k)

51 lin, ( t — ¢t tuk 1 t hn< )
(5.1) u :p) Z Z Og wkz :

where whn denotes the linear part of the function wy, ¢ involved in the asymptotic expansion (4.18)
and given by ( -

The function u"™®) solves the Cauchy problem:

(202 — 1,) u'™V) = @

(52) ulin,(N)|tZ0 _ ugn;(N)

(8tulin,(N)) o= ullin,(N)

where [, is defined by (4.42), and where

. N (k)
ug™ (o) =S5, o (log p)
(53) k: 3@ 0
uy ™ (p) ZZ#MP logp) )
k=3 (=0

with under notations (4.60))

er—% +ak 5

(5.4) “llc,é _ \2((% +4)(O‘%+ . O‘i ) (¢ + 1)( 41,4+ ai—&-l,—)) 7

+1,4 k—3

using again the convention that oy =0ifl+1> —
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Indeed, combining (4.60]) together with (5.1]), we infer that

() (1 gy = ituk—f—l % (log )" ) (a%“‘ ;1 (g) +al” flgé_<§>) .
k=3 £=0

-~ k=3
0<j<5=

Taking advantage of (4.44)), this gives rise to

v 1 (9 + )
. B , j p j t 2
W (¢ ) = kzzgt k+1OS§H (ak+(logt+10g ((g) + ﬁ)) (2)?
py 1 vk+4
+ai7_(logt+log((§)—\}§))j ((t) (f)g) )
N LA Lyl )"
S AT B

which ensures the result.

Let now xo be a radial smooth cutoff function on R* equal to 1 on the unit ball centered at the
origin and vanishing outside the ball of radius 2 centered at the origin, and consider for a small
positive real number §, the compact support functions:

g0(p) = xs(p) ug""™(p) ,
55) {gm (o)t )

where ugn’(N) and ullin’(N) are the functions defined above by (/5.3)), and where xs(p) = Xo(%) :

Remark 5.1. Invoking (5.3|) together with (5.5, we infer that therelﬂ is 6o(IN) > 0 such that
for all positive real § < do(N) and any integer m < 3v + 2, the above functions gy and g, belong
respectively to the Sobolev spaces H™1(R*Y) and H™(R?), and satisfy

180]l sty < €872 and g1l gy < C 872

We shall look for the solution in the remote region under the form:
(5.6) Uoui(t, p) = p+ 80(p) + ta1(p) + D> t*gr(p)
k>2

To this end, we shall apply the lines of reasoning of Sections [3] and 4] and determine by induction
the functions g, for k£ > 2, making use of the fact that the function uey, is a formal solution to
the Cauchy problem:

(1.8) uout = 0
(5.7) Uout|t=0 = P + 9o

(a&uout)\t:O =4g1.

For that purpose, we substitute (5.6 into (1.8]), which by straightforward computations leads
to the following recurrent relation for k > 2

1

(5.8) = 5k — 1)(2 + 2(80), + (90)2)

15 1 what follows, the parameter 6o(/N) may vary from line to line.
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The source term Hj involved in the above identity can be splitted into three parts as follows:

(5.9) Hy = HY +HP + 1P
with
5.10 HH =
( : ) k pgk—Qa
2
HY =2 " Kk — 1~ k) (8,
k1+ko=k
(5.11) F2>0 ) ) (6)
ok iy (9ka)p
+6k z; B ( Ik ,03 +(9k1)ﬂ<p2 + P) ))a
1+ko=k—2
Ug, Ok
H}(j’) - Z kle( - gklgkz (gk3)PP + 29k1 (gkz)p(Gkg)p - Sgklgkz (723 + M))
512 Fy gt ks =k P p
5.12 Uy (
k Ok )
= Y k- Den@)e)s T3 Y (ke )
k1+ko+ks=k k1+ko+kz=k—2 p P
2<k1<k
where 1y is given by
. Uu=p k-
(5.13) U—1+u—2tm'
P k>0

Note that i only depends on gg,, with k; < k.

5.2. Analysis of the fuctions g;. The aim of the present paragraph is to investigate the fuc-
tions gy defined above by (5.8))-(5.12). To this end, let us start by introducing the following

definition.

Definition 5.1. We denote by A the set of functions a in C*°(R? ) supported in {0 < p < 26},
where § is the positive parameter introduced in (5.5), and admitting for p < § an absolutely
convergent expansion of the form:

i ¢
(5.14) a(p) = > ajep” (logp).
Jj=3 ogeg%
Remark 5.2. The functional space A given by Definition [5.1] is an algebra, and we have for any
function a in A and any integer m,

(5.15) 0Maecp MA.

Our aim now is to establish the following key result which describes the behavior of the func-
tions gy.

Lemma 5.1. There exists do(IN) > 0 such that for all positive real § < do(IN), we have, under
the above notations, for any integer k

gk € pl_k.A.

Proof. Firstly note that in view of (5.3]) and (5.5)), go € p.A and g1 € A for any 6 > 0, and there
exists dp(/V) > 0 such that
1 1
AC A, ———
1+ (1+ (g0)p)? 1490
p

AC A,

(5.16)

for any § < §o(IV).
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Let us now show that for any 6 < §g(N), gr € p' %A, for all k > 2. To this end, we shall
proceed by induction assuming that, for any integer j < k — 1, the function g; belongs to pIA.

Recalling that

v Vp
7**)’
pPoop

we infer taking into account ([5.15)) that the function 7—[,9) given by (5.10]) belongs to p'~*A.

lyv= vpp+6<

Since 1y, is defined by

Q

U Z tkUk )

k>0

it readily follows from the induction hypothesis that for any integer j < k — 1, @; belongs to the
functional space p' =7 A.

Combining the fact that A is an algebra together with (5.15) and (5.16]), we deduce that the
function 7—[,(3) defined by (5.11)) belongs to p' % A.

Along the same lines, taking into account (5.11)), we readily gather that 7—[,&3) € p'~*A. This
concludes the proof of the result thanks to (5.8), (5.9) and (5.16).

O

Remark 5.3. Combining Definition[5.1] together with Lemma we infer that for any integer k,
the function g involved in the asymptotic formula (5.6)) admits an absolutely convergent expansion
of the form:

(5.17) =S N dk g (log )’

J23 p<p<iz3 23
. . k . .
for p < 9§, with some coefficients ajy satisfying

(5.18) ady =1y, aj,=pjif 3<j<N and aj,=aj,=0if j>N+1.

5.3. Estimate of the approximate solution in the remote region. Under the above nota-
tions, set for any integer N > 3

N

(5.19) ulnd (t.p) = p+ > tFar(p), Vi (ty) = =Dl (¢, y)
k=0

Invoking Lemma and recalling that for any integer £ the function g is compactly supported

in {0 < p < 26}, we infer that the function Vo(ut) defined by (5.19)) satisfies the following L
estimates in the remote region

Qowt = {Y eRY, y= V| >t727"}.
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Lemma 5.2. For any multi-index «, there exists do(c, N) > 0 such that for all positive real
number 6 < §p(a, N'), we have

(5.20) 1) ve( out< ~ Qllzw(@u) < Cat TV,

(5.21) [V ()~ @llreny < Cad®

(5.22) 1PV () = Qllpo@uy < Cap (BVEF) +21) VB < |a| -2,
(5.23) 1OV (1 Mooy < CE7FD 63

(5.24) 1O VAR (M () € Ca 6,

(5.25) 1CPVEVEA M (@) < Cap (D +1241) ¥ B < Ja| - 1,
(5.26) 1V (o) < CET1EY,

(5.27) 1PV h (M (@) < Cap (0D 46371 41) W3 < ol
for all0 <t <T with T =T («,0,N), and Where

VAN () = (0l (b o), VRSt y) = 2 (02uli)) (¢, p) -

out,1 out Uout
Besides, for any multi-index |a| > 1
(5.28) V0V (£ )| L) < Cat ™' 6%,
forall0 <t <T.
Denote

(5.29) QF

out = {.%' € R4 ‘$| > tl 62}
One has the following estimates in L? framework:

Lemma 5.3. Under the above notations, the following estimates occur for any 0 < 6 < éo(c, N)
and all 0 <t <T =T (a,d,N):

[V (@i (t.) = 11Q(557) = 80)ll2gar,,y < Cab(l+ €170 F27100) yja) > 1,
1V (Dfulnd (¢, ) — g

out

N

iz, < Cat(l+td-@@H220aD) yia) >0,

forall ¢ =1,2.

Remark 5.4. Combining Formula (5.19) with Lemma we infer that Vo(ut)( t,-) satisfies, for
all0 <t <T

(5.30) Hva(V(N)( t, ) Q)”LQ(Qout) < Cat(|a|—3) (V+1)[53V+3—|04‘ + 75(1—62)(31’-i-3—|CYD]7 Ya> 1,

out

(5.31) Hva out)é( )HL2 ) < Oat(|a\*3+€) (v+1) [53u+375*|a| + t(lfez)(3l/+3*€*|a\)]7va >0,
forall ¢ =1,2.

Let us now consider the remainder

(5.32) Rint = BV
We have
R (t,y) = I RE (¢, 87+ 1y)

out out

where

. )
RV (¢, y) = ([TR)ulN)(t, 1+ 1y) .
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It follows readily from the proof of Lemma [5.1] that

(5.33) ] - ‘% vgﬁ(N) (t, _)HL2(ng) < Con N=1-(1=e2)(Ja|+N—3v—]) ’

out
7
for any |a| > 0, provided that N > 3v + 3 which leads to the following lemma:

Lemma 5.4. For any multi-index «, the following estimate holds :

(5.34) ()2 VORGY

out

(t, ')HLQ(Qout) < te2N—%(l/+1) ,

for all0 <t <T =T(a,d,N), provided that N > 3v + g

We next investigate Vo(g ) _ VS(SN) in Qout N Qss. Assuming p < §, and rewriting ugﬁ? in terms
of the variable z = ————, we get:
ANy VB

N
uﬁﬁ3@7P)==A‘N’@)[Z*‘§£: > t”kﬂogt)g< Y wiaspllogz) T

3<p<k-3
0<a<kz8—0,p>0

2wy, (log z)azpﬂ :
0<a<h33—0,p>0

with some coefficients wz% a,B.p’ w,‘é}f ap that can be expressed explicitly in terms of the coeffi-

cients (\j¢), for 3 < j < N,0 < £ < £(j) and of the constants (aé‘?,g), E>0,7>30<¢<Uy)

introduced in Remark [5.3l

In particular

a+/t
5.5 T
k—3 k—3
forall kK >3, ¢ < 5 ya < 5 —lp>0-
Combining ((5.4)), (5.18) with (5.35)), we infer that
S e el ) = Y T om ) a0 log2) 0,
0<j<e(k) 0<a<iz3—¢
p=0,1

as z — 0, which by Proposition (2) (uniqueness around infinity) implies that
(5'36) wz}lﬁt,a,ﬁ,p - wk%a,@p’ wz?ft,q,p - wk,f,q,m

forany 3 <k <N, 0<l</((k),0<a<b0_00<qg<i3-03<pB<k-37p>0,
where Wy, ¢ o, 8,p, Wk, r,q,p are the coefficients involved in (4.65]).

As a direct consequence of ([5.36)), we obtain

Lemma 5.5. For any multi-index o € N* and any integer m, we have

(537) 0PV = VI, ) poe(uunan < ¢ TII0HR) (g2 | et (-arNy

out Ss

forall 0 <t <T =T(a,m,N).
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6. APPROXIMATE SOLUTION IN THE WHOLE SPACE

Let © be a radial function in D(R) satisfying

o©={ i 63
Set
VO (t,y) == 0yt ) V)t y)
(6.1) + (Ot r) =0yt ))VE)(t,y) + (1 - O (y1+2) ) Vo) (k)
uM(t, p) 1= V(N (¢, tl’%) .

Combining Lemmas and together with Lemmas and we infer that for N
sufficiently large there exists a positive parameter (V) such that for any ¢ < do(N) there exists

a positive time 7' = T'(6, N) so that the above approximate solution V() defined by (6.1)) satisfies
the following L estimates:

Lemma 6.1. The following estimates hold for VIN) | for all 0 <t < T

(6.2) [T (VI — Q)(t, | pomry < €O, VO < Jaf <3v+4.

(6.3) 1PV VI —Q)(t, )| peopay < Ct, V1< o] <3v+4and B< |of - 2.
(6.4) ”vaﬁ VN = Q)(t, )o@y < Ct,V0<|a] <3v+3.

Besides the time derivative of V) satisfies

(6.5) 10Vt Mooy < CE277 %4

(6.6) IV OV () oy < CE16%, V1<l <3v+3.

In addition for any multi-index « of length |«| < 3v + 3, the function Vl(N) (t,y) := Q™)) (t, p)
and its time derivative verify

(03 (07 N 1%
(6.7) 1TV ey < O,
(6.8) 1PV V) ey € CH,¥B < ol — 1,
6.9 OV N ey < CtL8%.
(6.9) 10: V7 Loo(RY)

Finally for any multi-index « of length || < 3v + 2 and any integer 5 < ||, we have
(03 N v

(6.10) 1PV Mgy < CF

where ViM (t,y) = t+1(02uM) (¢, p).

Along the same lines, taking advantage of Lemmas and we get the following L2
estimates, as before for N sufficiently large, 6 < §o(N) and 0 <t < T'(6, N):

Lemma 6.2. For any 1 < |a| < 3v + 3, we have

(611) HVQ(U(N)(t, ) o tl/JrlQ(tVJr ) . gO)||L2((R4) < C(t + 25(1762)(31/Jr37|a|) + t3+5uf\a|(1+u)>7

and for any 0 < |a| < 3v + 2

(6.12) 19 (g™ (1, ) = g1) | gy < Ot + 17D Er2mlab g g2esv—laliv)y
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Besides, we have

1
(6.13) IV VNt ) = Qll ey < Ct, Vv +3< o] <3v+4+ 5
1
(614) ||VaV1(N)(t, ')HL2(R4) S Cty, V3V + 2 < ’Oé| < 3v + 3 + 57
1
(6.15) IVoVa (M sy < CH¥, ¥3v+1< |a] <3v+2+ 5

Remark 6.1. Lemma 6.2 implies that

(6.16) [V*(VN(t,) = Q)ll2ray < C (17 + ¢HIUal=3)g337lel) vl < o] < 3v+4+ é

(6.17) VoV (@t My < C (¢ + ttal=2 g3 +2-laly 1y < |af < 3043+ %
and
IV @) =71 Q () — g0)llpeny =0 L V1<l <3+ yzfl ’
19 (™ (1) = )y 30 L VO <ol <24 2

Finally, if we denote by

RWN) .— v
then invoking Lemmas and we infer that the following result holds:
Lemma 6.3. There exist Ny € N and k > 0 such that
(6.18) 1692 ROD(E ) s sy < £°VH,
for all 0 <t <T(d,N), where Ky = [3v + %] denotes the integer introduced in Lemma

Re-denoting N, one can always assume that the approximate solutions u™N) are defined and
satisfy Lemmas for any integer N > 1, and that (6.18]) holds with x = 1 for all N > 1.

7. PROOF OF THE BLOW UP RESULT

N)

7.1. Key estimates. The approximated solutions u(N) constructed in the previous sections ver-

ify, for any integer N > 1
(V™ = Q),0u™) € C(l0,T], HFH(RY)),

for E some T'=T(0, N) > 0. Furthermore, by (6.2), , there are positive constants ¢y and ¢y
such that

(7.1) uMNM () > cot"tt  and

(7.2) (14 [Vu™M12 = (0,u™N)(t, ) > ¢1
for any N > 1, and all ¢ in |0,7]. This ensures that
(wWM(t,-), 8uN(t, ) € Xgypa,Vt €0,T].

The goal of this paragraph is to achieve the proof of Theorem by complementing these
approximate solutions «™) to an actual solution u to the quasilinear wave equation (1.8) which

16 1) what follows, § is assumed to be less than §o(N), which may vary from line to line.
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blows up at ¢t = 0, and which for N fixed large enough is close to u(™N)

a positive time T' = T'(§, N) such that the following estimate holds

, in the sense that there is

3 3 N
(7.3) 102 Oew = u™) (&, )l rzo-1 ey + 102 Vw = ™)t ) | gro-aey < 17
for all time ¢ in ]0, T, where the regularity inde Lo =2M + 1, with M = [%]

1
Note that since v > 3’ we have M > 2, and thus Lg > 5.

The mechanism for achieving this will rely on the following crucial result:

Proposition 7.1. There is Ny in N such that for any integer N > Ny, there exists a small positive
time T'=T(d, N) such that, for any time 0 < t; < T, the Cauchy problem:

[[6)u=0,
(7.4) (NW)M L gy = uM (1)
(Ou) 4=t = O™ (ty, )

admits a unique solution w on the interval [t1,T] which satisfies

3 3 N
(7.5) 12 Be(u — ™) () rzo-1 gy + 102 V(= uN)(#, )| rro-1gay < 2
forallt;1 <t<T.

Proof. As mentioned above, for any t; sufficiently small, the initial data (u(™)(ty,-), du™) (1, -))
belongs to Xk, +2, and thus satisfy the hypothesis of Theorem By construction u®) (t,p)—p
is compactly supported. Thus, to prove Proposition [7.1] it is enough to show that there exists
a time T' = T'(0, N) > 0 such that the solution to the Cauchy problem ([7.4]) satisfies the energy
estimate , for any time t; < ¢t < min {T (0, N), T*}, where T™ is the maximal time of existence.
This will be achieved in two steps:

(1) First writing u(t, z) = t*1V(t,y), V(t,y) = VIV (t,4)+eM)(t,y), with y = ——
we derive the equation satisfied by the remainder term e¥). We next set
eM(t,y) = H(y)r™M(t,y)

where H is the function defined by , and rewrite the obtained equation in terms
of ™). As we will see later, the equation for V) involves the operator £ introduced
in .

(2) We deduce the desired result (inequalities ) by suitable energy estimates by making
use of the behavior of the approximate solution «(¥) described by Lemmas and the
spectral properties of the operator £ which turns out to be close to the Laplace operator.

In order to make notations as light as possible, we shall omit in the sequel the dependence of
the functions e¥) and (™) on N.

Denote by
(7.6) Vilt,y): = a(t)Vi(t,y) +d'(t) AV (t,y) = w(t,v)
(7.7) Va(t,y): = a(t) (V)e(t,y) —d (t) (y- VVI)(t,y) = " ug(t, x)

with a(t) ="t and AV =V —y-VV.

17 we take L to be odd just to make the estimates we are dealing more easier, but it is not important.
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By straightforward computations, we readily gather that the quasilinear wave equation ([1.6))
multiplied by a(t) undertakes the following form in terms of the function V' with respect to the

: x
variables (t,y) = <757 W>

1+ |VV)V, —2(VV - V)V — (1= V2 + [VV[?) AV

(7.8) ! 2 3 2 2y _
+ ) Vo, Vi 0V + 51— Vi 4 [VV]?) = 0.
4, k=1

Thus recalling that the approximate solution VN satisfies (7.8) up to a remainder term RV,
we infer that saying that the function u solves the equation (1.6) u = 0 is equivalent to say that
the remainder term e satisfies the following equation:

(1+|VV|?) ey — Le —2ViVV - Ve + (V2 — |Vel?) Ae

(7.9) : 2 (V)
+ Z ey Oy +F + RV =0,
jk=1
where
(7.10) ea=a(t)(e1)s —d'(t) (y-Ver): e1=a(t)e +d(t)Ae,

with £ the linearized operator introduced in (|1.16)):

3y-VQ)VQ _2VQ

1+|VQP
ly[? Q

Q2

Enge—i—S(( )-v€+3

and where the term F is given by:

F=(vvP2 - vv™Ry v _o vy — v vv™) vy 4 (1v2 - () Ay

3 2y )2 1 ) My 2o
o (VY = (W2 V) 48 (IVV P = [V P2) 5VQ Vel
(1 + ‘VV‘Q) (1 + |VQ‘2) (N))2 wy - Ve y-VV ) )
-3 - —9(IVVI2 v —9 v
Next, set
(7.11) et,y) = H(y)r(t,y),
with
o\ 1
(7.12) - LHIVOR)T
Q2

Let us emphasize that in view of Lemma [2.1] the above function H enjoys the following property:
for any multi-index o in N*, there exists a positive constant Cy such that, for any y in R* the
following estimate holds

1 o Ca
Ca (y)2™® {y)z™
Now in light of the definitions introduced in ((7.10]), we have

e1(t,y) = H(y)ri(t,y), ea(t,y) = H(y) ra(t,y),

(7.13)

where
y-VH

a,y-VH
H

r o ro=a(r)—ady-Vry — I

(7.14) rm=ar;+a Ar—d

r-
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Thus taking advantage of ([7.9)), we readily gather that the remainder term r given by ([7.11]
satisfies

oV,
L+ [VVP)ra+ (1+VQ?) &r VV V(Hry) + (VP = [V(Hr)[?) Ar
4
2Vi Vi - IV(HT) 2
_2yv.v(Hr 0 S B S A B
(7.15) V V(H™) + H ; Hr)y, 0y,
(Hr) y (Hr)y, 0o F  RW
+Z ] [8yjyk7 ] +E+T—O7
j,k=1
where [A, B] = AB — BA denotes the commutator of the operators A and B, and where
1
7.16 L=——r— LH:
s H(+ [VQP)
Let us recall that in view of (2.10))
L£=—qAq+ P>
1
with ¢ = ———— > and P a radial C* function which satisfies
(1+[VQP)2
3
P = _@(1 +0(1)) 5

as p tends to infinity.

Now dividing the equation at hand by (1 + |VV|?), we infer that the function 7 solves the
following equation:

14 [VQP 2V V2 |V (H)?
S 1 O I S v A v LTIV A
277 yva TRVt T wve A
(7.17)
N
+17 \VV\Q Z (Hr)y, (Hr)y 05 v+ F + RN =0,
where
~ RW)
7.18 RNy -
(7.18) 0+ NV H
and
_ F oV,
= —_ . H
P =0y |VV\2)H arvvp Yy VAN
(7.19)

4
VP = |V(Hr)]? (Hr)y, (Hr)y,
(A H]r + ]
Z T+ VR

(1+\VV] VH [82 Hlr-

Yiyk®
Note that we split Equation (|7.15]) into a first part which behaves as a quasilinear wave equation

and a second part depending only on the remainder term r and its first derivatives. This achieves
the goal of the first step.

The proof of energy inequalities is based on suitable priori estimates. These priori es-
timates are established by combining the key properties of the operator £ stated page |§| (and
established in Appendix together with the asymptotic formula as well as some properties
of the approximate solution V™). We shall argue by bootstrap argument by proving the following
key result:
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Lemma 7.1. There is Ny in N such that for any integer N > Ny, there exists T = T(N,d) > 0
such that for any t, €]0,T], and any ty € [t1,T] the following property holds.

If we have for all time t in [t1,ts],

(720 P18 ) sty + 1970 g1 gy < 2

then

7.21 t, )| Vr(t, )2 < ¢ 2N

( . ) Hrl( ")||HL0_1(IR4) + H ’r'( 7')||HL0_1(R4) =~ N ’

for any time t in [t1,t2], where C' is an absolute constant.

Proof of Lemma[7.1. In order to establish Inequality (7.21]), let us start by applying the opera-
tor £M to Equation (7.17). This gives rise to

1+|VQ]? M 2V V. veMy 4 VE — |Vel?

S S 21 1YE AeM
1+ |[VV]2 TTIr vV 1+ [VV]2 "

oM ro +
(7.22)

4

1 ~ ~

I ovE 2 Hy ()0, (84) + Far + MR = 0,
Ji.k=1

with -%M = SM]?—I— G, where

11 VWV

Vi
14 |VV]?
4

V2 —|Vel? (Hr)y, (Hr)
M 1 M Y Yk 02
+ e e Alr+ Y [e v 0|7

Gor ::[ ]sr—z[sM vv-v} r

(7.23)

J,k=1

Now let us respectively multiply Equation (7.17) by a~'r; and Equation (7.22) by a=! £Mry,
and then integrate over R*. This easily gives rise to the following identity

(7.24) a (t) /R4 [rl - (sMn)rzz] (t,y)dy = 0.

Making use of formulae ([7.17)) and (7.22]), we deduce that (7.24)) can be splited in several parts as
follows:

(D) + )+ ({III)+ (V)=
— a_l(t)/ [7“1 (]?+7€(N)) + (SMn)(]?M —I-SMf\’:(N))} (t,y)dy,
R4
with
(I) = a_l(t)/ (ram + My, EMrl)(t, y)dy,
R4

2
(I1) = a () /R 411:;@:2 [(2r)r 4+ (£MF17) (47) | (1, y) dy

(I1I) = —2a7'(1) /R4 1+Tgw2 VvV . [(Vﬁ) r+ (VeMr) (SMrl)] (t,y)dy and

4
vy = a't) Y /]R G| 0, (02, 2M) (M) | (8 y) dy,

ij=1
where for all 1 <4,j < 4 the coefficients g; ; in the latter integral are defined by
Ve - |Vel? o )y (H)y,

7.25 oo IVel s
(7.25) Fi = T wvE % T T vV
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and obviously satisfy the symmetry relations g; ; = g;;.

Firstly, let us investigate the term (I). By definition

ro=a(r)—ady-Vr —Q'Mrla
H
and thus
Mpy = a(eMr)), —d'y - V(eMr) —d X,
with

r +SM7y.VH

X:[SM,y-V] 1 H T1 "

We deduce that

1d M 1+v o v
D=5a [””( e + €71t )”LQ(R“)} - t/R4 [le'vrl + (&%) y- V(€ r)
-VH
+r, 7 gt (SMﬁ)X} (t,y)dy-

Integrating by parts and taking into account that

1 XN 2@y S N1l gro—1mays
we find

(126) (1) = 3 % [y + 1€ a7 O () s s ey

in the sense that (and all along this proof)
‘O |7"1 )”HLO L(RY) ‘ < ||7“1( )HHLO (R4 -

Let us now estimate the part (/7). Firstly, let us point out that it stems from Hardy inequality

and the asymptotic expansion (2.4)) that for any function f in H'(R*) the following inequality
holds

(7.27) V(g f)HL2(R4) < Cva||L2(R4) .
Therefore performing an integration by parts, we get

2
10 = [ V(T o) - Vi) + e n ) )y

1+|VQJ?
+ / |7Q‘2 [V(qu) -V(gr) + V(qeMry) - V(geMr) + P(rr + SMTSMH)} (t,y)dy -
R4 1 + ’VV’
A straightforward computation gives
1+ |VQP VQ]> - |[VV]? (VQ -VV)(VQ +VV)
Vi——=——)=V(l+ ————— | =V :
<1+yVV|2> (1+ 1+ [VV] )=v( 1+ [VV]? )

We claim that there is a positive constant C' such that the following estimate holds for any time ¢
in [tl,tg], with 0 <t <ty <T:

2
HW%)( a-)HLm(W) <Ct.

In order to establish the above estimate, let us start by observing that for any time ¢ in [tq, to] we

have @

(7.28)

”v2(v - Q)(tv ')HL‘X’(R‘*) < ctv.

18 Here and bellow, we assume that N > v.



BLOW UP DYNAMICS FOR SURFACES ASYMPTOTIC TO SIMONS CONE 50

Indeed by definition
V=vVWN e with e=Hr,

which gives the result by applying the triangle inequality and making use of Lemma Hardy
inequality, the estimates (6.3), (7.13]) and the bootstrap assumption ([7.20]).

Along the same lines, we find that
16TV = Q) )pe < O, [()VAV(E, ) e < C and  [[VV(E,)|z= < O,
which achieves the proof of the claim .
We deduce that

1
(1) = 2O (st ) g1ty + 197 1))

1+ |VQ?
+ / LV 19 (gr) - Viar) + T(a8Mr) - T(g€Yr) + Plrrs + E4reMr)] (1, y)dy-

Besides, remembering that
,y-VH

ri=ar,+d Ar—a I T,
we obtain
V(gqr1) = a0,(Vaqr) +ad AVqr —a’ Yy
with vH
Vo=V (¢5==7) = [Va, Alr-
Invoking ([2.4) together with ([7.13) and Hardy inequality, we infer that
(7.29) 1Yol 21y S V7l 2 gay -

Along the same lines, we readily gather that
oMy — af)t(,SMr) +ad AeMr —d' Yy, VM = a@t(Vq,QMr) +d AVgeMr —d' Yy 5
with

-VH
= eMY = [EY Al Vo= —[Vg, AeMr 4 V(g)) -
that clearly satisfy:
(7.30) [Vill gy + 120l 2ty S NVPll rzo-1@ay -

Taking advantage of (7.29)) and ([7.30]), we infer that
d 1
(1) = S &0(6) + (T + (102 + 7O (Ira(t, Wiy osgay + 197 ) Py )
with

2
130 80 [ oy [[TanR + Ve ) + P02 4+ (207 )y,

2
11 = [ ol ey ) [P + (9 + P2 + (€712 e )y

and

v 2
(IT)y := 1 1_ /R4 1 1 ;58}2 [V(qr) -AV(qr) + V(qEMr) . AV(qSer)} (t,y)dy -

Again combining the bootstrap assumption ([7.20) with Estimate , we claim that for any
time ¢ in [tl,tQ], with 0 <t1 <t <T

Hat( 1+ |VQ(y)

.32 P —— ] . <Cct .
(7.:32) 1+ |VV(t,y)|2)(S’ )HLoo(R‘l) =0
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It is obvious that reduces to the following inequality
(7.33) 10Vt )l ooy < O
Now to establish , let us first recall that
V=v®™ e with e=Hr.
Applying the triangle inequality and invoking Estimate , we deduce that
[0V V()| oo ey < 18, VvV (¢, Mooy + 10V (H 7)(E, )| Loo may
< CtH + IV(H 0pr) (t, )| poo mety:
But in view of , we have
,y-VH
Tm
which ends the proof of the result thanks to the bootstrap hypothesis ([7.20)).

/
ari=ary —a Ar+a

Consequently, we get

(7.34) (1 = 2019ty ) -

To end the estimate of the second part, it remains to investigate the term (I1),. For that purpose
we perform an integration by parts, which implies that

(1+v)/ 1+ |VQJ? ) Yo
Ty N1 s
(I11)2 > (V y)lﬂvv|2 IV (qr)? + [V (¢€Mr) 2] (¢, y)dy
Taking into account Lemma and the bootstrap assumption ([7.20)), this gives rise to

(7.35) (112 = O(I97(t, ) ysg-ray)-

In summary, we have
d 1
(7.36) (1) = Z& (1) + Ot g oy + 197 g1 )
Besides, it stems from the definition of the operator £ and the estimates (6.2)), (7.20) that there
is a positive constant C such that

(731 |ea) — 5 (£t ) 2~

9 (£M+1r(t7 ')|£M’r(t7 '))L2

< 053V||V7«(t’ ')H?—[Lo*l :

Let us now estimate the third term (II7). Integrating again by parts, we easily get

(IT1) = —2a~1(t) /R4 1+Tgw2 vV . [(Vn) i+ (VM) (SMH)} (t,y)dy

=) [ o (e oV [0+ (€ (e ay-

Arguing as above, we infer that for any time ¢ in [t1, t2], with 0 < ¢; < t9 < T, we have

Vi
78 o (B wv)e| e
(7.38) V(I—HVVPV )( ) L
The latter estimate is a direct consequence of the following inequalities
IVVa(t.-) ‘Lw <o, VAl e <O and |()VEV(E, )| < C

which readily stem from the bootstrap assumption ([7.20) and Lemma .
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It proceeds to say that
(7.39) (I11) = 70(||r1( W1y

Finally the last term (V) can be dealt with along the same lines as the second term (I7).
Firstly performing an integration by parts, we get

4
= a7 ) | gig|(Byr) (By,m1) + (9, £M7) (9, &M | (ty) dy
]R4

4,j=1
4

= 3000 [ (000) [0+ 0,2 (€10 ()

ij=1
where the coefficients g; ; are defined by (7.25)).
For any time ¢ in [t1,tp], with 0 < t; < t9 < T, the functions g;; for 1 < i,j < 4 enjoy the

following properties

(7.40) 1915 ()| ety < C6%  and [V gi(0)] o gary < CH
Indeed by definition

Ve IVeP o () (Hr)y,

L+ [VV]2 ™ 14| vV 2

which leads to the result thanks to the following estimates

2 9 9
|GG ey = 0 [P CERTA) ) < 02
[ (Erattr

1+|VV|

that can be proved by the same way as ((7.28)), making use of the bootstrap assumption ([7.20)
and Lemma [6.T]

9ij =

)(t, ')Hm(w) <o, =01,

Now remembering that
yy-VH

ri=ari+ad Ar—a g

we find that
V(r1) = ady(Vr)+ad AVr —a Yy

with

- VH

yozv(y r)—[V,A]r~
Along the same lines as for ), we have
(7.41) 1Yol 2y S IVl 2 ey

Similarly, we easily check that
VEMr = a8, (VEMr) + d AVEMr —d' Vs s
with
Vo = —[V,AleMr + vV (1),
that clearly satisfies

(7.42) 1all 2ty S V7l gm0 ey -



BLOW UP DYNAMICS FOR SURFACES ASYMPTOTIC TO SIMONS CONE 53

Therefore
d
)= Lemely |00 [(0) @1,7) + (0,2Y1) 0,10 1. dy
i,j=1
—(V+ Z/ i Gyer(? 7+ (0 SM)(A(? £ T)}(ty)dy
1,j=1
4 20(Irat, I psg s gy + 197 Wiy )
with
(7.43) () = —+ Z / 005 (D7) (04,7) + (8,87 (9,21 (¢, v) dy-
7]_

In view of the bootstrap assumption ([7.20) and Lemma we have the following estimates
(7.44) 1)V Gijll ooty < O
which follow easily from the fact that we have for any time ¢ in [t1, ¢2]

[0 (E 6, 20 ma [om (U ) <o

An integration by parts thus gives rise to

)= Lemly 108500 0,7) + (0,87) 0,7)] (t.9) dy
i,7=1
1 2
+ 2O (It M- ey + V7 -1y ) -
Now we claim that
(7.45) 18293 | poo gy < 1

The latter estimate is shown making use again of the bootstrap assumption ([7.20)) and Lemma
which assert that there is a positive constant C' such that for any time ¢ in [t1, t2], we have
Vi —|Vel? (Hr)y, (Hr)y
0 (71 ) t, H <Ot ! and Ha (—] k) t, - H <ot
H N1+ vvpe N ooty a 1+ |vVP N ooty

Therefore, we obtain

d
(7.46) (1) = 260 + 70 (Ira(t, Mgty + 197 o1y )
Observe also that by -, we have
(7.47) ‘52(75 ‘ < 056V<H7“1( )HHLO 1(R4 + HVT( )H?{LO—I(R4)) .

We finally address the terms F , Fu and RO, Using the bootstrap assumption (7.20) and
Lemmas it is not difficult to show that they admit the following estimates.

Lemma 7.2. There is a positive constant C' such that under Assumption ([7.20)), the following
estimates occur for any time t in [t1,ts], where 0 < t; <to <T

(7.48) IF (o1 ety SCf“(IIVT( M erzo-r ey + 1718 )| przo- 1(R4))

(7.49) IR, Mgz sy < CEYH
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(7.50) 1Far(t, ) 2y < Ct”(IIVT(t’ W arzo—1 sy + 1t ')||HL0*1(]R4)> '

We now gather the latter lemma with the bootstrap hypothesis (7.20) and the above esti-
mates ([7.26)), (7.37), (7.39), (7.47), (7.49) and (7.50)). This yields the following estimate

(7.51) %E(t) < OtV

with
E(t) = ! 71 (0)[ 72y + 1€Y1 12 ey | + E1(8) + Ea(1),
9 R%) R%)
and where £ and & are respectively given by (7.31) and ([7.43]).
It follows from (2.4)), (2.12)), (7.37)) and (7.47) that
E(t) = C(lri(t, M o1 + 1Vr(t o1
for some positive constant C, provided that ¢ is taken sufficiently small. Therefore, integrating

inequality ([7.51)) and taking into account that r(¢;) = r1(t1) = 0, we get

c
[ra(t, ')”?{LO—I(RAL) + || Vr(t, ')‘|?{L0*1(R4) < NtQN’

which achieves the proof of Lemma O

Since by construction, we have

v z v z
(w=u®)w) = eV =V (6 ) = e (1 )

O(u—uM(t, ) = (Vi - 1(N))<t’ tugil) = (HTI)(t’ tl’%) ’

Proposition follows readily from (|7.13]) and Lemma by standard continuity arguments. [

Remark 7.1. Combining Proposition with the bounds (7.1 and (7.2), we get that for any
time t € [t;,T],

(7.52) u(t,") > ét** and (1 +|Vul? — (9u)?(t,-) > &1
with some positive constants ¢y and ¢1, provided that Ny is sufficiently large.

Furthermore, injecting the bounds (|7.20)) into (7.17)) and taking into account Lemma one
easily deduces that the solution to the Cauchy problem ([7.4)) satisfies

3 N
(759 169} 02— ™)t gy < 5
for all t € [t1,T].

7.2. End of the proof. We are now in position to finish the proof of Theorem Let (tn)nen
be a sequence of positive real numbers in |0, 7] converging to 0, and consider the Cauchy prob-
lem (NW),,  defined by:

n =0
(NW)mN Un|t=t, = U(N) (tna )
(Oeun)ji=1, = (Bu™) (ty, ) -

In view of Proposition and Remark we straightforward have the following uniform result
of local well-posedness:



BLOW UP DYNAMICS FOR SURFACES ASYMPTOTIC TO SIMONS CONE 55

Corollary 7.1. There exists an integer Ny such that the Cauchy problem (NW)m N, admits a
unique solution wy, on [t,,T] which satisfies the following energy estimates

(754) ()2 Bulun — uD) () L grmo-a gty + 1)F Vit = u®) () [ grmor gty < EF
for any time t, <t <T.

Furthermore,
(7.55) Un(t, ) > G t" T 1+ |V (t, )| — (Opun(t,)? > &1, Y (t,z) € [te, T] x RY.

By Ascoli theorem, the bounds , imply that there exists a solution u to the Cauchy
problem on |0,T] satistying (u,0u) € C(]0,T], Xr,) and such that after passing to a
subsequence, the sequence ((Viun, Ostin))nen converges to (Vu, du) in C([Ty, T), H*~1(R%)) for
any Th €]0, 7] and any s < Lg. Clearly the solution u satisfies:

N,
194 (= utN) (&, ) rrg—n sy + 1V (w0 = uB) (o1 sy €27, VE€]0,T],

u(t,z) > éot" ™, 14 |Vu(t,2)|? — (Quu(t,x))? > é  V(t,z) €]0,T] x R
Taking into account Lemma [6.2] and Remaks this concludes the proof of Theorem [I.2]

APPENDIX A. DERIVATION OF THE EQUATION

It is well-known that if we consider in the Minkowski space RY™ regular time-like hypersurfaces
with vanishing mean curvature which for fixed t are graphs of functions (¢, x) over R™, then ¢
satisfies the following quasilinear wave equation:

¢ - Pa; _
8t(\/1 - (<p:§2+ |V<P|2) _Zamj(\/l — (1) + |V90|2) -

Jj=1

Our purpose in this appendix is to carry out the computations for the equation in the case of
time-like surfaces with vanishing mean curvature that for fixed ¢ are parametrized as follows

(A.1) R" x "1 5 (z,w) = (z,u(t, z)w) € R*",

with some positive function u. An elementary computation shows that in that case, the pull-back
metric is:

A2 = —dt® + dz® + u?dw?® + du® .
( g
Recalling the obvious identities
- " du ou
de® = dr} and du=» s—du;+ - -dt
T 2 T an U 2 oz Tj+ ot

we infer that the associated Lagrangian density is given by

(A.3) L(u,ug, Vi) = w1 /1 — (u)? + [Vul2.

Using that the mean curvature is the first variation of the volume form, we can determine the equa-
tion of motion by considering formally the Euler-Lagrange equation associated to the Lagrangian
density £, which gives rise to

9L §~ 0 L 0oL _
ou = 0xj Oy, ot Ouy
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According to (A.3)), this leads to

n—1Du""2v/1— (y)?+|Vul]2 - — !
( ) \/ ( t) ’ ‘ ;8Ij \/1_(ut)2+‘vu|2
0 u Ly

_|_ _ .
Ot \/1 — (ue)? + [Vul?
Therefore the quasilinear wave equation at hand undertakes the following form:

n—1

(A.4) at(¢1 —= IVu!2> = ]Z&;j <¢1 — (W); = ,wz) I (@P VP 0

=1
Straightforward computations show that the above equation (A.4]) rewrites as follows:
n
ue(1+[Vul?) = Au (1= (w)® + [Vul®) + > g, gy g,
(A.5) jok=1
n—1
—2u(Vu - V) + ( " ) (1 — (u)*+ |Vul|*) =0,

which achieves the proof of (|1.6]).
APPENDIX B. STUDY OF THE LINEARIZED OPERATOR OF THE QUASILINEAR WAVE EQUATION
AROUND THE GROUND STATE

The aim of this section is to investigate the linearized operator £ introduced in ((1.16]). To this
end, consider under notations ([1.17) the change of function

wp) = H(p)f(p) with H =T

By easy computations, we deduce that
Lw=—-H(1+Q)L&f with £=-—qAq+P,
b

1
where = —— 5 and P = Lza with
(1+Q2): (1+Q2%)
-3(1+Q2) 1 1., 3 (1+Q7) 1 Q
b _ p) 1 _tp2_ 2 _ p L %y
(B.1) V= g+ 5By - B By 20,5~ ))
In view of Lemma the potential P belongs to C;?;’d(R4) and satisfies
3
(B.2) P:—@(1+o(1)),asp—>oo~

The operator £ is at the heart of the analysis carried out in this article. The following lemma
summarizes some of its useful properties.

Lemma B.1. Under the above notations, we have

e The operator £ with domain H?(R*) is self-adjoint on L*(R%).
e There is a positive constant ¢ such that for any function f in Hﬂad
inequality holds:

(B.3) (F1F) p2qmey = eIV 72 -

(RY), the following
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Remark B.1. Taking into account ([2.4]), one easily deduces from (B.3) that for any integer m,
there exists a positive constant c,, such that

(C™ 1) poqgay T (SF1) poay 2 em IV F I pm gy » VS € HYRY) N H™FHRY),

and
(") oy + (FIF) oy = em 1 F I pmgay » VF € HMTHRY).

Proof. The fact that £ is self-adjoint on L?(R*) stems easily from (2.10). Consequently the
spectrum of £ which will be denoted in what follows by o(£) is real. Since the potential P is

a regular function which behaves as — as p tends to infinity, we deduce that o(£) NR* is a

8p2
discrete set. Besides if o(£) NR* # (@, then it admits a minimum A < 0 which is an eigenvalue
of £ and an associated eigenfunction ug in S(R*) which is positive.

Recalling that the positive function AQ = Q — p (@, solves the homogeneous equation Lw = 0,
we infer that the function

(1+Q2)s

3
2

(B.4) G = % with H =

)

defines a regular positive solution to the homogeneous equation £f = 0. We deduce that

0= (SG‘Uo) = (G|SUO) = )\() (G|’LL())

L2(R?) <0,

L2(R%) L2(R%)

which yields a contradiction. This implies that o(£) NR* = () and ends the proof of the fact the
operator £ is positive in the sense that for any function f in H! (]R4), we have

rad
(B5) (Sf‘f)LZ(R4) 2 0.
In order to prove Inequality (B.3]), we shall proceed by contradiction assuming that there is a
sequence (up)nen in HY  (R*) satisfying [Vun f2@ey =1 and

n—oo

(B.6) (Lunlun) pogsy — 0.

Since the sequence (up)nen is bounded in H, ,(R?), there is a function u in H! ,(R*) such that,
up to a subsequence extracting (still denoted by w,, for simplicity)

(B.7) u, "= u in HYRY).

We claim that the function u # 0 and satisfies £u = 0. Indeed by definition, we have
Lup = (—qAq+ P)uy,

which, with Notation , gives by integration

($tnlur) oy = [ |19 qun) @) o+ [ (qua) @) PV () de
R4 R4
Firstly, let us observe that there is a positive constant C' such that, for any integer n we have
(B.8) IV(qun) [lp2@gey > C-
Indeed, one has
1 1

[Vt | 2 gy < Hgv(qun)Hp(R‘l) - Hv(g)q“nHH(R“)’

which in view of Hardy inequality and Lemma leads to (B.8).
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Secondly, consider # a smooth radial function valued in [0, 1] and satisfying

f(z) =0 for |z| <1
O(x) =1 for |z| > 2,

and write

(gun‘un L2(RY) — / |v qun ’ dx — / ’ ‘2 ‘Qd +/ ’ qun ‘2 ( )

where of course

~ 30(x)
V)=V’ bl
@) = V@) + {5
Invoking Formula (B.2), we infer that there is a positive constant § such that V satisfies at infinity
1

|‘7($)| S W'

Invoking Rellich theorem and Hardy inequality, we deduce that

(B.9) / (qun) ()2 V () da "= /rqu ()2 7 (2) da

Now for any functions f and g in H'(R*), denote by

YAV 3 0(x _
) = /R V(gf)(z) - V(qg)(z)dz — 4/R4 ,;‘g (af)(x)(qg)(x)dx -

Combining Hardy inequality with Lemma we easily gather that there exist two positive
constants ag < o such that for any function f in H'(R%), we have

a0||vf”L2(R4 < a(f f) < a1||foL2(R4

which ensures that a(f, g) is a scalar product on H'(R*) and that the norms \/a(,-) and ||- i (vt
are equivalent.

Since u, "= u in H'(R*), we deduce that a(u,u) < liminf a(u,, uy), and thus
n—o0

(Lulu) ,, ®Y S linII_l}OIéf ((,Qun|un)L2(R4) .
Taking into account (B.F)), (B.6) and (B.9)), we deduce that
(B.10) (Su\u)LQ(R4) =0,

which according to the fact that £ is positive implies that £u = 0.

To end the proof of the claim, it remains to establish that u # 0. For that purpose, let us start
by observing that by virtue of - and -, we have

/ |V (qun)(x |dx—/ (g P)d:c
n—ao 2 3 20(z) )
=3 /R4|v<qu><x>| do =7 [ law)@)P s

But in view of Hardy inequality and the bound ( , we have

[ v@u@ra =2 [ ) |29<,§

(B.11)

(B.12)
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By passing to the limit, we obtain

3 0(x) C
L@@ =3 [ e = T

which achieves the proof of the fact that u is not null.

By construction the function u belongs to Hﬁad(R‘l) and satisfies

3
Lu=—-qAqu+Pu=0 with P= —8—2(14—0(1))7 as p— 00 -
P
Therefore in view of Hardy inequality, Pu € Lfad(]R‘L) and thus ¢ A qu belongs to L?, d(R4), which
ensures that u € H2 ;(R*).

Now the homogeneous equation £u = 0 admits a basis of solutions { f1, fg} given by ﬂ

fi(p) =G(p) and \
P (14 (@Qr(r)*)>2
=G d
ROI=C0) | 56y (8P
where GG denotes the function defined by . By Lemma one then has
fi(p) ~ 11
falp) ~ =5
2(:0) pg

near p = (. Since fo does not belong to Hﬁad(Rll), we deduce that u is collinear to G. This yields

)

1
a contradiction because in view of (2.4), the function G' behaves as 7 when p tends to infinity
D

and thus it does not belong to Hrla d(R4). This finally completes the proof of the lemma. (Il

APPENDIX C. PROOF OF THE LOCAL WELL-POSEDNESS RESULT

The aim of this appendix is to give an outline of the proof of Theorem Since the subject
is so well known, we only indicate the main arguments. One can proceed on three steps:
(1) First, one proves that for some positive time sufficiently small
T =T(|[V(uo — Q) g1, llur || gr-1, inf uo, inf (1 + |Vuol* — (u1)?)),
the Cauchy problem ((1.11]) admits a solution u such that (u,u:) belongs to the functional
space C([0,T],X1), uy € C*([0,T], H-=1), and which satisfies for all ¢ in [0, 7]
IV (w = Q) (t, ) e + lue(t, M gr-1 < C(IV(uo — Q) ge-1 + Jurllgz-1)
for some positive constant
C = C(HV(UO — Q)HHLfl, ||’U,1HHL—1,inU0, inf (1 + ‘VUOP — (U1)2))
(2) Second, one shows the uniqueness of solutions thanks to a continuity argument.
(3) Third, one establishs the blow up criterion (1.13]).

Let us then consider the Cauchy problem ((1.11)) and assume that V(up — @) and u; belong
to HL=1(R*), with L an integer strictly larger than 4, and that there is € > 0 such that
1— <U1)2 + ’VUOP
1+ !Vu0|2

ug > 2¢  and > 2¢e.

19 gee Appendix |§| for a proof of this fact.



BLOW UP DYNAMICS FOR SURFACES ASYMPTOTIC TO SIMONS CONE 60

Defining for 1 <4,5 <4

.. _ 5. (ut)2 Ug; Ug;
i (Vi ue) = 5”§1 T+ ]VuP)) A+ V)’
uxzu
S0 e+ v
c(u, Vu,ut) = W+ [VuP) )
we readily gather that takes the form
4 4
(C.2) Upp — Z a; (Vu,ut)uxiwj - Z b; (Vu, ut)um - c(u, Vu,ut) =0.
ij=1 i=1

To prove existence, we shall use an iteratlve scheme To this end, under the above notations,
introduce the sequence (u( ))nGN defined by u(® = @ which according to satisfies
4

c(Q,VQ,0) + Z a;,; (VQ,0)Qu.a; =0,

and

4
ugj’ﬂ) — Z a; j (Vu(")7u§ ))ugc?;;l) Zb (Vu( ") (n))uggjl) — c(u(”),Vu("),ugn)) =0
(W), ij=1 i=1
+1 U(n+1)‘t:0 = g

(5tu("+1))|t:0 =up.

In order to investigate the sequence (u(”))neN defined above by induction, let us begin by
proving that this sequence of functions is well defined for any time ¢ in some fixed interval [0, T
which depends only on ||V (ug—Q)|| gz—1, ||u1||gz—1 and . This will be deduced from the following
result.

Proposition C.1. Let u be such that (u,u;) € C([0,T],X1), ug € C([0,T], H-=2) for some
integer L > 4 and some 0 < T < 1. Assume that

(C.3) el oo 0,17, 521y + IV (0 = Q)| Loo (0,17, HE-1) < A,
(C.4) |weell oo (jo,r7,52-2) < At

1 — (ue(t, )2 + |Vu(t, z)|?

(C.5) u(t,z) > e and >e, V(t,z) €0,T] x RY.

14 |Vu(t, z)|?
Consider the Cauchy problem
4 4
by — Z aj; (Vu, ut)q)xixj - Z b; (Vu, ut)@xi = c(u, Vu,ut)
(C.6) B,j=1 i=1
PQji=0 = Po
(0:®)j4=0 = P1,

assuming that V(®y — Q) and ®; belong to H-~Y(R*). Then the Cauchy problem @ admits
a unique solution ® on [0,7T] and the following energy inequalities hold:

1@e(t, ) s + IV(R(E ) = Q) gz < Cee s (@] o + [ V(Do — Q) r2-1)

C.7 t
(1) CCan, /0 (s (s Y1+ 19— Q) (5. ) sro-1) s,
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and
[@er(t, ) gr—2 < Ca ([|Pe(t, )| gr-1 + [V(D(E, ) — Q) gr—)
+ Ceon (Jlue(t, ) g + IV (w = Q)(t, ) gr-1) -

Proof. Invoking Hypothesis (C.40), we easily check that for any ¢ € R*\ {0}, the characteristic
(C.6)

polynomial of the wave equation

(C.8)

4 4
(C.9) =1y bi(Vuu)& = Y i (Vu,u) &
i=1 i,j=1

has two distinct real roots 71 and 79. Indeed taking account of (C.1J), we find that A the discrim-
inant of (| is given by

— (W)’ +|VuP) | s
- Z“%& e s Z“%&
_ A0 = () + VU)o, 40— (uw)? + [Vul? ) 2 _
which implies that

- (14 |Vul?)?

This ends the proof of the claim and ensures that is strictly hyperbolic as long as
(1= (u)? + |[Vul*) > 0

and thus, in view of (C.40), on [0,7] x R*.

Let us emphasize that under the above notations, the function d:=d— () satisfies :

4

by — Z a”(Vu ut) wiz; Zb Vu ut)@m = f(u Vu, ut)
(C.11) gl i=1

Py =P - Q

(0¢®)|4=0 = P1,
with

4

(C.12) f(u, Vu,ut) = u Vu, ut Z ,j Vu im Qxlx].

HL=Y(RY)) and

Firstly note that the source term f belongs to the functional space L*([0,T],
L*(R%)). Recalling

thus to L'([0, 7], HX=1(R%)). Let us start by establishing that f € L>([0, 7],
that by virtue of ([2.1]), we have

4

¢(Q,VQ,0) + Z i (VQ,0)Quz; =0,

we deduce that f rewrites on the following way:
4

f = e Vi)~ e(Q.VQ.0) + 3 (asy (Vo) — a0 (VQ.0)) Qe = 3 (+ — )+ F.

1,7=1
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where

4
~ 3
(C.13) f= c(u7 Vu,ut) + " + Z (am (Vu,ut) —a;j (VQ, 0))Qmj .
ij=1
Combining Lemma together with the hypotheses (C.3) and (C.40), we obtain making use of
Taylor’s formula:
1 < Ceon (Jwe] +[V(u=Q)]),

which easily ensures that for all ¢ in [0, T, we have

(C.14) £ ez < Cea (luet ez + 1V (w = Q) ()l r2) -
Therefore, we are reduced to the study of the part
1 1 u— @
‘3<;‘§)—3 wQ
We claim that
11 u—Q
1 — - < .
(C.15) gl S0

Indeed on the one hand according to Estimate (C.3)), the function u— @ is bounded on [0, T] x R%.
Then writing

and recalling that the stationary solution @ behaves as p at infinity, we infer that there is a
positive real number Ry = Ry(A) such that for any |z| > Ry and any ¢ in [0, 7], we have

u(t,z) > Q;x) .
On the other hand, invoking together with Lemma we infer that there is a positive
constant C(e, Rg) such that if |x| < Rp, then we have for all 0 <¢ < T
1 < C(e, Ry)
u(t,z) = Qx)
Now taking advantage of the Sobolev embedding H'(R*) — L*(R*), we deduce that

|5 = 5) )], = Conlte = Qe M| 5]

L2 L4

< Cun 900 = Q)6 )22 3.

1 1

which according to the fact that —— < — ensures that

Qlp) ~ (p)

1 1
) el < — . .

(C.16) |G = 3)@)|,. < Con IVl =@t e
Together with ((C.14)), this implies that for all ¢ in [0, T
(C.17) 1t )z < Cea(llue(t, ez + 11V (w = Q)(¢, )l 2) -

Thanks to the bound (C.3), this ends the proof of the fact that f belongs to L>°([0, T], L*(R%)).

In order to establish that f € L°°([0,T], HX~1(R%)), let us firstly observe that by virtue of the
assumption (C.3)), the functions (b; (Vu, ut))1§i54, (am (Vu,ut) —a;j (VQ,O))K”<4 as well as

3
the function c(u, Vu,ut) + = belong to L>=([0, T], HX1(RY)).
u
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Thus taking advantage of Lemma and recalling that L > 4, we find that the function fv
belongs to L([0, T], HL~1(R%)) and satisfies the following estimate uniformly on [0, T':

F (M ez < Ceoa (et ) e + 11V (w = Q) ) grz-1) -

—Q and taking account (C.16]), we infer that
u

there is a positive constant C. 4 such that for all ¢ in [0, 7], we have

1 1
|G = 5) s < Con IV = Q) s
Combining the two last inequalities, we get

(C.18) LFCE e < Ceoa (et M gr— + 1V (= Q)(E, )| 1) -
This concludes the proof of the desired result.

u
Besides applying Leibniz’s formula to the term

Finally, since the coefficients of Equation (C.11) as well as their time and spatial derivatives
are bounded on [0, T x R*, applying classical arguments, we infer that the Cauchy problem (C.6))
admits a unique solution on [0, 7] x R%.

To avoid heaviness, we shall notice all along this proof by A the matrix (a;;)1<i j<4 and by b
the vector (by,---,bs4), and omit on what follows the dependence of all the functions a; ; and b;
on (Vu,u:) and the source term f on (u, Vu, uy).

Now to establish the energy inequality (C.7), we can proceed as follows. First we take the L2-

N b b
scalar product of (C.11)) with (®; — = - V®), which gives rise to

([at(cpt“ Vo) Za” vy g vq>t+ﬁ vol(t, )\(cﬁt—g.v@(t,-))
4,j=1

L2

= (70— o - VBE)

Performing integrations by parts, we deduce that

S E@)(1) = Iolt) + (F(1,)]| (B — 2 - V)1, ) o

1 ——
(C.19) 2dt

where

(C20) E@)(1,) = (B0 5 - V) \|L2+Z i, 1)y (6)) 2 + 15 - V)1,

t,j=1
and where Iy admits the estimate
(C.21) [To(t)] < ao(t) (II(VR)(t, )17 + [®elt,)72)
with
(C.22) ao(t,) = T (A )z, [(VeaA)(E )lzoes 00 ) zoe, [[(Vead) () l|zee)

T denoting a polynomial function of all its arguments.

By virtue of estimates and ., we have

(C.23) llaol Lo (jo,r1xr%) < Ca,a, -
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Observe also that thanks to (C.10)), we have
E@)(t,) < 4(I(VR)(t, ) Fz-1 + [ Pe(t, )IF-1) and

(C.24) _ _ b " ) " )
E@)E,) 2 (P — 5 - V)t T2 + e[V )2 -

Now in order to investigate ®;(¢,-) and V(® — Q)(t,) in the setting of HL~! we differentiate
the nonlinear wave equation (C.11)) with respect to the variable space up to the order L — 1. By
straightforward computations, we obtain formally for any multi-index « of length |o| < L — 1

4
(8(1&;)% - Z azy 8 q) :c,ac7 Zb 8a t:cl - fa
(C.25) - 43=1
(0°®),_ = 0" (B0 — Q)
(0:(0%®@)) =0 = 0" @1,
with under the above notations N
fa = aaf + fa .

where

(C.26) ZZ( ) @ Paus)0 @W+22( ) @ 0@,

1,j=1 < =1 f<a

Then taking the L2-scalar product of Equation (C.25) with ((0%®),— g V(8°®)), we get applying

the same lines of reasoning as above

(C.27) S SE@ (1) = Talt) + (Jult, ] [(0°F), — & - V@ B(1,) 12
where
(C.28) 1o ()] < ao(t) (IV(2*@)(t, )72 + [1(0°®)(t,)]72) -

Now since the functions (Vai7j)1<ij<4 and (Vb;)i1<i<4 belong to the Sobolev space HL_Q(]R"L),

the function f, belongs to L2(R*) and satisfies uniformly on [0, T
(C.29) Ifa(t, 22 < Ca[IVRE, ) iar + 96t ) rie]-
Therefore taking into account (C.18)), we get for any |o| < L —1

\(fa(t,-)![(a"‘@)t—g V(@0 ®)|(t,)) 2| < Ceon [V Fp1a + [1@e(t, )71

+ (Vs ) grion + 1@t ) gpien) (e, Mgz + [V (w = Q) Ml grz-1)] -

Combining ((C.19)), (C.21)), (C.23)), (C.27), (C.28) and (C.30)), we easily gather that

d

SE@R)0,)| < Cona [V s + 1Bt e

(C.30)

(C.31) la|<L—1
+ (IVR(t, ) e + 19t M grz—) (e (& M gz + [V (e = Q)(E, ) o) -
Applying Gronwall lemma and taking into account , we deduce for all ¢ in [0, 7]
IV gz + [@at, )1 < Ce et (@1 oo + | V(R0 — Q) 2)

C.32 t
(C.32) +Coay [ (ot s + 1900 = Qo o) ds.
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To achieve the proof of the energy estimates, it remains to estimate || (2, )| z—2(gae). To this
end, we make use of Equation ((C.11)) which implies that

4 4
q)tt = Z ai,j (VU, ut)&):vi:vj + Z b’L (VU, ut)$t$i + f(uv vua ut) .
i,j=1 i=1
This ensures the result according to and . O

Let us now return to the proof of Theorem The first step can be deduced from Proposi-
tion by a standard argument that can be found for instance in the monographs [5l [13, 32].
The key point consists to prove that the sequence (u("))neN of solutions to the initial value prob-
lem (W), introduced page [60|is uniformly bounded, in the sense that there exist a small positive
time

(C.33) T =T(luall e, IV(uo — Q)llrr-1,¢),

and a positive constant C' = (||lu1||gz-1, [|[V(uo — Q)||gz-1,¢€) such that for any integer n and any
time ¢ in [0, 7], we have

(C.34) g™ (& ) rz-r + 1V @™ = Q) e + gy (¢, )| ez < C,
and
(C.35) W™t ) >e and (1— ™)+ |Vu™ A, ) >e.
In order to establish the uniform estimate , set
(C.36) A =20 (Jurllgr—1 + V(w0 — Q) gz-1)
and
(C.37) A1 =(Ca+Cea)A,

where C,, C4 and C; 4 are the constants introduced in (C.7)- (C.8g]).

We claim that there exists a positive time 7' < 1 under the form (C.33]) such that for any
integer n > 0:
if for any time ¢ in [0, 7], we have

(C.38) ™ (&, Y gre-1 + 1V @™ = Q)(t, g1 < A,
(C.39) lu (£, ) -2 < Ar,
and

1— (W™ (t,2))? + |[Vu (¢, )2
1+ |[Vu(t,z)|?
then the same bounds remain true for u(**t1),

Indeed, by virtue of the energy estimate 1’ in Proposition w1 verifies for all ¢ € [0,T]
g™ (s + (V@D = Q)(t )| g1 < Ceet Coat (|fug|l i + [V (o — Q) 1)
+ AC: AT,
which implies that there exists T'(A4,¢) > 0 such that if t < T(A,¢), then
g™V () e+ V@D = Q) (t, g1 < 20 (funllgrz-1 + [V (uo — Q) 1) = A.
Invoking then (C.8]), we get for all t < T'(A,¢)
gy (g2 < (Cat Cen) A= Ar.

(C.40) u™(t,z) > e, >e, V(t,z) €10,T] x R,
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This ends the proof of the fact that u("*1) satisfies the bounds (C.38) and (C.39).
Finally, Property ((C.40) results directly from the following straightforward estimates:

t
[0 ) = wl gty < [ 10D (s, s ds S At
0
t
O D)t ) = gty < [ 10805, sy ds S v,
0

t
VD)) = Vol gy < [ 1O )Yy ds S At

which implies 1) provided that T' = T(A, Ay, 5) is chosen sufficiently small. This achieves the
proof of the claim.

To end the proof of the local well-posedness for the Cauchy problem ([1.11]), it suffices to establish
that the sequences (9;ul™),eny and (V(u(™ — Q))nen are Cauchy sequences in the functional
space L°([0, T], H-=2(R%)). By a standard argument, this fact follows easily from (C.34)). Indeed
setting w1 = (D) — () we readily gather that for all n > 0

4 4
wit ™ = 37 s (Vu )l = 3 (Vul, uf i = g

;T
ij=1 ’ i=1
w(n+1)‘t:0 =0
Q") g =0,
where

4
g™ = 3" (aig (Vu™, u™) — a;; (VD ") )ul)
ij—=1

TiTj

4
+ Z (bi(Vu("), ugn)) —b; (Vu("*l), ugn_l)))ug? + c(u(”), Vu(”), ugn)) - c(u(”*l), Vu(”*l), ugn_l)) )

i=1
Since by construction, we have for any (t,z) in [0,7] x R?
L= (" (@) + [Vul (o)
1+ [Vu(t, z)|? B
we obtain arguing as for the proof of Proposition

uw™(t,z) > ¢ and

€,

o™V e, W zos oy, -2y + IV (& ) | oo o 7y, 2-2)

< CT(ngn) (t M poe oy, + V™ (2, ')HL"O([O,T]7HL*2)) :

This ensures the result provided that T" is small enough and completes the proof of the first step.

Let us now address the second step, and establish the uniqueness of solutions to the Cauchy
problem (1.11]). For that purpose, we shall prove the following continuation criterion which easily
gives the result:

Lemma C.1. Consider u and v two solutions of the Cauchy problem ({1.11)) respectively associated
to the initial data (ug,u1) and (vo,v1) in X, such that (u,u;) and (v,v) are in C([0,T], Xs) and
such that u; and v, belong to C([0,T], H*"'), with s a positive real number strictly greater

than 4. Then there is a positive constant C' such that, for all t in [0,T], the following estimate
holds:

I = 0)ult Mgaqany + 19/ = )t gegasy < C (e = w1l aqany + 190 = w0)ll 2 a))
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Proof. By straightforward computations, we readily gather that the function w =: u — v solves
the following Cauchy problem:

4 4
Wit — Z ai,j (VU, ut)waciacj - Z b’L (vu7 ut)wtl‘i =g
(C.41) i,j=1 i=1

Wj—g = Up — Vo
(Orw) =0 = w1 — v1,

where

4
9= Z (@i (Vu, we) = aij(Vv,v1)) vria
ij=1

4
+ Z (b@- (Vu, ut) —b; (Vv,vt))vm + c(u, Vu, ut) — c(v, Vv,vt) .
i=1

b
Therefore, taking the L?-scalar product of (C.41)) with (w; — 3 Vw), we get as for the proof of
Proposition [C.I] the following energy inequality:

[wi(t, )l 2@y + [IVw(t, )l g2 gy
t
< (s = 0l + 19000 — )lgzgeny + [ 96, zgunds).
As before, we have by straightforward computations

lg(s, M zeasy < C(lwnt Mgz + IVwE ) 2 ) -

which easily achieves the proof of the continuation criterion. O
Finally the blow up criterion ([1.13)) results by standard arguments from the fact that if

lirgl;%lp (Hu(i)HLw + H (1+ |Vul? —1 (Oru)?) (2, ) HLC"’ - |il|l§pl Hanguhw) i

then the solution to the Cauchy problem (1.11]) can be extended beyond T'. This ends the proof
of Theorem [T

APPENDIX D. SOME SIMPLE ORDINARY DIFFERENTIAL EQUATIONS RESULTS
D.1. Proof of Duhamel’s formula (3.17). The formula results from the following lemma:
Lemma D.1. Under the above notations, the homogeneous equation
(D.1) Lf=0
has a basis of solutions {el, eg} given by:
e1(y) = (AQ)(y) and

_ Y1+ (Qr(r)?)
eQ(y) = (AQ)(y) . Q?’(T) r3 (AQ)2(T>

Besides for any regular function g, the solution to the Cauchy problem

(D.3) { Lf=g

D.2 3
( ) ’ dr -

f(0)=0 and f'(0) =0,
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writes under the following form
V1)) [T Q) S (AQ)(s)
o Q3(r)r3(AQ)A(r) Jo (1+(Qs(s))2)2

Proof. Recall that it was proved page [0] that e; := AQ is a positive function on R which solves
the homogeneous equation Lf = 0.

g(s)dsdr-

fly) = —(AQ)(y)

In order to obtain a solution ey to (D.1]) linearly independent with eq, let us firstly emphasize
that if we denote f = H f, where

(D.4) 2“”9:—(§+BQ,

with B; defined by (1.17)), then

with g = I:IQ and

L=02+P,
where . .
A 3 H H
P:BO+(7+B1>< A)y_|_( )yy'
Yy H H
Since for any two solutions fl and fg to the homogeneous equation
(D.5) Lf=0,
the Wronskian W (f1, f2) is constant, we infer that & defined by
o ~ Y ds . N 1
(D.6) &2(y) =¢e1(y) | =~ with & =H ‘e,
1 &(s)
constitutes a solution to (D.5)) linearly independent with é;.
Since ,
9Q, 6
Bify) =~ - °%,
Y Q
we get in view of (2.1))
Biy) = 3(% - D).
Q (1+Qp)
Therefore
3
i -a{is(22),
y A+ @/
and thus taking account (D.4)), one can choose
3
. 1+ (Q 2 y))4
(¥ Q(y))2

This achieves the proof of (D.2)).

To end the proof of the lemma, it remains to establish Duhamel’s formula (3.17). For that
purpose, let us start by noticing that since by construction W (éy,é2) = 1, then f the solution to
the inhomogeneous equation L£f = g undertakes the following form:

fly) = /Oy (él(y)éQ(S) — é1(8)é2(y)) g(s)ds>
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which by definition gives rise to

- (e1<y>ez<s£[ - ;1<s>e2<y>>

g(s)ds-

In view of (D.2)), we deduce that
y s H2(s') ds’ v H2(s')ds'\ g(s
1) = e [ <e1<s> e Y ) 20

ei(s) ei(s)
Vei(s)g(s) [Y H2(s')ds
= el(y)/ 1(A) (2) / g ), ds
o H(s) s ef(s)
Finally performing an integration by parts, we readily gather that
Y H2(s) [*ei(s)g(s
f(y):_el(y)/ 2( ) / l(A )/(2 )ClS/d87
o €i(s) Jo H(s)

which ends the proof of the lemma by virtue of (D.7)). O

D.2. Proof of Lemma To prove the first item, let us for g in C*°(R? ) look for the solution f
of the inhomogeneous equation

Fof = (222 — 1)02f — (g+4zuk)82f— (g —ouk(l4vk)f =g,

1
— ) =0,
under the form:
N+1 1
F=10+ 0 with fO() = mzzl o= - vl

where N := [kv] + 3 and where the coefficients oy, for 1 < m < N + 1, are uniquely determined
by the requirement that the function g defined by:

7= g - Euf©
verifies
~ 1
(D.8) g(£)<%> =0, vle{0,---,N}.
Then fM) has to satisfy
[’kf(l) =9,
1 00 (T *
f(l)(ﬁ) =0, fM eCc®(RY),
and can be recovered by Duhamel formula:
© g(s) 1 0~/ \ 0.+ Oty 0,—
) = | (0 () 5 (5) — S () () ds
12— T W 10 )(s) R0 ko o F ko

where
WS o) = o (20)= = flo (R
denotes the Wronskian of the basis {f ,S:(;r o ,8,’0_ } defined by . By straightforward computa-
tions, we have
 VZaly, k)sgn(z — 1)[z2 — a1

0, 0,—
W( k,S_a fk70 )(2) = 6 )
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which implies that

0,— 0,+
e8] — ; ‘ 3~ fk:o (2) B fk;:o (2) > '
(Dg) ! (Z) 2 \/50[(1/, k‘) /\}5 § g(s) <|5 — %‘a(u,k) (5 + %)a(u,k) ds

The uniqueness follows immediately from Remark [4.1]

Now we turn our attention to the second item. Our task here is to solve uniquely (4.51)) in the
1
functional space C*(]0, ﬁ]) under Condition (4.52)). Let us start with the case when ¢ = 0 and

look for a solution f to the equation:

Lef(2) = (5 = 2)hee).

under the form:

f=r9+5",

with
1 e 1
FO@2) = (—= —2)” em(—= —2)",
(759" L el
where again N = [kv]+ 3. Due to (4.52)), the coefficients ¢, for 0 < m < N, can be fixed so that
~ 1 ~
D.10 L (l)z:—fzvhz,
(.10 W OG) = (55 =) Re)
~ 1
where £ is a function in C*(]0, —=]) which satisfies
V2
~ 1
h“)(—) —0, Vle{0,---,N}.
% 0.+ N}
But any solution to (D.10]) is under the form
0,— 0,4
S E— s°(— —s) ' h(s) : — : ds+a; g (2) +ag fro (2)
2v/2a(v, k) = (\/5 ) (% — )k (54 %)a(”’k) k k0 k k0
1
for some constants a; and a; . Invoking the fact that we look for solutions in C*(]0, ﬁ])

vanishing at z = » we end up with the result in the case when ¢ = 0 by taking az =a; =0.

1

V2
To establish the result in the general case of any integer ¢ > 1, we shall proceed by induction

assuming that under Condition , for any integer 1 < 5 < ¢ —1, the inhomogeneous equation

Lf(z) = (\2 —z)"(log (\}i — z))jh(z)

admits a unique solution f of the form:

f(2) = (% N (log(ji — ) hel2),

0<e<j

1
where for all 0 < ¢ < j, hy is a function in C*°(]0, —=])- Then we look for a solution f to

V2

—2)"(log (= — 2))%h(2),

7
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under the form:

(D.11) f(z) = (10g(ﬁ —2)) f(2)+ (=),
where .
Lyf(z) = (\ﬁ —2)"h(2)
Thanks to the above computations, this implies that
~ 1
J@) = (5 =) h2),
where kg belongs to C*(]0, \}i])
Since in view of
~ 1 1 e
LifY(z) = (E —z)7 Z (log (E —z)) he(2),
0<t<q—1

~ 1
ith hy € C*(]0, —
w y (] 7

]); this achieves the proof of the second item by virtue of the induction

hypothesis.

Let us now establish the third item. To this end, let us for g € C*(J0, \}i[) admitting an
asymptotic expansion at 0 of the form:
9(z) = (log2)™ Y 952772,
B2po
for some integers ag and Sy, investigate the non homogeneous equation /:'k f = ¢. Fixing some z
in |0, —=[ and invoking Duhamel’s formula, we readily gather that for all z in |0, —[; we have

V2 V2
1

[ )/z " o R s+ at () 20 O ()
I 2v/2a(v, k) ZOS 93 (L — s)awk) (54 L)alwk) §T A Jpo \Z) T A T \Z)

2
for some constants a,j and a .

Taking into account (4.45), we infer that any solution to Zk f = g admits for z close to 0 an
asymptotic expansion of the form

f(z) = Z fo 2+ Z Z fa,g(logz)o‘zﬂ,
B=>—-3 1<a<ag B>Po
in the case when By > —1, and of the type
z) = 0,82 o,p(logz)*z og z 052",
f(2) Y. fop D0 D fapllog2)®e 4 (log) YT fape”
B>min(Bg,—3) 1<a<ap >0 f>max(Bo,—3)

in the case when By < —2. This completes the proof of the third item.

To end the proof of the lemma, it remains to establish the fourth item. Applying Duhamel’s

1
Noha)

formula, we get for all z in C* (]

1 0 £ (2) oa(z) ol
fz) = 2v2a(v, k) / 9() ( (s —kjg)"(””“) (s +k;§§)“(””“) ) ds o fiy (2) + ay fiy (2)
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for some constants a; and a; . Since A < vk, the unique solution to (4.54) which admits an
asymptotic expansion at infinity under the form:

fy= ) > fa,(logz)™ 24P

0<a<ag peN

is given by the above formula, with a,': = a, = 0. This ends the proof of the lemma.
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