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Analysis of dense packing of highly deformed grains
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Abstract. This paper concerns modeling of soft granular materials in which the grains are highly deformable.

In order to simulate these materials, an approach based on an implicit formulation of the Material Point Method

in the context of the finite strain theory, allowing for large deformations of grains, coupled with the Contact

Dynamics method for the treatment of unilateral frictional contacts between grains, is proposed. In this context,

the Mooney-Rivlin constitutive relationship is applied with two different set of elastic parameters. Considering

these two material behaviors, a uniaxial compression of 2D soft granular packings is analyzed. The stress-strain

relation and the evolution of the packing fraction as well as of the connectivity of the grains are discussed.

1 Introduction

Granular materials are an important class of matters found

in the nature and in a large number of industrial fields

like civil engineering, food and pharmaceutical indus-

tries, powder technologies (chemistry, cosmetics...), etc.

In many situations, these materials can be highly stressed

and their constitutive grains undergo relatively high elas-

tic or inelastic deformations without rupture. It means

that the behavior of soft granular systems is governed by

both interactions between grains (contact, adhesion...) and

their individual behavior (elasticity, plasticity...) [1, 2].

However, most of experiments and numerical simulations

stay in the small deformation regime for theoretical con-

venience and are not able to catch the behavior of granular

materials with highly deformable grains [3–6].

The discrete element methods (DEM) are known as

powerful and robust numerical approches in order to

model the granular materials [7–9]. However, these tech-

niques are limited in the case of hard or weakly deformable

grains and take into account essentially inter-grain interac-

tions. To allow for high deformation of grains, the contin-

uum approaches can be applied to model grain deforma-

bility. One of these numerical models is known as Ma-

terial Point Method (MPM) [10]. It is based on the dis-

cretization of each grain by a collection of material points.

The information carried by the material points is projected

onto a background mesh, where equations of motion are

solved. The mesh solution is then used to update the ma-

terial points. In order to deal with contact interactions,

in previous works [11, 12], it is proposed to compute the

normal forces and, eventually, tangential ones by taking

into account the unilateral stresses and the Coulomb fric-
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tional law by means of a DEM technique, Contact Dynam-

ics (CD) method [8].

In this paper, numerical simulation of compression of a

deformable granular system is carried out by mean of Ma-

terial Point Method (MPM) extended to the finite strain

theory. This numerical procedure allows the soft granu-

lar materials to reach the packing fraction beyond random

close packing (RCP) state. We analyze the evolution of the

packing and the effect of grain shape change. As we shall

see, the material behavior of the grains affects the stress

level and its evolution during compaction.

2 Numerical methodology

In a previous work [11], an implicit formulation of the ma-

terial point method has been described to model the soft

granular system. It was coupled with the contact dynam-

ics method to deal with the frictional contact between de-

formable grains. Based on this approach which was devel-

oped in the context of the infinitesimal strain hypothesis,

we will describe briefly below its extension to the finite

strain theory.

Let us consider a continuum body occupying a domain

Ω0 in RD (D being the domain dimension) in its reference

configuration. If Ω is the actual occupied domain of this

body, its conservations of mass and of linear momentum

can be described by the following relations:

∂ρ(x, t)
∂t

+ ∇ · (ρ(x, t) v(x, t)) = 0 in Ω , (1)

∇ · σ(x, t) + b(x, t) = ρ(x, t) a(x, t) in Ω , (2)

where ρ(x, t) is the material density, σ(x, t) denotes the

Cauchy stress tensor, b(x, t) represents the body force and,

v(x, t) and a(x, t) are the velocity and the acceleration, re-

spectively, at position x in the actual configuration and
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time t. The constitutive law in the framework of the finite

strain theory is given by:

P(X, t) = F (F(X, t)) , (3)

where P(X, t) is the first Piola-Kirchhoff stress tensor and

F(X, t) denotes the deformation gradient tensor at position

X in the reference configuration and time t. σ is related to

P through:

σ(x, t) =
1

J
P(X, t) FT (X, t) (4)

with J = det(F).
In the MPM, the continuum body is divided into Np

material points with constant masses. This last assump-

tion allows satisfying automatically the mass conservation

relation (1). The material points represent the integration

points to compute the integrals in the context of the fi-

nite element method. By supposing contact interactions

between bodies, the discretized form of the momentum

equation can be written as:

M anode(t) = fint(t) + fext(t) + fC(t) , (5)

where anode is the nodal acceleration, fC is the contact

forces, fext represents the external applied force, and

M =

Np∑
p=1

mp Np , fint = −
Np∑
p=1

Gp σp Vp . (6)

In the above equations, M is the lumped mass matrix and

fint gives the internal force vector resulting from the stress

divergence. mp and Vp are material point mass and vol-

ume, Np denotes interpolation matrix or shape function

matrix and Gp represents the gradient of the shape func-

tion Np at Xp.

The contact forces fC between grains are computed us-

ing a contact algorithm accounting for the condition of

non-interpenetration of matter as well as the Coulomb fric-

tion law. This algorithm combined MPM and CD method

was presented in detail in a previous paper [11]. Moreover,

a similar MPM implicit approach as [11] is implemented

to solve the problem (5). The nodal solutions are then pro-

jected onto the material points, allowing for updating the

information carried by these points.

For the applications that we target in the present

work, two-dimensional simulations in plane strain condi-

tions were performed. We also consider two hyperelastic

Mooney-Rivlin constitutive laws to describe the material

behavior in the finite strain framework [13]. The first one

is the special case of the Neo-Hookean solid (NH) with the

following constitutive relation:

S = (λ ln(J) − μ) C−1 + μ I . (7)

The second one, simply called below the Mooney-Rivlin

(MR) model is:

S = 2(c1 + c2 Tr(C) )I − 2c2C + [2cJ(J − 1) − d]C−1 ,
(8)

where S is the second Piola-Kirchhoff stress tensor re-

lated to P through P = FS. C is the right symmet-

ric Cauchy-Green tensor (C = FT F), and γ denotes the

Green-Lagrange strain tensor (γ = 1
2
(C − I)). λ, μ, c1, c2,

c and d (d = 2(c1 + 2c2)) are the material constants.

These choices are motivated by wide range of mate-

rials that may be described by the considered constitutive

laws. For instance, gels and hydrogels with deformable

particles, which are present in foodstuffs, dictate to a large

extent their rheological behavior [14]. Another exemple

is vesicles being closed membranes which are highly de-

formable particles due to their internal viscous fluid and

the flexibility and the quasi-inextensibility of their lipid

viscous membrane [15]. On the other hand, for all appli-

cations, it is not clear to know if NH model is sufficient for

describing the mechanical behavior of particules. Hence,

in this paper, we present a comparison of obtained results

between theses two constitutive laws in order to see the

sensibility of granular behavior according to the choice of

these laws. Note that if c2 is set to zero and c1 = 1
2
μ in

equation (8) without considering volumetric part of stress,

we can recover the Neo-Hookean law (7). So, one can

consider that MR model is an extension of NH one.

3 Compaction of a deformable granular
system

Let us now study the uni-axial compression of a packing of

300 deformable circular grains modeling by means of the

proposed MPM-CD procedure. This packing is confined

inside a rectangular box of width L and of height h0. In the

initial configuration, the grains don’t touch each other and

a small size polydispersity (diameters ∈ [1.4, 2.4] mm) is

introduced in order to avoid long-range ordering. To avoid

stress gradients, the gravity effect is neglected. There is

also no friction between the grains and, the grains and

the walls. Two cases are investigated below by consid-

ering two above constitutive models for the deformable

grains: (i) the Neo-Hookean model expressed by Eq. (7)

with λ = 61 MPa and μ = 1.26 MPa and, (ii) the Mooney-

Rivlin model described by Eq. (8) with the parameters

c1 = 0.63 MPa, c2 = −0.0012 MPa and c = 6 MPa. Note

that we chose the high value of λ and of c in order to have

quasi-incompressible grains during the simulations. The

compaction process is performed by moving the top wall

of the box downwards at a constant velocity of 1 m/s and

a time step of δt = 0.1 μs.

We are particularly interested here in the grain shape

change due to the individual grains behavior, which may

allow the packing fraction Φ to exceed the RCP state. In-

deed, Φ being the ratio of the particles volume Vs to the

total volume V: Φ = Vs/V , varies due to both the volu-

metric particle deformation ΔVs/Vs as a result of the com-

pressibility of grains and the variation of V due to grain

rearrangements and shape change:

ln

(
Vs

Vs0

)
= ln

(
Φ

Φ0

)
+ ε , (9)
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(a) ε = 0 and Φ = 0.65 (b) ε = 0.22 and Φ = 0.8 (c) ε = 0.45 and Φ = 0.99

Figure 1: Three snapshots of the compaction of a packing of deformable grains. Filled Circles are material points.
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Figure 2: Total particles volume change ln
(
Vs/Vs0

)
as a

function of the cumulative vertical strain ε.

where ε = ln (V/V0) ≡ ln (h/h0) is the true cumulative ver-

tical strain. The evolution of ln
(
Vs/Vs0

)
with ε is repre-

sented in Fig. 2. Since, at the beginning, the compaction is

mainly governed by the grain rearrangements, ln
(
Vs/Vs0

)
is quasi-null. The cumulative volume deformation varies

approximately linearly with ε when ε ∈ [0.1, 0.22]. In this

range, the grain strains are due to contact deflections, as

in the Hertz regime. The ’jamming’ transition occurs for

ε � 0.22 and beyond this value of the strain, the individ-

ual grain deformations are mainly dictated by the pack-

ing deformation. So, the volumetric deformation of the

grains increases at a higher rate. We also observe that the

MR grains semble more compressible than the NH ones.

It may be explained by the fact that the ratio of λ/μ is

larger than c/c1. Indeed, these ratios are controlled the

compressibility of the grains. However, the cumulative

volume change of the grains remains small for both cases

(ln
(
Vs/Vs0

)
< 4%) and one can claim that the MR and NH

grains are quasi-incompressible.

Fig. 3 shows the packing fraction Φ as a function of

cumulative strain ε. Φ is a nearly linear function of ε for

both cases since the grains volume approximately does not

vary: Φ = Φ′0e
ε � Φ′0(1+ε) (Φ′0 = 0.65). Nevertheless, we
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Figure 3: Packing fraction Φ as a function of cumulative

vertical strain ε.

observe a little difference between the two results for ε >
0.22, i.e. the regime of the individual grains deformation.

It is due to the difference in the compressibility of the MR

and NH grains.

The macroscopic evolution of the packing can be

tracked through the vertical stress σ from the jamming

point at ε � 0.22 whereΦ � 0.8. Fig. 4 represents σ, com-

puted from the forces acting on the bottom wall and nor-

malized by a consolidation stress σ0, as a function of the

cumulative vertical strain ε′ from the reference state de-

fined by σ = σ0. The consolidation stress σ0 corresponds

to the jamming point. Similar behaviors are observed for

both MR and NH grains. Nevertheless, we note a diver-

gence of the results for ε′ > 0.05. It can be explained by

the difference behavior of the grains in two cases.

In order to analysis the microscopic evolution of the

soft granular packings, we consider the variation of the

mean coordination number Z as a function of the packing

fraction Φ; see Fig. 5. We observe that Z increases with

Φ. It is remarkable to note that the results for two cases

are superimposed by normalizing Z − Z0 per Z1 − Z0 and

Φ −Φ0 per Φ1 −Φ0, where Z0 is the coordination number

corresponding to Φ0 � 0.8 (jamming transition) and Z1
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Figure 4: Normalized axial stress σ/σ0 as a function of

cumulative strain ε′ from the reference state defined by

σ = σ0.

for Φ1 � 1. One can proposed the following power law

relation to fit these data points as shown in Fig. 5:

Z − Z0

Z1 − Z0

=

(
Φ − Φ0

Φ1 − Φ0

)0.5
. (10)

This power-law dependance of the coordination number

with the packing fraction is almost independent of dimen-

sion, interaction potential or polydispersity [2, 6, 16]. It

is worth noting that in the above relation, there is no ad-

justing parameter contrary to the previous works (see for

example [16]) and it fits quite well the results of the MR

and NH grains.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

(Φ − Φ
0
) / (Φ

1
 − Φ

0
)

(Z
 −

 Z
0) 

/ (
Z

1 −
 Z

0)

 

 

Mooney−Rivlin model

Neo−Hookean model

Power−law fit

Figure 5: Evolution of the mean coordination number Z as

a function of packing fraction Φ. The line is a power law

fit (Φ − Φ0)
0.5.

4 Conclusion

In this paper, the uniaxial compression of a deformable

granular packing is studied using an extended approach of

the MPM-CD procedure [11] in the context of the finite

strain theory. This procedure combined the material point

method (MPM) with the contact dynamics (CD) method.

Two study cases are investigated by considering two hy-

perelastic constitutive relations: Neo-Hookean (NH) and

Mooney-Rivilin (MR) models. Because of the material

parameters choices, the MR grains are more compressible

than NH ones although one can assume that both types of

grains are quasi-incompressible. However, this little dif-

ference in the compressibility affects the behavior of the

assemblies of soft grains. So, it may be interesting to study

more the compressibility effects in a future work. Another

important point concerns a simple power law which relates

the coordination number directly to the packing fraction

without any correction pre-factor. This point also merits

further analysis by considering other types of material be-

havior.
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