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ON THE TOPOLOGY OF NON-ISOLATED REAL
SINGULARITIES

NICOLAS DUTERTRE

ABSTRACT. Khimshiashvili proved a topological degree formula for the Eu-
ler characteristic of the Milnor fibres of a real function-germ with an isolated
singularity. We give two generalizations of this result for non-isolated singular-
ities. As corollaries we obtain an algebraic formula for the Euler characteristic
of the fibres of a real weighted-homogeneous polynomial and a real version of
the Lé-Iomdine formula. We have also included some results of the same flavor
on the local topology of locally closed definable sets.

1. INTRODUCTION

Let f: (R",0) — (R,0) be an analytic function-germ with an isolated critical
point at the origin. Khimshiashvili [16] proved the following formula for the Euler
characteristic of the real Milnor fibres of f:

X(f71(8) N Be) = 1 sign(—6)"deg,V ,
where 0 < |[0] < € < 1, B, is the closed ball centered at the origin of radius e
and deg,V f is the topological degree of the mapping ‘g—ﬁ‘ :S. — S"71 (here S,
is the boundary of B). Later Fukui [15] generalized this result for the fibres of a

one-parameter deformation of f. A corollary of the Khimshiashvili formula due to
Arnol’d [1] and Wall [37] states that

X({f €0}NSe) =1—deg,Vf,
X{f 20}N8) =1+ (-1)"""degyV f,
and if n is even,
x({f =0}N5e) =2—2deg,Vf.

In [31] Szafraniec extended the results of Arnold and Wall to the case of an analytic
function-germ f : (R™,0) — (R,0) with non-isolated singularities. Namely he
constructed two function-germs g_ and g4 with isolated critical points and proved
that

X{f<0}nSe)=1—degyVygs+ and x ({f >0} NSe) =1 —deg,Vyg_.

In [32] he improved this result for weighted homogeneous polynomials. If f : R® —
R is a weighted homogeneous polynomial then he constructed to polynomials g;
and go with an algebraically isolated critical point at 0 such that

x ({f<01nS™ 1) =1—deg,Vgs and x ({f >0} NS"") =1 — deg,Vga.
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2 N. Dutertre

Thanks to the Eisenbud-Levine-Khimshiashvili formula [14, 16], x ({f <0}n S"_l)
and x ({f =0} N S"!) can be computed algebraically.

The aim of this paper is to extend the Khimshiashvili formula for function-
germs with arbitrary singularities. We will work in the more general framework of
definable functions. Let f : (R™”,0) — (R,0) be a definable function-germ of class
C", r > 2. Our first new result is Lemma 2.5 where we give a relation between
the Euler characteristic of f=1(8) N B (resp. f~1(=8) N B,), with 0 < § < e < 1,
and the Euler characteristic of the link at the origin of {f < 0} (resp. {f >
0}). Applying the results of Szafraniec, we obtain our first generalization of the
Khimshiashvili formula (Corollary 2.6) for polynomially bounded structures and
an algebraic formula for the Euler characteristic of a regular fibre of a weighted
homogeneous polynomial (Corollary 2.7). We note that the paper [7] presents a
different approach for the computation of this Euler characteristic.

Our second generalization of the Khimshiashvili formula is an adaptation to the
real case of the methods based on the generic polar curve, introduced in the complex
case by Lé [19] and Teissier [34, 35] and developed later by Massey [24, 25, 26]. For
v € S ! we denote by I, the following relative polar set:

Iy ={zeR"\ Xy | rank(Vf(x),v) < 2},

where ¥y = {z € R"\ Xy | Vf(z) = 0} is the critical locus of f. For v generic in
Sn~1 T, is a curve. Let B be the set of its connected components. For each b € 3,
we denote by o(b) the sign of det [mel, .. .,men} on b, where for ¢ = 1,...,n,
fxz; denotes the partial derivative g—i. Morevover on b the partial derivative %
does not vanish so we can decompose B into the disjoint union B LB~, where B
(resp. B7) is the set of half-branches on which % > 0 (resp. % < 0). This enables

to define the following indices (Definition 4.8):
AT=3Y o(b)and A" = > o(b).
beB+ beB~

Then we define the following four indices (Definition 4.11):

++*x( 0) N{z1 =a}NBe) — x(fHea) N {z1 =a} N B.),
x(f7H0) N {zy = —a} N Be) — x(f*(a) N {z1 = —a} N B.),
7’+*x( 0) N {z1 =a}NBe) —x(f () N{z1 =a} N Be),
v =X ( ) N{z1 =—a} N Be) = x(f (=) N{z1 = —a} N Bo),

where 0 < @ < a < e. Our second generalization of the Khimshiashvili formula
relates the Euler characteristic of the real Milnor fibres to these new indices. Namely
in Theorem 4.12 we show that

X(fTH(=0)NB) =1-X" =777 =1-A"t —y7F,
and that
X(f7'O)NB) =1— (-1)"A" =Pt =1—(=1)"AT =",

where 0 < § < € < 1. Then we apply this result to the case where ¥, has
dimension one. In this case, we denote by C the set of connected components of
¥\ {0}. For v € S"~! generic, the function v* does not vanish on any half-branch
c € C, so we can decompose C into the disjoint union C™ LI C~, where CT (resp.
C™) is the set of half-branches on which v* > 0 (resp. v* < 0). For each ¢ € C, let

7(c) be the value that the function a — deg,Vfj,-1(q) , {g} = cn{x1 = a}, takes



On the topology of non-isolated real singularities 3

close to the origin. Then we set y© = > .4 7(c) and v~ = > .- 7(c). In this
situation, Theorem 4.12 takes the following form (Theorem 5.4):

X(f_l(—é) OBE) =1-A" -y =1-AT4+~T,

X(FHO)NB) =1 (=1)"A\F =917) =1~ (=1)"(A" =~ "),
where 0 < § < € < 1. Hence the indices AT, A™, ¥7 and v~ appear to be real
versions of the first two Lé numbers defined by Massey in [24]. We note that the
paper [36] contains also formulas for the Euler characteristic of the real Milnor
fibres of a function-germ with a one-dimensional critical locus.

In the complex case, the Lé-Iomdine formula ([20, 18], see also [24, 27, 28, 30] for
improved versions) relates the Euler characteristic of the Milnor fibre of an analytic
function-germ with one-dimensional singular set to the Milnor fibre of an analytic
function-germ with an isolated singularity, given as the sum of the initial function
and a sufficiently big power of a generic linear form. As a corollary of Theorem 5.4,
we establish a real version of this formula (Theorem 5.12), i.e., a relation between
the Euler characteristic of the real Milnor fibres of f and the real Milnor fibres of
a function of the type f + v**, for v € §”~1 generic and k € N big enough.

We have also included some results on the local topology of locally closed defin-
able sets. More precisely, we consider a locally closed definable set X equipped with
a Whitney stratification such that 0 € X, and a definable function g : (X,0) —
(R, 0) with an isolated critical point at the origin. In Lemma 3.1 we extend to this
setting the results of Arnold and Wall mentioned above, i.e., we give relations be-
tween the Euler characteristics of the sets XN{g ? £} N B, where 0 < d € e € 1
and ? € {<, >}, and the Euler characteristics of the sets X N {g ? 0} N S, where
0<e<1land?e{<,>}. We give two corollaries (Corollaries 3.3 and 3.4) when
the stratum that contains 0 has dimension greater than or equal to 1.

The paper is organized as follows. In Section 2, we prove the first generalization
of the Khimshiashvili formula based on Szafraniec’s methods. In Section 3, we give
the results on the local topology of locally closed definable sets. Section 4 contains
the second generalization of the Khimshiashvili formula, based on the study of
generic relative polar curves. In Section 5, we establish the real version of the
Lé-Tomdine formula.

Acknowledgments. A large part of this paper was written during two visits of the
author in the Instituto de Ciéncias Matemdaticas e de Computacdo, Universidade de
Sao Paulo - Campus de Sdo Carlos. The author thanks this institution, especially
Maria Ruas and Nivaldo Grulha, for the financial support and the hospitality. He
also thanks Dirk Siersma for fruitful discussions on one-dimensional singularities.

2. SOME GENERAL RESULTS ON THE REAL MILNOR FIBRE

Let f: (R",0) — (R,0) be a definable function-germ of class C", r > 2. By
Lemma 10 in [2] or by the main theorem of [21], we can equip f~1(0) with a finite
Whitney stratification that satisfies the Thom (as)-condition.

Lemma 2.1. There exists g > 0 such that for 0 < € < €, there exists d. such that
for 0 < & < 6, the topological type of f~1(8) N Be does not depend on the choice of
the couple (e,9).
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Proof. Let ¢y > 0 be such that for 0 < € < ¢, the sphere S, intersects f~1(0)
transversally. Then there exists a neighborhood U, of 0 in R such that for each
§ € U,, the fibre f~1(d) intersects the sphere S, transversally. If it is not the case,

then we can find a sequence of points (pm)men in Se such that the vectors ;%m‘
and @;Eg mg‘ are collinear, and such that the sequence converges to a point p in

S.N f71(0). If S denotes the stratum of f~1(0) that contains p then, applying the
Thom (ay)-condition, there exists a unit vector V' normal to T},S such that \_5\ and

V are collinear. This contradicts the fact that S intersects f~1(0) transversally.
Now let us fix € > 0 with € < €. Let us choose §. > 0 such that [0,J,] is
included in U, and ¢ is a regular value of f for 0 < § < §.. Let (e1,01) and
(e2,d2) be two couples with 0 < ¢; < eand 0 < &; < d,, for i = 1,2. If ¢ = €9
then the Thom-Mather first isotopy lemma implies that the fibres f~*(6;)N B, and
f~1(82)N B, are homeomorphic. Now assume that €; < €2. By the same arguments
as above, there exists a neighborhood U of 0 in R such that for each § # 0 in U,
the distance function to the origin has no critical point on f~1(8) N (Be, \ Be, )
Let us choose d5 # 0 in U such that 0 < 3 < min{dy,d2}. By the first case,
f~1(03)N B, is homeomorphic to f~1(d;)N B, and f~1(d3)N B, is homeomorphic
to f71(82) N Be,. But, since the distance function to the origin has no critical
points on f~(8s) N (Be, \ Be,), the fibres f~1(d5) N B, and f~1(d3) N B, are
homeomorphic. (I

Of course a similar result is true for negative values of f.

Definition 2.2. The (real) Milnor fibres of f are the sets f~1(6)NBe and f~1(—48)N
Be, where 0 < § € € < 1.

Sometimes we call f~1(6)N B. (resp. f~*(—3)N B,) the positive (resp. negative)
Milnor fibre of f. The Khimshiashvili formula [16] relates the Euler characteristic
of the Milnor fibres to the topological degree of Vf at the origin, when f has an
isolated singularity.

Theorem 2.3 (The Khimshiashvili formula). If f has an isolated critical point at
the origin then

X(f71(8) N Be) =1 — sign(—0)"degyV f,
where 0 < |§] < e < 1.

Proof. We give a proof for we will need a similar argument later. Let U be a small
open subset of R” such that 0 € U and f is defined in U. We pertub f in a Morse
function f : U — R. Let py,...,pr be the critical points of f, with respective
indices A1, ..., Ag. Let § > 0, by Morse theory we have:

k

X(F7H([=6,0) N Be) = x(F7H(=6) N Be) = > _(~1)™.

=1

Actually we can choose f sufficiently close to f so that the p;’s lie in f_l([f%, %]).
Now the inclusion f~1(0)NB. C f~1([-4, §])NBe is a homotopy equivalence (Durfee
[8] proved this result in the semi-algebraic case, but his argument holds in the C”
definable case, see also [6, 17]) and f~1(0) N B, is the cone over f~1(0) N S, so
x(f~1([=6,0]) N Bc) = 1. This gives the result for the negative Milnor fibre. To

get the result for the positive one, it is enough to replace f with —f. (]
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The following formulas are due to Arnol’d [1] and Wall [37].
Corollary 2.4. With the same hypothesis on f, we have:
X({f <0}NSe) =1—degyVf,
X{f>0}NSe) =1+ (=1)"""deg,Vf.

If n is even, we have:
x({f =0} NSe) =2—2deg,Vf.
Proof. By a deformation argument due to Milnor [23], f(—d) N Be, § > 0, is home-

omorphic to {f < —d} N S., which is homeomorphic to {f < 0} NS if § is very
small. 0

We start our study of the general case with an easy lemma.

Lemma 2.5. Let f : (R",0) — (R,0) be a definable function germ of class C",
r>2,andlet 0 < § < e. If nis even then

X (f7H=0)nB) =x({f>0}nS,),
and
X (fHO)NB) =x({f<0}nS,).
If n is odd then
X(fTH=0)NB) =2-x({f 20}N50),
and

X(fTHO) NBe) =2 - x({f <0}NS).

Proof. If nis even then f~!(—d)NB, is an odd-dimensional manifold with boundary
and so
_ 1 _
XD NB) = x ()N 8) = x (17 = ~51 0180

But for ¢ small, the inclusion {f > 0} N S. C {f > —d} N S, is a homotopy
equivalence (see [8]).

If n is odd then {f > —d} N B is an odd-dimensional manifold with corners.
Rounding the corners, we get

X({f 2 -0} N B = 5 (x (F (-9 N B +x({f = -6} 5.)
(008 ) = 5 (N B +x(f 2~} nS0)
But the inclusion {f > 0} N B, C {f > —d} N B. is a homotopy equivalence and so

x{f>-0}NnB)=1
O

For the rest of this section, we assume that the structure is polynomially bounded.
The technics developed and the results proved by Szafraniec [31] (see also [4]) are
valid in this context. Let w(z) = 22 + -+ + 2. Then there exists an integer d > 0
sufficiently big such that g, = f — w? and g_ = —f — w? have an isolated critical
point at the origin. Moreover Szafraniec showed that

Xx{f<0}nSe)=1—degyVygs+ and x ({f >0} NSe) =1 —deg,Vyg_.

Applying the previous lemma, we can state our first generalization of the Khimshi-
ashvili formula.
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Corollary 2.6. If 0 < ) < €, we have:
X (f7H(=6)NB:) =1—(=1)"deg, Vg,

and

X (F7H0) N B =1~ (—1)"degy V.

In general, the exponent d is difficult to estimate. However, in case of a weighted-
homogeneous polynomial, Szafraniec [32] provided another method which is com-
pletely effective.

Let f : R® — R be a real weighted homogeneous polynomial function of type
(d1,-++ ,dn;d) with Vf(0) = 0. Let p be the smallest positive integer such that
2p > d and each d; divides p. Also denote by a; = dg and

i

i x2an
w = e _
2a1 2ay,
Now consider g1 = f —w and g2 = —f — w. Szafraniec proved that g; and g, have

an algebraically isolated critical point at the origin and that
x({f<0nS™ 1) =1—degyVgi and x ({f >0} N S"!) =1 — deg,Vgo.

Applying Lemma 2.5, we obtain the following Khimshiashvili’s type formula for the
fibres of a real weighted homogeneous polynomial.

Corollary 2.7. We have
X (f71(=1)) =1~ (~1)"degy Vg2,

and

X (f71(1)) =1 = (=1)"deg, V1.

Note that deg,Vg: and deg;Vgs can be computed algebraically thanks to the
Eisenbud-Levine-Khimshiashvili formula [14, 16] because they have an algebraically
isolated zero at the origin.

Let us apply this corollary to the examples presented in [32].

(1) Let f(x,y,2) = 2?y—y*—yz>. By [32], we have that deg, Vg1 = deg,Vgs =
L Sox (f1(=1) =x (f'(1) =2

(2) Let f(z,y,2) = 23 + 2%z — y*. By [32], we have that deg,Vg; = 1 and
degyVgs = —1. So x (f~(~1)) =0and x (f~'(1)) =2.

(3) Let f(x,y,2) = 2® — xy? + ayz + 22%y — 2y° — y?2 — 222 + y22. Then by
[32], deg( Vg1 =3, s0 x (f71(1)) = 4.

3. SOME RESULTS ON THE TOPOLOGY OF LOCALLY CLOSED DEFINABLE SETS

Let X be a locally closed definable set. We assume that 0 belongs to X. We
equip X with a finite definable C", r > 2, Whitney stratification. The fact that
such a stratification exists is due to Loi [22]. Recently Nguyen, Trivedi and Trotman
[29] gave another proof of this result. We denote by Sy the stratum that contains
0.

Let g : (X,0) — (R,0) be a definable function that is the restriction to X of a
definable function G of class C", r > 2, defined in a neighborhood of the origin. We
assume that g has at worst an isolated critical point (in the stratified sense) at the
origin. As in the previous section, the positive and the negative real Milnor fibres
of g are the sets ¢~1(6) N X N B. and g~ (=) N X N B, where 0 < § < € < 1.
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Lemma 3.1. For 0 < < € < 1, we have
X(X g~ (=) n Be) —x(Xn{g<0}n Se),

and

x(XNg™'(9) ﬁBe) =x(Xn{g>0} ﬂSE).

Proof. Using the methods developed in [11], we can assume that the critical points
of g on X NS, are isolated, that they lie in {g # 0} and that they are outwards-
pointing (resp. inwards-pointing) in {g > 0} (resp. {g < 0}). Let us denote them

by {p1,...,ps}-

We recall that if Z C R”™ is a locally closed definable set, equipped with a
Whitney stratification and p is an isolated critical point of a definable function
¢ : Z — R, restriction to Z of a C%-definable function ®, then the index of ¢ at p
is defined as follows:

ind(¢, Z,p) = 1 — x(Z N {6 = 6(p) — n} N B.(p)),

where 0 < 7 < r < 1 and B, (p) is the closed ball of radius r centered at p.
As in [11], Section 3, we can apply the results proved in [9]. Namely, by Theorem
3.11in [9], we can write

x({g<0ynXxns)= > ind(g, X NSe,pi),
i | g(pi)<0

and for 0 < § < ¢,
x({fg<6}nXnB)= > ind(g, X NB,pi) +ind(g, X,0).
i| g(p:)<0
By Lemma 2.1 in [9], 1nd(g,X N Se,p;) = ind(g, X N B, p;) if g(p;) < 0. Moreover,
ind(g, X,0) =1—-x(¢g7 (=) NXNB ) and, as explained in the proof of Theorem
) =

2.3, x ({g <itNXNB) = 1 if § is small enough. Combining these observations,
we find that

X(XNg (=0 NB.) =x(XN{g<0}nS,).
(I

Remark 3.2. We believe that it is possible to establish these equalities applying
a stratified version of the Milnor deformation argument mentionned in the proof of
Corollary 2.4. This is done by Comte and Merle in [5] when X is conic and g is a
generic linear form.

For the rest of this section, we will denote by Lk(Y") the link at the origin of a
definable set Y.

Corollary 3.3. Assume that dim So > 0 and that g|s, has no critical point at 0,
i.e., g7 1(0) intersects Sy transversally at 0. Then the following equalities hold:

X(Lk(X N{g < 0})) = x(Lk(X Nn{g>0})) =1

and

X(LE(X)) + x(Lk(X N {g = 0})) =
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Proof. If gs, has no critical point at 0, then g : X — R is a stratified submersion
in a neighborhood of 0. Furthermore for 0 < ¢ <« 1, the sphere S, intersects
X N {g = 0} transversally, so 0 is a regular value of gjxnp, . Therefore if ¢ is small
enough,

X(Xﬁ{g: fé}ﬂBE) :)((Xﬁ{g:cS}ﬂBE) :)((Xﬁ{g:()}ﬁBe) =1.
It is enough to apply the previous lemma and then the Mayer-Vietoris sequence. [

For v € 8! we denote by v* the function v*(z) = (v,x), where { , ) is the
standard scalar product. The previous corollary applies to a generic linear form v*.

Corollary 3.4. Assume that dim Sy > 0. If v ¢ S"~1 N (TySo)*, then
X(Lk(X n{v" <0})) = x(Lk(X n{v" > 0})) =1,
and
Y (Lk(X)) + x(Lk(X N {v* = 0})) = 2.
Proof. 1f v ¢ (TpSp)*, then v[s, has no critical point at 0. O
Let us relate this corollary to results that we proved in earlier papers. Combining

Theorem 5.1 in [11] and the comments after Theorem 2.6 in [12], we can write that
if dim Sp > 0,

x(Lk(X)) + n171/ X(Lk(X N H))dH = 2,
Gt

where G"~! is the Grassmann manifold of linear hyperplanes in R™ and gn~1 is
its volume. This last equality is based on the study of the local behaviour of the
generalized Lipschitz-Killing curvatures made in [5] and [11]. We see that it is
actually a direct consequence of Corollary 3.4, which gives a more precise result on
the local topology of locally closed definable sets. Similarly for 0 < k < dim Sy, we
know that

1 1

where G7~F is the Grassman manifold of k-dimensional vector spaces in R and
g"~F is its volume. In fact a recursive application of Corollary 3.4 shows that
X(Lk(XﬂH)) = x(Lk(X OL)) for H generic in G?~*~1 and L generic in G7~F+1.

Let us give another application of Corollary 3.4 to the topology of real Milnor
fibres. As in the previous section, f : (R™,0) — (RR,0) is the germ at the origin of
a definable function of class C”, r > 2. We assume that f~1(0) is equipped with a
finite Whitney stratification that satisfies the Thom (ay)-condition. Let Sy be the
stratum that contains 0.

Corollary 3.5. Ifdim Sy > 0 and if v & S"~1 N (TpSo)*L, then for 0 < § < e < 1,
we have

X(f7HO) N Be) = x(f1(0) N {v* =0} N Be),
and
X(f7H(=0) N Be) =x(f1(=0) n{v* =0} N B).
Proof. Applying Corollary 3.4 to the sets {f > 0} and {f < 0}, we get that
x(Lk({f 7 0})) + x(Lk({f ? 0} n{v" = 0})) =2,
where 7 € {<,>}. Lemma 2.5 applied to f and f|{,-—0} gives the result. O
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In the next section, we will give a generalization of this result based on generic
relative polar curves.

4. MILNOR FIBRES AND RELATIVE POLAR CURVES

Let f: (R",0) — (R, 0) be a definable function-germ of class C”, r > 2. We will
give a second generalization of the Khimshiashvili formula in this setting. For this
we need first to study the behaviour of a generic linear function on the fibres of f
and the behaviour of f on the fibres of a generic linear function.

We start with a study of the critical points of v|*f,1( 5) for § small and v generic

in S771. Let
Iy={zeR"\ Xy | rank(Vf(z),v) <2}.
We will need a first genericity condition. We can equip f~!(0) with a finite
Whitney stratification that satisfies the Thom (as)-condition.

Lemma 4.1. There exists a definable set ¥1 C S~ 1 of positive codimension such
that if v & X1, then {v* = 0} intersects f~1(0)\ {0} transversally in a neighborhood
of the origin.

Proof. It is a particular case of Lemma 3.8 in [10]. O
Lemma 4.2. Ifv & %y then T,y N f~1(0) = 0.

Proof. If it is not the case then we can find an arc « : [0,v[— f~1(0) such that
a(0) =0 and for 0 < s < v, Vf(a(s)) # 0 and rank(V f(a(s)),v) < 2. Let S be
the stratum that contains a(]0, v[). Since V f(a(s)) is normal to Ty (5)S, the points
in «(]0,v[) are critical points of vy and hence lie in {v* = 0}. This contradicts
Lemma 4.1. (]

Corollary 4.3. If v ¢ 3q then I', N {v* =0} = 0.
Proof. As in the proof of the previous lemma, we see that if T, N {v* = 0} # @ then
',N f710) # 0. O

Lemma 4.4. There exists a definable set Yo C S"1 of positive codimension such
that if v & Xo, Ty is a curve (possibly empty) in the neighbourhood of the origin.
Proof. Let

M = {(z,y) € R" x R" | rank(V f(z),y) < 2}.
Let p = (z0,y0) be a point in M \ (Xy x R™). We can assume that f;,(zo) #

0. Therefore locally M \ (X; x R™) is given by the equations mqs(z,y) = --- =
min(z,y) = 0, where

mi;(x,y) =
ii(z,y) " ”
The Jacobian matrix of the mapping (mis,...,m1,) has the following form

koo K _facz fz1 0

$ ek —fo 0 e fa
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This implies that M \ (Xf x R") is a C"~! manifold of dimension n + 1. The
Bertini-Sard theorem ([3], 9.5.2) implies that the discriminant D of the projection

T, + M\ (SfxRY) — R®
(z,y) =y

is a definable set of dimension less than or equal to n—1. Hence for allv € S"~1\ D,
the dimension of 7, ! (v) is less than or equal to 1. But 7' (v) is exactly T, and
we set ¥y = DN S* L O

Corollary 4.5. Let v € S"™1 be such that v ¢ Xa. There exists 6!, such that for
0 < |8] < 4., the critical points ofvl*f,l(é) are Morse critical points in a neighborhood
of the origin.

Proof. After a change of coordinates, we can assume that v = e; = (1,0,...,0) €
R™ and so that v*(z) = ;.

Let p be a point in T',, =T,,. If f, (p) = 0 then, since the minors my; = o(f,21)

O(x1,25)"
i=2,...,n, vanish at p, f;,(p) =0 for i =2,...,n and so p belongs to X, which
is impossible. Therefore f,,(p) # 0 and by the proof of Lemma 4.4, we conclude
that I'e, is defined by the vanishing of the minors my;, ¢« = 2,...,n, and that

rank(Vmu, cee mln) =n-—1

along T'c,. Let a be an arc (i.e., a connected component) of I, , and let o : [0, v[— &
be a C" definable parametrization such that «(0) = 0 and «(]0,v[) C a. Since f
does not vanish on a, the function f o« is strictly monotone which implies that for
s €]0,v], (foa)(s)=(Vf(a(s)),a(s)) # 0. Hence the vectors

Vi(a(s)), Vmia(a(s)),..., Vmi,(a(s))

are linearly independent since the Vmy;(«a(s))’s are orthogonal to o/(s). By Lemma
3.2 in [33], this is equivalent to the fact that the function z; : f=1(f(a(s)) — R
has a non-degenerate critical point at «(s). It is easy to conclude because T, has
a finite numbers of arcs. g

From now on, we will work with v € S™~! such that v ¢ $; U¥,. After a change
of coordinates, we can assume that v = e; = (1,0,...,0) and so the conclusions of
Lemma 4.1, Lemma 4.2, Corollary 4.3, Lemma 4.4 and Corollary 4.5 are valid for
Iy, and {1 = 0}. Let us study the points of I';, more accurately. By the previous
results, we know that if p is a point of I';, close to the origin then p is a Morse

critical point of @1 |¢-1(¢(p)), fai (P) # 0, z1(p) # 0 and f(p) # 0.

Lemma 4.6. Let p be a point in Ty, close to the origin. Let p(p) be the Morse
index of T1)f-1(f(p)) at p. Then p is a Morse critical point of f‘mfl(ml(p)) and if 0(p)
is the Morse index of flzfl(zl(p)) at p then

(1)@ = (=1)" Usign(fa, ()" (1)@
Proof. By Lemma 3.2 in [33], we know that

det [V (), Vfur (D), -, Vu,(p)] #0,
and that

(1)) = (=1)""sign(fa, (p))"sign det[V f(p), V fus (D), ..,V fz, (b)].
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But Vf(p) = fs,(p)e1 and so det[e1, V fo,(p), ...,V fz, (p)] # 0 and
(—)HP = (=1)"sign(fz, ()" 'sign det[e1, V fuy (9). -, V fu, (9)]-

Still using Lemma 3.2 in [33], we see that p is a Morse critical point of flzfl(zl(p))
and that

(1)) = (1) sign(fr, (p))" (1),

Lemma 4.7. Let p be a point in I';, close to the origin. Then

det [V fo, (0), Voo (p), -, Va, ()] #0

and

(=1)"®) = sign (21(p) for (p)) sign det[V fu, (0), V fur (P), - -, Vo, (0)]-
Proof. Since det[e1,V fz, (p), ..., Vfz,(p)] # 0, we can write

Vfer(p) = Bp)er + Y Bi(p)V fr, (),

=2

and so,

det [V fo, (), Viuy(P), - -,V a, (0)] = B(D)[€1, Vur(p), .-, V a, (D)].

Let a : [0,v[— Tz, be a parametrization of the arc that contains p. We have

(for 00)'(s) = (Vfa, (a(s)), 0 (s)) = Bla(s))(e1,d/(s)) = Bla(s))(z1 0 a)'(s).
But since f, and 27 do not vanish on T'y,, (fz, o @)'(s) and (z1 o @)’ (s) do not
vanish for s small. Therefore for p close to the origin, 8(p) # 0 and

sign B(p) = sign (21(p) fa, () -
O

Let B be the set of connected components of I'y,. If b € B then b is a half-branch
on which the functions f,, and det [mel, ce szn] have constant sign. So we can
decompose B into the disjoint union B* LI B~ where BT (resp. B~) is the set of
half-branches on which f;, > 0 (resp. fz, < 0). If b € B, we denote by o(b) the
sign of det [me, ceey fon] on b.

Definition 4.8. We set AT =3z, o(b) and A\~ =37, . o(b).

Remark 4.9. If f has an isolated critical point at the origin then for n # 0 small
enough, (Vf)~1(n,0,...,0) is exactly Iz, N f;,'(n). Moreover if p € Tz, N f-1(n),
then sign det [V fz, (p), V2 (p), ..., V2, (p)] # 0. Hence (n,0,...,0) is a regular
value of V f and so

degoVf= D signdet[Vfe,(p), VSes(p),--., Via, (p)].
pETe, Nfay' (1)
If n > 0 (resp. n < 0), this implies that deg,Vf = AT (resp. A\7).

The following lemma will enable us to define other indices associated with f and
X1,
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Lemma 4.10. There exists g > 0 such that for 0 < € < €g, there exists a. > 0
such that for 0 < a < a, there exists ag,c > 0 such that for 0 < a < g, the
topological type of f~*(a) N {x1 = a} N Be does not depend on the choice of the
triplet (e, a, ).

Proof. For a > 0 small enough, we define 8(a) by

B(a) = inf{|f(p)| | p € Tay N{z1 = a}}.

The function S is well defined because I'y, N {z1 = a} is finite and B(a) > 0.
Moreover it is definable and so it is continuous on a small interval of the form |0, u].
This implies that the set

O={(a,0) e RxR" | a€]0,ufand 0 < a < B(a)}

is open and connected.

Since {x1 = 0} intersects f~1(0) \ {0} transversally (in the stratified sense),
{z1 =0} N f71(0) \ {0} is Whitney stratified, the strata being the intersections of
{z1 = 0} with the strata of f=1(0)\ {0}.

Let €9 > 0 be such that for 0 < € < €g, the sphere S, intersects {z1 = 0} N f~1(0)
transversally. Then there exists a neighborhood U, of (0, 0) in R? such that for each
(a,a) in (R x R*) NU,, the fibre f~1(a) N {z1 = a} intersects S, transversally. If
it is not the case, then we can find a sequence of points (P, )men in Se such that

Vi

the vectors eq, ﬁ and anm))\ are linearly dependent, and such that the sequence

converges to a point p in SeN f~1(0)N{x1 = 0}. If S denotes the stratum of f~1(0)
that contains p then, applying the Thom (ay)-condition and the method of Lemma
3.7 in [11], there exists a unit vector v normal to T},S such that the vectors ey, &

Ip]
and v are linearly dependent. But e; and v are linearly independent for {z; = 0}
intersects S transversally at p. Therefore S, does not intersect S N {x; = 0}

transversally at p, which is a contradiction. Moreover we can assume that U, N O
is connected.

Now let us fix € > 0 with ¢ < ¢3. Let us choose a. > 0 such that a. < u
and the interval ]0, a] is included in U.. For each a €]0,a], there exists o, . such
that {a}x]0,a;, ] is included in U.. We choose ag such that o, < « . and
Qg < B(a), which implies that (a, ) is a regular value of (x1, f) for 0 < a < g e.

Let (€1,a1,a1) and (€2, a2, as) be two triplets with 0 < ¢; <€, 0 < a; < a,, and
0 < a; <age fori =1,2. If ¢, = e then the Thom-Mather first isotopy lemma
implies that the fibres f~!(a1)N{x1 = a1} N B, and f~1(az)N{x1 = a2} N B, are
homeomorphic, because (a1, 1) and (ag, as) belong to the connected set U, N O.

Now assume that €; < €. By the same arguments as above, there exists a
neighborhood U of (0, 0) in R? such that for each (a,a) € (R x R*)NU, the distance
function to the origin has no critical point on f~(a) N {z; = a} N (Be, \ B, )
Let us choose (az,a3) € (R x R*) NU such that 0 < as < min{a,,ae,} and
a3 < min{@a,, ¢, Qag.c, }- Then, by the first case, f~(as) N {z1 = a3} N By, is
homemorphic to f~*(a1) N {x1 = a1} N B, and f~(a3) N {z1 = az} N B, is
homemorphic to f~!(az) N {x1 = a2} N B.,. But, since the distance function
to the origin has no critical point on f~!(a3) N {z1 = as} N B, \ Be,, the fibre
fY(az) N{x1 = a3z} N B, is homeomorphic to f~!(as) N{z1 = az} N Be,. O

Similarly, there exists €, > 0 such that for 0 < e < ¢, there exists b > 0
such that for 0 < a < b, the topological type of f~1(0) N {zr; = a} N B and
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f710) N {z1 = —a} N B, do not depend on the choice of (¢,a). Therefore we can
make the following definition.

Definition 4.11. We set
vt =x(f ()ﬂ{zlza}ﬂBe)*
v~ =x(f710) )
Yot =x(f (0)ﬂ{w1=a}ﬂBe)—x
YT =x(fTH0) N {zy = —a} N B.) —
where 0 < a0 € a < €.

x(f~H(a)N{z1 =a} N B.),

N{z1 =—a}NB.) — x(fHa)N{z1 = —a} N B),
(f "' (=a) N {1 =a} N Be),

X(f7H(=a) N {ar = —a} N BY),

Now we are in position to state the generalization of the Khimshiashvili formula.
Remember that e; satisfies the genericity conditions of Lemmas 4.1 and 4.4.

Theorem 4.12. Assume that e; ¢ 31 UXg. For 0 < < e < 1, we have
X(fTH=0)NB) =1—-A" =777 =1=-AT —y7F,
x(FHONB) =1—(=1)"A7 =yt =1— (=1)"AT — 4T,

Proof. The set of critical points of x1 on f=1(—4) N B, is exactly T'y, N f=1(=0).
Moreover we know that if p € I'y, N f~1(—4) then x1(p) # 0. By Morse theory, we
have

X(f71(=8) N B {2 0) = x(F7(=6) N B {an = 0})

- Z (_1)u(p),

pETzy Nf~1(=0)
z1(p)>0

X(FH=8) N Bcn {1 < 0}) = x(f(=8) N B. N {z1 = 0})
= (-1t Z (—1)1@),

pElzy Nf—1(=8)
z1(p)<0
Here we remark that f~!(d) N Bc is a manifold with boundary and z; may have
critical points on the boundary. But by Lemma 3.7 in [11], these critical points lie
in {z1 # 0} and are outwards-pointing (resp. inwards-pointing) in {z; > 0} (resp.
{z1 < 0}). That is why they do not appear in the above two formulas. Adding the
two equalities and applying the Mayer-Vietoris sequence, we obtain

X(f7H(=6)NB) = x(f (=6 N BN {ay =0}) =

Z (=1)H®) 4 (=)t Z (—1)K@),

pElzy NF1(=3) pElg N1 (=5)
z1(p)>0 z1(p)<0

Since Vf = fy,e1 on 'y, it is easy to check that p belongs to T',, N{f < 0} N
{z1 > 0} if and only if p belongs to I'y, N {fz, < 0} N {x; > 0} and p belongs to
Iy, N{f <0} Nn{x; < 0} if and only if p belongs to Tz, N {f., > 0} N {x1 < 0}.
Let us decompose BY into the disjoint union B* = B+ LU BT~ where BT (resp.
Bt:7) is the set of half-branches of Bt on which z; > 0 (resp. 1 < 0). Similarly
we can write B~ = B~ U B™>~. Combining Lemma 4.6 and Lemma 4.7, we can
rewrite the above equality in the following form:

X(FTH=0)NB) —x(f T (=6)NBnfz1 =0}) == Y a(b)= > a(b). (1)
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Since (—6,0) is a regular value of (f,x;) then there exists as > 0 such that for
0 < a < ag, (—0,+a) are regular value of (f,x1) and
x(f_l(—é) N{xy = *a} N Be) = X(f_l(—é) N{xy =0}N Be).

Let us fix a such that 0 < a < as and let us relate x (f~*(—=8)N{z1 = —a} N B,)
to x(f7'(a) N {z1 = —a} N B.) where 0 < o < a. Note that the set of critical
points of f on {z; = —a} N B, is exactly 'y, N {z; = —a}. Moreover this set of
critical points is included in {f > —d}. Indeed, if it is not the case, then there is
a half-branch of T';, that intersects {1 = —a} on {f < —§}. But since z; and
f are negative on this branch, this would imply that T';, intersects {f = —d} on
{—a < x; < 0}, which is not possible for a < as.

Now let us look at the critical points of f on {z; = —a} N S.. In the proof of
Lemma 4.10, we established the existence of a neighborhood U, of (0,0) in R? such
that for each (a,a) € (R x R*) NU,, the fibre f~1(a) N {z; = a} intersects S.
transversally. Therefore we can choose § such that the critical points of f on {x; =
0}NS.N{f # 0} lie in {|f| > 0}. Moreover by a Curve Selection Lemma argument,
they are outwards-pointing in {f > ¢} and inwards-pointing in {f < —d}. So,
if @ is small enough, then the critical points of f on {x; = —a} N ScN{f # 0},
lying in {|f| > 0}, are outwards-pointing (resp. inwards-pointing) in {f > §} (resp.
{f < —=4}). By Morse theory, we find that

x({f<=0tn{z1=-a}nB) —x({f=-0}n{z1 =—a}NB,) =0,

x({-0<f<—a}n{o=—a}nNB) —x({f=-0}N{a1 =—a} N B)

- Yy,

pElg N{zy1=—a}
F(p)<o0

x({f > a}n{z1=—-a}NB) - x({f =a}n{z1 = —a} N B)

— Z (—1)?®),

p€lgy N{z1=—a}
f(p)>0

By the Mayer-Vietoris sequence, we have that
1= x({zl =—a}n Be) = x({f <=0}N{x1 =—-a}n BE)
+x({-6 < f<—-a}n{z1=—-a}NB) —x({f ==} N{z1 = —a} N B.)
fx({f =—a}N{ry =—a}N Be) + X({—oz <f<a}ln{x;=-a}ln BE)
er({f > a}N{ry = —a} ﬂBe) — X({f =a}N{ry = —a} ﬂBE).
Using the fact that the inclusion
{f=0n{rn=-a}nNB.C{-a< f<a}n{z;=—-a}NB.
is a homotopy equivalence and applying the above equalities, we get

1= > (1) > (=)@ 4 x (7 (=6 N{z1 = —a} N B)

pElg, N{e;=—a} p€lg, N{zj=—a}
f(p)<o0 f(p)>0

+x(f7H0) N {z1 = —a} N Be) — x(f (=) N {z1 = —a} N Be).
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By Lemma 4.7, we can rewrite this equality in the following form:
I=—= > o)+ Y o +x(f(=0)n{z1=—a}nB)+77". (2)
beB+ - beB—-

Combining (1) and (2), we obtain the first equality of the statement. The second
one is obtained replacing —a with a in the above discussion. The third and fourth

ones are obtained replacing f with —f. O
Remark 4.13. (1) If f has an isolated critical point at the origin then we
recover the Khimshiashvili formula because
AT =yt T — 2

and AT = A~ =deg,V/.

(2) If we denote by Sp the stratum that contains 0 and if we assume that
dim Sy > 0, then by the Thom (ay)-condition, the polar curve I, is empty
in a neighborhood of 0 if v ¢ S"~1 N (T,,Sp)*. Then applying Equality (1)
of the previous proof, we recover Corollary 3.5. Actually, we can say more
about the relation between the topologies of f~1(£5) N B, and f~1(+4) N
BN {v* = 0}. As mentionned in the proof of Theorem 4.12, the critical
points of v* restricted to f~1(£6) NS, lie in {v* # 0} and are outwards-
pointing (resp. inwards-pointing) in {v* > 0} (resp. {v* < 0}). So we
can apply the arguments of the proof of Theorem 6.3 in [13] to get that
f71(£6) N Be is homeomorphic to f~1(+§) N B, N {v* =0} x [-1,1].

5. ONE DIMENSIONAL CRITICAL LOCUS AND A REAL LE-IOMDINE FORMULA

In this section, we apply the results of Section 4 to the case of a one-dimensional
singular set, in order to establish a real version of the Lé-Iomdine formula.

Let f : (R™,0) — (R,0) be a definable function-germ of class C", 2 < r. We
assume that dim X¢ = 1. In the neighborhood of the origin, the partition

(fH0)\ 2, 3¢\ {0},{0})
gives a Whitney stratification of f~1(0) which satisfies the Thom (a)-condition,
because the points where the Whitney conditions and the Thom (af)-condition may
fail form a 0-dimensional definable set of ¥\ {0}. Let C be the set of half-branches
of ¥y, i.e., the set of connected components of X7\ {0}.

Lemma 5.1. There exists a definable set Y3 C S"~1 of positive codimension such
that if v ¢ X3, v* does not vanish on Xt \ {0} in a neighborhood of the origin.

Proof. Let c € C. If v* vanishes on ¢ in a neighborhood of the origin then, if u # 0
is on Cypc (the tangent cone at ¢ at the origin) then v*(u) = 0 and so v € u*. So
if v ¢ Ucec(Coe)t then v* does not vanish on ¥4\ {0}. But (Ueee(Coc)t) NSt
has dimension less than or equal to n — 2. (]

From now on, we assume that e; € S"! is generic, i.e., e; ¢ ¥ UXs UXs.
Since e; ¢ X3, there exists a; > 0 such that for 0 < a < ay, zfl(:lza) intersects
¥\ {0} transversally and so, the points in 27 *(£a)N (2 \ {0}) are isolated critical
points of f|(z,—+a4}. Forq € z7 ' (£a)N (25 \ {0}), we denote by dengf‘zfl(ia) the
v
topological degree of the mapping Wf\ﬁii(ia)l : xfl(:lza) N Se(q) — S 2, where

lz1 1 (£a)

Ser(q) is the sphere centered at ¢ of radius ¢’ with 0 < ¢/ < 1.
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Let us write C = C* UC~ where Ct (resp. C7) is the set of half-branches of C
on which 21 > 0 (resp. 1 < 0).

Lemma 5.2. Let ¢ € Ct. There ewists ac > 0 such that the function a
deg,Vf|,-1(,), where {q} = cn{x1 = a}, is constant on ]0,ac].
Proof. Tt is enough to prove that there exists an interval |0, ac] on which the func-
tion a +— dengflzfl(a) is locally constant. Let d : R™ — R be the distance function
to c. It is a continuous definable function and there exists an open definable neigh-
bourhood U of ¢ such that d is smooth on U \ c¢. Moreover we can assume that d
is a (stratified) submersion on {f <0} N (U \ ¢).

Let 7: {f <0} N (U \ c) — R? be the mapping defined by 7(p) = (z1(p),d(p))
and let A C R? be its (stratified) discriminant. It is a definable curve included in

R x R* and so A N (R x {0}) is a finite number of points. Let us choose ac > 0
such that

ac <min{z1(u) | ue AN (R* x {0})}.
If 0 < a < ac, then there exists t > 0 and € > 0 such that Ja — t, a + t[x]0, €[ does
not meet A. Hence the function

la—t,a+1t[x]0,e] — R
(a',€) = x({f<0tn{z=d}n{d=¢})
is constant. Therefore by Corollary 2.4, the function a’ — degq,Vf‘zfl(a,) is con-
stant on Ja — t,a + t[.

Of course, a similar result is valid for ¢ € C™. If ¢ € C, let us denote by 7(c) the
value that the function a — deg,V f -1y, {q} = cN{x1 = a}, takes close to the
origin.

Definition 5.3. We set " =3 . 7(c) and v~ =3 .- 7(c).

In this setting, Theorem 4.12 admits the following formulation.

Theorem 5.4. Assume that eq ¢ 31 UYo UX3. For 0 < § < e < 1, we have
X(fTH(=0)NB)=1-X" =7 =1-AT +47,
X(FHONB) =1 (-1)"(A" =97) =1 (=)"(A~ =)

Proof. Since T'y, N f71(0) = 0, the critical points of fiz =41 in [ ([—a, al),
0 < o < § < ¢, are exactly the points in ¥y N {z1 = £a}. An easy adaptation of
the proof of the Khimshiashvili formula (Theorem 2.3) gives that

YT =Ty =T T = (C) Ty and P T = (1)

We remark that A= +~~ = AT +~T. Moreover, if n is even, we have
X(f_l((s) N BE) - X(f_l(_é) N Be) = 'Y+ +7,

X(FTHE) N Be) +x(fTH(=0) N Be) =2~ (AT +X7),
and if n is odd, we have

X(F7H6) N B) = x(f 1 (=0) N B.) = At + A7,
X(FHONB) +x(FH=8)NB) =2~ (vF + 7).
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Therefore the two sums ),z o(b) and > .., 7(c) do not depend on the generic
choice of linear function that we used to define them. Moreover, applying Lemma
2.5, we get that if n is even, x(Lk({f = 0})) = 2 — (AT + A7) and if n is odd,
XTK({f = 01)) = 7+ + 77

Let us give an example. Let f(z,y,2) = 2 — z2®, b > 1 (see [26], Example 2.2).
This polynomial is weighted-homogeneous but we cannot apply Corollary 2.7, for
b may be arbitrary large. Then Xy = {(0,0,2) | z € R}.

Let v = (1,1,1) so that v*(x,y, 2) =  + y+ z. We have to check that v satisfies
the conclusions of Lemma 4.1, Lemma 4.4 and Corollary 4.5, and Lemma 5.1. A
straightforward computation shows that

rv{(x,%b,%)m?éo}.

Since I',, N {v* = 0} = 0, we see that {v* = 0} intersects the stratum f=1(0)\ X
transversally. Moreover, since v* does not vanish on Xy \ {0}, {v* = 0} intersects
the stratum 3 \ {0} transversally and so v satisfies the conclusion of Lemma 4.1
(and of Lemma 5.1 as well). It is clear that I', is a curve in the neighborhood of the
origin. In order to check that the conclusion of Corollary 4.5 holds, thanks to the
computations of Lemmas 4.6 and 4.7, it is enough to check that det[V f,, V fy,, V f2]
does not vanish on I',,. But

det[V fz, V iy, Vil(z,y,2) = 72b2$2b727
and so the conclusion of Corollary 4.5 holds. Moreover, since

0
a_f(‘raya Z) = _bwb_lz +2y — xba
v

we easily compute that AT = A= = —1 if b is odd and that AT = 0 and A~ = -2 if
b is even.

It remains to compute v* and v~. But 4T is the local topological degree at
(0,0) of the function f(z,y,a —x —y), a > 0, that is the local topological degree
at (0,0) of the function

(z,y) — y? — ax® + 2T + ya®.

Then it is not difficult to see that v+ = —1 if b is even and v* = 0 if b is odd.
Similarly v~ = 1 if b is even and v~ = 0 if b is odd. Therefore, applying Theorem
5.4 and Lemma 2.5, we obtain that

X(f7H(=1) =2, x(f71(1)) = 0 and x(Lk({f = 0})) = 0.
In the rest of the section, we will apply Theorem 5.4 to establish a real version of

the Lé-Tomdine formula. From now on, we assume that the structure is polynomially
bounded.

Lemma 5.5. There exists ng € N such that

[fer (D) > 21 (p)[™ and | f(p)] > |x1(p)[™,
forp e 'y, close to the origin.
Proof. For u > 0 small, we define 5(u) by

Bu) = nf{[fo, ()| | p € Lay N {21] = u}}.

It is well defined because T'y, N {|x1| = u} is finite and S(u) > 0. The function S
is definable and so is the function a(R) = (), defined for R > 0 sufficiently big.
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Then there exists ng € N such that ( R < R™ for R > 0 sufficiently big. This

implies that 8(%) > =&, ie., B(u) > u™ for u > 0 sufficiently small. Hence for
p € I'y, sufficiently close to the origin, we have

[for ()] > 21 (p)[™-

A similar proof works for the second equality because f and z; do not vanish on
Ty, O

Let us fix k € N with k& > ng + 1 and let us set g(x) = f(z) + z¥.
Lemma 5.6. The function g has an isolated critical point at the origin.
Proof. A point p belongs to (Vg)~1(0) if and only if

a5 of
axl 6951

Let us suppose first that p € £\ {0}. This implies that x1(p) = 0. Since z; does
not vanish on X\ {0} close to the origin, this case is not possible. Let us suppose
now that p ¢ Xy. Then p belongs to I';, and so z1(p) # 0 and f,, (p) # 0. By the
previous lemma, |f;, (p)| > |z1(p)|™ which implies that k|z1(p)|/*~! > |21 (p)|™,
and so |z1(p)|/*~™~! > 1 in the neighborhood of the origin. This is impossible by
the choice of k. The only possible case is when p is the origin. (]

(p) + kz¥1(p) = 0 and (p) =0 for i > 2.

The previous lemma unables us to use the Khimshiashvili formula to compute
the Euler characteristic of the Milnor fibre of g. We will relate deg,Vg to the
indices AT, A7, v and v~. Before that we need some auxiliary results. Let

2, (9) = {z € R"\ Xy | rank(Vg(z),e1) < 2}.
Lemma 5.7. We have Iz, (g)N{g=0}=10

Proof. If it is not the case this implies that the following set

{g=0}N0{g2, = ... = gu, =0} N {21 = 0} \ {0}
is not empty in the neighbourhood of the origin. Therefore the set

{f=0n{fo, =... = fo, =0} N {21 =0} \ {0}
is not empty in the neighbourhood of the origin. But this is not possible because
{f=0N{fo,=...= fo,} =X and {x1 =0} \ {0} N = 0. O

Lemma 5.8. The set 'y, (g) admits the following decomposition:

T2, (9) = Tay U (3f \ {O}).

Proof. We see that p € Tz, (g) if and only if ¢g,,(p) = ... = g»,(p) = 0 and g¢,, (p) #
0. Since ¢, (p) = fz,(p), i = 2,...,n, it is clear that I'y, U (X7 \ {0}) C Tz, (g).
)+ k

It p € Tuy(g) then foy(p) = - = fo,(p) = 0 and fo, () + ko (p)F~1 # 0. 1t
for(p) #0 then p e T'y,. If fi, (p) =0 then p € 3, \ {0}. O

Lemma 5.9. If p € I'y,, then det[Vgy, (p), ..., Vs, (p)] # 0 and
sign det [ngl ), Vs, (p)} = sign det [Vfll ), sV, (p)} )
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Proof. Let p € T'y,. We have g,,(p) = fu,(p) + kz¥~1. By the choice of k, this
implies that sign g., (p) = sign f, (p). Using the computations of Lemmas 4.6 and
4.7, we see that

sign det [V fu, (p), ... Vo ()] = sign (x ©)for )

But

5($1,fz2, .. '7f1n,)
8(z1,...,$n) (p)) .

a(xlafﬂcza--'vfﬂcn)( ) _ a(xlang""gzn)(p>

p =
a(‘rlafmza"'axn) 5(131,...,;1:")
O(@1,9wy519wn)

T~ (p) # 0. Since 1(p)gs, (p) # 0, we obtain that

det [ngl ®),..., Vs, (p)} #£0
and since sign g, (p) = sign fz, (p), we conclude that

sign det[Vgq, (p), ..., Ve, (p)] =sign det[V e, (p), ..., Vfe,(p)].
O

Lemma 5.10. Assume that k is even. If ¢ € Xy \ {0} is close enough to the
origin and x1(q) = a, then deg,V fi(s,—q} is equal to deg, (Vg — Vg(q)), where
deg, (Vg — Vg(q)) is the topological degree of the mapping % 2 Se(q) —
Sn1 with 0 < € < 1.

Proof. We have that deg,V f|(z,=a} 1s equal to the topological degree of the map-
ping IWW\ : Ser(q) — S™ where W = (21 — a, fuy,-- -, fu,). But

Vg —Vg(q) = (fo, + k2" — k"™ foy, ) fan)

and so, since f,,(q) = 0 and k — 1 is odd, there exists a small neighborhood of ¢ on
which f,, + k:c’f_l — ka*~' and 21 — a have the same sign. If € is small enough,
% and % are homotopic on Se/(g). Hence the two

topological degrees are equal. O

then the mappings

Proposition 5.11. If k is odd then degyVg = A\~ = At + 4t — =, If k is even
then deggVg = A\~ +9~ = AT + 4T .

Proof. Let 1 > 0 be a small real number. The set (Vg)~1(—n,0,...,0) is finite
because I';, (¢) is one-dimensional. Let us write

(Vg) ' (=n,0,...,0) = {p1,...,ps} U{qr, .- -, ¢},
where

{p1,...,ps} = (Vg) " (=n,0,...,0)N T,

and

{1, 4} = (V9) 1 (=n,0,...,0) N (5 \ {0}).
Therefore we have

degyVg = > deg, (Vg — Vg(p:) + Y _ deg, (Vg — Vg(g)))-
i=1 j=1

If k is odd, (Vg)~1(-n,0,...,0) N (s \ {0}) is empty and, by the choice of k,
(Vo)™ (=1,0,...,0) N Ty = (Vg) ™ (=1,0,...,0) N [Upep-1] -
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Using Lemma 5.9, we conclude that
deggVg =" = AT+t —47.
If k is even then
(Vg) ™ (=1,0,...,0) N (2 \ {0}) = (Vg) ' (=n,0,...,0) N [Ueec-c] -
Using Lemma 5.10, we conclude that deg,Vg =\~ +~~ = AT + 1. O
Now we are in position to formulate the real version of the Lé-Tomdine formula.
Theorem 5.12. Assume that e; ¢ X1 UXaUX3 and that k > ng+1. For 0 < 0 <
€ < 1, we have
- if k is odd,
X(g7 (=) NB) = x(fTH (=) NB) +77,
x(g7H @) N Be) = x(f7H8) N Be) + (—1)" 1y,
- if k is even,
x(g' (=0 N B) = x(f~'(=8) N B.),
X(971 )N Be) = x(f71(0) N Be) + (1" H(y" +47).
Proof. We know that X(g_l(—é) N BE) =1—degy,Vyg. If k is odd, this gives
X0 (=0)NB)=1=A" =x(fT(=0)NB)+7".
If k is even, this gives
X(g7H(=0)NB) =1-A" =7~ =x(f"'(=6) N B.).
We know that x(¢g7*(6) N Be) =1 — (—1)"deg,Vg. So if k is odd, then

X(g7H0) N Be) =1 = (=1)"\" =x(f1() N Be) — (=1)"7*.
If k is even, we get that
X(g7HO)NB) =1—(=1)"(\" +77)
= 1- ()M =) = (C) )
=x(f7HO) N Be) = (=1)"(v" +77).
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