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Abstract

The paper generalizes existing contributions to the stiffness modeling of robotic manipulators using Matrix Structural Analysis. It presents a unified
and systematic approach that is suitable for serial, parallel and hybrid architectures containing closed-loops, flexible links, and rigid connections,
passive and elastic joints, flexible and rigid platforms, taking into account external loadings and preloadings. The proposed approach can be
applied to both under-constrained, fully-constrained and over-constrained manipulators in generic and singular configurations, it is able to
produce either non-singular or rank-deficient Cartesian stiffness matrices in a semi-analytical manner. It is based on a unified mathematical
formulation that presents the manipulator stiffness model as a set of two groups of matrix equations describing elasticity of separate links and
connections between the links in the form of constraints. Its principal advantage is the simplicity of the model generation that includes
straightforward aggregation of link/joint equations without conventional merging of rows and columns in the global stiffness matrix. The
advantages of this method and its application are illustrated by an example that deals with the stiffness analysis of NaVaRo parallel manipulator.
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1 Introduction

In many modern robotic applications, manipulators are subject to essential external loadings that affect the positioning accuracy and
provoke non-negligible positioning errors caused by the compliance of mechanical components [1, 2]. For this reason, manipulator
stiffness analysis becomes one of the most important issues in the design of robot mechanics and control algorithms. It allows the
designer to achieve required balance between the dynamics and accuracy since the usual reduction of manipulator moving masses or
cross-sections leads to increasing of achievable speed and acceleration but also deteriorating undesirable compliance errors.
However, to make the stiffness analysis efficient, it should rely on a simple and computationally reasonable method that is able to
deal with complex architectures including numerous closed-loops, flexible links, rigid connections, passive and elastic joints that are
common for hybrid robots.

At present, there exist three main techniques in this area, that are Finite Element Analysis (FEA), Matrix Structural Analysis (MSA)
and Virtual Joint Modeling (VJM) [3-6]. The most accurate of them is the FEA [7-9], which allows modeling links and joints with
their true dimension and shape. However, this technique is usually applied at the final design stage because of the high computational
expenses required for high order matrix inversion [10, 11]. In contrast, the VIJM method is treated as the simplest one, it is based on
the extension of the traditional rigid model by adding the virtual joints (localized springs), which describe the elastic deformations of
the links, joints and actuators [12-15]. This technique is widely used for serial and strictly parallel robots, but it can be hardly applied
to the manipulators with more complex topology. The MSA is considered as a compromise technique, which incorporates the main
ideas of the FEA, but operates with rather large elements such as flexible links connected by the actuated and passive joints in the
overall manipulator structure [16-18]. This obviously leads to the reduction of the computational expenses that are quite acceptable
for robotics, but it requires some non-trivial actions for including of passive and elastic joints in the related mathematical model.
From the other side, the MSA is very convenient for a description of complex structures with numerous closed-loops and
cross-linkage. For this reason, this paper focuses on some enhancement and generalization of the MSA technique for robotic
applications providing a compromise between complexity of the stiffness model generation and complexity of subsequent
computations.

Several reviews of existing works on manipulator stiffness analysis can be found in the literature [19-29], where the authors
addressed different aspects of the FEA, MSA and VJIM and particularities of their application in robotics. These reviewers cover
results starting from the early works of Salisbury (1980) [30] till nowadays, excluding last few years. Among recent contributions
devoted to the MSA, it is worth mentioning the work of Cammarata [31], who introduced the notion of the Condensed Stiffness
Matrix that merges together flexibilities of the link and adjacent joints. Further, the obtained stiffness matrices of a two-node
super-elements are used in a traditional for MSA way, which includes the manual merging of the lines and columns in the global
stiffness matrix. Besides, despite the apparent simplicity, this technique does not allow direct computing of the Cartesian Stiffness
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Matrix, which is the main outcome of the manipulator stiffness analysis. In addition, here the influence of the external loading and
buckling analysis cannot be executed in a simple way. Another contribution in this area [32] deals with MSA-based stiffness analysis
of a parallel manipulator composed of several L-structures. The authors applied classical MSA, with the connectivity matrix for
lines/columns merging. Although they took into account both the link and joint flexibility, there are still several open questions
related to the definition of link/joint stiffness properties and invertibility of local stiffness matrices describing the L-structures.

Another useful extension of the MSA for the case of links and joints with non-linear stiffness was proposed in [33]. Here, a passive
revolute joint with ball bearings was presented as an element with a rank-deficient force-dependent stiffness matrix, whose
parameters were estimated experimentally. The relevant computational procedure included several iterations of conventional MSA
linear model. This technique was applied to PARAGRIP handling system and validated by measurements of the end-effector
deflection under vertical load. There are also several works the deal with the MSA application to the stiffness analysis of particular
parallel and serial manipulators. In [34] the MSA method was applied to EAST articulated maintenance arm with 11 degrees of
freedoms (EAMA robot), which is used for remote inspection of inner components inside the vacuum vessel. In [35] the MSA
technique was employed to obtain a dynamic model of the industrial machining robot ABB IRB 6660 in order to predict vibration
instability in machining (chatter). In [36] the MSA was applied to derive the static stiffness model of 9-dof redundant reconfigurable
3xPPPRS parallel manipulator for meso-Milling Machine Tool (RmMT).

To our knowledge, the most essential contribution to the robot-oriented modification of the MSA was done by Deblaise and his
co-authors [18]. They proposed a general technique that is able to take into account passive joints and rigid connections, which are
common for parallel robots, without modification of 12x12 stiffness matrices describing structural elements (in contrast to some
authors who integrated the passive joints and rigid connections in the link stiffness matrices). The properties of passive joints and
rigid connections were described by means of matrix linear constraints, which complemented the classical MSA formulation
containing the stiffness models of individual elements. This idea allowed to simplify assembling of the MSA global matrix and avoid
tedious merging of the matrix rows and columns. To integrate these two sets of equations (conventional MSA relation and additional
constraints) the authors used the energy approach with Lagrange multipliers to obtain the desired extended stiffness matrix describing
all force-deflection relations for the entire robotic manipulator.

Recent advances in computing power of commercially available facilities motivate re-thinking in the selection of the stiffhess
analysis technique for the robotic manipulators, making reasonable some increase of computational expenses related to the MSA
method. This allows the user to apply the MSA to the stiffness analysis of complex manipulators with numerous closed-loops,
preloadings and external forces/torques while operating with matrices of relatedly higher dimension that within the traditional MSA
are reduced to the minimum size by means of rows/columns merging. This paper proposes an advancement in the MSA-based
stiffness modeling of robotic manipulators allowing to analyze in a similar way both serial, parallel and hybrid architectures
containing closed-loops, flexible links, and rigid connections, passive and elastic joints, flexible and rigid platforms, external
wrenches and preloading, etc. The proposed approach leads to essential simplification of the stiffness model development while
slightly increasing the time for the stiffness analysis stage. In addition, it also provides the user with additional data on the
manipulator internal force/torque and corresponding deflections in links/joints.

2 MSA method background

2.1 MSA-based stiffness model of a separate link

In classical mechanics, the stiffness properties of the cantilever beam (fixed at one side, see Figure 1a) are described by the Hook’s
law that defines a linear relation between the applied external wrench (force/torque) W and corresponding deflection At at the
free-end

W=K-At 1

where K is 6x6 stiffness matrix. It should be mentioned that here At is 6-dimensional deflection vector that includes both
translational Apz[ApX,Apy,Apz]T and rotation A(pz[Agox,A(oy,sz]T components. Similarly, the wrench vector W is also
6-dimensional and contains both the force F =[F,,F ,F,]" and torque M =[MX,My,MZ]T components.

x1 !y

v A—

> ,

(a) Cantilever beam (b) Unsupported beam

Figure 1  Cantilever and unsupported beams: definition of frames, deflections and wrenches
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In general case, the stiffness matrix K from the Hook’s law is symmetric and positive definite but may include a number of
off-diagonal elements [37]. For typical beams commonly used in practice (with regular cross-section) the stiffness matrix can be
computed analytically as follows

E—LS 0 0 0 0 0
0 12~LE3~|Z 0 0 0 —6'5'|Z
12-E-1 .E.
0 i Yuw 0 6 E2 ly 0
K= L 6.3 L (pourquoi u, v ?) 2)
0 0 —_— 0
L
. . GEl , 4El
L L
0 —6-I§-Iz 0 0 0 4.E-lz
L L L

where L the beam length, S is the beam cross-section area, ly, Iz are the second moments, J is the polar moment, E and G are
Young’s and Coulomb’s modules of the beam material, respectively.

It should be also stressed that for the cantilever beam, both the wrench W and deflection At are usually expressed with respect to
the coordinate system attached to the beam’s fixed-end. However, in general case, the vectors W and At may be presented in the
global coordinate system, which requires some revision of (1) and (2). In fact, for small angular displacements, the deflection and
wrench vectors in the global system can be presented as

Apglobal — l:R 03><3 :l . |:Ap:| (3)
A(pglobal 0,, R 66 Ag

F R 0 [ F }

global — 3x3 A 4
|:M global :| |:03><3 R :|6><6 M ( )

where the orthogonal matrix R defines the orientation of the local coordinate system relative to the global one. The letter allows us
to present the stiffness model of the cantilever beam in the global coordinate system

Fglobal — |:R 03X3:l . K . RT 03><3 X Apglobal (5)
M global 03><3 R 6x6 o ngg RT 6x6 A(Pglobal
that gives a simple rule for transforming the local stiffness matrices of all mechanical components to a single coordinate frame.

For the unsupported beams (with two non-fixed ends, see Figure 1b) that are used in Matrix Structural Analysis (MSA) as principal
components, it is necessary to define the deflections and wrenches for both sides. The latter will be further referred to as “u” and “v”
or “1” and “2”. In this case, the stiffness model is presented in an extended form

|:\N1i|:[K11 Ku} [Atl} ©)
WZ K21 K22 1212 AtZ

that relates the deflections on both sides At,, At, and corresponding wrenches W,, W, by means of 12x12 extended stiffness
matrix composed of four 6x6 blocks K,;, K,, K,;, K,,. It is clear that this 12x12 matrix is rank deficient since the wrenches
W,, W, should satisfy the static equilibrium equation that defines linear dependence between the matrix rows in eq. (6).

To find the desired 6x6 blocks, let us consider two special cases that allow us to apply directly the cantilever beam equation (1) that
includes 6x6 matrix K . In the first case, let us orient the global system axes in the standard way and locate its origin at the left-end
of the beam. This corresponds to At, =0, W, =K-At, and leads to simplification of eq. (6)

W, =K, -At,

7
Wz :Kzz'Atz "

Relevant static equilibrium equation is written at the point “1” allows us to express the wrenches W,, W, viathe force F, and torque
M, at the point “2” as

-F, . | R
VVl:[_Mz_LXFj, WZ_LVIJ ©

where L is the beam length vector directed from the point “1” to the point “2” (i.e. along the beam principal axis). Applying further
the cantilever beam standard equation W, = K-At, one can get explicit expressions for the matrices K,,, K, :
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lis 05
Ky =K; Ky :_|:[|_3><3T |3 3j|'K22 ©)
3x3

where [Lx]denotes the 3x3 skew-symmetric matrix derived from the vector L .
Similarly, in the second case, the global system is located at the right-end of the beam (with the same orientation as in the previous
case), which yields At, =0 and simplifies eq. (6) to

W, =Ky, - At

(10)
W, =K, - At

The static equilibrium equation leads to the following expressions

_ Fl . _ _Fl
W, = [Mj’ W, = [—Ml +Lx Fj (11)

where L is the same beam length vector (directed from the point “1” to point “2””). However, the cantilever beam equation should be
slightly modified to take into account standard directions of the coordinate axes

Ri Osolwy =k | Rt Qoo ag, (12)
03x3 Rz 03><3 Rz

where R} =diag(-1,—-1,1) is 3x3rotation matrix around z axis by the angle z, which changes directions of the axes x, y. The
latter allows us to obtain explicit expressions for K ;, K,

)
_ Rf 03><3 . . R;f 03><3 . _ |3x3 03><3 .
K“{o R”} « [o e A i (S R R (13

3x3 z 3x3

The physical interpretation of the matrices K ;, K,,, K,;, K,, can be done in the following way. The stiffness matrix K, describes
the force/torque reaction at the beam left-end point caused by the left-end deflection At,. The stiffness matrix K, describes the
force/torque reaction at the beam left-end point caused by the right-end deflection At,. The stiffness matrix K,, describes the
force/torque reaction at the beam right-end point caused by the left-end deflection At,. The stiffness matrix K, describes the
force/torque reaction at the beam right-end point caused by the right-end deflection At, . The physical meaning of
Ky, K, K,y Ky, isalso illustrated for the simplest case of the 1D linear spring (Figure 2), where 6x6 matrices are reduced to the
scalar stiffness coefficients

Figure 2 Stiffness models of a simple spring with fixed and free ends

For the beam with a regular shape (with uniform cross-section) the above stiffness matrices can be computed analytically using the
following expressions
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E—I;S 0 0 0 0 0
0 lZ-E-IZ 0 0 0 6~EZ~|
0 0 12-E-|y 0 —6~§~|y 0
Ky = G-J (14)
0 0 0 —_— 0
L
0 —B'E'Iy 0 4.E-ly
L L
0 6~E2~|Z 0 0 4.-E-1z
L L L
ﬁ 0 0 0 0 ]
—12-E-|Z 0 0 0 6 E2 Iz
L L
0 0 —12|-_3|‘E- ly 0 —6-5- ly 0
Ky, = -G.J (15)
0 0 _— 0
L
0 0 6-E2-Iy 0 2-E-ly
L L
0 —G-E-IZ 0 0 2-E-lz
I L L |
% 0 0 0 0 0
-12-E-lz —-6-E-lz
0 3 0 0 >
L L
0 0 —12|~_3E~ ly 0 6- Ez- ly 0
Ky = -G.J (16)
0 0 0 _— 0
L
—6-E-ly 2-E-ly
0 B
0 6~E2~Iz 0 0 2-E-l1z
L L L i
E—I;'S 0 0 0 0
0 12~LE3~|Z 0 0 —6L|25 |
0 0 12-LE3-Iy 0 6-5 ly 0
K, = G-J 17)
0 0 —_— 0
L
0 0 6-E2-Iy 0 4-E-ly
L L
0 —G-E-IZ 0 0 0 4-E-1z
L L L

where all notations have the same meaning as in the cantilever beam stiffness matrix (2).

Similar to the cantilever bean case, the stiffness matrix of the unsupported beam can be transformed to the global system using an
extended version of eq. (5)



A. Klimchik, A. Pashkevich, D. Chablat 6
Fundamentals of manipulator stiffness modeling using matrix structural analysis

RO0OOO RT0 0 O
Kﬂobal Kﬂobal _ 0 RO O ' Kﬁcal Kllz;cal . 0 RT 0 0 (18)
Kgllobal Kglzobal O 0 R 0 Klzolcal Klzozcal 0 0 RT O

0 00 R 0 0 0 RT

where the orthogonal matrix R defines the orientation of the local coordinate system relative to the global one.
2.2 MSA-based stiffness models of simple linkages

221 Two-link serial system with rigid connection

Now let us apply the MSA method to a mechanical system composed of two beam elements of lengths Ly, L, with the rigid
connection between them (Figure 3). It is assumed that the beams are not aligned and the angle between them is equal to q. Here,
each beam has two local coordinate systems: 0, 1 for the first beam and 2, 3 for the second one, as shown in Figure 3.

Zo Z3

L

(il n’y a pas de points sur la figure)
Figure 3  Two-link serial system with rigid connection

Let us assume that the global coordinate system is located at the left-end of the first beam (point 0) and the global coordinate axes are
aligned with the local ones. Under this assumption, the force deflection relations for the first link can be written as

W, _ Kil K% [ At (19)
Vvl KZl K22 Atl
where the upper superscript denotes the link number and relevant matrices are computed using eqs. (14)-(17). For the second beam,

the similar relation should be written taking into account that the local axes (x,,z,) and (x,,z,) are turned with respect to the global
ones. This yields the following force-deflection relation

2 T 2 T
{WZ} = {Q ’ Ky 'QT Q- K§2 'QT ]{Atz}(avec K* la matrice de rigidité de la poutre 1 et K? la matrice de rigidité de la
W3 Q'K21'Q Q'Kzz'Q At3

poutre 2) (20)

where Q =diag(R},R}) is the 6x6 matrix that is expressed via the orthogonal rotation matrix R| describing rotation around
y-axis by the angle q . For further convenience let us denote Kﬁq =Q- Kﬁ -Q" and rewrite the above equation in a more compact

form
_WZ_ — Kff Kfzq . AtZ (21)
W |[KE K3 LAG

After collecting equations (19) and (21) in a single system one can get

_Wo ] Kil K}.Z 06><6 06><6 Ato
1 1
VV\\;l _|Ka Kz 06;3 06;2 | AL (doit on écrire la deuxieme dimension pour un vecteur?) (22)
2 Oexs Oexe Ki Kpg At,
—W3—24><1 OGxS 06><6 Kg? Kgg 24x24 t3 24x1

Further, taking into account the boundary condition At, =0 the above system can be reduced down to

_VV]_ ] K]éZ OBXG 06><6 At]_
2 2

W, =105 K K A (23)
2 2

_W3_1B><l Og.6 Kzf Kzg 18:18 At, 18x1
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Furthermore, the rigid connection between the beams yields relations At, = At, and W, =—-W,, where the last one directly follows
from Newton's third law. The latter agrees on us to sum-up the first and second lines in the system (23) and obtain the final expression
allowing us to compute deflections at the beam ends caused by external loading W, applied to the free end of the considered 2-beam
system

[ 0 } :{ng +KZ Kf;} .[Atz} (24)
2 2
W3 12x1 K ZJC.I K 22 12x12 At3 12x1

It is worth mentioning that here the 12x12 matrix is invertible, and equations can be easily solved with respect to the deflections
At,, At,. In particular, an analytical solution for the free-end deflection At, caused by W, may be presented in the following form

W, =K, -At, (25)
where K. is the Cartesian stiffness matrix of the two-link system under study

Ke =K% - K3 (K +K,) K (26)
that depends on both beams stiffness parameters included in the matrices K

i» Kiand relative orientations of the links described by
the matrix Q . It is worth mentioning that here the matrix K. is non-singular and invertible.

Hence, for this simplest case study, the MSA approach allowed rather easy compute the system stiffness matrix. It is clear that this
approach can be also generalized for the multi-beam serial systems with rigid connections, however, the final analytical expression
will include the matrix inversion of higher dimension. Besides, it is worth mentioning that the above-presented example implements
the general MSA assembling technique that usually produces the matrices similar to (24), which includes a number of matrix sums.

2.2.2 Two-link serial system with a passive joint

Let us apply the MSA method to a mechanical system composed of two beam elements of lengths L, L, with a revolute passive joint
between them (Figure 4). In structural mechanics, this type of connection is also called as a pin joint. It is assumed that the passive
joint axis is directed along y, and y,, the beams are not aligned and the angle between them is equal to the passive joint coordinate q
. It is worth mentioning that this problem cannot be solved straightforwardly using the standard MSA method, which was primary
designed for rigid and elastic connections. However, it is possible to apply some special techniques to adjust MSA for the passive
joint case.

Figure 4  Two-link serial system with a passive joint

It is clear that the basic MSA equations for this 2-beam system have the same structure as above

VV]_ KlZZ 06><6 OGXG At]_
2 2

W, =066 Ki KiJ ‘| At, (27)
2 2

W3 18x1 06x6 Kzg zg 18:18 At3 18x1

but here the matrices Kﬁq are not constant and depend on the passive joint coordinate ¢, which may vary under the influence of the
external loading W,. However, in contrast to the previous case, where the connection is described by equations At, = At, and

W, =-W,, here these relations must be replaced by
A" (At -At,)=0

(28)
AT(W,+W,)=0; AP-W,=0;  A"-W,=0

where the matrices A" =diag(1,1,1,1,0,1) and A® =diag(0,0,0,0,1,0) describe the passive joint geometry, and the superscripts ‘r’

and ‘p’ are referred to the “rigid” and “passive” connections. The first of these relations takes into account that the connection 1 and

2 ensures equality of all components of At,, At, except of 40;’ ¢7§ (since the passive joint axis is directed along y axis). The second
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group of relations shows that the passive joint ensures the validity of the 3™ Newton law for five wrench components only (except of
M, ), but the torques M?! and M? are equal to zero. It should be noted that in general case the matrices A" and AP may be
non-diagonal, but their rank remains the same and is equal to 5 and 1, respectively (as in the case of diagonal matrices).

Combining equations (27) and (28) one can get the following linear system

A’ —A' 0

O 6x6
0 AP -Kéz 0.6 0c.6 At,
0 = Oexs AP Klzlq AP l(122q ’ Atz (29)
0 A"K., AKX A".KY At Jg,
W, 30x1 Os.6 Kgf K§§ 30x18

that should be solved with respect to At, . It should be mentioned that here the system matrix is non-square (of the size 30x18), but
it contains 12 zero rows that are caused by zero diagonal componentsin A" and AP (each A" produces one zero-row and each AP
produces five zero-rows). To eliminate the zero-rows that are useless here, let us introduce the modified non-singular matrices

1 00000
01 00O0O0
A:=|0 01 0 0 0f; Af=[0 0 001 0] (30)
000100
0 00O0O0T1

and rewrite the system (29) in the reduced form (with a square matrix of size 18x18)

0., AL -As 0,

0y Al 'Klzz 0.6 0.6 Aty

0. | =| O, ALKE ATKE| At 31
05xl .Ai 'Klzz Al Klzf Al K122q Aty 18x1

W3 18x1 06><6 Kgf Kgg

18x18

This system can be presented in more compact form after defining relevant block matrices

OM} _ [A B} , 2:1 32
[MMCDMM%l (32
where
Al —-A. 05,
| 7€ 0
A<t arkan| ¢ B[k
ALK, ALKE ACKE Lo
(33)
C=[05s K] _; D=KZ
Further, after elimination At;, At, one can get the following expression for the wrench applied to the system end-point
W, =K, -At, (34)
where
K.=D-C-A"'B (35)

is the desired Cartesian stiffness matrix of the two-link system under study. It has a similar structure as (26) corresponding to the case
of the rigid connection. However, it is easy to verify numerically that here the stiffness matrix K. is rank-deficient, which is the
result of the passive joint connection.

Hence, for this case study, some modification of the MSA approach allowed us to compute the rank deficient stiffness matrix.
However, relevant transformations include a number of non-trivial steps, which will be generalized in the following Sections.
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2.2.3 Two-link serial system with an elastic joint

Let us apply the MSA method to a mechanical system composed of two beam elements of lengths L, L, with an elastic joint between
them (Figure 5). It is assumed that the elastic joint axis is directed along y; and y,, the beams are not aligned and the angle between
them is equal to the elastic joint coordinate q.

It is clear that the basic MSA equations for this 2-beam system have the same structure as in the cases (a) and (b)

VV]_ KlZZ 06><6 OGXG At]_

W, =| 0.6 Klzf Kfzq ‘| At, (36)
2 2

W3 18x1 06x6 Kzg zg 18:18 At3 18x1

Here the matrices KZq are not constant and depend on the elastic joint coordinate g, which may vary under the influence of the
external loading W, . However in contrast to the cases of the rigid and passive connections, here the joint static equations must be
replaced by

A"-(At,—At,)=0

W, +W, =0; (37)

A°-W, =K -A"-(At, - At))
where Kq is the stiffness coefficient of the elastic joint, the matrices A" =diag(1,1,1,1,0,1) and A® =diag(0,0,0,0,1,0) describe
the passive joint geometry, and the superscripts ‘r’ and ‘e’ are referred to “rigid” and “elastic” connectlons The first of these relations
takes into account that the connection 1 and 2 ensures equality of all components of At,, At, except of (o go (since the elastic joint

axis is directed along y). The second group of relations shows the elastic joint ensures valldlty of the 3 Newton law for all wrench
components, and the third relation describes the Hooke’s law for the elastic joint.

Figure 5 Two-link serial system with an elastic joint

After combining equations (36) and (37) one can get the following linear system

0 Ar _Ar 0(5><6
0 K -A® A K¥—-K -A® AKX At
0 = " 2q ! quz | AL %)
W K22 Kll K12 At3 181
2 2 *
3 _24x1 06><6 Kzf Kzg 24x18

that should be solved with respect to At, . It should be mentioned that here the system matrix is non-square of the size 24x18, but it
contains 6 zero rows that are caused by zero diagonal components in A" and A°® (each A" produces one zero-row and each A°
produces five zero-rows). To eliminate the zero-rows that are useless here, let us introduce the modified non-singular matrices A of
the size 5x6 (see eq. (30)) and A; = [0 0 001 0]. This allows us to rewrite the system (38) in the reduced form (with a
square matrix of size 18x18)

05 Al —Al 0,6

0 K, Al A .[(ff e ; AS ,](iﬁ thl

lel = 1 2 q 2 | At, (39)
W, 181 0.6 Kgg gg 18x1

18x18

This system can be simplified after defining relevant block matrices and presented as
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At,

Oml} - [A B} | at 40
il e Bl At 4
where
Al —A. Og.6
A=K, A ASKE-K,-AS| 5 B=|ASKY
K;Z Kff 12x12 Kfzq 12x6
(41)
C=[0s K] _; D =KX
Further, after elimination At,, At, one can get the following expression for the wrench applied to the system end-point
W, =K, -At, (42)
where
K.=D-C-A*.B (43)

is the desired Cartesian stiffness matrix of the two-link system under study. It has a similar structure as (26) and (35) corresponding to
the cases of the rigid and passive connections. It is easy to verify numerically that here the stiffness matrix K. is full-rank, which is
in a good agreement with the nature of the elastic joint.

2.2.4 Two-link parallel system with passive joints

Let us apply the MSA method to a closed-loop mechanical system composed of two beam elements with three revolute passive joints,
which connect the beams to the rigid base at the left-hand side and to the end-effector on the right-hand side (Figure 6). It is assumed
that the passive joint axes are directed along y and the angle between the beams is equal to (.

Figure 6 Two-link parallel system with passive joints

Similar to all previous cases the basic elasto-static equations and are written as follows

W, Kil Kiz Os6  Osus At

W _ KlZl K%zz 056 Osus | Aty (44)
W2 Oexs Oexe K121q Klzzq At,

W, wa | 0ge Ope K gg K gg 2a%24 At, 2451

where the matrices Kﬁq depend on the system geometric parameter ¢. However, because of the non-rigid connections between the
beams and the base, here At =0 and At, =0 that does not allow us to reduce the matrix dimension in a trivial way (as it was done
in all previous examples, where the lines corresponding to W, were simply removed).

For the considered system, the left-hand side connections between the beam and rigid base (via the passive joints) produce the
following equations

ATAt,=0;  AT-At,=0

(45)
AP-W,=0; AP-W,=0
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where the first group describes the passive joint geometry and the second group follows from the 3™ Newton’s law (the matrices A"
and AP are defined above in the example (b)). For the right-hand side connections between the beams and end-effector, it is
necessary to define additional variables At and W, describing the end-effector deflection and wrench, respectively. Using these
notations, the end-effector wrench may be expressed as follows

W, =A"-(W,+W,) (46)
Besides, the passive joint geometry and the 3" Newton’s law at the right-hand side yield equations

A" (At —At)=0; A" (At,—At)=0

(47)
AP W, =0; A°P-W,=0
that allows us to take into account particularities of the end-effector connection.
Combining equations (44)-(47) yields the following linear system
Oexl | A’ 06><6 06><6 06><8 06><6 |
86X1 O, 06><r6 A’ 0. 06><6r
O::i Os.6 A U Oexrs _Ar At,
06Xl Opsxel Opexsl Oexe A -A Atl
06Xl ApKil A Kiz 06><6 06><6 06><6 ‘| AL, (48)
Og A’K; A’K;, 0. U 0.6 At,
Ogy 0.6 0. A pKlzlq A pKfzq 0. At
Ogy 0. Ops A ngf A pKig 0c.6
_We a1 _ArK121 ArKéz ArKgf ArKgg 06x6 54x30

that should be solved with respect to At . It should be mentioned that here the system matrix is non-square of the size 54x30, but it
contains 24 zero rows that are caused by zero diagonal components in A" and A" (each A" produces one zero-row and each AP
produces five zero-rows). To eliminate the zero-rows, let us use the modified non-singular matrices A; and A’ (defined in example
(b)) and rewrite the system (48) in the reduced form

_05><l ] Al U 05 U 0s.6
0.4 0.6 05,6 Al 0.6 (U
0., 0.6 Al 05 0 —A At
05><1 05><6 05><6 05><6 Al -Al Aty
01><1 =| A? Kil Al Kiz 0. 0. 0.6 | At, (49)
Oy A? K121 A? Klzz 0. 0.6 0.6 At3
81x1 0.6 0, Af Kglq AL Klzzq 0, At 30x1
Vi;l leel 01><61 Al Kgg AZKS 0,
R _Aerl A'K;  A'K3 ArKgg 0.6 aox3o

where the main matrix of size 30x30 is obviously rank-deficient (since the 29" column is equal to zero). The latter is in a good
agreement with physical nature of the system, where the end-effector is connected to the beams via the passive joints. To obtain the
final expression, the reduced system can be presented in a compact form

At,

At

024 1} [A B:| !
al | At (50)

|:We e LG Dl Ati

e

where the block matrices A, B, C, Dare defined as follows



A. Klimchik, A. Pashkevich, D. Chablat 12

Fundamentals of manipulator stiffness modeling using matrix structural analysis

A"[ 05><6 05><6 05><6 [ 05><6 1
05><6 05><6 A* 05><6 05><6
05><6 A: 05><6 05><6 _Ai
A — 05><61 05X61 05><6 A’r‘ , B — _Ai
AEKll AleZ 01><6 0].><6 Ol><6
1 1
A? K3 A? K>, U 0.6 Ope
O 0, A'KY AMKG 8“6
| Oue 0., APK3 Af’K;g_MX24 L “1x6 J2ax6
(51)
C= [ArK]él ArKlzz ArKgf ArKgg :'6x24 ’ D=0,
Further, after elimination At,, At;,At,, At, one can express the end-effector wrench as
W, =K, -At (52)
where
K.=-C-A™"-B (53)

is the desired Cartesian stiffness matrix of the two-link closed-loop system under study. It has a similar structure as in the above
examples. Also, it is easy to prove analytically that the stiffness matrix K. is rank-deficient (here rank(B) =5 because of a zero
column), which is the result of the passive joint connection to the end-effector.

Summarising all above-presented case studies, one can conclude that some modifications of the MSA approach allowed us to obtain
the desired Cartesian stiffness matrix that may be either a full-rank or rank-deficient one. However, relevant techniques include a
number of non-trivial steps, which will be generalized in the following Section to be applied to more complex structures.

2.3 General methodology of classical MSA

As follows from the above case studies, basic ideas of the classical MSA can be successfully used in robotics but some enhancement
is required in order to take into account numerous passive and actuated connections. Before presenting the proposed enhancement, let
us remind briefly basic steps of the classical MSA that is perfectly suited for computer-aided analysis of complex structures such as
trusses, bridges, high voltage towers, etc. In general, the MSA based stiffness analysis includes the following steps:

Step 1: Decoupling the original system into generic structural members such as beams, rods, etc. and presenting the system as a set of
member elements connected at the nodes (MSA idealization).

Step 2: Creating “free-free” master stiffness models for each element using 12x12 stiffness matrices and presenting them in the
global coordinate system (MSA members modeling).

Step 3: Creating the node-element connectivity matrix that defines links between model members via rigid, elastic or passive
connections (MSA members connecting).

Step 4: Merging the individual stiffness matrices to the global stiffness matrix for the entire structure using the node-element
connectivity matrix and overlapping technique (MSA assembling).

Step 5: Defining nodal loads and system supports, incorporating them in the global stiffness model, application of the boundary
conditions/constraints and reducing the global stiffness matrix dimension (MSA constraints).

Step 6: Solving the resulting set of the reduced equations for unknown nodal displacements corresponding to given external loads
(MSA solving).

Step 7: Computing reaction forces at the supports, the nodal internal forces and stresses for all system members (MSA
post-processing).

It should be noted that practical computer implementation of the MSA method significantly differs from the manual technique
presented in the previous Section. There are two main differences: (i) at the assembling stage the individual stiffness matrices are not
expanded but are directly merged through the use of special “freedom pointer array”; (ii) both the individual and global stiffness
matrices are stored using a special format that takes advantage of symmetry and sparseness. There are also some differences in the
application of boundary conditions and the global stiffness matrix reduction. Nevertheless, relevant computer-oriented routines
ensure satisfaction of two basic rules of structural mechanics: compatibility of displacement and force equilibrium, which are
equivalent to the simple merging of 6-dimensional rows and columns in the global stiffness matrix. Hence, some modifications of
these routines are required to apply MSA in robotics where the size of the global stiffness matrix is not very high but the connections
between the structural members (passive and actuated joints) should be treated in a different manner.
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3 MSA enhancement for robotic manipulators

In contrast to structural mechanics where the main interest is in the area of the nodal displacements, reaction/internal forces and
stresses, the stiffness analysis in robotics concentrates on computing of the Cartesian stiffness matrix defining the force-deflection
relation for the manipulator end-effector. Let us present the MSA based technique adapted for robotic applications, which is issues
from previous works [18, 38] and also contains some new contributions and generalizations.

3.1 MSA models of manipulator links and platforms

3.1.1 Modeling of a flexible link

If the link flexibility is non-negligible, the 2-node “free-free” stiffness model should be used, which can be obtained either from the
approximation of the link by a beam or using the CAD-based technique [9] allowing to evaluate the stiffness parameters taking into
account the link real shape and geometry. In both cases the link is described by the linear matrix equation, containing 12x12
“free-free” stiffness matrix

W} {Kﬁ) Kg)} [At}
t|=| P 2 2 (54)
|:WJ K(ijl) K(Zé) 12x12 AtJ

where At;, At; are the deflections at the link ends, W,, W, are the link end wrenches, i and j are the node indices corresponding to
the link ends, and K&, KO KW KY are 6x6 stiffness matrices. It should be noted that the system(54) ensures both the
displacement and force equilibriums for the flexible link, it includes 12 scalar equations and 24 scalar variables contained in

six-dimensional vectors At;, At; and W,, W, . Besides, it can be proved the rank deficiency of this model is equal to 12.

It is clear that in general case when the link is arbitrary oriented with respect to the global coordinate system, the above equations
should be slightly modified by simply rotating the local stiffness matrices

{"Ki? gKi?’} _ {Q(T’:) Ky QU QUK "f‘i”} (55)
] K(zli) ] K(zg) Q('J) 'K(zli) .Q('l)T Q(IJ) .K(zg) .Q(IJ)T
where QW = diag(R™,R™) is composed of two similar orthogonal matrices R defining the orientation of the local coordinate

system of the link (ij) relative to the global one and left superscript “g” indicates that matrix is presented in the global coordinate
system.

3.1.2 Modeling of a rigid link

If the link flexibility is negligible, the above stiffness model should be replaced by two types of equations describing the
displacement and force equilibriums. The first of them can be treated as a simple “rigidity constraint” that keeps constant the distance
between the nodes i and j. Applying to this link the rigid body kinematic equations, one can get the following relations between the
nodal displacements At, =[Ap;; Ag;], At; =[Ap;; A@,] expressed via the linear and angular components

Ag; = Ao,

N 56
Ap; = Ap, +Ag; xd® (56)

where the vector d” =[d®,d",d™]" describes the link geometry and is directed from the i" to j" node. This constraint can be
also rewritten in the matrix form

lsa [d(ij)X]T 1y 0, 3:| |:Ati }
§ * ks =0, (57)
|:O3><3 |3><3 O3><3 _|3><3 AtJ' o
where [d™x] denotes the 3x3 skew-symmetric matrix derived from the vector d . Further, after definition 6x6 block matrix
Do [ Lo [d““xr} (58)
03><3 |3><3 6x6

the displacement constraint for the rigid-link can be presented in the following form

i At
|:D(J) _|6><6:| ’|:At_:|206x1 (59)
j

that is convenient for further aggregation of the stiffness model components.

The second group of equations describing the force equilibrium can be derived using the rigid body static equations, which yields the
following relations
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M, + M, +d? xF, =0

60
F,+F =0 (60)

where F, F; and M;, M, denote the forces and torques applied at the nodes i and j respectively. In a matrix form, they can be
presented as follows

| 0
W, J{[d(ij) XJ ij =0 (61)
Similarly, using the above-introduced definition for D™, this equation can be rewritten in a more compact form
W, + DT W, =0, (62)

Hence, the rigid link produces 12 scalar equations describing the displacement and force equilibriums

o 2]

|:|6X6 D(ij)T] . |:VV\\//IJ :| =0,,

which are written with respect to 24 scalar variables contained in six-dimensional vectors At;, At; and W, W, , similar to the
flexible link case (the rank deficiency of the matrix is also equal to 12 here).

(63)

3.1.3 Modeling of a rigid mobile platform

If the platform can be treated as a rigid body, it can be included in the global stiffness model by means of several virtual rigid links
connecting the nodes i, j,k,... of the manipulator leg clamping points and the virtual rigid node e corresponding to the manipulator
end-effector reference point (see Figure 7a). From the displacement equilibrium, one can derive several equations similar to (59) that
may be aggregated in a common matrix equation

-1 6x6 06><6 06><6 D(Ei) 2:'
06><6 Lo 06><6 D A'[J = 018><l (64)
06><6 06><6 -1 6x6 D(Ek) Atk

e

where D D@ D®) describe the virtual links geometry in the same way as in (58). However, the force equilibrium produces here
a single equation only

DT W, + D@ W, + DT W, + W, =0, (65)

which is an extended form of (62). In a matrix form, it can be presented as

[D(ei)T DET  peT |6Xe], il=0

Wk 6x1 (66)

Hence, for this example where the number of the leg clamping points is assumed to be equal to three, the model includes 24 scalar
equations and 48 scalar variables. The rank deficiency of the model matrix is equal to 24, which agrees with the rigid body
mechanics. It is clear that this model can be easily generalized to the case of 4, 5, ... of attached legs by straightforward expanding the
matrix sizes.

(a) rigid platform (b) non-rigid platform

Figure 7  Presentation of rigid (a) and non-rigid (b) platforms for the stiffness model of the parallel manipulator
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3.14 Modeling of a non-rigid mobile platform

If the platform cannot be treated as a rigid body, it should be approximated by means of an equivalent structure consisting of several
virtual flexible links connecting the nodes i, j,k,... of the manipulator leg clamping and the virtual rigid node e corresponding to the
manipulator end-effector reference point (see Figure 7b). These links are described by 12x12 stiffness matrix of the type (54) that
should be aggregated in a common matrix equation

W [°KE O Og Ky A,
Wj _ 0.6 ’ Kﬂe) O ’ ng) . Atj (67)
Wl | Ose  Ose Ky Ky At,
We g K(zif) ] K(Zjle) g K(Zkle) g K(zize) + 9 K(zie) +9 K(Zl;e) i Ate

where At;, At;, At, are the deflections at the leg clamping points, At, is the deflection at the end-effector reference point,
W, W, W, are the wrenches at the leg clamping points, W, is the total wrench applied to the end-effector from the virtual links
side. It'is assumed here that all 6x6 stiffness matrices are presented in the global coordinate system. For this case of three attached
legs, the model includes 24 scalar equations and 48 scalar variables, the rank deficiency of the model matrix is equal to 24, which is
in a good agreement with four free-points of the considered elastic mechanical system.

3.2 MSA models of a manipulator’s joints

In robotic manipulators, the robot base, legs/links and mobile platform are connected using either passive, actuated, elastic or rigid
joints (Figure 8). Let us consider in detail their contributions to the global stiffness model of the manipulator.

(a) rigid joint (b) passive joint (c) elastic joint (d) actuated joint

Figure 8 Connections between elements of a robotic manipulator

3.2.1 Modeling of a rigid joint

If adjacent links are connected by means of a rigid joint, the stiffness model must include relations describing two principal rules of
structural mechanics: (a) displacement compatibility, (b) force equilibrium. Assuming that the nodes corresponding to the adjacent
link denoted as i, j,k,..., the first of these rules can be expressed as

At = At; = AL, = .. (68)

that allows the user to merge corresponding columns in the global stiffness matrix at the assembling stage. It is clear that the above
equations can be also included in the stiffness model as an additional constraint without elimination redundant variables. In a matrix
form, this constraint can be expressed as

At,
[|6><6 _I 6x6 ]6><12 ' |:At] :| = Osxl (69)

in the case of two adjacent links with the rigid connection of the nodes i, j, and as

I, 0., I At
|:6><6 6x6 6x6:| . Atj :()12X1 (70)
Oexe sts _|6x6 1248 | At
k

in the case of three adjacent links with the rigid connection of the nodes i, j,k . In the case of more adjacent links, the constraint is
modified by a simple extension of the relevant matrix.

The second rule (the force equilibrium) produce the following relation
W +W,+W, +..=0 (71)

that directly follows from Newton's third law and allows the user to merge corresponding rows in the global stiffness matrix at the
assembling stage. This relation can be also included in the stiffness model as an additional constraint without elimination redundant
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variables. In the case of two adjacent links with the rigid connection of the nodes i, j, the force equilibrium for the rigid connection
of two links can be expressed as follows

W,
[|6><6 |6><6 ]Bxlg ’ |:W :| = 06><l (72)
j

Similarly, the equation can be written for the case of three and more adjacent links with a rigid connection. For example, for three
adjacent links, it will have the form

W,

[ I 6x6 I 6x6 I 6x6 ]12><18 ! Wj = 06><1 (73)
Wk

Hence, the rigid joint imposes some additional constraints on the model variables At; and W,. A number of these constraints is
equal to 12 for the case of two links, 18 for three links, etc.

m

(a) 2-node connection (b) 3-node connection (c) 4-node connection

Figure 9 Rigid linking of several joints

3.2.2 Modeling of a passive joint

If adjacent links are connected by means of a passive joint, weaker constraints should be applied compared to the rigid joint case. In
particular, for two adjacent links (ai), (jb) with common nodes i, j, the displacement compatibility condition of At;, At; must be
replaced by the matrix equation

A (At —At))=0 (74)

where Aj is a rank-deficient matrix that defines directions for the passive joint that do not admit free relative motions. For instance,
for the revolute passive joint directed along the global y-axis, the matrix A" is expressed as

Ag, =diag(1111,0,1) (75)
For the spherical joint, it is presented in the form

AL, =diag(LL11,0,0,0) (76)

In general case, to derive the matrix A", let us define the orthonormal basis u,,u,,...,u, associated with the passive joint in such
way that the unit vectors u,,...,u, describe the directions of the rigid connection and the unit vector corresponding to the passive
connection allowing free relative motions of the links. This definition allows us to present the matrix A" as

T

A =[ug, o, 06,00, ] (77)
that corresponds to the set of linear equations
uj (At —At,) =0, Vk=1r (78)

r
ij

r r Atl _
|:Aij _Aij Jem ’ {Atj } =054 (79)

which may be further reduced to a full-rank matrix equation

r r Atl
|:A*ij _A*ii ]rle ’ |:Atj :| = Orxl (80)

Using the matrix A, the deflection compatibility constraint may be directly written in the form
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that contains a rectangular matrix A.; of the rank r. In the simple cases, the matrix A.; can be easily derived from A} by simple
elimination of zero rows (see expressmn (30)). In the general case, the reduced matrix Ar is formed as follows

Al :[“1'---’“r]:xs (81)
The force equilibrium condition for the passive joint should be also presented in the weaker form as
Aj (W +W,)=0 (82)

that after elimination zero lines gives the second constraint

|:A*|J A‘EIJ :' ) |:w :| = Or><1 (83)

In addition, it is necessary to take into account that passive joints do not transmit the force/torque in the direction corresponding to
zero columns in the matrix Aj, which yields the following equations

APW,=0;  APW, =0 (84)

Here, the matrix Ap defines the passive joint axes and contains the remaining unit vectors of the basis u,,u,,...,u, that are not
included in the Aj:

.
AP =[05,,0 00, | g ] (85)

Similar to the above, the latter equation can be easily reduced by simple replacing of the singular 6x6 matrix A{ by the full-rank
matrix AJ; ofsize px6, p=6-r that contains non-zero column only, i.e.
AP =[u, . u ]

T
px6

(86)

Hence, for the passive joints, the force equilibrium produces two types of constraints (83), (84) that may be aggregated in the
following matrix equation

ALy A W
AL 0 : {w'. } =046, pya (87)
0 A Bij 1 d12xa
(6+p)x12

It should be noted that the above equations deal with the case when the passive joint connects two links only. In the case when more
than two links are connected by a single passive joint, similar equations should be derived for each pair of the links, i.e. all passive
connections should be treated separately (in contrast to the multiple rigid connections presented in the previous Section). It is also
worth mentioning that the passive joint imposes the same number of constraints on the model variables At, and W. as in the case of
the rigid joint, but their physical nature is different. In particular, the trivial (one dof) passive connection of two links produces 12
constraints, where 5 ones are imposed on At; and 7 others are imposed on W, (in contrast to the rigid joint case, where there are 6
constraints on At; and 6 constraints on W, ).

3.2.3 Modeling of an elastic joint

In some manipulators, the adjacent links are connected by means of an elastic joint that can be also treated as passive compliant joint
with springs. In this case, the deflection compatibility condition (80) remains the same as above, it ensures equality for T
components of deflection vectors At;, At; . However, the force equilibrium condition must be slightly revised to take into account
that some wrench components may be expressed via the Hooke’s law:

W, + W, =0;
AS W, = K- AS -

*ij *ij

88
-(At, - At)) (88)
where the matrix AZ; of size ex6, e=6—r corresponds to the non-rigid directions of the joint (similar to Af; in the passive joint

i
case)

T

Al =[u g |, (89)

and °K7 is exe stiffness matrix describing elastic properties of the joint. So, the force equilibrium condition can be presented as
the following matrix constraint
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06><6 06><6 |6><6 |6><6 At
{KW SKEAS, AL O T | = Qe (90)
" I : (6+e)x24

*ij *ij i Yexb i
i laax

It should be stressed that the above expressions are valid for the so-called “non-preloaded case”, when equal deflections do not
generate the elastic forces, i.e. AZ;-W, = AZ; -W, =0 . Inthe case when the springs are initially preloaded by the wrench V\/ij’ , the
force equilibrium equation must be presented in the form

W, +W,; =0;

As (W —W) =K AL (At —A (1)
*jj '( i ij) = i T ) '( ti" tj)
that leads to the following linear matrix constraint
At
06><6 06><6 |6><6 |6><6 . Atj _ 06x1 0 (92)
K?}Ai»j —K.ein-j §Aij 0. W AS W
i i i ij i &6 J(gre)x24 i U Jere)a

i s

Hence, the elastic joint may be included in the global stiffness model similarly to the passive one by minor modifications of the
corresponding matrix constraints.

3.24 Modeling of an actuated joint

The actuated joint ensures transmission of the force/torque between the manipulator links. In the frame of MSA technique, it can be
presented either as a rigid, passive or elastic connection. In the first case, the actuating effort is transmitted in all direction u,,...,u; .
In the second case, it is transmitted in the direction corresponding to the vectors u,,...,u, while in the last case transmission is
performed in the direction defined by the vectors u,,,,...,Us (See previous sections for details). Hence, the actuated joint may be
included in the global stiffness model as a set of two linear matrix constraints describing the deflection compatibility and force
equilibrium, which slightly differ depending on the accepted joint idealization.

It is also worth mentioning that in the frame of the global stiffness model the actuated joint influences on the manipulator
configuration, i.e. on the relative position and orientation of the links, which is obtained from the static equilibrium condition.
Depending on the joint control type (position or torque based control), the actuator influence in the above-presented constraints is
included either via the relation between At;, At; or via the preloading V\/i? .

3.3 Including of boundary conditions and external forces

To complete the global stiffness model, it is necessary to take into account specificity of the manipulator links connections to the
robot base as well as the influence of the external forces (including reactions at the supports). Let us consider in detail contributions
to the global stiffness model different types of the supports that may be implemented using either fixed, passive or elastic connections
(Figure 10). In the frame of the MSA method, the equations produced by the supports are treated as the boundary conditions.

(a) viarigid joint (b) via passive joint (c) via elastic joint

Figure 10 Connections between the manipulator links and base.

3.3.1 Modeling of a rigid support

The rigid connection of the link (jb) to the robot base can be presented as a special case of the rigid joint with an eliminated link (ai)
and zero deflection At; =0. This simplifies the deflection compatibility constraint (69) down to

[|6><6] : [Atj ] = 06><1 (93)

that contains 6 linear equations to be included in the global stiffness model. Corresponding reaction wrench at the rigid support may
be computed as
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W, = K at, &0
where the deflection At, is obtained from the solution of the global stiffness equations.

3.3.2 Modeling of a passive support

The passive connection of the link (jb) to the robot base can be presented as a special case of the passive joint with an eliminated link
(ai) and zero deflection in the non-passive directions A.; -At; = 0. This simplifies the deflection compatibility constraint (80) down
to

(A% ], [At]=0. (95)

that contributes r linear equations to the global stiffness model. In addition, it is necessary to take into account that the wrench
components for the passive direction are equal to zero, which leads to the simplified form of (84)

AW, =0, (96)

*ij

that contributes another p equations to the global stiffness model. Totally, this gives r+ p =6 independent linear constraints.
Corresponding reaction wrench at the passive support may be computed as

W, ="K AL + KW AL, ©o7)
where the deflections At;, At, are obtained from the solution of the global stiffness equations.

3.3.3 Modeling of an elastic support

Similarly, the elastic connection of the link (jb) to the robot base can be presented as a special case of the elastic joint with an
eliminated link (ai) and zero deflection in the non-elastic directions AZ; -At; =0 . This allows us to use the same deflection
compatibility constraint (95) as above, which contributes r linear equations to the global stiffness model. In addition, it is necessary
to take into account that the wrench components corresponding to the non-rigid directions are produced by the elastic forces
satisfying the Hooke’s law, i.e.

A% W, = 9K AS AL (98)

«ij * VY ij

The latter leads to the linear equation

: At
|:_ ? Kiej 'Af”— AEii :|e><12 ' |:WJJ} - |:Afii VV'? :Iexl (gg)

that contributes another e equations to the global stiffness model. Totally, this gives r+e =6 independent linear constraints. To
compute the reaction wrench at the elastic support the same expression (97) can be used.

3.34 Including an external loading

In robotic manipulators, both serial and parallel, there is at least one node that is not connected directly to the robot base. It
corresponds to the end-effector that interacts with robot environment by applying the force/torque to the external objects. For the
global stiffness model, the end-effector produces the boundary conditions that should include the vector of the external wrench W,
which is also necessary for computation of the Cartesian stiffness matrix.

To take into account the external loading W.,,, , the global stiffness model must be completed by the linear constraint derived from the

force equilibrium at the node e, i.e. W, +W, =W, , which can be rewritten in the form

W.
[Iexe oo ]6><12 '[WI } = [Wext ]6><1 (100)
12x1

i

Similarly, it is possible to derive the constraints for the case of three and more adjacent links, for instance

W,
[|6><5 (P |6x6]6><18. Wj :[Wext]exl (101)
Wk 18x1

It is clear that this technique should be applied to all nodes with applied external wrenches.
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34 Aggregation of MSA model components

In contrast to large mechanical structures consisting of a huge number of flexible components, a robotic manipulator is rather simple
for the MSA analysis. Since the number of flexible links in manipulator is relatively small, the assembling stage can be simplified and
the columns/rows merging operations can be avoided and replaced by adding relevant constraints [18]. Let us present this technique
in detail.

As it was shown above, the MSA equations for robotic manipulator are derived from three main sources: (i) link models, (ii) joint
models and (iii) boundary conditions. The first of them describes the force-displacement relations for all links (both flexible and
rigid) yielding 12 scalar equations per link relating 24 variables {At;, At;,W,, W,}. The second group of equations ensures the
displacement compatibility and force/torque equilibrium for each internal connection (both rigid, passive and elastic), it includes two
types of relations written for {At;,At;,...} and {W,,W,,...} separately. Independent of the connection type, each joint provides 12
scalar equations if it connects two Iinks, 18 scalar equations for the connection of three links, etc. The third group of equations is
issued from the manipulator connections to the environment, they are presented as the force/displacement constraints for certain
nodes that give up to 6 scalar equations for {At;,At;,...} or at least 6 scalar equations for {W,,W,,...} depending on the connection
type (rigid, elastic or passive).

In the general form, the aggregated stiffness model can be presented as follows

AL AY by
Wk k
AD Al || (102)

where each line is issued from the equations/constraints presented in Sections 3.1-3.3, the matrices A} and A{) correspond to the
terms with W, and At, respectively, the vectors b’ represent the right-hand side of the correspondlng equatlon/constramt In this
model, the contrlbutlon of the links can be expressed in the following way

V flexible links: [{ Lo} {KL.0 ]E\AAt/:ﬂ:O (103)

0 {Dllge}] [AWY H
V rigid links: ; 6x67 o6 d | = 104
ol {1,003 o } o/ lo 4oy

which gives 12 scalar equations per link (both flexible and rigid). The platform is described by one of the equations
: . o} KL {{W}} [ 0 }
for flexible platform: * 0 = 105
p L O {KGXG {Atl} WEXI ( )
- _ 0 {1 DY (W3] _[ 0
for rigid platform: {D(si'éT} 0 {Ati} = l:Wex[:l (106)
whose dimension depends on the number of the legs. The joints contribute to the aggregated model the following constraints

L [0 {lge! }H{W}} 0
Vv rigid joints: 667 T6x6 = 107
o) oolod 0 {863~ owey (o7

0 {AL,—AL} 0
¥ passive foints: [ | e we
passive joints: {A5 A5} 0 Aty = {A5W;} (108)
{A*IJ} O 0
0 {A5 ALY 0
Vv elastic joints: {lss6: l6ist 0 EXV,['ﬂ = W} (109)
AL {KGAL -KGALY ' {ASW}

giving 12 scalar equations per internal joint (both rigid, passive and elastic). It should be noted that the external “joints” (connected to
the base or end-effector) produce 6 scalar equations per connection only. So, their contribution to the aggregated model can be
presented as

V rigid supports: [0 {Io6}] [{At }} 0 (110)
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. 0 {AL}[{W}] [o
V' passive supports: [ ! }[ ' :[ } (111)

Ay o |ty |o

: 0 {A;} ‘{vv.}} 0
V elastic supports: TRV 112
PP {{Ai”} KA, }} (At} | T W} (112)
And finally, the external loadings applied to some manipulator nodes are included in the model by means of the equations

Vv external loadings: [{1o.} O][?A/\t/'i ={W>} (113)

It is worth mentioning that in practice the external loading applied to the manipulator end-effector is in the focus of stiffness analysis
only.

For computational convenience, the equations (103)-(113) can be arranged in the aggregated linear matrix equation of the following
structure

{Sagr Kagr:|.|:Wagrj| _ [ Doy } (114)
Eagr Fagr Atagr Wext

where the matrices S, , K., E,,, Fy s by s W, are generated using relevant link/joint models or boundary conditions, while
the vectors W, and At,contain all variables describing the wrenches and displacements, respectively. It can be proved that
usually the system (114) cannot be solved straightforwardly because of the rank-deficiency of the matrix to be inverted. Nevertheless,
this system allows us to obtain the Cartesian stiffness matrix defining the relation between the end-effector deflection and applied
force/torque (which obviously always exists but can be singular). To find the desired Cartesian stiffness matrix, let us divide the node
displacement variables At,, into two groups At and At, corresponding to the manipulator internal nodes and the end-effector
node, where the external wrench W, is applied. The latter allows us to rewrite the system (114) in the form

'S K, K, |[|W b

agr m i Ne agr agr

E, F. C.||At, |=|W (115)

m e || ..mo | .M

E.RD || AL | | W

e

3

@
@

and further, present it as

[A Bl n| | D
c D} [At} - {w} (116)
where all internal variables are included in the vector p = col(W,,,,At, ) and
S K K b
_ agr m |. _ e |- _ . _ agr
A_[Em Fm}, B_[CJ, C=[E. k] b_[WJ (117)

Using the obtained system, the relation between the displacement At, and applied external wrench W, can be written as

W, =K, -At, + W, (118)
that includes the desired Cartesian stiffness matrix

K.=D-C-A*.B (119)
and the constant component

W’ =C-A.b (120)

depending on the manipulator loadings and preloading included in the vector b.

It is worth mentioning that the matrix inversion in A usually exists (if the manipulator does not include redundant passive joints),
otherwise the matrix inversion should be replaced by pseudo-inverse that distribute deflections between the redundant joints.
Besides, the Cartesian stiffness matrix K. may be rank-deficient even for the non-singular matrix A , if the examined manipulator
is under-constrained. Another important comment is related to the manipulator equilibrium configuration corresponding to given
loadings and preloadings, which is implicitly assumed to be known here (i.e. computed before applying the MSA). However, for
robotic manipulators, it is often not a trivial task [6]. It should be also mentioned that the final expression (119) presents the
manipulator stiffness model in the form of the classical Cartesian stiffness matrix K. of asize 6x6 corresponding to the fixed base
and free end-effector. However, it can be easily transformed into the ‘free-free’ form that operates with 12x12 matrices using
expressions similar to (9) and (13) taking into account that K. corresponds to K., .
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4 lllustrative examples: MSA-based analysis of NAVARO manipulator

To demonstrate the utility of the MSA-based technique for robotics, let us apply it to the stiffness analysis of the NaVaRo robot
(Figure 11a), a three-degree-of-freedom planar parallel manipulator with variable actuation schemes. It is composed of three identical
legs and a moving platform formed of three segments rigidly linked at the central point. Each leg consists of four non-rigid links
connected by five revolute joints to create a parallelogram linkage. Among them, there are four passive joints and one actuated joint
connected to the motor via a double-clutching mechanism allowing to actuate one of two links adjacent to the motor axis (Figure
11b). The latter determines the main particularity of the NaVARo robot that has eight actuation modes that are switched from one to
another in order to avoid kinematic singularities.

-2001

-4001

-6001

-80?800 -(ISOO -4I100 -éOO I0 2IOO 4IOO GIOO 800
(a) robot NaVaRo (b) geometry of NaVaRo robot

Figure 11 Parallel robot NaVaRo and its geometry + axes et couleurs des jambs significations

To show the application of the MSA technique step-by-step, let us split the manipulator mechanism into four parts: three
kinematically identical legs and a mobile platform. For convenience, let us divide the longest link of the leg into two rigidly
connected parts. This allows us to present each leg (Figure 12) as a set of five flexible links (1,2), (3,4), (5,6), (7,8), (9,e) with passive
connections of the nodes <2,3>, <4,5>, <6,7> and rigid connection of the nodes <6,9>. Besides, depending on the actuation mode, the
boundary conditions induced by the motor/clutch mechanics can be specified as the passive connection of the nodes <0,8> and elastic
connection of the nodes <0,1>, or vice versa.

Figure 12 MSA-based representation of the NaVaRo leg (actuation of the link (1,2))

Using the notation adopted in this paper, the “free-free” stiffness models of the links (54) can be presented in the form

W_[KE kO] [a
Wil K(Zii) K(Zg) 12><12. At (121)
(i, )) €{(,2),(3,4).(5.,6),(7.8),(9,e)}

where all matrices are assumed to be already presented in the global coordinate system (here and below, the left superscript ‘g’
denoting the global system is omitted to improve readability). After assembling (121) into a single matrix one can get the following
aggregated stiffness matrix
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(K@ K%z)
1 1
(12) (12)
Ky K

(34) (34)
Kll K12

(34) (34)
K 21 K 22

(56) (56)
K11 K12

Kine = (122)
links K;Sf) K(2526)
KO K
KE K
K@ K
L K(ZiE) K(Z%E)_et)xeo
allowing to present the first component of the manipulator leg stiffness model in the following form
W r
[_|60><60 Klinks]egxlzo '|:Atag :| =0g0.0 (123)
agr _120x1
where At and W, are the aggregated displacement and wrenches defined as
At =col(At,,..., Ay, At,); W, =col(W,, ..., W,, W,) (124)

Further, the stiffness model of the leg should be complemented by the second component that includes equation issued from the
inter-link connections. For the considered manipulator, the links are connected by means of the rigid joint <6,9>, passive joints
<2,3>, <4,5>, <6,7>, and elastic revolute joint <0,1>. The passive and elastic joints provide rotation around z-axis, which
corresponds to the constraint matrices of the following form

1000 00O0
010000
A:=/0 01 00 O0f; AP=AI=[0 0 0 0 O 1] (125)
000100
000010

Using this notation, the constraints imposed by the passive joints <2,3>, <4,5> can be presented as

r r At| . r r VV| . Ap 01><6 VV| _
|:A* _A*:| ' |:Atj :| = 05,45 |:A* A*:| ’ |:Wj :| =054 |:le6 AP :| ) |:WJ:| =0,, (126)
(i, 1) €{(2,3),(4,5)}

The rigid joint constraint <6,9>, which ensures stiff connection of the links (5,6) and (9,¢), should be combined with the passive joint
constraint <6,7> that yields the following equations

' r At i At
[A* _A*]'[Atj:‘zosw [Iexs _|6xe][AtZ:|=Oex1

W, W (127)
[AL AL AL w; =0, [A? Af].[wz}om; AP-W,=0,,

The third model component includes the boundary conditions. For the adopted actuation mode when the motor is connected to the
link (1,2) via an elastic transmission and the link (7,8) is passively connected to the base, the boundary condition at the node <0,1,8>
is presented in the form

AAt, =0,,; AlAt =0,

(128)
AP W,=0.,; K -AS-At,—AZ-W, =0
where At is assumed to be equal to zero.
The external loading can be introduced into the system using the following equation
W, =W, (129)

After assembling all equations describing the constraints and boundary conditions the aggregated stiffness model of a single
manipulator leg is presented as follows
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24

oo Kiinks

OSleO A

By 02:60 _|:Wagr } _ [oum}

Cage Dagr Aoy 120x1 We Jioa

Eagr Oso 120x120

where

[0 AL/-AZ 0.0 0.0 0 .00
0 0 0 Al i —=Al O 0 0 0 0

A [0 0 0 0 0 Al -Al 0 0 0

agr O 0 O 0 O | o 0 _I O
0 0 0 0 0O 0 0 Al 0O
AL 0 0 0 0 0 0 0 00
0OA> 0 0 0 0O 0 0 0 0
0 0 0 Al AL 0 0 0 0 0

5 |00 0 A" 0 0 0 0 00

ar g 0 0 0 i AP 0 0 0 0 0
00 0 0 0 A Al 0 Al O
00 0 0 0 A O 0 AP O
00 0 0 0 0 A" 0 0 0
00 0 0 0 0 0 A’ 0 0

Cy=[~AZ 000 00 00 0 0 O]

1x60

D, =[K.A: 000000 00 0]

En=[0 000 0.0 00 0.0 1]

6x60

Fagr:[o 0i0 00 00 0:0 O]

6x60

For computational convenience, this system can be also presented in the form (114), where

Klinks _Iemeo
K _ Aagr . S _ 031><60
agr 0 ’ agr B
22x60 agr
C
a0 _l114x60 aor - _J114x60

1x60

131x60

22x60

(130)

(131)

(132)

(133)
(134)

(135)

(136)

(137)

Further, after separating the node variables {At;} in two groups corresponding to the internal nodes At,, and to the end effector node
At, one can get the linear systems (115) and (116) with b=0,,,,, which allow us to compute the desired stiffness matrices for all
manipulator legs that will be further denoted as K&, K&, K& . It should be also noted that here the Cartesian stiffness matrices of
the legs are rank-deficient (their ranks are equal to 5), i.e. the presented enhanced MSA technique is able to deal with
under-constrained structures. Nevertheless, assembling of three legs and the mobile platform in the NaVaRo robot provides the
full-rank stiffness matrix (for non-singular configurations).

To find the Cartesian stiffness matrix of the entire manipulator, let us consider the moving platform as a mechanical structure
composed of three flexible links, which are rigidly connected to the end-effector on the right-hand side and to the manipulator's legs
via a passive joint on the left-hand side. The stiffness model of this platform is described by the equation (67), that should be

presented as
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-1 18x18

K
0
0

0
K
0

0
0
N

(le)
KlZ

(2e)
K12

(3e)
K].Z

06><18

W,

agr

= col (W, W,, W,) ,

(le) (2e) (3e)
K 21 K 21 K 21

adopted notation, they are written as

. At =col(At,,At,, At
flexible legs described by the stiffness matrices K¢

S

i=1

16

. Wagr _ 0
At | | W,
42x1

where the nodes connected to the legs are denoted as <1>, <2>, <3>, the end-effector node is denoted as <e>, and
At,) . Relevant boundary conditions take into account connections to the
,K? K via the passive joints with the matrices specified in (125). Using

24x42

:|24><1

AW, = AKPAt;  AP-W, =0
ie {1, 2,3}
that can be presented in the extended matrix form as
[A? 0 0 ]
0 AP 0 0,.,,
0 0 Al {Wﬂ o
3 1 (1) : = Vigx1
-A. O 0 | AKE 0 0 0 Aty ol
0 -Al 0 0 AK® 0 0
0 0 -Al 0 0  AKY o}, .,

(138)

(139)

(140)

After assembling equations (138) and (140), the aggregated stiffness model of the entire manipulator is presented as follows

__|18><18 Kplatf

Eagr 0[;3><24 . |:Xvagr :| — I:(ij\elxli| (141)

agr agr tagr 4251 e _lazxa
06><18 Fagr 4242
where
K& 0 0 KY¥ AP 0 O
K pa 0 K® o K& By=| 0 A 0 (142)
(3e) (3e) p
0 0 Kt Kz 18x24 0 0 * l3as
AL 0 0 AKY 0 0 0
Cu=| 0 -AL O Dy=| O AK® 0 0 (143)
0 0 -Al 0 0 AKY
15x18 15x24
3 .
o= KE KD K SR (144
i=1 6x24
For computational convenience, this system can be also converted into the form (114), where
K platf -l 18x18
Kagr = 03><24 ; Sagr = Bagr (145)
agr _Izex24 agr - _|3gx18

Further, after separating the node variables {At;} in two groups corresponding internal nodes At,, and to the end effector At, one can
get the linear systems (115) and (116) with b=0,,,, which allow us to compute the desired stiffness matrix for the entire
manipulator.

Numerical results related to this example are presented in Tables 1-3, which contain the stiffness matrices of the manipulator and its
legs corresponding to 3 different locations of the moving platform. The stiffness parameters of the manipulator links were estimated
by means of FEA modeling in the CAD environment CATIA using the technique proposed in [9]. Corresponding matrices are
presented in Appendix. As follows from the obtained results, the proposed generalization of the MSA allows the user to obtain both
full-rank and rank-deficient Cartesian stiffness matrices for complex architectures containing numerous passive, rigid and elastic
joints. In particular, the stiffness matrices of the individual legs are rank-deficient for all considered manipulator configurations. In
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contrast, the stiffness matrices of the entire manipulator are non-singular in all examined cases. Moreover, these matrices are
diagonal for the configurations 1 and 2, which are in good agreement with the manipulator postures symmetry in these locations.
Hence, the presented example confirms the advantages of the developed techniques, which enlarges the MSA application area from
conventional truss structures to complex robotic mechanisms.

Table 1.  Stiffness matrices of NAVARO manipulator for platform location #1 (x =0, y=0, ¢ =0°) (unités)

Leg #1 Manipulator configuration
1.87-10° -1.12.10° 0 0 0 2.48-10* 500
-1.12-10° 6.70-10°* 0 0 0 -1.48-10*
KO _ 0 0 2.98-10° -4.32-10* 5.25-10° 0 600 |
¢ 0 0 -4.32-10* 857-10° -5.65-10° 0
0 0 5.25-10° -5.65-10° 8.64-10° 0 400 -
2.48.10" -1.48-10" 0 0 0 3.90-10°
200 -
rank(K®) =5
ol
Leg #2
200 |
1.94.10° 1.08-10° 0 0 0 -252-10°
1.08-10° 6.00-10° 0 0 0  -1.40-10° -400
KO _ 0 0 2.98-10° 2.61-10* 3.47-10* 0
c - 4 3 3 -600 [
0 0 2.61-10* 3.28-10° 3.62-10 0
0 0 3.47-10* 3.62-10° 6.16-10° 0 800 | , | ‘ . | ‘ |
-2.52.10* -1.40-10* 0 0 0 3.90-10° 800 -600 -400 -200 O 200 400 600 800
@y _ g
rank(K¢') =5 Il manqué la direction des axes x ety
Couleur des jambes 1, 2, 3
Leg #3 Entire manipulator
6.51-10" 4.06-10° 0 0 0 4.62-10° 3.75-10° ~0 0 0 0 ~0
4.06-10° 2.54.10° 0 0 0 2.89-10° -0 375.10° 0 0 0 -0
ko _| 0 0 2.98.10° 1.70-10° -4.00-10° 0O K -| 0 0 292.10° -0 ~0 0
¢ 0 0 1.70-10* 2.30-10° -3.06-10° 0 ¢ 0 0 ~0 446-10° -~0 0
0 0  -4.00-10* -3.06-10° 7.13-10° 0 0 0 ~0 ~0 446:10° 0
4.62-10* 2.89-10°* 0 0 0 3.89-10° ~0 ~0 0 0 0  8.00-10°
rank(K&) =5 (le dernier terme de la diagonal doit étre identique rank(K.) =6
pour toutes les matrices)
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Table 2.  Stiffness matrices of NAVARO manipulator for platform location #2 (x=0, y=0, ¢=60° )
Leg #1 Manipulator configuration
1.51-10° -9.90-10* 0 0 0 2.23-10*
-9.90-10* 6.48-10* 0 0 0 -1.46-10" 800 [
KO _ 0 0 2.22.10° -1.88-10* 3.35-10* 0
¢ 0 0 -1.88-10 2.64-10° -3.34-10° 0 600 T/?
0 0 3.35.10° -3.34-10° 6.79-10° 0 |
223.10° -146.10° 0 0 0 390.10° 4007 ﬁf/@
L |
rank(K®) =5 200 ‘
Leg #2 °
1.72-10° 8.69-10* 0 0 0 -2.38-10* -200
8.69-10" 4.39-10* 0 0 0 -1.20-10*
ko _| 0 0 22210° 384-10° —4.8010° 0 00
¢ 0 0 3.84-10 8.65-10° -1.26-10° 0 600 -
0 0 -4.80-10% -1.26-10* 7.77-10? 0
-2.38-10* -1.20-10* 0 0 0 3.90-10° -800 ‘ ‘ ‘ ‘ ‘ ‘ s |
-800 -600 -400 -200 0 200 400 600 800
rank(K®) =5
Leg #3 Entire manipulator
6.80-10% 1.21-10* 0 0 0 1.50-10° 3.25.10° ~0 0 0 0 ~0
1.21-10* 2.15-10° 0 0 0 2.66-10* ~0 3.25.10* 0 0 0 ~0
KO _ 0 0 2.22-10° -1.96-10° -3.30-10° 0 K - 0 0 20210° ~0 ~0 0
¢ 0 0 -1.96-10* 2.85-10° 3.47-10° 0 ¢ 0 0 ~0 4.02:10° ~0 0
0 0  -3.30-10* 3.47-10° 6.57-10° 0 0 0 ~0 ~0 4.0210° O
1.50-10° 2.66-10" 0 0 0 3.90-10° ~0 ~0 0 0 0 4.78-10°
rank(K®) =5 rank(K.) =6
Table 3. Stiffness matrices of NAVARO manipulator for platform location #3 ( x =150, y =150, ¢ =0°)
Leg #1 . . .
Manipulator configuration
1.06-10° 5.39-10° 0 0 0 5.81-10*
5.39.10° 2.74-10° 0 0 0 2.96-10* 800
KO _ 0 0 2.24-10° -2.92-10* 2.78-10* 0
c 0 0 —292.10° 543.10° -4.69-10° 0 600}
0 0 2.78.10* -4.69-10° 5.18-10° 0 200
5.81-10* 2.96-10* 0 0 0 3.80-10° I
o 200
rank(K¢g') =5
ol
Leg #2
-200
6.85-10> -1.59.10* 0 0 0 1.50-10°
-1.59-10* 3.69-10° 0 0 0 -3.48-10* 400
KO _ 0 0 3.58-10° -3.07-10* 3.73-10* 0
¢ 0 0 -3.07-10" 4.61-10° —-4.14-10° 0 -600
0 0 3.73-10* -4.14-10° 5.28-10° 0
150-10° -3.48-10° 0 0 0 3.89-10° -80?800 600 400 200 0 200 400 600 800
rank(K&) =5
Leg #3 Entire manipulator
1.05-10° 9.88-10* 0 0 0 1.86-10* 1.17-10° 6.25-10° 0 0 0 -3.99.-10*
9.88-10* 9.28-10* 0 0 0 1.75-10* 6.25-10° 7.33-10° 0 0 0 -3.53-10"
ko O 0 259.10° -2.50-10° -3.20-10* 0 K. < 0 0 2.95.10° -4.30-10° 2.47.10° 0
¢ 0 0 -250-10* 2.45.10° 3.60-10° 0 ¢ 0 0 -4.30-10° 3.53-10° —4.45.10? 0
0 0 -3.20.10* 3.60-10° 5.77-10° 0 0 0 2.47-10° —4.45.10* 3.53.10° 0
1.86-10* 1.75-10° 0 0 0 3.90-10° -3.99-10* -3.53-10* 0 0 0 2.13-10°
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rank(K®) =5 rank(K.) =6

5 Discussion

As follows from the above presented example, the proposed enhancement of the MSA method, which was originally designed for
analysis of truss structures, allows user effectively analysing stiffness properties of serial and parallel robotic manipulator (i.e. with
open and closed loop kinematics) that are composed of both flexible and rigid links connected by actuated, passive, elastic or rigid
joints. This approach can be applied to under-constrained, fully-constrained and over-constrained structures both in non-singular and
singular configurations, it is able to produce either full-rank or rank-deficient Cartesian stiffness matrices describing the manipulator
stiffness properties. It presents the manipulator stiffness model as a set of two groups of matrix equations describing elasticity of
separate links and connections between the links in the form of constraints. Its principal advantage is the simplicity of the model
generation that includes straightforward aggregation of link/joint equations without conventional merging of rows and columns in the
global stiffness matrix. Nevertheless, despite numerous advantages, the proposed technique has some limitations that should be
discussed in detail.

The most evident difficulty is related to the numerical precision of high-dimensional matrix inversion required for the computing of
the desired Cartesian stiffness matrix. In fact, the matrix to be inverted contains both small and large non-homogeneous elements
(with different dimensions [m], [rad],[N],[Nm], ...[N/m] ) whose magnitude essentially depends on the adopted units (m or mm, rad
or deg, etc.). For example, the stiffness parameters of the NaVaRo manipulator links differs more than six orders of magnitude. The
corresponding matrix of the aggregated stiffness model for a single leg (of size 114x114 ) has the condition number about 10",
which requires special efforts in the inversion procedure (such as normalization, scaling, etc.) to ensure required precision. It is clear
that for the entire manipulator, where the matrix size is 396x396, this ill-conditioning problem is more severe. Nevertheless,
modern linear algebra routines are able to handle even more difficult problems (arising in the FEA modeling, for instance). So, the
above-mentioned difficulty is not critical here and does not affect essentially the final results.

Another difficulty appears while preparing reliable input data for the model, which include the link geometric and stiffness
parameters. As follows from our experience, there are two possible ways to tackle this problem. The simplest one is based on the
approximation of the link by simple shapes (see Table 1) and using standard expressions for the stiffness matrix elements. Otherwise,
the CAD-based technique [9] is quite efficient provided that the link stiffness matrices are properly filtered from small elements that
theoretically should be equal to zeros. Besides, the output result containing the desired Cartesian stiffness matrix should be also
filtered by elimination non-significant elements.

It should be also mentioned that in this paper we have not addressed the problem of the static equilibrium computing, which is
implicitly assumed to be known while transforming the link stiffness matrices to the global coordinate system. To solve this problem,
either a nominal extended geometric model of the manipulator can be used (providing an analytical solution) or an iterative technique
proposed in our previous work [6] can be adapted. On the other hand, further development of the static equilibrium computing
methods and application of the proposed MSA-based technique allow the user to build a non-linear stiffness model, which will be
able to detect such important phenomena as buckling effects.

6 Conclusions

The paper presents fundamentals of the MSA-based manipulator stiffness modeling. It proposes a novel unified and systematic
approach that is suitable for serial, parallel and hybrid architectures containing closed-loops, flexible links, and rigid connections,
passive and elastic joints, flexible and rigid platforms. This approach can be applied to both under-constrained, fully-constrained and
over-constrained manipulators, which are subject to numerous external and internal loadings. It can produce either full-rank or
rank-deficient Cartesian stiffness matrices corresponding to both generic and singular manipulator configurations.

The developed approach is based on a unified mathematical formulation that presents the manipulator stiffness model as a set of two
groups of matrix equations describing elasticity of separate links and connections between the links (in the form of constraints). Its
principal advantage is the simplicity of the model generation that includes straightforward aggregation of link/joint equations without
conventional merging of rows and columns in the global stiffness matrix. Compared to the previous works, which concentrate either
on the classical MSA applied to truss systems or present some MSA extensions for the manipulator stiffness modelling via potential
energy minimization, this work proposes a systematic approach allowing to describe in the same way both flexible and rigid
mechanical elements and easily take into account passive connections, without using the Lagrange constraint optimisation technique.

The developed technique has been successfully applied to the stiffness modeling of the planar parallel manipulator NaVaRo with
three legs, which consists of 13 flexible links connected by 15 passive joints. The stiffness analysis was performed both for the
manipulator legs separately (under-actuated quasi-serial architecture with a kinematic parallelogram) and entire parallel manipulator
(parallel architecture with six closed-loops). The latter allowed to proof the method capability to produce both singular and full-rank
Cartesian stiffness matrices for the complex architecture with numerous closed loops and passive joints. In future, this technique will
be used for parametric optimization of the NaVVaRo manipulator and applied to more complex architectures.
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8 Appendix: Compliance matrices of the NAVARO manipulator links

The stiffness parameters of the NAVARO manipulator links were estimated using CAD-based technique proposed in our previous
work [9]. To find them, the virtual forces/torques were applied to all links separately and corresponding deflections were obtained via
the FEA modeling. These data were used for the identification of the link compliance coefficients describing the relation between the
external force/torque and the linear/angular deflections. The obtained values of the compliance matrices are given in Table 5, where
the C corresponds to the inverse of the stiffness matrix K in basic eq. (54). The stiffness coefficient of the actuator was

estimated as 1.00-10* Nm/rad .

Table 4. Compliance matrices of the NAVARO manipulator links

Link Compliance matrix C{)

Link (1,2) [1.16-10° 0 0 0 0 0 ]
0 921.10° 0 0 0  866-10°

0 0  23210° 0 -1.90-10° 0

0 0 0  867-10° 0 0

0 0 -19010° 0  200-10™ 0
| 0 866-10° 0 0 0  9.9010*]
Link (3.4) 11010° 0 0 0 0 0o ]
0 1.68-10° 0 0 0  130.10"

0 0 32010° 0 -240-10° 0

0 0 0  110.10° 0 0

0 0 —24010° 0  22810% 0
| 0 1.30.10° 0 0 0 1.2410°
Link (5,6) 1.00.10° 0 0 0 0 0o ]
0 178.10° 0 0 0  1.18.10*

0 0  285.10° 0 -22010° O

0 0 0 99310 0 0

0 0 -22010° 0 21010 0
. 0 118.10* 0 0 0 11310°
Link (7,8) 1.01-10° 0 0 0 0 0 ]
0 1.09.10° 0 0 0  961.10°

0 0  265.10° 0 -21210° 0

0 0 0  899-10° 0 0

0 0 -21210° 0  210-10¢ 0
| 0 961.10° 0 0 0  1.0110°
Link (9,e) [1.05-10° 0 0 0 0 0 ]
0 1.68-10° 0 0 0  1.29.10*

0 0  321.10° 0 -239.10° 0

0 0 0  1.05-10° 0 0

0 0 -239.10° 0  22010% 0
| 0 12910 0 0 0 118107
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Link (i.e) [766.10° 0 0 0 0 0o ]

0 13610° 0 0 0  842.10°
- 0 0 112105 0 -84810° 0
0 0 0 65810° O 0
0 0 -84810° 0  851.10° 0

0 84210° 0 0 0 7.0910°
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