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ERGODIC MEASURES WITH INFINITE ENTROPY
ELEONORA CATSIGERAS AND SERGE TROUBETZKOY

ABSTRACT. We construct ergodic probability measures with in-
finite metric entropy for typical continuous maps and homeomor-
phisms on compact manifolds. We also construct sequences of such
measures that converge to a zero-entropy measure.

1. INTRODUCTION

Let M be a compact manifold with finite dimension m > 1, with
or without boundary. Let C°(M) be the space of continuous maps
f M — M with the uniform norm:

If = gllco = max dist(f(x), g(x)) V f.g€ C*(M).

We denote by Hom(M) the space of homeomorphisms f : M — M
with the uniform norm:

1 = gllom := max {[|f = gllco, |F" =g o} ¥ f.9 € Hom(M).

A subset S € C°(M) (or & C Hom(M)) is called a Gs-set if it is the
countable intersection of open subsets of C°(M) (resp. Hom(M)). We
say that a property P of the maps f € C°(M) (or f € Hom(M)) is
typical, or that typical maps satisfy P, if the set of maps that satisfy
P contains a dense Gs-set in C°(M) (resp. Hom(M)).

The main result of this article is the following theorem.

Theorem 1. The typical map f € C°(M) has an ergodic Borel proba-
bility measure p such that h,(f) = +oo.

In the case that M is a compact interval, Theorem 1 was proved in
[CT]. Yano proved that typical continuous maps of compact manifolds
with or without boundary have infinite topological entropy [Ya]. There-
fore, from the variational principle, there exists invariant measures with
metric entropies as large as wanted. Nevertheless, this property alone
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2 ELEONORA CATSIGERAS AND SERGE TROUBETZKOY

does not imply the existence of invariant measures with infinite met-
ric entropy. In fact, it is well known that the metric entropy function
pw — h,(f) is not upper semi-continuous for C°-typical systems. More-
over, we prove that it is strongly non upper semi-continuous in the
following sense:

Theorem 2. For a typical map f € C°(M) there exists a sequence of
ergodic measures [, such that
hy, = +o0 ¥V n>1, im* p, = p, h, =0,

n—-+o0o

where lim* denotes the limit in the space of probability measures en-
dowed with the weak* topology.

Even if it were a-priori known that some f-invariant measure p has
infinite metric entropy, this property alone would not imply the exis-
tence of ergodic measures with infinite metric entropy as Theorems 1
and 2 state. Actually, if x4 had infinitely many ergodic components, to
prove that the metric entropy of at least one of its ergodic components
must be larger or equal than the entropy of u, one needs again the
upper semi-continuity of the metric entropy function (see for instance
[Ke, Theorem 4.3.7, p. 75]).

Yano also proved that typical homeomphisms on manifolds of di-
mension 2 or larger, have infinite topological entropy [Ya]. Thus one
wonders if Theorems 1 and 2 hold also for homeomorphisms. We give
a positive answer to this question.

Theorem 3. If the dimension of the manifold M is at least 2, then the
typical homeormorphism f € Hom(M) has an ergodic Borel probability
measure ji such that h,(f) = +oo.

Theorem 4. If the dimension of the manifold M s at least 2, then
for a typical homeomorphism f € Hom(M) there exists a sequence of
ergodic measures (i, such that

hy, =400 ¥ n>1, im* p, =p, h,=0.

n—-+o00

1.1. Open questions. If f is Lipschiz then no invariant measure has
infinite entropy, since its topological entropy is finite. The following
question arises: do Theorems 1 and 3 hold also for maps with more
regularity than continuity but lower regularity than Lipschiz? For in-
stance, do they hold for Holder-continuous maps?

“A-priori” there is a chance to answer positively this question for
one-dimensional Hoélder continuous endomorphisms, because in such
a case, the topological entropy is typically infinite [Ha]. Also for bi-
Holder homeomorphisms on manifolds of dimension 2 or larger, there
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is a chance to answer positively the above question, because their topo-
logical entropy is also typically infinite [FHT], [FHT1]. In this article
we will focus only on the C%-case, and leave for further research the
eventual adaptation of our proofs, if this adaptation is possible, to
C*maps for homeomorphisms with 0 < a < 1.

The hypothesis of Theorems 1 and 3 states that M is a compact man-
ifold. It arises the following question: do some of the results also hold
in other compact metric spaces that are not manifolds? For instance,
do they hold if the space is a Cantor set K7

If the aim were just to construct f € Hom(K) with ergodic mea-
sures with infinite metric entropy, the answer would be positive. But
if the purpose were to prove that such homeomorphisms are typical in
Hom(K), the answer would be negative.

In fact, Theorem 3 holds in particular for the 2-dimensional square
D? := [0,1)%. One of the steps of the proofs consists in constructing
some fixed Cantor set A C D? and a homeomorphism h on M that
leaves A invariant, and possesses an h-invariant ergodic measure sup-
ported on A with infinite metric entropy (see Lemma 3.1 and Remark
3.2). Since any pair of Cantor sets K and A are homeomorphic, we
deduce that any Cantor set K supports a homeomorphism f and an
f-ergodic measure with infinite metric entropy.

Nevertheless, the above phenomenon is not typical on a Cantor
set K. On the one hand, there also exists homeomorphisms on K
with finite, and even zero, topological entropy. (Take for instance
f € Hom(K) conjugated to the homeomorphism on the attractor of a
Smale horseshoe, or to the attractor of the C'- Denjoy example on the
circle.) On the other hand, it is known that each homeomorphism on a
Cantor set K is topologically locally unique; i.e., it is conjugated to any
of its small perturbations [AGW]. Therefore, the topological entropy is
locally constant in Hom(K). We conclude that the homeomorphisms
on the Cantor set K with infinite metric entropy, that do exist, are not
dense in Hom(K); hence they are not typical.

1.2. Organisation of the article. We construct a family H, called
models, of continuous maps in the cube [0, 1]™, including some home-
omorphisms of the cube onto itself if m > 2, which have complicated
behavior on a Cantor set (Definition 2.6). A periodic shrinking box is
a compact set K C M that is homeomorphic to the cube [0, 1]™ and
such that for some p > 1: K, f(K),..., fF"}(K) are pairwise disjoint
and fP(K) C int(K) (Definition 4.1). The main steps of the proofs of
Theorems 1 and 3 are the following results.
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Lemma 3.1 Any model h € H in the cube [0,1]™ has an h-ergodic
measure v such that h,(h) = +00

Lemmas 4.2 and 4.5 Typical maps in C°(M), and typical homeor-
morphisms, have a periodic shrinking boz.

Lemmas 4.8 and 4.9 Typical maps f € C°(M), and typical homeo-
morphisms for m > 2, have a periodic shrinking box K such that the
return map fP|x is topologically conjugated to a model h € H.

A good sequence of periodic shrinking boxes is a sequence { K, }n>1
of periodic shrinking boxes such that accumulate (with the Hausdorff
distance) on a periodic point x5, and besides their iterates f7(K,)
also accumulate on the periodic orbit of xy, uniformly for j > 0 (see
Definition 5.1). The main step in the proof of Theorems 2 and 4 is
Lemma 3.1 together with

Lemma 5.2 Typical maps f € C°(M), and if m > 2 also typical
homeomorphisms, have a good sequence {K,} of boxes, such that the
return maps [P\, are topologically conjugated to models h, € H.

2. CONSTRUCTION OF THE FAMILY OF MODELS.

We call a compact set K C D™ := [0, 1] or more generally K C M
where M is an m-dimensional manifold a boz if it is homeomorphic to
D™. Models are continuous maps of the D™ := [0, 1]™. We will discuss
separately the cases m =1 and m > 2.

Definition 2.1. (Models in the interval.)
Let h € C°([0,1]). We call h a model if h([0,1]) C (0,1), and there
exists an ergodic h-invariant measure v such that h,(h) = +o0.

Lemma 2.2. [CT, Theorem 39|(Existence of models m = 1)
The family of models in the interval is a dense Gs-set in C°([0,1]).

2.1. Models in dimension 2 or larger. In this subsection, we as-
sume m > 2. We denote by RHom/(D™) the space of relative homeo-
morphisms h : D™ — D™ (i.e., f is a homeomorphism onto its image
included in D™); with the topology induced by:

1 = gllmsrom = max { 1A = glleopmy, 1A = g™ leogpmyngiomy |-

Definition 2.3. (h-relation from a box to another).
Let h € C°(D™). Let B,C C int(D™) be two boxes. We write

B Cif h(B) Nint(C) # 0.
Observe that this condition is open in C°(D™) and also in RHom(D™).
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FIGURE 1. An

atom A of gener-
ation 0 and two
atoms B,C of
generation 1 for
a map f of D2

Definition 2.4. (Atoms of generation 0 and 1) (See Figure 1)
We call a box A C int(D™) an atom of generation 0 for h, if there exists
two disjoint boxes By, By C int(A), which we call atoms of generation

1 such that

FIGURE 2. An atom A
of generation 0, two
atoms B, C' of generation
1, and 16 atoms of gen-
eration 2.

B; % B; Vi, je{1,2}.

If A is an atom of generation 0 and Bp, By are the two atoms of

generation 1, we denote Ay := {A}, A; := {By, By}.

Definition 2.5. Atoms of generation n > 2 (See Figure 2)

Assume by induction that the finite families Ay, A; ..., A,_1 of atoms
for h € C%(D™) of generations up to n — 1 are already defined, such
that the atoms of the same generation 7 = 1,...,n — 1 are pairwise
disjoint, contained in the interior of the (j — 1)-atoms in such a way
that all the (j — 1)-atoms contain the same number of j-atoms and

#A;, =27 Vji=0,1,...,n—1.
Assume also that for all j € {1,...,n — 1} and for all B € Aj;:

#{CeA;:BLCy=2,

Denote

#{DeA;: DL By =2,

AT = {(B,0)e A2: B0y,
AT = {(D,B,C)e A: D, B, BSCY.

We call the boxes of a finite collection A,, of pairwise disjoint boxes,
atoms of generation n, or n-atoms if they satisfy the following condi-

tions (see Figure 2):
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e Each atom of generation n is contained in the interior of an atom
of generation n — 1, and the interior of each atom B € A,,_; contains
exactly 2" - 21 = 22"~1 pairwise disjoint n-atoms, which we call the
children of B. We denote

Q.(B):={G e A,: GCint(B)}, #Q.(B)=2""'!' VBcA, .

Then,

o

BeA,_1

#An = (#Aﬂfl)(#Q'n(B)) — 2(?171)2 . 227171 — 211, .
e For each pair (D, B) € A2, the collection of children of B is parti-

n—1

tioned in 2"~! sub-collections Q, (D, B) as follows:

0, (D, B) := {G e A,: GCint(B), D G} vV (D,B) € A%

n—1»

#Q,.(D,B) =2".
Then

O.(B) = U Q.(D,B) ¥YBe A,_1,
D: (D,B)eA?" |
#Q,(B) = (#{D € A,_1: D =, B}) - (#Q(D,B)) =
on—l.on — 9=l vy Be A .

e For each 3-uple (D, B,C) € A3 | there exists exactly 2 n-atoms, say
G1, G5 such that

{G1,Go} =TW(D,B,C) :={G € 0(D,B) C A,: G55 CY,
#I'(D,B,C) = 2.
For example, in Figure 2 we have {F,G} =T'5(C, B, C).
Besides, we assume the following properties for all G € T',,(D, B, C)
RG)NC"=0V C" € A,_1 such that C" # C,

and G5 F VEe,0)
From the above conditions we deduce:

Q.D.B)= |J T.(D.B,0);
C: (B,0)eA2" |
A= |J T(D.B0);

(D,B,C)eA3" |
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and for any pair (G, F) € A2:
G —p, Eif and only if 3 (D, B,C) € A% | such that
Gel.(D,B,C), EcQ,(C),
G A4 E ifand only if h(G)Nint(E) = 0.
We also deduce the following properties for any atom G € A,,:
#HEecA,: G-, E}=2" #{EFcA,: E—,G}=2"

In fact, on the one hand for each atom G € A,,, the number of atoms
E € A, such that G —, F equals the number #Q,,(B,C) = 2", where
B and C are the unique (n — 1)-atoms such that G € I',,(D, B, C) for
some D € A,_;. On the other hand, the number of atoms F € A,
such that £ — G equals

(#Fn(D, B,C)) : (#{D eA,_1: D —y B) =2.9" 1 = 2",
where B and C' are the unique (n — 1)-atoms such that E € Q,(B, C).
Since 2" < 2" if n > 1, we conclude that not all the pairs (G, E) of
atoms of generation n > 2 satisfy GG 5E
Remark. The above conditions are open in C°(D™) and in RHom(D™).

Definition 2.6. (Models in dimension 2 or larger)
We call h € C°(D™) a model if h(D™) C int(D™), and there exists a
sequence { A, },>o of finite families of pairwise disjoint boxes contained

in int(D™) that are atoms of generation 0,1,...,n,... respectively for
h (according to Definitions 2.4, and 2.5) such that
(1) lim max diamA = 0.

n——+oo AcA,

Denote by H the family of all the models in C°(D™).

Remark 2.7. If m > 2, the family H is a non-empty Gs-set in C°(D™)
and H N RHom(D™) is a non-empty Gs-set in RHom(D™). In fact,
as remarked at the end of Definition 2.5, for each n > 1 the family H,,
of maps that have atoms up to generation n, is open in C°(D™) and
also in RHom(D™). Besides, the conditions h(D™) C int(D™) and
maxac 4, diam(A) < ¢, are also open.

2.2. Paths of atoms.
Definition 2.8. Let h € H C C°(D™), 1 > 2 and let (Ay, Ag, ..., 4))

be a [-uple of atoms for h of the same generation n, such that
Al A, Vie{l,2,... -1}

We call (A}, Ay, ..., A) an l-path of n-atoms from A; to A;. Let Al
denote the family of all the [-paths of atoms of generation [.
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Lemma 2.9. For alln > 1, and for all Ay, Ay € A, there exists | > 1
and an l-path of n-atoms from Ay to A,.

Proof. For n = 1, the result is trivial with [ = 1 (see Definition 2.4).
Let us assume by induction that the result holds for some n — 1 > 1
and let us prove it for n.

Let E,F € A,. From Definition 2.5, there exists unique atoms
B_1, By, By € A,_; such that E € T',(B_1, By, B1). Then B_; 2% By,
E C B() and

(2) E BV E, € Q,(Bo, By).

Analogously, there exists unique atoms B,, B,;1 € A,_; such that
F € Qu(B,, Bys1). Then B, 2 B,.1, F C B,,; and

(3) B, F VE e |J TuBiy B B
B*71€An711
B*flgB*

Since Bi, B, € A,_; the induction hypothesis ensures that there
exists [ and an [-path (By, B, ..., B;) from B; to B, = B,. We write
B. 1 = B,_1, B, = B;, B.i1 = Bj;1. So Assertion (3) becomes

(4) E, S F YV E €T,(Bi1, By, B1)

Taking into account that B;_; —, B; for 1 < ¢ < [, and applying
Definition 2.5, we deduce that if £; | € I',,(B;_2, Bi_1, B;) C A,, then

(5) E, =, B VE; € Qn(Bi—ly Bz) V1<i<l.

Finally, joining Assertions (2), (4) and (5) we obtain an (I 4+ 2)-path
(E,Ey,...,E, F) from E to F, as wanted. O

Lemma 2.10. Let n,l > 2. For each l-path (By,...,B;) of (n —1)-
atoms there exists an - path (Ey, Es, ..., E;) of atoms of generation n
such that E; C int(B;) for alli=1,2,... 1.

Proof. In the proof of Lemma 2.9 for each l-path (By, Bs,...,B;) of
(n — 1)-atoms we have constructed the [-path (Ei, Es, ..., E}) of n-
atoms as wanted. 0

2.3. Construction of models in dimension larger than 1. Lemma
2.2 states that the family H of models is a nonempty Gs-set in C°([0, 1]).
In the case m > 2, we will prove the following result, whose difficult
part is b). The difficulty would not be so, if we were only construct-
ing models h. For further uses in Section 4, we need h to be besides
isotopic to an arbitrarily given homeomorphism f € RHom/(D™).
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Lemma 2.11. If m > 2, then

a) The family H of models is a nonempty Gs-set in C°(D™) and
H N RHom(D™) is a nonempty Gs-set in RHom(D™).

b) For all f € RHom(D™) such that f(D™) C int(D™), there exists
Y € Hom(D™) and h € HN RHom(D™) such that

Y|opm = id|gpm, and o f=h.

Proof. Taking into account Remark 2.7, to prove Lemma 2.11 it is
enough to prove part b).

We will divide the construction of ¥ and h into several steps:
Step 1. Construction of the atoms of generation 0 and 1.

Since f(D™) C int(D™), there exists a box Ay C int(D™) such
that f(D™) C int(Ap). The box Ay is the atom of generation 0 or
0-atom for a map h; € RHom(D™) that we construct in this step.
Let Ay := {Ap}. We choose two pairwise disjoint boxes B; and Bs
contained in int(Ag). They are the atoms of generation 1, or for short
l-atoms for hy. Let Ay := {Bj, Bo}. We choose them small enough
such that

. . 1

(6) max max{diam(B), diam(f(B))} < 5

Let K be an m-dimensional box (m > 2) and consider any two finite
sets {x1,...,xx} and {y1, ..., yx} of points in int(K'). A simple proof by
induction on k shows that there exists a homeomorphism ¢ : K — K
which is the identity on 0K and satisfies ¥ (x;) = y;. We apply this
result to the box Ay as follows. For each B € A; we choose two different
points €;(B) € int(B), ¢ = 1,2. Then there exists a homeomorphism

1/)1 : A(] — AO such that
U1loa, = id]oa,, Jl(f(gi(Bj» =¢;(B;) Vi, je{1,2}.

Now, we extend Jl to be a homeomorphism of the whole box D™ by
defining ¢ (z) =2 VYV 2z € D™\ Ay. In particular

Grlopm = id|gpn.

Define ~ _

hi:=10 f.

Recalling Definitions 2.3 and 2.4, we deduce that BigBj for all
i,7 € {1,2}. So Ag is an atom of generation 0 for ﬁl, and By, By are
its atoms of generation 1.

Nevertheless, we will not use the homeomorphisms %1 and {Dvl as

they are. We will modify them to obtain new homeomorphisms h;
and 1y such that for any ordered 3-uple (D, B,C') € A; the interior
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of the intersection hy(D) N B N hy*'(C) is nonempty. This additional
property will allow us to construct later the atoms of generation 2 for
a new homeomorphism h, without changing too much the previous
homeomorphism h;.

We will modify ¢ only in the interiors of the boxes f(B), B € Aj,

to obtain a new homeomorphism v such that 1, (f(B)) = ¢ (f(B)) =
hy(B) for all B € A;. Therefore, the same atom of generation 0 and the

same two atoms of generation 1 for hy, will still be atoms of generations
0 and 1 for the new homeomorphism defined by h; := 1 o f.

From the construction of YZ and 7L1, for any ordered pair (D, B) € A;
there exists a point ¢(B) € int(B N hy(D)) # 0. Denote by

S(D, B)

the connected component of (BNh; (D)) such that &(B) € intS(D, B).
Choose two different points

e;(D,B) € int(S(D, B)), i=1,2,
and a (one-to-one and surjective) permutation #; of the finite set
(7)  Ly:={eiD,B) €int(S(D,B)): (D,B)e€ (A)* i=1,2}
such that
01(ei(D, B)) = ex(B, C)

for some C' € A; and some k € {1,2}, in such a way that for each fixed
ordered 3-uple (D, B,C) € (A;)? there exists one and only one point

e;(D, B) such that 6,(e;(D, B)) = ex(B, C).
Now, for each B € A; we construct a homeomorphism
Yy f(B) — Q%(f(B)) = E1(B)
such that

Uiloss) = Uilog),  Ui(f(ei(D, B)) = 0i(e;(D, B)) ¥ D € A,

Such ¢ exists as the composition of {Dvl with a homeomorphism that
leaves fixed the points of (i, o f(B)) for each both atoms B € Aj,

and transforms each point ¢4 o f(e;(D, B)) on 0;(e;(D, B)).

Now, we extend 1 to the whole box D™ by defining ¢, (z) = U (r) Vx €

D™\ Uge, f(B). In particular

U1|opm = %\aDm =id|gpm.
Define
hl = ¢1 e} f
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As mentioned at the beginning, the property hi(B) = hy(B) for both
atoms B € A; implies that they are also atoms of generation 1 for h;.
But now, they have the following additional property:

There exists a one-to-one correspondence between the 3-uples

(D, B,C) € (A;)? and the eight points of the set L; in Equality (7),
such that

(8)  e(D,B,C) = e,(D,B) € nt(S(D, B) N hi(S(B,C))).

Hence e(D, B,C) € int(hi(D) N BN h'(0)).
Step 2. Construction of the atoms of generation n.
Assume by induction that we have constructed the families Ay, A;,
.., A, of atoms up to generation n for h, = 1, o f, where ¥, €
Hom(D™) is a homeomorphism that leaves fixed the points of 9D™,
and such that

) . 1
(9) max max{diam(B),diam(f(B))} < o
Assume also the following two assertions for all t =1,...,n:

° hz(J]) = hi—l(x) VreDm \ UBEAi_1 B7
e for all (D, B,C) € A% there exists a point e(D, B, C') such that

L, :={e(D,B,C): (D, B,C) € A¥*}
is hy,-invariant, and
(10) e(D, B,C) € int(S(D,B) Nh,*(S(B,0))),

where S(D, B) and S(B,(C) are fixed connected components of B N
hn(D) and of C' N h,(B) respectively.

Let us construct the family A, ,; of atoms of generation n + 1 and
the homeomorphisms h,,,; and ,1. First, for each (D, B) € (A,)**
we choose a box R(D, B) such that

(11) e(D,B,C) € int(R(D, B)) C int(S(D, B))

V C € A, such that B™C.

Note that e(D,B,C) € L,, the set L, is h,-invariant, and besides
e(D, B,C) € int(h,'(S(B,(C))), thus

e(D,B,C) € int(R(D, B) N hY(R(B, 0))) £0.

Then,
hn(e(D, B,C)) =e(B,C,) € int(R(B,C)).
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Next, for each (D, B, C) € A>* we choose two pairwise disjoint boxes
G4, G contained in the interior of R(D, B) N h '(R(B,C)), satisfying

1
on+1 '

(12) max{diam(G;), diam(f(G;))} <

Denote

FnJrl(D’ Ba C) = {Gl’ GQ}’

Qni1(D,B) == | Twn(D,B,0C),

CeAn,:
BhC
A= ) QaD.B)= |J T.a(D.BO)
(D,B)e A2 (D,B,C)e A%

Note that for all G € A, 41,
G € Q,41(D, B) if and only if G C int(R(D, B)).

The boxes of the family A, 11 will be the (n+ 1)-atoms of a new home-
omorphism h,, that we construct as follows.

In the interior of each box G' € A,,,; we choose 2"*! different points
€(G),i=1,2...,2"" and denote

Lnyi = {&(@): Ge A, 1<i<2}

Then, we build a permutation 0 of the set Znﬂ such that for all
(D,B,C) € A%, and for each box G € I',,1(D, B,C), it transforms

the point 'evi(G)nC int(G) C int(R(D, B)) into the point

0(ei(G)) = e(E) € int(R(B,C))
for some k € {1,...,2""} and for some box E = E; € Q,.1(B,C)
satisfying E; # E; if i # j.
We consider ¢,,,1 defined by the following constraints. For each
(B,C) € A* the homeomorphism

Y1 U (R(B,C)) = R(B,C)

satisfies

U1 (2) = du(z) V2 € ¢, (OR(B,C)) = foh, (OR(B,C)),

Uni1(f(€)) = 6(e) Ve € Lyyr N int(h, (R(B,C))).
Such homeomorphism QZn_H exists because the finite set

{f(e): e€ Lysy N int(h;(R(B,C)))}
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is contained in the interior of f o h,'(R(B,C)) = v, '(R(B,(C))), and
coincides with

{f(ei(@): G €T, (D,B,C) for some D € A, i=1,...,2""}

So, the corresponding images {bvnﬂ( fle)) = 5(6) are the points of the
finite set

{0(e;(G)): G €Tyt (D, B,C)  for some D € A,} =

{ex(E): E € Q,1(B,C)} = Ly N R(B,0O),
which is contained in the interior of R(B, ().

After extending v,.1 to the whole cube D™ by putting it equal to
¥y, in the complement of {J 5 oyc s2- ¥ Y(R(B,C)), we define

ﬁn—&—l = Jn—i—l o f

Since hy41(B) = hy(B) V¥ B € A,, the same atoms up to generation
n for h, are still atoms up to generation n for hny1. But besides, the
boxes of the family A, 1 are now (n)-atoms for A, 1.

Nevertheless, we will not adopt the homeomorphisms ﬁnﬂ and ?Zn+1
as they are. We will modify them to obtain new homeomorphisms h,, 1
and 1,41 such that Assertion (10) also holds for n + 1 instead of n.

Precisely, modifying 1,1 only in the interiors of the boxes f(G) for all
the atoms G € A, 1, we construct a new homeomorphism 1,1 such
that h,y1 := ¥,41 o f has the same atoms up to generation n 4 1 than
Enﬂ. Let us describe how to build ¢, :

From the construction of 1,1 and 1, for all (G, E) € A2, there
exists one and only one point ¢;(G) € int(G), and one and only one
point ex(E), such that

hni1(&(G)) = Yni1 o f(6(Q)) = ex(E) € int(E).
Therefore N
ex(E) € int(E N h,1(GQ)) # 0.
Denote by
S(G,E)

the connected component of E M h,41(G) that contains the point &, (E).
Choose 2™ different points

ei(G,E) € int(S(G,E)), i=1,...,2""
and a permutation 6 of the finite set

(13) Lo ={ei(G,E): (G,E)e A%, i=1,...,2""}
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such that for each fixed (G, E,F) € (An;1)® there exists a unique
point e;(G, E'), and a unique point ex(F, F), satisfying
0(62‘(G, E)) = ek(E, F)

Then, for each G € A, 1 construct a homeomorphism

Uit F(G) = Yuir (F(G)) = st (G)
such that B
Yni1lofG) = VYnrilosc),
Uni1(f(e:(G, E)) = 0(ei(G, E))
VE€ A, suchthat G5 B, Vi=1,... 2"
Finally, extend 1,1 to the whole box D™ by defining ,,1(x) =
Unga(z) Y aeDm\ Ucea, ., f(G). In particular

Yusilopm = Unslopm = id|opm.
Define
hns1 = ni10 f.
As said above, the property hy.1(G) = hns1(G) for all the atoms G €

?iol A; implies that the boxes of the families Ay,..., A, are also

atoms up to generation n+1 for h, 1. But now, they have the following
additional property: there exists a one-to-one correspondence between
the 3-uples (G,E,F) € (An:1)® and the points of the set L, of
Equality (13), such that

(14) e(G,E,F) :=¢(G,E) € int(S(G, E) N h,11(S(E, F))),

where S(G, E) and S(FE, F) are fixed connected components of E N
h,(G) and of F' N h,(E) respectively. Therefore, Assertion (10) holds
for n + 1, and the inductive construction is complete.

Besides, from the above construction we have:

Yni1 () = Pnia (2) = u(a) if 2 & ] 0 (R(B,C)) € | J £(B)
B,C B
¢n+1 o ¢;1(R(B> C)) = J?"H-l o @ngl(R(B’ C)) =
Yo Y(R(B,C)) = R(B,C) C C.
Therefore,

A6t (), 0 (@) < max diam(f(B)) < 2% Ve DM

m BeA,

. 1 m
A(tns1(2), ¥a(@)) < max diam(C) < o Yz € D™,
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(15) |Wn+1 - wnHHom < Qin
Step 3. The limit homeomorphisms

From Inequality (15) we deduce that the sequence v, is Cauchy in
Hom(D™). Therefore, it converges to a homeomorphism 1. Besides,
by construction ¥,|gpm = id|gpm for all n > 1. Then ©|gpm = id|spm.

The convergence of 1, to v in Hom(D™) implies that h,, = ¥, 0 f €
RHom(D™) converges to h = ¢ o f € RHom(D™) as n — +o0.
Since f(D™) C int(D™) and ¢» € Hom(D™), we deduce that h(D™) C
int(D™). Besides, by construction Ag, Ay, ..., A, are families of atoms
up to generation n for h,, and h,,(z) = hy,(z) for all z € D™ \Jgc 4. B
and for all m > n. Since lim,, h,, = h, the boxes of the family A,, are
n-atoms for h for all n > 0. Finally, from Inequality (9), the diameters
of the n-atoms converge uniformly to zero as n — +oo. Thus h is a
model according to Definition 2.6. O

3. INFINITE METRIC ENTROPY OF THE MODELS.

The purpose of this section is to prove the following Lemma.

Lemma 3.1. (Main Lemma) Let H C C°(D™) be the family of
models with m > 2 (Definition 2.6). Then, for each h € H there exists
an ergodic, h-invariant measure v supported on an h-invariant Cantor
set A C D™ such that h,(h) = +o0.

Remark 3.2. Lemma 3.1 holds, in particular, for H N RHom(D™).

To prove Lemma 3.1 we need the following definition:

Definition 3.3. (The A-set)
Let h € H C C°(D™) be a model map. Let Ay, Ay,...,A,,... be
its sequence of families of atoms. The subset

A=) A
n>0 AcA,
of int(D™) is called the A-set of the map h.

From Definitions 2.4 and 2.5, we know that, for each fixed n > 0,
the set A, := U cq, A, is nonempty, compact, and int(A,) D Apyi.
Therefore, A is also nonempty and compact. Besides, A,, is composed of
a finite number of connected components A € A,,, which by Definition
2.6, satisfy lim, ;o maxaca, diamA = 0. Since A = [, An, we
deduce that the A-set is a Cantor set contained in int(D™).

Lemma 3.4. (Dynamical properties of A)
a) The A-set of a model map h € H is h-invariant, i.e., h(A) = A.
b) The map h restrict to the A-set is topologically transitive.
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Proof. a) Let x € A and let {A,,(x)},>0 the unique sequence of atoms
such that x € A,(z) and A,(x) € A, for all n > 0. Then, h(z) €
h(A,(z)) for all n > 0. From Definition 2.5, for all n > 0 there exists

an atom B,, € A, such that A, (z) % B,. Therefore h(A,(z))NB, # 0.
Let d denote the Hausdorff distance between subsets of D™, we deduce

d(h(z), B,) < diam(h(A,(z))) + diam(B,).
Besides, Equality (1) and the continuity of ~ imply
lim max {diam(h(A,(z))),diam(B,)} = 0.

n—r—+oo

Then, for all € > 0 there exists nog > 0 such that d(h(z), B,) < € for
some atom B, € A, for all n > ny. Since any atom of any generation
intersects A, we deduce that d(h(x),A) < € V e > 0. Since A is
compact, this implies h(z) € A. We have proved that h(A) C A.

Now, let us prove the other inclusion. Let y € A and let {B,,(y) }n>0
the unique sequence of atoms such that y = h(z) € B,(y) and B,(y) €
A, for all n > 0. From Definition 2.5, for all n > 0 there exists an

atom A, € A, such that A, - By, (y). Therefore h(A,) N B,(y) # 0.
We deduce that, for all n > 0, there exists a point z,, € A,, € A,, such
that h(z,) € B,(y). Since any atom A,, contains points of A, we obtain

d(z,, A) < diam(A4,) > 0 and d(h(z,),y) < diam(B,(y)) V n > 0.

Let  be the limit of a convergent subsequence of {x,},>0, applying
Equality (1) and the continuity of h, we deduce that d(z,A) = 0 and
d(h(z), y) = 0. This means that y = h(z) and x € A. We have proved
that y € h(A) for all y € A; namely A = h(A), as wanted.

b) Since the intersection of A with the atoms of all the generations
generates its topology, to prove that A is h-transitive it is enough to
prove that for any two atoms A, A; there exists an [ > 1 such that
h{(A; N A) N (A3 N A) # (. Tt is not restrictive to assume that A; and
Ay are atoms of the same generation ng (if not, take ny equal to the
largest of both generation and substitute A; by an atom of generation
no contained in A;). Applying Lemma 2.9 there exists [ > 1 and an
[-path from A; to As. So, from Lemma 2.10, for all m > ng there exists
atoms B,, 1, By, 2 and an [-path from B,, ; to B,, » (with constant [ > 1)
such that

Bno,i = Ai, Bm+1,i - Bmﬂ' V'm > ng, 1= 1,2

Construct the following two points x1 and x,:

{z;} = ﬂ U B, i=1,2.

n>ng m>n
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By Definition 3.3, z; € A; N A. So, to finish the proof of part b) it is
enough to prove that h'(z;) = xs.

Fix [ > 1. Since h is uniformly continuous, for any € > 0 there exists
§ > 0 such that if (yo,y1,..., ) € (D™)! satisfies d(h(y;), yir1) < 0 for
0 < i <[, then the points yo and y; satisfy d(f'(yo), 1) < €. We choose
§ small enough so that d(h!(x), hl(y)) < € if d(x,y) < 6.

From Equality (1), there exists m > ng such that diam(B,,;) < e.
Since there exists an [-path from B,, ; to B, 2, there exists a (yo, ..., y;)
as in the previous paragraph with yo € B,,,1 and y; € B,, 2. Thus

d(h' (1), 22) < d(B'(x1), h'(yo)) + d(h'(yo), yo) + d (w1, 1)
< diam(h'(Byn1)) + € + diam(B,,2) < 3e.
Since € > 0 is arbitrary, we obtain h!(z1) = x4, as wanted. O

Lemma 3.5. (Intersection of A with l-paths) Fiz [,n > 1. Then
a) For any G € A, 4, there exists a umque (I4+1)-path (Ao, Ay, A)

of n-atoms such that GNA C ﬂ “I(A;)).
b) For any (I + 1)-path (Ao, A1, ..., A;) of n-atoms,
! o
(16) ANy = | G&nA,
7=0 Ge}—n,l({Aj})

where Fo ({A;}) = {G € Api: GNAC (), h_j(Aj)}.
c) For any (14 1)-path (Ao, Ay, ..., A;) of n-atoms,
o 1 #An+l
#Faal(AA}) = 5 - A

Proof. a) From Definition 2.5, for any atom G of generation n+( there
exist two unique atoms B, C' of generation n+[— 1 such that B —, C,

GCBand G Eforall E € Q,11(B, C). Besides

(17) R(G)NInt(F) £ 0 VF e A\ Quu(B,C).
We claim that
(18) h(GNA) Cint(C).

In fact, since A is h-invariant, for any € G N A, we have h(z) €
h(G) N'A. Therefore h(zx) is in the interior of some atom E(x) of
generation n + [ (see Definition 2.5). From (17), E(z) € Q,(B,C).
Thus E(z) C int(C) and h(x) € int(C) for all z € GN A proving (18).

So, there exists C7 € A,.;_1 such that h(GNA) C int(Cy) N A.
Applying the same assertion to C instead of G, we deduce that there
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exists Cy € A,,4;_o such that A(C1NA) C int(Cy)NA. So, by induction,
we construct atoms

C1,Cy,...,C; such that Cj € A,—; and

R(GNA) Cint(C))NA Vi=1,...,1L
Since any atom of generation larger than n is contained in a unique
atom of generation n, there exists Ay, Aq,..., A; € A, such that Aqg D
Gand A, DC; Vi=1,...,1. We obtain

R(GNA) Cint(A;) Vi=0,1,...,L
(Ao, Aq,..., A is an (I + 1)-path since @ # W (G NA) C h(A;—1) N
int(A;); hence A;_; — hA; for all j = 1,...,1. Besides, GNA C
h=i(A;) Vj=0,1,...,1, proving a).
b) For the (I+1)-path (Ay, Ay, ..., A;) of n-atoms, construct F,,;({4,}) :
{GeA: GNAN( Mo h1(A;)) # 0}. From the definitions of the
families F,,; and ]?n7l, and taking into account that A is contained in
the union of (n + 1)-atoms, we obtain:

mt( ) GnA) < An((hT(4y) c im( | Gnn).

GeFni({A51) 3=0 GeFni({45})

Therefore, to prove Equality (16) it is enough to prove that .;l—'v-n,l({Aj}) =
Fui({A;}). Trivially Foi({A;}) O Fai({A,}). Let us prove the con-
verse inclusion. If G € F,;({4;}), then by part a) there exists an
(I + 1)-path {A;} of n-atoms such that G C ﬂ;:o h=I(A;). If the two
paths {g]} and {A;} were different, then the sets ﬂ;:o h_j(gj) and
ﬂé-:o h=3(A;) would be disjoint. But from the condition, G € E.y
we know that G intersects the set ﬂé‘:o h=3(A;). We deduce that
{A;} = {4}, hence G C ﬂ;:o h™I(A;) and G € F,,,({A;}), as wanted.
c) From Assertion a), and taking into account that for two different
(I + 1)-paths of n-atoms, the respective families F,,; of (n + 1)-atoms
are disjoint, we obtain:

(19) A =int( | Faa{45)),

{4 eAltD”

where AV denotes the set of all the (I 4 1)-paths of n-atoms. From
Definition 2.5, the number of atoms of each generation larger than n
that are contained in each A; € A,, and also the number of atoms
G € A,; such that G — A;, are constants that depend only on the
generations but not on which particular atoms are chosen. Therefore,
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there exists a constant k,; such that #7F,;({4;}) = k,, for all the
(I 4 1)-chains {A;} of n-atoms. So, from Equality (19) we obtain:

# A = (FA) - H#FL({AY).

Therefore, to prove Assertion c) it is enough to prove that
(20) ALY =2 (FA).

Each (I + 1)-path (Ag, Ay, ..., A;) of n-atoms is determined by a free
choice of the atom A, € A,,, followed by the choice of the atoms A; €
A, such that A; =, A;_; for all j =1,...,1. From Definition 2.5, we
know that for any fixed A € A, the number of atoms B € A, such

that B 2% A is 27. This implies Equality (20), as wanted. O

Proof of Lemma 3.1. Consider the A-set of h, according to Definition
3.3 it is a Cantor set and the o-algebra of its Borel subsets is generated
by the family of its intersection with the atoms of all the generations.
In this family define the additive pre-measure given by

VAe A, Vn>0.

V'(ANA): A
Since v* is a pre-measure defined in a family of sets that generates the
Borel o-algebra of A, there exists a unique Borel probability measure
v supported on A such that

V(ANA) = VAe A, Vn>0.

#An

We need to prove that v is h-invariant, ergodic and that its metric
entropy is infinite. Fix m > 1, the proof is similar in the 1-dimensional
case.

To see that v is h-invariant, it is enough to prove that

(21) v(CNA) =v(h ' (CNA) VCeA, Yn>0.

In fact, from Definition 2.5, taking into account that A is invariant and
that any point in A belongs to an atom of generation n + 1, we obtain:

rienN=int( () it | (GnA));
(D,B)eA2" Gelp4+1(D,B,C)
BAC

v(h"Y(CNA)) = > > w(GEnA)

BeA,  DeA, Gelni1(B,C,D)
BXo phB

(22) — NeNp-(#Tun(B.C.D)) -

#An—i—l ’
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where Ny = #{Y € A,: Y & X}) = 2" for all X € A,. Since
#0,,1(B,C, D)) =2 and #A,., = 2")° we conclude

1 1 1
proving Equality (21) as wanted.

We turn to the ergodicity of v. We assert that if £ is a Borel set
such that v(E) > 0, then there exists n > 0 and an atom A € A,
such that AN A C E. Assume by contradiction that every atom of
every generation intersects A \ E. Then, for any sequence of atoms
{A,}n>0 such that A, € A, and A, C A, for all n > 0, the point
M,>0 An belongs to A\ E. But from Definition 3.3, the union of all
such intersections is A. We deduce that A € A\ E. In other words,
EnNA = 1. Since v is supported on A, we conclude that v(E) = 0,
contradicting the hypothesis and proving the assertion.

Now consider an h-invariant Borel set E, i.e., h™1(E) = E, such that
v(E) > 0. We must prove that ¥(E) = 1. From the previous assertion,
there exists an atom B such that BN A C E. Therefore

A (BNA)Cch(E)=E ViI>1.

Since h is topologically transitive (Lemma 3.4 b)), for any atom A of
any generation, there exists [ > 1 such that h=(BNA)N(ANA) # 0.
Then EN(ANA) # 0 for all A € A, and for all n > 0. Again
applying the assertion, we conclude that the complement of E has zero
v-measure, and thus v is ergodic.

Now we turn to the entropy estimate. Fix a natural number n > 1
and consider the partition {A}, of A composed by the n-atoms inter-
sected with A. By definition of metric entropy

(23) h(h) 1= suph(P.v) 2 (A, v), where
(24) M) = Jim_ %H( \/(i4).v),

Q = \l/ hiA, = { h h‘jAj]ﬂoA £0: A €A,
(25) ™ HQ) = —i_zz‘) V(X) log 1(X).

From part b) of Lemma 3.5, for any nonempty piece
X :=AN (ﬂ;zo h_jAj) € Q;, we have

l

y(X)zl/(ﬂh_jAjﬂA>: Y uGnA).

Jj=0 GeFni({A5})
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Since G is an atom of generation n + [, v(GNA) = 1/#A,4. So,
applying part ¢) of Lemma 3.5, we obtain

_#FadA) 1
#-AnJrl 2nt . #-An
Substituting in Equality (25), H(Q;) = log(#.A4,,) + nl - log 2. Finally,
substituting in Equalities (23) and (24), we conclude
h(A,,v):= liml_>+oo(1/l)H<Ql, 1/) = nlog 2; therefore

h,(h) > h(A,,v) =nlog2, for all n > 1; and h,(h) = +00. O

v(X)

4. PERIODIC SHRINKING BOXES

In this section we will prove Theorems 1 and 3. The proofs are based
on the properties of the models proved in the previous sections, and on
the existence of the periodic shrinking boxes which we construct here.
Until further notice m > 1.

Definition 4.1. (Periodic shrinking box) Let f € C°(M) and K C
M be a box. We call K periodic shrinking with period p > 1 for f, if
K, f(K), fA(K), ...,fr"Y(K) are pairwise disjoint, and fP(K) C
int(K). If so, we call fP|x : K — int(K) the return map.

Lemma 4.2. For any 6 > 0, there exists an open and dense set of maps
f € CO%(M) that have a periodic shrinking box K with diam(K) < 0.

Proof. According to Definition 4.1, the same periodic shrinking box
K for f is also a periodic shrinking box with the same period for all
g € C°(M) near enough f, proving the openness assertion.

We turn to the denseness assertion. Let f € C°(M) and € > 0. We
will construct g € C°(M) and a periodic shrinking box K for g with
diam(K) < ¢, such that ||g — f]lco < €. We suppose § > 0 is to be
smaller than the e-modulus of continuity of f.

By the Krylov-Bogolyubov theorem invariant measures exist, and
thus by the Poincaré Lemma, there exists a recurrent point o € M
for f. First assume that xy & OM. So, there exists a box B C M
with diam(B) < § such that zo € B = int(B). Since x is a recur-
rent point, there exists a minimum natural number p > 1 such that
fP(zo) € B. Taking B slightly smaller if necessary, we can assume
that f7(zo) € B for all j = 1,2,...,p — 1. So, there exists a small
compact box U C B as in Figure 3, such that xy € U = int(U), the
sets B,U, f(U),..., fP"Y(U) are pairwise disjoint, and f?(U) C B.

Consider the homeomorphism ¢ : B — [0,1]™ defining the box B.
We can suppose that U is homotetic to B in the sense that ¢ maps U
to [a,b]™ C [0,1]™. Since U, fP(U) C int(B), there exists a box K such
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Ficure 3. Construction of g near f with a periodic
shrinking box K for g.

that U, f7(U) C int(K) C K C int(B). In the same sense we choose

K to be homotetic to B. Therefore, there exists a homeomorphism
¥ : B — B such that ¢(z) = z for all z € 0B, and ¢(K) = U.
Finally, we construct g € C°(M) as follows:

g(w) = f(x) Yo ¢ B, gle)=fou(z) YaeB

By construction, K is a periodic shrinking box of g, by the choice of §
we have ||g — f|| <e.

Now, let us study the case for which M is a manifold with boundary
and all the recurrent points of f belong to M. Choose one of such
recurrent points o € M. For any § > 0, there exists a compact
box B C M, with diam(B) < ¢ such that g € OM N B. Since z
is recurrent, there exists a smallest natural number p > 1 such that
fP(x0) € B. But fP(x) is also recurrent. So, fP(xg) € OM N B. The
previous proof does not work as is. To overcome the problem, we choose
a new point Ty # g, near enough o, such that 7 € int(B) \ M and
f?(zy) € B. Slightly perturbing f if necessary, we can assume that the
restriction of f to a small neighborhood of z is a local homeomorphism
onto its image. Hence, fP(7y) € int(B) \ OM. Finally. we repeat the
same construction of g and K that we did at the beginning of this
proof, but replacing the recurrent point xg by . O

Remark 4.3. Note that to obtain the dense property in the proof of
Lemma 4.2, we only need to perturb the map f in the interior of the
initial box B with diameter smaller than 0.
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Remark 4.4. We can suppose that p is arbitrarily large by choosing
B with sufficiently small diameter.

The following lemma is the homeomorphism version of Lemma 4.2.
It works for any finite dimension m, including m = 1.

Lemma 4.5. For any 6 > 0, there exists an open and dense set of maps
f € Hom(M) that have a periodic shrinking box K with diam(K) < 6.

Proof. The proof of Lemma 4.2 also works in the case that f € Hom(M):
in fact, the e-perturbed map ¢ constructed there is a homeomorphism,
and to obtain ||g — f”Hom(M) < € it is enough to reduce § > 0 to be

smaller than the e-continuity modulus of f and f~*. O

Remark 4.6. In the proof of Lemmas 4.2 and 4.5, if the starting
recurrent point xy were a periodic point of period p, then the periodic
shrinking box K so constructed would contain xy in its interior and
have the same period p.

Remark 4.7. For further uses, let us prove that, even if typically a
map f € C°(M) is not a homeomorphism, we can construct densely in
CY(M) a periodic shrinking box K such that the return map f?|x is a
homeomorphism onto its image.

Proof. Repeat the beginning of the proof of the density property of
Lemma 4.2, up to the construction of the points xg, f(xo), ..., fP(xo)
such that zg, fP(z) € B = int(B) and fi(xy) ¢ B. Now, slightly
perturb f if necessary, only inside very small open neighborhoods
Wo, Wi, ..., W,_1 of the points zq, f(zo),..., [P~ (xo) respectively, so
that f|s, is a homeomorphism onto its image for all i = 0,1,...,p—1.

Finally, construct the box U as in Figure 3, but small enough so besides
fA(U)c W, forall j=0,1,...,p—1. O

Lemma 4.8. Let 6 > 0. A typical map f € C°(M) has a periodic
shrinking box K with diam(K) < § and such that the return map fP|x
is topologically conjugated to a model map h € H (recall Definition 2.6).

Proof. Let K C M be a periodic shrinking box for f. Fix a homeo-
morphism ¢ : K — D™. The notation fP|x =4 h € H, means that
fPlxk = ¢ Ltoho¢ with h € H.

To prove the G5 property, assume that f € C°(M) has a periodic
shrinking box K with diam(K) < §, such that fP|x =4 h € H. From
Definition 4.1, the same box K is also periodic shrinking with period
p for all g € N, where N' C C°(M) is an open neighborhood of f.
From Lemma 2.11, H is a Gg-set in C°(D™), i.e., it is the countable
intersection of open families H,, C C*(D™). Thus, f?|x =4 h € H,, for
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FIGURE 4. Perturbation g of f such that gP|x = h.

all n > 1. Since the restriction to K of a continuous map f, and the
composition of continuous maps, are continuous operators in C°(M),
we deduce that there exists a sequence of open sets V,, € C°(M) such
that

+oo
(26) Flx =sheHifge (J(VanN)CCOM).

n>1

In other words, the set of maps g € C°(M) that have periodic shrinking
box K with diam(K) < 6, such that the return map ¢?|x coincides, up
to a conjugation, with a model map h, contains a Gs-set in C°(M).

To show the denseness fix f € C°(M) and € > 0. Applying Lemma
4.2 and Remark 4.7, it is not restrictive to assume that f has a peri-
odic shrinking box K with diam(K) < min{J, €}, such that f?|x is a
homeomorphism onto its image. We will construct g € C°(M) to be
e-near f and such that ¢?|x =4 h € H.

By Remark 4.4 we can assume that p > 2. From Definition 4.1 we
know that fP~'(K) N K = 0; thus there exists a box W such that
fFUK) ¢ W= int(W) and W N K = () (Figure 4). Reducing § if
necessary, we can take W with an arbitrarily small diameter.

To construct g € C°(M) (see Figure 4) let g(z) := f(z) Vz € W and

glx):=¢pF ohogo (fflg) " of(x) Vaoe fP(K).
This defines a continuous map g : fP~'(K)U (M \ W) — M such that
lg(z)— f(z)] < diam(K) < efor all z € fF"(K) C W and g(x) = f(z)
for all x € M\ W. Applying the Tietze Extension Theorem, there exists
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a continuous extension of ¢ to the whole compact box W, hence to M,
such that ||g — f|lco < €. Finally, by construction we obtain

9|k = glp1yo fPHEK) =¢  ohodo (fflk) tofoffH(K) =4 h,
ending the proof of Lemma 4.8. O

Lemma 4.9. Assume that m = dim(M) > 2 and let 6 > 0. A typical
homeomorphism f € Hom(M) has a periodic shrinking box K with
diam(K) < §, such that the return map fP|x is topologically conjugated
to a model homeomorphism h € H N RHom(D™).

Proof. We repeat the proof of the Gs-set property of Lemma 4.8, putting
H N RHom(D™) instead of H, and Hom(M) instead of C°(M).

To show the denseness fix f € Hom(M) and € > 0. Let 6 € (0,¢)
be smaller the the e-modulus of continuity of f and f~!, and consider
a periodic shrinking box K with diam(K) < ¢ (Lemma 4.5). Fix a
homeomorphism ¢ : K — D™. We will construct g € Hom(M) to be
e-near f in Hom(M), with ¢?|x =, h € HN RHom(D™).

From Definition 4.1 we know that the boxes K, f(K),..., fP"(K)
are pairwise disjoint and that fP(K) C int(K). Denote W := f~1(K).
Since f is a homeomorphism, we deduce that W is a box as in Figure
4, such that W N fi(K) = 0 for all j = 0,1,...,p — 2 if p > 2, and
fPYK) C W = int(W). Since diam(K) < § we have diam(W) < e.

Consider ¢ o fP|x o ¢p~' € RHom(D™). Applying part b) of Lemma
2.11, there exists a homeomorphism v : D™ — D™ such that

Plopm =idlopm, Y og¢o fPlxko¢™" =h cHNRHom(D™).
So, we can construct ¢ € Hom(M) such that g(z) := f(z) for all
r & W, and g(z) := ¢ torpogo f(z) for all z € W. Since |gpm is
the identity map, we obtain g|aw = f|aw. Thus, the above equalities
define a continuous map g : M — M. Besides g is invertible because
glw : W — K is a composition of homeomorphisms, and g|ynw =
flanw - M\ W — M\ K is also a homeomorphism. So, g € Hom(M).
Moreover, by construction we have |g(x) — f(x)| < diam(K) < € for all
x € W, and g(z) = f(x) for all x € W. Also the inverse maps satisfy
g7 (x) — f~Y(2)] < diam(f~Y(K)) = diam(W) < € for all z € K, and
g Hz) = f1(z) for all z € K. Therefore ||g — f||zrom < €.

Finally, let us check that ¢?|f is topologically conjugated to h:

9|k =gl 0 [Pk = glw o [P Kk =
¢ topogofo frt k=

6 o (Yogo fllxog)os=0ohod,
ending the proof of Lemma 4.9. U
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Remark 4.10. In the proof of the dense property in Lemmas 4.8 and
4.9, once a periodic shrinking box K is constructed with period p > 1,
we only need to perturb the map f inside W (Uf;é f/(K)), where
W = f~Y(K) if f is a homeomorphism, and int(W) > f*~1(W) oth-
erwise. In both cases, by reducing § > 0 from the very beginning, if
necessary, we can construct W such that diam(1) < e for a previously
specified small € > 0.

Proof of Theorems 1 and 3. From Lemmas 4.8 and 4.9, a typical map
f € C%M) and also a typical f € Hom(M) if m = dim(M) > 2, has a
periodic shrinking box K such that the return map f?|x : K — int(K)
is conjugated to a model map h € H. We consider the homeomorphism
¢ : K — D™ such that ¢po fPop™! = h € H. Let ¢ := ¢~!. Besides,
Lemma 3.1 states that every map A € H has an h-invariant ergodic
measure v with infinite metric entropy for h. Consider the pull-back
measure ¥*v defined by (¢¥*v)(B) := v(¢~1(B N K) for all the Borel
sets B C M. By construction, ¥*v is supported supported on K C M.
Since ¥ is a conjugation between h and fP|x , the pull-back measure
Y*v is fP-invariant and ergodic for f?, and besides hy«, (f?) = +o0.

From ¢*v, we will construct an f-invariant and f-ergodic measure p
supported on ?;(1) f7(K), with infinite metric entropy for f. Precisely,
for each Borel set B C M, define

121 .
(27) u(B) = ];Z(fj)*(WV)(B N f(K)),
j=0

where the pull back (f7)* is defined by (f7)*(¢*v)(A) := (V*v)(f 7 (A))
for any Borel set A C M . Applying Equality (27), and taking into
account that ¢*v is fP-invariant and fP-ergodic, it is standard to check
that p is f-invariant and f-ergodic. Besides, from the convexity of the
metric entropy function, we deduce that

1R
hu(f?) = . D higsy ) (f7) = +o00.
j=0

Finally, recalling that h,(f?) < ph,(f) for any f-invariant measure p
and any natural number p > 1, we conclude that h,(f) = +oo. 0

5. GOOD SEQUENCES OF PERIODIC SHRINKING BOXES

The purpose of this section is to prove Theorems 2 and 4.

Definition 5.1. Let f € C°(M) and let Ki, Ks,...,K,,... be a se-
quence of periodic shrinking boxes for f. We call { K}, good if it has
the following properties (see Figure 5):
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o { K, },>1 is composed of pairwise disjoint boxes.

e There exists a natural number p > 1, independent of n, such that
K, is a periodic shrinking box for f with a period p,, a multiple of p.
e There exists a sequence { H,, },>¢ of periodic shrinking boxes, all with
period p, such that K,, U H, C H,_, K, N H, =0 for all n > 1, and
diam(H,) — 0 as n — +o0.

Remark. Definition 5.1 implies that (., H, = {70}, where zy is
periodic with period p. Furthermore, for any j > 0 we have

A7 (K, £2(w0) < diam(f?(Hoe1)) < g diam(f*(Hn-1)) "0,

and thus
(28) lim sup d(f?(Ky), f?(x)) = 0.

n—-+o0o >0
Lemma 5.2. Typical maps f € C°(M), and typical f € Hom(M) if
m > 2, have a good sequence {K,},>1 of periodic shrinking boxes such
that the return maps fP*|k, are topologically conjugated to model maps.

Proof. To see the G5 property assume that f has a good sequence
{K,}, of periodic shrinking boxes. For each fixed n, the boxes K,
and H, are also periodic shrinking with periods p, and p respectively,
for all g in an open set in C°(M) or in Hom(M) (see Definition 4.1).
Taking the intersection of such open sets for all n > 1, we deduce that
the same sequence {K,} is also a good sequence of periodic shrinking
boxes for all g in a Gs-set. Now, also assume that fP"|g, is a model
map for all n > 1. From Lemmas 4.8 and 4.9, for each fixed n >
1, the family of continuous maps ¢ such that the return map ¢|x,
is topologically conjugated to a model, is a Gs-set in C°(M) or in
Hom(M). The (countable) intersection of all those Gs-sets, produces
a Gs-set, as wanted.

To prove denseness fix f € C°(M) or f € Hom(M), and € > 0. We
will construct ¢ in the e-neighborhood of f and a good sequence of
periodic shrinking boxes K, for g such that, ¢**|k, =4 h, € H for all
n>1. _ _

Typical maps f € C°(M) and typical f € Hom(M) have a peri-
odic shrinking box Hy with period p > 1, such that fP|p, =, h € H
(Lemmas 4.8 and 4.9). Take such f in the (¢/6)-neighborhood of f.
Since fP : Hy — int(Hy) C Hy is continuous, by the Brouwer Fixed
Point Theorem there exists a periodic point x¢ € int(Hy) of period p.
Lemma 3.1 and the argument at the end of the proofs of Theorems 1
and 3, show that the map f has an ergodic measure p supported on



28 ELEONORA CATSIGERAS AND SERGE TROUBETZKOY

U?;é f7(Hy) such that hu(f) = +4o00. Therefore, by Poincaré Recur-

rence Lemma, there exists some recurrent point y; € int(Hy) for fsuch
that y; # xo (see Figure 5).

Choose 9; > 0 small enough and construct a box B such that Y1 €
B, := int(B,), diam(B,) < 01, 7o € B; and B, C int(H,). We repeat
the proofs of the dense property of Lemmas 4.2 and 4.5, using the
recurrent point %, instead of zy, and the box B instead of B (see
Figure 3). So, we deduce that there exists an (e/6)-perturbation f*
of f, and a periodic shrinking box K; C By for J*, with some period
p1 > p (see Figure 5). Besides, f* coincides with f in Hy \ B (recall
Remark 4.3). Therefore, the same periodic point xy of f survives for
/7, and the same initial box Hj is still periodic shrinking with period
p for f*. So, the compact sets of the family {f*](Ho)};j=01.. p-1 are
pairwise disjoint, and f*P(Hy) C int(Hy). This implies that the period
p1 of the new periodic shrinking box K; for f*, is a multiple of p.

Now, we apply the proofs of the dense property of Lemmas 4.8 and
4.9, using the shrinking box K instead of K (see Figure 4). We deduce
that there exists an (e/6)-perturbation g; of f*, such that K is still
a periodic shrinking box for g; with the same period p;, but besides,
the return map is now ¢{'|x, = h1 € H. Taking into account Remark
4.10, we can construct gy to coincide with f* in the complement of
wiU ( ?1:61 f*j(K1)>, where W, D fP71(K)) is a box, small enough
not to contain the periodic point z, and to be contained in the interior
of the shrinking box Hy. Therefore, xq and Hj are still periodic with
period p for go.

To summerize, we have built the periodic shrinking boxes Hy and
K for a continuous map or homeomorphism ¢;, with periods p and p;
respectively, where p; is multiple of p, and a periodic point zq € int(Hy)
(see Figure 5), such that:

Ky C Ho\ {20}, @\'|lk, =¢ b1 € H and

~ ~ € € € €
_ < _orx * _ < — — - = —.
lgr = fll <l = FI+ 1 = Fl+IF = fll < g+ 5+ 5 =5

We proceed by induction on n > 1, assume that Hy,..., H,_; and
Ki,..., K, are periodic shrinking boxes (see Figure 5) of g, € C°(M)
or g, € Hom(M), with periods p and py, ..., p, respectively, where p;
is multiple of p, and that x,_; € int(H,_1) is a periodic point of period
p for g,. Assume also that K,, C H,_1 \{z,_1}, that for 1 <j<n-—1

(29) Hj,KJ’ C ijl; HjﬂKj = @, dlam(HJ) < 2%; gzj‘Kj ¢ h]’ S H,
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F1GURE 5. Construction of a good sequence of periodic
shrinking boxes.

and that we have a finite number of the previously constructed maps
J1, - - -, gn such that

€
27

€

5 Vji=2...,n.

(30) lor =l <5, Nlgi — gl <

We will construct g, and the boxes H,, and K, that satisfy the
above properties for n+1 instead of n, and such that forall j = 1,...,n,
the boxes H;_; and K are still periodic shrinking for g,4; with the
same periods p, p;.

From the inductive hypothesis, g, has a periodic shrinking box H,,_{
of period p, a periodic point x, 1 € int(H,_;) of period p, and a
periodic shrinking box K,, C H, 1 \ {x,_1} of period p,, a multiple
of p. We choose 0 < §,, < €/2" small enough, and construct a box
En C H,_, containing the periodic point x,,_; in its interior, disjoint
from K,, and such that diam(B,) < d,. Repeating the proof of the
density properties in Lemmas 4.2 and 4.5 (putting z,,_; instead of z,
and 4, > 0 small enough), we construct an €/(3 - 2"*!)-perturbation
gn of g, and a periodic shrinking box H, C B, := int(B,) for g,.
Besides, since ;1 s a periodic point with period p, the period of H,
can be made equal to p (see Remark 4.6). By construction H,, C B, C
H,_; is disjoint with K, and with OH,_;. To construct g, we only
need to modify g, inside B,, (recall Remark 4.3). Therefore the same
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periodic shrinking boxes Hy, Hy,...,H,_ 1 and Ky, K>,..., K, of g,,
are preserved for g,, with the same periods.

Now, as in the proof of Lemmas 4.8 and 4.9, we construct a new
€/(3- 2" ) -perturbation g’ of g,, such that we can ¢-conjugate g:?|x,
to a map in H. To construct g; we only need to modify g, in W,, U
(UjZ o ¢2(H,), where W, is a neighborhood of G&~'(H,,) that can be
taken arbitrarily small (see Remark 4.10). Therefore we do not need
to modify g, or g, outside H,_; or inside K,. We conclude that the
same shrinking boxes K, ..., K,; Hy,...,H,_, for g, and g,, are still
periodic shrinking for gy, with the same periods and that g% |x, =
|k, =g hyforall j=1,...,n

When modifying g, inside H,,_1 \ K, to obtain g,, and ¢, the periodic
point x,_1 of period p for g,, may not be preserved. But since H, C
H, 1 \ K, is a periodic shrinking box with period p for ¢}, by the
Brouwer Fixed Point Theorem, there exists a maybe new periodic point
x, € int(H,) \ K, for g%, with the same period p.

Since the return map ¢|y, is a model, there exists an ergodic mea-
sure with infinite entropy (see Lemma 3.1), supported on the gf-orbit
of H,. Therefore, there exists a recurrent point y, € int(H,) such
that y, # x,. We choose §,, > 0 small enough, and a compact box
B, Cint(H,)\ {x,} such that y, € B, := int(B,,) and diam(B,,) < §,.
Repeating the above arguments, and if §,, is small enough, we construct
a new €/(3 - 2" 1)-pertubartion g, of g* and a box K,,; C B, that
is periodic with some period p,,.1 for g,1, and such that gn’“rl ra L 18
¢-conjugate to a map in H.

To construct such a perturbation g, .1 of g,, we only need to modify
Gn in By, and later in W, 41 U (US24'G,,(Kpy1) (recall Remarks 4.3 and
4.10), where W, is a small set (prov1ded that d,, > 0 is small enough).
Therefore, g,.1 can be constructed so the point z,, is still periodic with
period p for g,1, and the same boxes Hy, Hy,..., H,, K1, ..., K, are
still shrinking periodic for g¢,.;, with the same periods. Moreover,
gialk, =97 |k, =hjeHiforall j=1,... K,

In particular H, is periodic shrinking with period p for ¢,,;. And
it contains K, by construction. This implies that the period p,.; of
K, 11 is a multiple of p. By construction we have,

€

* * ~ ~ €
lgn+1 = gull < lgnr = gnll +1lgn = Gall + 190 =90l <3- 5505 = 5o

Besides diam(H,,) < gn < €/2". We have constructed ¢,y and the
boxes H, and K, ., that satisfy the inductive properties for n + 1
instead of n, as wanted.
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We have constructed a sequence {g,},>1 of continuous maps or
homeomorphisms on M, and two sequences {H, },>1, {K,,} of compact
boxes such that the Properties (29) and (30) are satisfied for all n > 1.
Since ||gny1—gn|| < €/2" for alln > 1 the sequence {g,, }n>1 is Cauchy.
So, there exists a limit map ¢g. And since g, is an e-perturbation of
f for all n > 1, the limit map ¢ also is. Finally, by construction we
have gi(z) = gn(2) for all x € U g4 (Ko), 9"k, = hn € H for all
n > 1 and for all k& > n. So, we conclude that {K,},>1 is a good
sequence of periodic shrinking boxes for g, and that ¢*"|x, =4 h, € H,
as wanted. O

Remark 5.3. As a consequence of Lemmas 5.2 and 3.1 (after applying
the same arguments at the end of the proof of Theorems 1 and 3),
typical continuous maps and homeomorphisms f have a sequence of
ergodic measures [, each one supported on the f-orbit of a box K, of
a good sequence {K,},>1 of periodic shrinking boxes for f, satisfying
hy, (f) = +oo for all n > 1.

Let M denote the metrizable space of Borel probability measures on
a compact metric space M, endowed with the weak* topology. Fix a
metric dist™ in M.

Lemma 5.4. For all € > 0 there exists 6 > 0 that satisfies the follow-
ing property: if u,v € M and {B1,Bs,...,B,} is a finite family of
pairwise disjoint compact balls B; C M, and if supp(u) U supp(v) C
Ui_, Bi, and u(B;) = v(B;), diam(B;) < § for all i = 1,2,...,r, then
dist™(u,v) < e.

Proof. If M = [0, 1] the proof can be found for instance in [CT, Lemma
4]. If M is any other compact manifold of finite dimension m > 1,
with or without boundary, just copy the proof of [CT, Lemma 4]

by substituting the pairwise disjoint compact intervals Iy, I, ..., I, C
[0,1] in that proof, by the family of paiwise disjoint compact boxes
Bi,Bsy,...,B, C M. O

Proofs of Theorems 2 and 4. For any € > 0, take § > 0 as in Lemma
5.4. Applying Lemma 5.2, typical continuous maps or homeomor-
phisms f have a good sequence of periodic shrinking boxes { K, },>1,
and a sequence {, } of ergodic f-invariant measures such that h,, (f) =
+00 (see Remark 5.3) and such that supp(u,) C U?i;l fI(K,), where
Pn = h,, - p is the period of the shrinking box K,. Taking into account
that {f7(K,)}o<j<p,—1 is a family of pairwise disjoint compact sets,
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and fPr(K,) C int(K,), we deduce

, 1 1
:uijn = Kn:_: vj:()?]-)"'vpna
(P ) = ) = - =

(even if f were non invertible).

From Definition 5.1, there exists a periodic point xg of period p
such that lim,,_, ;o sup;~q d(f7(Ky, f/(z0)) = 0. Therefore, there exists
no > 1 such that d(f7(Ky,, f/(x)) < §/2 for all j > 0 and for all
n > ng. Consider the family of pairwise disjoint compact balls By, B,
..., B,_1, centered at the points f’(z¢) and with radius §/2, we obtain
(K, C Ej(mod.p) for all j > 0 and for all n > 0. Therefore,

— 1
pn(B;)=—- Vj=0,1,....p—1, VY n>n,
p

Finally, applying Lemma 5.4, we conclude dist™(pu,, i) < € for all n >
ng, where po := (1/p) ?;(1) d1i(p) is the f-invariant probability measure
supported on the periodic orbit of zy, which has zero entropy. 0
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