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Note technique: Throughput Analysis for different power
allocation policies with uniform power allocation in a random access channel

Asma Selmi, JP Cances, Xlim UMR CNRS 7252

Summary/Introduction:

In this technical note we define a power allocation policy for 10T based user equipment which
aims at optimizing the capture effect at the SIC receiver. To benefit from this capture effect we
estimate that the power allocation policy is to use a uniform law over a given range of available
powers. In this case, we are able to calculate accurate lower bounds for the throughput
efficiency in the case of a multiband S-ALOHA based random access channel.

. Uniform power allocation with SIC capture effect

If we consider the reception of | transmit signals on a given subchannel, we have:

y=hﬂﬁsﬁhﬂﬁsz+...+hi\ﬁsi +...+h|ﬁs| +n

If we consider user 1 as the user of interest, we have the corresponding SINR:

AL
|

N0+;Pj\hj\2

SINR = (1)

We will be able to recover packet 1 if the log2(1+SINR) is greater than the spectral efficiency
of the used modulation format denoted as ¢ in bits/s/Hz. The probability to decode user 1 is thus
equal to:

Pl||h1|2 >y) (2

P..o (i, J) = Proba(SINR > y) = Proba( -2
Ny +2 P ‘hj‘
j=2

We assume a classical Rayleigh distribution for |hi|2 that means:
P (¥)=€" (3

In fact, we suppose that real part and imaginary part of h, follow a Gaussian distribution with
mean zero and variance 0.5. In this case, we have:
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P |h[* =
Proba(%2 > y|h,[*,hf o J0[*) = Proba(|h [ > H——) I, h[ e )
No+ P hj| )
j=2
y(No+_IZP,-\h,-\2)

+00 _ j=2

= j e*dx=e A (4)
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The most difficult task now is to evaluate the probability mass function or the probability
density function of the random variable:

! 2
R=>Ph[
j=2
To calculate: f(X)=Proba(R < X), we begin with the simplest case | =2, i.e. R, = P|h|2, we
have :
f (X) = Proba(R, < X) = Proba(P|h[* < X) = Proba(h|" < X / P)
We calculate:

XI/P

Proba(|h|2 <X/ P|P) = J‘ e*dx = [—e’x](f’P —1-e " (5)
0

Then, we have to average using the p.d.f of P: p,(x) = % we obtain :
f(X) =Proba(h|* < X /P) = j (1-e7)py,e(Z)dz  (7)
We have to determine the p.d.f: f(Z)=p,,(1/P) with Z=1/P, we have:

dpP
pl/P(ll P) F = pP(P)dP => pJJP(l/ P) = Psz(P)

1
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F()=_[(1-e")du=1-F[e""du
0

0
We have:
L +00 +00
fe* du=Je™ d—zt =X | e‘Zd—f (8)
0 L t X/L z

And, this yields:

+0 -z ™ o0 7 -X/L
je49§=ﬁf—} et (i
X/L z z X/L X/L z X
: ©e7¥dx
with: E(X /L) = |
X/L

We obtain eventually:

-X/L

f(xyz%j@fei“ﬂduzl—%feXNdu:l—%{x(Le
0

0

—-E,(X/ L)j]
-X/L X
f(X)=1-e +fE1(X /L)
To obtain the p.d.f, of R we have to calculate the derivative function:

90 = F(X) = a0 = e ¥+ 2 (-2 B+ 2E (X L)

L° X/LL
1 —-X/L l —-X/L 1
=—e ——e +—E(X/L 9
Te e TE (X /L) ©)
1
=EEAX/U

We check that:

jmxmxzijau/uw<
0 LO

+00 -X/L
Lx e X

1
= Z[XE,(X /D)L" +=
CIXEXTDL + 1 ) XS

0

— 17 —-X/L _ R T
_Eje dX =[-e"" ]y =1

0

To calculate the p.d.f of: R, =P, |h,|* + P,|h,|*, we have to evaluate the convolutional product:

XE“mu (11)

+00 1 X u
f<><)=jwa(u)pR<x —u)du=F£E1(E)E1(



Before developing further (11), we use the following property:

+00 _t +00 —(U a)
E,(x— a)—j—dtzj—du e? —du
' . (12)
e el'a" e
E(x—-a)=e*| ————du=e*| —) —du=e®)> a" | =—du
i(x-a) v[u(l—a/u) -[ u Zn“un ; !u“”
Then, we have:
+00 u -u +oo a~U —-a 40 p—U
[ du=[— - Srdu="——[ S _du
a u a U a. a U
+o0 gl B e +o +092 -u +00 e
[ || [
o au B e—u_Jroo g p@ g
Iusdu: - = - du= +—3[ =du
This yields:
R b
- u a
(13)

_ c (_1)n+1(n_1)'e p+2 " e
=2 (L 'I

p+l

We eventually obtain:

fo a0 ety $ OO

1
5 U™’ p! o o p'a”

+o0 gt

E(x—a)= eZa _[—du

B ( )n +0 —u ( 1)n+m 1)!e—x
E(x—a)=e Za { I Z Yo }
E,(x—-a)=¢? Z( 1)" —"T ® duter Z( )"a Z(_l)m(nr?);l)!ex
E(x—a)=e Z( 1)" —nT 7udu+e(X a’z( O} ( ) 2( )™ (m-1)!
£ (x-a) =g e 3 CU 2 jz( )" (m-1)! (15)

E(x—a)=E/(x)+e ™ a)z( Ol A‘(Xj
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If we use (11) we obtain: (by denoting: A =) (-1)"(m-1)!)
m=1

1_,XF_u L+°°(1)A1 WU
f(X)TEl(T)! B+ 2 {ue E(D)du (16)

We compute at first:

jE (E)du = ij/LE (t)dt = L[tE, ()]} - ij/Lt(——) dt
(17)

X/L

J.E( )du = XE,(— )+|-J.eftdt—XE( )+ L(L- efxu)

And then:
X u
nore U
3,(X)=]u etE(Ddu (18)
0
We have:
X/L X/L
| (X) = ju et du—Lj (Lt)'e'dt=L" [ tetdt=L""K (X)  (19)
0
And:

X/L X/L X n
K. (X)= It”etdt—[et It =n j t" e dt:(f) et —nK__(X)
0

Kn(x) :(%]n ex/L _n|:(%j” e)(/L _(n _l)an(X):|

K (X) = (%) Xt —n(%jn_ e 4 n(n—1)K_,(X)
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K(X)—Itedt [te' X - jedt_

X/L X/L X X
K,(X) = jtzetdt_[t o 2j te'dt = fj et —2K,(X)

2
{ﬁ) ei_z(x f_( ot
L L

X/L X/L X X
Ky (X) = jtsetdt [t%e']y" -3 | tPe'dt = fj et —3K,(X)
0
3 X 2 X X X
(lj et -3 (5) eL—Z(é)eL—Z 1-et
L L L

3 X 2 X X X
(5) et —3(£] el +6(£jeL +6/1-et
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We deduce:

n n-1 n-2
Kn(X):(%j eX’L—n(%j e”%n(n—l)(%j e’ +

e+ (=D*n(n=1)..(n—k +1)(%]n_ et L+ (=)™ nI(-e*)

. (20)
Kn(X):Z_:(—l)"n(n—l)...(n—k+1)(%j e+ (=D ni(1-e*'"h)
X " X/L n-1 X/L
K, (X)= kz(;( )(_k)'( j et + (=)™ nl1l-e*"")
To check (20), we verify:
Kl(X)z(%jeXHl—ex’L
X ’ X/L X X/L X/L
KZ(X):(TJ e _Z(TJE —2(1-¢"")
I (X) Ln+1K (X) Ln+1[2( ) k I(XJ" ex/|_+(_1)n—1n!(l_eX/L)
(n-k) (21)
- « Nl Nk ko X/L n—1,. 1 n+l X /L
|n(X)=LkZ:;(—1)mx e + (=D)"*nIL"*[1—e*'t]

Then, we have to evaluate:



J,(X)= jueLE( Ddu=[1,@EL jl()

—u/L

1 (X)=1 (X)E()E)+II W

—u/L
1 du

L

Jn(X)=In(X)E1(%)+£[LZ( 1)~ ') u" et + (=) " *n! "1 e“’L]J :L u

J.(X)=1, (X)E(i)+2( 1)~ Lk*l( k)lj u"du + (=) 1n||_n+1jwdu

J3.(X)= In(X)El(%) +k§‘(—1)k |_k*1#(!n_k)!x“-k +(=1)"n! L”+1£2(—1)m F:mdu
Jn(X)=In(X)El(%)Jr:Z_;(—l)kLk”m ey O DX

Jn(x) = |n(X)El(%) +ni:(_1)k [k

n!

J (X)—l (X)E(i)+2( 1)n+an m+1mnm

X +00

J.(X)= In(X)El(r)+ 3 (_1)n+m71Ln,m+1L

X" ntlmy”

(n-k)(n-k)! o=
+Z( 1)n+m—an -m+1 n!

Lm

mm!

m=n+1 mm!

X

J,(X)=1 (X)E(L)+( 1)"L"n! Z( )™

m=n+1

J.(X)=1, (X)E( )+( 1)"L"n! Z

X m
m+1 Xm
oy (22)
( 1)m—1 xm

-1
mo1 LT mm!

It is possible to rewrite it in a more readable manner:

JI(X)=1 (X)E( )+( 1)"L'n! Z (Ll)r: r;(mm,
. 1 n+l (_1) Xk
B (X) =1 (OB () +niX kz(; C (n+1+k)(n+11K)!

We obtain then:

(23)

+o0 (_1)n+m—l Xm

mm!
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_ e“w(l)”/%xn% u
f(X)=E( )jE()d Lzgxn,IueEl(L)olu

fX) = XEl(%HL(l—e-X’L) eLz“Z”( DA ()

n=0 Xn '
f(X) == XEl(%HL(l—e‘X’L) eLzL:ng(xl)nnﬂ (OB “”'XM;(L{) (n+1+k;((n+1+k)!}

0= Ixe ) rLaenre e L*Z“( ) ALX)

L*| L& X'
LX i( v A‘kz(;( |_1k)k (n +1+k;<(kn+1+k)!
We have:
g(_l);ﬁr:?()() no(xl)nfh L:( )" - .k)' e kl_kex,L+(_1)n_1n”_n+1[1_em]}
=§(_1)WZ:‘ !k)I I;zkl XL Z A A g _eri
And hence:

f(X)== [XE( )+ LQA- e-X’L)}

X

e L& nt L L oo A | ne2 XL
e {z< YASD e - S e o
'-ZX i( )sz( 1) X

~ X (n+1+k)(n+1+k)!
f(X)== {XE( )+ L(1- eX’L)}

+E()E)[Z( )" AhZE 1_)kr;||;(k ZA‘L”[G L 1]}

( 1)k X
|_2 g( b’ ”% X (n+1+k)(n+1+k)!

We obtain eventually:



f(X)== [XE( )+ L@- e-X’L)}

= ){2( )azgnl’k';,;k z’*ﬂ“[eL Afe (@4)

G Lx (-1)* XX
z( )A‘kz;‘ X (n+1+k)(n+1+k)!

With: A = Zn:(—l)’“(m 1)1

We will consider here the capture effect taking into account the main following event: if two
packets collide over a given frequency resource, we have the following equation:

y:hi\/ﬁsi +hj\jP_jsj +n  (25)

Considering user i as the user of interest, we will be able to recover packet i if the log2(1+SINR)
is greater than the spectral efficiency of the used modulation format denoted as ¢ in bits/s/Hz.
The SINR is defined as:

P|h[

SINR = .
N, + P |hj|

(26)

And we have to compare it with the threshold: y = 2° —1. The probability to obtain this capture
effect is thus equal to:

R|h[
(i, J) =Proba(SINR > ) = Proba(%z;/) (27)
N, + P |nj|

cap

iy

We assume a classical Rayleigh distribution for |hi|2and ‘hj‘z that means:
p‘h| ‘2 (X) = e_x (28)

We suppose that real part and imaginary part of h, follow a Gaussian distribution with mean
zero and variance 0.5. In this case, we have:

Plh[
Proba(% > y‘Pj Ihy[*) = ProbaP [ 2 7(N, + Py[n,[) [P, ;)
N, + P |hj|
_ +o0 l ~ +00
= j 2 TE(u/L)du= j E,(t)dt =[ tE,(t) +1-e" ]7(NO+P ) (29)
7(No+Pj|n;[) %(Nowj\hj\ )
—Z(N0+Pj‘h-‘2)



In fact, the obtained probability is a conditioned probability since we consider a fixed value of

Pj‘hj‘zin equation (29). To obtain the complete probability we have to average over the

distribution of P, ‘hj‘z , this yields:

2
Proba(LMZy)
N, + P |nj|

1 AT
= [t LNy + 0E(L (N +x) L (x/L)dx
) L L L

~ l +00 —Z(N0+x) ]/NO +o0 7/ }/ +o0 7/
_fle SR Dd- _([El(E(NO+x))E1(x/L)dx—F_([xEl(E(NOer))El(x/L)dx

(30)

We have:
U= El(%(NO +X)E,(x/ L)dx =L El(%(NO +Lu)) Ey(u)du =L | El(%No + yu) E,(u)du
0 0 0

too oo —({No-f-yu)
+7 [ WE () +1-¢]| ——— |du
0

L [[uEl(u) +1-e (LN, + 7/u)}
L ZNOJr}/u
L

0

~L| [[UE,(u)+1- e’”]El(yu)]m + e{NOT[uEl(u) +1-e™] e” du]
0 5 u

1-e™
u

—ZNO ~+00 +00
=Le | [E(ue™du+ | g7 duj (31)
0 0



T E (u)e”du
=[[UE,(u)+1-e"Je™ | +7J'[uE (u)+1-e"]edu
:yT[uEl(u)+1—e”]e7“du

:yT[u{ In(u)+z( )M k}l eTe"du

+o +00 k+1 +
:—yéj ue‘”du—y] uIn(u)e‘y“du+yZ( klil ju"*le 7“du+7_[ [1-e™]e7"du
k=1

( k+1 +o0

jﬁ%tm+yjn ele"du

:—7/5] ue ”*du — ;/I uln(u)e 7”du+z M o

k+1
—;/5Iue Mdu — yjuln(u)e‘y”du+z(k+l) (k+1)'+;/J'[1 e ]e"du

:—yéf ue 7 du — ;/I uln(u)e” V”du+z( Ol [1+ Iij”j [1—e“]e"du (32)

We have:
+00 ( 1)k+l( j 1 o0 1 k ( 1)
S, = 1+= == -=
‘ kzll y k) ¥ kz ykzll
( )k+1dx (_1)k
And we have the simple relationship: _[ — this yields :
kx
( l) ( 1)k+1dx +00 (_1)k+l 1 +00 (_l)k 1 1
dx=|= dx = | = ——=dx
Iz I ; Xk+l X2 — Xk X2 1+1
X

C T S C U U PO
; kx* _Ix(x+l)_J.( de_ In(1er)

And thus:

In(1+=) (33)
4

We have also:



+o0 _ +o +0 —yu T
[ uedu = e - J ergy = EI e ’"du =£{— : } = iz (34)
0 /4 0o 7V 7% Y Y o v
And, thus:
+00 1 +o0
[ uln(u)e 7du = [uln(u)e du+ [ uln(u)edu
0 0 1
+o0 0 . +00
[ uln(u)e7du = [ te*e7"dt+ [ uln(u)edu
0 —0 1
j uln(u)e du = —I ue e du+ I uln(u)edu
0 0 1
We have :
I uedu = e +lje’“‘du = g —ize’yu
Y Y Y Y

[ uin@edu=[(-—e™ —ize’y”)ln(U)]Iw + I (Ee*yu s e
1 4 V4 y

u
+o0 1+oo 1 +oo - 1 +ooe —t 1 (35)
Iuln(u)e‘yudu :—je‘“‘du +— —e’+ —2.[—dt=—2
1 /4 yo1ou rooot

_ 1
y+_2E1(7)
Y

n_ . n +wo n_.n +ow

J'ue Zue ye~ dU _Z( 1) /4 J'ue—Zue—nudu _Z( ) /4 Iue—(n+2)udu

+o0 u _1\nh,n _11a—(n+2)u
J‘ ue—Zuefye du = Z( 1) Y [|: ue :| 1 J‘ e (n+2)uduJ (36)
0 0

- n! n+2 n+2

i —2u,—ye ! (_1)n}/n
ue 2 e’ du= —_—
'([ Zn“n!(n+2)2

+00

For the integral I[l—e‘”]e‘“‘du , we have immediately:

J.[l e 'ledu= J.e ™ du — Ie“””“du y—i (37)
Concerning the last integral, we have:
+001_e— —yu i n+l un—l —-yu
| e du:jZ(—l) —edu
’ +o0 n -1 n ( 1)n+l +w +oo( 1)n+1 (38)
=) ()™ —e‘“’du ‘tdt_ ~——
DN R

We obtain:



J E,(u)e”du

k+1 +00
:—}/5_[ ue !du — ;/I uln(u)e” 7”du+z( kzl (1+ li-j+}/.[ [1-e™]e”du
1 1 1 (-1) 1 0 1 1 1 1 39)
~ +00 _ n]/n
=—W—=-y| e’ +=5E(y)- + +—In(1+—)+;{———}
v T nz=<;n!(n+2)2 v+ oy Ty oyl
5 ( 1)n7/n+1 1 l
:————e ——E(y) —In(1+—)+—
v nz;‘nl n+2)’ 7(7+1) 7 yoor+l

Where Jis the Euler’s constant: & = 0,577 thus:

TEl(%(NO + X)) E,(x/ L)dx

_Let” J. E,(u)e™ du+ Il—ee‘yu du
0 0 u

N n_ n+l n+1
_le |0 1e —EE(y) Z( vy 1L —In(1+1)+ ! Z( Y
Yoy y =nl(n+2) y(r+1) » y =
_r n, n+l
N o N J S A 3|n(1+3)+i+|n(1+—)
vy 4 non'n+2) y(r+1) 7y yoor+l y

_r n n+1
et 20 e e s Z ! digmasdy
Yoy /4 non'n+2 7(7+1) /4 y oy+l

et _é_lef-—E() SV )“7M+1+( +D)In(L+ )] (40)
vy o n!(n 4

Concerning the integral form:
_+oo 7/ B 2+00 7
T= j XE, (- (Ng + X)) Ey(x/ Ldx = L j UE, ([ (Ng +UL)) E,(u)du
0 0
We have:
Tu E,(u)du = E E (u)+ J‘u—zidu
0 2 2 u

u? 1 1 U 1 1
=—E@Uu)+=[-ue"-e"l+==—E(u)—=ue " +=(1-¢e"
21()2[ ]2 21()2 2( )

Hence:



~+00

Ku— E,(u) —%ueu +%(l—e“)J El(% N, +;/u)} +...

2 0
400 2 _({NO‘H’U)
L2 u—E(u)—lue’”+l(1—e’“) e—ydu
2 U7 2 2
0 YN, +yu
Lo V

Ino 'f [ u? 1 1 e’
~let || =EU)-Zue'+=(1-e™ du
!(2 1(U) =S ue™ + —( )] -

N +00 +00 +0 4 U
_ el E J' uE, (u)edu —% j e Didy +% I we‘”du}
u
0 0

0

~+00

The integral form: .[ UE, (u)e"du has been already calculated:
0

j uE, (u)e”"du
0

( 1)k+l k

:J[U[—&—In(u)+z o }]e‘”‘du

k=1
k+1 +o

:—5.[ ue "“du — I uln(u)e” 7”du+z( 1) juk*le du

( 1)k+l 1 (41)
—5Iue‘7“du Iuln(u)e‘“‘du+ z (“Ej
1.1 N 1
=—0-—e’'-—E = +=In(1
2y l(y)+nz_;‘n!(n+2)2+ (7(7+1) ;/n( " )J
_ s Lt 1 5D 1 _| 2z
° 72e ¥ El(y)JrnZ(;n!(n+2)2+ (ry+1)  y? N+ )
We have:
Tl_ _edu= IZ( 1)”+1u gy
0 o0 n—l ( 1)n+1 +oo n-1 ( 1)n+1 (42)
—Z( 1)"+1j—e7“du Z " -([nl —e'dt= 2_1: ~ =In(1+ )

This yields:

_r o 400 U
T= L2e |_N0 |:%J.uEl(u)eyudu_%je(y+l)udu J‘ (1 e ) 7udu:|
0

0



2 7 40 ¢ 4\, N 2,00
T=bet 5 ter LtEpy >y D, 1 Ly hyket
2 4 4 snl(n+2) oy ') 2+l

- Ng

L%t

ot In(L+ E) (43)
v
The remaining integral form is:

+00 _Z x _Z +00
V= Ie Lt )El(x/ Ldx=Le L " I E, (u)e du
0

0

We have already calculated:

J E,(u)e du

k+1 +00
:—}/5_[ ue du — ;/I uln(u)e” 7”du+z( kzl (1+%)+7J; [1-e™]e”du

:—7/5%—;/ ie E() > D > |+ 1 +£In(1+£)+;{£—i}
y ¥ onl(n+2)" | 7(r+D) ¥ y y r+l1
n, n+l
=—§—1e7——E( )+ Z( Uy ! pasdy L
Yoy =ni(n+2)’ 7(7+1) Y yor+l

Then:

oy = +o0
_1 “(No )El(x/ L)dX—y_I\zIOJ' El(%(NoJrX)) E,(x/ L)dx—%j xEl(%(N0+x)) E,(x/L)dx
0

Il
D

_r n, n+l
Mol 0 Lo LE )+ Z( Uy SR IO W S
Yo y nl(n+2)° 7(7+1) 4 yoy+l

n, n+l
7

5 +— 1 +(= +1)In(1+—)]
I

_Ng o 6 1., 1 (=)
e (}/ ” E() nzc;n'

_L%NO _o_1 _iE (DY 1 1 DI+ =) - ———
R R e L 1(y)+§n!(n+2)2+72(y+1) (5 +Din@+ Y = 1)]




n, n+l

L leS Ly dg ) $ 0 11,

el [ y ye E() onl - 2 }/ 7/ n(l+}/)+

N 5 1, 1 )t g
...—T[—;—; —;E() nEOnl +7/+( +l)|n(1+—)J

s 11 (DY 1 1 , 1
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To conclude, we obtain:
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Then, the throughput efficiency can be calculated in this case as:

n(M,B):M[(l—%j _ +(1—%) _ F(L,»,Ny)] (45)

And, using the Poisson law:

E[n(M,B)]= Bie™ +BAe *F(L,y,N,) =Bie “[L+F(L,7,N,)] (46)



