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Penalisation techniques for one-dimensional reflected rough differential
equations

A. Richard* E. Tanré T S. Torres *

January 15, 2019

Abstract

In this paper we solve real-valued rough differential equations (RDEs) reflected on a moving boundary.
The solution is approached by a sequence of rough differential equations with an unbounded drift whose
intensity increases with n (the penalisation). Hence we also provide an existence theorem for RDEs with
a drift growing at most linearly. In addition, a speed of convergence of the sequence of penalised process
to the reflected process is provided in the smooth case.

1 Introduction

Solving (stochastic) differential equations with a reflecting boundary condition is by now a classical prob-
lem. For a domain D C R®, a mapping o : R? — R¢*? an initial value yo € D and an R%valued path
X = {Xt}tepo,r) sometimes referred as the noise, this problem consists formally in finding R®-valued paths
{Yi}iepo,m) and {K;}iepo, 1) such that V¢ € [0, 77,

t
Ytzyﬁ/ o(Y,)dX, + Ki,
0

Y, € Ea |K|T < 09,
t t
|K‘t = /(; 1{XS€8D}d|K‘S and Kt = /0 n(Xs)d|K|s,
where |K|; is the finite variation of K on [0,¢] and n(z) is the unit inward normal of D at x. If X is a
Brownian motion and the integral is in the sense of Ito, this problem was first studied by Skorokhod [24],
and then by McKean [23], El Karoui [10], Lions and Sznitman [21], to name but a few. For this reason, it is
called the Skorokhod problem associated to X, o and D (see Definition 2.8).

In the last few years, this problem has attracted a lot of attention when the driver X is a S-Holder contin-
uous path: in the “regular” case § € (%, 1), existence of a solution has been established in a multidimensional
setting by Ferrante and Rovira [12] and uniqueness was then obtained by Falkowski and Stominski [11]. In
that case, the integral can be constructed by a Riemann sum approximation and is known as a Young integral
[27]. Extensions of these results to the “irregular” case § < % can be handled with rough paths. We recall
that this theory was initiated by Lyons [22] and for a (multidimensional) S-Hélder continuous path X and o
a bounded vector field, it provides a way to solve the equation dY; = o(Y;)dX;, where X = (X, X) is the path
X with a supplementary two-parameter path X (in fact higher order correction terms such as X are needed
if 8 < %, but we shall assume 3 > % for simplicity). Solutions can be understood either as a limit of ODEs
driven by a smooth driver X* which converges to X ([16, Chapter 10]), or directly as an equality between
Y; and fot 0(Y,s)dX, when this integral is defined in the sense of controlled rough paths |14, 17] (see also the
original definition of Lyons [22] and the one of Davie [6]). In this paper both notions will be useful and shown

to coincide for the penalised RDEs. Existence of solutions of reflected RDEs with § € (é, %) was proven
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by Aida [1], while Deya, Gubinelli, Hofmanova, and Tindel [8] provided uniqueness for a one-dimensional
process reflected on the line. Note that existence was extended to processes reflected on a moving convex
boundary by Castaing, Marie, and Raynaud de Fitte [5] and that except in this last work, the boundary is
fixed.

We focus on one-dimensional solutions to rough differential equations which are reflected on a moving
boundary L : [0,7] — R, where the driver is a d-dimensional rough path X with Holder regularity 5 € (%, 1)
(note that by a sligh abuse of notations, we may use X for X and the vocabulary of rough paths even in
the smooth case). Following a classical method for reflected differential equations, we consider the following
sequence of penalised RDEs with drift:

t t
ve=yotn [0 = L) ds+ [ o(yax. (L.1)
0 0

For technical reasons, the drift function n(-)_ will be replaced by a smoother function v,, with at most linear
growth, but the interpretation remains that of a stronger and stronger force pushing Y™ above L. However,
solving RDEs with unbounded coefficients is known to be tricky [2, 19, 20] and to the best of our knowledge,
there is no criterion in the literature allowing for the drift ¢, (smooth and at most linearly growing) and
any smooth and bounded o. Hence as a slight extension of a result of Friz and Oberhauser [13], we prove
that (1.1), with 4, as drift coefficient instead of n(-)_, has a unique global solution. Moreover, this solution
has a Doss-Sussmann-like representation [9, 25]. This property turns to be extremely useful as it allows to
transport, the monotony of v, < 1,1 to the penalised solution, leading to Y™ < Y"*!. We are then able to
prove the uniform convergence of Y and K" := [; ¥, (Y* — L,)ds to Y and K, which are identified as the
solution to the Skorokhod problem described above, which reads in dimension 1:

t
Y =1y +/ o(Y)dXs+K; and Yy >L,, tel0,T], (1.2)
0

and the non-decreasing path K increases only when Y hits L. Here, the reflection term also reads K; =
SUPg<4 ((Ls — Yo — fos o(Y,)dX,) Vv O), and under appropriate conditions, the solution is unique ([8, Theorem
9]). Besides, when X is a Gaussian rough path, the convergence of the sequence of penalised processes also
happens uniformly in L7(Q2), v > 1. Finally, we are able to prove a rate of convergence of Y towards Y in
the regular case.

In a forthcoming work, we will study the Euler scheme of the penalised processes and compute the
distance between this approximation and the reflected process. Hence, computing the rate of convergence of
the penalised solutions towards the reflected solution is the first step of this program, which may be extended
to the rough case. Another natural extension of this work is to prove our results for R¢-valued solutions, as
in [5, 21, 26]. We believe this might be done with our monotony argument replaced by a tightness argument,
as for instance in [26].

Organisation of the paper. In Section 2, a brief overview of rough paths definitions and techniques is
presented, followed by a set of precise assumptions and the statement of our main results. Then the existence
of a solution to the penalised equation is proven in Section 3, followed by some penalisation estimates. Most
of the proofs that lead to the convergence of the penalised sequence to the reflected solution (Theorems
2.11 and 2.12) are contained in Section 4: first it is proven that Y™ and K™ converge uniformly (we show
monotone convergence of Y™ towards a continuous limit), then that Y is controlled by X in the rough paths
sense, which permits to use rough paths continuity theorems to show that ¥ and K solve the Skorokhod
problem. In Section 5, we prove Theorem 2.13 which gives a rate of convergence of the sequence of penalised
paths to the reflected solution. Eventually, Appendix A gathers the proof of existence of solutions for RDEs
with unbounded drift (Proposition 2.10) and the proof of a Gronwall lemma for non-smooth paths.

Notations. C is a constant that may vary from line to line. For k € N and T > 0, C([0,T]; F) (or simply
CF) denotes the space of bounded functions which are k times continuously differentiable with bounded
derivatives, with values in some linear space F. If E and F are two Banach spaces, L(F, F) denotes the
space of continuous linear mappings from E to F. In the special case F = R? and F = R, we also write (R?)’
to denote the space of linear forms on R?. The tensor product of two finite-dimensional vector spaces E and



F is denoted by E ® F. In particular, R? @ R¢ ~ R%*¢ ~ M%¢(R), the space of real matrices of size d x e.
Let f be a function of one variable, we define

5fs,t = ft - fs' (]-3)

For 3 € (0,1) and a function g : [0,T]?> — F, the Hélder semi-norm of g on a sub-interval I C [0, T], denoted
by ||gllg.r (or simply ||g||g if I =[0,T1]), is given by

|gs,t|
glls.r = sup :
lollo.r = sup &=3p

The S-Hélder space C5 ([0, T]; F) is the space of functions g : [0, T]2 — F such that ||g||s < co. The S-Hélder
space C?(]0,T]; F') is the space of functions f : [0, T] — F such that [|§f||s < oo (hereafter || f]||s will simply
be denoted by || f||5). With a slight abuse of notations, we may write g € C?([0,T]; F) even for a 2-parameter
function, and if the context is clear, we may just write g € C”.

Similarly, we also remind the definitions of the p-variation semi-norm and space. For p > 1, a sub-interval
IC0,7T) and g: [0,T)> — E, denote by ||g||,.r (or simply ||g||, if I = [0,77]) the semi-norm defined by

n—1
HQHZ,I = sup Z |gt1‘,,ti+1 ‘pv
T =0

where the supremum is taken over all finite subdivisions © = (tp,...,t,) of I with tg <t < --- < t, € I,
Vn € N. With the same abuse of notations, we define VI the set of continuous 2-parameter paths g with
finite p-variation, and VP the set of continuous paths f : [0,T] — F such that ||0f]|, = | fll, < cc.

Note that we shall use roman letters (p, ¢,...) for the variation seminorms and greek letters («, 3,...) for
Hoélder seminorms in order not to confuse || - ||, and || - ||o. In case there might be a confusion, we shall write
|+ [lp-var ot || - | a-1151, for instance || f]l1-var-

Remark 1.1. C? (resp. VP) is a Banach space when equipped with the norm f w— |fo| + ||flls. (resp.
Ifol + 1| fll, ). When this property will be needed, the paths will start from the same initial conditions, thus
we may forget about the first term and consider || - ||z (resp- || - ||p) as a norm.

2 Preliminaries on rough paths and the Skorokhod problem

In this section, we briefly review the definitions of rough paths and rough differential equations, gathered
mostly from Friz and Victoir [16] and Friz and Hairer [14]. We also give a sense to the Skorokhod problem
written in Equation (1.2).

2.1 Geometric rough paths

Definition 2.1 (Rough path). e Let 8 € (3,3] (resp. p € [2,3)). A B-Hélder rough path (resp. p-
rough path) X is a couple X = ((Xt)te[O,T]7 (Xs,t)s,te[o,T]) € CA([0,T);RY) x C?°([0, T]; R? @ R?) (resp. in

VP([0,T]; RY) x V5 ([0, T); R @ RY) ) such that Chen’s relation is satisfied:
Xs,t - Xs,u - Xu,t = 5Xs,u & 5Xu,ta

for any (s,t,u) € [0,T]>. The space of such paths is denoted by €°([0,T];R?), or simply €° (resp.
7P([0,T);RY) and #P). For X € €° (resp. in ¥?), we will need the following homogeneous rough path
ﬂnorm”‘.

Xl = 1X1ls +/IXll2s (resp- Xl = 1X15 + [1X]12)-

e X € €P([0,T);R?) (resp. in ¥P) is a geometric rough path if the symmetric part of X, sym(X) =

(Xij + Xﬁ)ij:l.ud’ satisfies

1
sym(X)s, = 50X ® 0 X



Intuitively, this relation implies that geometric rough paths admit a first order chain rule, as for smooth paths
or Stratonovich calculus. The space of geometric f-Hélder rough paths (resp. p-rough paths) is denoted by
) (resp. VF).

Although our main results are expressed in Holder spaces only, the p-variations play an important role in
the proofs, due to the nature of the compensator process K (which is non-decreasing and thus in V!).
For the following definition, we follow [8].

Definition 2.2 (Control). Let I be an interval and define the simplex Sy = {(s,t) € I* : s <t}. A control
is a map w : S — Ry which is super-additive, i.e. w(s,t)+w(t,u) <w(s,u) foralls <t <wel. A control
is regular if lim sy o w(s,t) = 0.

For instance, if || X||? ; < co for some interval I C [0,1], then wx(s,t) = || X|| is a control on Sy. If

X € VP(I), then wx is a regular control.

p
ps[s,t]

2.2 Rough differential equations with drift

For a geometric rough path X € % ([0,7],R?), we would like to give a meaning to the following formal
equation:

dY; = b(Y;)dt 4 o(V;)dXs. (2.1)

We adopt the definition of solution given in [16, Definition 12.1] (see also [13, Definition 3]), which we recall
for the reader’s convenience. Note that this definition gives a meaning to (1.1), even though [ o(Y")dX, has
not been defined yet.

Definition 2.3 (RDE with drift). Let X € 47 ([0,T],R?), with 5 € (5,3]. We call Y € C°([0,T],R¢)
a solution to the RDE with drift (2.1) started at yo € R® if there ewists a sequence (X*)ren of R%-valued
Lipschitz paths such that

e sup |||XkH|/3 < o0, where X* = (X* X*) and X, = fst(Xff — XF)yaxk;
keN

o XF* converges pointwise to X;
e for all k, the ODE dY} = b(Y}})dt + o(Y}*)dX} has a solution and ||[Y* —Y ||« (0.1 = 0 as k — occ.

The classical Doss-Sussmann representation (see Doss [9] and Sussmann [25]) provides a way to write the
solution of a stochastic differential equation as the composition of the flow of ¢ with the solution of a random
ODE. It works for one-dimensional noises, even in some rough cases. However its multidimensional gener-
alization requires strong geometric assumptions on o (see [9]). Instead we recall a less explicit formulation
borrowed from Friz and Oberhauser [13], which requires no additional assumption on ¢ and shall be enough
for our needs.

For some o : R® — L(R? R¢), consider the RDE

dy;, = o(Y;) dX,, (2.2)

and if they exist, denote by yo — U;c % the flow of the solution (i.e. Y; = UXY> when Yy = yo), by Jo % its

- 0 t«0 <0
Jacobian and by Joo'%° the inverse of the Jacobian.

Proposition 2.4 ([13]). Assume that b € C}(R%R?), o € C}(R%; L(R?,R®)) and that X € €P ([0, T];R?),
with § € (%, %) Then for any yo € R, there ezists a unique solution Y to the RDE with drift (2.1) started
from yo. Moreover, this solution has the following Doss-Sussmann representation.:

_ 71Xy
)/t N Ut<_0 t 9 te [OaT]a
Zy =wyo+ [, W(s, Zs)ds

where
W(t,2) = 055 b (U355) (%) € [0.7] x R, (2.3)



2.3 Assumptions
We shall assume throughout the paper (except in the more general Proposition 2.10) that
o € CH(R, (RY)"). (2.4)

Since the penalisation term n(-)_ in (1.1) is not differentiable, we approximate it by a smooth non-increasing
function ,, such that

0 if y >0,
Vy €R, 1,(y) =4 smooth convex interpolation if —1 <y <0, (2.5)
Ly ify <—1.

In fact, for any n € N it is possible to choose ,, as above and which also satisfies:

P € € and Y, € CF° (2.6)
Vy eR, ¢n(y) < vYnta(y) and — 3 +ny_ < u(y) < ny_. '

We assume that the driving signal is a geometric S-Holder rough path, for some 8 € (3, 3], i.e. X =
(X,X) € %f([o, T]; R?). The boundary process is assumed to have at least the same Holder regularity as X,

and further that
X := (X, L) can be enhanced into a geometric 3-Holder rough path X = (X,X) € %f([O,T];Rd“). (2.7)

In that case, we still denote by X the projection of X on the X component, and by X = (X, X) the associated
rough path. Note that the previous assumption is not trivial in general because of the roughness g < % In
fact since we consider RDEs with drifts, we will also need (X, L,t) to be lifted into a geometric rough path.
In that case, since the identity function of R is smooth, it is always possible to realise such a lift, in such
a way that the projection on (X, L) coincides with X (see Young pairings [16, Section 9.4]). Observe that
Young pairings can also be used to obtain (2.7), but then one has to assume more regularity on L, namely
that L € V9, with ¢ > 1 such that % + % >1(p=p"1h.

With these notations and assumptions, we consider

t
YY" =yo +/ Un (Y, ds—i—/o o(Y])dX, , t €[0,T]. (2.8)

For each n € N, we will see in Proposition 3.1 that there is a unique solution to (2.8).

2.4 Gaussian rough paths

In the case X is a Gaussian process, several papers give conditions (see in particular Cass, Hairer, Litterer,
and Tindel [4]) for X to be enhanced into a geometric rough path. Cass, Litterer, and Lyons [3] also proved
that such conditions yield that the Jacobian of the flow has moments of all order (see also [4] with a bounded
drift).

Let X = (X!,... X9) be a continuous, centred Gaussian process with independent and identically dis-
tributed components, then following Cass et al. [3]: Let R(s,t) = E (X1X}) denote the covariance function
of X', and

U, v

R( 5t ):E[(Xé—xsl)(x&—xm

be the rectangular increments of R. Then for r € [1,2), we might assume that R has finite second-order
r-variation in the sense

tisti "
Rlgore = | s SR( Gt ) | <o (Hew)
=(t:) 7 i Vi1

m *(t )
Under this assumption, X can almost surely be enhanced into a geometric rough path X = (X,X) and for
any o € (37 2T) X € ¢,'. Moreover, this assumption permits to obtain upper bounds on the Jacobian of the

flow of a Gaussian RDE, which shall help us to obtain better convergence results in Theorem 2.12.



2.5 Controlled rough paths

We choose to define controlled rough paths with respect to the p-variation topology. Roughly, this is because
the compensator K and its approximations K™ are clearly in V! while it seems much more difficult to prove
that they have some Holder regularity. Then, it becomes easier to use rough paths continuity results such as
Theorem 2.6.

Definition 2.5 (Controlled rough path). Let p € [2,3) and X € VP([0,T];R?). A path Y € VP([0,T]; E) is
controlled by X if there exist a path Y’ € VP([0,T); L(R?, E)) and a map RY € V3 ([0,T); E) such that

Vs <te[0,T], 0Yy=VY/6Xs:+RY,

Y' is called the Gubinelli derivative (although not unique). The space of such couples of paths (Y,Y") controlled
by X is denoted by V% (E) (C)ﬁ( (E) for a corresponding definition in 3-Hélder norm, see [1/, Definition 4.6]).

If now X € ¥?([0,T); R?) and (Y,Y’) € VE(L(R? R?)), then the rough integral of Y against X is defined
by

n—oo
Tn=(t;)

T
/ Y,dX,; = lim Z }/ti(thi,tHl + )/t/,;thz,th (29)
0

where (7, )nen is an increasing sequence of subdivisions of [0, T with tg = 0, t,, = T, such that lim,,_, .o max(¢;+1—
t;) =0.

The existence of this integral has been established by Gubinelli [17] for the Holder topology (see also [14,
Proposition 4.10]). In the p-variation topology, we refer to Friz and Shekhar [15, Theorem 31]:

Theorem 2.6. Let p € [2,3). If X € 7?([0,T];R?) and (Y,Y’) € VL (L(RY,R®)), then the rough integral
of Y against X ezists (and the limit in (2.9) does not depend on the choice of a subdivision). Moreover, for
any s,t € 0,77,

t
/ YodX, — Va6 Xy, — VIXo.

< Cp (||X||p,[s,t]||RY||3,[s,t] + 11Xz 5, ‘Y/Hp,[s,t]) : (2.10)

Let us finally recall Proposition 2.12 of [5].

Proposition 2.7. Let p € [2,3). Let X € ¥?([0,T];R?) and assume that (Y",(Y™)'),cy C V& (LR, R))
15 a sequence such that:

(Y™) and RY" converge in the uniform topology on [0,T7],

and

sup (1I(v™"y
neN

plo,7] + ||RY”||§,[0,T]) < 00,

then (Y™, (Y™)') converges uniformly to some (Y,Y') € V& and

n— oo

i [ 3205 V=0
0 0

2.6 The Skorokhod problem

Having at our disposal a rough integral in the sense of Equation (2.9), we can give a meaning to Equation
(1.2), also referred to as Skorokhod problem associated to o and L, denoted by SP(o, L).

Definition 2.8. Let X € 77([0,T];R?). We say that (Y, K) solves SP(c,L), or that it is a solution to the
reflected RDE with diffusion coefficient o started from yo > Lo and reflected on the path L, if

(i) (Y,o(Y)) € V% and (Y, K) satisfies Equation (1.2), in the sense that both sides are equal, where the
integral [ o(Y;)dX, is understood in the sense of (2.9);



(ii) Yt € [0,T], Yy > Ly;

(iii) K is nondecreasing;

w) YVt €]0,T], ! Ys — Lg)dK, = 0, or equivalently, ‘1 v dKs =0 .
0 0 {Ys#Ls}

Remark 2.9. In item (i), it is also possible to define solutions to reflected RDEs in the sense of Davie as
in Deya et al. [8]. For RDEs with bounded coefficients (without reflection), Davie’s solution and the solution
in the sense of controlled rough paths coincide ([14, Proposition 8.8]).

2.7 Main results

Hereafter, even if § > %, we use the notation X € %f even though the iterated integral X is irrelevant in this

case. This notation permits to present our results in a unified form.

Our first result states the global existence and uniqueness of solutions for RDEs with an unbounded drift
which has at most linear growth. It is generally a difficult task to obtain global existence for RDEs when
the vector fields are unbounded (which is the case of 1), and known counter-examples show that global
solutions may not exist in general. Nevertheless, for an RDE with coefficient V' = (V1,...,V;) on R¢, where
each V; has components V;*, there are several results in this direction ([19, 20], [16, Exercise 10.56] and [2])
which ask very roughly for VikVle to be bounded and Holder continuous for all i, j, k,l. Observe that in our
case (assuming L = 0 for simplicity), the vector field V' would be V(y,t) = (o(y), ¥n(y)) but that ¢,0’ is
not bounded.

Proposition 2.10. Let o € C}(R®, L(R%R®)), n € N and b € C1 (R, R®) with Vb € C,(R¢,R**®) (i.e. b is
not necessarily bounded). Let 5 € (%, %), and let X be a d-dimensional -Hdélder geometric rough path. Then
for any initial condition yo, there exists a unique solution Y to the drifted RDE on [0,T]. Moreover, this
solution is a path Y € CP which also solves:

_ 71X Zy
}/t N Ut<_0 t ’ te [O7T}7
Zy =yo+ [, W(s, Zs) ds

where
W(t,z2) = J5 b (Ufig) . (t,2) €[0,T] x R®.

Since there is little difference between our proof and the original one of Friz and Oberhauser [13] (the
difference is that b is bounded in [13]), it is postponed to the Appendix. The idea is to derive first the local
existence and a Doss-Sussmann representation on a small time interval where the existence of the solution is
known. Global existence is then achieved by stability of the ODE in the Doss-Sussmann representation.

Besides enabling us to prove the previous proposition, the Doss-Sussmann representation also has a
monotonous property that will be very useful for the penalisation procedure. In particular, we will be able
to deduce that there exists a path Y~ which is the non-decreasing limit of the sequence (Y™),en and that this
path is controlled by X (Proposition 4.10).

We are now in a position to state our first main theorem.

Theorem 2.11. Let X = (X, X) € "ﬁf be a geometric 3-Holder rough path, 3 € (%, 1)\ {%} Assume that
{¥n}nen, 0 and L satisfy conditions (2.4)-(2.7), and that yo > Lo.

(i) Then the sequence (Y™, [ n (Y — Ls)ds)nEN defined as the solution to (2.8) converges uniformly in
C[0,T] to some path (Y, K) € Cf( x VL.

(ii) Besides, (Y, K) is the unique solution to the reflected RDE (1.2) (in the sense of Definition 2.8), i.e.
it is the solution to the Skorokhod problem SP(o,L).

So far, the result only involved deterministic rough paths. Using some recent results on Gaussian rough
paths leads to the following theorem.



Theorem 2.12. Let o and {1, nen satisfy conditions (2.4)-(2.6) and let yo > Lo almost surely. Let
X = (X',..., X% be a continuous, centred Gaussian process with independent and identically distributed
components, and let R be its covariance function. Assume that either X € CP([0,T];RY) for some 3 € (%, 1),
or that:

e R has finite second-order r-variations for some r € [1, %), as in (Hooy);

o L satisfies almost surely condition (2.7) for any § < % and that E {||L||g} < 00, for any v > 1.

Then the conclusions of Theorem 2.11 hold in the almost sure sense and moreover, the convergence holds in
the following sense: ¥y > 1,

lim E| sup |¥; —Y/|”

= 0. (2.11)
n—-4o0o t€[0,7T)

In the “regular” case, we obtain a rate of convergence of the sequence of penalised processes to the reflected
solution.

Theorem 2.13. Let X € C* be a B-Holder path, with 8 € (1,1). Assume that {{n}nen, o and L satisfy
conditions (2.4)-(2.7), and that yo > Lo. Then the solution Y™ converges to Y with the following rate: for
any € € (0,283 — 1), there exists C > 0 (that depends only on e, 8 and | X||, with p = B~') such that

sup |Y' =Y, < C n~ 381+,
t€[0,T)
Note that unless otherwise stated (for instance in the proof of Theorem 2.13), we will only consider the

case 8 € (3, 3]. Indeed if 8 € (3,1), Young integrals can be used which makes proofs easier.

3 Penalisation for RDEs
3.1 Flow of an RDE

In this paragraph, we gather several useful properties of the flow of the solution of an RDE, and of its
Jacobian. Hereafter, {Utxwo t €10, T]} denotes the solution to the RDE (2.2) with o € C#(R¢; L(R?,R¢))

0>
(note that C} is enough for existence and uniqueness in (2.2)).
First, we know that the smoothness of the flow depends on the smoothness of o: for any ¢, yg — Uff_;%o
is Lipschitz continuous and twice differentiable (see for instance [13, Proposition 3]). Denote by J <% its
Jacobian matrix, which according to [3, Corollary 4.6] is uniformly (in ¢ € [0,7] and yo € R) bounded by a
quantity depending only on p, ||X||, 0,7] and the so-called a-local p-variation of X (see |3, Definition 4.3]).
We denote this upper bound by C’?.
Denote also by Jov', := (J2X)) " its inverse matrix, which can be seen as the Jacobian of the flow of the same
RDE with X evolving backward. Hence as noticed in the proof of [4, Theorem 7.2], Jg( ., is also bounded by
C%, so that altogether the following inequality is fulfilled:

St%max (||J-<)Sg0Hoo,[O,T]> ||J3(<_;y.0|\oo,[o,T]) < CF < 0. (3.1)
Yo

Note also that with o € Cj, ch ., and Jffjo are Lipschitz continuous, uniformly in ¢.
Besides, when X is Gaussian with iid components and satisfies (Hcoy), CF has moments of all orders ([3,
Theorem 6.5] and [3, Theorem 7.2]). Note that b is not related to the definition of U and J, thus the above
four inequalities depend only on O'.X

3z

As observed in [4, Section 7], J3.~ satisfies the following linear RDE, for any fixed z:

4%, = dML TS,

where M depends on the flow UX'5. If e = 1 (e is the dimension of the space in which y lives), it is thus a
consequence of the fact that Jov's = 1 and of the uniqueness in the previous equation that Joo5 > 0 for any

z € R and any ¢ > 0. Hence it follows from Equation (3.1) that
VzeR, JIE>(CF)7H>0). (3.2)



Finally, the mapping W (¢, z) defined in (2.3) is continuous in ¢, Lipschitz continuous in z uniformly in
t if b is bounded (this is however not true anymore if b is unbounded). This ensures that there is a unique
solution to

2y =Wi(t,zt), 20 =Yo.

3.2 Existence of a global solution to (2.8)

The result below states the global existence of a solution to the rough differential equation (2.8). Due to the
boundary term in (2.8), we cannot apply directly Proposition 2.10. However, provided that (2.8) can be cast
into a proper RDE with drift using Assumption (2.7), then the result will hold.

Proposition 3.1. Let o € C}(R; (R?)), n € N and v, satisfying (2.5)-(2.6). Let B € (3,3), let X be a
B-Holder geometric rough path and let {L;}icjom) be a barrier process satisfying (2.7). Then for any initial
condition yo such that yo > Lo, there exists a unique solution to (2.8). Moreover, this solution is a path

Y seom € CP which also solves:

Yr = Xz
to T e , t€[0,T7], (3.3)
VAT +f0 Wn(s, Z%) ds
where
Wh(t,2) = 57 4y, (Uff_’f) - Lt> . (t,2) €[0,T] x R.
Remark 3.2. e For 3 > %, the previous Doss-Sussmann representation holds also true by a simple

application of the usual chain rule. Moreover, our assumptions on the coefficients meet those from [18]
and thus there exists a unique solution to (2.8).
e If the dimension of the noise d equals 1, then the usual Doss-Sussmann representation [9] can be used.

Proof. For y € R?, define B(y) = (Yn(y* — 9?),0)T, where we used the notation y = (y',5?)7 € R2. In the
1 ~
same way, define o(y) = ( a(g ) (1) ), so that & € Cjf (R L(R%1,R?)). Finally, let X € CKQB be the rough

path above (X, L), as in (2.7). Proposition 2.10 ensures that there exists a unique solution Yy e CA([0,T]; R?)
to the following RDE with drift

Ay = b(Y;)dt +5(Y;)dX,.
Since Y™ corresponds to the first component of f’”, the result follows. O

3.3 Penalisation estimates

We will rely on the previous Doss-Sussmann representation and the comparison theorem for ODEs to prove
that (Y™), .y is a bounded nondecreasing sequence of continuous processes.

Lemma 3.3. Let U > 0, ¢,{g" }nen be continuous functions such that g = 0, and assume that for each
n €N, f" is a solution to:

=00 gr VS (fr — ) du, Vit e [0,T),
&= fo = 4.

Then,
(i) For allt € [0,T],
Yn €N, [6f5, — 6lo:| < V26]|g" — 640 | oo 0.9 ;

(ii) Let B € (0,1). If £,{g" }nen € CP([0,T],R) and f§ > lo, then
VEe [0,T], Yn €N, ¢, (f —£,) < U, (8 +wi=F)pt-~F
where T, = C(|fl]s + g™ |5 + S9T*P).



Proof. (i) Denoting ¥ fot U (fIr — £,)du by kY, let 7" and g" be defined as follows:

t
£l im 08— btas = ~blo 4 g0+ W [ (£~ L)
0
=gy + k.
Observe that
t t
(PP = @+ 02 2 [ grais = @) +2 [ G+ g aks
0 0
t
<@P+2 [ @ - g
0
where we used the inequality f., ¢, (f7 — £y) < (f7 — Lo (f1 — £,) < 0. Tt follows that
(F)? < @2 + 262170 — T oo, < @)%+ 2(1F7 |+ 197D NG — 7" oo, 0.1
<5IFM12 0.0 + AF2 T oos0,0
< 5157120 0.0 + 3 (17012 + 16097112 0.
which implies the result.

The inequality ¢, (z) > —% — na yields
== f5 —to+7y — 59t —n¥ /Ot(fﬁ = by)du.
Denote g;' := g} — %\Ilt and f” the solution to
r—t=f —ly+ g —n¥ /Ot(ﬁf — 0,)du. (3.4)

It follows from the comparison principle of ODEs that for any ¢ € [0,T], f* — ¢ > ft” — 4. Solving
(3.4) yields

fir == (fg = Lo)e™™" — /Ot e dgy
> (ff —to)e™ ™" +gire ™ + W /Ot e (gr —ghdu , t e [0,T). (3.5)
Since ¥y, (z) < nz_, we now obtain from (3.5) that
atlp — ) <n (e o [ oG - ga)

t
< allg e Gt [ eV = wfdu e 0.7
0

It is clear that n|[g"|/stPe ™Y < ||g"||s¥ Pn'~P. Thus one focuses now on the second term: an
integration-by-parts and the change of variables v = nWu yield

¢ ¢
nQ\I// e "YWt — )Py = —ntPe Y 4 ﬁn/ e "y dy
0 0

nWwt
= —ntPe ¥t 4 Bnl_ﬁ‘lll_ﬁ/ v le v dw
0

< Cn'=Pgl-s, (3.6)
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4 Existence of a solution to the Skorokhod problem

4.1 Existence of the limit process

We use first comparison theorems and the Doss-Sussmann representation (3.3) to apply Lemma 3.3 and get
the following result, which implies the existence of paths Z and Y as pointwise limits of (Z") and (Y™).

Proposition 4.1. (i) Let the notations and assumptions of Theorem 2.11 be in force. Then the sequences
of paths (Z™)nen and (Y"™)pen defined in (3.3) are nondecreasing with n. Besides, the following in-
equalities are satisfied:

sup sup |Z{'| < +oo and sup sup |Y}"| < +oo.
neNte[0,T] n€eNte(0,T)

(ii) Now let the assumptions of Theorem 2.12 be in force. Then the previous conclusions hold in the almost
sure sense and moreover, for any v > 1,

E lsup sup |Z;]Y < +o0.

neN¢e[0,T]

<400 and E |sup sup |Y*|”
neN¢e[0,T)

Proof. (i) For each n € N, recall from (3.3) that Z™ is the solution of a (random) ODE with coefficient
Wn(t, 2) = Jo o, (U5 — Ly). In view of (3.2) and the fact that t,, < 4,1, it follows from the comparison

t+0
theorem for ODEs that Z" < Z"*!. Besides, the mapping z ~ Ut)if) is increasing since its derivative is Jt)i%
which, similarly to (3.2), is positive. Hence Y™ < Y"*1! as.
To prove the boundedness of Z™ and Y™, define Z™ as the solution of the following (random) ODE:

t ~
7" =y + C}(/ n (Uj‘;ﬁs - Ls) ds, t € [0, 7],
0

which in view of the bound (3.1) and the comparison principle yields Z > Z. Observing that

X,ZS" — X5y X,Z;L X;y0
Us<—0 - Us<—0 + Us<—0 - Us(—O

~uXg [ s
Yo
> U+ (CH) 122 — o),

where the last inequality follows from (3.2), it comes that
t
Zr <o+ O [ (U2 + (©O7ZE — ) — L) ds, t e 0.7).
0

Note that as the solution of an RDE, UXY satisfies (see [14, Proposition 8.3]):

s<-0

1
B
ol Xl 1)} (1)

1058 a0 < € { (Ioleg X 01) v

where C' depends only on 8. Hence, denoting temporarily by C, x g the right-hand side of the previous
inequality, and since yg > Ly,

t
Ztn < Yo+ C)Ic/ '@[Jn (_CU,X,ﬁSﬁ + (C)I()_I(Z;l - yO) - (Ls - LO)) ds, t € [OaT]a (42)
0
so that the process Z" which is the solution to the ODE

t
Z, = —C,x st’ +/ (0 (7: —(Ls — LO)) ds, ¢ €[0,7]
0

11



satisfies —C, x gt” + (03()71(2" —y0) < Z,, ¥t € [0,T) (by the comparison principle of ODEs). By Lemma
3.3, Z" satisfies:

s€0,t]

1Z; — (Li — Lo)| < V26 <CG,X,5tﬁ + sup |L; — L0|> ;
which then leads to the following bound: there exists C' > 0 which depends only on o, 5,7 such that
1
Z} <yo+C CF ((”Xmﬁ,[o,T] VI 0,)t” + sup, |Ls — Lo) - (4.3)
sel0,

Moreover, Z" > yo, hence sup,,ey Supeqo,71|Z{'| < +00. To prove the second part of claim (i), observe that

Y/ = ‘Ut<—0 | = |Ut 0+ UteO - Ut)i%o
< Jyol + [UZEE g j0,8" + CFI 21 = wol. (4.4)
Claim (3) then follows from (4.1) and (4.3).

(7i) Now if X is a Gaussian process satisfying the assumptions of Theorem 2.12, it suffices to use the
deterministic estimates (4.1), (4.3) and (4.4), as well as the following probabilistic estimates: for any v > 1,

E [|||X|||g7[O7TJ <o, E[C¥)]<oo and E [HLHﬂ [OT} <0 (4.5)

where the first bound is a classical consequence of Kolmogorov’s continuity theorem (which follows from
(Hcoy) for any 8 < o), the second one is [3, Theorem 6.5] and the third one was an assumption in Theorem

2.12. Then Claim (7) holds true. O
Remark 4.2. Observe that in the previous proof, we carefully avoided to estimate directly the Hélder regqu-
larity of t — fo ;i% )dX, since any basic a priori estimate would have depended on n. However, we will

be able to treat such questions in the next section.

4.2 Uniform continuity of the sequence of penalised processes

So far we only obtained pointwise convergence of the sequences of paths. Now, we obtain uniform convergence
and derive Holder continuity of the limiting paths. Thus this section is organised as follows: Lemmas 4.3 to
4.6 are technical results which permit to overcome the main difficulty here (Proposition 4.8), which is that
the negative part of Y™ — L converges to 0 as n — oco. Finally, we prove that this implies the desired uniform
convergence of Y™ and Z™ (Proposition 4.9).

Define the mapping
kx,z(5,) = CIX, 150 VIXI o 4) + CF (Ze — Zs)

for any s < t € [0,T1], for some constant C' > 0 which depends only on p. Define similarly xkx z» with Z"
instead of Z in the previous expression.

Lemma 4.3. (i) For any n € N, kx z» is a control in p-variation norm for Y, i.e. for any s <t € [0,T],
1Y " |lp,s, < Bx,zn (5, 1).
Besides, kx,z s a control in p-variation norm forY, i.e. Vs <t € [0,T],
1Y Nlp s, < Fx,z (s, t).

(#1) Moreover, if X and L satisfy the assumptions of Theorem 2.12, then for any v > 1 and for any n € N,
E[kx,2z7(0,T)"] < 0o and E [kx,2z(0,T)7] < oco.

12



Proof. (i) For each n € N, Z" is a non-decreasing path and invoking Proposition 4.1, it follows that
sup,en 12" [|1-var,jo,r] < 00 and thus sup,cy [|Z"]p,0,17 < oo (note that this bound depends only on X
and L, see (4.3)). Moreover, since Z" is a non-decreasing path,

1272 <sup{sup|62ft+l|p O]

:sup{\(SZ P~ 12\6 tii } =07¢,.
Hence it follows that
lim sup HZ"Hp [5:]
neN

g < limesktllp(Zt” —ZNP = (Zy — Zs)P. (4.6)

As a consequence, using the Doss-Sussmann representation (3.3), one obtains

=

e

; XZ
R (z T _ g

e SN—

< sup (ZHU ”“Hi,ul,m]) + sup U olluip 12" g5,
s

u€e|s,t

=

X;ZZ- n n
< SlTer (Z ||U-eo i ||§,[ti,ti+1]> + C?(Zt —ZJ).

p
p,[tu] =

Si t szi+1 P
1nce(3 )= ||U. H s,

[0 e

| is super-additive, i.e. for any s <t <w, U, i ® 1+ 1IU. o i

t p,[s,t

s We deduce that

.zn

X
1Y lpse) < 1UCo

plsi + CF (20 = 20).
Now the standard bound (4.1) also holds in p-variation norm (see [14, Exercise 10.20]), hence
(N lez WXl . V (lollcz X . 0)") + CF (2 = 22).

Finally, noticing that for any finite subdivision 7 of [s, ],

Z(6ni,ti+1 )p = nh—>n;o Z(a)/t?,ti+1 )p

™ s

"

< lim Y11 15,17
gives the desired result.

(1) The result can be directly deduced from the definition of kx z (resp. kx, z») and from the combination
of inequalities (4.3) and (4.5). O

Let us denote K™ the penalisation term in (2.8):

/ U (Y, s)ds, t €10,T]. (4.7)

The p-variations of K™ are controlled by those of Z™:

Lemma 4.4. Consider the continuous process K™ as defined in (4.7). Then for anyn € N and any s <t €
[0, 77,

SKI', < CXeZ7,.

This implies that for any ¢ > 1, || K" ||q[s,9 < C§||Z"||q’[s)t].

”q,[
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Proof. Using the definition (3.3) of Z™ and the bound (3.1) on J (recall also that J is positive), one has:

t
K7 K7 = [ RS R v - L

t
sc§/Jﬁﬁwﬁ?—mezc§wf—4»
S

Since K™ is non-decreasing, the result is a direct consequence of the previous inequality. O

Lemma 4.5. The path o(Y™) is controlled by X and its Gubinelli derivative is o/ (Y™)o(Y™) (o' (y) considered
as an element of L(L(RY R),R)).

Proof. Recall that Y™ is a solution obtained by approximation, i.e. in the sense of Definition 2.3. The first
goal of this proof is to show that Y can also be understood as a solution in the sense of controlled rough
paths.

We know from Proposition 3.1 that Y™ does not blow up in finite time. Let w be fixed, denote M (w)

supeo,] | Yy (w)| and consider a bounded smooth function ™M) equal to ¥, on the ball B(0,2M(w)). We

denote by Y™™ the solution to (2.8) with z/)T(LM) instead of 1,,. We have ;"™ (w) = Y;*(w) for all ¢ € [0, 7.
Now consider the following RDE in the augmented form (i.e. without drift) with bounded coefficient:

ay M =5(yMydX,,

where }/}t”’M = (V™ L) is the solution in the sense of Definition 2.3, where for any (y,1) € R%:

(M)
= 2, "0 0

and X is the canonical rough path above )?t = (X[,t,Ly)T. Tt appears that this equation can now be
solved in the sense of controlled rough paths (see [14, Theorem 8.4]), and that the solution that we denote

by Y™™ is controlled by X (with Gubinelli derivative G(Yn’M)). Considering that X can be approximated
by a sequence (()A(k,Xk))keN of smooth paths in the a-Holder rough path topology, with o < £ and Xk
the Riemann-Stieltjes iterated integral of X+ (see [14, Proposition 2.5]), we can associate a unique solution
YmME to the equation di}t"’M’k = E(ﬁ"’M’k)d)A(f, for each k£ € N. In view of the continuity of the It6-Lyons
map X € €7 +— Y € C%, where Y is the solution in the controlled rough paths sense ([14, Theorem 8.5]),
we obtain that ¥™M* converges in a-Hélder norm to ¥"™'. Since ¥™M* is in fact a solution in the usual

. . . S S —n,M . .
sense of ODEs, it also converges in the uniform topology to Y™™ . Hence Y™™ = Y" , and as noticed in

the first paragraph, Y™ = Y so that the two notions of solution coincide.
In particular, (Y™M G(Y™M)) € cf?. This immediately yields that (Y™, (c(Y™), ¢, (Y™ — L))T) is
controlled by the paths X := (X{,t)”, which in other words states that the mapping Q7, := 6Y, —

(e (Y1), (Y — Ls))o X, satisties |Q"[|z 0,7] < co. Hence one deduces that (Y",o(Y™)) € C5: Indeed,
setting for any s < ¢ € [0, 7],

Ry = 0Y( —o(V)6 X4, (4.8)
one gets that

[RS el = Q4 + ¢n(YS" = Ls)(t — 5)]
<R+ 1on (Y™ = D)oo, 0,11 (8 = 8) < [QE |+ nllY™ = Lo, 0,11 (E — 9),

Thus it follows from the above and Proposition 4.1 that
1R g 1021 < C (1Q" g 0,21 + 7Y™ = LlloeomT) < o0,

and in particular the Gubinelli derivative of Y™ is o(Y™) € VP([0,T]; (R%)").
Finally, o(Y™) is controlled by X with Gubinelli derivative o/(Y™)o(Y™) (see [14, Lemma 7.3]). O
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That o(Y™) is controlled by X means that the following quantity is bounded in £-var, for each n € N:
R =00(Y")ss — o' (Yo (V)0 X, 1. (4.9)

Lemma 4.6. (i) Under the assumptions of Theorem 2.11, one has the following inequality:

O :=sup (||U(Y")Ta’(Y”)

p,j0,7] ||R"’"||g,[o,T]) < 0. (4.10)
neN

(#4) If in addition, the assumptions of Theorem 2.12 hold, then E (07) < oo, for any v > 1.

Proof. (i) First, observe that by the regularity assumption on ¢ and by Lemma 4.3, the first part of the
inequality is fulfilled: sup,,cy [lo(Y™) o’ (Y™)||p, 0,77 < o0
Now consider R>™. By a Taylor expansion,

Yt”L
5o (Y")er = o (Y2)SYT, + / o () (Y — y)dy. (4.11)

n
s

The combination of (4.8) and (4.11) yields

Ytn
R7P = o/ (YM)RY, + / o ()Y — y)dy.

n
s

Hence

[RI < Mlo” ool BE | + Nl oo (Y7 = Y1)? < O (IRE, |+ (V)" = Y)?)
From Lemma 4.5, the Definition (4.8) of R", and inequality (2.10) applied to | f MdXy, — o (Y0 Xs 4,
one gets

[RL,| < OKZ, + |0/ (V) (V)] Kol + G

2is.g + 10" (V) (Y™l

pisal alXlg ) -

Hence

REF] < M (BK 4 Kl 1K eI B" g ) + 1o (Y™ o 1Kl g gy + (7 = Y0,

for M that depends only on p, the uniform norms of ¢ and its derivatives. Thus for any s < ¢ € [0,7] such
that |s —¢| < dx, 6x =T Asup {6 > 0: [|X ||, 59 < sM 71, Vs, t €[0,T] s.t. |t —s| < 8}, one gets

(R < 2M (K2, + Kol + [0 (Yo (1))

[Xllg s, + (V" = Y2)?).

p,[s,t] |

Using the bound on K™ from Lemma 4.4 and the bound on ||[Y"|, from Lemma 4.3, one gets for any
|s —t] < dx that

RZF| < C (22 + Kool + x,z0 (5, 1K g o + i, 20 (5.1)?) (4.12)
Then
P o,n e o,n £
IRMI2 ory = swp | D IRTELE+ D0 RIGIE
m=(t; tip1—t:<8x tig1—ti>0x

< C (623 + XU o1 + .20 (O, TVEIXING g gy + i 20 (0, )7 )

+sup Y |RTGL R (4.13)

m=(t:) tiv1—ti>0x

15



By a simple induction, one can verify that for any sqg < s1 < --+ < sp,

a,n
R90 SN § : R9k75k+1 + z : 6R9019k79k+1’

where SR, (. = RQ", . —REY, —REY . Inview of (4.9), thereis 6 RZ", P = —00"0(Y")sy,5,0X
Hence
|5Rg0nsk sk+1| < C|§ 50,8k ||5X3k75k+1|
k—1
< C|5X5k 5k+1| Z ‘6 Sj s7+1| (414)
7=0

For any index 7 in (4.13) such that ¢;11 — t; > 0x, denote K; = L%J (< 5T) tik = t; + kdx for any
k=0...K; and t; i, +1 = ti+1. We obtain

2 : o,n £ _ z
‘Rti»t'i+1| - § : 2 :Rh kotik+1 + 6th, tik,ti, k+1|

ti+1—t1y>6x ti+1—ti>5}( k=0
p K,
P
S <2 ) : :|Rzkt1k+1 +|5Rt tzktlk+l|2
tiv1—t; >6X k=0

IN

T %71 Kz g K'i
(2§X> Z|R1 k>t 1k+1 +C <Z|§sz ti k1 ) Z|5Xti,k1ti,k+1|§
k=0

tit1— t;>0x k=

(e}

T B_ K; T\P~ 1 K; T K
<C <5> Z {Z | ti, s tz k+1 Jr <5) Z |5 tiksti k1 ‘p - (57 Z |5Xtivk’t'ivk+1 |P
X tig1—t;> k=0 X X k=0
p_q K; 29
T\ ?2 - T\ 2 "
<c(5) Bl 40 (50) (I + IXIE o)

t; +17t1>5x k=0

where we used (4.14) in the third inequality. Now, since t; y11 — t;x < dx, we can use (4.12) to get that

ya
3 Z| T el E C(OZ80)F + (14 x 20 (0, 1) D)X 1y + i 20 (0, 7))

tit1—t;>0x k=0

Eventually, one gets that

3p_2

o,n D T 2z P D
> maEo(5) (620 0 O DD g+ o017 41X )
ti+1—ti>6x X
so that

P
2

1B 1E oy < COxP~F (6250)% + (Ut w20 0TV DX oy + 20 0, + X o) -

In view of the definition of kx z» and since Z" < Z"+1,
ya 2
IR7™MZ (o7 < C(0x)* (22 + 2R+ NIXIE 2y + XN oy + HIXIIIP,[O,T]) : (4.15)

Finally, since we assumed that || X || < oo, it follows that || X||, 5.4 < | X||glt — s|® and then (since 8 = p~?)
that 6x > (|| X|[|sC)~? > 0. This proves (i).
(74) Using Lemma 4.3 (ii), we deduce that E {supneN ||U’(Y”)U(Y")||;[O T]} < oo. In view of (4.15)
3p 3p_
and the fact that E[é(%?)v] < E[HXHZ( 2 2)7] < oo for any v > 1, Lemma 4.3 (i) also implies that
E [SupneN IR [OT} < ©0. -

16

SkySk+1"

}



Corollary 4.7. The rough integral in (2.8) is S-Hélder continuous on [0,T], uniformly in n: there exists
C > 0 depending only on p, ||0]co and ||o’|lcc such that

t
Vne N, Yste 0T | [ o(v)aXa] < O+ Ol ls - 1,

where © was defined (independently of n) in (4.10).

Proof. In view of Lemmas 4.5 and 4.6, Theorem 2.6 implies that

wn(snt) = || [ o)Xl
is bounded from above by a control, denoted by w(s,t), which is independent of n. Namely:

1 n n n
wn(sat)p < HJ(Y )HOO,[S,t]HXHp,[S,t] + ||U/(Y )U(Y )||007[57t]||X||P7[57t]
+ Cp (IX N st B 15 15, + IXIlg ot 10/ (V™ (V )l s,

< C(1+0) (Xl + IXllg s.0) = wls, D)7,

where © was defined (independently of n) in (4.10). To conclude the proof, it remains to notice that since
(X,X) € €7, | Xllps. < 1 Xllgls — 11 and [[X]|g (s < [IX]|25]s — t[**. B

Proposition 4.8. (i) Under the assumptions of Theorem 2.11, there exists C' > 0 which depends only on p
and T, such that for any n € N*,

sup (V7' = L)~ < € (1 (1 + )Xl + L) "
sel0,

where © was defined in (4.10). In particular, ILm sup (Y, — Ly)- =0.
N0 5¢[0,T]

(it) If in addition, the assumptions of Theorem 2.12 hold, then lim IE[ sup [(Y]' — Ls),m = 0, for any
n=o0 T se0,T]
v =1

Proof. (i) Applying Lemma 3.3(i:) and Corollary 4.7, one gets that

Vi, sup <1@“—L(s>_sc(1+|L|ﬁ+|| / U(YJ)qu|,6> n?
s€[0,T] 0

<C(1+ 1Ll + (L +O)IXI|5) n ™. (4.16)

which is the desired result.
(ii) Using (4.5) and Lemma 4.6 (ii), one gets that lim,_; o E[w(s,t)?] = 0, ¥y > 1, so the result follows
from (4.16). O

Proposition 4.9. (i) Under the assumptions of Theorem 2.11, (Y™),en converges uniformly to some process
{Yi}eepo,m € CP.

(#t) If in addition, the driving noise X is Gaussian and the assumptions of Theorem 2.12 are satisfied, then
the convergence happens in L7 (Q; |- |\OO7[07T})) (i.e. as in (2.11)), Vy > 1. Besides, Y has a B-Holder
continuous modification and E[||Y||g$[0’T]] < o0, Vy > 1.

Proof. (i) This proof uses estimates which are similar to those in the proof of Proposition 4.1, but this time
a bound on Z}' — Z7 is needed.

For any s € [0,T), define {Z[Les}te[sﬂ as the solution of the following (random) ODE:

t 7n
Ziy =22+ CF [ 0n (VEF - L) du, te fs1)
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Once again, there is Zt’ﬁ_s > Z} and
~ t ~ ~
Ziy 2224 CF [ n (V0= Coxatu— o) + (CN) 22 - Z) - L) du, t € [s.T)
but unlike in (4.2), it is no longer true that the starting point Y.* is larger than L,. Thus we only get that
t
Ziy 2224 CF [ n (<00~ L) = Coxplu= 9 + (CX)M(E2 = 22) ~ (Lu = L) ds, t € [5T)

As in (4.3), one can then verify that the previous bound leads to
~ 1
vte s T], Zy <Zj <Z;+C C?I( <(”|X|ﬁ,[0,T] v |||X|||§,[0,T])(t - S)B + Sl[lpt] |Ly — Ls| + (Y" = L5)> )
u€ls,
where C' depends only on o, 8, T (an in particular not in n or s). Now as in (4.4),

X;
Y =Y < Sup 108610,y (t = 9)° + CF| 2 = Z7|
y

<C(CT) <(|||X||ﬁ,[0,T] VIX] P

1
g,[O,T])(t - S)B + sup |Ly — Ls[ + (V" — LS)> . (4.17)

Using Proposition 4.8, we can now take the (pointwise) limit as n — oo in the two previous inequalities to
get that for any ¢ € [s, T,

w€([s,t]

7, < 2, +C C¥ <<|||X|| s VXIS o) (= ) + sup |L, — Ls|>

1
and |Y; - Y;| < C (CF)? <(|”X|”ﬂ,[07T] v |||X|||§7[07T})(t — )7+ Sl[lp] | Ly — Ls|> ‘
ue|s,t
Hence Z and Y are (Holder-)continuous, so arguing with Dini’s Theorem, we are now able to conclude that
the convergences are uniform.

(#4) Under the assumptions of Theorem 2.12, one deduces from the previous point that lim, . ||[Y" —
Y|lo,0,77 = 0 almost surely. Moreover, Proposition 4.1 states that (Y"),cn is a nondecreasing sequence.
Thus [Y" =Y ||le,0,7] < 2/IY ||, [0,77, and since E[||Y||ZO,[O’T]] < oo (by Proposition 4.1 (4)), the convergence
result is obtained by using Lebesgue’s theorem.

The Holder continuity of Y is a consequence of Inequality (4.17) and Proposition 4.8 (i7). O

4.3 Identification of the limit process X

To achieve the proof of Theorem 2.11, we will show that (Y,o(Y)) € C)B( and deduce that [j o(Y;)dX, is the
uniform limit of the sequence { [, o(Y,*)dX;}nen and that K™ converges uniformly to a non-decreasing path
K. Then, by checking the properties (i), (ii), (iii) and (iv) of Definition 2.8, we will be able to prove that the
paths (Y, K) so constructed are indeed solutions to the Skorokhod problem SP(o, L).

4.3.1 Step 1: convergence of the rough integral.
Proposition 4.10. (o(Y),c'(Y)o(Y)) € Céi and the following convergence happens in C°([0,T],R):

=0.
00,[0,T]

lim
n— o0

o(YMX, — [ o(Y.)aX,
0 0

Proof. Our aim is to check that Proposition 2.7 can be applied. First recall that o(Y™) is controlled by X
and that its Gubinelli derivative is o/(Y")o(Y™) (Lemma 4.5). By Proposition 4.9, o/(Y™)o(Y™) converges
uniformly to o’(Y)o(Y'). Similarly, RJ}" converges uniformly a.s. to R7, := d0(Y)s: — o' (Ys)o(Ys)0 X s
Hence in view of Lemma 4.6, the assumptions of Proposition 2.7 are matched and the desired result follows.

O
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A direct consequence of the previous proposition and of Proposition 4.9 is that K™ converges (uniformly)
to a limit path K so that

t
vte 0,7, Y, =uyo +/ o(Vy)dX, + K.
0

As a limit of non-decreasing paths, K is non-decreasing. Hence the properties (i) and (iii) of Definition 2.8
are verified.

4.3.2 Step 2: Y > L.
This is the result of Proposition 4.8. Thus property (ii) of Definition 2.8 is satisfied.

4.3.3 Step 3: points of increase of K.

By the uniform convergence of K™ and the non-decreasing property of K™ and K, it follows that d K™ weakly
converges towards dK and since Y converges uniformly to Y,

t t t
0> / (Y — L)y (Y — Lg) ds = / (Y — L) dK] — / (Ys — Ly) dK,
0 0 0

where the last integral exists in the sense of Lebesgue-Stieltjes integrals, since K is a non-decreasing path.
Since Y; — L > 0 (by the previous step) and K is non-decreasing, it follows that fOt(YS —Ls) dKs > 0. Hence

for any t € [0,T7, fot(YS — L,) dKs = 0, which proves that the point (iv) is satisfied.

Remark 4.11. In view of Subsections 4.3.1, 4.3.2 and 4.3.3, we conclude that (Y,K) is a solution to
SP(o,L), which achieves the proof of Theorem 2.11. In addition, if X is a Gaussian process satisfying

Assumption (Hcoy), we obtained all along Section J the probabilistic estimates to ensure that Theorem 2.12
holds.

4.4 Uniqueness

Uniqueness is in general the most tricky part in reflection problems. Here we benefit from earlier results in
the literature. In the case 8 > %, the uniqueness of the reflected is due to Falkowski and Stominski [11].

In the case § < %, the uniqueness of the reflected RDE has been proven recently by Deya, Gubinelli,
Hofmanova, and Tindel [8]. The difference between our work and [8] is that they have a fixed boundary
process L = 0. But their proof of uniqueness can adapt to a moving boundary.

5 Rate of convergence of the sequence of penalised processes

In this section, we prove Theorem 2.13, which gives a rate of convergence in Theorem 2.11 (in the regular
case f > 7).

The following result is similar to the rough Gronwall lemma of [7, 8], except that it only applies in the
“regular” case of ¢ < 2, however with a second member in the inequality which is not a control. The proof is
very close to the proof of [7, Lemma 2.11], for this reason it is given in the Appendix.

Lemma 5.1. Let g € [1,2) and A € V([0,T]). Let wy be a regular control with M := w1(0,T) < co and let
wey be another control. Assume that for any s <t € [0,T],

[Alg,1s,) < N[Aloo,fs, 5w (s, )7 + wa(s, t)7.
Then,

wy (0,T) wq (0,t)
]§2(20f1)q_1e S sup wa(0,t)e” on
te[0,T)

HA - AOHZQ[QT

where o = min (1, (ZqMBQ)fﬁ).
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Proposition 5.2. Let X € C? with B € (%,1) and assume that the assumptions of Theorem 2.11 are in
force. Then for any ¢ € (0,283 — 1), there exists C > 0 (that depends only on ¢, 3 and | X|,,p = 87") such
that

sup Y — Y| < C n~(3F-D+e,
te[0,7]

Proof. In this proof, denote by II;(y) the projection in the upper half “plane” delimited by {L;}sefo,17, i-e.
Ht(y) =Y if Yy > Lt and Ht(y) = Lt if y < Lt.
The proof relies on two important ingredients: the first one is the continuity of the Skorokhod mapping for
any p > 1,
VP([0,T]) — V*([0,T])
z =y,

where (z, k) is the solution of the Skorokhod problem driven by z: y = z + k (see [11, Theorem 2.2]). The
second one is the fact observed by Stominski [26] that {I1;(Y;")}ic[o,7) is the solution of SP(T™, L), where
e =1L(Y") - Y +yo + fo o(Y")d X, and with compensator K™.

Let ¢ = 175% Note that since 3 = p~! > 1'55, one has ¢ > p. Moreover, Y™ € V? since Y™ € VP. Thus
for any s <t € [0,T],

||Y - Yn”q,[s,t] < ”Y - H(Yn)Hq,[s,t] + ”H(Yn) - Yn”q,[s,t]

< Clla+ | o0, = Y7y + IO =¥,
using the continuity of the Skorokhod map. Then
1Y = Y"[|g,1s,5 < CII/ —o(¥Yy") dXullg s, + (1 + O)IIY™) = Y lg 15,0

< CHU HOOHY - Yn”OO,[S,t] HX”q,[S,t] +C Cy ”XHp,[S,t] Y — Yn”q,[S,t]
+(14+0) Iy -y"

q,[s,t]>

using Young’s inequality at the second line (which is fine since p=* + ¢~ > 1). Now let
=inf{6 > 0: CC||X|, s, < 3, Vs <t €[0,T] such that [t — s| < 6}.

Then for any s <t € [0,7] such that ¢t —s < 7,

1Y = Y"{lg, 5,0 < 2CN0" oo |Y = Y [|oo, 5,6 [ X g 5,61 + 2(1 4+ C) [TIY™) = Y™ {|g,(s,1-

lg,
As in the proof of Lemma 4.6, it follows that for any s < ¢ € [0,T],

1Y =Yg, < 207 U0 [l lIY = Y " [loo, 5,0 | X Nlg,1s,5) + 21 + C) ' = JIL(Y™) = Y| 15,1

la,

Hence, applying Lemma 5.1, we obtain

wy (0,t)
IV = Y72 gy < 2¢755 2(14+C) sup {HH(Y”) Yo o ge b } (5.1)
t€[0,T]
where wy (s,t) = QC’||0’HOOHX||q (s, Hence considering that (y")—Y" = (Y" - L)_ and
IIEY™) = Y2 0 < M) = Y28 TV = Y2 ) = YR X
it follows from Proposition 4.8(¢) that
™) = Y™ 7 . S 02 PIXND o 4
which, when plugged in (5.1) leads to the desired result (@ =8-(1-p+¢e)=2-1-¢). O

20



A  Appendix

Proof of Proposition 2.10. The existence of a solution of (2.8) up to some time 7 > 0 comes from [19],
Theorem 3 (see also [16, Theorem 10.21]). Uniqueness is also granted given the regularity of ¢ and b. In
view of [19, Lemma 1] (see also [16, Theorem 10.21]), we know that either Y is a global solution on [0,T],
or that there is some time 7' > 7 such that for any ¢ € [0,7'), {Ys}.c[0,9 is a solution to (2.8) and that
lim¢_,,/ |Y| = co. In the remaining of this proof, we shall prove that Y; coincides on [0,7") with the solution
0 (3.3). Since the latter does not explode, it will follow that Y is a global solution.

Let us turn to the Doss-Sussmann representation. Recall that according to (3.1), Jov', is Lipschitz
uniformly in ¢ but that due to the unboundedness of b, W (¢, -) is only locally Lipschitz (uniformly in ¢). This
suffices to prove existence and uniqueness of a solution to z; = W (¢, 2;) on a small enough time interval. In
fact, Joi", is bounded (see (3.1)) and CF¥ := sup,c (o 71 |Ugc'y| < 00. Denote by B(CF) the ball of R® centred
in 0 and with radius C¥. Thus

W (t,2)] < [JoZb U0+ Wt 2) = T Zb(URE)|

<OF sup  [b(a)] + O LU — bUEY)]
zeB(C¥)

< CF (Il 5c) + V01X 21 )

i.e. W has linear growth. This ensures the stability of the solution Z; to the ODE Zy = W (t, Z¢), and
its global existence on any time interval (see e.g. [16, Theorem 3.7]). Thus the process {Ut)f_;gt}te[oﬂ is
well-defined.

Now to prove that {Y;},cjo,, and {Ut)igt}te[o,ﬂ coincide, one can follow closely the end of the proof of
[13, Proposition 3|: let (X*).en a sequence of geometric rough paths such that (X*).en is a sequence of
Lipschitz paths with uniform S-Hélder bound, which converges pointwise to X. Denote by Y* the solution
to (2.8) where X* replaces X. Then (Y*, Z*) is easily seen to solve (3.3) with X replaced by X*. As stated
in [13], it suffices to prove the uniform convergence of Z* to Z to get the result. Define
v |UX;z UXk;z

k _ . X;z X’“;z
M" = Sup |‘] - JO<—S 50 Ys+0

0<—s
s€[0,7],z€Re

and denote Jrip = supyco 1 ||J§(;'O||Lip which is finite (see the discussion of Section 3.1). Now the main

difference with [13] lies again in the unboundedness of b: denote by Z = Supyeo,r |Zt| < oo and 65 =
UX| < oo. Then for t < 7,

SUP¢e [0,7] SUP_c (0,Z) |

Xk zk
bUsco)

X;zk Xk zk
+ ‘J[)(—S - J0<—s 540

t
Z, X;zk i Zs
75— 7, < /0 {Jéii _TER bz

X;zk Xk, zk iZs
LSO - U >|}ds

< [} {12 = 2 Wy + 3 (I + 19002557 — 025
+ ORIV — 02 fas

< /Ot {JLiplZf — Zu b+ M* b+ || Vbl (CF + MF) UXTZ5 USX<_;€S|}ds

< /Ot {JLiplzf — Zy| b+ M* b+ | Vb|lao (CF + M¥) (MF + C¥|ZF — 7)) }d&

where b := max <||b||oo7B(C[>]<)7 ||b\|oo’B(5§)). Then, denoting C%! := b + ||Vb||oCX and C%2 := by, +
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V]| (CF)?, one gets that

t
sup |Z% — Z,| <tCP'MF* + 1| Vb|| oo (M*)? 4+ CZ2(1 + MF) / sup |ZF — Z,|ds
s€[0,t] 0 u€(0,s]

< (C% +||Vb||ooM®) TM* exp (CZ2(1 + M*)T) (A1)

applying Gronwall’s lemma in the last inequality. By the continuity of the mapping (y, X) — Uﬁg (see [14,
Theorem 8.5]), there is M* — 0 as k — oo, hence the inequality (A.1) implies that Z* converges uniformly
to Z. Since Y* has the representation (3.3), then so has Y.

Hence {Y;}/c[0,-] and {Uff_;gt}te[o’f] do coincide and since the latter does not explode in finite time, this
implies that there cannot exist 7/ > 7 such that lim;_,, |Y;] = co. Thus Y is defined on [0, T]. O

Proof of Lemma 5.1. This proof is very similar to the proof of [7, Lemma 2.11], but we reproduce most of it
for the reader’s convenience, emphasizing on the main differences.

Without loss of generality, assume that Ag = 0. Let K = |a~!] be the integer part of a~!. For
k =0,...,K, define t; € [0,7] such that wy(0,¢;) = aMk. Hence 0 =ty < t; < -+ < tg < T and
w1 (tk, trr1) < aM. For t € [0,T), let k such that ¢ € [tg_1,tx), then

k—2 k—2
D 16 e [T 10T <Y AN AN Ly
7=0 =0
k—2
< 2q7104MZ HAHgo,[tj,th] + 29wy (0, tp—1) + 2q71aM||A||go,[tk_1,t] + 29wy (-1, t)
§=0
k—1
<207'aM Y AN 0,00 T 29" 1y (0, 1),
=0

using the super-additivity property of ws.
(0,)
Now set H; = HA”go,[O,t] exp ( wlT) We get

k‘

-2 k—1
1 wi(0,2541) -1
|5Atj,t]+1| =+ |6Atk 1 t|q < 24— OéMZ Htj+1 exp (a]\j + 24 wg(O,t)

7=0
<27 QM| H| oo jo,r1€" T + 297 T2 (0, ¢).

<.
Il
=)

Since [A7 < K971 Y578 04
t<tg,

s |T+ K76 A, 4|9, we obtain from the previous equation that for any

AL, (o < E)* ' aM||H || 0,71 + (2K) 7 w5 (0, 1).

Hence, using that ¢ € [ty_1,tx), so that w(0,t) > aM(k — 1),

wy (0, 1) -1 2 -1 w1 (0,1)
H, = |\A||go,[0’t] exp <_al\l) < (2K)T aMe®||H || oo 0,71 + (2K)? w2 (0,t) exp )

thus, using the fact that K < a1,

0.t

| H o1y < (2K aMe | Hlloo oz + (2K)7 sup (w2<o,t>exp (—“’1( )))
tc[0,T] aM
(0

t
< aQ*quflMeQHHHOO,[O’T] + (27 H7 sup (wQ(O,t) exp (_uq,))) .
t€[0,T) aM

In view of the definition of o and the assumption ¢ < 2,

—1yg— w1 (0,
1|0 0,71 < 2(207 1)1 sup (%(t),t)exp (‘1()>>

t€[0,T] aM

and the conclusion follows from the definition of H. O
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