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Abstract : The Betz limit sets a theoretical upper limit for the energy output of turbines, expressed
as a maximum power coefficient of 16/27. Betz’s theory is precise and is based on the calculation of kinetic
energy. By taking into account the potential energy, the theoretical energy output of the turbines can be
higher. For fast wind turbines, the kinetic energy of the wind is optimally recovered and at the same time a
large amount of potential energy is created without additional energy input. The article presents a review of
the consideration of this potential energy and it is possible for a wind turbine to transform potential energy
into kinetic energy. The definition of the maximum power coefficient is the one established by Betz which
remains valid for the horizontal axis turbine HAWT and no longer makes sense for vertical axis turbines
VAWT. The results given are examined a conversion of the potential energy into kinetic energy through a
mechanical system which is not applicable for horizontal axis turbines HAWT.

Keywords : Betz limit, Betz’s law, Wind turbine, Tidal turbine, HAWT, VAWT.

1 Introduction

Lanchester, Betz, Joukowsky [van Kuik| (2007) have participated in the definition of the maximum power
coefficient of a wind turbine. This limit is commonly called Betz limit. Huge research efforts have been made
to optimize wind turbines to approach this limit, for example by optimizing the angle of incidence, the shape
of the blade profile, etc. One can refer for example to the book "Wind Energy Handbook"Burton et al.| for
fast moving horizontal axis wind turbines (HAWT) or for example "Wind Turbine Design: With Emphasis
on Darrieus Concept" [Paraschivoiu| (2002) for vertical axis wind turbines (VAWT).

Research has been done to improve this efficiency by, for example, ducting the turbine (Georgiou (2016)
Georgiou and Theodoropoulos| (2016)) or by placing a water turbine in a narrow channel, which allows the
water level upstream to be increased by the resistance to the advancing fluid (Quaranta (2018) (Quaranta
(2018))) or grouping turbines in farm in order to create an excess of power due to the proximity between
machines (ducting effect) ( Vennell (2013) [Vennell (2013) and Broberg (2018) Broberg et al.| (2018)).
Betz’ theory is based on the calculation of kinetic energy. A wind turbine is defined according to the energy
of the fluid for energy recovery and for the definition of its structure to resist. A carriage that can move
freely, will be moved by the wind and will be subject to very little stress from the wind. If the carriage is
stopped, the carriage will be subject to high stress on its structure. For a fast moving wind turbine, when the
wind increases, the possible energy recovery increases and the stresses on its structure also increases, which
is not the same situation as for the carriage.

Large wind turbines are stopped when the wind becomes too strong, not because they produce too much,
but because they are under too much stress which may break their blades. Stresses in a structure are potential
energy.

Betz’s theory does not take into account the notion of stress (potential energy) for a wind turbine, it does
not take into account only the notion of kinetic energy.


https://orcid.org/0000-0001-5519-3354
https://orcid.org/0000-0002-6667-4935

For a sailboat, a sail cannot recover all the energy of the wind. Betz’ theory applies to the sail. At the kinetic
energy level, the sail can only recover at most 60% (16/27) of the kinetic energy contained in the wind.
Many books present this limit, such as John Kimball’s book "Physics of Sailing"Kimball (2009). The America
Cup race is a good example that a sailing boat equipped with hydrofoils is very efficient.

The kinetic energy of the wind is used to move the boat forward. The additional kinetic energy to lift the
boat and to optimize the boat’s performance is also created by the kinetic energy of the wind.

The wind has not been doubled, but instead of creating stress on a keel, it is potential energy that is
transformed into kinetic energy by a fluid flow around a wing profile.

The article presents the notion of kinetic energy and the notion of potential energy. It also presents that it
is possible for a wind turbine to transform potential energy into kinetic energy.

2 Preliminary considerations of Betz’s theory

The German mathematician A. Betz has shown that the power of turbine is (cf. Appendix [14] (1920)):

Cr 1

1
P,=FV :[7§psvf2luid]avfluidzckipsvf?)luid

where V = a Via and Cy = 4a*(1 — a)

Py the kinetic turbine power, (W)

C}, the kinetic power coefficient,

p the fluid density,(%)

Viiuia the fluid velocity. (")

V' the fluid velocity at the position of the turbine.

S the swept area.(m?)

According to the work of Betz, a kinetic energy approach shows that the maximum power coefficient Cj,
can not exceed a maximum of £

16 1
Ck Betz — 277 Ck < Ck Betz Pk maxi — Ck Betz 5 14 S Vj?luzd (1)
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Figure 1. three-bladed VAWT wind turbine.;

The relative speed due to the rotation speed of the wind turbine and the fluid speed creates an induced
force F on the profile. This induced force F can be broken down into an axial force Fa and a normal force
Fn. The axial force Fa associated with the radius R creates a driving torque to produce energy. The normal
force Fn associated with the same radius R creates a bending stress on the blade.



The power of the torque due to the axial forces and the angular speed of rotation of the wind turbine is
limited to the 60% (16/27) of the kinetic power in the wind.

The force Fn is much greater than the force Fa. Both forces are associated with the same radius and
have the same origin the fluid velocity. These constraints are the source of internal energy. Constraints are
potential energy. Betz’s theory does not take into account this potential energy which is as important as the
kinetic energy. The theory behind Betz’s limit is correct. However, it only takes into account the kinetic
energy. In order to increase the efficiency of wind and hydrokinetic turbines, they should be designed to
transform the potential energy into kinetic energy.
it is necessary to dissociate the slow speed turbines and the fast speed turbines.

A= V;)lid is an important parameter which makes a difference in the behavior of the turbines in front of
the wind.

As for the sail, it is necessary to dissociate the navigation in thrust (square sail, spinnaker) (unstuck flow)
and the navigation in smoothness (wing profile sail) (laminar flow)

3 difference between a low speed turbine and a high speed turbine

3.1 The advantage of using an airplane wing

Vfluldl : (relative speed Vf'l“idl

lF
Vflmd Vfl y
wR
“«—
W n

Figure 2. comparison of low and high speed turbine.;

The cups of an anemometer are almost free of stress, if the anemometer is free of charge. If the rotation
of the anemometer is blocked, the cups are subjected to stress.
In the case of a wing profile, it’s completely different. The tangential rotational speed U of the profile is
transverse to the air flow of the fluid.
The relative speed W due to the rotational speed U and the fluid speed V4 creates an induced force F
on the profile. The axial component Fy of this force F, combined with the radius, creates a driving torque.
For horizontal azis wind turbines (HAWT) this torque allows to improve the efficiency closed to that the
one defined by Betz. Adding a transverse speed U will optimize the efficiency defined by Betz, but will add
significant stress on the wind turbine due to the normal component F,, of force F. That’s why HAWT wind



turbines are stopped when the wind is too strong. They do not produce too much but they are subject to
exceeding bending stress.
Anemometer (A < 1)

[case |U =wR| W | F, [ FaR|
blocked 0 = Viia | max 0
free / N\ N | A
’ case \ U = wR \ w \ stress \ torque ‘
blocked 0 = Viid | mazx null
free / N\ N\ /
’ case \ U = wR \ W \ potential energy \ kinetic energy ‘
blocked 0 = Viiuid mazx null
free / N N\ /
Horizontal axis wind turbine (A > 1) (HAWT)
’ case \ U = wR \ w \ F, \ F.R ‘
blocked 0 = Vit | min 0
free / /! S
case U = wR w stress \ torque ‘
blocked 0 = Viiuwid min null
free / / / /
’ case \ U = wR \ w \ potential energy \ kinetic energy ‘
blocked 0 = Viia min null
free / / /" /

In the case of the anemometer, the kinetic energy varies in the opposite direction to the potential energy.
This is not the case for HAWT turbines. In the case of HAWT turbines, we must not consider only the speed
of the fluid. The kinetic energy and potential energy are related to the fluid speed and the to the tangential
rotation speed U. The direction of U is perpendicular to the direction of the fluid speed. The potential energy
cannot grow more than the kinetic energy. The tangential rotation speed U is related to the fluid speed by
this relation A\ = Y U = w R. For a low speed turbine, the kinetic energy of the wind is partially

Vituid
transformed into kinetic energy and potential energy.

3.1.1 Low speed turbine A < 1:

Using the example anemometer with cups, when there is no resistant torque, the turbine rotates at maximum
speed (WR = Vyjusa W = 0) and there is no energy production and the kinetic energy is maximum.

When the turbine is blocked, the stress on the turbine is maximum (W = Vj;y,4) and the speed of rotation
is null. The potential energy is maximum.

For there is energy production, there must be kinetic energy and potential energy.

If the kinetic energy is greater than the potential energy, the energy production is limited by the potential
energy.

Similarly, if the potential energy is greater than the kinetic energy, the energy production is limited by the
kinetic energy.

To obtain kinetic energy of production, kinetic energy and potential energy are needed.

Pk—maw—producti’ue S mm( Pk 3 Pp )

Energy production is maximum when kinetic energy is equal to potential energy.
Total energy is equal to the sum of kinetic energy and potential energy.

Er = E, +E,

The conservation of energy can be applied. The total energy remains constant (Prescott Joule| (2011)).
The variation of the total energy (kinetic energy + potential The variation of the total energy along the time



is zero.

dFEotal dE} dE,

dt T dt @)
The potential energy is related to the relative speed W. The kinetic energy is related to the relative speed
wR (see Figure 2).

The tangential rotation speed must be equal to half of the fluid speed to have the optimal conditions.

Viiuid 1
2 273 )

To have an energy production, the maximum power of the kinetic energy of a turbine at low speed (A <

R .
1 A= V;Jlui,d) is equal to

\Vituial = |U] + [W] |U| = W] U=wR=

1 1
Py maz(with A<1) = Ck(with )\<1)§pSVf3luid Cy maz(with A<1) — 5 (4)

For a low speed turbine, the kinetic energy of the wind is partially transformed into kinetic energy and
potential energy.
Erwinda = Ep & E,

3.1.2 Fast speed turbine A > 1:

For fast moving turbines, as the fluid speed increases, the potential energy and kinetic energy increase.
The maximum power of the energy is defined by the Betz limit

1 16
Pk 7na$(with >\>1) = Ck(Betz)§pSV]§luzd Ck,(Betz) = ?7 (5)

Energy production is related to kinetic energy and potential energy. Potential energy and kinetic energy
cannot be separated to determine the maximum energy production.
The kinetic energy of the fluid is transformed partly into potential energy [§] and then into kinetic energy [0}

Ekwind = Ep = Ek

4 Summary calculation sheet for fast moving turbines

4.1 calculation of powers and forces X > 1

\

, AN
D1 ptpT D2
S1
S
Fluid speed So
Pressure
Figure3. current tube.;
4.1.1 Steady state and flow conservation
In steady state, the fluid velocity is constant in time: ‘il—‘t/ =0
By conservation of flow, the continuity equation is obtained
SiVi = SV = SV, Vi = Viwia



4.1.2 Energy, power and kinetic force
The index k for "kinetic" is used

1 dFE 1d
Ek:§m1)2 Pk: k**imz

dv? dv 1 3 B
e 2.dt "’

1
+§mﬁ i 0 m = psvdt Py, = —psv

4.1.3 Energy, power and potential force

The index p for "potential" is used

P _dE, _dmp  Ldp o dp

P,
Ei =m~ P, = 0 m = psvdt P, = sup F,=-2=ps
p

dt  dt p | pdt dt v
4.1.4 Calculation of the turbine power from the kinetic energy
The force applied to the rotor is Fy = m% = dd—TAV =pSV (V1 — Vo)
P, = F,V = pSVZ(Vi — Va)

_ AE,
Cdt

1
by = §P5V2(V12 -V3)

It is deducted V = %

By defining a as a = ¢ — Vitwia = V1 0<a<l1 Vo =Vi(2a — 1) V>0 a>1
2 1 3 . 2 1 3
P, =4a”(1 — a)gpSVfluid with Cr =4a*(1 —a) P, = CkipSVfluid
Search for the maximum kinetic power (Betz limit) :
dPy 1 2 16
— =0 a(2—=3a)=0 as a> 3 9=3 Ck—mazi = 57 = Ck—Bet=
4.2 Energy balance
4.2.1 Energy conservation in stationary state applied in the turbine area
Ek‘+ + Ep+ = FEk_ + Ep— + Epotential
V2 % _ .
pm [% — 7 + ZL; - %] - potential with V+ =V. =V
p pb-
P m [74_ - 7] = Lpotential (6)
4.2.2 Energy conservation in stationary state applied to the whole turbine
Ekl + Epl = Ek2 + Ep2 + EEnergy supplied to the turbine
4% Vi D1 D2 ,
pm [71 - 72 ? - ;] = EEneTgy supplied to the turbine with p1 = P2
V2 V2
pPm [71 - 72] = EEnergy supplied to the turbine (7)



4.2.3 remark

The Bernoulli equations

1 1 1 1
Pt 5psiVi= pt+ 3PV A 5psV =pa2t 5psale
VR .
Vi=Viwia Pr=DP — 42k
2 2 p p

by using equations ,@D
potential = EE'nergy supplied to the turbine
The kinetic energy of the fluid is partially transformed into potential energy and then into kinetic energy

4.3 Energy conservation for the fast speed turbine A > 1

\

L
D1 ptpT D2

Fluid speed

Pressure

Figure3. current tube.;
Energy conservation in stationary state applied in the turbine area :

Ek‘+ + Ep+ = FEk_ + Ep— + Epotential
V_E V_2 D+ p;]

pm [72 — 7 + 7 - P = Epotential with V+ =V =V
P+ p—
pm [7 - 7] = E otential (8)
p p g

Energy conservation in stationary state applied to the whole turbine (HAWT or VAWT) :
Ekl + Epl = Ek2 + Ep2 + EEnergy supplied to the turbine

1% Vi p1 D2 )
pm [71 - 72 ; - ;] = EEnergy supplied to the turbine with pP1 = P2

V2 1%
pm [71 - 72] = EEnergy supplied to the turbine (9)
The kinetic energy of the wind is transformed initially into potential energy and then into
kinetic energy.

Ekwind = Ep = Ek

5 Conversion of potential energy into additional kinetic energy

There can be energy production only if we have kinetic energy and potential energy.

For a sailboat, Betz’ theory applies Kimballl (2009) . The fluid flow due to the wind and the forward speed
of the sailboat creates an induced force on the sail. A small part of this force is used to move the sailboat
forward, the other part creates stress on the sail and causes the boat to heel. Constraints are created on
the keel to resist the heel. Instead of having static stresses on the keel, the trick of using hydrofoils allows
a kinetic flow. This flow lifts the sailboat, creates a reaction force against the tilt and greatly improves the
performance of the sailboat. The principle of transforming potential energy into kinetic energy increases
performance and the wind has not been doubled.



5.1 Conversion potential energy

Potential energy is the source of stress in the turbine. It may be possible to convert potential energy into
kinetic energy

In the case of horizontal wind turbines (HAWT, fast wind turbine type), the stresses in the blades for a
defined wind speed, are constant.

do

%:0

o Stress in turbine blade(-2%)

B rotation angle of the blades (rad)

In fact, some variations of the stresses are existing due to gravitational forces and the differencial velocity
within the boundary layer depending on the elevation.

In the case of vertical axis turbines (VAWT, Darrieus type) the blade and arm stresses are depending on
the rotation angle of the blades (for a given wind speed).

do 1 27

T 0 3/ odB = € (e small)

During a half-turn, the arms are submitted to compression stresses whereas extending stresses are domi-
nant during the next half-turn.

In the case of a HAWT, the conversion is not possible thanks to a dynamic mechanical system. The
additionnal stresses are constant during a rotating for a given wind speed. Alternative stresses, encountered
in a vertical axis wind turbine VAWT can allow the extraction of additional energy.

5.2 Total recoverable power of the turbine

To determine the power, one selects the power defined from the kinetic energy and, in the case of conversion
of stress into a mechanical movement, the power defined from the potential energy. It may be possible to
convert potential energy into kinetic energy.

The total recoverable power coefficient is

Cr = Cy + C,

Cp =0 when constraints are not converted
1 3 1 3
Pr= Cr ipsvfluid = (Cr + Cp) §P5Vflm'd

In the case of horizontal wind turbines (HAWT, fast wind turbine type), the power coefficient Cr gawr
is

Cr wawr = Cp = 4a*>(1—a) Cp=0

In the case of vertical axis turbines (VAWT, Darrieus type)
the power coefficient Cr v AwT Darrieus 18

OT VAWT Darrieus — Ck = 4 (12 (1 - a) CI) =0

In the case of vertical axis turbines (VAWT with conversion), these stresses convert into additional energy,
and the power coefficient Cr v AW T with conversion 18

2
CT VAWT with conversion — Ck + Cp = 8a (1 7(1)

Various powers will then be defined by

1
P= Cr §P5Vf31m'd (10)



1
Pr gawr = 4a® (1-a) ipsvjsluid

1
Pr v AwT Darrieus = 4 a® (1 —a) §P5Vf31uid

1
PT VAWT with conversion — 8 Cl2 (1 - Cl) ipSV;)luzd

6 HAWT-VAWT comparison and discusion

Following the work of [Hau| (2000)), the power coefficient of different turbines is compared (a performance of

0.6 is applied for the supplementary energy recovery system).

2
With a = 3 Cp~=60% C,=~60%
notation Cj, w.c = C}, with conversion
l case ‘ Coef. ‘ HAWT ‘ VAWT Darrieus ‘ VAWT with conversion
per fect Chk 60% 60% 60%
per fect Cp w.c 0% 0% 60%
per fect Cr = 60% = 60% = 120%
in practice Ch 0.8 x 60% ~ 48% | 0.7 x 60% ~ 42% 0.7 X 60% =~ 42%
in practice Cp w.c 0% 0% 0.6 X 0.7 x 60% = 25%
in practice Cr = 48% = 42% =67%
gain/HAWT + 0% —-12 % + 39%
gain/Cy,(Betz) - 20% -30 % + 11%
Witha=~08 Cip=~50% C,=~50%
case Coef. HAWT VAWT Darrieus | VAWT with conversion
in practice Ch 0.8 x 50% ~ 40% | 0.7 x 50% =~ 35% 0.7 x 50% ~ 35%
in practice Cp w.c 0% 0% 0.6 x 0.7 x 50% ~ 21%
in practice Cr = 40% = 35% = 56%
gain / HAWT + 0% 12 % + 27%
gain / Cj — 20% —30 % + 12%




1.2

CVT VAWT with conversion 0.7 ( C}c + 0.6 Cp)

Cp Betz 1.0 Ok

Cr mawr 0.8 Cy
OT VAWT Darrieus 0.7 Ck

%4 09 " Cr = 4a*(1 ~ a)

Figured4. Tip speed ratio performance curve;

6.1 Active lift turbine project

The project "Active lift turbine" is a transformation example of potential energy into kinetic energy (see
preprint : Simplified theory of an active lift turbine with controlled displacement (Lecanu et al.[ (2016).

23

9
=_p3 =
Cr = 57 3

p2+ Zp
3

e 9 4 222 s
OP—EA(fb_Eb —|—§b)

e 97 22 s
Cactiveliftturbine - (]- + E)\)(?b?) - ?bz + §b)
with b=o\
o stiffness coeflicient
A Tip speed ratio
e eccentric distance
R Turbine radius
6.2 Synthesis scheme:
6.2.1 Low speed turbine \ < 1:
case : A < 1 — turbine type Anemometer with cups

10



Fluid Pjruia = %psvﬁmd

energy Pkinetic + Ppotential < Pfluid
_  wR

A<l A= Viiuid
Kinetic Potential optimum \ = % Coef = %

ener ener X _ 1 3
9y .?Zf Pk(maz) - CO@f QPSVfluid

U=wh Vitwia =U l Eventaaldy
Se. ~ -y
FEnergy Material Conversion
production strength

Potential energyyin kinetic energy
1
h' 4

Energy
Production

* to obtain an energy production

6.2.2 Fast speed turbine HAWT or VAWT )\ > 1:

case : A > 1 — large wind turbines HAWT or VAWT
Fluid _ 1
energy Prryia = §P5Vf3’zmd
Coef generally Coef < Ckpets
Potential P, = Coef %psvf’luid
energy

Kinetic Eﬁemugély Prinetic + Ppotential > Pfiuid
energy Teel _ wR
“~.~ A>1 A= Vituwid
l b Y\
FEnergy Material Conversion
production strength

Potential energyyin kinetic energy
L}

N

FEnergy
Production

In the case of a turbine with a lambda lower than 1, Of the recoverable energy , a part is transformed
into kinetic energy and the other part into potential energy (stress in the turbine). Eventually a part of this
potential energy could be transformed into kinetic energy.

In the case of a turbine with a lambda greater than 1, the recoverable energy defined by Betz, is trans-
formed into potential energy. This energy creates kinetic energy and also creates potential energy (stress in
the turbine). This is possible because we have created a speed of rotation higher than the speed of the fluid.
A part of this potential energy (due to the stress) can be transformed into kinetic energy.

11



6.3 Synthesis on the extracted power:

With a mechanical conversion system, the powers for the different turbines are

1
Pr gawr = 4a® (1 —a) §PSVf3luid

1
Pr vawr Darrieus = 4 a2 (1 - a) EpSV]?luid

1 )
PT VAWT with conversion — 8 a2 (1 - a) §pSVj§luid

Compared to a HAWT turbine, the gain of a VAWT Turbine with an energy recovery system is in practice
from 20% to 50%.

Concerning a vertical axis turbine with a conversion system, the power factor is higher than the one
defined by betz.

In the comparative table, a yield of 0.6 was chosen for the mechanical conversion system of the potential
energy into mechanical energy. By choosing a powerful technology, this yield can be greatly increased, which
will increase the performance of the turbine.

The definition of the maximum power coeflicient is the one established by Betz which remains valid for
the horizontal axis turbine HAWT and no longer makes sense for vertical axis turbines VAWT. The results
given are examined a conversion of the potential energy into kinetic energy through a mechanical system
which is not applicable for horizontal axis turbines HAWT. The calculation of the powers are the sum of the
powers which one wants to consider.

The maximum power coefficient for a wind turbine or tidal turbine is

32
Cr mazi = o (~ 118.5%)

CT magi 18 a limit value with C,, < Cj.

The coefficient is greater than 1 because the Betz limit only takes into account the kinetic power of the
fluid.

Using piezo-electric materials would make it possible to transform potential energy into electrical energy.
However, in order to achieve higher efficiency, the potential energy should be transformed into kinetic energy.

Thus, the power coefficient will be Cr = C, + C, whatever the type of turbine.

Note : In the case of a turbine in a channel (see appendix ), the maximum kinetic power coefficient is
to 1. The maximum total power coefficient is then 200%.

7 Conclusion

Betz defined the maximum power coefficient C, get. (= %) of a wind turbine or tidal turbine from the cal-
culation of kinetic energy.

To obtain an energy production, one cannot take into account only the kinetic energy. Energy production is

linked to potential energy and kinetic energy.

In order to obtain productive kinetic energy, kinetic energy and potential energy are needed.
The maximum productive kinetic power is equal to

Pk:—mam—productive S mzn( Pk ’ Pp )

The limit of this depends on whether it is a low or high speed turbine

1
Pk(maz) = CO@f §pSVfBluzd

12



Coef = for low speed turbines (A < 1)
Coef = 32 for fast moving turbines (A > 1)

0|

For fast turbine, the stresses on the blades are defined from this force.

1
Fmami = CkBetz 5 1Y stept area Vfluzd

Instead of creating stress, using this force to create additional torque significantly increases turbine effi-
ciency.

Taking into account the kinetic energy and the potential energy, the coefficient of maximum power becomes
CT mawi (: %)

Transforming potential energy into kinetic energy greatly increases turbine performance.

The maximum power becomes

32

1
P maxi — C mazri o S V3 ] ith C mazri — S
T T 5 P fluid  W? T o7

It is impossible to recover more than 100% kinetic energy from a fluid. However, C7 iz > 1 due to
the conversion of the fluids potential energy into kinetic energy.

The proposed evolution of VAWT can be compared to the evolution of sailboats. Square sails evolved to
sails with a wing profile and now there are sailboats with hydrofoils. With the same source of wind, by using
relative speed, the performance of the sailboats was improved and by transforming the stresses on the keel
by flowing around the profile, we were able to improve again the performance of the sailboats.

The use of a fast speed wind turbine rather than a Savonius turbine means improved efficiency due to
the use of relative speed.

Using an active lift turbine instead of a fast speed turbine improves efficiency due to the fact that stresses
are transformed into extra torque.

13



A : Appendix

Maximum wind power recovered from kinetic energy

1
EkzimVQ
dE;y _ldm o 1 dV? v
o 2@ T @ O
dE, 1 ..o 1 3
a2V =SV

V Wind speed at the turbine level
Force applied by the wind on the rotor

F = m% =1mAV = pSV (Vfluid - Vwake)

Viwake streamwise velocity in the far wake

P=FV = pSV2 (Vfluid - Vwake)

1,172 1, 1,2
_AE  5mViuia — 5MViake

p==2—
At At
AE 1. 1
P = AL = §m(vf2luid - Vu%ake) = §pSV(Vf21uid - Vjake)
From theses equalities
V= V _ Vflu'id + Vwake
2
1
F = pSV (Viiwia — Vwake) = EPS(VfQIuid — Vidake)

P=FV = pSV2 (Vfluid - Vwake)

v

defining a = ——
g Vituid

N | =

Vwake = Vfluid (2 a — 1) as Vwake >0 a>

1
P= 4ad*(1-a) 5 PSViiuia

defining power coefficient Cj, = pav = 4a®*(1—a)
2 Ffluid

Search of maximum power coefficient
dd—c(;k:() a2 —3a) =0 a=0 or a:g

a=3 Ck:ﬁ:0'593
The maximum power coefficient Ck,,q.; is defined by Betz

16
Ckma.’zi = CkBetz = E ~ 60%

The maximum power of the fluid is

14



—_ SV —
Sfiuwia = Vitwia as

The power of the turbine is
C
p==k
a
The maximum power of the turbine is

_ Ck Betz _
Pmaz T E— Pfluid —

3

Prruia = Ch

9

1
Prryia = Qpszdeszuid

S fluid

1
2

1
Prruia = Ck Bet= §pSVj31uid =

1
Proz = Ck Betz §pSVJ§luzd

15

1
Vf:gluid = Ck EPSVfSluzd

16 1
27 \2f

(14)



B : Appendix

Maximum wind power for a turbine in a channel (from kinetic energy)

-

1% :ﬁluid V. ngke

N

S S Swake

1
Ek: imVQ

dE, _ ldm > 1 dv? v

dt 2 dt 2" dt
dEy 1.5 1 3
a a3V =grSV

V Wind speed at the turbine level
Force applied by the wind on the rotor

F= m%/ — AV = pSV (V — Vieare)

Vwake streamwise velocity in the far wake

P=FV = pSV*(V — Vuake)

P AE %mV2 — %mVﬁake
At At
- At - 2m(v wake)_ 2pSV(V Vwake)
From theses equalities
1 SV
Vwaezfv Swae: — =25
. 2 F Vwake

1
F = pSV (Viiwia — Vwake) = QPS(V]?luid - Vjake)

P=FV = pSV2 (Vfluid - Vwake)

1
P = 5 PSszuid
defining power coefficient

P

Cp=—r—
%pSVszmd

=1 (15)
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C : Appendix

Additional recovery power (from potential energy)
The fluid creates stresses in the blade. They are due to thrust force. The energy of this force is

fs thrust force
For HAWT horizontal wind turbines (fast wind turbine type), the thrust force Fs are constant.

dE,
dt

For a VAWT, the thrust force depends on the time or the rotation angle F,(t) or Fs(f) B=wt

w = ’;—f angular frequency

dE, 1 (% B
o # 0 and ﬁ/o E,(8)dB = € (e small)

Fo = f:8 = Cag p S Vi

1
E, = m Cx§ Vleuid

V fluid speed at the level turbine
The power is

dE,

P, = 7 dm = pSVdt
dE, dm 1 9 1 . dViia dViiuid
= = — Cu 5 S Vi Cez S =0
P dt ar v g P Viwia £ omCag dt dt
1 3 . Vv

P, = aCy = p S Viig witha=

P 2 P Fluid Vitwia
1 27
— E,(B)dB = € (e small) Ep_maezr = — Ep_min
2 o

the power depends on a potential energy difference

AE, 27 Ep—maz — Ep—min E,_
- T =2 p < Z» i p < Lpomac
b At w 7= T P T

for a half-turn

E,(8) RdB = dE, = R

in particular

dFE, dE, =
E —maxr — P = F_
» aB " dt w
As dE 1 E
3 —max
dtp = aCy, 3 p S Viia and P, < pT w

1
P, < acxaﬂsvf:azmd
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D : Appendix

Variation of energy in opposite sense

Along a streamline, the Bernoulli’s equation is see [Bernoulli| (1738))

2

P + A constant with z = 0
p 2
By multiplying by m
o2
m — + m — = constant
p 2
The differential of this equation is
1 2y p
d( 3 mv°) —d(m =)

p
the variations of energy vary simultaneously and in opposite sense.

av dp

E_O and E:o p =

As

18

1

2



References

D. Bernoulli. Hydrodynamica. doi:10.3931, eth-zurich e-rara-3911 edition, 1738.

A. Betz. Das maximum der theoretisch moglichen ausnutzung des windesdurch windmotoren. Zeitschrift fur
das gesamte Turbinenwesen, 0(26):307-309, 1920.

D. Broberg, D. Shah, S. Drapcho, and A. Brockway. Getting more out of the wind: Extending betz’s law to
multiple turbines. arXiv preprint arXiv:1805.01938, 2018.

T. Burton, N. Jenkins, D. Sharpe, and E. Bossanyi. Wind Energy Handbook, 2nd Edition, volume isbn=
978-0-470-69975-1. Wiley.

D. Georgiou and N. Theodoropoulos. The loading of water current turbines: The betz limit and ducted
turbines. Alternative Energy and Shale Gas Encyclopedia, pages 601-605, 2016.

E. Hau. Wind Turbines. Springer Germany, 2000.

J. Kimball. Physics of Sailing. CRC Press, 2009. ISBN 9781420073775. URL https://books.google.fr/
books?id=Xe_1i23UL4sAC.

P. Lecanu, J. Bréard, and D. Mouazé. Simplified theory of an active lift turbine with controlled displacement.
Apr. 2016. URL https://hal.inria.fr/hal-01300531.

I. Paraschivoiu. Wind turbine design : with emphasis on darrieus concept, Jul 2002.

J. Prescott Joule. The Scientific Papers of James Prescott Joule, volume volume 1 : isbn= 978-0-470-69975-1.
Cambridge Library Collection - Physical Sciences, 2011.

E. Quaranta. Stream water wheels as renewable energy supply in flowing water: Theoretical considerations,
performance assessment and design recommendations. Energy for Sustainable Development, 45:96-109,
2018.

G. A. van Kuik. The lanchester-betz—joukowsky limit. Wind Energy, 10(3):289-291, 2007. doi: https:
//doi.org/10.1002/we.218. URL https://onlinelibrary.wiley.com/doi/abs/10.1002/we.218!

R. Vennell. Exceeding the betz limit with tidal turbines. Renewable Energy, 55:277-285, 2013.

19


https://books.google.fr/books?id=Xe_i23UL4sAC
https://books.google.fr/books?id=Xe_i23UL4sAC
https://hal.inria.fr/hal-01300531
https://onlinelibrary.wiley.com/doi/abs/10.1002/we.218

	Introduction
	Preliminary considerations of Betz’s theory
	difference between a low speed turbine and a high speed turbine
	The advantage of using an airplane wing 
	Low speed turbine  < 1 :
	Fast speed turbine  > 1 :


	Summary calculation sheet for fast moving turbines
	calculation of powers and forces      >  1 
	Steady state and flow conservation 
	Energy, power and kinetic force 
	Energy, power and potential force 
	Calculation of the turbine power from the kinetic energy

	Energy balance
	Energy conservation in stationary state applied in the turbine area
	Energy conservation in stationary state applied to the whole turbine 
	remark

	Energy conservation for the fast speed turbine  > 1

	Conversion of potential energy into additional kinetic energy
	Conversion potential energy
	Total recoverable power of the turbine

	HAWT-VAWT comparison and discusion
	Active lift turbine project
	Synthesis scheme:
	Low speed turbine  < 1 :
	Fast speed turbine HAWT or VAWT  > 1 :

	Synthesis on the extracted power:

	Conclusion
	: Appendix
	: Appendix
	: Appendix
	: Appendix

