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1 Abstract

The subject of this article is to define the power of a wind turbine or marine
current turbine. As it was admitted that the maximum power coefficient for
a turbine type wind turbine or tidal, is that defined by Betz. Many people
consider that Betz limit is even a stated law.

The research has long been for efficient turbines to optimize the angle of inci-
dence, the shape of the profiles, the shape of the ends of the blade tips, the wakes
caused by the turbine, etc. The number of references to these subjects are nu-
merous see PARASCHIVOIU, LI et al. ((2018)), BURTON et al., JAMIESON,
PAILLARD et al. ((2013)).

The article presented below is not an optimal search of the power coefficient in
order to approach or to exceed the coefficient defined by Betz, but to reformu-
late the definition of the power coefficient The power factor can be much higher
than that defined by Betz, which is presented in this article

2 preliminary

The German mathematician A. Betz has shown that the power of this turbine
is(cf. annex 1): see BETZ ((1920))

Cy 1 1
Po=FV =[5 2 p S Vi V="C 5 0 S Vi

with V. = a Vg

P, the kinetic turbine power,

CY, the kinetic power coefficient,

p the fluid density,

Viiwia the fluid velocity.

V' the fluid velocity at the position of the turbine.

According to the work of Betz, a kinetic energy approach shows that the
maximum power coefficient Cr can not exceed a maximum of %—g

16 1
CT maxi — Cp Betz — 277 Ck < CT maxi PT maxi — Cp Betz 5 1Y S V;)luid

The theory of the Betz limit is correct, it is based on the calculation of the
kinetic energy. The objective to increase the efficiency of the turbine is to trans-
form the potential energy into kinetic.



3 Power calculation

3.1 Stress in turbine blade :

The blades are subjected to stresses due to a thrust force of fluid

1
Fy=0Cs 5 pS Vf2luid

The power of this thrust force is equal to

A
S
IN
—_

P,=V F, with V = aVpyuag and

DN | =

( cf. annexe 2)
1
Pp = aCz apSVfBZ’U,Zd
1
by asking C, = aC, P, = C, 5P S Vfglm-d

with V the fluid velocity at the position of the turbine.

C) the potential power coefficient,

The stresses are the source of a potential energy because of the position of
each internal particles that interact with each other see JAIN and C.
Using piezo-electric materials see BRISSAUD, it is possible to transform these

stresses into electric energy.
The objective is rather to transform this potential energy into kinetic mechani-

cal energy

3.2 Total power coefficient :

The potential or kinetic power derived from the potential and kinetic energy
respectively.

The kinetic power of the fluid is

1
Ppryia = §pSfluidV)§luid

The power of the turbine is

1
P= = Cp §P5Vfglmd Stiuia = a S P = “a Priuid



Cr Turbine coefficient

variations in kinetic and potential energy vary simultaneously and in oppo-
site directions.( cf. annexe 6)

Thus the power coefficients are equal C, = C),

The calculation of the Cj or C, maximum is following

dCy, de 2
Mk Yp _ _ > 0. _ Z
a(2 — 3a) 0 as a > 05 a

The power of the turbine for a = % is

3
P = 3 Cr Priuid

The maximum power of the turbine is

2
Cr = 3(R067) > Cp pers(= 0.59)

The Betz coefficient is in accordance with this inequation.

3.3 Conversion :

In the case of horizontal wind turbines (HAWT, fast wind turbine type), the
stresses in the blades for a defined wind speed, are constant.

do

@:0

o Stress in turbine blade

[ rotation angle of the blades.

In fact, some variations of the stresses are existing due to gravitational forces
and the differencial velocity within the boundary layer depending on the eleva-
tion.

In the case of vertical axis turbines (VAWT, Darrieus type) the blade and arm
stresses are depending on the rotation angle of the blades (for a given wind
speed).

d 1 2w
£ 0 ﬂ/o odBf = € (e small)

During a half-turn, the arms are submitted to compression stresses whereas ex-
tending stresses are dominant during the next half-turn.



In the case of a HAWT, it is not possible to convert with a dynamic mechan-
ical system, these stresses into additional energy as the stresses are constant for
a given wind speed. Alternative stresses, encountered in a vertical axis wind
turbine VAWT can allow the extraction of additionnal energy.

3.4 Coefficient of power of a turbine with a conversion
system :

Energy conservation : the total energy remains constant see JOULE
Total energy is equal to the sum of kinetic energy and potential energy.

ET:Ek+Ep

The energy is conserved during the transformations in particular to the trans-
formations the resistance of the materials (computation of the stresses) and the
kinematics (study of the movements).

The variation of the total energy during the time is zero.

dEtotal -0 dEkinetic _ dEpotential

dt dt dt

The variations of energy kinetic and potential vary simultaneously and in
opposite sense.

2

V2 dEyinetic dmv? 1 w
Er=m - p, - $Tkinetic AU, 2 U
REM Tk dt a2 2" a
Ep —-m B Pp _ dEpotential _ dﬂg mdj
P dt dt p pdt
d d 1
dit) =0 CTZZ =0 dm=psvdt P,= gpsv?’ P, = svp
dEkinetic dEpatential 1 2
dt dt k po PETHPY

Pressure variations vary with variations in speed The stresses are maximum
when the forces due to the kinetic energy are maximum.
The coefficient C}, can not be greater than or equal to C.

At the power level, taking into account the differential of kinetic energy and
the differential of the potential energy, the power coefficient is

Cr = Cy + C,



3.5 Balance sheet of the powers

In the case of horizontal wind turbines (HAWT, fast wind turbine type), the
power coefficient Cr gawr is

Cr gawr = Cp = 4a* (1—a)

In the case of vertical axis turbines (VAWT, Darrieus type) the power coefficient
CT VAWT Darrieus 1S

C’T VAWT Darrieus — Ck = 4 a2 (1 — a)

In the case of vertical axis turbines (VAWT with conversion) with convert these
stresses into additional energy, the power coefficient C1 v aw T with conversion 1S

CT VAWT with conversion — Ok + Ck = 8 (12 (1 — a)
At the level of Powers )
P= Cr gpsvﬁzmd

1
Pr gawr = 4a* (1—a) §P5VJ?zmd
2 1 3
Pr vawT Darrieus = 4 a” (1 —a) §pSVfluid
2 1 3
Pr v AWt with conversion = 8 @ (1 - G,) §pSVfluzd

3.6 HAWT-VAWT comparison

Following the work of E.Hau , the power coefficient of different turbines is com-
pared see HAU ((2000))

(A performance of 0.6 is applied for the supplementary energy recovery sys-

tem.)
2
With a = 3 Cr=60% Cp~60%
| case \ Coef. \ HAWT | VAWT (Darrieus) [ VAWT (with conversion) |
per fect Ch 60% 60% 60%
per fect C), with conversion 0% 0% 60%
per fect Cr 60% 60% 120%
in practice Ch 0.8 x 60% =~ 48% | 0.7 x 60% =~ 42% 0.7 x 60% ~ 42%
in practice C), with conversion 0% 0% 0.6 x 0.7 x 60% =~ 25%
in practice Cr 48% 42% 67%
gain / HAWT + 0% 12 % + 39%
gain / Cy(Betz) — 20% -30 % + 11%




With a =08 Cr~50% Cp,~50%
case Coef. HAWT VAWT (Darrieus) | VAWT(with conversion)
in practice Ck 0.8 x 50% =~ 40% | 0.7 x 50% =~ 35% 0.7 x 50% == 35%
in practice C,, with conversion 0% 0% 0.6 x 0.7 x 50% ~ 21%
in practice Cr 40% 35% 56%
gain / HAWT + 0% -12 % + 27%
gain / Cj — 20% —-30 % + 12%
1.2

Cr Mazi 1.0 (Ck + Op)

0.9

C(T VAWT with conversion

Cp Betz 1.0 Ck

Cr gawr 0.8 Ck
C1T VAWT Darrieus

0.7 Cy,

0.7 (Cr + 0.6 Cp)




4 Project - Active Lift Turbine :

The project ”Active lift turbine” is an transformation’ example of potential
energy into kinetic energy.

9T 4 23 9 T
o= Ty Ty Ty
P RTVT 3 2

with b=o\

o stiffness coefficient

A Tip speed ratio

e eccentric distance

R Turbine radius

See preprint : Simplified theory of an active lift turbine with controlled dis-
placement see LECANU et al. ((2016)) LECANU et al. ((2018)).

5 Synthesis :

With a mechanical conversion sytem, the powers for the different turbines are

1
Pr gawr = 4a® (1 —a) §pSV7§luid

1
PT VAWT Darrieus = 4 a2 (1 - a’) gpsvfluzd
2 1 3
PT VAWT with conversion — 8a (1 - a’) ipSVfluid

Compared to a HAWT turbine, the gain of a VAWT Turbine with an energy
recovery system is in practice from 20% to 50%.

For a vertical axis turbine with a conversion system, the power factor is higher
than that defined by betz.

In the comparative table, a yield of 0.6 was chosen for the mechanical conversion
system of the potential energy into mechanical energy. By choosing a powerful
technology, this yield can be greatly increased, which will increase the perfor-
mance of the turbine.

The definition of the maximum power coefficient is that established by Betz
remains valid for the horizontal axis turbine HAWT and no longer makes sense
for vertical axis turbines VAWT.



The results given are examined a conversion of the potential energy into ki-
netic energy through a mechanical system which is not applicable for horizontal
axis turbines HAWT.

The calculation of the powers are the sum of the powers which one wants to
consider.

The maximum power coefficient for a wind turbine or tidal turbine is
32

27
CT magi is a limit value with €, < Cj.

(= 118.5%)

C’T maxi —

The coefficient is greater than 1 because Betz defined its coefficient from
only the kinetic power of the fluid.

Using piezo-electric materials as an example, it is possible to transform po-
tential energy into electrical energy.
Then the power coefficient is Cr = Cj + C}, whatever the type of turbine.



6 Conclusion :

Betz had the maximum power coefficient Cp, pet.(= %) of a wind turbine or

tidal turbine from the calculation of kinetic energy.

Taking into account the kinetic energy and the potential energy, the coeffi-

cient of maximum power becomes Cr yqzi(= g—?)

Transforming potential energy into kinetic energy greatly increases turbine
performance.

32

1 ) )
PT maxi — OT maxi 5 14 S stluzd with CT maxi = 2—7

10



References

D. BERNOULLI. Hydrodynamica. doi:10.3931, eth-zurich e-rara-3911 edition,
1738.

A.BETZ. Das maximum der theoretisch moglichen ausnutzung des windesdurch
windmotoren. Zeitschrift fur das gesamte Turbinenwesen, (26):307-309, 1920.

M. BRISSAUD. Matériaux piézoélectriques : caractérisation, modelisation et vi-
bration, volume isbn= 2-88074-692-2. Presses polytechniques et universitaires
romandes.

T. BURTON, N. JENKINS, D. SHARPE, and E. BOSSANYI. Wind Energy
Handbook, 2nd Edition, volume isbn= 978-0-470-69975-1. Wiley.

E. HAU. Wind Turbines. Springer Germany, 2000.

JAIN and M. C. Textbook Of Engineering Physics, Part 1, volume isbn=
9788120338623. PHI Learning Pvt. Ltd. chapter=Fundamental forces and
laws: a brief review.

P. JAMIESON. Generalized limits for energy extraction in a linear constant
velocity flow field. Wind Energy, 11(5):445-457. doi: 10.1002/we.268.

J. P. JOULE. The Scientific Papers of James Prescott Joule, volume volume 1 :
isbn= 978-0-470-69975-1. Cambridge Library Collection - Physical Sciences.

P. LECANU, J. BREARD, and D. MOUAZE. Simplified theory of an active lift
turbine with controlled displacement. working paper or preprint, Apr. 2016.
URL https://hal.inria.fr/hal-01300531.

P. LECANU, J. BREARD, and MOUAZE. Operating principle of an active lift
turbine with controlled displacement. working paper or preprint, July 2018.
URL https://hal.archives-ouvertes.fr/hal-01852010.

C. LI, Y. XTAO, Y. lin XU, Y. xin PENG, G. HU, and S. ZHU. Optimization
of blade pitch in h-rotor vertical axis wind turbines through computational
fluid dynamics simulations. Applied Energy, 212:1107 — 1125, 2018. ISSN
0306-2619.

B. PAILLARD, F. HAUVILLE, and J. A. ASTOLFI Simulat-
ing variable pitch crossflow water turbines: A coupled unsteady
ONERA-EDLIN model and streamtube model. Renewable Energy,
52:209-217, Apr. 2013. doi:  10.1016/j.renene.2012.10.018. URL
https://hal.archives-ouvertes.fr/hal-01081221.

I. PARASCHIVOIU. Wind Turbine Design (with Emphasis on Darrieus Con-
cept), volume isbn= 978-2-553-00931-0. Ecole Polytechnique de Montral.

11



Annexe

Maximum wind power (from kinetic energy)

1
Ek- = 5 m V2
dE _Ldm, 1 Vi dv
dt 2 dt 2 dt dt
db, 1. 5 1 3
—— =—-mV*==pSV
a 2" 2
V Wind speed at the turbine level
Force applied by the wind on the rotor
dV
F= m% =mAV = ,OSV (Vfluid - Vwake)
Vwake streamwise velocity in the far wake
P=FV = pSV2 (Vfluid - Vwake)
P = & — %mvleuid - %mVu%ake
At At
AFE 1. 1
P = Tt = im(vleuzd - Vu%ake) = ipsv(vf%uzd - Vu2)ake)

From theses equalities

Vfluid + Vwake

1
F=pSV (Vfluid — Viwake) = ipS(Vleuid - VuQ)ake)

P=FV = pSV? (Vitwia — Vwake)

. __V
defining a = Voo
1
Vwake = Vfluid (2 a — 1) as Vwake >0 a> 5
2 1 3
P= 4a" (1-a) 5 PSVituia
defining power coefficient Cj, = +—>— = 44 (1 —a)
Epsvflm'd
Search of maximum power coefficient
dc, 2
d—ak:() a2 —3a) =0 a=0 or a=z
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2 16
a=3  Ci=g =0593

The maximum power coefficient Cy,,,.; is defined by Betz

16
Ckmuxi = CPBetz = E ~ 60%

The maximum power of the fluid is

1 -
Ppryia = §P5fluidvfzmd

SV
Sfluid = Viiuid =as

The power of the turbine is

C 1 St
P:ipfluid = Cy -p fluid
a 2

. 1
a Vfluzd = Cy ipSV)?luzd

The maximum power of the turbine is

16 1 )
97 (§P5szuid)

C), Bet 8 1 .
Praz = 25 Ppwia = = Privia = Cp Bets ipsvfjluid =

2
3 9

1
Prae = Cp Betz ipSV]?luzd (1>
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Additional recovery power (from potential energy)

The fluid creates stresses in the blade. They are due to thrust
force. The energy of this force is

fs thrust force
For HAWT horizontal wind turbines (fast wind turbine type), the

thrust force I, are constant.
dE,

=r _
dt

For a VAWT, the thrust force depends on the time or the rotation
angle F,(t) or F(B) B=wt

w = ‘fj—f angular frequency

2w
dd% # 0 and %/0 E,(8)dB8 = € (e small)

As
1
Fs = [ = Cx§ pSVflmd
1 2
EP = m 0305 Vfluzd

V fluid speed at the level turbine
The power is

dE
P, = T: dm = pSVdt
dE. dm 1 1 dV2l d AV iruid
P, = - _ — 2 - flui flui _
1 1%
P, = aC, - pSV;’luid with a = (2)
2 Fluid
1 2T
5= E,(B)dB = € (e small) Ep_maz = — Ep_min
27 J

the power depends on a potential energy difference

AE 2 E —max - FE —min E —max
p:AtPT:%Pp<1’ z P, < BT,

- T - T

14



for a half-turn

E,(8) Rd3 = dE, = R

in particular

dE dE, w
Epmaz = Twpﬂ' = 7dtp w
As dE 1 E
d—tp:acwipSV;’luid and Ppg%w

1
P, < aCmipSV;’lmd
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Variation of energy in opposite sense

Along a streamline, the Bernoulli’s equation is see BERNOULLI

((1738))

2

P + — = constant with z = 0
P 2
By multiplying by m
p v?
m= + m = constant
p 2

d(z mv?) = —dim2) (3)

the variations of energy vary simultaneously and in opposite sense.

av d, 1
=0 and 2L =0 p = —=pov?

A - =
N dt 2
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