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PROTOPERADS II: KOSZUL DUALITY

JOHAN LERAY

ABsTRACT. In this paper, we construct a bar-cobar adjunction and a Koszul
duality theory for protoperads, which are an operadic type notion encoding
faithfully some categories of bialgebras with diagonal symmetries, like double
Lie algebras (DLie). We give a criterion to show that a binary quadratic
protoperad is Koszul and we apply it successfully to the protoperad DLie. As
a corollary, we deduce that the properad DPois which encodes double Poisson
algebras is Koszul. This allows us to describe the homotopy properties of
double Poisson algebras which play a key role in non commutative geometry.

INTRODUCTION

This paper develops the Koszul duality theory for protoperads, defined in [Ler1§],
which are an analog of properads (see [Val03, Val07]) with more less symmetries.
The main application of this theory is the proof of the Koszulness of the properad
which encodes double Lie algebras, from which it follows that the properad encoding
double Poisson algebras is Koszul.

The motivation for this work is to determine what is a double Poisson bracket
up to homotopy. A double Poisson structure, as defined by Van den Bergh in
[VdBO08a|, gives a Poisson structure in noncommutative algebraic geometry (see
[Gin05, VdBO8b|) under the Kontsevich-Rosenberg principle, i.e. if A is a double
Poisson algebra, then the associated affine representation schemes Rep,,(A) have
(classical) Poisson structures.

In order to determine the homotopical properties of a family of algebras, we
use the classical strategy, which was already used to understand, for example, the
homotopical properties of Gerstenhaber algebras (and also the homotopic properties
of associative, commutative, Lie, Poisson, etc, algebras). The idea is to go to the
upper level and understand the homological properties of the algebraic object that
encodes the structure, such as the operad Gerst for Gerstenhaber algebras. In the
good case where the operad (or the properad) satisfies good properties, we can use
Koszul duality in order to have a minimal cofibrant replacement of our operad. We
can then go down to the level of algebras. Thanks to this cofibrant replacement (in
the case of Gerstenhaber algebras, the operad G,), we obtain the associated notion
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2 JOHAN LERAY

of algebra up to homotopy: for example, Gerstenhaber algebras up to homotopy
are encoded by Goo (see [Gin] or [GCTV12, Sect. 2.1]). This structure has a good
homotopical behaviour at the algebras’ level, the homotopy transfer theorem (see
[LV12, Sect. 10.3] for algebras over an operad), etc.

Double Poisson structures are properadic in nature as they are made up of opera-
tions with multiple inputs and multiples outputs. They are encoded by the properad
DPois, which is constructed with the properads As and DLie (see Lemma 5.9),
where the properad DLie encodes double Lie structure and the properad As en-
codes associative algebra structure. The properad DLlie is a quadratic properad
defined by generators and relations, with the generator Vp;. concentrated in arity
(2,2):

1 2 2 1

VDric : tumh = — sy

1 2 2 1

and the relation in arity (3,3)
1 2 3 2 3 1 3 1 2
R BRNE JRRE S
1 2 3 2 3 1 3 1 2
Thus double Lie bracket on a chain complex A is given by a morphism of properads
DLie — End, where End 4 is the properad of endomorphisms of A (see [Val07] for
the definition).

The theory of properads is the good general algebraic framework to encode op-
erations with several inputs and outputs. In certain cases, this framework can be
simplified. For example, algebraic structures with several inputs and one output,
like associative, commutative or Lie algebras, are encoded by operads (see [LV12]).
In a certain sense, the operadic framework is the minimal one to study such struc-
tures. In this smaller framerwork, homotopical properties are much easier to study.

Similarly, protoperads form a special class of properads, which provide the appro-
priate framework for studying the double Lie properads. In the first article [Ler1§],
we have developed this minimal framework, such that there exists a protoperad
DLie which encodes the double Lie structure. In [Lerl8], we proved the existence
of the free protoperad functor and gave an explicit combinatorial description of this,
in terms of bricks and walls. An important property of protoperads is their compat-
ibility with properads via the induction functor (see Definition/Proposition 1.11).

In this paper, we develop the homological algebra for protoperads. With the
monoidal exact functor of induction, we prove the existence of a bar-cobar adjunc-
tion in the case of protoperads:

§Q : coprotoperads;”*"® < protoperads;*® : B.
We obtain also the following theorem, the protoperadic analogue of the criterion of
Koszul of the properads [Val03, Th. 149],[Val07].

Theorem (Koszul criterion — (cf. Theorem 2.24)). Let P be a connected weight-
graded protoperad. The following are equivalent:
(1) the protoperad P is Koszul;
(2) the inclusion P/ — BP is a quasi-isomorphism;
(3) the morphism of protoperads QP! — P is a quasi-isomorphism, where P/
is the Koszul dual of P (see Theorem 2.28)



PROTOPERADS II: KOSZUL DUALITY 3

We give a useful criterion to show that a binary quadratic protoperad (i.e. a
quadratic protoperad generated by a G-module concentrated in arity 2) is Koszul.
Take a binary quadratic protoperad P given by generators and relations. We asso-
ciate to P a family of associative algebras o/ (P,n), for 2 > n in N. The algebra
&/ (P,n) is constructed so that its bar construction splits and such that one of
these factors is the n-th arity of the normalized simplicial bar construction of the
protoperad P.

Theorem (Koszul criterion (see Theorem 4.3)). Let P be a binary quadratic prot-
operad. If, for all integers n > 2, the quadratic algebra o/ (P,n) is Koszul, then the
protoperad P is Koszul.

This is a useful criterion because the study of the Koszulness of algebras is easier
than for pro(to)perads. Many tools are available, such as PBW or Grébuner bases,
or rewriting methods (see [LV12, Chap. 4]).

We use this criterion to show that the protoperad DLie and therefore the prop-
erad Ysz_i/e, which encodes double Lie algebras, are Koszul.

Theorem (see Theorem 4.7 and Corollary 4.8). The protoperad DLie is Koszul.
So, the properad DLie is Koszul.

This theorem is very important: it is the first example of a Koszul properad with
a generator not in arity (1,2) or (2,1).

And so, with an argument of distributive law, we deduce the main theorem of
this paper.

Theorem (see Theorem 5.11). The properad DPois is Koszul.

In an future article, we will explain the homotopy transfert theorem for prop-
eradic algebras and we will use this in an other future work, where we will study
the implications of Theorem 5.11 in derived noncommutative algebraic geometry a
la Berest et al. (see [BCER12, BFPT14, BFR14, CEEY15]). In particular, we will
link it to pre-Calabi Yau structures as in [Yeul8, TK18]. We will also look at the
cohomological theory of double Poison algebras. Indeed, the work of Merkulov and
Vallette gives the notion of deformation theory of P-algebras, for P a properad.
We want to link the deformation complex defined in [MV09b] with the work of
Pichereau et al. who defined the cohomology of differential double Poisson algebra
(see [PVAWOS]).

Organization of the paper. After a review of definitions and some properties
of protoperads (see [Lerl18|) in Section 1, following the results on properads (see
[Val03, Val07, MV09al]), we introduce the notion of shuffle protoperads in Sec-
tion 1.3. In Section 2, we define the Koszul duality of protoperads. We transpose
a part of the results on properads obtained by Vallette in [Val03, Val07] to the
protoperatic framework thanks to the exactness of the induction functor Ind (see
[Ler18, Proposition 4.4]). In Section 3, we define the simplicial bar construction
and the normalized one for protoperads and we described the levelization morphism
(see Definition/Proposition 3.6). In Section 4, we give a criterion to prove that a
binary quadratic protoperad is Koszul and we use it to prove that the protoperad
DLie is Koszul. Finally, in Section 5, we use results of Vallette on distributive laws
to prove that the properad DPois is Koszul.
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NOTATIONS

We write N* for the set N\{0}. In all this paper, k is a field with characteristic
different to 2. We denote by Fin, the category with finite sets as objects and
bijections as morphisms and Set, the category of all sets and all maps. For two
integers a and b, we note by [a,b] the set [a,b] N Z, and, for n € N*, &,, is the
automorphism group of [1,n], i.e. &, = Autp, ([1,n]). We denote by Chy the
category of Z-graded chain complexes over the field k.

1. RECOLLECTIONS ON PRO(TO)PERADS

We briefly recall the definition of protoperads and some results of [Lerl8]. We
denote by 6-mod};°d, the category of contravariant functors from Fin to the category
of chain complexes Chy, such that P(&) = 0.

1.1. Combinatorial functors. We recall two important functorial combinatorial
constructions which are described in [Lerl8, Section 1]: the functors W™ and
XCOl’lI].

Notation. For a poset (P, <p), we denote by Succ(P), the set of pairs (r, s) € Px P
such that r <p s and there does not exist ¢t € P such that r <p t <p t.

The functor W, : Fin®® — Fin°® is given, for all finite sets S, by

Al =n; UsW, =S; Yae AW, £ 0

Vse S, TV = {W,|s € W,} )
is totally ordered (by <) ’

Vs,t €S, Va,beTyNTy, a<sb

Wi (S) = (W = {Wa}aeA)

for W in W(S), the collection of partial orders {<;}secs defines a canonical partial
order on W (see [Lerl8, Lemma 1.3]). The action of o € Aut(S) on ({Wa}taca, <)
in W, is induced by the action on S, i.e.

({Wataea, <) o= (W ={Ws- 0}taca, <)

where <7 is induced by the total orders of TW-7 := {W, -o|s-0 € W, -o}. We
also define the functor
W: Fin®® — SetP
S = e Wa(9)
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Let (W = {Wa}aca, <) be awall in W(S). We define on W the equivalence relation

of connectedness “~": for two elements a and b of A, we say W, “~" W, if there
exist an integer n > 2 and a sequence Wy, W1, ..., W, _1, W, of elements of W with

Wo = W, and W,, = W}, such that, for all ¢ in [0,n — 1],
WiNWisa # @ and (Wm Wprl) € SUCC(W) or (Wprl, WZ) S Succ(W).

Definition 1.1 (Projection ). We define the natural projection K as follows: for
a finite set .S, we have

Ks: W(S) — Y(S) c W(-)
w — {UBaeﬁfl([B])Ba [B]EW(W)} ’

where 7 is the projection of W to its quotient by “~".

We also have the subfunctor W™ < W, of connected walls W™ : Fin®® —
Fin°® which is given, for all finite sets S, by
WiH(8) == {(W = {Wa}taea, <) € Wa(9)[Ks(W) = {S}} .
We also define the functor
weenn - Fin? — Set®P
S = e Wa™™(5)
An element W of W (S) is called a connected wall over S, and an element of

a wall W is called a brick of W. Hence, we have other important subfunctors of
weern: for all finite sets S, we have

— The functor Y : Fin®® — Set°? given by
V(S) == {({Ka}taca, <) EW(S) |Vs€S, {Ka|s€E K.} =1} ;

an element of Y(S) is a non-ordered partition of S;
— The functor X =) x ), given by

X(S) 2 { ({Ka}aca, <) €W(S) |Vs €S, {Kao|se K} =2} ;

an element K of X(S) is an ordered pair of unordered partitions of the
finite set S, so we also denote by (I, J) such a K;
— the functor X°°"", which is a subfunctor of X, given by
X (S) := {({Ka}taca, <) € W™(S) | Vs €S, {Ka|s€ Ky} =2}.

The functor X°°™ encodes a new monoidal structure on the category of reduced G-
modules, the connected composition product, as we will see in Definition/Proposition 1.7.

1.2. Monoidal structures and the induction functor. We have three monoidal
structures on S-mod}?.

Definition/Proposition 1.2 (Composition product). The composition product is
the bifunctor

—0O—: &-modi*? x &-mod{*? — S-mod}*?
defined, for P, @ two reduced G-modules and S a finite set, by

(POQ)(S) :== P(S) @ Q(S).
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This bi-additive bifunctor gives &-mod™? a symmetric monoidal structure, with
identity I, defined, for all non empty sets S, by Ig(S) := k concentrated in degree
0.

Definition/Proposition 1.3 (Concatenation product). The concatenation prod-
uct is the bifunctor

— @ —: G-mod;*? x G-mod}*! — G-mod*
defined, for all finite sets S and all reduced G-modules P and @, by:
(PeemQ)S) = € PE)2Q(s").

S’,8" €ObFin
S'11S" =S

This product is symmetric monoidal without unit (since we are working with re-

duced G-modules).

Notation 1.4. We denote by S, the functor which sends a reduced &-module V
to the free symmetric monoid without unit S(V') for the concatenation product (see
[Lerl18, Section 2.2.1]).

Remark 1.5. We can extend the concatenation product:

(1) — @™ G-mod; x G-mod;*! — S-mod}*d.

This extension is induced by the equivalence of categories
S-mod}, = Chy x S-mod}™?,

by the injection (—)® : Chy < &-mod;, defined, for all chain complexes C' and all
finite sets S, by
5 C ifS=0o
S e )
(C)7(8) = { 0 otherwise;

and by the action of the category Chy on 6-modffd defined, for all chain complexes
C and all finite sets S, by

(C’ ®eone V) (S) :=CV(9).
This extension allows us to define the suspension of a G-module.

Definition 1.6 (Suspension of a &-module (see [Lerl8, Definition 2.6]). Let X
(respectively ¥71) be the chain complex k concentrated in degree 1 (resp. in degree
—1). For V a reduced &-module, the suspension of V' (resp. desuspension of V') is

not. not.

the reduced G-module XV = ¥ @€V (resp. L1V 1= -1 geonc ),

Definition/Proposition 1.7 (Connected composition product of G-modules (see
[Ler18, Definition 2.8])). The connected composition product of reduced G-modules
is the bifunctor

— K, — : G-modi®® x &-modi*! — G-mod;?

defined, for all reduced G-modules P, @ and for all non empty finite sets S, by:

PR.QES)= P QP2 Qs
B

(I,J)exconn(s)
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where P(l,)® Q(Jp) with (I, J) in xA°°""(S) is the notation for
[l B B

Q) P @ ®Q(Jj)/
i=1 j=1 ~
where the relation ~ identifies (p1 ® ... ®p,) ® (1 ® ... ® ¢5) with

(—1)‘0(1))‘“7—((1)'(pa—l(l) X ... ®pg—1(r)) & (qT—l(l) R...Q0 q-,——1(s))

for all o in &,, 7 in &, with (—1)I7®I (=1)I7(@I the Koszul signs induced by
permutations. We also denote by Ix, the G-module given by

def [ Kk if [S] =1,
In(S) '_{ 0 otherwise,

which is the unit of the product X.. The category (G—mod’,;ed, XK., Ix) is a (sym-

metric) monoidal category. The monoids for this product are called protoperads.
We have a compatibility between these monoidal structures.

Proposition 1.8 (Compatibility between monoidal structures (see [Lerl8, Propo-
sition 2.11])). Let P and @ be two reduced S-modules. There is a natural isomor-
phism of S-modules:

S(PR. Q)= SPOSQ.
In particular, for a protoperad P, the &-module SP is a monoid for the product 1.

We have a notion of free protoperad. The combinatorics of the free protoperad
is described by the functor of connected walls YW,

Proposition 1.9 (Free protoperad (see [Lerl8, Theorem 5.21])). Let V be a reduced
&-module and p be a positive integer. There exists a free protoperad on V, denoted
by # (V). For a finite set S, there is an isomorphism of weight-graded right Aut(S)-
modules, given on each weight p, by

V)= P QVIK.).
{Ka}aca,<)a€A
eWeeni (s)

where W™ : Fin°® — Set®P is the weight-graded functor of connected walls. The
functor F s the left adjoint to the forgetful functor
F : G-mod;i* = protoperads,, : For.

The notion of protoperad is compatible with the notion of properad, defined by
Vallette in [Val03, Val07] and [MV09a], via the induction functor.

Definition/Proposition 1.10 (Properad — Free properad (see [Val03, Val07])).
The category of reduced G-bimodules, i.e. the category of functors P : Fin x Fin®? —
Chy, such that, for all finite set S, P(S,&) = 0 = P(&,S5), is monoidal for the
connected composition product denoted by XY2. The monoids for this product
are called properads. We have the free properad functor, which is denoted by .7 V&I
which is the left adjoint to the forgetful functor:

ZVol . G-bimod}*® = properads,, : For.

We define a monoidal adjunction between these categories.



8 JOHAN LERAY

Definition/Proposition 1.11 (Induction functor (see [Lerl8, Definition 4.1])).
We define the induction functor Ind : G-modi*® — &-bimod}*® which is given, for
all reduced G-modules V' and, for all finite sets S and F, by:

-~ 0 ifSEE
(Ind V) (S, E) = { E[Aut(S)]® V(S) otherwise.

This functor is exact, has a right adjoint which is the functor of restriction Res,
and is monoidal. Hence, we have the functor

Ind : protoperads — properads.

Moreover, the induction functor commutes with the free monoid constructions, for-
mally by adjunction, i.e. we have the natural isomorphism of reduced G-bimodules:
Ind(Z(-)) = ZV*(Ind(-)).

Then, for a protoperad P defined by generators and relations, i.e. P = .Z(V)/(R),

the properad Ind(P) is given by

Ind(P) = .ZV*(IndV)/(IndR).
1.3. Shuffle protoperad. We denote Ord, the category of totally ordered finite
sets, with bijections. As in [Lerl8, Section 1.2], we define the combinatorial func-
tors, Y : Ord°® — Set®? and X* : Set®® — Fin°® which encode shuffle protoperads.

The shuffle framework corresponds to choosing a representative for each wall. We
define the functor V" as follows: for all finite, totally ordered sets S, we set

Vr € [[17R]]7 I, 7é I, UTG[[LRHIT =S
Vir(S) == I = (Ij)jeq,r] Vr#se[l,R],,NI, =2
min(l;) < min(lz) < ... < min(Ig)

and Y*(S) := [, e V"(S); we also have
xh(8)= [T ¥"(S) x ¥"(S) and x(8):= ] 4:"(9).
itj=r reNx
We have the following natural isomorphism of functors AsP =2 Jsh x ysh,

Lemma 1.12. We have the following commutative diagrams of functors up to nat-
ural isomorphims

Ord°P —> Fin°P Ord°P —> Fin°P
and
SetP

where X and Y are the functors defined in Section 1.1 (see also [Lerl8, Section 1.2]).

Definition 1.13 (Projection K*'). We define the projection K" as follows: for a
totally ordered finite set (S, <g), we have
K ash(s) — Vsh(S)
W= {UBaerl([B]) Ba | [B] € W(W)} ’
where 7 is the projection of W to its quotient by “~" (cf. [Lerl8, Section 1.4]),

and the set K& (W) is totally ordered by the order < defined as follows: for B,
and Bg in K(W), B, < Bp if min(B,) <s min(Bg).
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As for K (cf. [Lerl8, Lemma 1.10]), the product K2 on ! is associative. Let
M and S be two totally ordered finite sets. Every monotone injection j : M — S
induces a morphism

i V(M) — Y*(S)
such that, for all W = {Wa}aepr, in YE2(M),
W) = {j(Wa)}ae[[l,r]] inl H {S}
s€S\j(M)
Let M, N and S be three totally ordered finite sets and ¢ be the diagram of mono-
tone injections ¢ = (z M <— S+ N: j) such that
im(i) Uim(j) =S8
im(i) Nim(j) #0
then, we have the product
pg : V(M) x YH(N) — Y¥(S),

given by the union of the images by ¢ and j of the partitions of M and N, extended
by singletons, i.e. defined by the following composition

(M) x PR(N) L2

L1><LJ

ysh( ) % ySh(S)

o e
’ 7 yh(s)

We have the following commutative diagram:

AN x XN IR e gy s yeh(y)

u:2l lﬂw

x(S) PH(S)

o
Finally, we define the functor X°°"™sh : Ord°® — Fin°P, for all totally ordered finite
sets S, by
Xconnsh(S) {(I J) XSh(S) ‘ ’CSh I J {S}}
Definition/Proposition 1.14 (Connected shuffle product). The connected shuffle
product is the bifunctor
~ ®A — : Func(Ord®®, Chy) x Func(Ord®?, Chy,) —s Func(Ord®®, Chy,)

defined, for two objects P and @ of Func(Ord°?, Chy) and a finite totally ordered
S, by

PEEQ)GS) = R ®P ) © Q) QL))
j=1

(K,L)eXconn.sh(g) i=1

Proposition 1.15. The product &CA is associative. Also, for all objects A and B
in the category Func(Ord°P, Chy), the endofuncteur

@4 p: Func(Ord°?,Chg) — Func(Ord?, Chy)
X — ARAXRAB



10 JOHAN LERAY

is split analytic in the sense of [Val07, Val09]. The category
(Func(Ord®?, Chy), B2, Iy)

is an abelian (symmetric) monoidal category and the monoidal product preserves
reflexive coequalizors and sequential colimits.

Proof. Similar to the proof of [Ler18, Lemma 2.9] and [Ler18, Proposition 2.10]. O
Definition 1.16 (Shuffle protoperad). The monoids of (Func(Ord®?, Chy), &CA, Ix)

are called shuffle protoperads, and we denote protoperadsSh, the category of shuffle
protoperads.

The forgetful functor (—) : Ord — Fin induces the functor (=)™ from S-mod;?
to Func(Ord®?, Chy).

Proposition 1.17. The functor
(=)™ : (&-modi*?, K., Ig) — (Func(Ord*®, Chy.), M2 1y)
is (strongly) monoidal and is exact. In particular, it preserves quasi-isomorphisms.

Proof. Let S be a totally ordered finite set and P and @ be two reduced G-modules.
We have the following isomorphisms:

(PR.Q)™S) = (PR.Q)(S)

= P &R rE.)e QL)
(K,L)

, acA BEB
GX(‘,onn(i)
o~ P PE)®..®PE,)2QL)®...2Q(Ly)
(R.L)

exconnsh (g)
> (PPRAQM(S).
Consider a short exact sequence of reduced G-modules
0—-P—-0Q—R—0,
then, for all finite ordered sets .S, the following
0— P(S) = Q) = R(S) =0
is a short exact sequence. So the functor (—)*" is exact. O

As for the case of protoperads, we have a combinatorial description of the free
shuffle protoperad.

Definition/Proposition 1.18. Let V be a functor in Func(Ord®?, Chy). The free
shuffle protoperad FA(V) is given, for all totally ordered sets S, by:

FAV)S) = B QVIa).
WeWweonn(S) acA
The functor ZA is the left adjoint to the forgetful functor
ZA : Func(Ord°?, Chy,) <= shuffle — protoperads,, : For.

By Proposition 1.17, we have the following.
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Corollary 1.19. Let V be a reduced S-module. There is a natural isomorphism of
shuffle protoperads

FAV™) = (F(V))™"

Also, for (R) C F(V) an ideal, (R)*" is an ideal of FA(V?), and there is a natural
isomorphism of shuffle protoperads

FAV™ /(R = (F(V)/(R)™.

2. KOSZUL DUALITY OF PROTOPERADS

In this section, we adapt the constructions of [MV09a, Sect. 3] and [Val03, Val07]
for properads to the protoperadic framework.

2.1. (Co)Augmentation, infinitesimal (co)bimodule and (co)derivation.

Definition 2.1 (Augmented protoperad). An augmentation of a protoperad P
is a morphism of protoperads € : P — Ig , where [ is the unit of the prod-
uct X.. A protoperad with an augmentation is called augmented. We denote by
protoperads; ¢, the category of augmented protoperads. To an augmented prot-
operad (P, ¢), we associate its augmentation ideal P, defined as the kernel of the
augmentation ¢, i.e. P := Ker(e).

For two reduces &-modules M and P, the &-module PX,. (P @® M) has a weight-
grading, which we denote

PR, (P& M) =) PR (PeM)"™.
reN

Let (P, €) be an augmented protoperad. Then, we have the isomorphism of reduced
S-modules P = Iy & P. Moreover, by the bigrading given by [Ler18, Lemma 5.16],
we can decompose the connected composition product

p= @ u by ) (Ig e P) R, (In ©P)) "7 —P.
(r)E ()2

Definition 2.2 (Partial composition product). Let (P, €) be an augmented protop-
erad. The partial composition product is the restriction of the product p: PR.P —
P to

ptY - (I © P) B, (In 0 P)) " — P

Using the partial composition, we introduce the notion of an infinitesimal bi-
module over a protoperad.

Definition 2.3 (Infinitesimal bimodule). Let (P, 1) be a protoperad. A G-module
M is a P-infinitesimal bimodule if M has two morphisms of G-modules, respectively
called the left and right actions:

A ('P@c ('P@M))(l)M — M and p: (('P@M) @CP)(l)M Y

such that the following compatibility diagrams commute:
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(1) associativity of the left action A:

(PR P&, (P o)L (P w, (P o)
M@u(P@M)l 5 L\ :
(€9)3
(PR. (P& M)) _ v

(2) associativity of the right action p:

(P& M)R, PR, P) P (p o vy, YD
(P@Af)&uul 5 J,, ;
(P& M)R, P) D™ . M

(3) the left and right actions commute:

(P &c (7) © M) &C P)(I)IW()\%P((P fas) M) IXC P)(l)M
ch(ﬁ"‘”)i O lp
(€24
(PR, (P& M)) . M

Remark 2.4. We also have the dual definitions of co-augmented coprotoperad,
partial coproduct and infinitesimal cobimodule.(see [MV09a] for properadic defini-
tion).

Remark 2.5. For an augmented protoperad (P,u,e : P — Ig), the following
definition is equivalent to the data of two actions X : (P X, M, )Wz Ma — M and
o (My R, P)YDm:(W5 5 M where My = M @ Ig, compatible with the product
of the protoperad P. In fact, if we consider the left action on M, then the injection
Ig — P induces the following morphism of G-modules

(PR, My )7
(PR, (PoM) " — M

compatible with the product u of P. Conversely, if we consider a &-module M
with a morphism

N (PR (M) PP

compatible with the product u of P, i.e. the following diagram commutes:

— (1)— /o (1,1) _

(PR, PR, M) POz PR - pg ) D
M(1,1>xCM+l o J{X
(fp X.. M+)(1)$1(1)1w . v

This compatibility and associativity of the product p allows the extension of the

morphism A’ to a morphism A\ : (73 X.(P® M))(l)M — M, which is the expected
morphism. We have a similar equivalence for p and p’.
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For the definition of infinitesimal bimodule in the properadic case, which is
similar to the protoperadic case, the reader can refer to [MV09a).

Lemma 2.6. Let P be a protoperad and M be an infinitesimal P-bimodule. The
S-bimodule Ind(M) is an infinitesimal Ind(P)-bimodule.

Proof. The functor Ind is monoidal for the products K. and ®°" (see [Lerl8,
Proposition 4.7, Theorem 4.16]) and is additive, i.e. Ind(Ve&W) = Ind(V)Ind(W),
so preserves the weight grading:

Ind (P&, (P @ M) V™) = (IndP &, (IndP & Indar)) .
O

Definition 2.7 (Derivation, coderivation). Let (P, €) be an augmented protoperad
and (M, A, p) be an infinitesimal P-bimodule. A morphism of G-modules d : P —
M of homological degree n is called a homogemeous derivation if the following
diagram commutes:

JRCHY

P

(P®.P)"
d@CPJrP@Cdl/ d

MX.PePR. M ——> M
PES)

i.e., for all p and ¢ in P:

do M (p,q) = p(d(p), q) + (=1)"P\(p, d(q)).

We denote Der,, (P, M), the k-module of derivations from P to M of homological
degree n and the derivation complex is denoted by Der, (P, M), with the differential
[0, —] defined, for § in Der,, (P, N), by [9,8] := dnx 06 — (=1)!"1§ 0 p.

Let (C,v) be a coaugmented coprotoperad and (N, A\, p), an infinitesimal C-
cobimodule. A morphism of G-modules d : N — C of homological degree n is
a homogeneous coderivation if the following diagram commutes:

N d C

)\erl J{A(l‘l) .

We denote Coder,,(C, N), the k-module of homogeneous coderivations from C to N
of degree n and Coder,(C, N), the coderivation complex.

Proposition 2.8. Let (P,€) be an augmented protoperad, (C,v) be a coaugmented
coprotoperad, M be an infinitesimal P-bimodule and N be an infinitesimal C-
cobimodule. We have the following natural isomorphisms:

Ind (m' (P, M)) = Der® (Ind(P), Ind(M));
Ind (Coder' e, N)) = Coder* (Ind(C), Ind(N)).

Proof. The functor Ind is additive monoidal and respects the grading on M (see
Definition/Proposition 1.11, or [Lerl8, Theorem 4.16]). O
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Lemma 2.9. Let % (V) be the free protoperad on the G-module V. For a homo-
geneous morphism 0 : V. — F (V') of degree |0, there exists a unique homogeneous
derwation dg : F(V) — F (V) of degree |0|, such that its restriction to V is 0: we
have

Deryy (#(V), Z(V)) = Homg (V, Z(V)).
Moreover, if (V) C FP)(V) then we have do(F ) (V) C Ftr=1 (V).

Proof. Let ®?:1(U{ ®...® vij) be a representative of a class of V,, = (V @ Ig)@"
with each v} in V& Ig. We define the application dy by dg ( R (vi®.. Qv )) =

Jj=1
s—1 ) ) n . .
SN D Riw. . @l )ewie...00w)o...0vu)e K) (ve...euv)
s€[1,n] 7j=1 j=s+1

i€l,rs]

where g ; = (Zj;} Sy vl 4 i) 4 ...+ [v54])]0] and where we extend 6 to
V @ I by 0(Ig) = 0. The morphism dy is constant on the equivalence class of

Q)_, (v]®...®v] ). We just need to verify that for n = 1 and for the transposition

which sends v; to vj41:
do(1®...®Vj41 ®V; ®...Qv,) =
- Z (—D)IZS oy, @ @00) ® ... ® v BV ® ... D vy
i€[l,5—-1]
+ (DS My @ L @ 0(04) 0 ® ... B v,
+ (_1)|0|Z{;11 |’UL‘+|0||’Uj+1‘rU1 ®...QVj+1® 9(’0]') R...Q v,
+ 0y (—D)IZS vy @ @ @0 .. @0 ... @,
i€j+2,r]
N(_1)|Uj||vj+l|< Z (_1)|0|Z;;i |vl"l}1®...®9(’l}i)®...®’0j®’0j+1®...®’UT
ie[1,j-1]
+ (=) ol @ @0 @ 0(0j41) ® ... @ v,
F (DS My @ L ®00) ® v ® ... @,
+ Z (—D)IZS oy @ @ @ v ® ... @ 60(v;). .. ®vr>
i€j+2,7]
= (—1)‘Uj“vj+1‘d9(vl X... 0V V41 ®...Q ’Ur).

Moreover, dg factorizes through V,, (see [Lerl8, Section 5.2, eq. (7)] for the
definition); similarly, we show that, on the elements of the form 7 := (v ® v2 ®
v3) @ (V) @1 @) — (—1)le2lvsl+1vD (y) @ 1@ 3) ® (V] ® va ®v}), we have dg(T) = 0.
Hence, we use the same arguments that the properadic case (cf. [Val03, Lem. 87]):

the surjectivity of the product of the free protoperad .# (V') gives us the uniqueness
of the derivation dy and that all derivation are as above. O

Dually we have the following lemma (which is the protoperadic analogue of
[Val03, Lem. 88]).
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Lemma 2.10. Let #¢(V) be the connected cofree coprotoperad on the &-module
V. For all homogeneous morphisms of S-module 0 : F<(V) — V of homological
degree ||, there exists a unique homogeneous coderivation with the same degree
dg : F(V) — F(V) such that the composition

Fe(V) Ly zo(v) 2 v

is equal to 6. This correspondance is bijective; moreover, if 6 is null on each weight
component F (V) for s # r, then dg(FoET=(V)) C FE)(V), for s > 0.

Definition 2.11 (Quasi-free protoperad/coprotoperad). A protoperad (#(V'),0 =
Ov + dp) (resp. coprotoperad (F¢(V),0 = Oy + dp)) is called quasi-free.

Proposition 2.12. The projection (V) — V of a quasi-free (co)protoperad
on to its indecomposables is a morphism of S-modules if and only if 6(V) C

D, 7 (V).
Proof. cf. [Val03, Prop. 89]. O

2.2. Bar-cobar adjunction. We introduce the bar construction of a protoperad.
We denote by s the generator of the G-module 3, the suspension (see Definition 1.6).
Let (P, i, €) be an augmented protoperad. The partial product pY of P induces
a homogeneous morphism of G-modules of homological degree —1:

spg » FOA(EP) — 5P

given by
sp2(s.p1 @ s.p2) = (=1)P s (py @ py).

By Lemma 2.10, we can associate to spu2, a homogeneous coderivation ds, :
F¢(XP) — F¢(XP), of homological degree —1. We consider the coderivation 0 :=
Op + dsyy + FE(EP) — F¢(LP) with dp the coderivation induced by the internal
differential of P. We show that 9% = 0, which is equivalent to showing that dpds,,, +
day,@p + d2,,, = 0, because Op is a differential. By Proposition 2.8, Ind(ds,,) is
a coderivation of homological degree —1 (in the properadic sense). As the functor
Ind commutes with the free monoid functor .#(—), with the suspension and Ind is

exact (so commutes with the functor (—)), we have the following isomorphism
Ind ((F(P), 0p + dypy) ) = (F(ST0d(P)), hnacp) + Ind(d)).

As the coderivation dy,, is the suspension of the partial product u(*!), and the

functor Ind is compatible with the weight-bigrading in P of P K, P and com-

mutes with the suspension, we have directly that Ind(dsug) is equal to dsulnd(P),
2

the coderivation induced by the partial product of the properad Ind(P).
This lends to the definition of the bar construction of a protoperad.

Definition/Proposition 2.13 (Bar construction). Let (P, u,dp,€) be an aug-
mented protoperad. The bar construction of P is the following quasi-cofree coaug-
mented coprotoperad:

(BP,8) := (F(EP), 0p + dups),
which gives the functor

coaug

B : protoperads;'® — coprotoperads;,
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Moreover, the respective bar constructions commute with the induction functor:
Ind(B(-)) = BY*(Ind(-)),

where the functor BV is the bar construction for properads defined in [Val03,

Val07].

Proposition 2.14. LetV be a reduced S-module concentrated in homological degree
0. Then the homology of the chain complex given by the bar construction of the free
protoperad over V is acyclic, i.e.

Ho(Bgz(V); abar) = 2‘/7
where ¥ is the shifting of homological degree one.

Proof. For this proof, we use the notion of colouring of a wall W and the colouring
complez associated to W, defined in [Ler18, Section 6]. Let S be a totally ordered
finite set. We have the following isomorphisms of chain complexes:

BFVNE= D B H(QVIK..y)
Keweonn(S) ¢eCol(K) acA

where the differential on the right side acts on the colouring as in the colouring

complex. So we have:
(BZ(V))(S) &b P x# ( Q) V(K.), so)
Keweonn(S) peCol(K) acA

sve P B = (QVKa).e)

Kewen?(S) ¢eCol(K) acA
H#K>2

~ YV a @ (C.COI(K))QB(#K)-dimkV

Kewem (s)
HK>2

then, by [Ler18, Theorem 6.15], B# (V) ~ XV. O

IR

1

We also have the cobar construction.

Definition/Proposition 2.15 (Cobar construction). Let (C, A, d¢, v) be a coaug-
mented coprotoperad. The cobar construction of C is the following quasi-free aug-
mented protoperad:

(QC,0) :== (F(£7'C),0c + ds-14,),
which gives the functor:
Q2 : coprotoperads;”*"® — protoperads;, ®
Moreover, the respective cobar constructions commute with the induction functor:
Ind(Q(-)) = QY (Ind(-)),

where the functor QY is the cobar construction for properads defined in [Val03,
Val07].

By the exactness of the functor Ind, we directly have the adjunction between
bar and cobar construction.
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Proposition 2.16. The functors B and Q form a pair of adjoint functors:

€ : coprotoperads; """ ——= protoperads; "¢ : B .
Proof. By the properties of the functor Ind (see [Lerl8,; Proposition 4.4, Proposi-
tion 5.20]) and [MV09a, Prop. 17]. O

2.3. Koszul duality. The result of this section are inspired by [Val03, Chap. 7]:
as the results are very similar, we try to use the same notation as in [Val03].

2.3.1. Definition of the Koszul dual. Let (P,p,€¢) be an augmented protoperad,
with a weight grading, P = @, .y Pl This grading induced a new one on the bar

construction of P:
B P = B (P,
peEN

where B(,yP = Z()(EP) is the grading described in [Lerl8, Theorem 5.21]. We
interpret r as the number of elements of P and p as the total weight induced by the
weight of each element of P. As the product p of P respects the weight grading,
dsu, respects the induced grading on BP; so we have

oy (Biry (P)) € Bpy (P
Thus we have the following lemma.

Lemma 2.17. Let P (respectively C) be a weight-graded, connected, protoperad
(resp. coprotoperad), i.e. PO = Ig (resp. CI%) = Ig). Then we have:

B, (P)¥! = ﬁc’(p)(Ef[l]) and By (P)P =0 forr>p
(resp. QP ()l = 35(”)(2*1@[1]) and QW) =0 forr > p) .
Proof. cf. [Val03, Sect. 7.1]. O

Definition 2.18 (Koszul dual). Let P (respectively C) be a weight-graded, con-
nected protoperad (resp. coprotoperad). We define the Koszul dual of P (resp. of
C), denoted by Pi (resp. Cl) by the weight-graded G-module:

pill .— H(p)(B*(P)[”],dsw)
(resp. Ci[P] = H(p) (Q*(C)[p],dsflAz)).

By Lemma 2.17, we have the equalities:
Pilrl = Ker (dyuy : Biy) (P)?) — By, 1) (P) )
and
cilel = Coker(dsfl a Q) (@) 5 Q) (C)<P>).

Moreover, if the protoperad P is concentrated in homological degree 0, then we
have

(&MmM):{Bm@W]ﬁm:n

0 otherwise.
The dual coprotoperad Pi is not concentrated in 0 degree, but satisfies:

(Pilel) = { Pilel it m = p,

0 otherwise.
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Proposition 2.19. The functor (—)/ : (co)protoperades;'® — &-mod]" commutes
with the functor Ind.

Proof. By the exactness and the preservation of the weight grading of the functor
Ind (see Definition/Proposition 1.11). O

We have a protoperadic equivalent of the proposition [Val03, Prop. 136].

Proposition 2.20. Let P = @, P (resp. C = @, C") be a weight-graded,
connected protoperad (resp. coprotoperad). Then the Koszul dual of P is a sub
weight-graded, connected, coaugmented coprotoperad ofﬁ‘\c(EPm) (respectively, the
Koszul dual of C is a connected, weight-graded, augmented protoperad quotient of
F(x-tchl).

2.3.2. Koszul resolution.

Definition 2.21 (Koszul protoperad, coprotoperad). Let P and C be respectively
a protoperad and a coprotoperad, each weight-graded and connected. The prot-
operad P is Koszul if the inclusion Pi — BP is a quasi-isomorphism. Dually, the
coprotoperad C is Koszul if the projection QC — Ci is a quasi-isomorphism.

Proposition 2.22. If P is a weight-graded, connected protoperad which is Koszul,
then its dual Pl is a Koszul coprotoperad, and Pii = P.

Proof. By the properties of the functor Ind (see Definition/Proposition 1.11) and
by [Val03, Prop.141]. O

Definition 2.23 (Koszul complex). Let P be a weight-graded protoperad. The
(right and left) Koszul complexes of P are the following complexes:
(1) the complex (P! K. P,0 = dp + dj ), where the differential d is induced
by the homogemeous morphism of homological degree —1:

Pi 25 PIR, Pi —= (PIR, (Iy ® P)) —= PIR, (Ig & P1)

where the right morphism is induced by the isomorphism (fi)[l] ~ pl! ;
(2) the complex (73 X.Pi,0=0p + dlA), where the differential d'\ is induced

by the homogeneous morphism of degree —1:
Pi—25 PIR, Pl — (([g® PN K, Pl) — (Ig & PR, Pi .
As in the properadic case, we have the following Koszul criterion:

Theorem 2.24 (Koszul criterion). Let P be a connected weight-graded protoperad.
The following are equivalent:

(1) the protoperad P is Koszul;

(2) the inclusion PI — BP is a quasi-isomorphism;

(3) the Koszul complex (P X, P,0 = 0p + dy) is acyclic;

(4) the Koszul complex (’P X.Pi,0=0p + dlA) is acyclic;

(5) the morphism of protoperads QP! — P is a quasi-isomorphism.

Proof. By the exactness of the functor Ind (see Definition/Proposition 1.11) and
theorems [Val03, Th. 144, Th. 149]. O

Remark 2.25. By Corollary 1.19, we have a bar-cobar adjunction and a Koszul
duality for shuffle protoperads. Also, a properad P is Koszul if and only if P! is
Koszul.
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2.3.3. The case of quadratic protoperads. This subsection is strongly inspired by
[Val08, Sect. 2] which described the notion of a quadratic properad. We adapt the
notion to the protoperadic framework. Let V be a G-module and R C .Z3) (V):
such a pair (V| R) is called a quadratic datum.

As the underlying G-modules of the free protoperad % (V') and the cofree copro-
toperad .7 ¢(V') are isomorphic, we consider the following morphisms of G-modules:

() _
R— ZAW)— Z(V) 2 Z9V) - Z°O V) - 2@ (V)/R =R,

where the isomorphism (%) is an isomorphism of &-modules. Using this, we natu-
rally define a quotient protoperad of % (V') or a sub-coprotoperad of.% (V).

Definition 2.26 (Quadratic (co)protoperad). The (homogeneous) quadratic pro-
toperad generated by V' and R is the quotient protoperad of F# (V) by the ideal
generated by R C .Z ) (V). We denote this protoperad by 2(V, R) := .Z(V)/(R).
Dually, the (homogeneous) quadratic coprotoperad generated by V and R is the sub-
coprotoperad of 7 ¢(V') generated by .Z¢()(V) — R. We denote this coprotoperad
by €(V, R).

Remark 2.27. All quadratic protoperads & (V, R) and all quadratic coprotoperads
%(V, R) have a weight-grading by V, as for properads (see [Val03, Prop. 55]).

Theorem 2.28 (Kosul dual (—)i). Let (V,R) be a quadratic datum. We denote
by ©2R, the image of R in FP (V) and X2R, the quotient of F2(Z-1V) by
Y 72R. The Koszul dual of the protoperad Z(V, R), denoted by 2(V,R)i, is the

coprotoperad given by
P(V,R) = €(XV,2*R).

Dually, the Koszul dual of the coprotoperad € (V,R), denoted by € (V, R)!, is the
protoperad given by

€(V,R) = 2(x"'V,%%R).
Also, we have 2(V,R)il = 2(V,R) and €(V,R)il = €(V, R).
Proof. Tt is a similar proof as [Val08, Th. §|. O

Proposition 2.29. Let (V, R) be a locally finite quadratic datum, i.e. for all finite
sets S, V(S) has a finite dimension. The linear dual of the coprotoperad €(V, R)
is the quadratic protoperad

(¢(V.R))" = Z(V*)/(RY)
with R+ ¢ FR(V)* = F@(V*). In particular, we have
(2(V,R)I)" = 2(27'V*, 2 72R*).
Proof. Tt is the same proof as [Val03, Cor.154] or [Val08, Prop. 9. O

3. SIMPLICIAL BAR CONSTRUCTION FOR PROTOPERADS

We construct the simplicial bar complex for protoperads, as in the properadic
case (see [Val07, Sect 6]). Recall that X" denotes the homological suspension of
degree n (see Definition 1.6).
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Definition 3.1 ((Reduced) Simplicial bar construction). Let (P, u,n) be a prot-
operad. We denote
C,(P) :=X"Ig K, P¥" K, Ix.

The face maps d; : C,(P) — Cp,_1(P) are induced by:

— the unit P X, Iy — P for i = 0;

— the composition u of the i-th and the (i + 1)-th row,

— the unit Igx X, P — P for i = n.
The degeneracy maps s; : Cp,(P) — C,11(P) are given by the insertion of the unit
n : Ig — P of the protoperad s; 1= ¥"Ig K, P K, n K, P~ K, Ig. The
differential O¢ is defined by

(90(73) =0p + Zdi.
=0

One can check that 0, (py = 0. This chain complex is called the (reduced) simplicial
bar construction of P.

Definition 3.2 (Normalized bar construction). The normalized bar construction
is given by the quotient of the simplicial bar construction by the image of the
degeneracy maps. We denote by N(P) the following graded G-module, given in
grading n, by:

N,,(P) := Z"coker (Z I B, PP ®, n K, PP~ K, Ig) .
=0

We define the functor W;‘%nn’lcv : Fin®® — Fin°® of n-level connected wall given,
for all finite set S, by

Vi € [1,n],3I € Y(S)
WY S) = S W = (W, ..., W) | @£ W ={Witaea, C1
U?:l UaGAi Wazc = Sa’CS(W) = {S}

where Kg is the natural projection defined in Definition 1.1 (see also [Ler18, Defi-
nition 1.9]).
We denote the label of the number of levels by n 1, because WCCT)HD’ICV(S) is

n

also weight-graded by the number of bricks: an element (W' ... W™) lives in
WZ?F?;]’IGV(S’) with b = |[W?'| + ...+ |W"|. The graded functor of level connected

wall is denoted by Weonmley — HnWZCTmn’ICV : Fin® — Set°®. We have also the
natural projection of unlevelization

unl : Wconn,lcv — Wconn

which sends an element ({Wllaea,, -, {W 2} aca,) in WeRBIEY(S) to the con-
nected wall W over S which contains W, for all i in [1,n] and all & in A; and such
that, for all s in S, the total order of I's = {Wi|s € W}} is defined by levels: for
Wi and W} in T, Wi <, W} if i < j.

Remark that the unlevelization morphism projects the functor of n-leveled con-

nected wall with n bricks to W;°"". We denote by m,s the restriction of the un-

. . . conn,lev
levelization morphism to men

. conn,lev conn
Tt - WnT,n s Wn
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Proposition 3.3. Let P be an augmented protoperad, and its augmentation ideal

P, and S be a finite set. We have the following isomorphism

NP =" D QR PWL).

LWy =1 a€A
ewflc%nn leV(S)

Proof of Proposition 3.3. As in the properadic case (see [Val07, Section 6.1.3, the
first remark|). An element W = (W' ... . W") in WZ?rnn’leV(S) describes the po-
sition of non-trivial elements in each level. In the definition of the normalized
bar construction, the cokernel ensures that there is a non-trivial element in each
level: this is the condition W* # @. The conditions U Ugea, Wi = S and
Ks(unl(W)) = {S} ensure that we have the connectedness of the product. O

Proposition 3.4. The simplicial bar construction and the normalized simplicial
bar construction commute with the induction functor Ind:

Ind(C(-)) = CV?¥(Ind(—)) and Ind(N(-)) = NV2(Ind(-)),

where the functors CV& and NV are respectively, the reduced simplicial bar con-
struction and the normalized simplicial bar construction for properads (see [Val07]).

Proof. The functor Ind is monoidal and exact (see Definition/Proposition 1.11). O

Proposition 3.5. (1) The simplicial bar construction and the normalized bar
construction preserve quasi-isomorphisms.

(2) Let P be a quasi-free protoperad on a weight-graded S-module V', i.e. P
has underlying &-module F(V), such that V(©) = 0 and concentrated in
homological degree 0. The natural projection N(P) — XV is a quasi-
isomorphism.

Proof. (1) As for the bar construction of protoperads. The functors Res, Ind
and CVal (cf. [Val07, Prop 6.1]) preserve quasi-isomorphims. Let ¢
be a quasi isomorphism of G-modules, then Res(CY(Ind(¢))) = Res o
IndC(p) = C(y) is a quasi-isomorphism.
(2) Similar to [Val07, Prop. 6.5]
O

We define the levelization morphism as in the operadic and the properadic case
(see [Val07, Section 6.2]).

Definition /Proposition 3.6. Let P be an augmented protoperad. The leveliza-
tion morphism is the injective morphism of G-modules

e:B(P) — N(P)
which, for a finite set S, and a wall W = {W, }aeca in W™(S), sends
1A

RIPWa) = P QRTP(W:) C N(P);

acA Weﬂ'nT (W) =1

the map e sends each element of @, 4 EP(Wa) to the sum of representatives (with
signs induced by the Koszul sign of the symmetry).
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Theorem 3.7. Let P be a weight-graded augmented protoperad. The levelization
morphism e : B(P) — N(P) is a quasi-isomorphism.

Proof. Let P be a weight-graded, augmented protoperad, and consider the lev-
elization morphism e : B(P) — N(P). The induction functor sends e to eV, the
levelization morphism for properads, defined by Vallette in [Val07, Section 6], which
is a quasi isomorphism (see [Val07, Theorem 6.7]):

Ind(BP) = Bvallnd(’P)Iﬁia1 NValInd(P) = Ind(NP)

We apply the functor Res to this map, which is an exact functor, and which satisfies
Res o Ind = id, then the map e is a quasi-isomorphism. We just use the same
arguments that for the properadic case (see [Val07, Sect. 6]). O

4. STUDYING KOSZULNESS OF BINARY QUADRATIC PROTOPERAD

In this section, we describe a criterion to study the Koszulness of binary quadratic
protoperad, which are protoperads given by a quadratic datum (V, R) such that V
is concentrated in arity 2, V(S) = 0 for all finite sets S with |S| # 2.

4.1. A wuseful criterion. We give an algebraic criterion for a binary quadratic
protoperads concentrated in homological degree 0 to be Koszul.

Definition 4.1 (Binary protoperad). A protoperad P, given by generators ad
relations, i.e. P = .#(V)/(R) is binary if the G-module V is concentrated in arity
2,i.e. V(S) =0 for all finite sets S with |S| # 2.

Let P be a binary quadratic protoperad concentrated in homological degree 0,
given by the quadratic datum (V, R), then V = V;(2). We associate to P, a family
of quadratic algebras {7 (P,n)}n>2, defined by

o (P,n) :=S(P*™([1,n]).

We will see that the algebras «7(P,n) are quadratic. Fix n > 2, we consider the
decomposition of V' in irreducible representations:

V= éVV
v=1

where V,, = k - v, is the trivial representation or the signature representation of
G4 (recall that the characteristic of k is different to 2). To V, we associate the set
V(P,n) of generators of {7 (P,n)}n>a:

V(P,n)={(n)y |1<i<j<nl<v<m}

Thus V (P, n) corresponds to the generators of S(P)([1,n]) as algebra for the prod-
uct pug (see Proposition 1.8), i.e.

1 i J n

(2) (Uu)z'jW

As P is binary and quadratic, the set of relations R is concentrated in arity 2 and
3. Each relation in R(2) is given by a linear combination of terms as

12
—
C—
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where each brick is labelled by a generator v,. To a such relation r in R(2), we
associate a family of quadratic relations {r;; }1<i<j<n in terms of V(P,n), where
r;; is given by replacing a monomial indexed by v, for the bottom brick and vg for
the upper brick, with v, and vg two generators, by the monomial (vy)i;(vg)i; in
V(P,n)®?%, as in Figure 1. We denote by R(2);;, the set of relations in V(P,n)®?

1 2
-
= 5 (V)i (V8) ;-

FIGURE 1. labelled procedure for R(2)

which are obtained by the labelled procedure NA (see Figure 1). Similarly, by
connectivity, each relation in R(3) is given by a linear combination of terms as
follow:

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
s S e [ e B s B B e B e B e
o s R ;O ; o 5 o S v T s

where each brick is labelled by a generator v,. If n > 3, for all relation r in R(3),
we associate a family of quadratic relations {7k }1<i<j<kgn With rj, € V(P, n)®2,
where 75 is given by replacing all monomial indexed by v, for the bottom brick
and vg for the upper brick, with v, and vg two generators, as in Figure 2.

L2 s 1 2 3

o= @ (va)ik(vg)jk BT (va)iw(v8)is 3
L2 1 2 3

5 ) ws)a = % ()i (vs)i
L2 1 2 3

57 (0a)ij sk S P a)ulvs)y

FIGURE 2. labelled procedure for R(3)

We denote by R(3)i;x, the set of relations in V(P,n)®? which are obtained by
the labelled procedure @, We consider the quadratic algebra
TV (P,n))
<R(2)ij,R(3)ijk, [(Va)ijs (v8)ab) v1<a§;§1iijéjlfr§fd,b}:z>
The new relations given by the commutator [(vq)ij, (vs)as] correspond to the "par-
allelism commutativity" which is present in the protoperadic structure:

1 2 3 4 1 2 3 4
CEI _ Cao
oo = iz P
(see [Val07] for the properadic case).

Lemma 4.2. Let P be a binary quadratic protoperad. For all integer n > 2, we
have the isomorphism of algebras

T(V(P,n))
(R(2)ig: B3)iges [(v0)iss (08)ab] | vacasnimfiatiston—o)

(3)  (P.n)=
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Proof. We recall that, for a protoperad (P, u), the product on S(P)([1,n]) is given
by
o S
S(P)([1,n]) BS(P)([1,n]) = S(P K. P)([1, n]) — S(P)([L,n]).
As V(P,n) is, by construction, a set of generators of the algebra S(.Z#*"(V))([1,n

we have the following morphism of algebras T (V(P,n)) — S(Z2(V))([1,n
which factorizes as follows:

T (V(P,n)) S(ZH(V)([Lnl)

= =

);
)

3

IR

TV (P,n)

YVa,
[(va)ij, (v8)ab] | Vi<a<b<n Vi<i<j<n
(i} {a,b} =2

the isomorphism ¢ induces the isomorphism (3). ([

Theorem 4.3 (Criterion of Koszulness). Let P be a binary quadratic protoperad. If,
for all integer n > 2, the quadratic algebra </ (P,n) is Koszul, then the protoperad
P is Koszul.

Proof. Fix n an integer such that n > 2. By Lemma 4.2, the bar constructions of the
algebras o7 (P, n) are isomorphic, so we have the isomorphism of chain complexes

(4) BE(o/ (P,n)) = BNE(S(P™)) (1, n]),

where BA® is the bar construction for algebras (see [LV12, Section 2.2]). To a
monomial m of BA®(.o7 (P, n)), we associate the partition which is induced by the
set of pairs (4, j) of generator indices which appear in m, as explain below. We have
the surjection BA®(T(V(P,n))) — BA%8(a/(P,n)), so choose a representative m of
m in BA®(T(V(P,n))) and consider the set of pairs (i, j) of generator indices which
appear in m, completed by singletons {k} if k in [1,n] does not appear in any of
the pairs. Such sets can be viewed as elements of W™ ([1,n]), with the partial
order induced by the lexicographic order. Then, by the natural transformation
K : W — Y (see Definition 1.1), we associate m, a partition p of [1,n].

All relations in &/ (P,n) are given by rq, and rgjk for 1 <i<j <k <n,
1<a<b<n rin R(2) and ' in R(3). So, as we see in Figure 2, any choice
of representative m for m gives us the same partition, then the partition p does
not depend of the choice of the representative m. By the same argument, as the
differential of BA'® (o7 (P, n)) is induced by the product of o7 (P,n), the bar complex

splits:

(5) BY(/(Pn) = (D BYE((P.n)),

ped([1,n])
For convenience, we denote by pg, the trivial partition with one element of [1,n].
Through the isomorphism in Equation (4), we identify the complex Bg(l)g (o (P,n))
with the normalized simplicial bar construction N(P®)([1, n]).

Let p > 1, a monomial w in N® (Ph)([1,n]) is given by a leveled connected
wall where bricks are labelled by monomials of P*". To such a monomial w, we
associate directly an element of Bé(l)g’(p ) (#/(P,n)) where each level w; of w is sent
to a monomial m; in &/ (P,n), as in Figure 3. It is clear that this application is an
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NP ([L5]) 3 - - 155 ¢ (va)13(05)23. (05 )as (va)ss € BAED(A(P,5))

FiGurg 3. Example

isomorphism of chain complexes:

(6) N P)([1,n]) = By ¥ (o (P n).

As the algebras o7 (P, n) are Koszul by hypothesis, for all n > 2, then the homology
of BA®®:(P) (o7 (P, n)) is concentrated in degree p. As this complex splits (see Equa-
tion (5)), then the homology of Bgtl)g’(p) (#/(P,n)) is also concentrated in degree p.
Then, by the isomorphism in Equation (6), the homology of N®) (Psh)([1,n]) is
also concentrated in degree p. So, by Theorem 3.7, the shuffle protoperad Ps" is
Koszul, then P too, because BP and BAP®" are isomorphic as chain complexes, by
Corollary 1.19. O

4.2. The main example: the protoperad DLie. In this section, we define the
protoperad DLie and we show that it is Koszul by Theorem 4.3.

Definition 4.4 (The protoperad DLie). The protoperad DLie is the quadratic
protoperad

1 2 2 1 1 2 3 2 31 3 1 2
DEie:zﬁ(:}z—S)/<g+::1]+::]]>.

Remark 4.5. We associate to the protoperad DLie, the shuffle protoperad

i —

by Corollary 1.19.

To the protoperad DLie, we associate the family of quadratic algebras, denoted
by </ (DLie,n) for n > 2, given by the quadratic datum (V(DLie,n), R(DLie, n)),
with generators

V(DLie,n) ={zi; | 1<i<j<n}
and relations
R(DLie,2) =0; R(DLie,3) = { T12T23 = 23713 — T13T12 } :
T2312 — X132T23 — L1213
and, for n > 4,

1<i<j<k<n
I1<u<v<n
1<a<b<n

LabTyv — TyvLab {(L b}ﬁ{u ’U}_Q
) ) -

LijTjk — LjkLik — TikLij
R(Dﬁle, n) = TjkTij — LikLjk — LijTik
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Proposition 4.6. For all n > 2, the quadratic algebra of (DLie,n) is Koszul.
Proof. See Proposition A.1 for the proof. O
Theorem 4.7. The protoperad DLie is Koszul.
Proof. By Proposition 4.6 and Theorem 4.3 O
Corollary 4.8. The properad Ind(DLie) is Koszul.
Proof. The monoidal functor Ind is exact by Definition/Proposition 1.11. O

This corollary is very important: it is the first example of a Koszul properad
with a generator not in arity (1,2) or (2,1).

5. DPois 18 KoszuL

In this section, we study the Koszul dual of the protoperad DLie, which is called
DCom, by analogy of the case of operads Lie and Com.

5.1. The Koszul dual of DLie. To the protoperad DLie, we associate its Koszul
dual, which we will called DCom:

DCom = F (Vi) [ (Bpy).

where V* is the linear dual of V and, for all R ¢ .#®)(V), R* is the orthogonal of
Rin @) (V*). The &-module V. is identified to

. _ [ sen(&2)  ifm=2
Vprie([1,m]) = { 0 otherwise.

Then, as in the case of the protoperad DLie, we can diagrammatically interpret
Vi rie([1,2]) as follow

VD*Lze(II172]]) = < ?ﬁ = _bb >
We also have the following relations:
1 2 3 2 3 1
1
reg: Loy - L7 B
By the second relation in R4 .;., we directly have that

DCom([1,2]) = DCom1y([1,2]) = Vi 4e-
For the &-module DCom([1, 3]), we have:

1 2 3 3 2 1

If we consider the elements of weight 3 in DCom([1, 3]), we have, by the first relation
in R% rie> the two following equality:

=L s L

That implies that the &-module DCom([1, 3]) is reduced to its component of weight
2, i.e. DCom([1,3]) = DCom2)([1,3]). This equality is a more general thing,
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as we will see, i.e. we will prove that, for all n > 2, we have DCom([1,n]) =
DCom,—1([1,n]).

Lemma 5.1. FEvery stairway of arity n is invariant up to the sign by the diagonal
action of Z/nZ, that is, for alln > 2

n—1 n n 1
2 P .
L L
Proof. We prove this result by induction on the arity n. By the definition of the
protoperad DCom, we have:

12 3 2 3 1
= = - = oad 5T = 5T

Suppose that, for a fixed integer n, we have the following equality:

n—1n n 1

%m
i
Hﬁ@

Lemma 5.2. For all integer n greater than 2, we have the following equality

n—1 n n n—1

T e B

Proof. We prove this result by induction on the arity. We also have
1 2 3 3 2 1

=T o= T

Suppose that, for a fixed integer n > 2, we have

n—2 n—2
i1 n—

= L
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Then, we have

O

Lemma 5.3. Every monomial of DCom such that the underlying non-oriented
graph does not have cycles can be rewriten as a stairway.

Proof. We prove this result by induction on the weight of monomials, i.e. the
number of vertices of the underlying graph. By Lemma 5.2, we have that this
lemma holds for a monomial of weight 2. Let n be an integer strictly greater than
2. Suppose the lemma holds for every monomial of weight w < n. We consider @,
a monomial of weight n and we denote by ®, its underlying non-oriented graph. As
DCom is a properad, the graph ® is connected: we label its n vertices by vy, ..., v,.
There exists o in [1,n] such that the subgraph ®* := ®\v,, is connected. By the
induction hypothesis, we can rewrite ®* as a stairway, then we can rewrite ® as a
one of these two following monomials:

and, by invariance of stairways under the cyclic group action, we have our result. [

Lemma 5.4. Every monomial of DCom such that the underlying non-oriented
graph has a cycle is null.

Proof. We prove the result by induction on the weight of monomials. We limit
ourselves to considering only monomials whose underlying non-oriented graph is a
cycle, i.e. monomials whose each elementary block is linked by two edges to another
block. We have the relation %

=0

which initialize our induction. Suppose that every cycle of weight < n—1 is null. We
comnsider a cycle ® of weight n and, we isole one of the blocs v, in the cycle (i.e. one
of the vertex of the underlying graph) such that its two outputs are linked with an
other bloc. In a cycle, such a bloc already exists. We denote by ®*, the monomial
obtained by the forgetfulness of the bloc v, in the initial cycle. The monomial ®*
does not contain a cycle, then, by Lemma 5.3, ®* can be rewriting in a stairway.
Finally, the monomial ® can be rewrite as one of the two following monomials in
Figure 4 and Figure 5. By the invariance of staiways under the diagonal action of

FIGURE 4. Monomial FIGURE 5. Monomial
of form 1 of form 2
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the cyclic group (cf. Lemma 5.1), a monomial with the form 2 (see Figure 5) can
be rewrite as a monomial with the form 1 (see Figure 4). Then, ® can be rewrite
as a monomial which contains a smaller cycle, then ® is null. (I

Proposition 5.5. For all n > 2, we have

DCom([1,n]) = DComn—1)([1,7]).
with DComy,,—1y([1,n]) generated by ©n, the stairway with n inputs, which is stable
under the diagonal action of the cyclic group. In terms of group representations,
DCom(n,n) is given by
triv(Z/nZ) TZG/"HZ if n is even,

sgn(Z/nZ) Tg/%z if n is odd.

DCom([1,n]) = {

Proof. We already have that DCom([1,n]) = 0 for all k in [0,n — 2]. We also
have that the &-module DCom,_1)([1,n]) is generated by the stairway with n

inputs. Finally, monomials in Dﬁie!(k)([[l, n]) for k > n have a cycle, thus they are
null, by Lemma 5.4. ([

Notation 5.6. For all integers n > 2, we denote:
{ triv(Z/nZ) if n is even;

t
Z/nZ) = Z/nZ
sgn( /TL ) Sgn( /TL ) Sgn(Z/nZ) if n is odd.

By Theorem 2.28, the dual coprotoperad of DLie is given by
DLicl = (P (Vbrie, Rp,))' = €(SVpric, 2 Ry).

We have seen, in Proposition 5.5, that the protoperad DCom = Z2(Vj,,., R ;)
satisfies
DCom([1,n]) = DCom,—1)([1,n]) = sgn(Z/nZ) TZ/WXG"

By Proposition 2.29, we have the following isomorphism € (XVprie, 22Rp)* =2
P (S Wi T 2R5,), so, for all integer n > 0, we have

DLiel([1,n]) = X" 'sgn(Z/n7Z) TZ/nZ
So we have the following proposition.

Proposition 5.7. The properad Ind(DLie)s := Q(Ind(DLie)!), which is a cofi-
brant resolution of the properad Ind(DLie), is the free properad (FV (X7ITW), 0a)
with X7 W, the &-bimodule defined by X~ W ([1,m],[1,n]) = 0 for m # n in N

and

STW(IL ], [ n]) o= (S7'W)a-a([1, 0], [1,7]) = £"~*Ind (sgn(Z/nZ) 157,, )
r 2 .- n 2 3 ... 1
= 271@n = Eflﬁjj — (_1)n+1271 ﬁ,:ﬁ
L2 - n o 3 o 1
with S™YW([1,n], [1,n]) concentrated in homological degree n — 2 and with the
differential Oa induced by the coproduct A of the coproperad Ind(DLie)!, which
sends

L2 o oD Do) o)
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We exhibit the action of the differential on generators of degree 2, 3 and 4.
— The element @9 in Ind(DLie)i is primitive, i.e. A(p2) = (1®1)p2+p2(1®1)
then
Oa(s7lp2) = — (1@ 1)s o2 + (-5 (1@ 1)) = 0.

— We have seen that the G-bimodule Ind(DLie)i([1, 3], [1, 3]) is generated by
3, the stairway of arity 3 which is stable under the diagonal action of the
cyclic group, so

2
A(ps) = Z 7193y (02, 1)(1,02)0(123)
i=0

>
>
w
‘S)—'
<
Il
|
Mw

( )Wﬂ (123)(571%7271)(1a571@2)02123))

=D 0hsy (s 2 (L5 )0 {10,
=0

which is exactly the double Jacobi relation.
— Ind(DLie)i([1,4], [1,4]) is generated by ¢4, with

3
Alpr) = > s (2, DL 05) + (98, 1)(1,92) ) 7o)
=0

then

3
0(s100) = = 3 iy (-1 o2 DL~ en)
=0
(=)l (57 s, 1) (1,57 02) ) oty
3

Z 1234)( S 19027 1)(17 8_1903) - (8_1@37 1)(178_1902»021234)'
1=0

5.2. The properad DPois. We define the properad DPois which encodes the
structure of double Poisson algebra. D7Pois is the quadratic properad gives as
follows:

DPois := tg‘\val(v &) W)/<RAS ©DyD RDJ>
with generators concentrated in homological degree 0:

1

V= Vi = pk @ k[So] = \T/ ® k[S,]

and

W = Vpric = 'i-: ® sgn(Ss) ngxc 2

and the relations
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— of associativity for the product p :
1 2 3 1 2 3
1 1
— double Jacobi for the double bracket:
1 2 3 2 3 1 3 1 2
e R nR
1 2 3 2 3 1 3 1 2
— of derivation:
1 2 3 2 1 3 1 2 3
b ==
1 2 1 2
We recall the following result of Vallette

Proposition 5.8 (see [Val03, lem. 155 prop. 156 and 158]). Let P be a properad
of the form P := 2(V @ W,R® Dy & S), with \, a compatible distributive law.
Then we have the following isomorphism of &-bimodules

P = AR B
with A := P (V,R) and B := P (W, S). Also, if the sum

S dime (v & W)([1,m], [1,n])

m,n

is finite and W is concentrated in homological degree 0, then we have the isomor-
phism of &-bimodules PI = Bi KY Al with A := 2(V,R) and B := P(W,S).
Moreover, if the properads A and B are Koszul, then the properad P is also a
Koszul properad.

For DPois, the relation of derivation D) is given by a compatible replacement
law (see [Val03, Val07]), with A the following morphism of &-bimodules:

A (Ig @ W)RY2 (Ig @ V)WV (Tg @ V) 1Y (Ig @ W)Wv-(Ww
given by
12 s 2 1 3 12 3
A % — W + W .
12 12
Lemma 5.9. The morphisms of &-bimodules
As RV Ind(DLie) V) — DPois  and  As KY* Ind(DLie)? ) — DPois

are injectives.

Proof. We start by considering the morphism As Y2 Ind(DLie)?:(Y) — DPois:
in DPois, we consider the terms

\;V and \g/ .
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In the properad DPois, by the relation Dy, we have the following equalities

1 2 3 4 2 3 1 4 N 3 1 2 3 4 1 2 3 4

2 4
N
12 12 W 12 12
then As XY?! Ind(DLie)?»(1) — DPois is injective. As the double jacobiator is
a multiderivation (see [VAB08a]), then the morphism As XY Ind(DLie)M-2) —
DPois is injective ([l
Corollary 5.10. We have the following isomorphism of properads:
DPois = As XY Ind(DLie).

As the properads As and Ind(DLie) are Koszul (see [LV12, Chap. 9] for the case
of As), we obtain the main theorem of this paper.

Theorem 5.11. The properad DPois is Koszul.
Proof. Directly by Proposition 5.8. O

APPENDIX A. THE ALGEBRAS &7 (DLie,n) ARE KOSZUL

In this section, DLie is the protoperad of double Lie algebras.
We consider the family of quadratic algebras &7 (DLie, n), for n > 2, given by the
quadratic datum (V(DLie,n), R(DLie,n)), with

V(DLie,n) ={xzi; | 1<i<j<n}
and, for n in N,

1<i<j<k<n
I1<u<v<n
1<a<b<n

LabLuv — LuvLab {(L b}ﬁ{u ’U}_Q
b b -

TijTjk — TikTik — TikTij
R(DLie,n) = TjkTij — TikTjk — TijTik

Proposition A.1. For all n > 2, the algebra o/ (DLie,n) is Koszul.

Proof. The algebra o7 (DLie,2) is isomorphic to k[z], which is Koszul. We denote
by W", the Koszul dual of o/ (DLie,n); this quadratic algebra is given by the
quadratic datum (V(DLie,n)", R(DLie,n)*) :

V(DLie,n)Y ={z;; | 1 <i<j<n}

22
Tij Tk + XTjkTik 1<i<j<k<n
R(DLie,n)" = TijTik + TikTij I<u<v<n
TijTik + TjkTi 1<a<bsn
TijTik — TikTjk {a,b} N{u,v} =2
TabTuv T TuvTab

We prove that the algebra W, is Koszul by the rewriting method; we will follow
[LV12, Chap. 4, Sect 4.1].
Step 1: We totally order the set of generators of Wby the right lexicographisc
order on indices:
Tij < Tkl ifj<lorj:landi<k.
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Step 2: We extend this order to the set of monomials by the left lexicographic
order.
Step 3: We obtain the following rewriting rules:

2 @ 0 Jp e
:Eij TjkTik ~> —TijTjk
TigTij ~~> —Tij Tk LjkLij ~> —LijLik
TikTjk > TijTik TypTig ~ —TjjTyy-

Observe that the rewriting rule () is the only one which does not change the sign.

Step 4: We test the confluence of rewriting rules for all critical monomials. Re-
call that a critical monomial is a monomial x;;2;2,, such that monomials x;;x
and Ty T, can be rewrite by rewriting rules. Any critical monomial gives an ori-
ented graph under the rewriting rules which is confluent if it has only one terminal
vertex.

We denote by @-@ the confluence diagram associated to the monomial 2;; &%y
where x;;z1; is the leading term (the term of the left side) of the rewriting rule @
and Tg;Tyuy, the leading term of the rewriting rule (3. We adopt the following
notation: for a monomial x;;& %y, when we use the rewriting rule @ on x;;xp,
we denote that by

L5 Tkl Tyv

@)

N
TabTcdLyv

and when we use the rewriting rule (@) on xg;x,,, we denote that by

L5 Tkl Tyv

—~—

TijTabTcd

We start with the case of 1 <7 < j < k < n and x,, < x;; to study diagrams of

the form D-@)

2 2 2
@ LTk @ @ TikTii (3 O %ikrii @
—LjkTij Tk —LikTijTjk — LT Tik
w09 N8 0 @
Tij T3 i, Tij T3
e 2
@ LikLijLik @xijxuv @
2 - @;)\"\ ~ s
fEik;Cjk — T Tk Tik 0 \@ © Lij TuvTij
®V lf@d 2
0= 2.3, Luv i
® v

then, all diagrams for a critical monomial with the leading term of (@) on the left
are confluent. Similarly, all diagrams (@-(0) are confluent.
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Now, we study the diagrams for a critical monomial with the leading term of (2)
on the left. We start with @-@): let u < i < j < k:

@ —LjkTuiLik '@>$u1$gk$1k @

»/*/J7 RSN

TjkTikTuk — Ly T Tk -
> @ o]
LTk Tuk > TijLujLjk
For @-@3), there are three cases: we begin with i < j < u < k:

@ Tk TiuLuk @xiuxjkzuk @

,‘/JJ? e
TjkTikLiy @ LTiuTjuLjk ;
@ © e

T Tk Tiy ~ Tij TinTik
for the case i < j = u < k, we have:

@ _~TikTiTik @y TijTikTik @)

,J‘/_/? \
TjkTikTij

T LijXjkLij ~ LijLijLik

0 ;

and, for i < u < j < k, we have:

@ Tk TiuLuk @~>$iu$g‘kl“uk @
,_/—’"7 \\,\\
TjkTikLiy @ —Tiju Ty Tk
> ® —

—TijTjkLTin ~> TijTiuTjk
For 2-(@), there are only one case: let u <i < j <k

@ L jkLuiLuk @\‘> LTuiLjk Lk @
/_/_/_,-7 \,\’\A
TjkTikLui @ “LyiTujTuk ;
O™ @ "

—LijLjkTui ™~ TijLuiluk

For @-(5), there is three cases: we begin with i < u < j < k:

®  TikTiuTik “@> ~TiuTikTik ()
"///7 ~ .
TjkTikTuk —LiuTijTjk 5
e ® ~ 6
LTk Tuk ~> TijTujLik
for the case i < j = u < k, we have:

® _ TikTijTik “@f—fvijitikftik
/\f‘/ﬂ
TiRTikTjk ©) ;
O

—Zi ke e 0
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and, for i < u < j < k, we have:
G TikTiuTik “@‘> TiuTjkTik (3
,‘/*/\/7 e
TjkTikTuk @ —XijuLij Tk
—Lij Tk Luk > TijLiuljk

For (2-@®), there are three cases: we begin with u < i < j < k, v < k and v # j:

@ Tk TyvTik @>l’uu$g‘kl“m @

rf/ﬂ
TjkLik Luv —LyvTijTjk ;
e ® —®

Lij Lk Lyy > LijLyvTjk

and for v <i < j <k and v = j:

@ —LjkLujLik '@qujxuk:xik: ~> Lyj LuiLuk

,—/‘/’P7 ng)\\A
Tk TikTuyj —LuiLij Tuk
>~ ® ~®

~FijTikTuj 7 LijTujTuk G ~Tuiluk i

For 3®-@), let u < i < j < k:

@ Lk Tuiliy 255 TuilukLij @
TikTij T “LuilijTuk
@ ® ~8
—LijLjkTuj ~ LijLujLuk
Consider the case 3)-3), let i <v < j < k:

@ —LikLivLuj '@Qxivkaxvj

7 @~

TikTijLiv —LiyvLyjLjk-
O ® —®
LTk Ty = TijTivLjk
For the case 3)-@), let u <i < j < k:

@ —LikTuiLuj @xuixukxuj

,f/’ﬂ

TikTijLui “LuiLujTjk-

e © ~ B

LT ik Tui ~ TijTuilijk

¥

Consider the case 3)-®), let i <u < j < k:

®  TikTiulij “@ — Ty Lk Tij
,.J‘/ﬁ F\J\'\m
TikTijToj @ LiuLij LTk -

o> @ ~®

T LijLjkLuj ~ LijLlujLuk
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For (3)-(©), there is three cases: we begin with u <i < j <k, v # j and v # k:

J@ﬂ_xikxuvxij @xuvxikxij @
Tk Tij Tn —TyvTijTjk ;
> ® ©

“LijLjkLuv ™ LijTuvLjk

)

and for u <i < j<k,v#jandv=k:

® ~TikTukTij @’9 TuilikTij (3
//,,—7 \J\x
TikTij Tuk T Luilij Tk
O @ G
L TjkTyy ~ TjjLujljk

For @-@), let u < i< j < k:

@ ~TikTuilij @> TuiljkTij ()
p/ﬁ o
LjkLijLuj T LuiLijLik-
&> ® ~ B
—TijTikTyj ~>= TijTujTik
Consider the case @D-®), let i <u < j < k:

@ Lk LiuLuj @>$iu1?jk$uj @

/—/_/ﬁ

TjkTijTin —TiuLujLuk-
@ ® o]

L LjkLiu > TijLiuLuk

/

Consider the case @D-@), let u < i < j < k:

@ L jkLyuiLuj @>33m'1?jk$uj @
TjkTijLusi —LuilujLuk-

@ @ @

L Tk Lyi ™~ TijLuiluk

)/

Consider the case @-®), let i <u < j < k:

® —LjkTiulij @> Liul jkLij ®
/’/_/ﬂ \\,\\
TjkTijTug —TiuTijTik-
@ © —®
TLijLikLuj ~ LijLlujlik
For @-@), there are three cases: we begin with i <u < j < k, v # j and v # k:

@ Tk TyvTij @>$uv$g‘kl’ij @
ﬁ/“fﬂ
LjkTijLuv —LyvTijTik ;
@ © —©

L Tk Lyv = TijLyvTik
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and for i <u < j<k,v#jandv=k:

@ —TjeTukij @> LyjTikTij ~>> —LujLijTik
xJ‘/J?
LjkLijLauk @
>

—LijLikLyv > LijTuiLik '\@ —LuilujLik

For (5)-@), we have three cases. We begin with the case where u < i < j < k:

@ —LikTuj Tk ’\@’>$ujzikzjk > Loy Lij Tik

7

Tik Tk Tuk ®

[ope

TijTikTuk ~> —TijTuilik ®> TuiZijTik

we continue with u =1 < j < k:

@ TTikTij Tk @>$ijwjk$jk
Pff7
TikTjkTik @ ;

O~

and we finish by i < u < j < k:

@ ~TikTujTjk @>$uj$ik$jk > Xy T Tik

et

Tik Lk Tuk )

[ons

Lij ik Tyk > LijTiuTik “@ —TiuLujTik

For ®-@), let i < j <u < k:

@ —Tik T juluk '\@"‘>Ijuxik$uk

7

LikT kT ju

®
’\_,.\_’\i

@ LjuLiuLik
lons ® -

TijTikTju ~> —TijTiuTik

For (5-@), we have three cases. We begin with the case where u < i < j < k:

@ Lk LujLuk '\@»xujxikxuk ~> =Ty j Ly Tik 3
LikTjk L @

[ons

LijTikLug > —LijjLyjLik ®\>$ui$zj$ik

37
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we continue with u =1 < j < k:

@ —TikLijLik ®>$ij$g‘k$ik ~> —TijTij Tk ;
/f/J
TikLjkTij @
O

TijTipTij ~7> TijLijLik >0

@

and we finish by ¢ < u < j < k:

@ —LikLujLuk '@")xujxikxuk: > Tj LiuLik
h/\/ﬂ
LikTjkLuj @
one

LijUikLuj > —LijLujLik ®> —LiuLijLik
For (-®), we have three cases. We begin with the case where i < j < u < k:

@ —LikLjuLuk @xujxikxuk @
o RSN
Tik T jkTuk @ TjuLijLik
TijTikTuk > TijLiuLik
For (5)-(6), there are many cases: we begin with ¢+ < j <k, u# i and j < v < k:
y g J J

® —LikTuvTjk “@\>l’uvl‘ikiﬂjk ® 5
/_/_/_,;f \'\'\;\
LikLjkLuv @ —LuvLijLik
LijTikLuy > —LijLuvTik
fori<j<k,u,v#iandv <j:

@ —LikLuvTjk '@")xuvxikx]’k @
/ﬁ \_\_\A
Tik L jkLuv —ZTuvTij Tik
[ope © ~®
TijTikTyy > —TijTyvTik
foru=1<j<v<k:

@ —TikTivTjk ®>$iv$vk$g‘k @
,/*”/7 M
LikLjkLiv @ —LipTjuLok
@ TijTikLTiv > TijTivLok
foru=i<v<j<k:
@ —TikLivLjk '\@’\) LivTokTjk @ )
/\/\/_7 \’\'\A
TikTjkLiv LiyLoyj Lok

ops ® B

TijTikLiv > —TijTivTok
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foru<i=v<j<k:

@ —TikTuiljk '®‘>$ui$uk$jk @
~~
LikLjkLui LTiTujLuk
~Z
[one @ ®

TijTikTui ~> —LijTuiTuk

/

Finally, consider the diagrams (6)-@. We start with the case 6)-@); there are
two cases: i < j < k <wv and u # i, j, k:

@ ~TuwTijTjk @> LijTuvlik ()
,_/—’"7 \,\’\A
TuvTjkTik L Tk Lyw;
@ ® @
—TjkTyvTij ~> TjkTijTuv
and the case ¢ < j < k < v and u = i

@ ~TiwTijLjk @’9 TijlivTik (3
M/JV .
TivTjkTik —Xij Tk Thy-
@ ® ~ 8
—TjkTivTik ~ TjkLikTkoy
For the case (6)-(3), we begin with the case where i < j < k < v and u # i, j, k:

/@ﬂ—xuvxijxjk @>l’ij$uvl’jk ®
TuvTikTij —Lij Tk Lyvs
O™ G) ®

—LikLuvLij ~> TikLijLuv

 /

and the case ¢ < j < k < v and u = j:

JJ@J?—waﬂiijﬂfjk “@9 LijLjvLjk ®
LivLjkLik ~LijljkLhv-
O

—TjkTivTik ~ TjkLikTky

&,/

For the case (6)-(9), we begin with the case where i < j < k < v and u # i, j, k:

@ —LuvLijLik '\@’> Lijj LyvTik @

P/_/—/;’

TuvTjkTij L3 TikTuw;

©™ ® @

L jkLuvLiy ~= TjkLijLuv

)

and the case t < j <k <vandu=1i:

@ —LiyvTijTik ®>$ij$ju$ik @
/_/_/_/7 ’\J\,\A
LijvLjkLij L TikTjoy-
O ® @

T XjkTivTij ~ LjkLijljo
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For the case (6)-(5), we begin with the sub-case where i < j < k < v and u # i, j, k:

ol

TyvTikTjk LijTikLyw;

ORI

“LikLuvTjk ™~ TikTjkLuv

@ LTyvTijTik '\@_Iijxuvxik @
\_\'\x

®

and the case it < j <k <vandu=j:

® _ TivTijLik “@\> “TijTioTik  (3)
ﬁ/‘/ﬂ \'\'\A
TjuTikLjk LijTikThy-
@™ O ~®

—LikLjuLjk ~ LikLjkLhko

For the case (6)-(6), there are two sub-cases: the first one is for b < j < v and u # a:

@ LTyvTablij '\@ —ZabpLuvLij @
/_/_/_/7 o
LyvLijTab “LabTijTyuvs
©™> © ~®

—LijLyvLab > TijLabLuv

and the second is for b < j < v and u = a:

@ TavTablij '\@ —ZLabThyLij @
mﬁ/? e
LavTijLab LabLijLhy-
o> © ~®

—ZLijLavTab > TijLabTbu

Since all diagrams are confluent, the algebra W, is Koszul. Hence, for all integers

n > 2, the algebra &7 (DLie,n) is Koszul. O
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